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Abstract 

A Numerical Resistor Network Model for the Determination of 
Electrical Properties of Nanocomposites 

by 

Bradley Ward 

This thesis introduces a comprehensive numerical model for the determination of the 

electrical properties of carbon nanotube reinforced polymer composites. Procedures of 

this model are based on a new spanning network identification algorithm and the resistor 

network method. First, realistic nanotube geometry is generated from input parameters 

defined by the user. The spanning network algorithm then determines the connectivity 

between nanotubes in the representative volume element. Next, interconnected nanotube 

networks are converted to equivalent resistor circuits. Finally, Kirchhoffs Current Law 

is used in conjunction with finite element analysis to solve for the voltages and currents 

in the system and calculate the effective electrical conductivity of the nanocomposite. 

The Monte Carlo method is used to eliminate statistical variation by simulating five 

hundred random geometries. The model accounts for electrical transport mechanisms 

such as electron hopping and simultaneously calculates percolation probability, identifies 

the backbone, and determines effective conductivity. The accuracy of the model is 

validated by comparison to both models and experiments reported in the literature. 
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Chapter 1 

Introduction 

1.1. Motivation 

Extensive research effort has been focused on nanotechnology over the past two 

decades. Specifically, the properties and potential applications for nanoparticle-based 

composites have been of particular interest. Fullerenes, the original and one of the 

smallest nanoparticles, are capable of destroying harmful bacteria and fungi without 

damaging sensitive mammalian cells [1], and other important nanoparticles made from 

silver, gold, or platinum are being studied for their ability to deliver medicine and target 

cancer cells [2]. Carbon nanotubes, however, are one of the most commonly studied 

nanoparticles. This is due to their high electrical, mechanical, and thermal performance. 

Nanotube-based polymer composites have a significant potential for application 

in electrical, mechanical, and thermal systems due to the exceptional physical properties 

of carbon nanotubes (CNTs). These multifunctional fibers have the ability to enhance 

more than one material property simultaneously [3]. More importantly, they have 

extremely high electrical conductivities. Intrinsic conductivity of CNTs is usually 

reported on the order 104 to 106 S/m [4]. Early measurements on individual nanotubes by 

Ebbesen et al. [5] produced conductivities of 1 x 105 -2 x 107 S/m. More recently, CNTs 
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were measured at 8 x 1 06 and 2 x 1 0 7 S/m in experiments executed by Wei et al. [ 6]. The 

current carrying capacity of nanotubes is even more remarkable. Nanotubes are capable 

of sustaining current densities above 109 A/cm2 at high voltages and elevated 

temperatures for extended periods of time without any change in resistance or physical 

deterioration [6]. Frank et al. [7] and Yao et al. [8] measured sustained current densities 

of 107 A/cm2 and 109 A/cm2, respectively. These results indicate that CNTs have 

electrical current capacity 1,000 times that of copper wires [9] and at least two orders 

higher than typical superconductors [7]. Further, they have the potential to enhance 

polymer conductivities by as much as ten orders of magnitude [1 0]. 

2 

In addition, carbon nanotubes have high thermal conductivities, large strength-to

weight ratios, and maintain their mechanical integrity under extreme loading [ 11]. 

Nanotubes have theoretical strengths of 150 GPa and elastic moduli on the order of 1 

TPa, approximately three times larger than carbon fibers and five times that of steel at 

one-sixth the weight [12-13]. Theoretical thermal conductivity is over 6,000 W/mK [14], 

well above that of diamond. Experiments have reported conductivities of multi-walled 

CNTs of3,000 W/mK at room temperature [15]. 

These properties make nanotubes ideal for a variety of interesting applications in 

thermal management, structural reinforcement, and electrical conduction applications. 

Specific applications include incorporation in field-emitting displays, photo-voltaic cells, 

corrosion resistance, aircraft skins, and even lightning protection [ 16-1 7]. Of particular 

interest to this study, however, are the potential applications involving CNT-filled 

polymer composites for electrical conduction. According to Li and Chou [18], unique 

properties give rise to use of CNT/polymer nanocomposites in structural health 



monitoring. Percolation behavior, high aspect ratios, and high electrical conductivity 

make carbon nanotubes promising fillers for sensing damage and measuring stress and 

strain in bulk materials [18]. Furthermore, nanocomposites are ideally suited for 

electromagnetic interference shielding and electrostatic discharge applications [17]. The 

very low density and high conductivity of CNTs can convert an insulating polymer into 

an electrical conductor without negatively impacting the other desirable properties of the 

thermoplastic. Therefore, materials with these qualities are potentially valuable to the 

electronics, automotive, and aerospace industries [19]. 
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The potential performance of these nanocomposites has motivated the need for 

accurate models to predict their effective electrical characteristics. Due to the copious 

different combinations of CNT and polymer constituent phases, numerical and analytical 

methods can help reduce the number of expensive and timely experiments. In addition, a 

manifold of controllable material parameters, such as CNT aspect ratio and volume 

fraction, need to be accounted for and studied. Finally, the probability a nanocomposite 

forms percolating networks of CNTs needs to be related to its effective electrical 

properties. Therefore, a new model is necessary to simultaneously predict percolation, 

identify conducting backbones, and estimate the electrical conductivity. These are the 

principal motivations for a comprehensive and versatile numerical method of accurately 

representing electrical behavior of CNT -based composites. 

1.2. Electrical Conduction in Nanotube-based Composites 

Electrical properties of nanocomposites are governed by a set of principles 

different from those that dictate elastic or thermal properties. Factors such as CNT 



dispersion, embedment, and interface bonding are critical to both elastic and thermal 

performance. Contrastingly, the driving factors behind electrical behavior include the 

formation of conductive networks, percolation, and nanoscale effects. Conductive 

networks in a nanocomposite consist of interconnected strands of CNTs that have the 

potential to carry an electric current. Each nanotube in a network can be visualized as a 

cylindrical structure with 25 - 40% of their volume hollow [3]. Therefore, their large 

conductivities are concentrated in the axial direction and they function as one-

dimensional conductors with very low resistances. 

Figure 1. Carbon nanotubes consist of rolled sheets of graphene. Multi-wall CNTs 
(MWNTs) have several concentric layers, while single-wall CNTs (SWNTs) have 

only one [20]. 
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When connected to an applied potential difference, CNT networks can form 

closed electrical circuits. However, only a relatively small portion of the CNTs in an 

entangled network will carry a current. This current carrying portion is known as the 

backbone of the nanocomposite [21-22]. Although both thermal and electrical 



conduction problems form CNT networks and are described by the same constitutive 

equations, the notion of backbones and effective conductivity behavior differ drastically. 

The reason CNT /polymer composites form backbones and do not conduct electricity in 

the same manner as they conduct heat is a direct consequence of conductivity differences 

of the materials. The ratio of CNT to polymer thermal conductivity is on the order of 104 

while for electrical it is much larger, on the order of 1012 
- 1016 [23]. With such a large 

difference in electrical properties, only the CNTs contribute to current flow. However, in 

the thermal case the matrix material is able to contribute to heat conduction. 

(11.11) armchair armchair zigzag chiral 

Figure 2. The three basic categories of nanotube structure are shown. Intrinsic 
electrical conductivity of a CNT depends on its chiral structure, or pattern of 

carbon-carbon bonds. 
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The lack of matrix participation in electron transport is the primary cause of 

percolation behavior in nanocomposites. Percolation is characterized by a sudden 

transition in effective conductivity over a very small increase in concentration of CNTs 

[3 ,10,24]. The volume fraction at percolation indicates the point at which the material 

transforms from an insulator to a conductor. This point is known as the percolation 



threshold. Before the threshold, effective conductivity is dominated by the insulating 

matrix, which typically has conductivities below 10-12 S/m for polymers [25]. At the 

percolation threshold, conductivity can increase by more than six orders of magnitude. 

For volume fractions above the threshold, the conductivity is dominated by the CNT 

backbone and increases by another two to three orders of magnitude [10]. 

Percolation threshold is evidenced by a transition in macroscale physical 

properties. However, percolation jumps have been observed in materials at loadings well 

below the geometrical percolation threshold [26-28]. The geometric threshold is the 

volume fraction at which a complete network of connected CNTs spans the material. 

This lack of agreement between the macroscale and microscale thresholds signifies the 

presence of another electrical transport mechanism in the material. Electron tunneling or 

hopping is a phenomenological mechanism that allows current to flow between CNTs 

that are not in direct physical contact. Interestingly, electrons have demonstrated the 

ability to hop or tunnel from one conductor, through a finite length of insulator, to 

another conductor. The experiments of Postma et al. [29] and Park et al. [30] proved that 

crossed CNTs form tunnel junctions. Likewise, Ounaies et al. [31] reported a nonlinear 

current-voltage behavior above the percolation threshold. They attributed this to the 

electron tunneling effect. 

6 
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Figure 3. Electron tunneling between nanotubes is shown. The distance an electron 
can hop or tunnel through the matrix is represented by td. 

Consequently, nanocomposites can achieve conducting status without the 

presence of a network of CNTs in direct contact. This has the effect of lowering the 

physical percolation threshold [32]. On the other hand, the insulating polymer in the 

tunneling region has a very high resistance. According to the work of Li et al. [33] , the 

7 

thickness of the insulating layer determines the tunneling resistance more than any other 

factor. High resistances between the CNTs in the backbone decrease effective 

conductivity of the composite as a whole. However, as the volume fraction increases 

more CNTs physically touch. Direct contacts have much lower resistances than 

tunneling contacts. Therefore, as more tunneling contacts in the backbone are replaced 

by direct contacts, effective conductivity in the nanocomposite increases. Unfortunately, 



the mechanisms dominating electrical transport in nanotube/polymer composites are not 

fully understood. This is the foremost challenge to predicting their effective electrical 

properties. Incorporating complex transport effects using simple representations is a 

motive for developing a numerical nanocomposite model. 

1.3. Current Electrical Models 

8 

A wide variety of analytical and numerical models have been developed to predict 

effective electrical conductivity, percolation threshold, and parametric relationships of 

nanotube composites. Balberg et al. [34] and Bug et al. [35] presented two of the early 

percolation models. Both models were based on the excluded volume approach and 

predicted percolation thresholds of disordered systems with different shaped fillers. The 

more recent model of Cai et al. [36] used a combination of effective medium theory and 

percolation equations to calculate both the threshold and the effective conductivity. 

Authors Deng and Zheng presented two electrical models. The first [25] used 

micromechanics equations to predict conductivity and percolation threshold of wavy 

CNTs. The second [10] was adapted from elastic analysis and used interaction direct 

derivation and Eshelby tensor equations. Lebovka et al. [37] developed a two

dimensional diffusion-limited aggregation model for colloidal dispersions. The model 

includes multiple-seed growth and particles that execute random walks in the lattice-type 

domain. Seidel and Lagoudas [3] used a micromechanics model based on the composite 

cylinders and Mori-Tanaka methods to calculate effective electrical properties of 

CNT /polymer composites. Seidel et al. [3 8] also reported a micromechanics model to 

calculate effective conductivity of straight, randomly oriented CNTs using the 
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generalized self-consistent composite cylinders approach. All of the models detailed 

above are analytical and provide valuable insight on electrical properties of 

nanocomposites. However, they use individual equations, many of which are based on 

only a single CNT or adapted from other applications such as thermal or elastic analysis. 

Original studies by Seager and Pike [39] suggested that due to the interplay of complex 

factors of disordered continuum composites, numerical approximations may be better 

suited to study electrical properties. 

In addition to analytical methods, several numerical models provide good 

representations of nanocomposites. Pike and Seager [ 40] were the first to study 

percolation in random two-dimensional stick models using Monte Carlo simulations. 

One of the original resistor network models was developed by Kirkpatrick [ 41] as an 

extension to established lattice models. Both two- and three-dimensional disordered stick 

systems were simulated by the Monte Carlo method. More recently, Behnam and Ural 

[42] used Kirchhoff's laws and Monte Carlo simulations to calculate electrical properties 

of straight, randomly oriented CNTs in stacked two-dimensional layers. Dalmas et al. [4] 

presented a three-dimensional model of wavy, randomly oriented nanotubes using the 

resistor network method. They included constant contact resistance and solved the model 

by using the finite element method (FEM). Hakobyan et al. [24] also used FEM to 

determine effective conductivity and percolation threshold of a two-dimensional lattice of 

highly conductive triangles. Foygel et al. [11] only studied percolation threshold with 

their spanning network model of straight, randomly oriented, soft-core CNTs. Monte 

Carlo, statistical percolation, and resistor network methods were used by Hu et al. [16] to 

determine electrical conductivity and thresholds in polymer nanocomposites. The 



pseudo-three-dimensional model of Jacket al. [43] is based on Kirchhoff's Current Law 

(KCL) and Monte Carlo simulations. Further, it included stochastic nanotube parameter 

inputs, properly scaled sample dimensions, and periodic geometry on the boundaries. Li 

and Chou [ 1 7] presented a novel method of representing contact resistances and used 

their direct electrifying algorithm to calculate effective conductivity and identify the 

backbone [22]. The three-dimensional model of Sun and Song [44] used the resistor 

network method and calculated contact resistances to find the effective conductivity and 

percolation threshold. Topinka et al. [ 45] also used the resistor network method 

combined with KCL and constant contact resistances to determine effective conductivity 

and visualize the currents and voltages in the CNT networks. 

Each of these models gives important insights into the electrical conduction 

behavior of nanocomposites. The vast majority employ a combination of Monte Carlo 

and resistor network methods. Pike and Seager [ 40] were the first to establish Monte 

Carlo simulations as the primary method of analyzing random percolating systems. 

Kirkpatrick [ 41] was the first to prove the viability of a resistor network model in 

determining electrical properties of a system of random sticks. Though they use similar 

methods, all the models are unique in how details such as geometry, contact resistance, 

CNT morphology, and CNT resistance are represented. Only a few models use periodic 

geometric boundaries. By relocating the parts of fibers extending outside the sample to 

the opposite boundary, continuity between sample structures is maintained, insulating 

boundary conditions are validated, and the structure is representative of an infinite system 

[41,43]. Also, contact resistance between CNTs is one of the most crucial physical 

aspects of the problem and must be incorporated into the model [44]. Some numerical 
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models make broad assumptions about contact resistance or ignore the tunneling effect 

altogether. Several authors [18,20,41,45] emphasize the impact of the number of CNT 

contact points on the results. For this reason, it is important for models to incorporate 

nanotube waviness and realistically represent the number of contact points. The other 

major factor to include in a numerical model is intrinsic nanotube resistance [18]. Of the 

models detailed above, none incorporates all four of these important factors. This is one 

of the motivations for the method presented in this thesis. 
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The proposed model is extremely versatile and produces relevant results that are 

threefold; first, it calculates percolation probability, second, identifies the conducting 

backbone, and third, it calculates effective conductivity. All three results are obtained 

simultaneously and in an expeditious manner. The model is based on three of the 

methods introduced above: Monte Carlo simulations, spanning network identification, 

and the resistor network method. As explained above, Monte Carlo simulations are 

necessary for reducing statistical variation in the random system. A large number of 

random sample structures, hereafter referred to as representative volume elements 

(RVEs), are populated with wavy CNTs and periodic boundaries. Each RVE is solved 

and the results are averaged over all RVEs at a given volume fraction. The percolating 

behavior of nanocomposites causes two factors to be of extreme importance. The first is 

the formation of complete spanning networks in the material. The spanning network 

algorithm portion of the model detects the presence of CNT networks that extend the 

length of the RVE. Electron tunneling effect is incorporated through the criterion that 

determines the connection status between nanotubes. This allows CNTs to be considered 

in contact even without directly touching. An RVE with a full network has the capacity 
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to carry an electrical current between the simulated electrodes. The network of fibers is 

then converted into equivalent series and parallel resistor elements. Both intrinsic 

nanotube resistance and contact resistance due to tunneling are represented according to 

methods introduced in the literature. The system is assembled and solved using the 

matrix form of KCL and FEM. The use of KCL is valid because the system consists of 

only linear resistors and charge is neither generated nor stored within the RVE. Results 

of FEM include voltages and currents within the CNT network and effective electrical 

conductivity of the polymer nanocomposite. Currents within the fibers are used to 

identify the current carrying backbone of the material similar to the method developed by 

Li and Chou [22]. The most important feature of this model is the prediction of 

percolation probability and effective conductivity at a given volume fraction. To the 

author's best knowledge, these results have never been reported concurrently. The 

percolation probability and conductivity results are interpolated across all volume 

fractions near the percolation threshold using the cumulative density function fit method 

from Li and Chou [47] and the percolation power fit law, respectively. The model's 

calculations for a specific nanocomposite ultimately result in the ability to predict 

effective conductivity and probability of forming conducting CNT networks. Therefore, 

the nanocomposite is fully characterized by its electrical properties and the potential 

applications it is suited for can be determined. Each of these factors is presented as part 

of a model that is efficient and useful for the determination of electrical behavior of a 

polymer nanocomposite. In addition, the model's level of accuracy is determined via 

comparison to experimental and analytical results in the numerical results section of this 

thesis. 



Chapter 2 

The Representative Volume Element 

The percolation portion of the model proposed in this thesis is based on a two step 

approach. First, the geometry of a CNT -based composite material is generated. Then, a 

spanning network algorithm determines the existence of a complete percolating nanotube 

network. For simplicity, the geometry of the nanocomposite is represented by a pseudo

three-dimensional representative volume element (RVE). The RVE is a two-dimensional 

square with an assumed thickness that approximates a three-dimensional structure. This 

RVE, which represents the bulk matrix material, is embedded with CNT fillers. The 

CNT fibers are randomly placed within the RVE at the desired concentration, or volume 

fraction. Next, each CNT is given extra nodes as searching points for the spanning 

network algorithm. Then, this algorithm uses the specified bond criteria to determine the 

connections between fibers. Finally, the algorithm determines whether a complete 

network ofCNTs spans the longitudinal direction of the RVE. 
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2.1. Geometry Generation 

The first step to accurately model the nanocomposite is to create a realistic 

representation of the filler geometry. The CNT fibers are modeled individually in the 

RVE and dispersed randomly. Each consists of a series of line elements that are 

controlled by length, diameter, and waviness parameters. Because this proposed model is 

based in part on the previous work of Elsbemd [48], the same method for creating CNT 

morphology is used. In addition to the shape of individual CNTs, the CNT locations in 

the matrix and RVE dimensions must also reflect realistic structures. 
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The length of individual CNTs varies greatly and depends on manufacturing and 

dispersion methods. Some can be as short as dozens of nanometers or as long as several 

microns within a given batch. Behnam and Ural [ 42] reported a SWNT average length of 

as high as 2 microns and MWNTs are usually even longer [49]. Publications, such as 

Wang et al. [50], have measured CNT lengths and reported large statistical length 

distributions. The Weibull distribution found by Wang et al. has scale and shape 

parameters of 5 x 10-6 and 2.4, respectively [50]. The inverse transformation method 

introduced by Elsbemd is used to randomly generate nanotube lengths for the RVE. The 

cumulative density function (CDF) for a Weibull distribution is given by the equation 

F(x) = 1- e-(~f, (1) 

where a andy are related to the scale and shape parameters. Solving for x in the CDF 

gives the equation 
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x = -a[ln(l - u)]Y. (2) 

The variable x is a random number from the W eibull distribution and the variable u is a 

random number from a uniform distribution. Now the distribution of lengths reported by 

Wang et al. can be stochastically sampled using random numbers from a uniform 

distribution. The distriubtion parameters are included through the equations 

lna 
a= e-T, y = b, (3) 

where, a and bare the shape and scale parameters, respectively. Upper and lower length 

limits of 800 nm and 20 nm, respectively, are used in the inverse transformation method 

to generate random CNT lengths. A histogram of 8,054 random nanotube lengths is 

presented in Figure 4. 
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Figure 4. Example of 8,054 CNT lengths is presented as a histogram. The lengths 
follow a distinct Weibull distribution. 
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The next CNT geometrical parameter adopted from Elsbemd's model is the 

diameter distribution. Nanotube diameters vary as much as their lengths. Therefore, this 

variation is included in the model to reflect realistic nanocomposite structures. For 

SWNTs, diameters can range from less than one nanometer to several nanometers [49]. 

Grunlan et al. [51] found an average SWNT diameter of 1.2 nm and Behnam and Ural 

[42] reported SWNT diameters of 1.5 nm. Multi-walled nanotubes have reported 

experimental diameters of7- 20 nm [52], 50 nm [53], and even over 120 nm [49] due to 

their several tubular, concentric layers. Ziegler et al. [54] reported a lognormal 

distribution of CNT diameters ranging from about 0.5 to 2 nm. The mverse 

transformation method is again used for the CDF of a lognormal distribution: 

F(x) = ~( 1 + erf e::;]). (4) 

Isolating x in the CDF gives the equation 

X = e(u../2 erfinv[2u-1]+1L), (5) 

where u is a random number from a normal distribution, x is a random number from a 

lognormal distribution , and 1..1. and cr are the distribution parameters. 

Ziegler et al. did not report any parameters for the lognormal distribution. 

However, Elsbemd found them by using Matlab's "dfittool" feature on the CNT diameter 

histogram. The distribution fit generated values of 0.02847 and 0.33637 for 1..1. and cr, 

respectively [48]. The lower limit on CNT diameters is 0.5 nm. However, the diameters 

must also include realistic atomic bond distances to properly account for the volume each 
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CNT occupies in the matrix. Carbon-carbon bond spacing is about 0.34 nm [48], which 

is significant compared to the diameter of nanotubes. Therefore, each CNT includes an 

additional 0.68 nm for bond spacing. This effect is portrayed in Figure 5. 
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Figure 5. The structure on the left represents the cross section of a SWNT with its 
carbon atoms and hollow nature. The distance Rn indicates the physical CNT 

radius and Roe is the effective radius accounting for carbon-carbon bond spacing, v. 

The inverse transformation method including bond spactng generated random 

CNT diameters that are sampled from the lognormal distribution reported by Ziegler et al. 

A histogram of 1,536 diameters is shown in Figure 6. 

Lognormal Distribution of 1536 Nanotube Diameters 

0.8 ,.... ... 
"' c: 
QJ 

0 
0.6 

0.-4 

0.2 

1.5 2.5 3 3.5 
Nanotube Diameter (nm) 

Figure 6. Example of 1,536 nanotube diameters is presented. The randomly 
generated values include carbon-carbon bond spacing and conform to a lognormal 

distribution. 
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The final morphological parameter included in the model accounts for the 

inherent waviness of nanotubes. The method utilized by Elsbemd is incorporated into the 

current model. Due to their low bending stiffness, matrix-embedded CNTs appear to be 

curved rather than straight. Further, longer fibers tend to be wavier than shorter ones. 

Therefore, this is accounted for in the model by creating each CNT from several, small, 

connected line segments. The sine of the deviation angle, sin (Oi), between line 

segments is allowed to vary uniformly between -sin C'n;ax) and sin en;ax ). The 

variable 9max is the upper angle limit as determined by nanotube length according to the 

equation 

180° 
(} = .. x CNT length. 

max upper length l!mtt (6) 

Therefore, the deviation angle between segments varies linearly with nanotube length. 

This has the effect of causing longer CNTs to be wavier and shorter ones to be straighter. 

With these nanoscale characteristics of the CNTs defined, the microscale 

geometry of the composite structure is ready to be generated. Recent advancements in 

manufacturing techniques have made uniform dispersions of CNTs in thermoplastics 

possible [55-57]. In addition, good dispersion is one of the characteristics of a high 

performance nanocomposite. The nanotubes in the model are uniformly dispersed in the 

RVE using the following method. First, a random coordinate location is chosen within 

the RVE to be the first node of a fiber. Then, a second random coordinate is chosen, this 

time either inside or outside the RVE. The second coordinate determines the direction of 

the first fiber segment. Subsequent segments are added to the same fiber at random 
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angles within the waviness angle distribution described previously. When the specified 

fiber length is reached the fiber is terminated. If a fiber segment ends outside the RVE at 

any time, the fiber is ended at that boundary. The remainder of the segment and all 

subsequent segments of that fiber are transposed to the opposite boundary. This periodic 

boundary geometry creates a more realistic approximation of an infinite system [ 41]. 

Further, it justifies the assumption of insulating boundary conditions on the sides of the 

RVE [43]. Fibers are able to touch the electrodes for electrical measurement and thereby 

form complete spanning networks across the RVE. The process repeats until the desired 

volume fraction is reached for the material. Figure 7 shows the uniform dispersion of 

CNTs in an RVE at 0.017 volume fraction. 
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Figure 7. Nanotube geometry of an RVE with a volume fraction of 0.017 is shown. 



Figure 7 is a good illustration of how short fibers tend to be straighter than long 

fibers. Also, several CNTs touch each boundary and the remainder of each is transposed 

to the opposite boundary. Figure 8 shows how the periodic geometry is generated. 
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Figure 8. Diagram depicting the transposition of the fiber extending beyond the left 
boundary of the RVE to the right boundary edge is presented. 

The dispersion of CNTs in the RVE is verified by analyzing the average number 
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of fiber crossings along four axes of the simulated material. The average number of 

fibers that cross the top, right side, vertical midline, and horizontal midline for 500 

random RVEs at nine different volume fractions is shown in Figure 9. 
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Figure 9. The number of fibers that cross the specified lines in the RVE is averaged 
over 500 samples. Volume fractions range from 0.001 to 0.1. 



With excellent CNT dispersion in the RVE, the only geometric factor left to 

consider is the scaling of the RVE itself. Effective conductivity and percolation of a 

nanocomposite depend on fiber dimensions and interactions among CNTs. Therefore, 

the RVE dimensions must be large enough to capture the interactions and stochastic 

nature of the geometry. The goal of the pseudo-three-dimensional model is to 

approximate a full three-dimensional model at a fraction of the computational cost. If the 

RVE dimensions are too small, the effective conductivity and percolation probability will 

be overestimated. On the contrary, if they are too big, the computational time will be 

exaggerated [ 4 3]. The three-dimensional models of Dalmas et al. [ 4], F oygel et al. [ 11], 

and Hu et al. [16] were unit cubes. The ratio of the CNT length to RVE dimension 

ranged from 2.5 [4] to 5 [16] to 14 [11]. The two-dimensional model of Topinka et al. 

[45] had RVE dimensions of 40 x 40 J..Lm2 and CNT length of 4 J..Lm. The pseudo-three

dimensional models of Li et al. [33], Li and Chou [17], and Jacket al. [43] also had RVE 

dimensions at least ten times CNT length. Therefore, RVE width and depth must be 

significantly larger than the CNT length and diameter, respectively. For this reason, 

dimensions of the RVEs in the present model are scaled to always be about ten times 

average CNT length and twice the diameter plus the tunneling distance according to the 

method of Li and Chou [ 17]. 

2.2. Spanning Network Algorithm 

After creating realistic nanocomposite geometry in each RVE, the microstructure 

must be analyzed to determine the existence of a complete spanning CNT network. A 

complete spanning network allows an electrical connection to be made between the top 
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and bottom edges of the sample structure. This percolation condition is the determining 

factor in effective electrical properties of nanocomposites. Without percolation, no 

electrical current flows through the RVE. The spanning network algorithm is a searching 

process that determines whether a particular sample structure has percolated. In the 

algorithm, the CNTs are first sorted into bins and then extra nodes are added as additional 

searching points. The searching points are then checked from top to bottom for those that 

satisfy the bonding criterion and, finally, the electrical connections between CNTs are 

established to reflect the physics of the material. 
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The RVE is divided into a regular grid of searching bins. Each nanotube 

is assigned to a bin based upon its location in the RVE. The goal of using bins is to 

accelerate the searching process. Fiber nodes located in the upper left quadrant of the 

RVE will clearly not form connections with those located in the lower right quadrant. A 

typical RVE can have on the order of tens of thousands of nodes that must be analyzed in 

pairs. Therefore, the computational cost of the program is greatly reduced by testing only 

those node pairs that lie in the same region rather than searching each combination of 

node pair in the whole RVE. The fibers are sorted by checking the location of each node. 

This allows a CNT to be located in more than one bin if it crosses bin boundaries. Thus 

each bin will include all fibers that have at least one node in it. The redundancy 

introduced by this method guarantees no connections are omitted in the searching 

network algorithm. A visualization of a typical bin is presented in Figure 10. 
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Figure 10. A typical bin with its inclusive nanotubes is presented. Each nanotube 
has at least one node within the bin boundaries. Fiber (A) is completely within only 

one bin, fiber (B) is in two bins, and fiber (C) is in four bins. 

Figure 10 shows examples of fibers that fall in more than one bin. Even though 

fiber (B) is nearly entirely in the neighboring bin, it is also included in the example bin 

because it has at least one node in it. Despite this redundancy, bins greatly reduce 

computational time of the spanning network portion of the model. The use of a ten by ten 
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grid, or 100 bins, decreases run time by as much as 68%, with no loss of connectivity 

between CNTs. When the number of bins gets too large, the possibility that connections 

are omitted from the network increases. Several connections that should have been 

included in the CNT network are missing when the number of bins exceeds 144 (12x 12 

grid). Therefore, 100 bins are chosen for model simulations. 

Since the fibers are assembled into the bins, the remainder of the spanning 

network algorithm depends on the bonding criterion. This criterion determines whether 

any pair of points, each from a different CNT, is connected [ 40]. If multiple fibers and 

bonds belong to the same chain, they form a CNT network. A complete spanning 
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network consists of an unbroken series of fibers and connections that touch the top and 

bottom of the RVE. Theoretically, when this happens the RVE is percolated and 

electrical current may flow in the nanocomposite. The original method of Pike and 

Seager [ 40] is used to compare each node against all other nodes in the bin. If the bond 

criterion is satisfied, a connection is established between the node pair. 

Traditional bond criteria fall into one of two categories: overlapping figure or 

inclusive figure [ 40]. Overlapping figure (OLF) specifies that two sites are connected if 

their individual searching regions intersect. Inclusive figure (IF) states that two sites are 

bound if each site falls within the searching region of the other. Examples of both criteria 

are shown in Figure 11. 

INCLUSIVE FIGURE 

• 

Figure 11. Both categories of bonding criteria are presented as explained by Pike 
and Seager [39]. The IF criterion only shows one searching region, though each 

node also has one for determining connections. 

The work of Pike and Seager [40] found the OLF method to give a generally 

inaccurate approximation. On the other hand, the IF method is accurate and better suited 
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for random composite structures. Therefore, a pseudo-IF construct is used as a bonding 

criterion. For the purposes of the explanation of the method used in this model, a 

"lighthouse" is a searching point node that has a searching region centered on it. 

Likewise, a "vessel" node is any other node from the same bin, but not the same fiber, 

that is being compared to the lighthouse node. Thus, the model's criterion states that a 

connection is established between two nodes if the position of the vessel node is within 

the searching region of the lighthouse node. Each node in the R VE is used as a 

lighthouse and a vessel in the algorithm as connections between all combinations of 

fibers are searched for. Pike and Seager [ 40] proved that there is little difference between 

using circles or squares as searching regions. Therefore, squares are used in the proposed 

model for simplicity. Unlike the traditional IF criterion, the searching regions in this 

model are variable. The size of each variable searching region (VSR) depends on the 

diameter of each fiber that the pair of nodes belongs to plus the electron tunneling 

distance. Figure 12 illustrates how the VSR is used for fibers with different diameters. 

(a) (b) 

Figure 12. (a) Use of the VSR around lighthouse nodes of a fiber is shown. No 
vessel nodes from the other fiber satisfy the bond criterion. (b) The VSR for the 

same two fibers showing the impact of an increased CNT diameter. A vessel node 
satisfies the criterion allowing a connection to be made between the fibers. 
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After the fibers are sorted into bins and the bond criterion established, extra nodes 

are added along the fiber segments. These nodes are used as additional lighthouses and 

vessels for determining connections between fibers. Currently, nodes exist only at the 

ends of each CNT segment in the RVE. Adding additional nodes creates more VSR 

searching points, but also increases the number of node pairs that must be checked. 

Therefore, it is critical that the new nodes are properly spaced to minimize computational 

cost and simultaneously account for the effective tunneling region around each fiber. 

New node spacing is determined by the inequality 

l > seg _ 1 
n - 2(Dmin + TunL) ' (7) 

where n is the number of new nodes to add, lseg is the original fiber segment length, Dmin 

is the smallest possible fiber diameter, and TunL is the electron tunneling distance. As 

long as the number of additional nodes satisfies Equation (7), the VSR boxes will leave 

no gaps along the fiber. This ensures all fiber connections are accounted for without 

increasing computational cost of the model more than necessary. 

Finally, the spanning network algorithm sequentially searches the RVE for CNT 

clusters. This is accomplished in a series of steps beginning with determining if the 

random RVE has a potential spanning cluster. A complete CNT network only exists if at 

least one fiber is in contact with the top boundary and at least one other fiber is in contact 

with the bottom of the RVE. After all top and bottom edge fibers are identified, the top 

fibers are used as the building blocks for the CNT network. The VSR criterion is utilized 

to find other fibers connected to the top fibers. The nodes of the top fibers are the 

searching points for establishing these new connections. This part of the model is then 
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repeated and the newly found fibers become the searching points. With each new 

iteration, the fibers being added to the network approach the bottom boundary. If after 

any iteration no new fibers satisfy the bonding criterion, this part of the algorithm stops. 

Figure 13 illustrates how the network is identified in the model. 
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Figure 13. The progression of the spanning network algorithm is illustrated. The 
top left image represents the first iteration with only the top fibers shown. The 
bottom right image is after the last iteration showing all connected fibers in the 

network. 

After the iterations are complete, the connections are checked for duplicates. 

Each fiber can have multiple connections with another fiber, but only one connection is 

made between the same two segments. This means CNTs that lie parallel to each other or 

cross multiple times will be modeled as parallel resistors. Finally, the percolation status 



ofthe RVE is determined. If any fiber in the network is identified as touching the bottom 

edge, then a complete network of CNTs exists in the nanocomposite. Therefore, each 

RVE with a percolating network has the potential to conduct electrical current along the 

longitudinal direction, which is determined by the resistor network portion of the model. 
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Chapter 3 

The Resistor Network Model 

With the spanning network algorithm detailed, the resistor network and solver 

portion of the model can be presented. The first published application of the resistor 

network method is from the work of Kirkpatrick [ 41]. Electrical transport in 

inhomogeneous mixtures of conductors and insulators exhibiting percolation behavior 

was studied. Several two- and three-dimensional models were developed and compared 

to original lattice models and effective medium transport theory. As an extension of the 

lattice models, random resistor networks were shown to accurately simulate transport 

details in two-phase mixtures. This method is well suited for numerical methods 

involving finite element analysis (FEA) and Monte Carlo simulations. Kirkpatrick [ 41] 

demonstrated the accuracy of Monte Carlo simulations of resistor network models. The 

method of the proposed model uses equivalent resistors, FEA, and Kirchoff's Current 

Law (KCL) to determine the voltages and currents in the fiber network and effective 

electrical conductivity of the nanocomposite sample. First, conversion of the spanning 
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network into a resistor network is explained. Then, details of the use of KCL and FEA in 

solving the model are presented. Finally, post-processing of the data to determine 

effective conductivity and backbone of the RVE is discussed. 

3.1. Electrical Resistance Modeling of CNTs and Contact Points 
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The most important portion of the resistor network model is the representing of 

fibers and contacts as electrical resistor elements. It is crucial that both the fiber and 

contact resistances are modeled accurately because they have a significant impact on the 

results. The intrinsic electrical properties of individual carbon nanotubes are well 

documented in the literature. There are numerous experiments on CNTs using a wide 

array of methods. The most challenging aspect of determining resistance or conductance 

of a CNT is in connecting a macro size measurement instrument to these nanoscale 

structures. Dai et al. [52] dispersed MWNTs in ethanol which was then deposited on an 

insulating, oxidized silicon substrate. A layer of gold strips was created on top of the 

CNT suspension using conventional lithography. This caused several MWNTs to touch 

the gold on one end and remain unconnected on the other. A coated cantilever assembly 

contacted the free end and applied an electrical voltage to the fiber. They were able to 

measure and report the resistances at several points along the CNT. Results indicated 

that CNT resistance is independent of applied voltage and ranges from 60 to 1930 

kO/J..Lm. Ebbesen et al. [5] used a similar experiment to measure electrical conductivity 

of individual annealed CNTs. They were able to attach four 80 nm wide tungsten leads 

to an individual CNT and apply small voltages across it. Multimeters recorded 

resistances of 0.2--43 kQ/J..Lm and conductivities of about 1-200 kS/cm. A more novel 
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approach of measuring straight MWNTs was taken by Frank et al. [7]. The CNTs were 

attached to the tip of a scanning probe microscope by a gold wire and colloidal silver 

paint to ensure good electrical contact. The probe was then lowered into a reservoir of 

liquid mercury to create a closed circuit. The position of the CNT in the reservoir was 

controlled so the current could be measured at several different locations along the fiber. 

Results proved the ballistic nature of electron transport in CNTs and confirmed their 

extremely high stable current carrying capacities. Further, resistance of the 4 J.lm long 

MWNTs was reported as 12.9 kQ. The more recent work of Wei et al. [6] used a 

MWNT/chloroform solution deposited on an oxidized silicon wafer. Focused-ion-beam 

lithography was used to connect tungsten leads to a CNT approximately 2.5 J.lm apart. 

Two-terminal (constant voltage) and four-terminal (constant current) measurements gave 

similar average resistances of 2.4 kQ and 1.7 kn, respectively. Additionally, 

experiments of Yao et al. [8] yielded two-terminal resistances of about 17 kQ for 

individual metallic SWNTs. This value is slightly larger than the predicted resistance of 

6.5 kQ. Finally, Zhou et al. [58] performed two-terminal resistance measurements of 

SWNTs on oxidized silicon chips. The leads were gold and titanium and about 3 J.lm 

apart. They reported resistances of about 11.5 - 36 kQ. Experimental arrangements for 

Wei et al. [6] and Frank et al. [7] are presented in Figure 14. 



Figure 14. (a) The image from an atomic force microscope is presented showing the 
two tungsten leads connected to a CNT in the experimental set up of Wei et al. [6]. 

(b) Transmission electron micrograph of CNTs on the tip of a scanning probe 
microscope and a diagram of the experimental set up are presented from the work 

of Frank et al. [7]. 

The relationship between resistance and CNT dimensions appears conflicted from 

reported experiments. Some observations indicate a clear dependence of nanotube 
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resistance on length and diameter while others indicate the opposite. Some report that 

SWNTs at least 1 J..Lm long have constant resistance [7]. Unfortunately, the mechanisms 

of electrical transport in nanotubes are relatively little understood. This is most likely 

due to the differences in CNT types, manufacturing methods, and measurement 

procedures. However, several published models provide useful methods for estimating 

CNT resistance. Benham and Ural [42] calculated the resistance of a SWNT using its 

length, theoretical contact resistance at the ballistic limit ( ~6.5 kn) and the mean free 

path (1 J..Lm). Theodosiou and Saravanos [59] assumed a constant resistance for all 

SWNTs longer than 1 J..Lm. On the other hand, Topinka et al. [45] used a length-

dependent resistance of 13 k.Q/J..Lm. Meanwhile, the model developed by Jacket al. [43] 



assumed nanotube resistance 1s small enough to ignore when compared to contact 

resistance. Most frequently, however, resistance is calculated by the equation 

l 4l 
ReNT =-A = -d2' a arr (8) 

where, I is the length of the CNT or CNT segment, dis nanotube diameter, and cr is CNT 

intrinsic conductivity [16,33,44]. Equation (8) is adopted in the present model for its 

simplicity and accurate representation of resistance. The nanotube resistances calculated 

for the model encompass a range from 0.16 to 52.33 kn with a mean of 5.89 kQ. These 

values are similar to those reported in the experiments. Each CNT in the model is 

generated as a series of straight line segments connecting the fiber nodes. Therefore, 

each CNT is easily converted to a series of electrical resistor elements. Each segment's 

length and cross sectional area determine its equivalent resistance. Figure 15 illustrates 

the series of resistors that make up a single fiber. 

Figure 15. An illustration of a fiber being represented as a series of resistor elements 
is shown. The resistances of each element depend on that segment's length and 

diameter. The total resistance of the fiber equals the sum of its element resistances. 

With all the fibers accurately represented as electrical resistors, the next step is to 

model the contact points in the resistor network. The contacts between CNTs throughout 

the RVE were determined in the spanning network algorithm. Pairs of fiber nodes, 
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including nodes added along the segments, were checked against the bonding criterion. 

For each pair of nodes that satisfied the criterion, a connection was established between 

the first nodes of the respective segments. Now these connections are converted to 

equivalent resistors to accurately reflect electrical transport behavior at CNT -CNT 

junctions. 

Like individual nanotubes, significant experimental and numerical data exist on 

the characteristics of CNT junctions. Several authors [3,29,33,44,60,61] report that 

electrical properties of nanocomposites are governed by electron hopping or tunneling. 

Tunneling has the effect of lowering both percolation threshold [32] and effective 

conductivity [62]. The ability of an electron to jump from one CNT to another nearby 

CNT depends strongly on the length of insulating matrix material between the fibers [33], 

[38]. The resistance between nanotubes is a combination of direct contact resistance and 

tunneling resistance [36]. Direct contact resistance has been studied and measured by 

several authors. Fuhrer et al. [63] measured the direct contact resistances of crossed 

SWNT -SWNT junctions. They made both two- and four-terminal measurements on 

metal-metal, semiconducting-semiconducting, and metal-semiconducting junctions. 

Current-voltage measurements indicated junction resistances of about 100 - 2300 kQ for 

SWNTs of the same type. Park et al. [30] also experimented on the electrical properties 

of crossed, metallic SWNTs. Nanotubes were ultrasonically dispersed in a silicon 

substrate and good contacts were made with gold-titanium electrodes using electron beam 

lithography. Current-voltage measurements indicated direct contact resistances of 22-26 

kQ at room temperature and 120-400 kQ at lower temperatures. Postma et al. [29] 

reported electron transport properties between crossed SWNTs by using a similar method 



to Park et al. Room temperature contact resistances were 12.5 MQ, several orders higher 

than other experiments. This is due to the formation of a tunneling barrier in addition to 

the direct contact resistance between fibers. The atomic force microscope image of a 

crossed CNT experiment is presented in Figure 16. 

Figure 16. Crossed SWNTs with chromium/gold electrodes attached are shown in an 
atomic force microscope image from the experiments of Fuhrer et al. [62]. 

Obviously, contact resistances vary over a wide range and are influenced by a 
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number of vaguely understood factors. Consequently, this presents challenges to 

modeling the contact resistors in the R VE. The direct contact resistance, tunneling 

distance, and tunneling resistance are all factors that determine the resistances existing at 

CNT junctions. Published models treat these factors in a variety of ways. Natsuki et al. 

[32] incorporated tunneling by assuming a penetrable soft-shell model. The thickness of 

the shell surrounding each CNT represents the tunneling distance. This allowed for a 
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qualitative study on the impact tunneling has on percolation threshold. The three

dimensional resistor network model of Sun and Song [ 44] incorporated tunneling 

resistance from the average voltage applied in the tunneling junction, length of polymer 

between CNTs, and current density. Further, they found tunneling distance limits of 2 -

2.5 nm based on the point where tunneling conduction equaled zero. Meanwhile, Hu et 

al. [16] did not include tunneling in their three-dimensional resistor network model and 

assumed perfect contact between CNTs. The micromechanics model presented by Seidel 

et al. [38] is based on the generalized self-consistent composite cylinders approach. The 

CNT phase was encapsulated by additional phases accounting for electron hopping. The 

model with hopping phases produced more accurate results than without hopping phases. 

However, the method to incorporate into the present model is taken from the work of Li 

et al. [33] and Li and Chou [17]. Both papers are based on the same pseudo-three

dimensional model utilizing the resistor network method. First, the effective tunneling 

distance limit is determined. Li et al. used the Simmons formula to calculate current 

density between crossed CNTs with a finite contact area. The current density was used to 

calculate tunneling resistivity and hence, tunneling resistance using the contact area. 

Their findings are presented in Figure 17. 
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Figure 17. Calculated contact resistances for epoxy and alumina based 
nanocomposites are presented (Li et al. [32]). At tunneling distances greater than 1.8 

nm, resistance exceeds 1019 !l, which is essentially non-conducting. 

From Figure 17, the tunneling resistance reaches 1019 
Q at a tunneling distance 

limit of 1.8 nm. This is close to the 2- 2.5 nm limit found by Sun and Song [44]. A limit 

of 1.8 nm is used in the present model as the maximum polymer distance through which 

an electron can tunnel from one CNT to another. The 2 nm diameter CNT/epoxy curve 

in Figure 17 is used to calculate contact resistance from tunneling distance. This curve 

was imported using a coordinate finding program developed at Rice University [64] and 

approximated using Matlab' s "polyfit" tool. The three-coefficient fit generated is shown 

in Figure 18. 
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Figure 18. The approximate tunneling distance and resistance curve from Li et al. 
[32] is shown with the three-coefficient exponential curve fit. 

Tunneling resistance is calculated in the model based on the equation from the 

curve fit. The three-coefficient fit is 

(9) 

where, 

a= 9.3845, 

b = -28.974, 

c = 46.0367, 

d = 1.3158, 

and, x is the tunneling distance. The tunneling distance can vary from 0 nm to 1. 8 nm. 

Therefore, the tunneling distances for all connections in the model are sampled randomly 
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from a normal distribution similar to the method of Li and Chou [ 1 7]. A mean tunneling 

distance of 0.8388 nm and standard deviation of 0.2243 are used. Figure 19 presents the 

resulting distribution. 

Nonnel Distribution of 10,[1ll N~otube TUMIIing OistlnCII 

1.6 

Figure 19. An example of a normal distribution used to sample tunneling distance is 
presented for 10,000 CNT -CNT connections in the model. 

For each connection established in the resistor network, a random tunnel distance 

is generated from the assumed normal distribution. Then, this value is used to calculate a 

tunneling resistance from the exponential fit in Equation (9). The lower limit of contact 

resistance is set at 105 n to reflect direct contact. Maximum resistance is limited to be 

1016 n to represent the highest possible tunneling distance and to prevent singularities in 

the solver. A distribution of contact resistances generated using this method is presented 

in Figure 20. 
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Figure 20. Contact resistance distribution for the method used in this model is 
shown for the same 10,000 nanotube contacts used in Figure 19. 

Now, each CNT and connection in the spanning network is assigned a resistance. 

An example of connected fibers in the RVE is represented schematically in Figure 21 . 

Fiber A 

FiberB 

Figure 21. A schematic electrical diagram of the connection between two nanotubes 
in the model is shown. 

40 



The location of the contact is determined from the VSR and respective fiber 

dimensions in the spanning network algorithm as described in Chapter 2. The nanotube 

resistances and the contact resistance, Rf8 , are calculated from the methods detailed 

above. After the complete spanning network is converted to an equivalent resistor 

network, the next step is to employ Kirchhoff s Current Law in conjunction with finite 

element analysis to solve for the system voltages and currents. 

3.2. Details of the Model 
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The application of KCL to resistor networks is well established. Kirkpatrick [ 41] 

was among the first to use KCL on two- and three-dimensional site and bond percolation 

models based on resistor networks. The foundational principle of KCL is conservation of 

electrical charge. It states that the sum of the currents at a given point, or in this case 

node, must equal zero. Theoretically, an intersection of two or more electrical 

components cannot have a net positive or negative charge. Further, the current entering 

and exiting an individual component must the same. These basic laws of electrostatics 

also apply to the RVE as a whole. The total current entering and exiting the 

nanocomposite system must be the same so as to satisfy conservation of charge. 

Essentially, the movement of electrons through the percolating model can be viewed as a 

fluid flowing through the resistor network. Therefore, all electrons that enter the RVE 

must also exit because there are no storage or generation devices within the system. The 

process of applying KCL and solving the equivalent resistor network using FEA is 

presented. 



The two pieces of information required to apply KCL and FEA are the calculated 

resistances from the previous section and nodal connection information from Chapter 2. 

Each component in the network is modeled as a one-dimensional linear resistor element. 

This includes both the nanotubes and the tunneling contacts. Figure 22 diagrams the 

features of a resistor element. 

i 1 

Figure 22. Visualization of a one-dimensional resistor element is shown. The nodal 
voltages and element current are governed by Ohm's Law and KCL. 
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Current is calculated across each resistor element. Therefore, current entering 

from node i and node j are equal in magnitude, but opposite in direction with respect to 

the resistor. Applying Ohm's Law at each node yields the equations 

I~= ..!...(V.·- V.·) 
l Re l 1 ' 

(10) 

I~ = ..!... (V.· - V.·) 
1 Re 1 l ' 

(11) 

which can be represented in matrix form as 

{If} _ [ e ] {Vi} Ij - Kij \.} ' (12) 
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where the element coefficient matrix is 

[ e] 1 [ 1 -1] 
Kij = Re -1 1 . (13) 

Equation (12) is the finite element formulation for a single resistor element. The 

nodal currents included in this equation are with respect to the particular resistor element 

of interest. The nodal results for the system must satisfy Equation (12). However, 

currents at the nodes may include contributions from more than two components. 

Because the net current at each node must be zero as explained previously, the total 

current at a node can be written using KCL at the nodes as: 

(14) 

The total current at node i depends on n directly connected components, each with 

current !if and resistance RiJ, which always sum to zero. Therefore, nodal currents are 

summed at each system node using Equation (14) where the individual resistor element 

currents are represented by Equation (1 0). The complete CNT network is simply a 

system of linear algebraic equations. The assembly of nodal KCL equations is written in 

matrix form as 

I= KV, (15) 
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where, I is the vector of external input currents, Vis the vector of nodal voltages, and K 

is the global coefficient matrix. Because the boundary conditions for this problem do not 

include current inputs, I is simply a vector of zeros. The global coefficient matrix is built 

by assembling the coefficient matrices from Equation (13). This is accomplished for 

each resistor element in the network using connectivity information according to standard 

FEA procedures. 

After assembling the global matrix equation, the next step is to apply the 

boundary conditions and solve the system. Essential boundary conditions are applied to 

the top and bottom of the RVE in the traditional FEA manner and can be found in any 

standard book on the finite element method, such as Akin [65] or Zienkiewicz et al. [66]. 

The system of equations is solved in skyline storage form by UTDU- factorization and 

backsubstitution. Initial results consist of electric potentials at the CNT nodes. These 

voltages, V; and f), are then used to calculate the current in each linear resistor, Re, using 

the equation 

(16) 

Element currents provide the basis for two important results presented by the 

model. The first important result is backbone identification. Not all resistor elements, or 

fibers, in the network contribute to electrical properties. In fact, only a small fraction will 

make up the path of least resistance and carry the bulk of the electrical current. This 

fraction of nanotubes is known as the backbone [41]. Theoretically, the backbone 

consists of all fibers with nonzero currents [22]. Visualization of the backbone is 



45 

accomplished from the highest calculated currents in the fibers. In addition to identifying 

the backbone, the model simultaneously calculates the effective electrical properties of 

the composite. The total current entering the RVE is calculated by summing the element 

currents of resistors in contact with the top ofthe microstructure: 

(17) 

In Equation (17), m is the total number of linear resistors in contact with the top 

boundary of the RVE and If represents each of their calculated currents. Finally, the 

effective electrical properties of the system are calculated with the equations [17,43] 

G _ ltotal 
eft- ' 

(Vtop- Vbottom) 

1 
Ref! =G, 

eft 

Getf 
Uetf = --. 

t 

(18) 

(19) 

(20) 

Equation (18) produces the effective electrical conductance of the system in units of 

Siemens (S), where Vrap and Vbattom are the applied voltages on the RVE boundaries. 

Conductance measures how easily current flows in the system and is the inverse of 

Ohm's Law in Equation (19). Resistance measures strength of opposition to current flow 

in the system and is analogous to friction in mechanical systems. Equation (20) is the 

effective electrical conductivity of the nanocomposite where t is the RVE thickness. 



Effective conductivity indicates the material's overall ability to conduct an electrical 

current and is measured in Siemens per meter (S/m). 
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With the basic model in place, effective nanocomposite properties can be 

estimated for any random microstructure. Due to the stochastic nature of system 

parameters, it is necessary to simulate the nanocomposites by using the Monte Carlo 

method. Statistical variation is eliminated in the results by averaging the effective 

conductivities for a sufficiently large number of random microstructures. The general 

procedure for the Monte Carlo simulations is illustrated in Figure 23. 



Start - Input Parameters 

Generate Stochastic Geometry for all RVEs 

Sort Fibers into Bins and Add Extra Nodes for Each RVE 

Identify Spanning Network in All RVEs using Top-to-Bottom Search Process 

Loop over RVEs with a Complete Spanning Network 

Calculate Resistances for Fibers and Contact Points in the Network 

Loop over Linear Resistor Elements 

Calculate Element Coefficient Matrix 

Assemble Global Coefficient Matrix 

Apply Essential Boundary Conditions 

Solve System for Nodal Voltages 

Post-Processing: Element Currents, Average Effective Conductivity 

Figure 23. A block diagram of the process the resistor network model follows is 
shown. The program only enters the loops for RVEs that have complete spanning 
networks. All others are assumed to be non-percolating and insulating materials. 
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Monte Carlo analysis, KCL, and FEA are easily integrated in the model. The 

numerical process is straightforward and the results are simple. However, the real 

challenge and complexity of the model lie in the physical representation of the nanotubes 

and their electrical behavior. This leads to a multitude of controllable input parameters 

and variables. They include CNT dimensions, RVE dimensions, CNT morphology, 

number of bins, number of RVEs, boundary conditions, VSR tunneling distance, matrix 

and CNT conductivities, and fiber and contact resistances. The only ones kept constant 

for all studies are the boundary conditions, which are fixed at 1 00 V and 0 V for top and 

bottom, respectively, and number of bins, which is optimized at 10 from Chapter 2. All 

others must be determined. In all actuality, these variable parameters are what give the 

model its versatility and flexibility. 



Chapter 4 

Numerical Results 

The results of the model proposed in this thesis are discussed in this chapter. 

First, numerical data from the model are verified through Monte Carlo convergence 

analysis. Several case studies on the general behavior of the model are then discussed. 

Subsequently, electrical percolation probability results are presented and compared to 

other available models. Finally, a comparison of effective electrical conductivity results 

to models and experiments is attempted including detailed summarized results for several 

specific simulated nanocomposites. 

4.1. Model Convergence 

The first results presented from the current model include effective electrical 

conductivity and percolation probability data for Monte Carlo simulations of 500 RVEs. 

In order to verify the characteristic behavior of the model, all stochastic input parameters 

must be held constant. With all input parameters fixed, the only variable behavior 
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inherent in the model involves the location and orientation of each CNT. Therefore, by 

executing the simulations at several different volume fractions and tunneling distances, it 

is possible to obtain important information about the electrical behavior of CNT 

nanocomposites. 
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An intrinsic benefit to the proposed model is the ability to obtain the ratio of 

percolated RVEs, which reflects the percolation probability, and effective electrical 

properties from the same simulation. Each unique analysis performed in this thesis had a 

potential difference of 100 volts applied to the boundaries. The specified boundary 

conditions for the RVE mirror those utilized in Elsbemd's model [48]. Analogous to his 

thermal model, an electric potential is applied across the intended measurement direction 

of the RVE. The top boundary, also referred to as the source, was given an input voltage 

of 100 volts. Likewise, the bottom boundary, or drain, acted as ground with 0 volts. 

Also similar to the thermal model, the sides of the RVE were insulated so that all 

electrical current was directed through the bottom boundary. Electrical conductance was 

calculated from the total flux, or current, at the drain. These boundary conditions for the 

electrical analysis are represented in Figure 24. 



[nsulated Insulated 

( 

Figure 24. The boundary conditions for the electrical problem are shown. The top 
(source) has an applied voltage of 100 V, the bottom (drain) is grounded (0 V), and 

the sides are insulated. 
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The choice of potential difference applied across the RVE effects only the magnitude of 

the total current. The total current is then divided by the applied potential to obtain 

effective conductance. Therefore, the calculated conductance for a particular RVE is 

independent of the voltage applied to the boundary. To ensure valid comparison, 

however, the boundary conditions were kept the same for all analyses in this thesis. 

The numerical model contains six distinct sources of stochastic behavior. Each is 

a random variable either sampled from a distribution or directly calculated from another 

stochastic variable. These inputs are easily controlled for the particular application or 

study. Location and orientation of the CNTs are stochastic parameters of interest for 

verifying convergence of the underlying model. Random dispersion and poorly 

controlled CNT alignment are fundamental characteristics of these materials. Therefore, 
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the percolation and resistor network algorithms must converge in a reasonable number of 

simulations for the model to be valid. All other parameters are held constant at the values 

shown in Table 1. 

Table 1. Input t ~ th . 'f I M t C I Jarame ers or e IDI Ia one ar o conver gence analysis. 
INPUTS 

CNT length 200 nm 
CNT diameter 2 nm 
CNT conductivity 1E+07 S/m 
Contact resistance 1E+06 ohms 
Number ofRVEs 500 
Number of bins 100 
RVE size 1E-06 m 
RVE thickness 5 nm 
Theta (CNT waviness) 0.0 deg 
A_mJJied _potential 100 v 
Tunneling distance 1.8 nm 

The length and diameter are chosen to reflect typical short CNT fibers with an 

aspect ratio of 100. The fibers are perfectly straight when the variable "theta" is set to 

zero. Dimensions of the RVE are scaled to be at least 10 times the aspect ratio and 5 

times the largest filler dimension according to the method of Hu et al. [ 16]. Thickness is 

approximately twice the CNT diameter plus the tunneling distance according to the 

model of Li and Chou [17]. The CNT conductivity is set at 107 S/m, a value typical of 

SWNTs, and tunneling distance is 1.8 nm as found in the study by Li et al. [33]. A 

microstructure created by the program with the geometrical inputs given above is shown 

in Figure 25. 
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Figure 25. Shown is a sample microstructure with all stochastic variables f1xed 
including CNT length, diameter, waviness, and contact resistance. Only the location 

and orientation of the fibers are randomly determined. 

The convergence analysis performed in this section involved creating, analyzing, 

and solving 500 different random RVEs at chosen CNT volume fractions of 0.008, 0.01 , 

0.012, 0.014, 0.016, 0.018, 0.02, 0.022, 0.024, 0.026, 0.028, and 0.03. These values are 

chosen to span the percolation region of a material with the given input parameters. At 

0.008 volume fraction, all RVEs are expected to be insulating and at 0.03 volume 

fraction, all are expected to be electrically conducting. For each RVE at each volume 

fraction, the percolation network algorithm evaluates the existence of a complete 

spanning network of CNTs. For each RVE without a complete CNT network, the 

material is assumed to be insulating and the effective conductivity equals the matrix 

conductivity. For each RVE with a complete percolating network, the nodal voltages are 

53 



54 

solved using KCL as described in Chapter 3. Then the total electric flux at the drain is 

calculated according to Equation (17). Effective electrical conductivity of the 

nanocomposite is calculated from the equation 

I tot 
CTeff = · 

t(Ysource - Vdrain) 

(21) 

In this equation, t represents the thickness dimension of the RVE and Vsource and Vdrain are 

the boundary condition voltages applied to the top and bottom of the RVE, respectively. 

Before verifying the Monte Carlo convergence of effective electrical conductivity, 

the results of the percolating and resistor network algorithms are analyzed. Percolation 

behavior in two-phase materials where the inclusion phase has intrinsic physical 

properties several orders of magnitude larger than the bulk phase always exhibits a 

characteristic threshold region. This region has a large jump in the composite physical 

property over a very small range of filler concentration. The percolation ratio and 

effective conductivity results are presented in Figure 26. 
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Figure 26. (a) The ratio of RVEs with complete spanning CNT networks at each 
simulated volume fraction is presented. (b) The effective electrical conductivities 

averaged over all 500 RVEs were simulated at the same volume fractions to capture 
the characteristics of the percolation threshold region. 

Figure 26(a) shows that at 0.01 volume fraction a small number of RVEs in the 

simulation begin to form complete conductive networks. Between 0.012 and 0.024 

volume fraction, 97.6% of the RVEs percolate. By 0.03 volume fraction, all 500 RVEs 

form a complete spanning CNT network in the simulation. Correspondingly, in the 

effective conductivity plot all RVEs at volume fractions below 0.01 are insulating. At 
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0.01 and higher, the average effective conductivities are at least eleven orders of 
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magnitude higher indicating electrically conductive behavior. After 0.01 volume 

fraction, the average conductivity increases only modestly by about three orders of 

magnitude. The effects CNT fillers have on the properties of an insulating matrix are 

confirmed by the significant enhancement of effective conductivity at relatively low CNT 

concentrations. 

Results of Monte Carlo convergence analysis verify the number of random RVEs 

used in the simulation. The value of 500 was chosen based on the work of Esteva [64] 

and Elsbemd [ 48]. Their models used the same general methodology of generating and 

controlling creation of the RVE geometry. Contrastingly, the model presented in this 

thesis analyzes electrical behavior rather than thermal or elastic. The data from the above 

simulation and three additional simulations were used to confirm the choice of 500 RVEs 

for this model. The normalized average electrical conductivity convergence results are 

presented in Figure 27. 
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Figure 27. Normalized average mean is calculated over 500 random RVEs with 
fixed variables for searching (tunneling) distances of (a) 0 nm, (b) 1.8 nm, (c) 4 nm, 

and (d) 10 nm. 
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Each of the plots in Figure 27 indicates that at Monte Carlo simulations below 

about 450 there is considerable variation in the average effective conductivity results. 

Results are very erratic below about 250 RVEs, varying by as much as 13%. Above 450 

RVEs all simulations at the given volume fractions are within 1% of the normalized 

mean. These results confirm the assumption of 500 RVEs for all simulations presented in 

this study. However, preliminary studies incorporating all aforementioned stochastic 

parameters indicate that up to twenty times more RVEs are necessary for acceptable 

convergence. 

Information gleaned from the Monte Carlo convergence study also provides 

valuable insights on an important physical behavior of CNT/polymer composites. 

Discussion in Chapter 3 included the phenomenological nature of atomic-scale effects on 

electron transport. The model incorporated this physical attribute with the input variable 

of tunneling distance. Each of the four sets of simulations in the convergence study was 

conducted with a different tunneling distance ranging from 0 nm to 10 nm. Comparisons 

of the percolation ratio and electrical conductivity results are presented in Figure 28. 
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Figure 28. Effect of tunneling distance as part of the bond criteria on (a) the ratio of 
percolated RVEs out of 500, and (b) the effective electrical conductivity averaged 

over 500 RVEs. 
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It is readily determined from Figure 28 that percolation ratio and effective 

conductivity results mirror the physical behavior of the material. As tunneling distance 

increases, the ratio of percolated RVEs increases for each volume fraction. Increasing 

the tunneling distance allows more CNTs to meet the bonding criterion that previously 

had not formed connections. Thus, the probability of spanning network formation at a 

given volume fraction increases. The effective conductivity also increases at each 

volume fraction shown in Figure 28(b ). This result reflects an increase in RVEs 

containing complete spanning networks and an increase in the number of percolation 

paths available for current to flow. The differences in percolation and conductivity 

results are amplified for the case of 10 nm. The significantly larger tunneling distance 

causes a pronounced reduction in the percolation threshold. The material is completely 

insulating at 0.008 volume fraction when tunneling is less than 10 nm. However, at 10 

nm, 1% of the RVEs form complete networks at the same concentration. Lower 

percolation thresholds and higher effective electrical conductivities are fundamental 

aspects the electron tunneling phenomenon in nanocomposites. 

The final study on the stochastic behavior of this model determined the impact of 

the random CNT length and diameter variables. For this study, two sets of simulation 

data are gathered. For the first, CNT length and diameter are sampled from Weibull and 

lognormal distributions, respectively. For the second set, CNT dimensions are fixed at 

149.5 nm and 1.77 nm for length and diameter, respectively. These chosen values 

maintain the same average aspect ratio for both sets of data. This allows the statistical 

variation between the two sets to be restricted to the variables themselves and to isolate 



the effects they have on the results. The convergence behavior for 500 RVEs at volume 

fractions from 0.006 to 0.03 is depicted in Figure 29. 
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Figure 29. Normalized average mean over 500 RVEs for the case of stochastic and 
fixed CNT length and diameter is presented. N anotubes in both sets have average 

aspect ratios of approximately 85. 
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Eliminating the length and diameter random variables has a noticeable effect on 

the convergence behavior in Figure 29. At lower numbers of RVEs, there is less 

variation in the normalized average conductivity for fixed length and diameter. 

Additionally, the model converges faster and is within 1% variation by 360 samples. The 

impact of fixing CNT dimensions on percolation ratio and average effective conductivity 

is shown in Figure 30. 
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Figure 30. Impact of fiXed CNT length and diameter on (a) effective electrical 
conductivity and (b) percolation ratio of the model is presented. 
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Results in Figure 30 confirm that eliminating the randomness in CNT dimensions 

has minimal impact on the percolation ratio and electrical conductivity of the 

nanocomposite. Both sets percolate all 500 RVEs in the volume fraction range of 0.008 

to 0.024 with most data points differing by a few percent of each other. The effective 

conductivity is nearly the same with only one data point that differs by an order of 

magnitude. Incorporating all six stochastic features of the model would theoretically 

produce the most accurate representation of the real world nanocomposite system. For 

the purpose of this thesis, however, it is only important to demonstrate accurate 

qualitative results and quantitative estimates of effective electrical properties. Thus, it is 

beneficial to reduce the number of random variables in the model to reduce the 

computational cost of the program and improve the convergence performance of 500 

RVEs. 

4.2. Verification of Results 

Model verification results are presented including effective conductivity at 1.0 

volume fraction, comparison of total electric flux at the source and drain, and 

identification of the conducting backbone in each RVE. These outputs of the model were 

verified as a quality control measure and to confirm system specifications were met. The 

results proved that the model meets all requirements and that it is qualified for 

comparison to published models and experiments. Running the model at 1.0 volume 

fraction, or 100% concentration by volume of CNTs, is a very useful technique for 

investigating the calculated effective conductivity. A similar approach was used by Li et 

al. [33] to explore the importance of CNT resistance. They extrapolated an effective 
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conductivity for a CNT mat (100% concentration) and concluded that intrinsic CNT 

resistance is the dominant factor in very high volume fraction nanocomposites. Due to 

the extreme computational cost associated with generating, analyzing, and calculating 

results at 1.0 volume fraction in this model, the RVE dimensions are reduced to 

300x300x3 nm3
. In addition, the number of bins is increased from 100 to 400 to enhance 

the efficiency of the percolation algorithm. The CNTs are modeled as straight, 300 nm 

long, and 3 nm in diameter fibers . These dimensions represent realistic nanotubes with 

aspect ratios of 100. Conductivity of the fibers is input at 107 S/m and contact resistances 

of 1, 10, 100, and 1000 n are used. Effective conductivity results of the model at 1.0 

volume fraction are presented in Table 2. 

Table 2. Effective conductivities for two random RVEs with 100°/o volume fraction 
at several different contact resistances. 

Contact Resistance RVE#l RVE#2 Average 
(!l) (f eff (S/m) (f eff (S/m) (f eff (S/m) 

1 8.38E+06 4.14E+06 6.26E+06 
10 8.41E+06 4.79E+06 6.60E+06 

100 7.76E+06 6.97E+06 7.37E+06 
1000 5.89E+06 7.11E+06 6.50E+06 

The effective electrical conductivity was calculated for two random RVEs at each 

chosen contact resistance. The contact resistance shows little correlation with the 

effective conductivity of each RVE. They all average to about 6 or 7 x 106 S/m. More 

importantly, all conductivities are very close to the intrinsic CNT input of 107 S/m. 

Resistance of the nanotubes themselves causes the results to be below CNT conductivity 

despite a large number of parallel, current carrying pathways in the RVEs. 
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The next analysis that verifies the results of the model presented in this thesis 

involves an examination of the total electric flux on the boundaries. The boundary 

conditions imposed on the model should yield matching total fluxes along the top and 

bottom RVE edges. The results confirm the correct electrical behavior of the model, 

specifically the use of the resistor network algorithm. Total fluxes are calculated along 

the top and bottom edges of the RVE for 500 random microstructures at volume fractions 

from 0.008 to 0.028. Average calculated top and bottom edge currents are presented in 

Table 3 along with their ratios and standard deviations. 

Table 3. Total average currents along top (source) and bottom (drain) of the 
microstructure for 500 RVEs with standard deviations. 

Average Currents (Amps) 
Volume Standard 
Fraction Top Bottom Deviation 

0.008 9.914E-11 1.002E-10 7.301E-13 
0.012 2.166E-09 2.201E-09 2.479E-11 
0.016 1.706E-08 1.715E-08 5.972E-11 

0.02 5.132E-08 5.124E-08 5.946E-11 
0.024 1.972E-07 1.971E-07 9.419E-11 
0.028 4.437E-07 4.430E-07 5.305E-10 

It is easily determined from Table 3 that almost no variation exists between the 

average source and drain electric fluxes. The top to bottom ratios are all nearly equal to 

one and the largest standard deviation in the data is 5.3 x 10-Io at a volume fraction of 

0.028. The results are presented graphically in Figure 31. 
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Figure 31. Total electric flux at the source and drain are averaged over 500 RVEs. 
Overlap of average top and bottom edge currents is shown. 

Comparison of total average electric flux at the source and drain in Figure 31 

verify that the model reflects correct physical behavior of charge conservation in a closed 

electronic circuit. There is no significant net gain or loss of electric flux, and hence 

electrical energy, within the system. Therefore, it is reasonable to assume that all current 

entering the RVE at the source exits at the drain. These results also confirm the 

applicability of KCL, which is based on conservation of charge. 

The final results presented are potential and flux verification through visualization 

of nodal voltages and element currents in the RVE. For this study, CNTs are wavy with 

fixed lengths and diameters. They are randomly dispersed in a 1 J..Lm2 RVE at a high 

enough volume fraction for complete percolating networks to form. The geometries of 

two RVEs are shown in Figure 32. 
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Figure 32. Two random RVEs were selected for verification of voltage and flux 
results. 

The first step to determine nodal voltages and element fluxes is to identify the 

complete spanning network of CNTs. The percolation algorithm described in Chapter 2 

identifies all CNTs in contact or within tunneling distance of each other and establishes 

connection points for creation of a resistor network. The percolation network identified 

for each RVE is presented in Figure 3 3. 
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Figure 33. The complete spanning network of each RVE is highlighted including the 
established connection points (green). 

Figure 33 indicates that there are continuous CNT structures spanntng the 

longitudinal direction of both RVEs. Each highlighted CNT met the bonding criteria 

with either another nearby CNT or the voltage source at the top of the RVE. 

Consequently, there are fibers included with the spanning network that clearly will not 

carry any current and may not be near another fiber. The voltage and current results 

confirm that these CNTs are not part of the conducting backbone and have minimal 

impact on the effective conductivity. 

With the spanning networks in hand, the next step is to represent the CNTs and 

connections as resistor elements as described in Chapter 3. The resistances, currents, and 

unknown nodal voltages are assembled into a system of linear algebraic equations 
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according to KCL. Factorization and matrix multiplication give the electric potentials at 

the discretized system nodes. The nodal voltages are presented in Figure 34. 



Figure 34. Nodal voltage results for both RVEs are presented. The red CNT nodes 
are at around 100 volts and the blue nodes are close to 0 volts. 
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Results in Figure 34 indicate that RVE #1 has more CNTs at a high voltage than 

RVE #2. Many have potentials close to 100 V that extend more than half way to the 



bottom of the RVE. Also, the transition from source to drain voltage is much smoother 

for RVE #1 with several CNTs in the mid voltage range. RVE #2 is characterized by a 

very sharp voltage transition near the source. Topinka et al. [45] observed similar 

activity and inferred that these transitions, or cliffs, occurred in regions with few 

connecting CNTs. It is also observed from the figure that voltage is virtually unchanged 

along the length of the CNT due to low CNT resistances. The one-dimensional 

conductors of the model are successfully approximating the ballistic nature of charge 

transport in CNTs discussed in Chapter 3. 
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A key feature of the model proposed in this thesis is its ability to identify the 

conducting backbone of a complete CNT network. Simply stated, the backbone is the 

current carrying part of the percolating network [ 41]. The final step in this process is to 

indentify this backbone. The nodal voltages are used to calculate the current in each 

resistor element using Equation (16). Then, the currents are used to determine the path of 

concentrated electric flux connecting the source and drain. Results show that the largest 

currents in RVE #1 occur close the left side and, in RVE #2, they are toward the right 

side as depicted in Figure 35. 



Figure 35. The currents calculated in each resistor element are shown for both 
RVEs. The higher currents correspond to the percolating backbone. 

The backbone is easily identified in each RVE in Figure 35. The regions of 

relatively high flux indicate the path of least resistance through the entangled mass of 
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CNT fibers. Current drops are visible in the backbone. These indicate the existence of 

parallelism in the circuit where charge flows through multiple CNTs at the same time 

near a junction. Though each RYE in this study contains one backbone, it is possible for 

multiple parallel backbones or branches to occur at higher volume fractions. The model 

is proven to successfully estimate electrical behavior in CNT -based nanocomposites and 

identify the current carrying backbone. 

4.3. Percolation Probability 

The results presented in this section include percolation probability curves for 

high aspect ratio CNTs, low aspect ratio CNTs, and a MWNT/polycarbonate (PC) 

composite. Comparison to published models is attempted for the high and low aspect 

ratio results. Broadbent and Hammersley [41], who first studied percolation thresholds, 

presented the idea of percolation probability. It is a measure of the chance a given 

material region forms enough connections to conduct electrical current. Thus, this 

probability is one of the most important calculations of the proposed model. The output 

consists of the total number of RYEs with a complete spanning network of CNTs for a 

given volume fraction. This number is the direct result of the percolation network 

algorithm described in Chapter 2. The ratio of percolated RYEs to total RYEs at several 

volume fractions gives a comprehensive estimate of the probability a nanocomposite of 

given properties will form conducting networks of CNTs. 

The first results reported are for straight, small aspect ratio CNTs. The input 

parameters are chosen based on information from the publication of Li and Chou [ 4 7]. 

The CNT length is input at 1 00 nm, diameter at 5 nm, and conductivity at 10 7 S/m. The 
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coordinate finding program [64] was used to obtain the data points from Li and Chou. 

The results for 500 RVEs are compared to the data in Figure 36. 
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Figure 36. Percolation ratio results from the current model are compared to 
numerical results published by Li and Chou [46]. 

From the data points in Figure 36, it is evident that the proposed model 

overestimates the percolation probability at volume fractions above 0.14. The Li and 

Chou model appears to transition over a wider range of volume fractions. Both of their 

simulations do not approach full percolation until volume fractions over 0.3 and 0.4, 

respectfully. The lack of agreement between models should not be interpreted as poor 

accuracy in either. Instead it is indicative of the complexity of the problem due to the 

numerous input parameters. Li and Chou reported only a limited number of their 

parameters making comparison difficult. However, the purpose of the comparison is to 



demonstrate the general behavior of the model and provide an estimate of percolation 

probability for a low aspect ratio fiber-based material. 

The second percolation probability results are obtained for large aspect ratio 

CNTs. The RVEs are populated with straight nanotubes with aspect ratios of 250. Fiber 

lengths are set at 1 micron, diameters at 4 nm, and conductivity at 10 7 S/m. Simulations 

of 500 RVEs are executed at CNT concentrations ranging from 0.2% to 4.4%. Data 

points from Theodosiou and Saravanos were obtained by using the coordinate finding 

program [ 64]. Comparison of the results to the reported model is shown in Figure 3 7. 
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Figure 37. Percolation probability of 500 RVEs with CNTs of aspect ratio of 250 is 
compared to results published by Theodosiou and Saravanos (58]. 

The results in Figure 3 7 are in good agreement with the published model. 

Theodosiou and Saravanos are one of few to report a percolation probability curve. With 

the few available details they reported, the current model is able to mirror their results for 
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the same material. The model has the ability to estimate percolation probability of 

randomly dispersed and oriented CNTs of given dimensions. 

The final percolation probability results presented are for a typical MWNT /PC 

material. Inputs to the model reflect those of real constituent materials and are 

summarized in Table 4. 

or percolation probability runs simulating a Table 4. Inputs (! MWNT/PC material. 
INPUTS 
CNT length 1E-07 m 
CNT diameter 2E-10 m 
CNT conductivity_ 1E+04 S/m 
Contact resistance (stochastic) ohms 
Number ofRVEs 500 
Number of bins 100 
RVE size 1E-06 m 
RVE thickness 1E-09 m 
CNT waviness _{stochastic) deg 
Applied potential 100 v 
Tunneling distance 6E-10 m 

Contact resistance is randomly assigned based on the method introduced in 

Chapter 3. The RVEs are sampled at volume fractions in the range 0.001 - 0.0045 and, 

unlike the previous two simulations, the CNTs are wavy. In addition to reporting the 

percolation probability at several volume fractions, a method for accurately interpolating 

the results at all volume fractions is introduced. Li and Chou proposed that percolation 

probability of a composite with random arbitrary filler shapes can be closely 

approximated by the CDF of the volume fraction according to the equation 

F(f; ~.u) = ~[1 + erf (fu~)]. (22) 



In this equation/is the volume fraction, J..L is the mean percolation volume fraction, and cr 

is the standard deviation [ 4 7]. Li and Chou successfully fit a CDF to their simulations 

shown in Figure 38. 
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Figure 38. Percolation probability of a nanocomposite can be approximated by a 
normal distribution CDF curve with five fitting points or less (Li and Chou [46]). 

The method of Li and Chou to approximate probability using a CDF is 

implemented in this model to provide information at all volume fractions. The mean and 

standard deviation of percolation volume fraction are 0.0018128 and 0.000195327, 

respectfully. Using Equation (22), the results are fit with the CDF for a normal 

distribution and are shown in Figure 39. 
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Figure 39. Percolation probability of500 RVEs for a simulated MWNT/PC 
composite are shown with a normal distribution CDF using the mean and standard 

deviation from the simulation data. 

The CDF fit shown in Figure 39 is in good agreement with the model results in 

the percolation region. The region spans volume fractions of 0.0012 to 0.0026 with both 

the data and CDF curves converging to 1.0 by 0.0026 volume fraction. The volume 

fractions at which probabilities occur differ by up to 0.0001 between the model and the 

CDF fit for this material. However, at this low of a CNT concentration the difference is a 

matter of a few MWNTs. Though there are clear differences between the data and CDF 

fit, the method is a simple and useful estimate of the probability of percolating at a given 

CNT concentration for a simulated material. 
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4.4. Effective Electrical Conductivity Results 

The effective electrical conductivity results presented in this section include 

comparison of data to published models and experiments and presentation of a new 

approach to characterize CNT-based nanocomposites. First, model outputs are compared 

to the numerical work of Hu et al. [16] and Dalmas et al. [4]. The parameters given in 

their publications are adopted in the proposed model. These comparisons show the 

versatility and accuracy of the model presented in this thesis. 

First, comparison to the results of Hu et al. is presented. The characteristics and 

parameters from their model are incorporated to provide a basis for comparison. Hu et al. 

reported a three-dimensional resistor network model with periodic geometry. They used 

straight MWNTs with conductivity of 104 S/m, aspect ratio of 100, and no tunneling 

distance. Therefore, the same values are input into the present model as shown in Table 

5. 

Table 5. Inputs cho sen based on Hu et al. [16] for effective condo ctivity comparison. 
PARAMETRIC INPUTS 

CNT length 200 nm 

CNT diameter 2 nm 

CNT conductivi!Y 1E+04 S/m 
Contact resistance 1E+05 ohms 
Number ofRVEs 500 
Number of bins 100 
RVE size 1E-06 m 
RVE thickness 5 nm 
Theta (CNT waviness) 0 deg 
Applied potential 100 v 
Tunneling distance 0 nm 



Fiber length and diameter are set at 200 nm and 2 nm, respectively, to give an 

aspect ratio of exactly 100. Consequently, the RVE dimensions are scaled to 1,000 x 

1,000 x 5 nm3
. Hu et al. assumed perfect contacts between CNTs and did not include any 

contact resistors in their network. The proposed model, however, does incorporate 

resistor elements between all CNT junctions. Therefore, contact resistance is fixed at 100 

kn in the model, in the generally accepted range for direct CNT -CNT contacts 

[21 ,30,67]. The numerical results of Hu et al. depicted in Figure 40 shows the effective 

conductivity approaching 103 S/m as volume fraction exceeds 0.08. Further, they defined 

the percolation threshold as the point when conductivity reached 1 0 S/m. By this 

definition, their reported threshold is 0.013 volume fraction. 

104 ~--------------------------------------------------------~ Region around percolation threshold 

/ 

acNr=104 S/m, L/0=100 
-Straight CNTs (Num) 

c Experimental [7] 
• Experimental [8] 
0 Experimental [9] 

0 2 4 6 8 10 
CNT volume fraction (vol%) 

Figure 40. Model and comparison to experimental results published by Hu et al. [16] 
are shown. 

If the same definition of percolation threshold is used, comparison results give a 

threshold volume fraction between 0.018 and 0.02. The effective conductivity at higher 

volume fractions follows a similar power law curve and would seem to also approach 103 

S/m. By using the coordinate finding program [64], the reported data from Hu et al. were 
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obtained. The effective conductivity and percolation probability results are presented in 

Figure 41. 
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Figure 41. (a) Comparison of current numerical results to the model published by 
Hu et al. [16] is shown. (b) Percolation ratio results with CDF fit curve are also 

presented. 
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The proposed model slightly underestimates electrical conductivities at all volume 

fractions. This is likely a direct consequence of the 100 kO resistors between all CNT 

contacts in the resistor network. It appears from Figure 41(a) that these resistors have the 

affect of simultaneously increasing percolation threshold and decreasing effective 

conductivity. The difference is less apparent at higher volume fractions. Perhaps this is 

due to the increased number of percolating pathways in the RVEs. Behnam et al. [46] 

studied the impact of contact resistance on SWNT films using Monte Carlo simulations. 

They found that the impact any given parameter has on effective conductivity depends on 

how much that parameter alters the number of conductive paths. Further, they concluded 

that if CNT resistance is greater than contact resistance, like in this simulation, the 

effective conductivity depends on the length of conducting paths. Percolation probability 

results are also presented in Figure 41(b). CDF curve fitting used a mean volume fraction 

of0.017908 and standard deviation of0.003178. 

Electrical conductivity results appear to follow a power law curve. According to 

percolation theory, conductivity in the threshold region can be fit by the percolation 

power law equation [36-37], 

(P-Pc)t 
U'eff = Uo 1 - Pc . 

(23) 

The variable p is CNT volume fraction, Pc is the percolation threshold, cr0 is a coefficient 

that depends on nanotube conductivity, and t is the critical exponent. Equation (24) 

expresses the dependence of a macroscopic property, effective conductivity, on 

microscopic properties, namely volume fraction and percolation threshold. The 
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relationship between them is characterized by the critical exponent, t. The critical 

exponent is determined from the reduced volume fraction plot shown in Figure 42. 
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Figure 42. (a) The reduced volume fraction and effective conductivity are plotted on 
a log-log scale to determine the power law critical exponent t. (b) Simulation results 

are fitted well by the percolation power law. 

The critical exponent and coefficient are 1.702 and 4.7 x 104
, respectfully. Figure 42(a) 

shows a good power fit with an R-squared value of 0.9964. The resulting power law fits 

very well with original simulation data points for volume fractions above the percolation 

threshold, Pc· 

The second numerical model used for comparison is from the work of Dalmas et 

al. [ 4]. They use a three-dimensional micromechanics approach that utilizes finite 

element software to solve an equivalent resistor network. The input parameters for this 

comparison are set according to findings in Section 4.1 and those used in Section 4.3. 

They are summarized in Table 6. Data from Dalmas et al. were obtained using the 

coordinate finding program [64]. Results of 500 RVEs at several volume fractions 

ranging from 0.001 to 0.0045 are compared to FEM results ofDalmas et al. in Figure 43. 
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Figure 43. Comparison of current model results to numerical results of Dalmas et al. 
[4] is shown. 

Figure 43 indicates that the numerical results are in close agreement with Dalmas 

et al. The data points between 0.002 and 0.0035 volume fractions slightly overestimate 

the published data and follow the same trend. This comparison indicates the method 

proposed in this thesis is capable of producing results in line with published models for 



wavy CNTs and realistic material inputs. The inputs for this companson reflect a 

MWNT/PC material. Further, the close comparison confirms the viability of a pseudo

three-dimensional model at significantly lower computational cost than a full three

dimensional model. 

The most important comparisons for the proposed model are now presented. 
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First, effective conductivity data from several experiments are compared to the numerical 

data. Then, percolation thresholds and critical exponents are compared to experimentally 

determined values. Experiments chosen for effective conductivity comparison include 

Ramasubramaniam et al. [68], Ounaies et al. [31], Skakalova et al. [69], Hu et al. [53], 

Sandler et al. [61], and Gojny et al. [26]. These experiments provide a wide range of 

nanocomposite combinations for comparison. All types of CNTs are included in 

variation with five different matrix materials. In addition, several different processing 

methods are represented by the data. Ramasubramaniam et al. produced undamaged, 

non-covalently functionalized SWNTs for dispersion in thermoplastics without 

sonication. The SWNT/polyimide samples of Ounaies et al. were prepared by in situ 

polymerization with sonication. Hu et al. also manufactured their nanocomposites by in 

situ polymerization with a variety of curing processes, mixing speeds, and mixing times. 

Skakalova et al. compared a PMMA composite prepared with pristine SWNTs to one 

with thionyl chloride doped SWNTs. A process of shear-intensive mechanical stirring 

and curing of an epoxy and amine hardener was used by Sandler et al. And Gojny et al. 

prepared nanocomposites with a variety of CNT types, some amino-functionalized, by a 

three-roll mill process. Some experimental data is reported in terms of weight or mass 
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fraction instead of volume fraction. Conversion requires only the matrix material density, 

Pm, and CNT density, Pn1, according to the equation [ 48, 70] 

wfpm 
vf = (wf Pm + (1 - wf)Pnt)' (24) 

where, vf is CNT volume fraction and wf is CNT weight or mass fraction. The densities 

of matrix material and nanotubes are seldom reported. Therefore, approximate values 

were chosen and are summarized in Table 7. 

Table 7. Approximate material densities for the nanotubes and thermoplastics used 
. th" tud lD IS S . 

Material Approximate Density 
(glcm) 

SWNT 1.3 

MWNT 1.75 
Polycarbonate (PC) 1.22 

Polystyrene (PS) 1.05 

Polyimide (PQ 1.4 

Poly (ethylene terephthalate) (PET) 1.4 

Epoxy 1.17 

The coordinate finding program [ 64] was used to gather data points for the 

experimental comparisons. The proposed model simulates 500 random RVEs of wavy 

MWNTs embedded in a PC matrix material. A 100 V potential difference is applied 

across the boundaries and the contact resistances are sampled stochastically as described 

in Chapter 3. Comparison of the effective conductivity results are presented in Figure 44. 
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Figure 44. (a) Comparison of the model with six different experiments is presented. 
(b) Comparison of the same model results with the experiments of Gojny et al. [25] 

is depicted. 
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Figure 44 illustrates the wide variation in reported experiments. The model 

results appear to be close in magnitude to the experiments. Unfortunately, only few data 

points exist for each material. This makes a close comparison difficult. What is 



important to note is that the model follows the same trend as experimental results. Both 

have the characteristic jump in effective conductivity near the percolation threshold and 

continue to increase modestly according to the percolation power law. Because CNT 

type and morphology dominate effective electrical properties, it is important to take a 

closer look at material results using MWNTs. Only the data of Hu et al. in Figure 44(a) 

give a percolation threshold close to the model. The MWNT materials of Sandler et al. 

and Gojny et al. in Figure 44 all have thresholds at lower volume fractions. This may 

indicate that a tunneling distance of 6 nm is insufficient to capture electron transport 

behavior between MWNTs. Moreover, the disagreement may be symptomatic of the 

model's inability to account for manufacturing processes of nanocomposites. However, 

the differences do not disprove the model's accuracy and versatility. They merely show 

that more studies can be done to determine the impact of processing conditions on input 

parameters and how the model can be tuned to better account for them. 

Next, percolation thresholds and critical exponents ofthe model and experiments 

are compared. Numerical results for five simulation sets, each at several volume 

fractions with 500 RYEs are used. The first comparison is made with CNTs with aspect 

ratio of 500. The other four simulation sets have aspect ratios of about 100. Results 

show good agreement of percolation threshold and critical exponent between the model 

and multiple experiments at both aspect ratios. Percolation threshold is compared to 

twenty-two reported experiments in Figure 45. 
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Figure 45. Percolation threshold for CNTs with aspect ratio of 500 are compared to 
twenty-two different experiments [19,67-85]. 

Figure 45 shows that results from the model are in good agreement with 

experiments. Experimental percolation thresholds are between 0.008 and 0.028 volume 
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fraction. The model estimated a percolation threshold of 0.00117 for CNT aspect ratio of 

500. The relatively high aspect ratio nanotubes used in these composites percolate at 

very low volume fractions. Critical exponent, t, for the same simulation set is compared 

to thirteen of the twenty-two experiments in Figure 46. 
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Figure 46. The estimated t value for CNTs with aspect ratio of 500 is compared to 
thirteen experiments [67-68,73-76,78-79,83-85]. 

The model overestimates the critical exponent for the simulation set in Figure 46. 

It is predicted to be 3.63, while experimental values range from 1.3 to 3.3. Although the 

predicted critical exponent seems high, it is within the 1.3-4 range frequently reported in 

experiments [62]. Further, values tend to be dimensionally dependent with t = 1.33 to 

coincide with two-dimensional and t = 2 for three-dimensional models [62]. Therefore, 

the high value from the pseudo-three-dimensional model suggests its capability to reflect 



electrical behavior of a full three-dimensional model. Next, the other four simulation sets 

with aspect ratios of about 1 00 are presented. Each simulation set had minor differences 

in input parameters. Predicted percolation thresholds from each simulation are compared 

to eleven experiments in Figure 4 7. 
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Figure 47. Percolation threshold results for CNTs with aspect ratios close to 100 are 
compared to eleven different experimental results [74,76,81,86-91]. 
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It is readily observable in Figure 4 7 that model results agree well with 

experiments with CNT aspect ratios of about 100. Experimental thresholds range from 

0.006 to 0.013 volume fraction and the model predicted thresholds from 0.0076 to 0.012 

for various input parameters. Critical exponents calculated from the four simulation sets 

are compared to seven experiments in Figure 48. 
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Figure 48. Calculated t values for CNTs with aspect ratios around 100 are compared 
to experimental results [74,76,86-88]. 
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Figure 48 shows that experiments with similar CNT types have critical exponents 

in the range 1.7 to 2.9. All four model simulations have predicted exponents well within 

that range. In addition, they are close to the generally accepted value of 2 for three-

dimensional models. Results from the five simulation sets presented in this section prove 

the accuracy of the model. Both the percolation thresholds and critical exponents 

determined from the percolation power fit agree well with those determined from 

experimental data. 

A novel method for characterizing the electrical properties of CNT -based 

nanocomposites is now presented. Benefits of the current model include the ability to 

estimate percolation probability and effective electrical conductivity at volume fractions 
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in the percolation region. The CDF fit to percolation ratio data predicts the percolation 

probability using Equation (22). Therefore, the likelihood the input material will form 

conductive networks of CNTs at any given volume fraction is known. Further, the 

effective electrical conductivity is estimated from the power fit according to Equation 

(23). By combining these results-based fits, the electrical characteristics of the input 

material are known at any volume fraction in the percolation region. The first material 

characterized is a typical SWNT/epoxy or SWNT/alumina with filler aspect ratio of 100. 

Table 8 summarizes this input nanocomposite. 

Table 8. Input parameters for simulating a SWNT/epoxy or SWNT/alumina 
material. 

Run 1 Material 

Matrix 
Type epoxy, alumina* 
Conductivity (S/m) 1E-12 
Type SWNT 
Conductivity (S/m)** 1E+07 

Filler Aspect Ratio 100 
Length (nm) 200 

Diameter.(nm}. 2 
*Reference Hu et al. [53] and Kumari et al. [56] 
** Reference Li and Chou [18] 

The model predicts a percolation threshold of 0.009 volume fraction, critical 

exponent of 2.4834, and coefficient of 6.59 x 106. The CDF fit has a calculated mean 

volume fraction of 0.017 and standard deviation of 0.00311. The fits are interpolated 

over the percolation threshold region of 0.008 - 0.03 volume fraction. Materials for 

electrostatic discharge (ESD) applications typically require conductivities of at least 1 o-6 

S/m [27 ,67 ,86]. At these low conductivities, the material gradually dissipates electrical 

charge build up on devices such as electronic components. For applications involving 



electromagnetic interference (EMI) shielding, conductivities greater than 1 S/m are 

necessary [68]. These types of protective materials and films are essentially electrically 

conducting. The interpolated probabilities, effective conductivities, and potential 

applications for a SWNT/epoxy are presented in Table 9. 

Table 9. Interpolated results for a SWNT/epoxy material with aspect ratio of 100 
are shown. Percolation probability is interpolated using the CDF fit and effective 

conductivity is interpolated by the percolation power law. 
Volume Percolation 

Expected Effective 
Range of Fraction Electrical Conductivity 

(<p) Probability (F) 
(Gecr) 

Application 

0.008 0.0019 l.OOOE-12 Insulator 
0.009 0.0050 l.OOOE-12 Insulator 
0.01 0.0122 2.389E-01 ESD/Weak EMI 
0.011 0.0268 1.336E+OO ESD/Weak EMI 
0.012 0.0538 3.657E+OO ESD/Weak EMI 
0.013 0.0990 7.471E+OO ESD/Weak EMI 
0.014 0.1671 1.300E+01 EMI 
0.015 0.2597 2.045E+01 EMI 
0.016 0.3734 2.999E+01 EMI 
0.017 0.4995 4.178E+01 EMI 
0.018 0.6256 5.597E+01 EMI 
0.019 0.7395 7.271E+01 EMI 
0.02 0.8323 9.213E+01 EMI 
0.021 0.9005 1.144E+02 EMI 
0.022 0.9459 1.395E+02 EMI 
0.023 0.9731 1.677E+02 EMI 
0.024 0.9877 1.990E+02 EMI 
0.025 0.9949 2.336E+02 EMI 
0.026 0.9981 2.716E+02 EMI 
0.027 0.9993 3.130E+02 EMI 
0.028 0.9998 3.580E+02 EMI 

0.029 0.9999 4.066E+02 EMI 

0.03 1.0000 4.590E+02 EMI 
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Table 9 shows that at low volume fractions, such as 0.01, the given SWNT/epoxy 

material is expected to have an effective conductivity of about 0.24 S/m. Therefore, this 
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material is suitable for ESD applications. However, it has only a 1.22% probability of 

forming the spanning CNT networks required to achieve that conductivity. Electrical 

conductivity and percolation probability are visualized in Figure 49. 
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Figure 49. The predicted electrical performance for a SWNT/epoxy or 
SWNT/alumina material with aspect ratio of 100 is interpolated over volume 

fractions 0.008-0.03. 
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Figure 49 presents a measure of a nanomaterial' s electrical performance. The 

probability that conducting networks of CNTs exist increases rapidly over a small range 

of volume fractions. Comparatively, effective electrical conductivity of the materials 

with spanning networks increases from the ESD to EMI range over the same span of 

volume fractions. 
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The final results presented in this thesis are for a MWNT /PC material simulated 

with 500 random RVEs. The material electrical properties were predicted over a volume 

fraction span of 0.001 - 0.0045. The input parameters for this simulation set are 

summarized in Table 10. 

Table 10. I t t I t' I t f MWNT/PC material. npu parame ers s1mu a mg a arge aspec ra 10 

Run 2 - Material 

Matrix 
Type polycarbonate * 
Conductivity (S/m) lE-13 
Type MWNT 
Conductivity (S/m)** 1E+04 

Filler Aspect Ratio 500 
Length (nm) 1000 

Diameter (nm) 2 
* Reference Ramasubramaniam et al. [ 68] 
* * Reference Hu et al. [ 16] 

This material has a much larger aspect ratio and lower CNT conductivity in 

contrast to the SWNT/epoxy material analyzed previously. Percolation probability has a 

CDF fit with calculated mean volume fraction of 0.00181 and standard deviation of 

0.000195. A percolation threshold of 0.00117 volume fraction, critical exponent of 3.63, 

and coefficient of 4.6 x 108 are calculated for the power fit curve. Both fits are 

interpolated over the volume fraction range in Figure 50. 
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Figure 50. Predicted electrical performance for a MWNT /PC material with aspect 
ratio of 500 is interpolated over volume fractions 0.001-0.0045. 

Electrical conductivity for this material is predicted to never exceed the required 

amount for EMI applications at volume fractions below 0.0045. Rather, it is obvious from 

Figure 50 that this material is best suited for ESD applications. Also, the material 

percolates at a volume fraction nearly ten times lower than the SWNT/epoxy 

nanocomposite. The lower effective conductivity and percolation threshold are likely due 

to lower intrinsic conductivity and higher aspect ratio ofMWNT over SWNT. 

In conclusion, the scaled resistor network model utilizing KCL produced effective 

electrical conductivities and percolation probabilities for a variety of CNT -based 

nanocomposites in the percolation region. Percolation probability curves compared well 

with published models and the usefulness of CDF curve fitting was demonstrated. 
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Further, predicted effective electrical conductivities, percolation thresholds, and critical 

exponents for several specific materials compared well with both models and 

experiments. Therefore, the accuracy and versatility of the model have been verified. 

The accuracy of the model, however, could be improved with better understanding of 

both the nanoscale physics that govern electron transport and the impact manufacturing 

techniques have on electrical properties. 



Chapter 5 

Concluding Remarks 

Modern research efforts have been focused on the development and understanding 

of promising new nanomaterials. Experiments on carbon nanotube based polymer 

composites are time consuming, expensive, and complex. Additionally, analytical and 

numerical models have struggled to replicate and predict their physical behavior. 

Regardless, these fascinating materials have demonstrated high potential for 

multifunctional applications, especially for their electrical properties. The model 

presented in this thesis has addressed the need for a reliable, versatile, and accurate 

method of predicting nanocomposite electrical properties. 

The model used Monte Carlo simulations, a spanning network algorithm, and the 

resistor network method to characterize electrical behavior of a nanotube composite. 

Monte Carlo simulations eliminated the statistical variation in the randomly generated 

microstructures. The spanning network algorithm incorporated the electron tunneling 

effect to identify complete CNT networks. The results of this algorithm led to the 
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estimation of percolation probability in the material. Finally, the resistor network method 

was used to represent the CNTs and contact points in the identified network. Kirchhoff's 

Current Law and the finite element method were used to assemble and solve the system 

equations. From the results, the current carrying backbone and effective conductivity of 

the RVE were calculated at each volume fraction. 

This model has four primary advantages. First, it is a fast and flexible 

representation of very complex materials. The use of searching bins, skyline storage 

format, and optimization of the number of searching nodes in the program increase its 

overall processing speed. The model is flexible because it can be scaled to represent both 

small and large aspect ratio nanotubes. The input parameters include CNT conductivity, 

polymer conductivity, CNT morphology, and tunneling distance. Other characteristics of 

the model are easily modified as well. Beyond the material inputs, no user interaction 

with the model is needed. 

The second advantage to the model lies in the opportunity to perform parametric 

studies. Any combination of the input parameters can be controlled or randomly varied 

in the system. This provides the opportunity to study the impact different factors have on 

the electrical results. These results lead to the discovery of dependencies and 

relationships between parameters to aid in development of nanocomposites. Further, the 

ability to minimize variation in the system by fixing low-impact parameters such as CNT 

length and diameter has been demonstrated in the results. 

Third, the model has the ability to produce visualizations of several results and 

relationships. Using the spanning network algorithm for a large number of random 



simulations, the probability a gtven nanocomposite formed a complete percolating 

network of CNTs was shown for several volume fractions. These results are seldom 

reported by other models. Results showed good agreement with probability curves 

produced by Li and Chou [47] and Theodosiou and Saravanos [59]. In addition, the 

resistor network results led to several excellent visualizations. The voltages and fluxes in 

the CNT network were shown. These plots clearly indicated the location of the 

conducting backbones of the RVE. Effective conductivity results were also presented 

graphically. They evidenced the expected percolation jump and power law relationship 

of nanocomposites. Conductivity results agreed well with several different experiments. 

The final main advantage to the model detailed in this thesis is the ability to 

characterize the overall electrical performance of a nanocomposite. Results of the model 

simulations were used to calculate fitting curves for both percolation probability and 

effective conductivity. The curve fits interpolated results for all volume fractions within 

the percolation region. The probability that a given nanocomposite formed conductive 

pathways of CNTs in the material was estimated from the cumulative density function fit 

for a normal distribution. The percolation power law equation showed excellent fitting to 

effective conductivity results. Therefore, the electrical conductivity of a nanocomposite 

and its chances of percolating were gleaned simultaneously at any volume fraction in the 

percolation region. 

The new technique gtven herein was developed when the embedded fiber 

approach described by Spanos et al. [89] for structural and thermal applications failed 

when extended to electrical CNT applications. Clearly, the numerical ill-conditioning 

found in that prior approach was due to the extreme ratios of the electrical conductivities 
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between the binding matrix material and the CNT combined with the lack of a 

percolation path. That percolation path shortcoming was due to the lack of a priori 

representation of contact and tunneling electrical connections between the CNTs. 

Obviously, extending the embedded fiber approach to also include a tunneling element, 

and the new algorithm for the identification of their connection points, would cause that 

approach to duplicate the results presented herein. However, the contribution of the 

matrix vis-a-vis the contribution of the CNT, while being non-negligible for the case 

of the effective mechanical and thermal properties, would be minimal for the case 

of the effective electrical conductivity problem considered in this thesis. 
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In conclusion, all the advantages and characteristics of the numerical model have 

provided valuable insights and accurate predictions of the electrical performance of 

nanotube composites. The resistor network and spanning network methods have proven 

they can accurately account for both microscale and nanoscale electrical conduction 

effects. This model provides a way to validate experimental results and potentially 

predict the performance of new materials. It is capable of quickly identifying CNT 

networks, calculating effective electrical conductivity, and locating current-carrying 

backbones over several volume fractions for any number of fiber-filled composite 

materials. 

Future research related to the work in this thesis may include any number of 

studies based on the input parameters of the model, modifications to allow more accurate 

representation of nanotube contacts, expansion of the model to three full dimensions, and 

inclusion of metallic and semiconducting CNTs in the model. 
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