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ABSTRACT 

Third Harmonic Generation from Aligned Single-Wall Carbon Nanotubes 

by 

Darius T. Morris, Jr. 

Optical properties of single-wall carbon nanotubes (SWCNTs) have been extensively 

studied during the last decade, and much basic knowledge has been accumulated on how 

light emission, scattering, and absorption occur in the realm of linear optics. However, their 

nonlinear optical properties remain largely unexplored. Here, we have observed strong 

third harmonic generation from highly aligned SWCNTs with intense mid-infrared radia

tion. Through power dependent experiments, we have determined the absolute value of the 

third-order nonlinear optical susceptibility, x(3), of our SWCNT film to be 6.92 x w- 12 esu, 

which is three orders of magnitude larger than that of the fused silica reference sample we 

used. Furthermore, through polarization-dependent third harmonic generation experiments, 

all the nonzero tensor elements of x(3) have also been extracted. The contribution of the 

weaker tensor elements to the overall x(3) signal has been calculated to be approximately 

1/6 of that of the dominant xillz component. These results open up new possibilities for 

application of carbon nanotubes in optoelectronics. 



Acknowledgments 

I would first like to thank my Lord and Savior, Jesus Christ for giving me the courage to 

take this journey toward my PhD. He gave me the strength, guidance, and peace to get 

through this process. Through Him I know that all things are possible. 

I would also like to thank my mom, dad, sister and the rest of my family. They always 

understood when I couldn't make it home for the holidays or even when I would disappear 

for weeks at a time. These are the people from whom I draw my inspiration. Thank you for 

your unconditional love and encouragement, and for keeping in your prayers. I love you 

all! 

Thank you to Dr. Kono for giving me opportunity to work in your lab and travel to 

other countries to do research. Thanks for always taking time out of your busy schedule to 

address any experiment issues or for any impromptu physics lessons. I am happy to have 

had an advisor who applied a great amount of pressure for obtaining excellent results, but 

also one that encouraged me to have another drink over a game of pool. I would like to also 

thank Gary Woods for his invaluable knowledge that he lent to this project. Thank you to 

my committee for taking the time to read my thesis and participate in my defense. Thanks 

to my collaborators for taking interest in my research, and giving excellent insight on how 

to make my research stronger. 

Thank you to my colleagues in Kono Lab for your endless support in the lab and for 

your insight on experimental methods. I enjoyed sharing stories and life experiences with 

you on a daily basis. I can honestly say that I had one of the best experiences that a graduate 

student could have, because of you! 

I would like to also thank all of my funding agencies, especially MIRTHE for providing 

the extra knowledge and opportunities that I gained from the workshops, presentations, and 



iv 

retreats. Thank you to Roxanne for making sure that I get to/from those destinations and 

that I have a place to stay, no matter the mishap. 

Thanks to Sarah and other Kono Lab staff who not only helped with schooVadministrative 

issues, but also any personal issues that came up in graduate school, and for making sure 

my money was always on time. I would also like to thank Theresa Chatman and the AGEP 

program for their constant support, and making sure that I got fed. 

Last but not least, to my friends that I had before graduate school and the ones that 

I've made while I was here. Thanks for keeping me entertained on a daily basis, keeping 

me up on music, sports, politics, and entertainment, when lab doesn't permit me to do so. 

Thank you for always lending an ear when things in my life didn't go the way that they are 

supposed to, and making me laugh when I needed it. Thank you to my girlfriend, Jasmine 

Brown, for understanding the life of a graduate student, being supportive, being in love 

with me, and making me want to be a better man! 



Abstract 

Acknowledgments 

1 Introduction 

Contents 

2 Band Structure and Linear Optical Properties of Single-Wall Car

bon Nanotubes 

2.1 Graphene Band Structure . . . . . . . . . . . 

2.2 Single-Wall Carbon Nanotube Band Structure 

2.3 Linear Optical Properties of Single-Wall Carbon Nanotubes. 

3 Theory of Nonlinear Optical Susceptibilities 

3.1 What is nonlinear optics? . . . . . . . . . . 

3.2 Second-Order Nonlinear Optical Properties 

3.3 Third-order nonlinear optical processes 

3.4 Nonlinear Optical Susceptibility .... 

3.5 Symmetries of the Nonlinear Susceptibility 

ii 

iii 

1 

4 

4 

7 

11 

19 

19 

20 

22 

26 

30 

4 Prior Nonlinear Optical Studies of Single-Wall Carbon Nanotubes 32 

4.1 Second-Order Nonlinear Optical Processes in Carbon Nanotubes . . . . . . 32 

4.2 Third-Order Nonlinear Optical Processes in Carbon Nanotubes: 

Theoretical Studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 

4.3 Third-Order Nonlinear Optical Processes in Carbon Nanotubes: 

Experimental Studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 



vi 

5 Experimental Procedure 46 

5.1 Highly Aligned SWCNT Sample Preparation and Characterization 46 

5.2 Experimental Setup for Harmonic Generation 48 

5.2.1 Overview . . . . . . . . . . . . . . . 48 

5.2.2 Chirped Pulse Amplifier and Optical Parametric Amplifier 48 

5.2.3 Detectors . . . . . 51 

5.2.4 Lock-in Amplifier 51 

5.2.5 Filters . . . . . . . 52 

5.2.6 Calibration of the Fundamental 53 

5.2.7 Rotational Mount for Orientation Dependent Measurements 53 

6 Experimental Results and Discussion I: Power Dependence of Third 

Harmonic Generation 

6.1 Derivation of the Third Harmonic Generation Efficiency 

6.2 Experimental Results .............. 

6.3 Determination of the Third-Order Susceptibility 

6.4 Discussion . 

6.5 Conclusion 

7 Experimental Results and Discussion II: Polarization Dependence 

of Third Harmonic Generation 

7.1 Experimental results . . . . . . . 

55 

55 

58 

63 

69 

72 

73 
73 

7.2 Determination of the Relevant Nonzero Tensor Components ofx(3) . 76 

7.3 Conclusion 80 

8 Summary 82 

Bibliography 83 



Illustrations 

1.1 2D graphene and its derivatives, (a) OD fullerenes, (b) 1D carbon 

nanotubes, and (c) 3D graphite [1] ................ . 2 

2.1 Unit vectors in and primite cell (a) in real space and (b) reciprocal space [2]. 5 

2.2 Calculated 2D energy dispersion for graphene [3]. . . . . . . . . . . . 7 

2.3 (a)·Conceptually, SWCNTs are 1D cylindrical sheets of graphene, (b) 

rolled along chrial vector ch [4]. . . . . . . . . . . . . . . . . . . . . 8 

2.4 Three different types of SWCNTs (a) armchair (n,n), (b) zigzag (n,O), 

and (c) chiral (n,m) [4]. . . . . . . . . . . . . . . . . . . . . . . . 9 

2.5 Zone folding of the ( 4, 2) nanotube. The parallel equidistant lines 

represent the cutting lines of the allowed k states for the (4, 2) nanotube [2]. 11 

2.6 1D energy dispersion for the( a) metallic (6, 6) armchair nanotube, (b) and 

the semiconducting (10,0) zigzag nanotube [5]. . . . . . . . . . . . . . . 11 

2.7 (a) 1D density of states for metallic and semiconducting nanotubes. (b) 

Optical density (absorption) measured for carbon nanotubes suspended in 

different surfactant [6]. . . . . . . . . . . . . . . . . . . . . . . . . . . 14 

2.8 Kataura plot showing the decrease in transition energy with increasing 

diameter of the nanotubes [7]. . . . . . . . . . . . . . . . . . . . . . . . . 15 

2.9 The optical selection rules of (left) metallic (V = 0) and 

semiconducting(right) (v = ±1) nanotubes for light incident parallel to the 

nanotube axis. The indices n correspond to the optical transitions from 

bands with equal momentum angular momentum [8]. . . . . . . . . . . . . 16 



2.10 (a) PLE map from sample containing many chirality of tubes. (b)Shows 

spectral peak positions from the PLE map, with lines that show perceived 

viii 

patterns in the data [9]. . . . . . . . . . . . . . . . . . . . . . . . . . . 17 

2.11 Typical Raman spectrum from HiPco nanotube sample obtained with 

excitation energy EL = 1.96eV, illustrating the radial breathing, G, D, and 

G' modes, as well as the intermediate-frequency modes and iTOLA bands 

in the insets [10]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 

3.1 An applied electric field induces a dipole moment in an atom. . . . . . . . . 20 

3.2 Energy level diagram of the second order nonlinear process SHG. The 

solid line represents the ground state, while the dashed line represents 

virtual states [ 11]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 

3.3 lllustration of second-order nonlinear processes (a) SFG and (b) DFG. 

Different colors represent the relative frequency of the incident and 

generated photons [11]. . . . . . . . . . . . . . . . . . . . . . . . . . 22 

3.4 lllustration of third-order nonlinear processes: (a) THG and (b) four wave 

mixing [11]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 

3.5 lllustration of the degenerate four-wave mixing process. (a) Energy 

diagram. (b) lllustration of the DFWM process. Waves of frequency 0>1 

and O>z act as pump waves. 0>4 is called the conjugate wave of 0>3 [11]. . . 25 

3.6 In the nonlinear index of refraction process, the index of refraction 

depends on the intensity and causes self focusing [11]. . . . . . . . . . . . 26 

4.1 Theoretical calculations of the real and imaginary second-order nonlinear 

susceptibility in chiral nanotubes [12]. . . . . . . . . . . . . . . . . . . . . 34 



4.2 Theoretical calculations of the absolute value of second-order nonlinear 

susceptibility in chiral nanotubes, with measured values of GaAs 

(diamonds). When on resonance with the Eu transition, the absolute value 

ix 

is ten times that of GaAs [12]. . . . . . . . . . . . . . . . . . . . . . . . 35 

4.3 (a) Second harmonic generation produced from 800nm fundamental. (b) 

Power dependence of SHG relative to the input fundamental. Theta 

dependence of the (c) nanotubes with reference, reference, and (d) 

extracted nanotube contribution [13] ................ . ... 36 

4.4 Theoretical calculations of the absolute value of third order nonlinear 

susceptibility, for (a) THG and (b) optical Kerr effect in nanotubes [14]. 38 

4.5 Theoretical calculations of the (a) nonlinear index of refraction and (b) the 

two photon absorption coefficient [14]. . . . . . . . . . . . . . . . . . 39 

4.6 Z-scan schematic for experimentally measuring the nonlinear index of 

refraction, and nonlinear absorption [15]. . . . . . . . . . . . . . . . . . . 40 

4.7 Z scan measurements at different input energies for (a) 532 nm, large 

aperture; (b) 532 nm, small aperture; (c) 1064 nm, large aperture; and (d) 

1064 nm, small aperture [16]. . . . . . . . . . . . . . . . . . . . . . . . 41 

4.8 (a) Absorption (solid line) and index of refraction (dashed line) of the 

spray coated SWCNT film. (b) Normalized transmittance of the of the 

resonant fundamental pump [17] ................ . 

4.9 (a) Schematic offourwave mixing experiment; (b) Orientation 

dependence of the coherent anti-stokes signal [18]. . ..... 

... 42 

... 43 

4.10 Intensity dependence of the measured third harmonic signal versus the 

incident fundamental, where the the power, p, in the relationship hro oc !fro 

is given. Bending in this data suggests that saturation of the third 

harmonic signal is possible [19]. . . . . . . . . . . . . . . . . . . . . . . . 44 



X 

4.11 (a) Spectrally resolved resonantly enhanced third harmonic signal 

(Atund = 1064nm). (b) The yield of the third harmonic as a function of the 

fundamental [20]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 

5.1 (a) SEM image of vertically aligned SWCNT carpets; (b) SEM image of 

horizontally aligned SWCNT film after transfer to substrate. Sample 

shows minimal overlap [21]. . . . . . . . . . . . . . . . . . . . . . . . . . 47 

5.2 Terahertz absorption anisotropy for highly aligned SWCNT film on 

sapphire. The figure on the left shows the absorption versus carbon 

nanotube angle. When the nanotubes are aligned parallel to the incident 

terahertz radiation, the absorption is finite. There is no absorption when 

the nanotube axis is perpendicular to the incident electric field [22]. The 

figure on the right shows the extinction ratio of single, double, and 

triple-layer SWCNT films [23]. . . . . . . . . 

5.3 Experimental setup for harmonic generation .. 

5.4 Schematic of a chirped pulse amplifier. A low-intensity, short pulse is 

stretched, amplified, and compressed into a high-intensity, ultra-short 

47 

49 

pulse [24]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 

5.5 Relation between the reference signal measured with the MCT detector 

and the power incident on the sample, measured with the power meter. . . . 53 

5.6 Normal incidence view of a horizontally polarized fundamental incident 

on the sample, for third harmonic generation from highly aligned 

SWCNTs on sapphire. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 



6.1 The normalized third harmonic intensity as a function of wave vector 

mismatch. This intensity symmetric function around !YJ.k = 0, 

sinc2 (ML/2) = si(J~~{f), and has relative maximum and minimum 

values at areas when the third harmonic are completely in phase or 

completely out of phase, respectively. . . . . . . . . . . . . . . . 

6.2 The normalized third harmonic intensity as a function of distance for a 

medium of length L, for several values of phase mismatch, !YJ.k. When 

completely phase matched, the third harmonic intensity proportional to 

the square of the distance traveled in the sample. At finite values of the 

phase mismatch, we can see that the third harmonic intensity oscillates as 

Xl 

.. 59 

a function of interaction length. . . . . . . . . . . . . . . . . . . . . . . . 59 

6.3 (a) Generated third harmonic from highly aligned SWCNTs on sapphire 

and (b) its fundamental. The SWCNTs are aligned parallel to the incident 

fundamental and the induced THG is polarized parallel to the fundamental. 60 

6.4 Shift in third harmonic signal due to a shift in the fundamental from 2.1 to 

1.5pm. The SWCNTs are aligned parallel to the incident fundamental and 

the induced THG is polarized parallel to the fundamental. . . . . . . 61 

6.5 Power dependence of the 700 nm third harmonic versus the 21 OOnm 

fundamental for the 2pm thick highly-aligned SWCNTs sample. Third 

harmonic shows cubic power dependence with the incident fundamental, 

as shown by the slope of the log/log plot. . . . . . . . . . . . . . . . . . . 61 

6.6 Power dependence of the third harmonic versus the fundamental for the 

2pm thick highly-aligned SWCNTs sample, at high incident fields. The 

third harmonic begins to saturate at a fundamental fluence of 

1.8 X 10-4 J/cm2. • . . . . • . . . . . • . • . • . . . • • . • . . • . . . . . 62 



6. 7 Power dependence of the 700 nm third harmonic versus the 2100 nm 

fundamental for the 26.5 J.lm thick fused silica reference sample. Third 

harmonic shows cubic power dependence with the incident fundamental, 

xii 

as shown by the slope of the log/log plot. . . . . . . . . . . . . . . . 63 

6.8 Index of refraction for fused silica given by the Sellmeier equation 

Equation (6.28), with coefficients B1 = 0.69617, B2 = 0.40794, 

B3 = o.89748, c1 = 4.67914826 x w-3 J.lffi2, c2 = 1.35121 x w-2 J.lffi2, 

C3 = 97.934J.lffi2 [25]. The Sellmeier equation deviates from the actual 

refractive index by less than 5 x w-6 over the wavelengths range of 

365 nm to 2.3 J1ffi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 

6.9 Coherence length of fused silica for a given fundamental wavelength, 

based on the phase mismatch between the fundamental and its third 

harmonic. Coherence length is the length at which the third harmonic and 

fundamental are in phase. . . . . . . . . . . . . . . . . . . . . . . . . . 65 

6.10 Walk -off length versus the incident fundamental wavelength for fused 

silica. Walk-off length is the length at which the fundamental and its third 

harmonic are no longer interacting. . . . . . . . . . . . . . . . . . . . 66 

6.11 Transmission of the near IR radiation through a thin fused silica film 

measured with the FfiR. Oscillations occur from constructive and 

destructive interference of the incident radiation caused by multiple 

reflections within the thin film. . . . . . . . . . . . . . . . . . . . . . . . 67 

6.12 Third harmonic intensity as a function of thickness of the fused silica 

reference. One full maker fringe is produced when the thickness of the 

fused silica reference is varied. When the thickness is equal to the 

coherence length, we observe a maxima. . . . . . . . . . . . . . . . . . . 68 

6.13 The left figure is a vertical scanning interferometry image of the 

highly-aligned SWCNT sample thickness. The figure on the right shows 

the cross section taken along the white line in the figure on the left. . . . . . 68 



6.14 (a) Linear absorption for the carbon nanotubes sample when it is polarized 

parallel to the incident fundamental. The relative contributions from the 

semiconductor optical transitions (£11 and Ezz) and the free carrier 

absorption. (b) SWCNT diameter distribution extrapolated from fit in 

Xlll 

(a). [26] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 

6.15 Illustration of a hexagonal packed array, where carbon nanotubes have a 

7% filling factor. By courtesy of Dr. Sebastien Nanot. . . . . . . . . . . . . 71 

7.1 Normal incidence view of a horizontally polarized fundamental incident 

on the sample, for third harmonic generation from highly aligned 

SWCNTs on sapphire. . ..................... . 

7.2 q, dependence of the third harmonic signal, generated from the SWCNT 

film on sapphire. The third harmonic signal is polarized parallel to the 

fundamental. q, = 0 corresponds to light polarization parallel to the 

nanotube axis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

7.3 q, dependence of the third harmonic signal, generated from the SWCNT 

film on sapphire. The third harmonic signal is polarized perpendicular to 

the fundamental. q, = 0 corresponds to light polarization parallel to the 

nanotube axis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

7.4 Simulations for a THG signal polarized parallel to the fundamental, 

.. 74 

.. 74 

.. 75 

considering the x;(3) tensor contribution relationship is axillz = xillx. This 

simulation shows q, dependence for variable a. q, = 0 corresponds to light 

polarization parallel to the nanotube axis. . . . . . . . . . . . . . . . . . . 78 

7.5 Simulations for a THG signal polarized perpendicular to the fundamental, 

considering the x;(3) tensor contribution relationship is axillz = xillx. This 

simulation shows q, dependence for variable a. q, = 0 corresponds to light 

polarization parallel to the nanotube axis. . . . . . . . . . . . . . . . . . . 79 



xiv 

7.6 Experimentally measured spectrum with theoretically calculated spectrum 

for a THG signal polarized parallel to the fundamental, considering the 

x<3) tensor contribution relationship is axillz = xill.x. The following 

simulation shows <1> dependence for variable a. <1> = 0 corresponds to light 

polarization parallel to the nanotube axis. . . . . . . . . . . . . . . . . . . 80 

7. 7 Experimentally measured spectrum with theoretically calculated spectrum 

for a THG signal polarized perpendicular to the fundamental, considering 

the x<3) tensor contribution relationship is axillz = xill.x. The following 

simulation shows <1> dependence for variable a. <1> = 0 corresponds to light 

polarization parallel to the nanotube axis. . . . . . . . . . . . . . . . . . . 81 



1 

Chapter 1 

Introduction 

In this dissertation, we have studied third harmonic generation in single-wall carbon nan

otubes (SWCNTs). 

Carbon-based materials have gained exponentially growing interest over the past 70 

years, since the work by Wallace, who showed a linear E ( k) dispersion relation for mono

layer graphene [27, 28]. Because of this linear dispersion, electrons in graphene behave 

like photons, possessing a high velocity (vp"' 106 rn/s), and a high electron mobility (rv 

2 x 105 cm2Ns) at room temperature. This linear energy dispersion also leads to a uni

versal optical conductivity in graphene, 1te2 /2h, in which each atomic layer of graphene 

absorbs 2.3% of incident light from the visible to the far-infrared [29, 30]. 

These unique electrical and optical properties have also trickled down to graphene's 

various derivatives, shown in Figure 1.1. Specifically, single-wall carbon nanotubes (SWC

NTs) are unique lD systems with a wide range of unusual properties. They can_ be semi

conducting or metallic, depending on how they are rolled. Metallic tubes have been mea

sured to have a fermi velocity of vp = 8.1 x 105 rn/s, a measured electron mobility of 

100,000cm2Ns and boast a current carrying capacity (rv 109 A/cm2) that can be up to 

1000 times greater than that of copper. These properties make them a popular material 

for nanoelectronics, expected to replace copper one day in nanocircuits and inter-connects. 

Semiconducting carbon nanotubes are direct bandgap semiconductors (electrons in the con

duction band can directly emit photons after recombination with a hole in the valence 

band), making carbon nanotubes an ideal candidate for opto-electronic technologies like 
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Figure 1.1 : 2D graphene and its derivatives, (a) OD fullerenes, (b) 1D carbon nanotubes, 
and (c) 3D graphite [1]. 

light emitting diodes (LEDs). Because of the diameter dependent bandgap (semiconducting 

carbon nanotubes have the ability to absorb and emit light from the visible to the infrared 

through interband transitions) present in carbon nanotubes, these LEDs will also be widely 

tunable. These fascinating properties make graphene and SWCNTs great candidates for 

a wide variety of potential applications, such as transistors, capacitors, lasers, LEDs, and 

detectors [31-36]. Though much work has been done on the electrical and linear optical 

properties of SWCNTs, such as absorption and emission (properties that take place un-

der weak electric fields), only a small amount of studies have been done on the nonlinear 

optical properties of SWCNTs. 

Since the demonstration of the first working laser by Mainman in 1960, there have been 

many advances in nonlinear optics. The birth of the field in 1961 was marked by a notable 

second harmonic generation experiment by Franken et al. [37-39]. The field studies the 
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modification of linear optical properties under sufficiently large laser electric fields. The in

teraction between intense light and matter leads to a wide spectrum of phenomena, such as 

optical frequency conversion, phase conjugation, optical limiting, nonlinear refraction, and 

Raman scattering. Because, nonlinear processes belong to some of the fastest phenomena 

known, they can be used for processing data and functions on the femto- and picosecond 

time scale. The far reaching impact of this field is realized in the technologies of nonlinear 

crystals, widely tunable ultra-fast lasers, optical switches, and optical limiters. The study 

of these nonlinear optical properties in different materials has allowed this field to evolve 

into one of the most fascinating areas in physics and engineering. 

Chapter 2 of this thesis will review the band structure of graphene and SWCNTs, and 

the subsequent linear optical properties that develop. Chapter 3 will go over nonlinear 

optics and the processes that develop under intense laser electric fields. It will also review 

the nonlinear optical susceptibility that describes these processes. Chapter 4 will deal with 

the previous theoretical and experimental second and third-order nonlinear optical studies 

on SWCNTs. Chapter 5 will describe our sample, experimental setup, and procedures of 

our experiment. Chapter 6 will present and discuss results of our experiment on the power 

dependence of the third harmonic for SWCNTs, allowing us to determine the absolute value 

of the third-order nonlinear susceptibility, x(3). Chapter 7 will review our experiment on 

the polarization dependence of the third harmonic for SWCNTs, allowing us to extract the 

nonzero tensor components of x(3). 



Chapter 2 

Band Structure and Linear Optical Properties of 
Single-Wall Carbon Nanotubes 

2.1 Graphene Band Structure 

4 

A single-wall carbon nanotube (SWCNT) is described as a single sheet of graphene rolled 

into a cylindricallD nanostructure. Thus, the 1D energy dispersion relations for SWCNTs, 

from which many of their electrical and optical properties originate, are constructed from 

the 2D band structure of graphene. 

Graphene is a two-dimensional hexagonal lattice of s p 2 -bonded carbon atoms. This 

lattice can be constructed from a 2 carbon atom unit cell (separated by ac-e= 1.42A), 

translated by the primitive lattice vectors, al and a2, situated at 60° angles to each other 

(Figure 2.1 ). These primitive vectors are defined as 

a1 = i ( J3, 1) and a2 = i ( J3, -1) , (2.1) 

where a = v'3ac-c = 2.49 A. From these primitive lattice vectors, the reciprocal lattice 

vectors are derived as [ 40] 

(2.2) 

The 2D energy dispersion relation of graphene can be derived within the nearest-neighbor 

tight binding approximation [28]. We introduce the atomic orbitals 

<i>A (r) and <i>B (r) (2.3) 
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Figure 2.1 : Unit vectors in and primite cell (a) in real space and (b) reciprocal space [2]. 

which are eigenfunctions of the carbon atom at sites A and B, respectively. Thus, we 

express our wavefunctions inside of a periodic lattice as linear combinations of atomic 

orbitals 

'JIA(r) = L,ik·RcpA(r-R) (2.4) 
R 

'l'a (r) = E i~·Rcpa (r- R) (2.5) 
R 

where k is the Bloch wavevector, restricted to the 1st Brillouin Zone and R is the transla-

tional vector of the lattice. The total wavefunction is a superposition of both the carbon site 

A and B basis vectors 

(2.6) 

which must satisfy the Schrodinger equation, 

li'P = E'P, (2.7) 

where li = lisite +liNN. Here lisite and liNN are the on-site Hamiltonian and the nearest-

neighbor Hamiltonian, respectively. If we multiply the Schrooinger equation by 'If A from 
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the left and integrate over the unit cell, we get 

(2.9) 

where "(is the transfer integral between two neighboring sites, defined as 

(2.10) 

Similarly, 

For the eigenvalues of the Hamiltonian, 

Because of the orthogonality of the wavefunctions (<pi I <pj) = Oij 

(2.13) 

Similarly for site B 

(2.14) 

Thus, the Schrodinger equation becomes 

( 
0 f(k) ) ( -E 0 ) 

-ft(fc) 0 'P= 0 -E 'P, 
(2.15) 

where J(k) = -y(1 +eik·ai +eik·ti'z) = -y(1 +2ev3kxaf2 cos(kya/2)) and yis the nearest

neighbor C-C tight binding intersublattice transfer energy, Equation (2.10) (y ~ 2.7eV). 

The solution for the eigenvalue problem IH-Ell = 0 leads to the energy dispersion relation 

for graphene (Figure 2.2), 

± .... if3kxa kya kya 
E0 ,20(k)=±y 1+4cos 2 cos 2 +cos 2 , (2.16) 
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Figure 2.2 : Calculated 2D energy dispersion for graphene [3]. 

From this equation, we can investigate the energy dispersion relation near the Dirac points, 

K and K' at the comers of the graphene Brillouin zone (Figure 2.1) 

27t ( 1 ) ' 27t ( 1 ) K = J3a 1, J3 and K = J3a 1, - J3 (2.17) 

At these points, electrons have a linear energy dispersion relation, and thus, act as massless 

particles. Because these two bands touch at a single Dirac point, graphene is considered 

to be a zero-gap semiconductor. This 2D linear dispersion relation becomes the basis for 

deriving the band structure of SWCNTs. 

2.2 Single-Wall Carbon Nanotube Band Structure 

The atomic structure of a SWCNT is defined by its chiral indices, (n,m), which denote the 

way graphene is rolled into a SWCNT (Figure 2.3). The axis along which the graphene is 
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a 

graphtne ahHt SWNT 

b 

Figure 2.3 : (a) Conceptually, SWCNTs are 1D cylindrical sheets of graphene, (b) rolled 
along chrial vector ch [4]. 

rolled points along the direction of the chiral vector Ch, defined as 

(2.18) 

where a1 and a2 are graphene's primitive lattice vectors in real space, defined in Equation 

(2.1), and m and n are non-negative integers (m;:::: n). 

From these chiral indices, SWCNTs are categorized into three main types: zigzag (m = 

0), armchair (n = m), and chiral (n-::/= m and m-::/= 0), as shown in Figure 2.4. The magnitude 

of the chiral vector is equal to the circumference of the nanotube, and thus, the diameter of 
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(a)-~ 

(b)- D 
(c) 

Figure 2.4: Three different types of SWCNTs (a) armchair (n,n), (b) zigzag (n,O), and (c) 
chiral (n,m) [4]. 

the tube, dt, can be expressed as 

dt = lchl = ~Jm2+mn+n2 
1t 1t 

(2.19) 

The perpendicular vector to the chiral vector shown in Figure 2.3b, f, is called the trans-

lational vector and is defined as 

(2.20) 

where t1 =(2m+ n)/dR,t2 = -(2n + m)/dR and dR is the greatest common divisor of 

(2m+ n,m + 2n ). The magnitude of the translational vector is equal to the length of the unit 

cell of the (n,m) nanotube, and is defined as 

(2.21) 

The corresponding reciprocal lattice vectors are 

(2.22) 
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The 1D energy dispersion relations for SWCNTs are derived from the 2D band structure 

of graphene, using the zone-folding method. In the zone-folding method, the wavefunctions 

are subject to the circumferential periodic boundary condition 

(.... c.... ) ifc.ch ( .... ) 
'Ilk r + h = e 'Ilk r (2.23) 

and are thus quantized along the cylindrical direction in both real and reciprocal space, i.e., 

j(l . ch = 21tti, where f.1 is an integer . (2.24) 

Using this quantization condition and the 2D energy dispersion relation, we find that the 

1D energy dispersion relation for SWCNTs becomes 

± ± ( i2 --+) Ew = EG,2D k li
2
l + J1K1 , where f.1 = 0, 1, ... ,N- 1, (2.25) 

where f.1 is the zone-folding index. The allowed wave vectors in the carbon nanotube recip-

rocal space are represented by the parallel cutting lines in the graphene Brillouin zone, as 

shown in Figure 2.5. The continuous wave vectors along the direction of K2, are represented 

by the wavenumber k. If one of the cutting lines passes through graphene's K point, then 

the SWCNT is metallic (lm-nl mod3 = 0). Otherwise, the tubes are semiconducting 

(lm-nl mod3 = 1 or2). 

Typical energy dispersion relations for metallic and semiconducting tubes can be seen 

in Figure 2.6. The band gap of semiconducting tubes is the energy separation between the 

conduction and valence bands, and is related to the diameter by the following equation 

E _ 2"fac-c 
g- ' dt 

(2.26) 

where yis the transfer energy [(Equation (2.10)], ac-e is the inter-atomic distance, and dt 

is the tube diameter. From this 1D energy dispersion relation, many of the linear optical 

properties of SWCNTs are derived, and will be outlined in the following section. 
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Figure 2.5 : Zone folding of the ( 4, 2) nanotube. The parallel equidistant lines represent the 
cutting lines of the allowed k states for the (4, 2) nanotube [2]. 

Wave Vector k, X Wave Vector k, X 

Figure 2.6 : lD energy dispersion for the( a) metallic (6, 6) armchair nanotube, (b) and the 
semiconducting (10,0) zigzag nanotube [5]. 

2.3 Linear Optical Properties of Single-Wall Carbon Nanotubes 

Linear optical properties of materials refer to such basic processes as absorption, reflection, 

scattering, and emission, whose intensities increase linearly with the incident electric field. 

These processes occur under the influence of relatively small light intensities. Once the 

electric field of light becomes large, the material will have a nonlinear response, which will 
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be discussed in the next chapter [11]. The linear optical processes are represented by the 

first term in the following equation: 

(2.27) 

where P(t) is the induced polarization due to incident electric field, E(t), and X(n) is the 

nth-order susceptibility. x(l) is the linear susceptibility that describes the polarization of the 

material under small electric fields and is defined as 

where Eo is the permittivity in vacuum. The electric displacement D is defined as 

= £o£,E, 

(2.28) 

(2.29) 

(2.30) 

where Er = 1 + xCl) is the relative permittivity. The index of refraction of a material is 

defined as 

n = V£,.. (2.31) 

As outlined in the last section, when a 2D graphene is rolled along a chiral vector, the 

SWCNT energy is quantized along the circumferential direction of the tube. Many of the 

experimentally observable linear interband optical properties of SWCNTs are related to 

its quasi-10 density of states. The density of states is the total number of states per unit 

interval of energy [41]. The 1D dispersion relation for linear (p = 1) and parabolic (p = 2) 

energy bands can be expressed as 

( E-Eo)l/p 
E = Eo + ckkP :::::} k = Ck , (2.32) 

where ck is a constant related to the effective mass. 
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The volume of a !-dimensional k-space containing wavevectors smaller than k is 

(2.33) 

By integrating this volume and counting the number of k-states for infinitesimally small 

energies, we get the density of states for the lD dispersion relation as 

( ) 2 ( )1-1 D1 E = - 11- E-Eo P 

pck P 
(2.34) 

For metallic SWCNTs, electrons behave like photons (i.e., massless) due to the lin-

ear (p = 1) dispersion relation near the Dirac point. Thus, its density of states is con

stant, D1,lin(E) = 1/ch near the Dirac point. For semiconducting SWCNTs, electrons 

have a parabolic dispersion relation near the k = 0 point, and thus, the density of states 

is D1,para(E) = zJck(~-Eo). As can be seen in Figure 2.7a, the density of states possesses 

sharp peaks, called van Hove singularities. Metallic tubes also show van Hove singularities, 

associated with higher subbands, as also shown in Figure 2.7a. 

These van Hove singularities give rise to peaks in the interband absorption spectrum. 

Many of these transitions, specifically the semiconducting Sn and Szz, and metallic Mn 

transitions, have been studied using absorption and Raman spectroscopy experiments, as 

well as photoluminescence in the case of semiconducting nanotubes. These optical transi-

tions are strong and sharp, allowing scientists to probe a single type of tubes in these various 

experiments. These transitions also strongly depend on the diameter (which determines the 

bandgap) of the tubes, as shown in Figure 2.8. 

There are a number of selection rules that define whether a transition is allowed within 

a SWCNT for absorbing and emitting light [8]. In general, as in any crystalline solids, 

only direct transitions (Ak = 0) are allowed between subbands (Figure 2.9). Also, in nan-

otubes with inversion symmetry (zig-zag tubes and armchair tubes), only even wavefunc-

tions ['l'(x) = '¥( -x)] exist in the valence and conduction bands, and thus, only even num-
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Figure 2.7: (a) lD density of states for metallic and semiconducting nanotubes. (b) Optical 
density (absorption) measured for carbon nanotubes suspended in different surfactant [6]. 

ber subband transitions are allowed. For light polarized parallel to the SWCNT axis, only 

transitions between subbands with the same index (An = 0) are allowed. For light polar

ized perpendicular SWCNT axis, transitions between subbands with a different band index 

(An= ±1) is allowed; however, these transitions are suppressed by the depolarization ef-

feet [42]. 

In absorption experiments, the van Hove singularities are evident due to the sharp fea-

tures that appear in a typical absorption experiment. Because several tubes have similar 

diameters, absorption energies across bandgap can be the same for various tubes when 

measuring a collection of SWCNTs. Thus, in the case of a SWCNT sample, many of the 

sharp features become broadened, and spectral decomposition is needed in order to deter-

mine the SWCNT composition of the sample (Figure 2.7b). 

Another linear optical process experimentally investigated is photoluminescence (PL) 
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Figure 2.8 : Kataura plot showing the decrease in transition energy with increasing diameter 
of the nanotubes [7]. 

in nanotubes [ 43,44]. In a PL experiment, an electron-hole pair is created, after a photon is 

absorbed and an electron is excited to a high energy level. This excitation can be done with 

nonresonant photon energies, or with energies that are resonant with higher SWCNT tran-

sitions. After the excitation both the electron and hole relax down to a lower energy level 

in both the conduction and valence bands and recombine, creating a photon at the energy 

difference between the lower levels. In a photoluminescence excitation (PLE) experiment, 
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£ 

v=O v=+1 

Figure 2.9: The optical selection rules of (left) metallic (v = 0) and semiconducting(right) 
(v = ±1) nanotubes for light incident parallel to the nanotube axis. The indices n corre
spond to the optical transitions from bands with equal momentum angular momentum [8]. 

the frequency of the excitation light is varied, and the luminescence from these transitions 

are monitored, as shown in Figure 2.10. Because nanotubes have a unique set of En and 

£22 transitions, characterization of samples is more effective than the absorption process, 

as seen in Figure 2.10. This process, however, does not happen in metallic tubes, because 

of the absence of a bandgap. 

Raman scattering spectroscopy, shown in Figure 2.11, is one of the most popular char-

acterization techniques for nanotubes. In this process, a material is excited with a photon, 

and energy is absorbed/emmitted by phonons (vibrationaVrotational modes) within the rna-

terial. After the recombination of the electron and hole, the resulting photon is red-shifted 

or blue-shifted from the original excitation energy, offering much information about the 

nanotubes. After a SWCNT is resonantly excited, several modes can be measured from the 

subsequent Raman spectra, like the radial breathing mode (RBM), G, D, and G' modes. The 
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Figure 2.10 : (a) PLE map from sample containing many chirality of tubes. (b)Shows 
spectral peak positions from the PLE map, with lines that show perceived patterns in the 
data [9]. 

RBM corresponds to radial expansion-contraction of the nanotube [45, 46] , which makes 

its frequency significant because it depends on the nanotube diameter dt (in nanometers) as 

1 223 
/RBM (em- ) = d; + 10. (2.35) 

The G mode corresponds to the planar vibrations of carbon atoms. Splitting of the G mode 

corresponds to vibrations along the axis of the tube (longitudinal optical) and along the 

circumferential (transverse optical) direction of the tube [2, 47]. The splitting pattern and 

intensity depend on the tube structure and excitation energy, and they can be used to esti-

mate the tube diameter and whether the tube is metallic or semiconducting. The D mode 

describes the out-of-plane stretch that breaks the cylindrical symmetry of the nanotube. 

This happens when defects or dopants are present in the nanotube structure, and thus, the 

appearance and size of the D band denotes the degree of purity of the measured SWCNT. 

Stokes and anti-Stokes scattering can be used to further characterize semiconducting nan-

otubes, where the S22 energy transition is blue-shifted for lm- ni mod 3 = 1 nanotubes 

and red-shifted for lm - ni mod 3 = 2 nanotubes, with increasing temperature. 
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Figure 2.11 : Typical Raman spectrum from HiPco nanotube sample obtained with excita
tion energy EL = 1.96 eV, illustrating the radial breathing, G, D, and G' modes, as well as 
the intermediate-frequency modes and iTOLA bands in the insets [10]. 
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Chapter3 

Theory of Nonlinear Optical Susceptibilities 

3.1 What is nonlinear optics? 

When light is incident on a material, the electric field component of light, transverse to 

the propagation direction, displaces the electrons present in the material. The electrons 

propagate back and forth around a positive charge creating a dipole moment in the mate

rial (Figure 3.1). This dipole moment per unit volume is known as the polarization. The 

polarization in the material can be described by the following relationship: 

P(t) xY)£(t) +xC2)£2(t) +xC3)£3 (t) + ... 

p(l)(t) +P(2)(t) +P(3)(t) + ... 

(3.1) 

(3.2) 

where X(l), xC2), and xC3) are the optical susceptibilities of the material system [11]. In the 

first term on the right hand side of the equation, the polarization in the material depends 

linearly on the strength of the applied electric field. Conventional, or linear, optics, is the 

study of p(l)(t) effects, like absorption, refraction, etc. as presented in the last chapter. 

At sufficiently high incident fields, the restoring force of the electron no longer re

sponds linearly with the applied electric field. The nonlinear polarizations are represented 

by pC2)(t) = xC2)£2(t) (second-order) and p(3)(t) = xC3)£3 (t) (third-order) in the above 

equation. These higher-order polarizations produce effects that are qualitatively different 

from those in conventional linear optics. These effects are explored in nonlinear optics. 
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E 

Figure 3.1 : An applied electric field induces a dipole moment in an atom. 

3.2 Second-Order Nonlinear Optical Properties 

The second term in Equation (3.2) describes second-order processes. Second-order non-

linear optical processes are only present in noncentrosymmetric crystals. Centrosymmetric 

crystals do not possess second-order properties due to its inversion symmetry. This con-

cept will be further explained in Section 3.4, when we develop the anharmonic oscillator 

problem for a noncentrosymmetric crystal. 

The electric field incident on a medium with two distinct frequency components, ro1 

and ffi2 , is represented by 

(3.3) 

where c.c. is the complex conjugate of the electric fields. When this field is incident on a 

medium with nonlinear susceptibility x (2) , the second-order nonlinear polarization is given 
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2ro 

Figure 3.2 : Energy level diagram of the second order nonlinear process SHG. The solid 
line represents the ground state, while the dashed line represents virtual states [11]. 

by 

(3.4) 

Each of these terms on the right side of Equation (3.5) corresponds to a second-order non-

linear process. The first two terms of the nonlinear polarization have frequency compo-

nents, 2ro1 and 2ffi2, at twice the frequencies of the input fundamentals. This process is 

called second harmonic generation (SHG), in which two photons of frequency ro are de-

stroyed to create a photon at twice the frequency, 2ro, shown in Figure 3.2. It should be 

noted that second harmonic generation can occur with an incident electric field composed 

of only one frequency component, E(t) = Ee- irot + c.c .. 

(3.6) 

(3.7) 

Other processes are also present in this nonlinear polarization, like sum frequency gener-

ation ( ro1 + ffil, SFG), in which a photon is created at a frequency equal to the sum of the 

input frequencies. Similarly, a photon can be created at frequency equal to the difference 
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a) b) 

Figure 3.3 : Illustration of second-order nonlinear processes (a) SFG and (b) DFG. Differ
ent colors represent the relative frequency of the incident and generated photons [ 11]. 

of the input frequencies (roi - ffil). This process is called difference frequency generation 

(DFG). The SFG and DFG processes are shown in Figures 3.3a and 3.3b, respectively. The 

last term refers to optical rectification, in which a static field, with no time component, is 

created within the medium. 

3.3 Third-order nonlinear optical processes 

Third-order nonlinear optical properties are present in all crystal types (lowest observable 

nonlinear process in centrosymmet~c crystals). Similar to the calculations presented in 

Section 3.2, the frequency components of these third-order nonlinear processes can be 

understood. If we consider an incident electric-field with three distinct electric field com-

ponents, co1, C02, and ffi3, represented by 

(3.8) 
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incident on a medium with nonlinear susceptibility x(3), the third-order nonlinear polariza

tion is given by 

p(3) (t) 

x(3) [Ef e-3iro1t + {other THG terms} 

+3EIEi E1e-iro1t + {other SA} 

+6E1EzE3' e-i(ro1 +Ol2-ro3)t + {other FWM terms}+ ... ]. 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

Similar to the second-order processes observed at high input intensities, third-order 

processes include harmonic generation and sum/difference frequency generation. During 

third harmonic generation (THG), three photons of the same frequency are destroyed to 

create a photon at three times the frequency of the incident fundamental beam (Figure 3.4 ). 

The third-order sum/difference frequency generation process is called four wave mixing 

(FWM), in which three waves of different frequencies mix (various combinations of created 

and destroyed input photons), to create a fourth wave whose frequency is equal to the 

sum and/or difference of the three input frequencies as shown in Figure 3.4a. It can be 

represented by the term 

(3.13) 

It can be seen from Equation (3.13) that the frequency terms must satisfy the frequency 

matching condition 

(3.14) 

If we assume all of waves to be plane waves of the form 

E(ro ) -A (r)E(ikq·r-rot) where q = 1 2 3 and 4 
q - q ' ' ' ' 

(3.15) 
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Figure 3.4 : Illustration of third-order nonlinear processes: (a) THG and (b) four wave 
mixing [11]. 

then we see that the third-order polarization is 

(3.16) 

and that the wavevectors must satisfy the phase matching criterion 

(3.17) 

All of the frequency and phase matching criteria must be satisfied in order for this process 

to take place. 

In the degenerate four wave mixing (DFWM) case, where all four waves share the same 

frequency (degenerate), and two of the waves (called pump waves) are counter propagating, 

satisfying the equation 

(3.18) 

Then it can be shown that the induced polarization from Equation (3.16) becomes 

(3.19) 

This term corresponds to an optical wave of complex amplitude, A 1A2A) , and wavevector, 

- k3, called the conjugate wave. This conjugate wave is identical to the incident wave 

everywhere, except for a reversed direction of propagation, and amplification in power, as 

shown in Figure 3.5. 
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Figure 3.5 : Illustration of the degenerate four-wave mixing process. (a) Energy diagram. 
(b) illustration of the DFWM process. Waves of frequency 001 and ffi2 act as pump waves. 
004 is called the conjugate wave of 003 [11]. 

Another term that arises when examining the third-order polarization is 

(3.20) 

From this equation, we see that there is a part of the nonlinear polarization that influences 

the propagation of the fundamental frequency oo1• This term describes the intensity depen-

dent index of refraction, n2. The index of refraction of any material is given by the equation 

below. 

(3.21) 

From Equation (3.20) we see that the effective (total) susceptibility for a material system is 

described by the relationship below 

(3.22) 

The susceptibility is related to the index of refraction by the equation 

(3.23) 

Thus, using Equations (3.21), (3.22), and (3.23) it can be shown that the intensity dependent 
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Figure 3.6 : In the nonlinear index of refraction process, the index of refraction depends on 
the intensity and causes self focusing [ 11]. 

index of refraction is defined by 

121t2 (3) 
n2=--x 

n2c 0 

(3.24) 

If we consider a general pulse shape, in which a beam is more intense at the center, we 

find that the index of refraction for a material is larger at the center of the beam, and thus, 

the material acts as a positive lens. The described process is called self focusing, seen in 

Figure 3.6. 

The imaginary part of this complex nonlinear index of refraction is used to describe 

intensity dependent (saturable) absorption, ~'in the equation below. 

~0 
~ = 1 +1/ls 

(3.25) 

3.4 Nonlinear Optical Susceptibility 

The most important quantity in Equation (3.2) that we have not thoroughly covered so far 

is the nonlinear susceptibility, X(n) . In general, X(n) is an (n+ 1)-th rank tensor representing 

both the polarization dependent nature of the optical interaction as well as the symmetries 

(or lack thereof) of the nonlinear material. 

In order to investigate the complexities of the nonlinear susceptibility we will use the 

model of a classic harmonic oscillator with an extra nonlinear restoring force term. Since 
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second harmonic processes only take place in materials who lack inversion symmetry, we 

will apply our anharmonic model to a noncentrosymmetric medium. 

The equation of motion for an electron in a noncentrosymmetric medium, which has a 

resonance frequency roo, excited by an intense electric field is given by 

a2x ax 2 , 1 eE(t) 
-+2y-+roox+ax-+b:r = ---
at2 at m 

where we assume that the damping force is given by 

ax 
Fctamping = 2my at 

(3.26) 

(3.27) 

and where a and b represent the strength of the second-order and third-order nonlinear 

contributions, respectively, to the restoring force, i.e., 

F. 2 2 b3 restoring = mO>QX +max + m X • (3.28) 

Here the restoring force is represented by a Taylor series expansion of the restoring force 

in displacement x. Only the first three terms contribute to the overall restoring force. 

This restoring force function corresponds to a potential energy of the form 

I 1 22 1 3 1 4 
U = - Frestoringdx = 2mO>o.x- + 3max + 4mbx . (3.29) 

From this relationship it can be seen that in the case of a centrosymmetric medium, where 

the potential must possess the symmetry U(x) = U( -x), all of the odd (second-order con-

tribution) terms in the potential would vanish. 

In the case of third harmonic generations the applied optical field only has one fre-

quency component, 

E(t) = E(ro)e-irot. (3.30) 

We express the displacement of the anharmonic oscillator as a perturbation series 

(3.31) 
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where a. is an expansion parameter that characterizes the strength of the perturbation. 

By substituting Equation (3.31) into the equation of motion, we get 

eE(t) 
m 

a2x(I) a2x(2) a2x(3) 
--ai2 + --ai2 + --ai2 

ax(I) ax(2) ax(3) 
+2"(--ar + 2"(--ar + 2"(---at 

+ro5,x(I) + ro5,x(2) + ro5x(3) 

+ 
only ax(1)2 and 2ax(llx(2) have £2 and £3 dependence, respectively 

+ b (x(I) +x(2) +x(3)) 3 

only bx(ll3 has £3 dependence 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

(3.36) 

Each term of the same power En must satisfy the above relation independently. By sorting 

out these terms on the left and right sides we get the following relations: 

(3.37) 

(3.38) 

(3.39) 

The x(I) contribution is modeled by the classical harmonic oscillator whose solution is 

(3.40) 

where 

(I)( ) _ -(eE/m) 
x (l) - D(ro) (3.41) 

and D(ro) = ro5- ro2 - 2iroy. Thus, it is seen that for an electron oscillating about a posi-

tive charge, the maximum displacement from equilibrium occurs when the incident electric 

field has a frequency ro =roo. Because we chose the incident electric field to only have one 
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frequency component, the only second-order processes that can take place are second har

monic generation and optical rectification. Let us look at the second harmonic generation 

case. Looking at the second-order equations of motion, we should choose a steady state 

solution of 

(3.42) 

where 

(2)(2 ) = -(eE/m)2 
x ro D(2ro)D2(ro)" (3.43) 

Similarly for the third harmonic case, the steady state solution should be 

(3.44) 

where 

(3) _ 2a2(eE/m? b(eE/m)3 

x ( 3ro) - D( 3ro )D( 2ro )D3 ( ro) + D( 3ro )D3 ( ro )" 
(3.45) 

As defined before, the linear susceptibility, X (1) ( ro), is defined as 

(3.46) 

and the linear contribution for the polarization of N atoms is given by 

(3.47) 

thus, it can be shown that 

(3.48) 

From this equation, we see that when we have an electric field with a frequency component 

that is equal to the resonant frequency within the material, we attain a very large value of 

the linear susceptibility. 

For the nonlinear susceptibilities given by SHG and THG, X(2)(2ro) and xC3)(3ro) are 

defined as 
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and the nonlinear contribution for the polarization of N atoms is given by 

(3.50) 

Thus, the nonlinear susceptibilities have the scalar form 

(3.51) 

and 

(3) 3ro - Ne4 ( 2a2 b ) 
X ( ) - m3 D(3ro)D(2ro)D3(ro) + D(3ro)D3(ro) 

(3.52) 

From Equations (3.51) and (3.52), we can see that these two susceptibilities attain a max

imum when the fundamental (ro), second (2ro) harmonic, or third harmonic (3ro) are on 

resonance with a transition within the material. 

3.5 Symmetries of the Nonlinear Susceptibility 

[48] 

It is also worth noting some of the symmetry properties of the nonlinear susceptibility. 

The third-order susceptibility for a four wave interaction, rop = rom +ron + ro0 , is defined as 

pi (rom +ron + roo) = L L xmz ( rop' rom' ron' roo) E (rom )E (ron )E (roo) 
jkl (mno) 

(3.53) 

Here x(3 ) is represented as a fourth-rank tensor with 3888 different tensor elements (24 

tensors, 81 cartesian components). This number becomes significantly smaller after using 

certain symmetry properties. 

1. Intrinsic Permutation Symmetry 

= x~]z ( rop; ron' rom, roo) 

= x~l/ rop; ron, roo, rom) 
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(3.54) 

The susceptibility is invariant under all permutations of the last 3 indices and fre

quency arguments. Both the indices and the frequencies must be changed simultane

ously. 

2. Full Permutation Symmetry 

xmz ( rop; Ol,n, ron, roo) = x);kz ( -Ol,n; -rop, rom, roo) 

= 'X~f/ -ron; Olm, -rop, roo) 

= xW2/ -roo; rom, ron, -rop), (3.55) 

The susceptibility is invariant under all permutations. This principle applies to non

resonant media, where all optical frequencies appearing in the formula for the sus

ceptibility are removed far from the transition frequencies of the medium. Both the 

indices and the frequencies must be changed simultaneously. When interchanging 

the first index with any of the latter 3 indices, then you must change the sign. 

3. K.lienman Symmetry 

'X~kt ( rop; rom' ron' roo) = 'X )~kz ( rop; Olm' ron' roo) 

= 'X~f/rop;rom,ron,roo) 

= xW2/ rop; rom, ron, roo), (3.56) 

In the lower frequency limit, under nonresonant conditions, the nonlinear susceptibil-

ity is invariant under permutations of the indices. This also holds true for harmonic 

generation where Olm = ron = roo = ro. 

4. Spatial Symmetry 

There are spatial symmetries that are given by point symmetry class of the medium. 

The point class for SWCNTs will be discussed in Chapter 6 of this thesis. 
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As described in Chapter 2, linear optical properties of SWCNTs have been extensively 

studied in the last two decades. However, their nonlinear optical properties largely remain 

unexplored, although some theoretical studies exist. In this chapter, some of the experimen-

tal and theoretical studies are reviewed, both on second-order (Section 4.1) and third-order 

(Sections 4.2 and 4.3) nonlinear optical processes in SWCNTs. 

4.1 Second-Order Nonlinear Optical Processes in Carbon Nanotubes 

Second-order processes within carbon nanotubes have not been thoroughly investigated, 

primarily because of the inversion symmetry of the zigzag (m = 0) and armchair (m = n) 

nanotubes along the nanotube axis. Chiral nanotubes do not possess intrinsic inversion 

symmetry, which suggests that x<2) should be finite, but there still have not been signif-

icant contributions to the study of its second-order processes. The co-existence of right-

handed and left-handed chiral SWCNTs with the same chirality indices (n,m) in macro

scopic SWCNT samples usually lead to cancellation of x<2) processes. 

However, Guo et al. theoretically investigated the features and magnitude of x<2) of chi

ral SWCNTs [12]. In this theoretical study, a local density approximation plus independent

particle approach was used for describing the electronic band structure and density of states, 

as well as linear and nonlinear optical susceptibilities. After deriving the second-order 
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nonlinear optical susceptibility, Guo et al. investigated second harmonic generation in five 

different types of carbon nanotubes as shown in Figure 4.1. This figure takes into consider

ation the 1D chiral symmetry of nanotubes, and thus, only two elements out of the eighteen 

elements of the second-order susceptibility tensor are nonzero. These two nonzero ele

ments are x1;l and x~;l. and their relationship is x1;l = -x~;l; thus, only x1;l is shown. 

From these calculations, Guo et al. showed that the absolute value of x(2) is expected to 

be ten times greater than that of GaAs, or 15 x w-5 esu when the photon energy is res

onant with an interband optical transition, illustrated in Figure 4.2. It can be seen from 

these figures that the absolute value of x(2) gets smaller as one moves from the (4,2) to 

the (1 0,5) nanotube. This is because as the diameter of these tubes becomes larger, the 

absolute value of x(2) approaches zero, or that of graphene. There have only been two 

experiments that have claimed to have observed second-order nonlinear optical processes 

in carbon nanotubes, both being second harmonic generation investigations [13, 20]. The 

difficulty in measuring second-order processes in SWCNTs comes from inversion sym

metry mentioned above. Not only do the armchair and zig-zag tubes possess inversion 

symmetry, but a sample with an ensemble of left and right-handed chiral tubes will have 

quasi-inversion symmetry. 

Suet al. experimentally measured resonant second harmonic generation from aligned 

SWCNTs [13]. The carbon nanotubes were grown by pyrolysis of tripropylamine (TPA) 

in the channels of the host single crystalline aluminophosphate (AFI) zeolite. Through Ra

man scattering, it was determined that only three types of nanotubes were present in the 

sample, (5,0), (3,3), and (4,2) nanotubes, all of diameter 0.4 nm. In order to see the second 

harmonic signal, the overall macroscopic symmetry had to be broken, and thus, there was 

an excess of either left or right-handed tubes present in the sample. Su et al. observed 

a resonant enhancement in the second harmonic signal at the expected En transition en-
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(10,5) 

0 1 6 

Figure 4.1 : Theoretical calculations of the real and imaginary second-order nonlinear 
susceptibility in chiral nanotubes [12]. 
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Figure 4.2 : Theoretical calculations of the absolute value of second-order nonlinear sus
ceptibility in chiral nanotubes, with measured values of GaAs (diamonds). When on reso
nance with the Eu transition, the absolute value is ten times that of GaAs [12]. 

ergy, measuring 2.1 x w-6 esu for the absolute value of x(2), which is in good agreement 

with the prediction by Guo et al. [12]. Polarization dependent measurements were also con-

ducted, to confirm that the theoretically predicted tensor elements were indeed contributing 

to the overall X(2) signal as shown in Figure 4.3. The theoretical fit shown in Figure 4.3 

calculates the second-order susceptibility, considering contributions from the ~f and X~~ 

tensor elements. A similar approach was used in our experiments to investigate the nonzero 

tensor elements of X(3) for SWCNTs (see Chapter 7). 
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Figure 4.3 : (a) Second harmonic generation produced from 800nm fundamental. (b) 
Power dependence of SHG relative to the input fundamental. Theta dependence of the (c) 
nanotubes with reference, reference, and (d) extracted nanotube contribution [13]. 

4.2 Third-Order Nonlinear Optical Processes in Carbon Nanotubes: 

Theoretical Studies 

The third-order susceptibility is the lowest-order nonlinear property that happens in all rna-

terials, including zig-zag and armchair SWCNTs. Theoretically, the third-order nonlinear 

optical properties ofnanotubes have been investigated by several groups [14,49-53]. These 

groups use different approaches for theoretically calculating the absolute value of x (3) ' for 

various nonlinear optical effects. 

Margulis et al. used the Ajiki-Ando [14] model to calculate the carbon nanotube band 

structure [54]. The effective-mass approximation used within this model has had success 

in explaining a number of important physical aspects of nanotubes. They then used the 

Genkin-Mednis [55] approach to calculate the complex third order nonlinear-optical sus

ceptibility, x (3), for several third-order polarization effects. This approach considers that 
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only the interband and a combined interband/intraband motion of electrons contribute to 

the nonlinear optical response. Through this approach, only the highest valence band and 

lowest conduction band contribute to the expression for x;(3) (two-band approximation). 

From these calculations they obtained relationships for third harmonic generation, nonlin-

ear index of refraction, two-photon absorption, and the DC optical Kerr effect in carbon 

nanotubes. 

From their calculation of x;(3), in the case of nonresonant third-order processes, the 

absolute value of x;(3) is given by 

(4.1) 

where 'Yo is the k · p interaction parameter, which is directly proportional to the transfer 

integral, "{between 1t states ("{o = ..;3yaj2, where a is the lattice constant of a graphene 

sheet). Using this equation it can be shown that a SWCNT whose diameter is 5.5A, has a 

nonresonant x;(3) equal to 3 x w-9 esu. It can also be seen that the x;(3) of the tube has a 

d'f dependence on the diameter of the tube, and thus, x;(3) should depend drastically on the 

size of the tube. This formulation must break down in the graphene limit (d1 ---+ oo), since 

x;(3) is not infinite for graphene. 

The results of the third harmonic generation calculations for the three different semi-

conducting nanotubes, (13, 0), (16, 0) and (19, 0), are presented in Figure 4.4. These calcu-

lated spectra demonstrate that the power of the third harmonic exhibits a large enhancement 

at the pump frequency which corresponds to one-third of the band-gap energy. The com

parison of the curves in Figure 4.4 also shows that the efficiency of the third harmonic 

generation can be considerably increased by varying the diameter of the nanotubes. Thus, 

for the ( 19, 0) nanotube, d1 = 1.488 nm and Eg = 0.58 e V, the magnitude of x?kG under the 

three-photon resonance conditions achieves the value 1.29 x w-6 esu, which is two orders 

of magnitude larger than that under nonresonant conditions. 
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Figure 4.4 : Theoretical calculations of the absolute value of third order nonlinear suscep
tibility, for (a) THG and (b) optical Kerr effect in nanotubes [14]. 

The calculations of both the intensity-dependent index of refraction and the two-photon 

absorption show that the nonlinear refractive index as large as 2 x 108 cm2w-1 can be 

achieved in a region where the two-photon absorption is small, as shown in Figure 4.5. 

Thus, SWCNTs are of interest for utilizing them in a variety of ultrafast-frequency-conversion 

devices based on third-order processes. For all of these effects, x(3) is significantly en-

hanced under on-resonance conditions. From these calculations, Margulis et al. reported 

an absolute value on the order of w-8 to w-6 esu for x(3) in carbon nanotubes, depending 

on whether the incident light is nonresonant or resonant, respectively (n2::::::: w-8 cm2/W 

for the nonlinear refractive index, and ~ ::::::: 1 o-5 cm!W for the two-photon absorption coef-

ficient). 
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Figure 4.5: Theoretical calculations of the (a) nonlinear index of refraction and (b) the two 
photon absorption coefficient [14]. 

4.3 Third-Order Nonlinear Optical Processes in Carbon Nanotubes: 

Experimental Studies 

Several groups have observed third-order nonlinear optical properties from carbon nan-

otubes [16--20, 56-69]. The optical limiting properties are of particularly great interest, 

because of their potential applications [ 16, 17, 56-60]. Vivien et al. used the z-scan method 

to measure the optical limiting properties of carbon nanotubes, specifically the nonlinear 

refractive index and the nonlinear absorption of the material [16]. By moving the sam-

ple along the propagation z-direction of a focused Gaussian beam, the focal spot position 

and far field intensity of the Gaussian beam can change (Figure 4.6). In the far field, if 

a small aperture is placed before the detector, the intensity measured at the detector can 

change due to the change in focal spot position, caused by the nonlinear index of refraction 

(which leads to self-focusing of the Gaussian beam). By measuring this change in inten-

sity, a value for the nonlinear index of refraction, n2, can be found. If an open aperture is 

placed at the entrance to the detector, an intensity variation can be observed in the far field. 
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Figure 4.6 : Z-scan schematic for experimentally measuring the nonlinear index of refrac
tion, and nonlinear absorption [15]. 

This change in intensity is due to nonlinear scattering and absorption, ~. As mentioned 

before, the absolute value of x<3) can be calculated from ~ (.Sx<3)) and n2 (9tx<3)). In Fig-

ure 4.7, Vivien measured the z-scan transmittance for low/high powers and for closed/open 

apertures. Experimentally, values of n2 ~ -10-12 cm2/W and ~ ~ 5 x w-8 crn!W were ob

tained. These values correspond to x<3) ~ w-10 esu, which is an order of magnitude lower 

than the predicted nonresonant value presented in Margulis et al.'s theory [14]. Through 

similar techniques, other experimentally measured values of x<3) have been on the order of 

w-10 - w- 12 esu in the nonresonant configuration [56, 57]. 

In an experiment by Tatsuura et al., the measured nonlinear absorption was resonantly 

enhanced by the transitions with energies equal to the bandgap [17]. This transition is 

represented as a peak in the SWCNT absorption spectrum (Figure 4.8a, solid line). The 

nonlinear absorption was measured via the z-scan method, where the incident pump energy 

was 0.94 eV, which is resonant with the linear absorption peak (Figure 4.8b). The calculated 

x<3) was found to be 8.5 x w-6 esu, which was two orders of magnitude larger than that of 
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Figure 4.7 : Z scan measurements at different input energies for (a) 532 nm, large aper
ture; (b) 532 nm, small aperture; (c) 1064 nm, large aperture; and (d) 1064 nm, small 
aperture [16]. 
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Figure 4.8 : (a) Absorption (solid line) and index of refraction (dashed line) of the spray 
coated SWCNT film. (b) Normalized transmittance of the of the resonant fundamental 
pump [17]. 

the measured nonresonant values, as predicted by Margulis et al. [14]. 

Another third-order process that has been researched by a few groups has been four 

wave mixing (FWM) in SWCNTs [18, 68, 69]. Kim et al. used a specific type of FWM 

process called coherent anti-Stokes scattering (CAS) microscopy [18]. In this technique, 

an ultrafast pump (Olpump) and Stokes (IDs) pulse pair excited the SWCNT, and radiation 

was detected at the anti-Stokes frequency (IDas = 20lpump- IDs)· The strength of the mea

sured signal changed with the temporal overlap of the pump and Stokes pulse, and with the 

resonant position of the pump. The intensity of the measured coherent anti-Stokes signal 

also changed with the orientation of the carbon nanotube axis, relative to the polarization 

of the pump, showing a cos6 <1> dependence, shown in Figure 4.9, which could lend some 

insight into the nonzero tensor elements of x(3). 

Another experimental study, done on four wave mixing, by Lui et al., suggests that 
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Figure 4.9 : (a) Schematic of fourwave mixing experiment; (b) Orientation dependence of 
the coherent anti-stokes signal [18]. 

there are other nonzero x (3) tensor elements that contribute to the overall X(3) [64]. The 

paper demonstrates through measurements that not only does the dominant xillz (all of the 

incident electric fields are polarized along the direction of conjugation, z) tensor component 

contribute to the overall x(3) signal, but there is some contribution from weaker tensor 

components. In the nonresonant case, these weaker tensor components are measured to 

have "'1/3 of the intensity of the dominant tensor component. 

There have only been two experiments reported for third harmonic generation in carbon 

nanotubes: 

Stanciu et al. observed third harmonic generation in multi-wall carbon nanotube films 

(deposited by drying ethanol suspensions on silicon substrates), which was spectrally re-

solved by a monochromator at the expected third harmonic wavelength [19]. The intensity 

of the third harmonic, however, did not obey the critical power dependence that third-order 

processes have with the fundamental intensity, hro =I~ (Figure 4.1 0). Thus, only qualita-
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ld1 

Figure 4.10: Intensity dependence of the measured third harmonic signal versus the inci
dent fundamental, where the the power, p, in the relationship hro oc !fro is given. Bending 
in this data suggests that saturation of the third harmonic signal is possible [19]. 

tive data was given on the observation of the third harmonic. 

Dominicis et al. also performed a third harmonic generation experiment on SWCNTs 

prepared via a catalyst-free method [20], and presented some power dependence data, as 

seen in Figure 4.11. The third harmonic observed in this paper was performed under reso

nant conditions, but the absolute value of xC3) was not quoted. 

Thus, there have not been any studies that experimentally measure the absolute value 

of xC3) for carbon nanotubes via third harmonic generation in any wavelength range. There 

have also not been any investigations into the relevant xC3) tensor elements that contribute 

to the overall xC3) signal. 
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Figure 4.11 : (a) Spectrally resolved resonantly enhanced third harmonic signal (Arund = 
1064 nm). (b) The yield of the third harmonic as a function of the fundamental [20]. 
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Chapter 5 

Experimental Procedure 

5.1 Highly Aligned SWCNT Sample Preparation and Characteriza

tion 

There are many types of carbon nanotube samples that are used for optical experiments. 

Researchers have used solutions, films, as well as individual nanotubes for measurements, 

all of which have their advantages and disadvantages. In this work, we use highly aligned 

SWCNT films on sapphire. The highly aligned carbon nanotube carpets are grown via 

placing a catalyst-lined substrate in a chemical vapor deposition reactor [21]. The lines of 

catalysts are separated by a distance of 50 )liD, and the self-supporting carbon nanotubes are 

grown vertically to a height specified by growth time, as shown in Figure 5 .1. The vertically 

aligned carpet is then separated from the catalyst substrate via a wet or dry etching process, 

to break the Fe-C bonds. Once the SWCNTs have been lifted, they easily adhere to any 

substrate surface, creating a horizontally aligned film of SWCNTs with little to zero overlap 

with the adjacent rows, depending on the initial growth height, as shown in Figure 5.1. 

The SWCNTs in the samples are highly aligned, as shown in Figure 5.2, where the 

highly aligned nanotube film acts as a perfect polarizer for terahertz light [22, 23]. In this 

experiment, linearly polarized terahertz radiation is incident on the highly aligned SWCNT 

film. When the film is aligned perpendicular to the polarization of the terahertz radiation, 

there is zero absorption from the film. However, when the SWCNTs are parallel to the 

terahertz polarization, the absorption is finite and large, demonstrating a large absorption 
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Figure 5.1 : (a) SEM image of vertically aligned SWCNT carpets; (b) SEM image of 
horizontally aligned SWCNT film after transfer to substrate. Sample shows minimal over
lap [21]. 
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Figure 5.2: Terahertz absorption anisotropy for highly aligned SWCNT film on sapphire. 
The figure on the left shows the absorption versus carbon nanotube angle. When the nan
otubes are aligned parallel to the incident terahertz radiation, the absorption is finite. There 
is no absorption when the nanotube axis is perpendicular to the incident electric field [22]. 
The figure on the right shows the extinction ratio of single, double, and triple-layer SWCNT 
films [23]. 

anisotropy from the highly aligned film. 
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5.2 Experimental Setup for Harmonic Generation 

5.2.1 Overview 

In these experiments harmonic generation in samples with highly aligned SWCNTs was 

measured. The spectra of the harmonic signal were measured with a detector at the exit of 

a monochromator, and the orientation dependence of this harmonic signal was also mea

sured, relative to a linearly polarized fundamental. A schematic of the experimental setup 

is shown in Figure 5.3. Intense mid-infrared light pulses with a pulse-width of 300 fsec and 

a repetition rate of 1 kHz, from a Ti:Sapphire-pumped optical parametric amplifier (OPA), 

served as the fundamental source. This mid-infrared light passed through a series of long

pass filters to remove any unwanted light from the OPA. Most of the light passed through a 

1-mm thick CaF2 window, which served as a beam splitter (97:3), and was incident on the 

sample. The small portion of reflected light served as a reference. The harmonic signal, 

generated in the sample, passed through a linear polarizer to measure the third harmonic 

signal parallel and perpendicular to the incident fundamental field. The linearly polarized 

third harmonic passed through a monochromator, which served as a filter that only passed 

the third harmonic signal. The signal was measured with a photomultiplier tube (PMT). 

The sample was mounted on a rotational mount for orientation dependent measurements. 

5.2.2 Chirped Pulse Amplifier and Optical Parametric Amplifier 

Light at the fundamental frequency was produced from a Quantronix Optical Parametric 

Amplifier, which was pumped by a Clark-MXR Chirped Pulse Amplifier (CPA). The CPA 

is made up of three different lasers. First, you have the seed laser pulse. The seed laser 

pulse is a low intensity, short pulse that is emitted from an oscillator laser. The seed pulse is 

then stretched (chirped) using a pair of gratings and sent through an optically pumped gain 
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medium (Ti:Sapphire ). The second laser is a high power Q-switched neodymium-doped 

yttrium aluminium garnet (Nd:YAG) laser, whose frequency (A = 1064 nm) is doubled 

using a Lithium Triborate (LBO) crystal. This laser pumps the gain medium. The stretched 

seed laser pulse oscillates back and forth through the gain medium, within the regenerative 

amplifier cavity, creating an intense pulse. Lastly, this stretched pulse is compressed using a 

pair of gratings, to create ultra-intense ( 1 mJ/pulse ), ultra-short ('"'"' 150 fsec) pulses (Figure 

5.4). 

The CPA pumps the optical parametric amplifier (OPA). This pump photon passes 

through a crystal and is divided into two photons, through a second-order nonlinear op-

tical process called optical parametric generation. The OPA uses a barium borate (BBO) 
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Figure 5.4 : Schematic of a chirped pulse amplifier. A low-intensity, short pulse is 
stretched, amplified, and compressed into a high-intensity, ultra-short pulse [24]. 

crystal, to create two pulses (signal and idler) whose sum total photon energy is equal to 

the energy of the pump. By changing the orientation or temperature of the crystal, the sig-

nal and idler wavelengths become widely tunable over a range from 1.2 to 2. 7 pm. These 

beams again pass through the optically pumped crystal and are amplified. The signal and 

idler pulses are then propagated through a selection of nonlinear mixer crystals, which 

make the OPA source widely tunable over 0.3pm to 20pm, with pulse energies ranging 

from 1 pJ to 100 pJ, and pulse width of ~ 300 fsec. 
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5.2.3 Detectors 

To measure the intensity of the generated harmonic signal, a Hamamatsu R928 photomulti

plier tube (PMT) was used. The optimal detectivity range for this detector is 185 to 900 nm, 

dependent on the ability of the incident photon to eject an electron from the photocathode 

material (photoelectric effect is more efficient with high energy photons in the ultraviolet, 

visible, and near-infrared). Thus, this detector would not see any scattered signal or idler 

fundamental (1.2 to 2.7 pm). The ejected electrons are directed by the focusing electrode 

toward the electron multiplier, where electrons are multiplied by the process of secondary 

emission. In this secondary emission process, one ejected electron at the cathode can tum 

into millions by the time it reaches the anode, resulting in a sharp current pulse, which 

makes it possible to count a single photon using this system. 

To measure the intensity of the fundamental, a liquid nitrogen cooled mercury cadmium 

telluride (MCT) detector was used, whose optimum detectivity range is from 1.5 to 12 pm. 

The detection range of this photovoltaic device is dependent on the bandgap of the material. 

In this detector, when a photon is incident on the active material, an electron is excited 

across the bandgap, leaving a hole. The holes move toward the anode, and electrons toward 

the cathode, and a photocurrent is produced. Because more photons are necessary to create 

this photocurrent, this detector tends to be much less sensitive than the PMT, but it does 

allow for detection in the visible, near and mid-infrared regions. 

5.2.4 Lock-in Amplifier 

Both the third harmonic and reference signals were measured using a lock-in amplifier. 

The lock-in amplifier takes the input signal and multiplies it by the reference signal (TTL 

signal from CPA), both of the same frequency and integrated over a time longer than the 

frequency, delivering an averaged DC signal (slowly varying AC signal). If the signal is out 
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of phase with the reference, then that can also be determined using the lock-in amplifier. 

Any component (noise) that is not of the same frequency as the signal has an average value 

of zero, allowing for an excellent signal to noise ratio, when using a lock-in. 

5.2.5 Filters 

A series of ZnSe plates oriented at Brewster's angle served as the filter for the vertically 

polarized signal and horizontally polarized idler exiting the OPA. The Fresnel equations 

predict that light with the p polarization (electric field polarized in the same plane as the 

incident ray and the surface normal) will not be reflected if the angle of incidence is SB = 

tan- 1 (n2/n1), where 88 is the Brewster angle and n1 and n2 are the indices of air and ZnSe, 

respectively. Thus, by using this crystal, separation of the signal and idler is possible. 

A 1500 nm long-pass filter was used to filter out any of the signal or pump (775 nm) 

wavelengths. A silicon substrate (E8 = 1.11 e V ::::} 'A = 1117 nm) was used to filter out any 

of the remaining pump (the PMT is very sensitive to the pump wavelength). 

A variable neutral density filter was used to vary the power of the incident fundamental 

radiation for the power dependence measurements. This filter was made of a fused sil

ica glass substrate, with a reflective, metal (lnconel) coating, allowing for variable optical 

density from 0 to 4. 

The Acton SP2150 monochromator served as a bandpass filter for the third harmonic 

signal. Light incident on a grating, whose groove separation is d, will have constructive 

interference maxima at d sin Smax = m'A, where m is an integer. Thus, if there is a slit small 

enough to only pass light at a certain angle, then only certain wavelengths, specifically the 

third harmonic signal, will pass through the monochromator. 
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Figure 5.5 : Relation between the reference signal measured with the MCT detector and 
the power incident on the sample, measured with the power meter. 

5.2.6 Calibration of the Fundamental 

A small fraction of the fundamental was reflected using a CaF2 window (97% transmission) 

to measure the relative intensity of the fundamental incident on the sample. This power was 

reduced further with neutral density filters so that we would not saturate our MCT detector. 

We calibrated the MCT by comparing the intensity (in volts on the lock-in amplifier) read 

by the MCT to the power at the sample, measured by a power meter. The calibration at 

2100 nm is shown in Figure 5.5 

5.2. 7 Rotational Mount for Orientation Dependent Measurements 

The sample was placed on a rotational mount for the THG experiment. Data was taken 

at normal incidence, as we rotate the sample through an angle, <j>, starting from a position 

where the horizontally polarized fundamental is parallel to the SWCNT axis, as shown in 

Figure 5.6. 
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Figure 5.6: Normal incidence view of a horizontally polarized fundamental incident on the 
sample, for third harmonic generation from highly aligned SWCNTs on sapphire. 
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Chapter6 

Experimental Results and Discussion 1: Power Dependence 
of Third Harmonic Generation 

Currently, there is a significant demand for thin-film nonlinear optical materials, which 

can be easily integrated into opto-electronic devices. Through theoretical and experimental 

findings, it has been pointed out that SWCNTs have a strong nonlinear third-order optical 

susceptibility, x(3), as reviewed in Chapter 5. Thus, it is of great interest to us accurately 

determine the nonlinear susceptibility x(3) of SWCNTs. 

6.1 Derivation of the Third Harmonic Generation Efficiency 

Here, we derive the third harmonic generation efficiency based on standard theory of non-

linear optics [11, 70, 71]. We start with Maxwell's equations (in CGS units) to describe the 

generation of the third harmonic frequency component as the fundamental travels through 

the material: 

V·D=41tp 

v .jj = 0 

~ ~ 1 ai1 
VxE=--

c dt 
~ ~ 1 av 41t ~ 
VxH=---+-J. 

c dt c 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

Let us consider a region with no free charges (p = 0), and no free currents (f = 0). Let us 

also consider that the material is nonmagnetic (B =H), so that Maxwell's equations reduce 



to 

V·D=O 

v .jj = 0 

_, _, 1 aii 
VxE=--

c at 
_, _, tav 
VxB=--

c at 
If we take the curl of Equation (6.7), then we get 

_, _, _, ta_, _, 1 a2 _, 
V x V xE = ---VxB= ---D. cat c2 at2 

Here, D is related to E as 

and thus, Equation (6.9) becomes 

_, _, _, 1 a2 _, 41t a2 _, 
Vx V x£+2-a 2E= -2-a 2P. c t c t 
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(6.5) 

(6.6) 

(6.7) 

(6.8) 

(6.9) 

(6.10) 

(6.11) 

Using the identity v X v X E = V(V ·E)-V2E, we get the electromagnetic wave equation 

_, 2 _, 1 a2 _, 41t a2 _, 
V E + c2 at2 E = - c2 at2 P. (6.12) 

Note that the electromagnetic wave equation (6.12) is valid for both linear and nonlinear 

interactions. 

If we recall from Section 3.1 

x(t) £ +x(2) £2 +x(3) £3 + ... 

- j>(l) + p(2) + p(3) + ... , 

(6.13) 

(6.14) 

we can seperate our polarization into its linear and nonlinear parts. Thus, the wave equation 

becomes 

(6.15) 
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where f'NL = Jl(2) + p(3) + .... If xC3) E3 is the significant nonlinear source term, then the 

nonlinear wave equation becomes 

(6.16) 

where n00 is the index of refraction of the fundamental. From this wave equation, we can 

predict the efficiency of the third harmonic generation process. We assume that the total 

field is a plane wave propagating in the z direction and has the form 

E(z,t) = ~ [Aro(z)e-i(cot-kcoz) +A3ro(z)e-i(3cot-k3coz) +c.c.J (6.17) 

where A00 is the amplitude of the propagating fundamental field, and the propogation con

stants are given by k00 = ron00 / c and k2ro = 2ron2ro/ c, where n00 and n2ro are the refractive 

index for the fundamental and second harmonic, respectively. By substituting the total field 

into the wave equation and equating terms of the same frequency, we get the following cou-

pled wave equations 

. aAro 41tro2 3 ( ) *2 iMz 2zkro-a = - 2-x ro, 3ro, -ro, -ro A3roAro e 
z c 

(6.18) 

. aA3ro _ 41t(3ro )2 3 3 -illkz 
2zk3ro_a_ - 2 X (3ro, ro, ro, ro )A00e , 

z c 
(6.19) 

where Ilk = k300 - 3k00 is the phase mismatch between the third harmonic and the funda-

mental. Equations (6.19) and (6.19) can be rewritten as 

dAro - 31tiro (3)A A *2 illkz -- - --x 3(J)C1 e 
dz n00c 00 

dA3ro - 31tiro (3)A3 -illkz - X roe . 
dz n3roc 

If we consider the incident field to be constant during the interaction, then 

dAro = O 
dz · 

(6.20) 

(6.21) 

(6.22) 
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The solution for A300 a medium that extends from z = 0 to z = L is given by 

(6.23) 

i.e., the amplitude of the third harmonic field is given by 

A ( ) = 31tCOA3 (3) 1 - e-illkL 
~z roX AL • 

n3roC UA 
(6.24) 

The intensity of the third harmonic wave is given by the magnitude of the time-averaged 

Poynting vector, which is given by 

1 - n3roC JA 12 
3ro - """"81t 3ro (6.25) 

Thus, we obtain 

(6.26) 

where /00 = ~ JA00 J2 is the intensity of the fundamental wave. From this equation we can 

see that the third harmonic intensity is a symmetric function about Ak = 0 with a maximum 

at Ak = 0, as shown in Figure 6.1. In the case where the fundamental and third harmonic 

are perfectly phase matched (Ak = 0) or quasi-phase matched (AkL/2 << 1t/2), the third 

harmonic intensity increases quadratically with the length of the sample, L (Figure 6.2). 

However, in the case where the third harmonic and fundamental are phase mismatched, 

the third harmonic appears in the form of damped oscillations when traveling through the 

length of the sample. Equation (6.26) has been used to calculate the absolute value of x(3) 

for several materials via third harmonic generation. 

6.2 Experimental Results 

In order to ensure that the only produced harmonic is indeed coming from the SWCNT 

film, a substrate with relatively low x(2) and x(3) is needed [72]. Thus, measurements from 
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Figure 6.1 : The normalized third harmonic intensity as a function of wave vector mis

match. This intensity symmetric function around ~k = 0, sinc2 (~kL/2) = si(~~~{;), and 

has relative maximum and minimum values at areas when the third harmonic are com
pletely in phase or completely out of phase, respectively. 
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Figure 6.2 : The normalized third harmonic intensity as a function of distance for a medium 
of length L, for several values of phase mismatch, ~k. When completely phase matched, the 
third harmonic intensity proportional to the square of the distance traveled in the sample. At 
finite values of the phase mismatch, we can see that the third harmonic intensity oscillates 
as a function of interaction length. 
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Figure 6.3 : (a) Generated third harmonic from highly aligned SWCNTs on sapphire and 
(b) its fundamental. The SWCNTs are aligned parallel to the incident fundamental and the 
induced THG is polarized parallel to the fundamental. 

a sample of highly aligned SWCNTs on sapphire was used (X(2) = 0, x(3) = 2.2 esu [73]). 

Figure 6.3 shows a spectrally resolved third harmonic signal and its fundamental generated 

from our SWCNT sample. Changing the fundamental input wavelength caused a subse-

quent shift in the third harmonic signal, as shown in Figure 6.4, which confirms that we are 

indeed measuring a third harmonic signal. We also did not observe any third harmonic sig-

nal from the bulk sapphire substrate, and thus, the total measured signal can be attributed 

to the nanotube film. Figure 6.5 shows the power dependence for the SWCNT sample on 

a log/log plot. We can see that the third harmonic signal has a cubic power dependence 

with the fundamental. At lower powers, our signal was lost in the dark noise of the PMT 

as shown by the the deviation away from the fitting line. 

In a separate experiment, we investigated the power dependence of the third harmonic 

signal in our SWCNT film at higher incident fields. To perform this experiment, we reduced 
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Figure 6.4 : Shift in third harmonic signal due to a shift in the fundamental from 2.1 to 
1.5 ,urn. The SWCNTs are aligned parallel to the incident fundamental and the induced 
THG is polarized parallel to the fundamental. 
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Figure 6.5 : Power dependence of the 700 nm third harmonic versus the 21 OOnm funda
mental for the 2 ,urn thick highly-aligned SWCNTs sample. Third harmonic shows cubic 
power dependence with the incident fundamental, as shown by the slope of the log/log plot. 
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+ Experimental Data 
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Figure 6.6: Power dependence of the third harmonic versus the fundamental for the 2pm 
thick highly-aligned SWCNTs sample, at high incident fields. The third harmonic begins 
to saturate at a fundamental fluence of 1.8 x 10- 4 J/cm2. 

voltage applied to the PMT detector, which the sensitivity, so that it would not be damaged. 

Figure 6.6 shows a saturation of the third harmonic signal at higher incident fields. If we 

use Figure 5.5 to calibrate our MCT with the power at the sample, we find that the third 

harmonic intensity begins to saturate at a fluence 1.8 x 10- 4 J/cm2 or peak intensity of 5.9 x 

108 W/cm2 (fundamental: repetition rate 1 kHz; focal spot size = 1t(50jlffi)2 ; saturation 

average power= 14pW; pulse width= 300fsec). 

To determine the absolute value of x (3) for carbon nanotubes, we compared the relative 

value of the third harmonic produced by the SWCNT sample to that of a fused silica film, 

whose x (3) value is known [74]. The power dependence for the third harmonic signal 

produced by the fused silica substrate is shown in Figure 6. 7. Our data shows excellent 

power dependence, scaling with the cube of the fundamental. 
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Figure 6.7 : Power dependence of the 700nm third harmonic versus the 2100nm funda
mental for the 26.5 ,urn thick fused silica reference sample. Third harmonic shows cubic 
power dependence with the incident fundamental, as shown by the slope of the log/log 
plot. 

6.3 Determination of the Third-Order Susceptibility 

The absolute value of x (3) for the highly aligned carbon nanotube sample can be calculated 

by comparing our third harmonic intensity to the intensity of a reference material with 

known x (3) . From Section 6.1, we learned that the third harmonic intensity is dependent 

on the thickness of the sample and the phase mismatch between the third harmonic and the 

pump fields. Before determining x (3) we made sure that the signal that we are measuring 

from the fused silica reference is within the coherent length. The coherence length of a 

material can be calculated by taking the inverse of the phase mismatch in reciprocal space 

via the equation 

n n 'A 
Lc= -= =----

fl.k l3kw - kro I 31 nro - n3w I 
(6.27) 
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Figure 6.8 : Index of refraction for fused silica given by the Sellmeier equation Equation 
(6.28), with coefficients B1 = 0.69617, B2 = 0.40794, B3 = 0.89748, C1 = 4.67914826 x 
w-3 )l1D2, c2 = 1.35121 X w-2 ,um2, c3 = 97.934)l1D2 [25]. The Sellmeier equation devi
ates from the actual refractive index by less than 5 x 1 o-6 over the wavelengths range of 
365 nm to 2.3 Jl1D 

The index of refraction for fused silica is given by the Sellmeier equation, which gives the 

index of refraction versus wavelength for a transparent material, given by 

(6.28) 

B1,2,3 and C1,2,3 are experimentally determined Sellmeier coefficients, based on absorption 

resonances of B; at a wavelength v'Cf, where B1 = 0.69617, B2 = 0.40794, B3 = 0.89748, 

cl = 4.67914826 X w-3 )l1D2, c2 = 1.35121 X w-2 ,um2, c3 = 97.934)l1D2 [25]. Plots for 

the index of refraction and subsequent coherence length for fused silica are shown in Fig-

ures 6.8 and 6.9, respectively. From the index of refraction, we can see that the third 

harmonic and the fundamental waves propagating through our sample will be phase mis

matched, and that the optimal wavelength for which the fundamental and its third harmonic 

have the least phase mismatch occurs at A. ~ 2100 nm, and thus, this is the fundamental 



65 

- 20 
E 

Fused Silica :::i. -.J:: 15 ...... 
C) 
c: 
Q) 

...J 10 
Q) 
(.) 
c: 
~ 5 
Q) 

.J:: 
0 
(.) 

0 
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

Wavelength (~m) 

Figure 6.9 : Coherence length of fused silica for a given fundamental wavelength, based on 
the phase mismatch between the fundamental and its third harmonic. Coherence length is 
the length at which the third harmonic and fundamental are in phase. 

wavelength that we chose for our experiment. The coherence length at 2100 nm is 17 Jlffi. 

We should choose a reference thickness on the order of one coherence length. 

Another important consideration is to make sure that the sample thickness is within the 

group velocity walk-off length of the fundamental and third harmonic. The group velocity 

walk-off length for the third harmonic and fundamental is given by 

Vco + V3co 
Lwo = (vco- V3co)t = 2 't (6.29) 

where 't is the width of the fundamental pulse and the group velocities Vco and V3co are 

defined as 

aroi c 
Vg = - = an . (6.30) ak n+A.q~ 

The walk-off length of the fundamental and the third harmonic is shown in Figure 6.10. 

The maximum group walk-off is approximately 40 Jlffi. 

Using Fourier transform infrared spectroscopy (FTIR) we measured the actual thickness 
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Figure 6.10 : Walk -off length versus the incident fundamental wavelength for fused silica. 
Walk-off length is the length at which the fundamental and its third harmonic are no longer 
interacting. 

of the fused silica reference. The oscillations that occur in the fused silica reference are 

called Fabry-Perot fringes, caused by multiple reflections off of the faces of the fused silica 

substrate (Figure 6.11 ). The thickness of the fused silica sample is calculated from 

(6.31) 

where Av is the frequency of the oscillations (Hz), and vis the speed of light inside of 

the material. Thus, from Figure 6.11, the thickness of the fused silica reference is 26.5 J.liT1 

(121 cm-1, 7.25 x 1012 Hz), which is within the calculated walk-off length and on an order 

of the coherence length. Figure 6.12 shows the calculated normalized third harmonic signal 

in fused silica versus sample thickness from Equation (6.26). Fringes appear as a result of 

the phase mismatch between the fundamental and third harmonic. As you can see, there is 

a maximum in the third harmonic signal at Lc = 17 J.liD. This difference between the third 

harmonic signal at the peak (Lc = 17 J.liD) and the third harmonic signal at 25 J.liT1 was taken 
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Figure 6.11 : Transmission of the near IRradiation through a thin fused silica film measured 
with the FfiR. Oscillations occur from constructive and destructive interference of the 
incident radiation caused by multiple reflections within the thin film. 

into account, when calculating the absolute value of :x(3) for the SWCNTs, as shown below. 

The sample thickness was determined using vertical scanning interferometry, as shown 

in Figure 6.13. From this figure, we saw that the thickness of the SWCNT film varied 

from 1. 7 J.liTl in areas where two adjacent rows overlap to 1.5 pm in areas where there is no 

overlap. From this information, we used a thickness of 1.6 J.liTl in our determination of :x(3). 

In order to calculate the third harmonic for both samples, we used Equation (6.26). 

Because the SWCNT film is made of mostly air, we assume the index of refraction to be 1 

for both the fundamental and third harmonic frequencies, and thus, the phase mismatch for 

the third harmonic and fundamental was zero. 

5767t51 (3) 12 3 2 
hro,CNT = A.~c2 XcNT lro,CNTLCNT (6.32) 
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Figure 6.13 : The left figure is a vertical scanning interferometry image of the highly
aligned SWCNT sample thickness. The figure on the right shows the cross section taken 
along the white line in the figure on the left. 
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and for the fused silica reference, we find that 

(6.33) 

Thus, if we take the ratio of the third order susceptibilities, we get 

/Jc.o,CNT LeNT 
hc.o,FS Lpssinc(AkLps/2) 

(6.34) 

Finally, if we solve the equation for xgkr, we get 

13 
c.o,FS X(3) 

]3 FS 
c.o,CNT 

/Jc.o,CNT LeNT 
hc.o,Fs Lpssinc(AkLps/2) · 

(6.35) 

Because each of the plots (Figure 6.5 and Figure 6. 7) can be fit with a power function, 

(6.36) 

we compare the coefficients, A, to calculate the value of :x(3) for the SWCNT film, using 

the relationship 

AcNT _ 13c.o,CNT !~c.o,Fs . (6.37) 
AFS hc.o,FS ]3c.oCNT 

' 
By inserting all of our known quantities into Equation (6.35) we find that the absolute value 

of X(3) for the film is 5.53 X 10-12 esu. 

6.4 Discussion 

The thicknesses of the sample and reference are very crucial to the magnitude of the third

order susceptibility. Thus far, we have assumed that the macroscopic thickness of the 

highly-aligned SWCNT sample to be approximately 1.6,um, but the actual thickness should 

be much smaller. The carbon density of our film was measured to be 60mg/cm3 [26]. As 

you can see from the lack of sharp peaks in the absorption spectra of our samples, we 
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have a large diameter distribution. Our carbon nanotube diameters range from 2 to 6 nm 

in our film. Using the diameter distribution of carbon nanotubes in our film, shown in 

Figure 6.14b, we find that the average diameter of the tubes in our sample is 2.5 nm. By 

calculating the carbon density for the (19,19) carbon nanotube (dt = 3 nm) in a densely 

packed hexagonal lattice (860mg/cm3), we found that the carbon density of our film cor

responds to a 7 percent filling factor in a crystal with hexagonal packing. This is illustrated 

in Figure 6.15, where seven carbon nanotubes, shown in red, occupy a unit in a 100 space 

array. If we normalize the measured film thickness to that of a fully dense SWCNT film, 

we find that the effective thickness of our sample is 112 nm. This value is over one order of 

magnitude smaller than our previously used thickness. Thus, it is possible that the x(3) for 

the highly-aligned SWCNT film could be as much as an order of magnitude higher than the 

value we presented in the last section (5.53 x 10-12 esu). Given the effective thickness of 

the film, we find that the new absolute value of x(3) is 7.9 x 10-11 esu, which is extremely 

high for any material. 

Another important question is whether the measured x(3) has any resonant enhance

ment due to interband transitions. From Figure 6.14b, we can see that there are a wide 

range of diameter tubes in our sample. Because, we excited our sample with 2100 nm light 

(4760cm-1 ), our fundamental wavelength were on resonance with the semiconductor E22 

transition of a small collection of tubes within our sample. Thus, the measured third-order 

susceptibility of our sample was resonantly enhanced by those tubes. Even if we change 

the wavelength of our incident field, our sample would still be on resonance with a dif

ferent collection of tubes within our sample. We need to consider a weighted average of 

the resonantly enhanced x(3) and the non-resonant x(3) from the carbon nanotubes in the 

film. However, we do not have enough information to draw quantitative conclusions on this 

point. If we were able to obtain a sample with a single chirality of highly aligned tubes, 
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Figure 6.14 : (a) Linear absorption for the carbon nanotubes sample when it is polarized 
parallel to the incident fundamental. The relative contributions from the semiconductor 
optical transitions (Eu and E22) and the free carrier absorption. (b) SWCNT diameter 
distribution extrapolated from fit in (a). [26] 

Figure 6.15 : Illustration of a hexagonal packed array, where carbon nanotubes have a 7% 
filling factor. By courtesy of Dr. Sebastien Nanot. 
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then we could get a significant resonant enhancement of x<3) [14]. 

6.5 Conclusion 

We found the power dependence of the third harmonic signal for the highly-aligned SWCNT 

film to scale with the cube of the fundamental, as expected for a third-order nonlinear op

tical process. This signal saturates at fiuences greater than 1.8 X w-4 J/cm2• After com

paring the ratio hro/ I~ of the SWCNT film to that of fused silica, whose x<3) is known, 

we were able to obtain a value of 5.53 x 1 o-12 esu for the absolute value of the third-order 

susceptibility for single-wall carbon nanotubes, which is similar to the x<3) values found 

from other methods. Considering that our sample is mostly air, with a filling factor of 

7%, and all of the SWCNTs form bundles, the effective thickness of our sample can be 

as many as two orders of magnitude smaller than our nominal thickness, allowing us to 

obtain a x(3) = 7.9 X w- 11 esu for our film. Because of the large diameter distribution in 

our sample, we believe that there are both resonant and non-resonant contributions to this 

value. With an appropriate sample of single chirality nanotubes, it is possible to increase 

this measured x<3) value by orders of magnitude. 



Chapter7 

Experimental Results and Discussion II: Polarization 
Dependence of Third Harmonic Generation 
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In the previous chapter, we found that the highly aligned SWCNT film possesses a large 

x(3) value, leading to strong third harmonic generation. Furthermore, after rotating our 

sample by 90 degrees, we noticed that the third harmonic power went to zero, prompting 

us to investigate the reason for this anisotropy. Thus, orientation ( <P) dependence was also 

systematically taken. 

7.1 Experimental results 

In this experiment, a third harmonic field is created by a linearly polarized fundamental 

electric field, which was normal incident onto the SWCNTs film. The direction of polar

ization was kept constant, while the sample was rotated through an angle q,, where <P = 0 

when the carbon nanotube axis is parallel to the incident fundamental, as shown in Figure 

7 .1. The generated third harmonic was detected in a transmission geometry. The measured 

third harmonic signal had both parallel and perpendicular polarization components relative 

to the incident fundamental polarization. Experimental results can be seen in Figures 7.2 

and 7.3. 

From these figures, there are some notable features to be discussed. There are anisotropies 

in the third harmonic signal for both polarizations. In the case where the measured third 

harmonic signal is polarized parallel to the incident fundamental (Figure 7 .2), the intensity 
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Figure 7.1 :Normal incidence view of a horizontally polarized fundamental incident on the 
sample, for third harmonic generation from highly aligned SWCNTs on sapphire. 

-> -co 
c 
0') 

(/) 
(.) 

c 
0 
E 
~ 

co 
I 
-o 
~ 

-5 
2.5x1 0 

2.0 

1.5 

1.0 

0.5 

~ o.oL--L~~~~~--~--L-~~~~~ttn __ -L~ 
0 30 60 90 120 150 180 210 240 270 300 330 360 

Angle, <P (Degrees) 

Figure 7.2 : <j> dependence of the third harmonic signal, generated from the SWCNT film 
on sapphire. The third harmonic signal is polarized parallel to the fundamental. <!> = 0 
corresponds to light polarization parallel to the nanotube axis. 
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Figure 7.3 : <1> dependence of the third harmonic signal, generated from the SWCNT film on 
sapphire. The third harmonic signal is polarized perpendicular to the fundamental. <1> = 0 
corresponds to light polarization parallel to the nanotube axis. 

measured when the fundamental is polarized parallel to the carbon nanotube axis is almost 

two orders of magnitude larger than that of the case where the fundamental is perpendicular 

to the nanotubes. This indicates that there is a strong interaction between the incident field 

and the nanotubes, when interacting with the axial direction of the tube. In the case where 

the measured third harmonic signal is polarized perpendicular to the incident fundamental, 

we see more oscillations than in the parallel case. Here, when the light is polarized parallel 

to the nanotube axis, the induced third harmonic signal is nearly zero. In both the parallel 

and perpendicular cases, the induced third harmonic is always zero, or nearly zero, when 

the incident fundamental is perpendicular to the axial direction of the nanotube. This data 

can give us significant insight into the relevant nonzero x(3) tensor elements for carbon 

nanotubes, as we discuss in the next section. 
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7.2 Determination of the Relevant Nonzero Tensor Components of 

x(3) 

In order to explain the anisotropic features found in our polarization dependent data, we 

must find out which components of the third-order susceptibility tensor contribute to the 

measured third harmonic signal. If we recall the intensity of the generated third harmonic 

field from the last chapter, and the definition of the third-order susceptibility presented in 

Chapter 3, the ith-component of the generated third harmonic field after traveling through 

a medium of length L is defined as 

where the quantity in the bracket is the polarization of the third harmonic, and E j ,k,l (co) is 

the fundamental field in the j, k, and l directions. For simplicity we write 

E3ro,i = AcNT [ L X~klEro,jEro,kEro,l] , 
j,k,l 

(7.2) 

where AcNT is a constant containing information about the fundamental-third harmonic 

interaction, 

AcNT = 241t2 L sin(ML/2) eiML. 

Vn3ron~A.roc AkL/2 
(7.3) 

In our experiment, the incident fundamental is initially polarized parallel to the axes 

(z axis) of the nanotubes within our highly aligned SWCNT film at <P = 0°, as shown in 

Figure 7 .1. When the sample is rotated, not all of the incident field is along the z axis of the 

SWCNTs. Thus, we have to project this fundamental onto the axial and radial directions of 

the carbon nanotubes. This can be done via the relation 

( 
~H ) = ( c~s<j) - sin<j) ) ( ~z ) 

ev sm <P cos <P ey 

(7.4) 
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where eH and ev are unit vectors denoting the horizontal and vertical directions (relative 

to the optical table) of the incident field coordinate system, respectively. ez and ey are unit 

vectors denoting the axial and radial directions of the nanotube coordinate system. Thus, 

we can write the horizontally polarized fundamental E = Ee'H in terms of the nanotube 

coordinate system, 

(7.5) 

For a carbon nanotube, the non-zero components of the third-order nonlinear optical sus

ceptibility x<3) are given by the relationship [75, 76] 

,.,.x<3) - x<3) - x<3) - x<3) - x<3) - ,.,Q) - x<3) = x<3) (7.6) 
u. zzzz - zzyy - zyzy - zyyz - zzxx - ~zx - zuz - CNT' 

where a. (0 < a. < 1) represents the ratio of the contribution of the weaker tensor compo

nents to the dominant tensor component, xillz. For the xillz component, the induced third 

harmonic along the axis of the tube is given by 

(3) 
AcNTXzzzzEro,zEro,zEro,z 

(3) 3 3 
AcNTXzzzzE cos <j>. 

(7.7) 

(7.8) 

If we use the same formulation for the weaker tensor components, we find that the total 

third harmonic generated along the axis of the tube is 

(3) 3 ( 3 . 2 ) E3ro,z = AcNTXNTE cos <I>+ 3a.cos<j>sm <I> . (7.9) 

In order to find out the components of this induced third harmonic field polarized parallel 

and perpendicular to the fundamental, we must rotate the nanotube coordinate system back 

to the coordinate system of the incident fundamental using the relationship 

( 
~z ) = ( co~<l> sin<!> ) ( ~H ) • 

ey - sm<l> cos<!> ev 
(7.10) 
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Figure 7.4 : Simulations for a THG signal polarized parallel to the fundamental, consid

ering the x<3) tensor contribution relationship is axlliz = xillx. This simulation shows <I> 

dependence for variable a. <1> = 0 corresponds to light polarization parallel to the nanotube 
axis. 

Thus, the total induced third harmonic field polarized parallel to the incident fundamental 

is 

(7.11) 

and the intensity is 

(7.12) 

Simulations for the third harmonic polarized parallel to the incident fundamental are shown 

in Figure 7 .4, where hro, II is plotted as a function of <1> for different values of a. From the 

figure we can see that the sharpness of the peak that would come purely from xlliz gets 

broadened as the contribution from the weaker tensor components increases. 

Similarly, the total induced third harmonic field polarized perpendicular to the incident 
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Figure 7.5 : Simulations for a THG signal polarized perpendicular to the fundamental, con

sidering the x<3) tensor contribution relationship is a& = X~- This simulation shows q, 
dependence for variable a. <1> = 0 corresponds to light polarization parallel to the nanotube 
axis. 

fundamental is 

(7.13) 

and the intensity is 

(7.14) 

Simulations for the third harmonic polarized perpendicular to the incident fundamental 

are shown in Figure 7 .5, where hro,.l is plotted as a function of <1> for different values of 

a. In this figure, the peaks of the induced third harmonic shift and sharpen with larger 

contributions from the weaker tensor components. 

We fit our data with the theoretically determined fit functions in Equations (7.12) and 

(7.14). By allowing the value of a to be the only adjustable parameter, we found that the 

measured THG spectra are in excellent agreement with the theoretically calculated THG, 



80 

-> -5 - 3.0x10 

co 
2.5 c 

0') 

(/) 2.0 
(.) 

c 1.5 0 
E 
'-- 1.0 co 
I 
"'0 0.5 
'--
..c 
t- 0.0 

0 30 60 90 120 150 180 210 240 270 300 330 360 

Angle, <t> (Degrees) 

Figure 7.6: Experimentally measured spectrum with theoretically calculated spectrum for 
a THG signal polarized parallel to the fundamental, considering the x (3) tensor contribution 

relationship is ax~~z = x~~X · The following simulation shows <I> dependence for variable 
a. <!> = 0 corresponds to light polarization parallel to the nanotube axis. 

as shown in Figures 7.6 and 7.7. Not only do the fits correlate extremely well with the 

measurements, but the fit parameter a is approximately equal to 116 in both cases. This 

value indicates that the dominant x(3) tensor component, xillz, is 6 times larger than the 

weaker components. 

7.3 Conclusion 

Polarization dependent measurements were performed on our highly aligned sample to 

extract the third-order SWCNT tensor elements that contribute to the large x (3) value mea-

sured in the last chapter. We measured the third harmonic signal polarized parallel and 

perpendicular to the incident fundamental, while rotating the sample through a full rota

tion. After calculating the <j> dependence of the third harmonic signal, based on the nonzero 
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Figure 7. 7 : Experimentally measured spectrum with theoretically calculated spectrum for 
a THG signal polarized perpendicular to the fundamental, considering the X(3) tensor con-

tribution relationship is ax~~z = xill.x. The following simulation shows <t> dependence for 
variable a. <t> = 0 corresponds to light polarization parallel to the nanotube axis. 

tensor components of the SWCNT third-order susceptibility tensor, it was shown that the 

third harmonic signal measured from the highly aligned SWCNT sample on sapphire had 

contributions from weaker x (3) tensor elements, and that these weaker components are ap

proximately 116 the strength of the dominant x~~lz . 
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Chapter 8 

Summary 

We successfully observed third harmonic generation in highly aligned SWCNTs on a sap

phire substrate. Through power-dependent measurements, we found that the third harmonic 

signal scaled with the cube of the fundamental, which is expected for third harmonic gen

eration (we also saw that the signal saturates at fiuences greater than 1.8 x 10-4 J/cm2). In 

order to calculate x(3) for the carbon nanotube film, we compared our third harmonic signal 

to that of a fused silica reference. After comparing the ratio hro/ I~ of the SWCNT film to 

that of fused silica, we were able to conclude that x(3) = 5.53 x w- 12 esu for the carbon 

nanotube film, which is similar to previously reported x(3) values found from other meth

ods. However, if we take into account the filling factor of 7% for our SWCNT sample, then 

the effective thickness of our sample is an order of magnitude smaller than our measured 

value. This allowed US to estimate a X(3) value of7.9 X 10-ll esu for OUr film. 

Furthermore, through orientation-dependent experiments we were successfully able to 

measure the polarization dependence of third harmonic generation in highly aligned SWC

NTs. Thus, the relevant nonzero tensor elements for x(3) were extracted. We were also able 

to calculate the relative contribution of each tensor element to the nonlinear susceptibility. 

It was shown that the third harmonic signal measured from the highly aligned SWCNT 

sample had contributions from weaker x(3) tensor elements, and that these weaker compo

nents are approximately 116 the strength of the dominant xlliz. 
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