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In this work, we present three new branched chain equations of state (EOS) based on Wertheim’s
perturbation theory. The first represents a slightly approximate general branched chain solution of
Wertheim’s second order perturbation theory (TPT2) for athermal hard chains, and the second represents the extension of first order perturbation theory with a dimer reference fluid (TPT1-D) to
branched athermal hard chain molecules. Each athermal branched chain EOS was shown to give improved results over their linear counterparts when compared to simulation data for branched chain
molecules with the branched TPT1-D EOS being the most accurate. Further, it is shown that the
branched TPT1-D EOS can be extended to a Lennard–Jones dimer reference system to obtain an
equation of state for branched Lennard–Jones chains. The theory is shown to accurately predict
the change in phase diagram and vapor pressure which results from branching as compared to experimental data for n-octane and corresponding branched isomers. © 2013 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4803023]
I. INTRODUCTION

Molecular branching can have a significant effect on the
phase behavior of short chain molecules such as alkanes1 and
long chain polymers such as polyethylene.2 The general effect of branching is to decrease attraction between molecules
due to the fact that the backbone chains can no longer position themselves in mutual configurations which maximizes
the Van der Waals forces between molecules. This decrease
in effective attraction results in a corresponding decrease in
critical temperatures and boiling points.1
An accurate approach to modeling chain molecule fluids
is the statistical associating fluid theory (SAFT) equation of
state.3 SAFT is a perturbation theory typically written with a
hard sphere reference fluid; the free energy contribution due to
chain formation is obtained from Wertheim’s first order perturbation theory TPT14–7 and long range attractions can be
included using a mean field approximation,8 square well potential of variable range,9 the PCSAFT approach,10 or some
other method. The common thread between these approaches
is the use of TPT1 for the chain formation contribution to the
free energy.
Wertheim’s theory was originally developed as a primitive model for hydrogen bonding (associating) fluids. A key
feature of any theory to model associating fluids is that the
theory must account for the saturation of hydrogen bonds.4, 6
To accomplish this, Wertheim developed a multi-density approach where each bonding state of the molecule was assigned a density. With this multi-density formalism, Wertheim
developed an exact cluster expansion. The theory is typically
applied as a perturbation theory which treats association as
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a perturbation to a hard sphere reference fluid.7 Of course,
there are many levels of perturbation, in TPT1 all graphs
in the cluster expansion which contain more than a single
association bond are neglected, mathematically this means
that non-nearest neighbor interactions in associated clusters
are neglected. This allows for the development of a very
simple equation of state which has proven to be reasonably
accurate.11, 12 Even though only pair interactions are considered complex associated chains and clusters can be formed.
Going to second order in perturbation TPT27 all graphs with
a single path of three attraction bonds are retained in addition
to the graphs retained in TPT1, this form of the theory now
includes interactions between bonded pairs and next nearest
neighbors along the chain.
Wertheim’s theory was extended to mixtures by
Chapman.13 Chapman13 considered a stoichiometric mixture
of hard spheres which could be bonded together to form hard
chain molecules with a fixed chain length. To irreversibly
form the chain, association energies were allowed to become
infinitely large. This was carried out in TPT1 by Chapman13
resulting in a simple first order chain equation of state which
forms the basis of all of the SAFT approaches mentioned previously. Since the chain equation of state is derived in TPT1,
it cannot distinguish between various isomers of the same
chain length. To include this structural information one must
go to a minimum of TPT2, this was a problem initially tackled by Phan et al.14 Starting from a stoichiometric mixture
of hard spheres Phan et al.14 developed an equation of state
for hard sphere linear chains in TPT2; further, they were also
able to develop a TPT2 equation of state for the chain formation of athermal star molecules. The equation of state for star
molecules could not be obtained in closed form and had to be
evaluated numerically. The general effect of including branching in the TPT2 equation of state for star molecules was a
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decrease in pressure as compared to the linear isomer. Recently, Marshall and Chapman15 extended this approach further by developing a general form for the TPT2 correction to
the free energy for any branched molecule in terms of a sum
over all triplet partitions of the molecule, unfortunately this
sum has not been evaluated at this time.
The theories discussed above are all formulated around
a hard sphere monomer reference fluid; however, Wertheim’s
perturbation theory can also be applied to other reference fluids such as a fluid of dimers which consist of two spheres
bonded at contact. This was the approach taken by Ghonasgi
and Chapman16 and Chang and Sandler17 in the development
of the TPT1-D (D stands for dimer) equation of state, also
known as SAFTD. The extension of the theory from TPT1-M
(M stands for monomer reference fluid) to TPT1-D is straightforward with the only additional difficulty being the requirement of the orientationally averaged dimer-dimer end to end
pair correlation function. The TPT1-D equation of state has
been shown to be superior to either TPT1 or TPT2 with
monomer reference fluids for the prediction of hard chain
properties for both pure components16 and mixtures.18 The
improved accuracy of TPT1-D over TPT1-M is a result of
the fact that more intramolecular information is included in
the theory when dimers are used as the building block. Since
TPT1-D is still a first order theory, it cannot distinguish between linear and branched isomers of the same chain length.
As mentioned previously, the various hard chain equations of state are paired with a dispersion free energy contribution to obtain a useful equation of state for modeling
the phase equilibria of real fluids. An alternative to this approach is to have the attractive interactions built into the reference fluid. This is the approach taken by Chapman19 who extended TPT1-M to associating spheres with a Lennard–Jones
(LJ) reference system, Ghonasgi and Chapman20 who developed a TPT1-M chain equation of state with a LJ reference
fluid, and Johnson et al.21 who developed a TPT1-M equation
of state for LJ chains21 which consist of chains of Lennard–
Jones spheres bonded at the point r = σ L J where σ L J is the
point where the LJ potential is zero. This approach was later
extended to a LJ dimer reference fluid by Johnson22 who developed TPT1-D for LJ fluids; shortly thereafter it was shown
that the LJ TPT1-D theory gave significantly improved predictions for the phase equilibria of LJ chains as compared to
the LJ TPT1-M monomer reference fluid theory.23 TPT2 has
not been applied with a LJ reference system due to the lack of
availability of a LJ triplet correlation function.
Our goal here is to obtain a simple equation of state for
branched molecules which includes the effect of branching
in the reference chain equation of state. As mentioned previously, Phan et al.14 developed a branched TPT2 theory for
star molecules, but this approach requires a numerical solution which is not amiable for combination with a long range
attraction contribution to model real systems. In order to obtain an approximate simple analytical form for the TPT2 correction to the free energy for branching Blas and Vega24 used
the TPT2 solution for linear chains of Phan et al.14 to include
the effect of branching. Using this method the actual topology of the molecule was not included and the majority of the
molecule was treated in TPT1.
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Here, we will take a different approach. We will construct
the second order correction to the free energy for branched
molecules from the second order free energy of smaller linear chains. It is then shown that the general form for the free
energy obtained through TPT2 arguments can also be evaluated using the TPT1-D free energy to develop a TPT1-D
theory for branched chains. It is shown that both equations of
state for hard chains (athermal chains) give improved predictions for compressibility factors of star molecules and second
virial coefficients of dendrimers as compared to their linear
counterparts. We also compare the predictions of our approximate TPT2 solution to the numerical TPT2 solution for star
molecules of Phan et al.14 to show the two give nearly identical results, validating our approximation scheme.
These two branched hard chain equations of state could
be used as the basis of a perturbation theory to model the
phase behavior of real fluids; however, an alternative method
is to use a Lennard–Jones reference fluid. A significant advantage of the TPT1-D version of the branched theory is the ability to extend it to a LJ reference fluid. Using the correlated LJ
monomer and dimer correlation functions of Johnson,22 the
branched TPT1-D approach can be easily extended to a LJ
dimer reference system. By comparison to experimental data
for the phase diagram and vapor pressure of n-octane and corresponding branched isomers, we show that the new equation
of state accurately predicts the effects of branching without
introducing any additional complexity to the linear form of
the theory.
The paper is organized as follows. In Sec. II, a general
TPT2 equation of state is developed for branched hard chain
molecules. We then apply the form of the TPT2 solution to
extend TPT1-D to account for topology in branched chain
molecules. In Sec. III, the branched TPT1-D equation of state
is extended to a Lennard–Jones dimer reference system and
compared to experimental data for the phase behavior of noctane and corresponding branched isomers.

II. BRANCHED HARD CHAINS

In this section, a general branched hard chain equation
of state based on TPT2 will be developed. Using the general
form of the free energy derived in the framework of TPT2, the
TPT1-D equation of state16 will be extended to account for
branching. First let us define the reduced excess free energy
per chain molecule fqE of a fluid in a volume V, temperature
T, and composed of Nq chain molecules of length q as
fqE =

AE
q
Nq kB T

,

(1)

where AE
q is the excess Helmholtz free energy of a system of
chains of length q. For the remainder of this paper, the reduced
excess free energy per chain molecule of length q fqE will
simply be referred to as the “free energy.” The free energy
is given as the sum of first order free energy fqTPT1 and the
second order correction for triplet connectivity
fqE = fqT P T 1 + fqT P T 2 .

(2)
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The free energy fqTPT1 is given as the sum of the reference
system excess free energy fqREF and a contribution for TPT1
chain connectivity at the pair level11
fqT P T 1 = fqREF − (q − 1) ln gREF (σ ),

(3)

where gREF (σ ) is the reference system pair correlation function at contact. For a hard sphere reference, we use the
Carnahan and Starling result25
gREF (σ ) = gH S (σ ) =

1 − η/2
,
(1 − η)3

(4)

where σ is the hard sphere diameter, the packing fraction
η = π6 qρq σ 3 , and ρ q is the number density of molecules composed of q spherical segments. For linear chains, the TPT2
correction is given by the solution of Phan et al.14


1
TPT2
fq
= − ln √
1 + 4λ

q 
q 
√
√
1 − 1 + 4λ
1 + 1 + 4λ
−
− ln
.
2
2
(5)
For fixed bond angle α, the term λ is given by7
λ=

(3)
gH
S (σ, σ, 2σ sin(α/2))
− 1.
gH S (σ )gH S (σ )

(6)

For flexible molecules, λ is obtained by multiplying Eq. (6)
by the step function

2/3 α ≥ π/3
θ (α) =
(7)
0
α < π/3
and integrating over all bond angles. Here, we will use the
result of Phan et al.14 for a hard sphere reference system


π
(3)
gH
S (σ, σ, 2σ sin(α/2))
− 1 sin αdα
λ = θ (α)
gH S (σ )gH S (σ )

FIG. 1. Three systems composed of chains of length q = 3, s = 4, and
q + s − 1 = 6.

be safely neglected. An important feature of Eq. (9) is that it is
linearly dependant on chain length where Eq. (5) is not. Now
we wish to extend this result to branched molecules. The contributions to the free energy for a general molecule composed
of m segments fmH S and fmTPT1 do not depend on the topology
of the molecule; however, fmTPT2 does depend on molecular
topology.
To obtain a general branched TPT2 equation of state, we
will construct the TPT2 contribution to the free energy of a
branched molecule fmTPT2 from the free energies for smaller
linear chains. What we wish to determine is the difference in
free energies between branched and linear isomers. We begin
by considering three separate systems each at a temperature
T and packing fraction η; the first system is a fluid of linear
chains of length q of TPT2 free energy fqTPT2 , the second contains chains of length s with TPT2 free energy fsTPT2 , and the
third is composed of chains of length q + s − 1 with free
TPT2
. An example is given in Fig. 1 for q = 3 and
energy fq+s−1
s = 4, the segment type labeled AC is thought of as an articulation segment obtained by superimposing two shorter chains
of length q = 3 and s = 4 to create a two arm star polymer
composed of an articulation segment and arms of length 2 and
3; this is equivalent to a linear chain of length 6. The TPT2
correction to the free energy of system 3 can be written as
TPT2
TPT2
= fqTPT2 + fsTPT2 + fqs
,
fq+s−1

0

≈ 0.2336η + 0.1067η .
2

(8)

The term
Eq. (8) is small; this results in the term
√ λ given by √
(1 − 1 + 4λ)/(1 + 1 + 4λ) also being small which to a
very good approximation can be neglected.14 Rearranging
Eq. (5) and neglecting the small term above, the TPT2 correction for flexible linear chains is now for q ≥ 3


1
TPT2
fq
= − ln √
1 + 4λ

q 
q  
√
√
1 + 1 + 4λ
1 − 1 + 4λ
− ln
1−
√
2
1 + 1 + 4λ


√


1 + 1 + 4λ
1
− q ln
≈ − ln √
.
(9)
2
1 + 4λ
For q < 3, the TPT2 correction to the free energy is fqTPT2
= 0. We note the approximation in Eq. (9) is √
highly accurate√due to the fact that the small term (1 − 1 + 4λ)/
(1 + 1 + 4λ) is raised to the q ≥ 3 power which is very
small when compared to unity. For this reason, this term can

(10)

TPT2
TPT2
where fqs
= fq+s−1
− fqTPT2 − fsTPT2 which can be evaluated with Eq. (9) for q, s ≥ 3 from which we obtain the result


TPT2
fqs

1

= ln √
1 + 4λ




+ ln

1+


√
1 + 4λ
.
2

(11)

Of the utmost importance is the fact that Eq. (11) is independent of the lengths s and q (a fact which will prove useful in
developing a branched chain free energy) allowing us to drop
TPT2
= f T P T 2 . In the
the subscripts and simply write fqs
Appendix, it is shown that this is true even when q, s = 2.
This independence of chain lengths results from the linear dependence on chain length in the slightly approximate free energy in Eq. (9).
Following this same logic, now we would like to form a
system of chain molecules of chain length m = q + s + u − 2
with a single branch. We consider four systems each at a
packing fraction η and temperature T: system 1 is composed
of chains of length q, system 2 chains of length s, system 3
contains chains of length u, and system 4 contains branched
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FIG. 2. Four systems with q = 3, s = 3, and u = 4.

molecules composed of m = q + s + u − 2 segments. An
example of these systems is given in Fig. 2 for q = 3, s = 3,
and u = 4. The TPT2 corrections to the free energies of the
systems can then be written as
TPT2
fmT P T 2 = fqT P T 2 + fuT P T 2 + fsT P T 2 + fqsu
,

(12)

where fmT P T 2 is the TPT2 free energy of the branched
TPT2
is defined through Eq. (12).
molecule system and fqsu
Further, we can employ Eq. (10) to simplify Eq. (12) as
TPT2
TPT2
fmT P T 2 = fm/
lin + fBranch .

(13)

TPT2
Here, fm/
lin is the TPT2 free energy for the linear isomer
TPT2
of length m (Eq. (9)) and fBranch
is the difference in free
energy between branched and linear isomers given by
TPT2
TPT2
fBranch
= fqsu
− 2 f T P T 2,

(14)

where f TPT2 is given by Eq. (11). Since TPT2 only accounts
for triplet interactions, the only way two spheres on different branches can interact with each other through the chain is
if both branches extend from the same articulation segment
(and they are the first sphere on the branch). For this reason,
the difference in TPT2 free energy between a system of chains
with two branches, with different articulation segments, and
a system of chains with one branch should also be given by
TPT2
. When both branches are located on the same articufBranch
TPT2
should still represent the free energy
lation segment fBranch
difference between systems to a good approximation; we will
TPT2
does not depend
assume from this point forward that fBranch
on the number of branches at a given articulation segment. We
can then continue adding branches and obtain the TPT2 correction to the free energy for an arbitrary branched molecule
composed of m segments and NB branches
fmT P T 2

=

TPT2
fm/
lin

+ NB

TPT2
fBranch
.

(15)

TPT2
fBranch

using Eq. (14). To do this,
Now we need to evaluate
we consider the general branched chain solution15 which generalizes the results of Phan et al.14

in Fig. 3; for this case, the coefficients are C15 = 6, C25 = 3,
5
= 0. Now we will consider the low density limit of
and Cn>2
Eq. (16)
fmT P T 2

ρ→0

≈ − ln 1 + C1m λ ≈ −C1m λ.

(17)

For linear chains, we have C1m = m − 2. In this limit, we can
obtain the difference in free energy of the linear systems considered in Fig. 1 as
f TPT2

ρ→0

≈ − (q + s − 3) + (q − 2) + (s − 2) = −1.
(18)
Equation (18) is clearly independent of chain length and can
also be derived through a Taylor series expansion of Eq. (11).
Now we can evaluate fmT P T 2 in Eq. (12) in the low density
limit for the systems given in Fig. 2 as
λ

fmT P T 2

ρ→0

λ

= 3 − q − s − u,

(19)

which when combined with (12), (14), and (18) gives
TPT2
fBranch

λ

ρ→0

=

f TPT2

ρ→0

λ

= −1.

(20)

From Eq. (20), we see that in the low density limit the difference in free energy between branched and linear isomers
is identical to the difference for linear chains discussed in
Fig. 1. As density is increased higher order combinatorial coefficients Ckm (k > 1) would have to be determined. Unfortunately, it would be extremely difficult to determine these coefficients in a general way, so we will assume the equality given
by Eq. (20) holds at all densities
TPT2
fBranch
≈ f T P T 2.

(21)

This assumption will be justified by the accuracy of the resulting equation of state. Combining Eqs. (9), (11), (15), and

Nmax

fmT P T 2 = − ln

Cnm λn ,

(16)

n=0

where Cnm is the number of ways to partition a molecule of
length m into n sections of three adjacent segments where
two sections share at most one monomer, and Nmax is the
maximum number of three segment partitions allowed by the
molecule; here, Com = 1. In Eq. (16), λ is given by Eq. (6)
for fixed bond angles and Eq. (8) for flexible molecules. As
an example, a simple 5 segment star molecule is considered

FIG. 3. Triplet partitions of simple 4 arm star polymer.
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(21) we obtain our general branched TPT2 equation of state


1
TPT2
fm
= (NB − 1) ln √
1 + 4λ


√
1 + 1 + 4λ
+ (NB − m) ln
.
(22)
2
As will be shown shortly, this simple expression yields nearly
identical results to the numerical TPT2 solution of Phan
et al.14 for star molecules.
The free energy given by Eq. (15) should be applicable
to other equations of state which provides a correction beyond first order. For instance, the TPT1-D equation of state16
creates chains by considering a dimer reference system. The
theory was shown to give improved results over the typical
TPT1-M treatment. In TPT1-D, the excess free energy for a
system of linear chains of length m is given as16
fmE = fmT P T 1−M + fmT P T 1−D ,
where
fmT P T 1−D

  g (σ ) 
HD
=−
− 1 ln
.
2
gH S (σ )
m

(23)

(24)

The term gHD (σ ) is the site/site correlation function for a pair
of hard dispheres. The difference in TPT1-D contributions to
the free energy between a system of chains of length q + s − 1
and the sum of systems of lengths q and s each at a packing
fraction η is given as
T P T 1−D
− fqT P T 1−D − fsT P T 1−D
f T P T 1−D = fq+s−1


gH D (σ )
1
.
(25)
= − ln
2
gH S (σ )

Since fTPT1 − D is independent of lengths q and s, we can employ Eq. (15) to write the TPT1-D contribution for branched
chains of length m

 

NB
gH D (σ )
m
T P T 1−D
.
(26)
−1+
ln
fm
=−
2
2
gH S (σ )
For gHD (σ ), we use the correlation of Ghonasgi and
Chapman16
gH D (σ ) =

1 + 2η + 26.45031η6.17
.
2(1 − η)2

The second virial coefficient B2 is obtained as


∂Zm
B2 =
∂ρm ρm →0



5
NB − 2
2 1
+
−
+1
π σ 3,
=m
4 12m
m
where

is a constant which depends on the model

0.03883
TPT2
=
.
0.125
TPT1 − D

(27)

the theories. Since is larger for the TPT1-D model, TPT1D predicts a larger decrease (as compared to TPT1-M) in the
second virial coefficient than TPT2.
To test the athermal branched TPT2 and TPT1-D equations of state, we compare theory predictions to the simulation results of Yethiraj and Hall27 for the compressibility factor of star molecules. The star molecules are
composed of a arms of length b with a total segment number of m = a × b + 1; the results can be found in Table I.
The predictions of TPT1-D and TPT2 for linear chains are
included for comparison, as are the numerical TPT2 solution
for star polymers of Phan et al.14 The most important conclusion to draw from Table I is the fact that the approximate
analytical branched TPT2 solution given by Eq. (22) is nearly
identical to the numerical TPT2 solution of Phan et al.14 validating our solution methodology. The general effect of including branching effects is to decrease the compressibility factor.
The last row of Table I gives the average absolute deviation
sim
theo
sim
− Zm
|/Zm
) between theory and
AAD = average (|Zm
simulation. For each case, the branched form of the theories
are more accurate than the linear forms, with branched TPT1D being the most accurate.
To test the theory further, we can compare theoretical
predictions of B2 to the simulations of Lue28 for the second virial coefficient of tri-functional dendrimers. Lue28 performed Monte Carlo simulations for dendrimers consisting of
m tangentially bonded hard spheres; simulations were performed for dendrimers up to generation 5. Figure 4 illustrates Lue’s dendrimer model generations 0–2. Figure 5 compares theoretical and simulation predictions for the second
virial coefficient of dendrimers using the branched and linear solutions. For clarity, the theoretical results are presented
as curves; however, they are actually discrete with a value
for each generation of dendrimer. We have also included the
Monte Carlo results of Yethiraj et al.29 for the second virial
coefficient of linear chains. As can be seen, TPT1-D is much
more accurate than TPT1-M or TPT2 for the second virial coefficient of linear chains; for m < 25 TPT1-D is in excellent
agreement with simulation. Like the linear chain case, TPT1D yields more accurate predictions of B2 for dendrimers than
TPT2. The branched TPT1-D theory is in reasonable agreement with simulation for generations less than 3, and loses
accuracy for larger dendrimers.

III. EXTENSION TO A LENNARD–JONES DIMER
REFERENCE SYSTEM

(28)

(29)

From Eq. (28), it is clear that increasing the number of
branches decreases B2 , this is in agreement with previous simulation results for other hard alkane models26 and represents
a significant qualitative improvement over the linear form of

The branched TPT1-D version of the theory is easily extended to a LJ reference system by replacing the monomer
and dimer correlation functions with that of a LJ fluid. In a LJ
fluid, the monomers interact with the Lennard–Jones potential


σLJ 12  σLJ 6
.
(30)
−
φLJ (r) = 4ε
r
r
The quantity ε is the depth of the potential minimum and
r = σ L J is the distance that the potential vanishes. The excess free energy of a system of branched chains of LJ spheres
where the spheres are bonded at r = σ L J is obtained through
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TABLE I. Comparison of compressibility factor Zm =
and Hall.27
Arm length
5
5
5
5
5
3
3
3
3
3
3
3
3
5
5
5
5
3
3
3
3
3
3
3
AAD

Number of arms

η

3
3
3
3
3
3
3
3
3
3
3
3
3
4
4
4
4
4
4
4
4
4
4
4

0.1065
0.1983
0.2488
0.2911
0.3806
0.0571
0.1058
0.1527
0.1979
0.2434
0.2889
0.3356
0.3728
0.1067
0.2017
0.2932
0.3827
0.0563
0.1057
0.1533
0.2005
0.2443
0.2929
0.3751

J. Chem. Phys. 138, 174109 (2013)
P
ρm kB T

for star molecules consisting of a arms of length b to the Monte Carlo simulations of Yethiraj

MC (Yethiraj29 ) TPT2 (linear)
4.53 ± 0.13
12.38 ± 0.26
19.24 ± 0.31
27.31 ± 0.80
53.49 ± 1.54
1.92 ± 0.02
3.42 ± 0.08
5.43 ± 0.14
8.34 ± 0.19
12.29 ± 0.34
17.8 ± 0.50
24.81 ± 0.69
36.39 ± 1.21
4.96 ± 0.09
14.89 ± 0.42
35.85 ± 0.87
78.14 ± 2.99
2.1 ± 0.08
3.77 ± 0.13
6.31 ± 0.13
9.67 ± 0.13
15.04 ± 0.34
22.24 ± 0.55
41.35 ± 0.48

5.17
13.04
20.27
28.77
58.57
2.17
3.71
5.86
8.76
12.73
18.48
26.61
35.45
6.38
17.10
37.72
77.28
2.44
4.42
7.20
11.13
16.22
24.12
46.09
9.6%

a simple modification of the results of Sec. II as
fmE = fmmon,LJ − (m − 1) ln gmon,LJ (σLJ )
 


NB
gdim,LJ (σLJ )
m
−1+
ln
,
−
2
2
gmon,LJ (σLJ )

(31)

where fmmon,LJ is the excess free energy of a system of LJ
spheres; for this quantity, we use the equation of state of
Nicolas et al.30 with the parameter set due to Johnson.31 The
term gmon, L J (σ L J ) is the pair correlation function for a LJ fluid
evaluated at the distance r = σ L J and gdim,LJ (σLJ ) is the corresponding correlation function for a pair of LJ dimers where
the dimers are composed of two spheres bonded at r = σ L J .
For the monomer and dimer LJ correlation functions, we use
the results of Johnson et al.21, 22
It should be noted that the current theory does not know
the location or length of branches on the molecule. For instance, the theory will predict the same phase diagram for

FIG. 4. Dendrimer model for generation 0 NB = 1, generation 1 NB = 4, and
generation 2 NB = 10.

TPT2 (branch) (Phan14 )

TPT2 (branch)

TPT1-D (linear)

TPT1-D (branch)

5.15
13.00
20.23
28.73
58.52
2.16
3.69
5.83
8.73
12.69
18.44
26.56
35.41
6.32
17.01
37.61
77.15
2.40
4.36
7.12
11.04
16.12
24.02
45.97
9.1%

5.15
12.99
20.22
28.71
58.49
2.15
3.69
5.82
8.72
12.67
18.42
26.54
35.38
6.33
17.02
37.60
77.12
2.41
4.37
7.13
11.04
16.11
24.01
45.94
9.1%

4.74
12.65
19.98
28.53
58.00
1.99
3.46
5.60
8.54
12.55
18.35
26.45
35.18
5.79
16.58
37.40
76.48
2.20
4.08
6.85
10.83
15.98
23.95
45.69
7.6%

4.62
12.49
19.82
28.36
57.74
1.92
3.35
5.47
8.39
12.39
18.17
26.24
34.92
5.56
16.27
37.05
75.93
2.06
3.85
6.57
10.52
15.66
23.60
45.18
6.0%

2-methylpentane and 3-methylpentane where in reality the
former has a lower critical temperature;32 the theory will
also predict the same phase diagram for 3-ethylpentane and
3-methylhexane where it is known the former has a higher
critical temperature.32
Direct comparison of the current theory to existing simulations for branched LJ molecules is difficult since all simulations are performed using fused spheres.33 To test the utility
of Eq. (31), we will treat m, σ L J , and ε as parameters which
are obtained by fitting Eq. (31) with NB = 0 to phase equilibria data (saturated liquid densities and pressures) for n-octane.

FIG. 5. Second virial coefficients for dendrimers and linear chains. Theoretical results are illustrated as lines for clarity; however, they are actually
discrete with a value for each generation. Open diamonds give the simulation
results of Lue28 for dendrimers and filled circles give the simulation results
for linear chains of Yethiraj et al.29 The black line gives TPT1-M predictions,
red lines give TPT2 predictions (solid – linear, dashed – branched), and green
lines give TPT1-D predictions.
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FIG. 6. Phase diagram (top) and vapor pressures in units of kPa (bottom) for
n-octane. Lines give theoretical predictions and symbols give experimental
results.34

Using this parameter set, we will explore the effect of branching on the phase diagram and vapor pressure P LV of a series
of alkane isomers of formula C8 H18 . As a simple model, we
assume that each pair of carbons (with hydrogens) is represented by a LJ segment, so for n-octane and all isomers we
choose m = 4. The remaining two parameters are then obtained by fitting Eq. (31) to saturated liquid density and vapor
pressure data for n-octane, the results are σ L J = 3.81 Å and
ε/kB = 256.0 K. Figure 6 compares the model results to experimental data for the T-ρ phase diagram and the vapor pressure,
as can be seen the theory is in good agreement experiment.
Now using this same parameter set, we can model the
C8 H18 isomers with a single methyl branch by setting NB = 1
in Eq. (31), these results can be seen in Fig. 7. The introduction of the branch results in a decrease in the critical temperature Tc , increase in the critical density ρ c , and a general
increase in vapor pressure; the vapor side of the phase diagram is affected more than the liquid side. The theory does
a good job in predicting the change in properties which results from adding a branch. The theory does not know which
carbon the branch is on; however, the experimental results
also do not appear to strongly depend on the exact molecular form (the properties of 2-methylheptane are similar to
3-methylheptane).
Now to model C8 H18 isomers with two branches, we simply set NB = 2 in Eq. (31), we are still using the n-octane parameter set. The comparison between theory and experiment
can be found in Fig. 8. Like the 1 branch case, the addition of

FIG. 7. Phase diagram (top) and vapor pressures in units of kPa (bottom) for
8 carbon isomers with a single methyl branch. Symbols give experimental
results,34 dashed line is theoretical result for n-octane NB = 0 and solid lines
give theoretical predictions for one branch molecules NB = 1.

FIG. 8. Phase diagram (top) and vapor pressures in units of kPa (bottom)
for 8 carbon isomers with two methyl branches. Symbols give experimental
results,34 dashed line is theoretical result for n-octane NB = 0 and solid lines
give theoretical predictions molecules with two branches NB = 2.

Downloaded 09 May 2013 to 128.42.165.100. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions

174109-8

B. D. Marshall and W. G. Chapman

J. Chem. Phys. 138, 174109 (2013)

ACKNOWLEDGMENTS

The financial support for this work was provided by the
Robert A. Welch Foundation (Grant No. C-1241).
T PT 2
APPENDIX: EVALUATION OF fqs
FOR q OR s < 3

FIG. 9. Vapor side of phase diagram for n-octane, 2-methylheptane, and 2,4dimethyl hexane. Symbols give experimental results34 and curves give theoretical predictions.

two branches results in a decrease in the critical temperature
Tc , increase in the critical density ρ c , and a general increase in
vapor pressure; however, now the effect is more pronounced
than the 1 branch case. Experimentally, all shown isomers
give nearly the same phase diagram with the exception of the
isomer 2,3-dimethylhexane which shows a significant shift of
the liquid side phase boundary to the right. Overall, the theory
does a good job of predicting the change in properties due to
branching.
Finally, Fig. 9 shows the vapor side of the phase boundary
for n-octane, 2-methylheptane, and 2,4-dimethylhexane. This
figure demonstrates the utility of the current approach; without any increase in complexity over the original theory for linear chains,22 we can accurately predict the effect of branching
while using the parameter set for the linear isomer.
IV. CONCLUSIONS

In the framework of Wertheim’s perturbation theory, we
have developed 2 new equations of state for branched hard
chain fluids and an equation of state for branched Lennard–
Jones chains. Each equation of state is of no more complexity
than their linear counterparts. One simply needs to identify
the number of branches. It was found that theTPT1-D theory
was more accurate than TPT2 for branched hard chain fluids in comparison to simulation data for the compressibility
factor of star molecules and second virial coefficient of hard
chain dendrimers.
Using the linear Lennard–Jones TPT1-D theory due to
Johnson,22 we were able to extend the branched TPT1-D theory to a Lennard–Jones reference fluid which allows us to account for branching in Lennard–Jones chains. The resulting
theory gives a three parameter equation of state which can
be used to model real systems. We used the new theory to
model a set of C8 H18 isomers. The parameters were obtained
by fitting the theory to the linear isomer n-octane and then
the properties of the branched isomers were predicted with
the new theory. The theory was shown to accurately predict
the changes in the phase diagram and vapor pressure upon
branching as compared to experimental data. The beauty of
the new approach is that no additional complexity over the
linear form of the theory is introduced.

TPT2
In this Appendix, we show that the term fqs
is independent of q and s for all q, s ≥ 2. Equation (11) was developed using the slightly approximate free energy given by
Eq. (9) which is only valid for q, s ≥ 3 due the fact that f2T P T 2
must vanish. However, we show below that Eq. (10) still holds
for q, s = 2 if we allow for a hypothetical TPT2 correction for
a dimer. Consider the case where both q = 2 and s = 2, then


1
TPT2
= − ln √
f3T P T 2 = f22
1 + 4λ


√
1 + 1 + 4λ
− 3 ln
2


√


1 + 1 + 4λ
1
− 4 ln
= −2 ln √
2
1 + 4λ

+ f TPT2
= f2T P T 2 + f2T P T 2 + f T P T 2 .

(A1)

Here, f2T P T 2 is a hypothetical second order correction to the
free energy for a dimer using the approximate free energy
Eq. (9) with q = 2. The last case to consider is for q = 2
and s ≥ 3
TPT2
TPT2
= fsT P T 2 + f2,s
f2+s−1


√


1 + 1 + 4λ
1
−(2 + s − 1) ln
= − ln √
2
1+4λ


√


1 + 1 + 4λ
1
− (2 + s) ln
= −2 ln √
2
1 + 4λ

+ f TPT2
= f2T P T 2 + fST P T 2 + f T P T 2 .

(A2)

Again f2T P T 2 is a hypothetical TPT2 correction for a dimer.
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