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ABSTRACT 

Doping Induced Quantum Phase Transition in the Itinerant Ferromagnet Sc3_1In 

by 

Eteri Svanidze 

Examination of quantum critical points of itinerant electron 

systems will aid with understanding of d-electron magnetism that 

exhibits both local and itinerant characteristics in different families of 

compounds. Doping-induced quantum phase transition of the itinerant 

ferromagnet Sc3.dn that is composed of non-magnetic elements is the 

focus of our work. Polycrystalline samples of (Sc1-xLuxh.1In with 0~ 

x~ 0.08 were prepared by arcmelting and then annealing for an 

extended period of time. Susceptibility measurements were performed in 

an applied magnetic field H = 0.1 T for temperatures T = 1.85 K to 300 

K. Linearity of Arrott plots in low-field region was significantly improved 

by implementing the non-mean-field Arrott-Noakes technique where 

plotting M11!3 vs. (H/M) 1h is used to determine both the Curie 

temperature and composition. Modified Arrott plot approach was used 

in order to determine the new critical exponents (3, "( and c5 that better 

describe this compound. The Curie temperature of the Sc3.1In compound 

was found to be T c = 4.4 K and the critical composition Xc = 0.02. 

This work was supported by NSF DMR 0847681. 
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CHAPTER 1 

Introduction 

In the first chapter we will give a broad overview of the origin of magnetism, 

describe various contributions to the susceptibility and introduce itinerant magnetism. 

It will be followed by a description of the experimental methods in the second chapter. 

The next chapter will present data analysis. The conclusions and outlook will be 

summarized in the last chapter. 

1.1 Origin of Magnetism in Free Ions 

Since antiquity it has been known that pieces of magnetite (Fe30 4 ) are able to 

attract other iron objects. These materials were examples of what are now known 

as permanent magnets. The first accounts of magnetism date back to ancient Greece 

which is also the birthplace of the word "magnet" or "the stone from Magnesia". 

The next milestone in the history of magnetism was the invention of the 

compass by Chinese fortune tellers. Around 1600 William Gilbert concluded that 

the Earth itself was magnetic, which caused a compass needle to be attracted to the 

north pole. But it was not until the nineteenth century that the correlation between 

the magnetic and electric fields was discovered. Hans Christian Oersted noticed that 
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an electric current in a coil can deflect a compass needle. This gave birth to the first 

electromagnet in 1825. 

Other scientists such as Ampere, Faraday, Gauss and Maxwell made significant 

contributions to the subject, but it was mostly the twentieth century physicists 

who established proper theoretical models for the origin of magnetism and long 

range magnetic order. Curie, Langevin, Weiss and Neel described these phenomena, 

building the foundation for the field. 

As mentioned above, electricity and magnetism are deeply intertwined - all 

magnetic phenomena are due to electric charges in motion. The magnetic moment of 

an electron has two contributions- orbital (l) and spin (s). The orbital motion of an 

electron around the nucleus gives rise to an orbital angular momentum l, while the 

spin angular momentum s arises from the electron's rotation around its axis. 

The electron can rotate either clockwise or counterclockwise around its axis, 

and therefore the spin quantum number ms can either be 1/2 ("spin up") or -1/2 

("spin down"). The total spin quantum number S for all electrons in an ion is given 

by: 
1 1 

S = nt-- n.~--
2 2 

(1.1) 

where nt and n-1- is the number of electrons in the spin-up and spin-down state, 

respectively. 

Electrons can occupy different types of orbitals- s, p, d, f- which have angular 

momentum quantum number l equal to 0, 1, 2, 3 respectively. The magnetic quantum 

number m1 is equal to - l, - l + 1, ... , + l - 1, + l, and thus the total orbital quantum 

number L of an ion can be found as follows: 

(1.2) 
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Because of Pauli's exclusion principle, Coulomb repulsion and spin-orbit 

coupling, some rules are necessary in order to establish the distribution of electrons 

among these orbitals. These rules are known as Hund's rules and they provide 

a relationship between the total angular momentum J, the total spin angular 

momentum S and the total orbital momentum 1: 

1. Maximum possible S consistent with Pauli's exclusion principle. 

2. For maximum S, choose configuration which maximizes L. 

3. S and L are coupled, thus J = S + L. 

As an example, in order to determine the electron configuration for Fe2+, which 

has 6 electrons in the 3d orbital, it is first necessary to both maximize S and satisfy 

Pauli's exclusion principle. 

Therefore the first 5 of 6 electrons for Fe+2 occupy each of the five orbitals. 

Next, L should be maximized in order to maximize the distance between electrons 

and thus minimize the Coulomb repulsion. The resulting electron configuration for 

Fe2+ is given below: 

-ill][!][!] [f] [I] 
mt= +2 +1 0 -1 -2 

The total orbital momentum L can then be calculated as: 

L = L mz = +2 + 2 + 1 + 0 - 1 - 2 = 2 

And the total spin angular momentum S will be given by: 

1 1 
8=5--1-=2 

2 2 

(1.3) 

(1.4) 
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The total angular momentum 1 is defined as the vector sum of total spin 

angular momentumS and total orbital momentum 1: 

(1.5) 

The coupling between the spin and orbital angular momenta, known as the 

spin-orbit coupling, allows one to calculate the value of the total angular momentum 

J, depending on whether the orbitals are more than half-filled (J = L + S) or less 

than half-filled (J = IL- Sl). This is known as Hund's third rule. In the case of a 3d6 

electronic shell for Fe+2 , J = 4 because the maximum number of electrons in the d 

shell is n = 2(21 + 1) = 10, and therefore in this example the shell is more than half 

full. 

In the absence of an applied magnetic field, electron spins are randomly 

oriented, and hence no net magnetization is observed. However, when a magnetic field 

is applied, the magnetic spins will experience a torque, aligning them and giving rise 

to a net magnetization. The magnetic moment of an atom also has two contributions. 

The orbital part of the total magnetic moment is given by: 

(1.6) 

where gL = 1 is the orbital Lande g-factor and /LB is the Bohr magneton. 

Similarly, the total spin angular momentum can be expressed as: 

(1.7) 

where gs ~ 2 is the electron-spin Lande g-factor. 
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L 

J 

IJs 

s 

IJL ------
Figure 1.1: Representation of the total angular momentum. 

The total angular momentum Jt J is defined as: 

(1.8) 

Introducing the Lande g-factor gJ allows for f.-LJ to be written in a form similar 

to that of f.-LL and J-Ls : 

(1.9) 

Using eqs. (1.5- 1.8), gJ can be written in the following form: 

3 1 S(S + 1) - L(L + 1) 
gJ=2+2 J(J+1) (1.10) 
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1.2 Non-interacting Magnetic Moments: Curie 

Law 

The magnetic susceptibility of a material, defined as the material's response to 

the application of a magnetic field, has different contributions, due to: 

1. Electrons in filled atomic orbitals (L = S = 0): Larmor diamagnetism (x < 0 ) 

2. Electrons in partially filled atomic orbitals: 

(a) J = 0 : Van Vleck paramagnetism (x > 0) 

(b) J =I= 0 : Curie paramagnetism (x > 0) 

Conduction electrons 

1. Electron's spin : Pauli paramagnetism (x > 0) 

2. Electron's orbital motion : Landau diamagnetism (x < 0) 

All of these contributions except for the Curie paramagnetism are temperature

independent. Temperature affects the thermal motion of ions in solids, which 

competes with the magnetic field's tendency to align ionic magnetic moments. Thus, 

it is important to estimate the dependence of the magnetic response of the material 

to the change in temperature T and applied magnetic field H for a system of non-

interacting magnetic moments. Once a magnetic field is applied the Hamiltonian can 

be written as: 

ii = -gJ/LB L ~ 0 H (1.11) 
j 

It follows that the energy eigenvalues for the magnetic ion in a magnetic field 

H are given by: 

(1.12) 



where m.1 =- J, ... , J. 

The magnetization is defined as: 

M = -~ 8F 
vaH 

7 

(1.13) 

where F = - k8 TlnZ is the free energy and Z is the partition function that can be 

calculated as follows: 

.J -EJ.nq J 
-g!miJ.LBH 

Z= 2:: e kBT 2:: e kBT (1.14) 
IDJ=-.J IDJ=-.J 

Therefore, the magnetization can be determined as: 

.J 
ksT a ( L -gJffiJI'BH) M = ---- e kBT 

v aH IDJ=-.J 
( 1.15) 

which yields: 

[2J + 1 (2J + 1 ) 1 ( 1 )] M = M 0 --- coth ---x - - coth -x 
J 2J 2J 2J 

(1.16) 

In the above expression, x = g~::~H and M0 = ng.JJJL8. 
Thus 

(1.17) 

where BJ(x) is the Brillouin function that depends on the values of the quantum 

numbers S, L and J. For small values of x, a series expansion can be used to 

approximate the Brillouin function: 

B ( ) = (J + 1)x 0( 3) .J X 3J + X (1.18) 
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The parameter that characterizes the response of a given material to an applied 

magnetic field is known as the magnetic susceptibility x and is defined as: 

dM 
x= dH (1.19) 

Because M is linear in H for low H values, for low applied magnetic field the 

magnetic susceptibility is approximated by: 

M 
X>::d

H 
(1.20) 

Using the expansion for BJ(x) from the eq. 1.18 and the expression for the 

magnetization from the eq. 17, the magnetic susceptibility is given by: 

ng]f-L~J(J + 1) 
X= 3kBT (1.21) 

The dependence on the specific magnetic ion (through the values of the 

quantum numbers S, L and J) can be summarized by a quantity called the effective 

moment f-Lef f that is defined as: 

!-Lett= 9JV J(J + 1)!-LB 

It follows that the susceptibility can be rewritten as: 

2 
nf-Let f 

X= 3kBT 

(1.22) 

(1.23) 

Eq. 1.25 is known as the Curie law which describes the relationship between 

temperature and magnetic susceptibility of a given material. It is usually written in 
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the following form: 
c 

X= T + Xo (1.24) 

2 

where C = ~r;~t is called the Curie constant and Xo is the temperature-independent 

susceptibility contribution. 

As mentioned before, there are different contributions to the total magnetic 

susceptibility of a given material. Their relative strengths ultimately dictate the 

material's behavior in an applied magnetic field H. In some materials the spins will 

align parallel to the field, and their respective susceptibility is called paramagnetic 

susceptibility (x > 0); in other materials the spins will have opposite direction to that 

of the field, and such a state is known as diamagnetism (x < 0). When spins interact 

with each other, collective behavior known as long range magnetic order may occur 

below a critical temperature. Depending on the type of spin-spin interaction, the 

spins may align parallel with each other, resulting in a ferromagnetically ordered 

state (FM). When the interacting spins align anti parallel, the resulting ordered 

state is an antiferromagnetic state (AFM). One interesting property of ferromagnets 

is their ability to retain their magnetization after the external field has been 

removed. Although they are very common examples of magnets, their theoretical 

characterization still remains very complicated. 

1.3 Interacting Magnetic Moments: Curie-Weiss 

Law 

The Curie law shows that the susceptibility of a system of non-interacting 

magnetic moments is inversely proportional to the temperature. However, in systems 

where interactions between magnetic moments are present, the Hamiltonian will have 
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the following form: 

(1.25) 
ij j 

where J;.i represents the coupling constant between spins i and j. The Hamiltonian 

can be written in an equivivalent form: 

( 1.26) 

where the sum in parentheses represents an effective molecular field at the ith spin 

site is given by: 

Hmf = --1-I:Jijt 
9JJlB i 

Thus the Hamiltonian can be written in a simplified form: 

(1.27) 

(1.28) 

The molecular field tends to align neighboring magnetic moments parallel or 

antiparallel to each other, depending on whether the coupling constant J;1 is positive 

(ferromagnetic order) or negative (antiferromagnetic order). For example, in the 

case of a ferromagnetic order, the strength of the molecular field is a function of the 

magnetization: 

Hmf = >..M (1.29) 

where >.. is the molecular field constant. 

If the temperature is raised, the magnetization will be gradually reduced by 

thermal fluctuations and, at the critical temperature, the magnetic order will be 

suppressed. 
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Figure 1.2: Determination of the magnetization for a ferromagnetically ordered spin 
system. 

In order to determine the magnetization M, it is necessary to solve the following 

equations simultaneously: 

(1.30) 

(1.31) 

This set of equations can be solved graphically, as shown in Fig. 1.2. 

As can be seen, there is going to be a non-zero solution M > 0 only if the slope 

of the line from eq. 1.33 is smaller than the initial slope of the Brioullin function. 

This means that the magnetization M is finite and positive only for 

temperatures below the transition temperature Tc, known as the Curie temperature: 

T = 9J/-LB(J + 1)-\M0 = n-\p,;ff 
c 3kB 3kB 

(1.32) 



12 

The magnetization is zero for temperatures T 2: Tc and is non-zero forT< Tc. 

If a small magnetic field f.LBH < < kBT is applied at T 2: Tc, then the linear 

expansion from eq. 1.18 can be used to determine the magnetization M: 

M ;:::j 9Jf.LB(J + 1) (H + )..M) 
Mo 3kB T 

(1.33) 

from which it results that: 

M ;:::j I.::_ (H + >.M) 
Mo >.Mo T 

(1.34) 

M (I_ Tc) ;:::j TcH 
Mo T >.Mo 

(1.35) 

Therefore, the magnetic susceptibility, X can be calculated as: 

c (1.36) 

2 

where C = n~;~t is the same Curie constant as determined for the Curie law. 

Equation 1.38 is known as the Curie-Weiss law. When there are considerable 

temperature independent contributions to the susceptibility, as mentioned before, the 

total magnetic susceptibility can be written as: 

c (1.37) 
X= Xo + T- Bw 

In the above equation, xo represents a small, temperature-independent 

contribution known as the Pauli susceptibility and Bw is the Weiss temperature 

which indicates whether the spins are interacting ferromagnetically ( Bw > 0), 

antiferromagnetically (Bw < 0) or paramagnetically (Bw = 0). The critical 
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Antiferromagnet 

T 

Figure 1.3: Temperature dependence of 1/(x - xo) for paramagnetic state (red), 
antiferromagnetic (blue) and ferromagnetic (green) ordering. 

temperature, Tc corresponds to the Curie temperature Tp (for ferromagnets) and the 

Neel temperature TN (for antiferromagnets). It follows from eq. 37 that 1/(x- xo) 

vs. T is expected to be linear. Therefore, the inverse susceptibility plot can be used 

to determine the type of order present in the system, as x- intercept ( Bw) will either 

be negative, zero or positive as shown in Fig. 1.3. 

1.4 Magnetism of Conduction Electrons: Pauli 

Susceptibility 

Pauli paramagnetism arises from the conduction electrons in a metal. The 

energy of an electron when no external magnetic field is applied is given by: 

(1.38) 
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k 

Figure 1.4: Pauli paramagnetism. 

Each k-state in a metal can be doubly occupied because of the two possible 

spin values (up and down) for the spin of an electron. An applied magnetic field will 

raise (spin-down) or lower (spin-up) the energy of an electron: 

(1.39) 

The increase and decrease in the energies of the spin-down and spin-up 

electrons respectively, would result in different Ep values in the two sub-bands. In 

order to achieve the physical state with the same Ep, and to minimize the overall 

energy of the system, electrons from the " down" sub-band flip to the " up" states, 

until the Fermi energies in the two sub-bands match. Because the magnetic moment 

of an electron is equal to 1J.-LB, the imbalance of up and down electrons will result in 

a net magnetization: 

(1.40) 

The number of up and down spins nt and n+ can be written in terms of the 



15 

density of states: 

n1- = J 9t(E)f(E)dE ( 1.41) 

nt = J 9t(E)f(E)dE (1.42) 

where g(E) is the density of states and f(E) is the Fermi-Dirac distribution given by: 

(1.43) 

A Taylor expansion can be applied for the density of states if the magnetic 

field is small (J.LBH < < EF ), and the above equation becomes: 

(1.44) 

(1.45) 

Therefore: 

nt = ~ J g(E)f(E)dE- ~J.LBH J g'(E)f(E)dE (1.46) 

nt = ~ J g(E)J(E)dE + ~J.LBH J g'(E)f(E)dE (1.47) 

Thus, from eq. 1.42, the magnetization can be found as: 

M = -(nt- nt)J.LB = J.L1H J g'(E)j(E)dE = J.L1H J g(E)j'(E)dE (1.48) 



16 

For the low temperature limit, f'(E) ~ J(E- Ep ), thus: 

M = t-L~H 1 g(E)J(E- Ep)dE = t-L~Hg(EF) (1.49) 

Then, the resulting Pauli susceptibility XPauli is positive, and does not depend 

on the temperature or the external field: 

XPauli = 1-l~g(EF) (1.50) 

1.5 Stoner Criterion and Itinerant Magnetism 

Itinerant ferromagnetism is often referred to as band ferromagnetism because 

it is caused by spontaneously split electron bands: unpaired electrons are delocalized 

which broadens the original energy levels into narrow bands. This broadening W 

depends on the interatomic separation r: 

(1.51) 

The 3d band can accommodate up to ten electrons. Under the influence of an 

applied magnetic field, a portion of electrons is transferred from the spin-down to the 

spin-up band, the kinetic energy of the system EK.E. will then increase by: 

(1.52) 

As previously stated, the overall magnetization will be given by: 

(1.53) 
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( 1 1 1 1 ) M = J-lB -n + -g(EF)(6E)- -n + -g(Ep)(6E) 
2 2 2 2 

(1.54) 

M = J-Lsg(Ep)(JE) (1.55) 

The gain in the potential energy EP.E. can be expressed as: 

(1.56) 

where >.is the molecular field constant as stated earlier. 

For interacting electrons, the effective exchange energy per pair of 3d electrons 

is known as Ueff and is the measure of the Coulomb energy: 

(1.57) 

Thus from eq. (55 - 57) it follows that: 

(1.58) 

Therefore, the total change in the energy that arises from the electron transfer 

between the up and down sub-bands is: 

(1.59) 

If 1 - Ueff g( E F) > 0, then the fraction of electrons that move from the spin

down to spin-up band is zero and the system is non-magnetic. On the other hand 

if 1 - Ueffg(EF) < 0, then (JE) < 0 the 3d band will be split which will lead to 

ferromagnetism, thus we arrive at the following condition that is known as the Stoner 
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criterion: 

(1.60) 

For spontaneous ferromagnetism, the spin-up and spin-down bands will be 

split by an energy~ if the Coulomb effects are strong (large Ueff) and the density of 

states at the Fermi level g(EF) is large. The density of states of the s- and p-electron 

bands is much smaller than that of the d band, favoring spontaneous magnetization 

according to the Stoner criterion in the d band materials. 

If the Stoner criterion is met, the susceptibility will exceed the expected value. 

A phenomenon known as the Stoner enhancement is caused by strong Coulomb 

interactions between the electrons. The energy shift described above will produce 

magnetization, thus in an applied magnetic field H the total change in energy is given 

by: 

1 Jkf2 
~E = 2g(EF)(6E)2 [1- Ueffg(EF)] -JkfH = 2f-L1g(EF) [1- UefJg(EF)] -lkfH 

The equilibrium condition is given by: 

and therefore the resulting susceptibility is: 

where S = 1 u 1 (E ) is known as the Stoner enhancement factor. 
- eff9 F 

(1.61) 

(1.62) 

(1.63) 

Therefore, the susceptibility is enhanced compared to that of systems without 

interactions between the band electrons. In materials that are on the verge 

of ferromagnetism, the Stoner enhancement factor will significantly increase the 
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magnetic susceptibility. This will not, however, cause spontaneous ferromagnetism. 

Examples of these systems are Pd and Pt metals that have susceptibility roughly one 

order of magnitude greater than that of Zr metal [1]. 

1.6 Scaling Behavior 

Landau theory of phase transitions [2] is a mean-field theory in which an 

identical exchange field is experienced by all spins. The free energy for a ferromagnet 

can be written as a power series in M: 

F(M) = F0 + a(T)M2 + bM4 + ... (1.64) 

where F0 and bare constants and a(T) = a0(T- Tc) is a function of temperature. 

In order to find the ground state energy it is necessary to minimize the free 

energy: 

(1.65) 

Therefore, the non-zero solution of the above equation is given by: 

(1.66) 

Eg. 1.66 shows that the magnetization below the phase transition behaves as 

(Tc- T) 112 . The mean-field theory is the simplest type of theory that describes phase 

transitions, without taking into account correlations and fluctuations that become 

particularly important near the critical temperature above which the magnetic 

ordering vanishes. Therefore, in real systems, the magnetization behaves like 

(Tc- T)f3, where the exponent j3 is not necessarily equal to 1/2. This exponent 

is one of the critical exponents which give important information about the nature of 
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the phase transition. Other critical exponents characterize the temperature- and the 

field-dependence of the magnetization M, field H and reduced temperature t = (T -

Tc)/Tc: 

M ex tf3 fort < 0 (0 > 0) (1.67) 

M ex H 118 for t = 0 (1.68) 

X ex C"~ fort > 0 (0 < 0) (1.69) 

where /3, "/ and fJ are the critical exponents, whose values depend on the specific 

properties of a given system and satisfy following relation: fJ - 1 = "( //3. 

The mean-field theory cannot provide an accurate description of systems with 

less than four dimensions, thus it is necessary to use the Ising or the Heisenberg 

models [1]. The list of the possible models is rather small due to the fact that the 

critical exponents are independent of the type of the phase transition, i.e. same 

for ferromagnetic-paramagnetic, liquid-gas or a quantum phase transition. For a 

continuous phase transition, the critical exponents must depend only on: 

1. The dimensionality of the system, d. 

2. The dimensionality of the order parameter, D. 

3. Whether the forces are short- or long-ranged. 

The above assumptions apply only to static critical exponents, i.e. critical 

exponents that do not change with time. By comparison, the dynamical critical 

exponents characterize time-dependent properties. It is possible to determine critical 

exponents for a few particular cases-set of different values of D and d for both short

and long-ranged forces. For some of the models, solutions already exist [1]: 
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1. Systems with d = 1 do not exhibit continuous phase transitions. 

2. For systems with d ~ 4, the mean-field solution should be applied. 

3. Most of the cases with long-ranged interactions can be solved with a mean-free 

solution. 

4. The case with d = 2 and D = 1 is known as the 2D Ising model. 

5. The case with D = oo for any d is known as the spherical model. 

The values of critical exponents for those and some other cases are listed in 

Table 1.1. 

Table 1.1: Critical exponents for various models for ferromagnetic ordering [1]. 

Model Mean- field Ising (2D) Ising (3D) Heisenberg 
D any 1 1 3 
d any 2 3 3 
f3 1/2 1/8 0.326 0.367 

'Y 1 7/4 1.2378(6) 1.388(3) 
8 3 15 4.78 4.78 

The most common real case corresponds to d = 3 with short-ranged 

interactions which has not been solved exactly. For this and other cases that cannot 

be solved directly, other methods should be used [1]. 

1.7 Arrott and Arrott-Noakes Methods for 

Determining the Curie Temperature Tc. 

The Curie temperature T c at which the material orders ferromagnetically cannot 

be determined unambiguously. It cannot be obtained from fitting the x(T) data 
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to the Curie-Weiss law due to fluctuations associated with the ferromagnetic order 

parameter. The Arrott-plot technique was first introduced by Anthony Arrott in 1957 

[3], and is widely used to determine Tc from the magnetization data. This method 

was derived independently by K. Belov and is based on the Landau theory of phase 

transitions [4]. The idea of fitting isotherms to generalize the Weiss theory to express 

H as an expansion of odd powers of M was used. The expression for the free energy 

of a magnetic system in zero field is given by eq. 1.64. For a ferromagnet, an applied 

magnetic field will result in the decrease of the free energy F: 

F(M) = F0 + a(T)M2 + bM4 - MH (1.70) 

Minimizing the free energy results in the following temperature-magnetization 

relationship: 

H 2 
M = 4bM + 2ao(Tc - T) (1.71) 

It can be seen from eq. 1.71, that plotting H/M as a function of M2 for various 

T values, will result in parallel lines, all with the slope of 4b. Those are called the 

Arrott plots. The isotherm that corresponds to the Curie temperature T c passes 

through the origin and thus the Curie temperature T c can be determined. 

This method can only be applied to systems that exhibit the mean-field 

behavior. It relies on the fact that critical exponents mentioned earlier have following 

values: 

1. (3 = 0.5, it describes how the ordered moment grows below the Curie 

temperature 

2. <5 = 3, it describes the curvature of M(H) at T c 

3. "( = 1, it describes the divergence of magnetic susceptibility at Tc 
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In order to extend the Arrott technique to more cases, it is necessary to modify 

the equation of state in the following manner: 

(H)Ih = T-Tc + (M)1/f3 
M Tc Mo 

(1.72) 

where Tc, M0 , (3 and 1 are parameters to be determined from fitting the data and 

this is known as the Arrott-Noakes technique [5]. 

Similarly to the regular Arrott plot technique, the Arrott-Noakes procedure 

will yield values of Tc, spontaneous magnetization M0 and critical exponents (3, 1 

and 8. The relationships between M, Hand the reduced temperature tare given for 

three separate regions by eq. 1.67-1.69 as before. However, in this case, exponents 

will likely have different values. 

In order for the analysis to be consistent, it is necessary to satisfy few conditions 

simultaneously. First, the critical exponents must obey the following relation: 8- 1 

= 1/ (3. Scaling in IMI/Itlf3 vs. H/ltl 8'"~ plot should occur, thus when plotting IMI/Itlf3 

vs. H/lti"'"~ the isotherms should collapse onto two diverging curves - one below the 

Curie temperature and one above the Curie temperature. Modified Arrott isotherms 

IMI 11f3 vs. (H/M) 1h should be linear and evenly spaced in t. Lastly, the value for 

the Curie temperature T c should be consistent between scaling, modified Arrott and 

power-law fitting methods [5]. 

1.8 Quantum Phase Transitions 

Paul Ehrenfest classified phase transitions according to the behavior of the free 

energy derivatives and the energy involved in the process: 

1. First-order Phase Transitions: the first derivative is discontinuous, but the 

second one is continuous. Solid to liquid and liquid to gas transitions belong 



24 

to this class, exhibiting discontinuous change in the density. These transitions 

include latent heat transfer - energy is either released or absorbed during the 

phase transition. 

2. Second-order Phase Transitions: the first derivative is continuous but the second 

one is discontinuous. Examples include ferromagnetic phase transition during 

which the first derivative of free energy - magnetization varies continuously, 

while the second derivative - susceptibility - changes abruptly. Other examples 

include superconductor and superfluid transitions. A phenomenological theory 

of this type of transitions was given by Lev Landau. 

3. Infinite-order Phase Transition: they are continuous, but there is no symmetry 

breaking. Some quantum phase transitions belong to this class. 

The defining feature of quantum phase transitions is the fact that they occur at 

T = 0 K. Classical phase transitions - also referred to as the thermal phase transitions 

-are driven by the competition between the energy and the entropy of a given system. 

On the other hand, quantum phase transitions occur at absolute zero and classically 

the lack of entropy should imply no phase transition. Although thermal fluctuations 

cease to exist at absolute zero, quantum fluctuations come into play. The origin of 

quantum phase transitions is Heisenberg's uncertainty principle - if the molecules 

are placed precisely at the sites of a perfect crystalline lattice then the momenta 

of the molecules are completely uncertain. Quantum fluctuations created by this 

phenomenon are the driving force behind the transition. 

Since quantum phase transitions only occur at T = 0 K, the variation of 

physical parameter other than temperature will induce the transition. There are 

three quantities that can be varied in order to induce a quantum phase transition: 

1. Magnetic field 
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2. Pressure 

3. Chemical substitution - doping 

The existence of quantum critical points - places where the quantum phase 

transition takes place - is hard to predict but could be observed based on physical 

properties of the system. Even though quantum phase transitions cannot be measured 

directly since no one can achieve T = 0 K, the physical properties of materials at finite 

temperatures are determined by the properties for the system at absolute zero, and 

thus the presence of a quantum critical point can be indirectly inferred. 

1. 9 Itinerant Magnetism Overview 

Magnetism can be described as local or itinerant. For the former case, the 

magnetic moments are localized at the positions of the ions with unfilled electronic 

shells, and the magnetic properties are in general well described by the atomic theory 

[6]. Itinerant magnetism is caused by conduction electrons. As it was previously 

mentioned, a complete theory for itinerant magnetism does not exist. The main 

difficulty in understanding the itinerant magnetism is the small number of systems 

that exhibit these properties. 

One group of itinerant magnets displays metamagnetic phase transitions: YCo2 

[7], LuCo2[7], ZrZn2 [8] and Sr3Ru20 7 [9]. Moreover, in YCo2, the maximum magnetic 

susceptibility is observed at low temperatures which is described by a T2lnT term 

that corresponds to the Fermi liquid - like behavior [10]. Systems like Ni3Ga [11] 

and HfZn2 [12] that exhibit T2 and linear T resistivity dependence at low and high 

T respectively, are referred to as nearly ferromagnetic Fermi systems [13]. 

Another class of systems that currently only contains two compounds- UGe2 

[14] and URhGe [15] - is that of systems which are hosts to both magnetism and 
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superconductivity, long thought to be mutually exclusive. The critical behavior 

of these two compounds is indicative of ferromagnetism being a prerequisite for 

superconductivity. Perovskite ruthenates - Sr3Ru20 7 (showing a metamagnetic 

transition at high field [9]) and Sr2Ru04 (which is superconducting below Tc = 

0.93 K [16]) suggest that magnetism and superconductivity are strongly dependent 

on small modifications of the crystal structure. 

Among the few known itinerant moment systems, only two exhibit weak 

ferromagnetism while being composed of elements with no local moment - ZrZn2 

and Sc3In. These two compounds have low ordering temperatures of 30 K [8] and 6 

K [17] respectively. Both compounds were first prepared by B. T. Matthias in 1962 

in an arc furnace and then annealed at 800°C for one week. 

In order to eliminate inconsistencies that arise when implementing the Stoner 

model for calculating T c and Jlef f, the theory of spin fluctuations was proposed by 

Moriya [18]. The theory is based on the idea that, in itinerant electron systems, the 

magnetic moment is carried by fluctuations of the magnetic spin density, unlike the 

spin wave fluctuations in the local moment limit. Measurements of the electrical and 

thermal resistivities along with the nuclear magnetic resonance and relaxation time 

of Sc3In and ZrZn2 supported the spin fluctuations theory [19]. Since the magnetic 

fluctuations of weak ferromagnets are governed by the spin fluctuations, it is necessary 

to determine the value of the magnetic field for which the magnetic fluctuations are 

completely quenched. It has been reported that Sc3In is no longer a ferromagnet for 

magnetic fields above 12 T [20]. 

Using the Arrott technique, the Curie temperature of Sc3In was reported to 

be between 5.5 K and 7.5 K [17, 21, 22]. In the same studies it was also noted 

that the pressure strengthens the magnetism of Sc3In both in the paramagnetic and 

ferromagnetic regions. As a possible explanation, it was also suggested that the 
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compound might contain two or more opposing spin sublattices. Aguayo et al. [23] 

noted that Sc31n is close to a quantum critical point. However, in the same study it 

was shown that the quantum critical point of Sc3 In cannot be reached by application 

of pressure due to initial enhancement of ferromagnetism under pressure. 

It was reported by Takeuchi and Masuda that the specific heat is enhanced 

by the application of an external magnetic field above T c [24]. For the temperature 

range below the Curie temperature, the specific heat is reduced by the application 

of the magnetic field. For this particular study, the Curie temperature was reported 

to be 5.5 K while Gardner et al. reported the Curie temperature of 7.5 K [22]. 

These differences are not surprising given the variation of T c with the Sc:In ratio, as 

reported by Matthias [17]. 

Since a quantum phase transition in Sc3In could not be reached by the 

application of pressure or magnetic field, we investigated Lu doping of (Sc1_xLuxh.1In. 

We establish that a quantum critical point exists in (Sc1_xLux)3.1In for the critical 

composition Xc ~ 0.02, while the Curie temperature for x = 0 is T c ~ 4.4 K. A 

modified Arrott-Noakes plot technique was necessary to describe the quantum critical 

point in this system, suggesting a non-mean-field nature of Sc3.1In. 



CHAPTER 2 

Experimental Methods 

2.1 Sample Preparation 

Single crystal samples are desirable due to their homogeneity, lack of grain 

boundaries and impurities, absence of strain and stress, and also for anisotropic 

measurements. However, in some cases, growing single crystal samples presents a 

big problem. In the case of Sc3In, according to the phase diagram presented in Fig. 

2.1, growing single crystals is complicated by several factors: 

1. Extremely short liquidus line of Sc3ln. 

2. High melting temperature - liquidus line for Sc3In is around 1300°C which is 

hard to reach in most furnaces. 

3. Sc21n is a congruent melter which means that any composition close to it will 

most likely produce Sc2In crystals. 

Therefore, we turn to the next available option - polycrystalline samples. Arc

melting is an easy way to get polycrystalline samples, provided the vapor pressure of 

selected elements is low. All samples for this work were prepared using an arc-melter 

with a percentage mass loss of less than 0.5%. 
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Figure 2.1: The binary phase diagram of Sc-In, with the composition (%In) on the 
horizontal axis and the temperature on the vertical axis [25]. 

Sc3In has a hexagonal crystal structure as shown in Fig. 2.2, with space 

group P63/mmc and lattice parameters a = 6.421 Aand c = 5.183 A. It has been 

shown that the ferromagnetism occurs within a very narrow range of compositions 

between Sco.762Ino.238 and Sc0.75sin0 .242 [17]. The extreme harpness of the peak in 

susceptibility shows how easy it would be to miss the occurrence of ferromagnetism in 

this system[17]. In the current work, we have established that the optimal composition 

which yielded the highest Curie temperature was Sc:In = 3.1:1. Off-peak location can 

be explained by the uncertainty in the sample composition. 

Due to low ordering temperature, the quantum critical point in Sc3In is of great 

interest. For this purpose, it is possible to u e chemical doping. A rare-earth element 

is the most suitable for doping because of the chemical and physical similarities , and , 

of all rare earths, Lu has the atomic radius r = 2.25 A, closest to that of Sc r = 2.09 

A. Choosing a dopant with a similar atomic size will minimize the chemical pressure. 
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Figure 2.2: ab plane projection of the cry tal structure of Sc3 In. Blue and pink atoms 
correspond to Sc and In atoms respectively, z = 0.25 (open) and z = 0. 75 (solid). 

A number of samples with compositions (Sc1_xLux)3.1 In (0 ::; x ::; 0.08) were 

synthesized by arc-melting Sc (Cerac, 99.99%), Lu (Ames Labs, 99.999%) and In (Alfa 

Aesar , 99.9995%) . Additional annealing was necessary in order to minimize lattice 

defects and stabilize the desired phase. Initially, all samples exhibited no magnetic 

ordering but after annealing all of them showed weak ferromagnetic response to the 

applied magnetic field. The samples were annealed with the following temperature 

profile: 

27°C 2 
hours 800°C(l hour) 120 

hours 700°C(120 hours) 112 
hours 27°C (2.1) 

2.2 Sample Characterization 

The first step in sample characterization is confirmation of the crystal structure 

using powder X-ray diffraction. The Sc3.1In samples are very hard and thus impos ible 

to grind for the powder X-ray diffraction experiments. However, it is reasonable to 

assume that the initial composition should be relatively close to the nominal one given 
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the very small mass loss. An additional indication that the samples are indeed Sc3In

type comes from the fact that, as previously reported [17], the samples exhibited 

no magnetism before annealing, but ferromagnetism or paramagnetism was observed 

after the annealing process. The samples did not exhibit any sensitivity to air or 

moisture. 

Magnetization measurements were performed on the annealed samples 

using a Quantum Design Magnetic Properties Measurement System (MPMS) for 

temperatures from 2 to 300 K and magnetic fields up to 5.5 T. 



CHAPTER 3 

Data Analysis 

As the temperature-dependent magnetization measurements on (Sc1_xLux)3.1In 

indicate, all samples exhibited Curie-Weiss-like behavior: x(T) = xo + C/(T -

e). The magnetic moment J.L, determined from linear fits of the susceptibility 

data (after the temperature independent term Xo was subtracted), was "' 1.3 

1-LB/F.U., remarkably large for a compound with no magnetic constituents, albeit 

consistent with previous reports [17]. Because of fluctuations associated with the 

paramagnetic-to-ferromagnetic transition in Sc3.1In, the Curie temperature Tc cannot 

be unambiguously determined from x(T) data (Fig. 3.1). Arrott isotherms [3] M2 

vs. H/M have previously been employed to determine Tc in Sc3 In, and existing 

reports give this value to be less then 6 K [17, 21, 22]. If the Arrott plot technique 

is employed for Sc3.1In (Fig 3.3a), it appears that ferromagnetic order occurs close 

to 9.75 K. This suggests that the Sc-In ratio used for the current study is closer 

to the optimal one [17] than in all previous reports. It is notable though that, 

as already emphasized in existing studies of the ferromagnetic ordering in Sc3 In 

[17, 21, 22], the Arrott isotherms M2 vs. H/M strongly deviate from linearity at 

relatively high H values. This implies that the mean-field theory cannot accurately 

describe the itinerant ferromagnet Sc3.1In, by contrast with, for example ZrZn2 [26]. 
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Figure 3.1: Inverse susceptibility H/(M - M0 ) measured for H = 0.1 T for 
(Sc1_x Luxh .lln for x = 0. Top inset: specific heat and derivative of magnetization 
as a function of temperature for x = 0 with the vertical arrow marking the Curie 
temperature T c . Curie temperature obtained from the temperature dependent 
magnetization agrees with that established from the specific heat data and field
dependent magnetization measurements. Bottom inset: dM/ dT for x = 0 - 0.04. 

A more generalized method, developed by Arrott and Noakes [5], was successfully 

employed to characterize the critical scaling in the HF superconductor URu2Si2 

[27]. Here we will show this generalized critical scaling in the itinerant ferromagnet 

Sc3.dn for the first report of a QCP reached by any control parameter C in this 

compound. Consistent with the temperature dependent measurements (specific heat 

and magnetic susceptibility (inset, Fig. 3.la) , the critical scaling in (Sc1-xLuxh .1In 

yields a Curie temperature T c rv 4.4 K and a critical composition Xc rv 0.02. 
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Figure 3.2: Log-log plot of applied fi ld H vs. magnetization M for Sc3_1In. The 
isotherm closest to the critical one i for T = 4.4 K. 

The Arrott-Noakes scaling repre ents a generalization of the mean-field scaling 

of the magnetization M, magnetic field H and the reduced temperature t = (T -

T c )ITc, in the ordered state t < 0: M ex t f3 ; at t = 0 (QCP): M ex H118 and in the 

paramagnetic state B < 0: X ex t ---y . This yields generalized critical exponent values 

(3, 1 and 5 with the constraint that 5- 1 = 1 I (3 . The Arrott-Noakes isotherms M1/f3 

vs. (HI M) 1h for x = 0 (Fig. 3.2b) are linear for almost the whole field range. 

The Curie temperature Tc and exponent 5 were first determined from a log-

log M-H plot for each composition (shown for x = 0 in Fig. 3.2). At T c, critical 

scaling indicates that the isotherm should be linear with a slope equal to the critical 

exponent 5. Next , the critical exponents (3 and 1 were determined from the expected 

Arrott-Noakes linear dependence of M11f3 vs. (HIM) 1h . The resulting isotherms are 
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Figure 3.3: (a) Arrott plots with (3 = 0.5 and 1 = 1 (mean-field values) for Sc3.1In, T c 
= 9.75 K. (b) Arrott-Noakes plots with (3 = 0.2597 and 1 = 1.0273 (current study) 
for Sc3_1In, Tc = 4.4 K . 

shown in Fig. 3.3(b) (x = 0) and Fig. 3.4 (x = 0.005, 0.008 and 0.01). The 5 values 

were between 4.9558 and 4.0713 for x :::; 0.01 , indicative of the strong deviation from 

the mean-field value of 5 = 3. This parameter describes the curvature of M(H) at the 
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Figure 3.4: Arrott-Noakes plots for (Sc1_xLux)3.1In for (a) x = 0.005 , (b) x = 0.008 
and (c) x = 0. 01. The scaled M (H) data is linear , isotherms are parallel and evenly 
spaced in temperature. The solid lines indicate the Curie temperature T c . 
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Curie ten1perature Tc , and thus , as the compo ition is approaching the critical value 

Xc, it is expected that this parameter will decrease [27]. Above x = 0.01 , the Curie 

temperature appears to be below 1.8 K, the minimum available temperature for our 

measurements. However, as will be shown below, it can be inferred that Xc is close 

to 0.022. The critical exponent (3 de cribes how the ordered moment grows below 

T c, and it was determined to be (3 = 0.2597 ± 0.0458 for 0 :::; x :::; 0.01. This value 

is smaller that the mean-field value of (3 = 0.5 , suggesting that the ordered moment 
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Figure 3.5: Scaling collapse for (a) x = 0, (b) x = 0.005, (c) x = 0.008 and (d) 
x = 0.01. The scaled M(H) data collapses onto two branches: one below the Curie 
temperature (open symbols) and one above the Curie temperature (full symbol ). The 
gap between two branches decreases as the doping amount is decreased, indicating 
paramagnetic state for doping amount above x = 0.01. 
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grows faster than in systems where the mean-field theory i valid. 

Transition temperature is suppress d as composition is increased which can 

also be seen from the derivative of temperature-dependent magnetization and e values. 

Consistency between these data validates the use of n1odified Arrott-Noakes approach. 

As mentioned earlier the M(H) data scaled appropriately should collapse onto two 

branches , one for t < 0 and one for t > 0. This scaling collapse for all compositions 

x < Xc is shown in Fig. 3.5 along with values of the critical exponents and the Curie 

temperature T c . 

Another way to confirm the critical composition is to record spontaneous 

magnetization as a function of temperature for various compositions. The 
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extrapolations of the isotherms in Fig. 3.3b (for x = 0) and in Fig. 3.4 (for x = 0.005, 

0.008 and 0.01) in the ferromagnetic region yield the spontaneous magnetization 

values 1\10 . The results are shown in Fig. 3.6a. As mentioned earlier, magnetization 

M and Curie temperature Tc are related as follows: Mo =a ltl 13 . Thus from the Mo 

suppression with x, the critical composition is confirmed to be slightly above 0.01. 

The Curie temperature for x = 0.02 appears to be below 1.8 K, and it is likely that 

Xc is close to 0.02. 



CHAPTER 4 

Conclusions and Outlook 

The change of the parameters 8, (3 and 1 from the mean-field ones for Sc3 .1 In 

has been used in order to better approximate both the Curie temperature and the 

critical composition for the QCP in (Sc1_xLux)3.1In. The modified Arrott-Noakes plot 

technique resulted in a more precise Curie temperature T c and critical composition 

Xc determination. For the first time, the QCP of Sc3 .1In is reached via chemical 

substitution of Lu on the Sc site. The spontaneous magnetization M0 is suppressed 

to zero as the Lu concentration is increased to the critical composition Xc rv 0.02. 

The critical exponents (3, 0 and 1 change little with doping. All values are very 

different from the mean-free exponents, indicating that the Sc3 .1In compound cannot 

be described by the general Arrott plot technique. 

Future work should also include synthesis and characterization of other 

itinerant magnetic systems near a quantum critical point. The number of itinerant 

electron systems is limited, but using the Stoner criterion along with the band 

structure calculations as the guiding factor in the search might lead to new systems. 

Once new compounds are established, realization of quantum critical points via 

chemical doping, pressure or magnetic field is desirable. 
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