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ABSTRACT 

Nonlinear Optical Properties of Highly Aligned Carbon Nanotubes 

by 

Darius T Morris, Jr. 

Through polarization-dependent third hamonic generation experiments done on 

highly aligned carbon nanotubes on sapphire, the nonzero tensor elements of X(3) have 

been extracted. The contribution of the weaker tensor elements to the overall X(3) 

signal has been calculated to be approximately 1/3rd of that of the dominant X~~zz 

component, which is consistent with theory and other measured values. 
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Chapter 1 

Introduction 

Over the past 80 years, a vast amount of theoretical and experimental research has 

been done on carbon based materials , giving rise to some fascinating optical, electrical, 

and mechanical properties. Graphene, which can be described as a 2-dimensional 

hexagonal lattice of Sp2 bonded carbon atoms, is the fundamental building block of 

these carbon based materials. Conceptually, graphene can be balled up into aD, 

fullerenes , rolled into ID carbon nanotubes (CNTs) , and stacked into 3D graphite, 

as seen in Figure 1.1. 

Figure 1.1 : 2D graphene and its derivatives, (a) aD fullerenes , (b) ID carbon nan
otubes, and (c) 3D graphite [1]. 
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Due to its conical dispersion relation near the k points at the six corners of the first 

Brillouin zone, electrons behave like massless Dirac fermions, possessing a high fermi 

velocity (VF 106m/s), high electron mobility (200,OOO~2), and minimum conductiv

ity, despite zero carrier density near the Dirac point. This linear energy dipersion 

also leads to a universal optical conductivity, rre2 /2h, in which each atomic layer of 

graphene absorbs 2.3% of incident light from the visible to the far-infrared [1] [2]. 

These unique elect rial and optical properties have also trickled down to graphene's 

various derivatives, making them great candidates for a wide variety of potential ap

plications, like transistors, capacitors, and detectors [3] [4] [5] [6] [7] [8]. CNTs, in 

particular, depending on the way they are rolled up, display various optical and elec

trical properties, most of which have been investigated in hundreds of studies. CNTs 

have been measured to have a fermi velocity of VF 8.1 x 105m/s, a measured electron 

mobility of 100,OOO~2, and an ability to absorb light from the visible to the THz. 

Though a lot of work has been done on the electrical and optical properties of CNTs, 

only, a small amount of studies have been done on the nonlinear optical properties of 

CNTs. This thesis is concerned with exploring the second and third order harmonic 

processes in CNTs. 
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Chapter 2 

Band Structure and Linear Optical Properties of 
Semiconducting Carbon Nanotubes 

2.1 Single-walled carbon nanotubes 

Carbon nanotubes can be pictured as a single sheet of graphene rolled at a particular 

angle along the axis perpendicular to its long axis (tube axis), as seen in Figure 2.1. 

This perpendicular axis points along the direction of the chiral vector Ch , defined as 

(2.1) 

where 0,1 and 0,2 are unit vectors at 60 0 angles to each other, which define the unit 

cell of graphene in real space, and are defined as 

0,1 = (v'3 a ~) and 0,2 = (v'3 a -~) 2 '2 2 ' 2 . (2.2) 

Thus, many types of CNTs can be conceptualized via the chiral index (n, m). There 

are three main types of CNTs: Zigzag (m = 0), armchair (n = m), and chiral (n =1= m 

and m =1= 0). 

The 1D energy dispersion relation for CNTs is derived from the 2D band structure 

of graphene, using the zone-folding method. This 2D energy dispersion relation of 

graphene can be derived by solving the eigen-value problem for a Hamiltonian, HC ,2D 

associated with the two carbon atoms in the graphene unit cell, within the tight-

binding approximation, defined as 

H a,2D = [ 
0 J(k) ] 

- Jt(k) 0 ' 
(2.3) 
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graph.n. sheet SWNT 

Figure 2.1 : (a) Conceptually, CNTs are 1D cylindrical sheets of graphene, (b) rolled 
along chrial vector Ch [9]. 

where f (k) = - 1' (1 + eik.a1 + eik.a2 ) and l' is the nearest neighbor C-C tight binding 

overlap energy. In this two carbon basis, the electrons in this system move as planar 

Bloch waves. The solution for the eigenvalue equation IHc,2D - EI = Qileads to the 

energy dispersion relation for the 2D graphene, shown in figure (2.2), 

(2.4) 

where l' = 2.7eV, and ± denotes the upper and lower 7f energy bands. 

Using the zone folding method, the wavefunctions must be subject to periodic 
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Figure 2.2 : Calculated 2D energy dispersion for graphene. [10]. 

boundary conditions, and are quantized along the cylindrical direction. And the 

energy dispersion relation for 8WNTs becomes 

± ± ](2 --+ 

Ew = EC ,2D(k IX21 + j.lKd, where j.l = 0,1, """ ' N ~ 1, (2.5) 

where f.L is the zone-folding index, and](l and ](2 are reciprocal lattice unit cell vectors 

as shown in Figure 2.3. Thus, if the 8WNT is rolled in such a way that the allowed 

k values land on the K or K' point of graphene, then the CNT is metallic (1m - nl 

mod 3 = 0). Otherwise the tubes are semiconducting 81 (1m - nl mod 3 = 1) or 82 

(1m - nl mod 3 = 2) , whose band gap can also be determined, by subtracting the 

energies of the upper and lower 7r bands at k = O. 

(2.6) 

where 1'0 is the overlap energy, ac- c is the inner atomic distance, and d is the diameter. 
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(a) (b) (c) 

Figure 2.3 : Unit vectors in and primite cell (a) in real space and (b) reciprocal space. 
(c) Zone folding in (4,2) nanotube [11]. 

The energy dispersion relations for rnetallic and semiconducting tubes can be seen in 

Figure 2.4. 

~ 0 
~ 

US -2L--_-

Wave Vector kz Wave Vector k z 
x x 

Figure 2.4: 1D energy dispersion for the( a) metallic (6 ,6) armchair nanotube, (b) 
and the semicoducting (10,0) zigzag nanotube [12]. 
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2.2 Linear optical properties of SWNTs 

CNTs have a very large aspect ratio, with a diameter on the order of nanometer, but 

have been grown as long as 4 cm. Many of the features of the linear optical properties 

of CNTs are attributed to their quasi ID density of states. The dispersion relation 

for isotropic, linear (p=l) and parabolic (p=2), energy bands can be expressed as 

(2.7) 

The volume of a I-dimensional k-space containing wave vectors smaller than k is 

(
E E )1/P 

0 1 (k) = 2k ~ 0 1 (k) = 2 :k 0 , (2.8) 

thus, the density of states for the ID dispersion relation is 

(2.9) 

For metallic SWNTs, electrons behave like Dirac fermions due to the linear (p=l) 

dispersion relation near the Dirac point. Thus, its density of states is constant, 

D1,lin(E) = lick, near the dirac point. And for semiconducting SWNTs, electrons 

have a parabolic dispersion relation near the k=O point, thus the density of states is 

D1,para(E) = 2JCk(~-Eo)' As you can see, the density of states possesses sharp peaks, 

called van Hove singularities. Metallic tubes also show these van Hove singularities, 

due to the bending of the 7r energy band away from the Dirac point, as shown in 

Figure 2.6. 

These van Hove singularities give rise to optical transitions in nanotubes between 

the valence and conduction bands. Many of these transitions, specifically the semicon

ducting 8 11 and 822 , and metallic M11 transitions, have been studied using absorption, 

photoluminescence, and Raman spectroscopy experiments. These optical transitions 

are strong and sharp, allowing scientists to probe a single type of tube in these various 
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experiments. These transitions can also be tuned changing the diameter (determines 

band gap) of the tubes, see Figure 2.5 . 

3.5 

3 .0 

........ ,2.5 
> 
Q) 

t/) 
2 .0 0.) 

0> 
~ 

cu 
c 1.5 Q) 

c. 
ro 

<D 1.0 

0 .5 
NiY 

0.0 
0.6 0.8 1 1.2 1.4 1.6 1.8 

Diameter (nm) 

Figure 2.5 : Kataura plot showing the decrease in transition energy with increasing 
diameter of the nanotubes [13] . 

In absorption experiments , the van Hove singularities are evident due to the sharp 

features that appear in a typical absorption experiment. Gaining information about 

a particular type of tube is difficult , however , because serveral tubes have similar 

diameters , and thus, absorption energies across bandgap can be the same, when you 

have a collection of SWNTs, as seen in Figure 2.6. 

Instead of using absorption to characterize nanotubes , many groups study lumi-

nescence in nanotubes, because most nanotubes have a unique set of Sl1 and S 22 
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Figure 2.6 : (a) ID density of states for metallic and semiconducting nanotubes. (b) 
Optical density (absorption) measured for carbon nanotubes suspended in different 
serfactants [14]. 

transitions. In a photoluminescence experiment, an electron-hole pair called an exci-

ton is created, after an electron is absorbed at the 8 22 energy, both the electron and 

hole relax down to the CI and VI energy levels and then recombine, creating a photon 

at the 8 11 energy [15]. This process is often used to characterize a sample containing a 

plurality of nanotubes, as seen in Figure 2.7. It is, however, a very inefficient process , 

and does not happen in metallic tubes (created hole immediately filled by electron in 

metal, thus no recombination). 

Raman scattering, shown in Figure 2.8 is the most popular characterization tech-

nique for nanotubes. It has a very large sensitivity and can offer much information 

about the nanotubes. After being resonantly excited, several modes can be measured 

from the subsequent Raman spectra, like the radial breathing, G, D, and G ' modes. 

Stokes and anti-Stokes scattering can be used to further characterize semiconduct-
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Figure 2.7: (a) PLE map from sample containing many chirality of tubes. (b)Shows 
spectral peak positions from the PLE map, with lines that show perceived patterns 
in the data [16]. 

ing nanotubes, where the 8 22 energy transition is redshifted for 81 nanotubes and 

blueshifted for 82 nanotubes, with increasing temperature. 
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Figure 2.8 : Typical Raman spectrum from HiPco nanotube sarnple obtained with 
excitation energy EL = 1.96eV, illustrating the radial breathing, G, D, and G' modes, 
as well as the intermediate-frequency modes adn iTOLA bands in the insets. [17] . 
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Chapter 3 

Basics of Nonlinear Optics 

3.1 What is nonlinear optics? 

When light is incident on a dielectric material, the electric field components, trans

verse to the propogation direction, displaces the electrons present in the material. 

The eletrons propogate back and forth, like a spring, around a positve charge, creat

ing a dipole moment in the material. This dipole moment per unit volume is known 

as the polarization. The polarization in the material can be decribed by the following 

relationship: 

p(t) - X(l) E(t) + X(2) E2(t) + X(3) E3(t) + ... 

P(1)(t) + P(2)(t) + P(3)(t) + ... 

(3.1) 

(3.2) 

where X(l), X(2), and X(3) are the optical susceptibilities of the material system [ [18]]. 

The first term on the right hand side of the equation, the linear polarization in the 

material depends linearly on the stregth of the applied electric field. Conventional, 

or linear, optics, is the study of P(l) (t) effects, like absoption, refraction, etc. If the 

induced polarization depends nonlinearly on the applied electric field strength, then 

effects are explored in, nonlinear optics. 

3.2 Nonlinear optical susceptibilities 

The nonlinear susceptibilities, mentioned in section 3.1, give all the information 

needed to know about the nonlinear response of a material system. If we consider the 
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vector nature of the electic field, X(2) becomes a third-rank tensor, while X(3) becomes 

a fourth-rank tensor, whose tensor elements serve as constants of proportionality be

tween the nonlinear polarization to the product of E field amplitudes, as shown in 

the relationships below. 

Pi{Wn + wm} = L L xm{wn + Wm, Wn, wm}Ej{wn}Ek{Wm} {3.3} 
jk (nm) 

and 

Pi{Wo+Wn+Wm} = L L X~;kl{Wo+Wn+Wm,Wo,wn,wm}Ej{wo}Ek{Wn)Ek{Wm) (3.4) 
jkl (mno) 

Due to the many nonlinear processes that take place in materials, there are several 

nonlinear tensors and tensor elements that can be conceptualized for describing a 

particular interaction. Each of these tensors has various symmetry properties that 

simplify calculations, like intrinsic permutation symmetries, symmetries for lossless 

media, Kleinman's symmetry, and spatial symmetries. Specifically, if a material is 

centrosymmetric, or posesses inversion symmetry, the nonlinear X(2) response goes to 

zero[ [19]]. 

3.3 Second-order nonlinear optical processes 

Second-order nonlinear optical properties are present in noncentrosymmetric crystals. 

If we consider an electric field with 2 distict electric field components, WI and W2 

represented by E{t) = Ele-iwit + E2e-iw2t + c.c. incident on a medium with nonlinear 

suscepitibility X(2), the second order nonlinear polarization is given by 

{3.5} 

(3.7) 
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Each of these terms on the right side of Equation 3.7 corresponds to a 2nd order 

nonlinear process. The first 2 terms of the nonlinear polarization has frequency com-

ponents, 2WI and 2W2, at twice the frequencies of the input fundamentals. This process 

is called second harmonic generation (SHG), in which two photons of frequency ware 

detroyed to create a photon at twice the frequency, 2w , shown in Figure 3.1a. Other 

processes are also present in this nonlinear polarzation, like sum frequency generation 

(WI +W2, SFG) , in which a photon is created at a frequency equal to the sum of the in

put frequncies. Similarly, a photon can be created at frequency equal to the differnce 

of the input frequncies ((WI - W2)). This process is called difference frequency genera

tion (DFG). Both processes are shown in Figures 3.1b and 3.1c. The last term refers 

to optical rectification, in which a static field, with no time component, is created. 

a) b) c} 

200 

Figure 3.1 : Illustration of second order nonlinear processes (a) SHG (b) SFG, and 
(c) DFG [18]. 

3.4 Third-order nonlinear optical processes 

Third-order nonlinear optical properties are present in all crystal types (lowest 0 b-

servable nonlinear process in centrosymmetric crystals). Similar to the calculations 

presented in section 3.3, the frequency components of these 3rd order nonlinear pro

cesses can be understood. In third harmonic generation, 3 photons of the same 

frequency are destroyed to create a photon at 3 times the frequency of the incident 
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fundamental beam. Four wave mixing is a process in which three photons of different 

frequencies mix (various combinations of created and destroyed input photons), to 

create a photon whose frequency is equal to the sum andlor difference of the 3 input 

frequencies. As shown in Figure 3.2b. 

One term that arrises when calculating the third-order polarization is 

(3.8) 

From this equation, we see that there is a part of the nonlinear polarization that 

influences the propogation of the fundamental frequency w. This term effectively 

describes the intensity dependent index of refraction, n2 in the equation below of the 

refractive index in the presence of a nonlinear environment. 

(3.9) 

This nonlinear refractive index leads to self focusing, seen in Figure 3.2c of the fun

damental in a material system. The imaginary part of this complex nonlinear index 

of refraction is used to describe intensity dependent (saturable) absorption, /3, in the 

equation below. 

f30 
f3 = 1 + Ills 

(3.10) 
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Figure 3.2 : Illustration of third order nonlinear processes (a) THG (b) four wave 
mixing, and (c) nonlinear index of refraction, which causes self focusing [18]. 
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Chapter 4 

Prior Nonlinear Optical Studies of Single-Walled 
Carbon Nanotubes 

4.1 Theoretical work 

There have been very few successful attempts to experimentally observe the nonlinear 

optical properties of CNTs. X(2) of the zigzag (m=O) and armchair (m=n) nanotubes 

does not exist because of their inversion symmetry, and the lack of inversion symmetry 

along the nanotubes axis in chiral nanotubes suggests that X(2) should be finite. 

Guo et al. theoretically reported that the nonzero tensor elements of the nonlinear 

susceptibility are Xxyz and Xyzx, and their relationship is Xxyz = Xyzx' They also 

calculated that the absolute value of X(2) is expected to be 10 times greater than that 

of GaAs, or 15-6 esu, illustrated in Figure 4.1. Guo et al. also suggested that, as the 

diameter of these tubes become larger, the absolute value of X(2) approaches zero, or 

that of graphene. 

Third-order nonlinear optical properties of nanotubes have been investigated ex

tensively by many groups, but different groups attain different values for the absolute 

value of X(3) , and subsequent values that can be measured from nonlinear optical 

effects (i.e. nonlinear index of refraction). The relevant X(3) tensor elements that 

dominate the third-order susceptibility have also not be explored [21] [22] [23]. 

Theoretically, Margulis et al. used the Genkin-Mednis approach to calculate the 

nonlinear-optical spectra of X(3) for several third-order polarization effects, considering 

that the only interband and a combined interband/intraband motion of electrons 
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Figure 4.1 : Theoretical calculations of the absolute value of second order nonlinear 
susceptibility in chiral nanotubes, with measured values of GaAs (diamonds). When 
on resonance with the Ell transition, the absolute value is ten times that of GaAs [20]. 

contribute to the nonlinear optical response, of light polarized parallel to the long 

axis (z axis). From these calcuations they attained relationships for third harmonic 

generation, nonlinear index of refraction, two photon absorption, and the DC optical 

Kerr effect in carbon nanotubes, shown in Figures 4.2 and 4.3. For all of these effects, 

X(3) is . ignificantly enhance~l under on-resonance conditions. From these calcuations 

fagulis et al. reported an absolute value on the order of 10-8 to 10-6 esu for 



19 

o ~-------------------------, 

1.2 

0.4 

a8.~ 0.35 Q45 ;'55- 0.65 

hW/cS 

Figure 4.2 : Theoretical calculations of the absolute value of third order nonlinear 
susceptibility, for (a) THG and (b) optical kerr effet in nanotubes [24]. 

tS~------------------~ 

Figure 4.3 : Theoretical calculations of the (a) nonlinear index of refraction and (b) 
the two photon absorption coefficienct [24]. 

X (3) in carbon nanotubes, (n2 ~ 10- 8 cm2 /W for the nonlinear refractive index, and 

(3 ~ 10-5 cm/W for the two-photon absorption coefficient). 
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4.2 Experimental work 

The absolute value of X(2) was experimentally confirmed by Su et al. in 2008 [25]. 

Experimentally, they measured resonant second harmonic generation from aligned 

SWNTs. Via Raman scattering, it was determined that only 3 types of nanotubes 

were present in the sample, the (5 ,0) , the (3,3) , and the (4,2) , all of diameter 0.4 nm. 

Polarization dependent measurements were conducted, to confirm that the theoreti

cally predicted tensor elements were indeed contributing to the overall X(2) signal as 

shown in Figure 4.4. Su et al. also observed a resonant enhancement in the second 

harmonic signal, at the expected Ell transition energy, measuring 2.1 x 10- 6 esu for 

the absolute value of X (2), confirming the prediction by Guo et al. 

35 
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Figure 4.4 : (a) SHG produced from 800nm fundamental. (b) Power dependence of 
SHG relative to the input fundamental. Theta dependence of the (c) nanotubes with 
reference, reference, and (d) extracted nanotube contribution [25]. 

Several groups have observed third-order nonlinear optical properties from carbon 

nanotubes. Vivien et al. uses the z-scan method to measure the optical limiting prop-

erties of carbon nanotubes, specifically the nonlinear refractive index and the non

linear absorption of the material [26]. By moving the sample along the propagation 

z-direction of a focused Gaussian beam, the focal spot position and far field intensity 
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of the Gaussian beam can change, due to self-focusing and self-phase modulation, 

from nonlinear scattering, nonlinear absorption (measured with an open aperture in 

the far field) , and nonlinear index of refraction (measured with a closed aperture 

in the far field) , shown in Figure 4.5. Vivien measur s the z-scan transmittance for 

Sample 

J 
Aperture 

BS 
02 

-z •• -----.~ +z 
01 

Figure 4.5 : Z-scan schematic for experimentally measuring the nonlinear index of 
refraction, and nonlinear absorption [27]. 

low /high powers and for closed/open apertures as seen in Figure 4.6. Experimentally, 

a values of 'n2 ~ -10- 12 cm2/W and (3 ~ 5 X 10-8 cm/W were obtained corresponding 

to a value of 10- 10 esu for the value of X(3), which is three orders lower than other 

experimentally measured values (Muller et al. and Seo et al.) and four orders lower 

than Margulis et al.'s theory [28] [29]. 

Optical four wave mixing (OFWNI) was also observed in SWNTs by several groups 

[30] [31]. In one experiment, by Kim, an ultrafast pump (omega pump) and Stokes 

( omega stokes) pulse pair excites the SWNT, and radiation from third-order electronic 

coherences is detected at the anti-Stokes frequency (was = 2wpump - ws) . The strength 
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of the measured signal changed with temporal overlap of the pump and stokes pulse, 

and with resonant position of the pump. The intensity of the measured coherent 

anti-Stokes signal also changed with orientation of carbon nanotube axis, relative 

to the polarization of the pump, showing a cos6¢ dependence, shown in Figure 4.7, 

which could lend some insight into the nonzero tensor elements of X(3). Another 

experimental study, done on four wave mixing, by Lui, suggests that there are other 

nonzero X(3) tensor elements that contribute to the overall X(3) [32]. 

There have not been any studies that experimentally measure the absolute value 

of X(2) for carbon nanotubes via third harmonic generation. No groups have experi

mentally investigated the relevant X(2) tensor elements that contribute to the overall 

X(2) signal. 
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Figure 4.7: ( a) Schematic of fourwave mixing experiment; (b) Orientation dependence 
of the coherent anti-stokes signal [31]. 
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Chapter 5 

Experimental Procedure 

5.1 Highly aligned SWNT sample preparation and charac

terization 

There are many types of carbon nanotube samples that are used for optical exper

iments. Researchers have used solutions, films, as well as individual nanotubes for 

measurements, all of which have their advantages and disadvantages. In this work, we 

use highly aligned SWNT films on a variety of substrates. The highly aligned carbon 

nanotube carpets are grown via placing a catalyst lined substrate in a chemical vapor 

deposition reactor. The lines of catalysts are separated by a distance of 50 j.Lm, and 

the self supporting carbon nanotubes are grown vertically to a height specified by 

growth time, as shown in Figure 5.1. The vertically aligned carpet is then separated 

from the catalyst substrate via a wet or dry etching process, to break the Fe-C bonds. 

Once the SWNTs have been lifted, they easily adhere to any substrate surface, cre

ating a horizontally aligned film of SWNTs with little to zero overlap, depending on 

the initial growth height, as shown in Figure 5.1. The samples are highly aligned, as 

shown in Figure 5.2, where the highly aligned nanotube film acts as a perfect polarizer 

for terahertz light. 
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Figure 5.1 : (a) SEM image of vertically aligned SWNT carpets; (b) SEM image of 
horizontally aligned SWNT film after transfer to substrate. Sample shows minimal 
overlap [33]. 

1.2.-------,r------r---.....,.----., 

e = 90° 
O .O'---~-----------::t 

0.2 0.6 1.0 1.4 1.8 
Frequency (THz) 

Figure 5.2 : (a) Terahertz absorption anisotropy for highly aligned SWNT film on 
sapphire [34] . 

5.2 Experimental setup for harmonic generation 

5.2.1 Overview 

In these experiments harmonic generation in samples with highly aligned SWNTs 

was measured. The harmonic signal was spectally resolved, and the orientation de-
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pendence of this harmonic signal was also measured, relative to a linearly polarized 

fundamental. A schematic of the experimental setup is shown in figure (5.3). Ultra-

intense mid-infrared light pulses, from an optically-pumped nonlinear laser, served 

fundamental source. This mid-infrared light passes through a series of long pass fil

ters to remove any access light from the OPA. Most of the light passes through a 

beamsplitter and is incident on the sample, while the small reflected fraction served 

as a reference. The harmonic signal, generated in the sample, passes through a series 

of bk7 windows, to filter out the fundamental, and into an infrared detector . The 

sample is mounted on a rotational mount for orientation dependent measurements. 

CNTs 
Sample 

OPA (OFG) 
2.7-12um, 

3.0uJ/pulse, 400fsec Ge 2.Sum 
LPFs 

MCT 

P1nSb 
Detector 

KRS-S 
Polarizer 
1 (Fixed) 

Figure 5.3 : Experimental setup for harmonic generation. 

5.2.2 Chirped Pulse Amplifier and Optical Parametric Amplifier 

Light at the fundamental frequency was produced from a Quantronix Optical Para

metric Amplifier, which was pumped by a Clark-MXR Chirped Pulse Amplifier 

(CPA). In the CPA, a low intensity, short diode seed laser pulse was stretched 



28 

( chirped) using a grating, sent through an optically pumped gain medium (Ti-Sapphire), 

and compressed using a grating, to create ultra-intense (1 mJ/pulse), ultra short (200 

fsec) pulses at a 1 kHz repetition rate. The OPA uses a nonlinear crystal, to create 

two pulses (signal and idler) whose sum total photon energy is equal to the energy of 

the pump. In this process, called optical parametric generation, the signal and idler 

wavelengths are tunable over a range from 1.2 to 2.7 j..£m. The signal and idler pulses 

are then propagated through a selection of nonlinear mixer crystals, which make the 

OPA source widely tunable over 0.3j..£m to 20j..£m, with pulse energies ranging from 1 

j..£J /pulse to 100 j..£J /pulse, and pulse width of ,.,.,400 fsec. 

5.2.3 Detectors 

To measure the intesity of the generated harmonic signal, a liquid nitrogen cooled 

InSb detector was used, whose optimal detectivity range is from 1.5 to 2.8 pm. To 

measure the intensity of the fundamental, a liquid nitrogen cooled mercury cadmium 

telluride detector was used, whose optimum detectivity range is from 1.5 to 12 j..£m. 

These photovolactic detectors come equiped with a preamplifier for converting the 

detector output current to voltage, to be used by the box-car integrator and lock

in amplifier, making them ideal for measuring weak harmonic signals. They work 

optimally at 77K and have a response time of ,.,., 1 j..£sec. 

5.2.4 Filters 

Germanium long pass filters were used to filter out any of the signal, idler, or pump 

pulses that could be senstive to the InSb detector, and pass the fundamental for har

monic generation at the sample position. After harmonic generation, BK7 windows 

were used as a short pass filter to pass the generated signal, and to ensure that no 

nonliear absorption from the fundamental occurs in the detector. 
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5.2.5 Beamsplitter and ratioing using a reference beam 

The fluctuations from the nonlinear laser sources were monitored using a reference 

line, using a 0.1 mm thick CaF2 window. The CaF2 window allowed for 97% of 

the fundamental to be passed to the sample. For the second harmonic experiment, 

SHG from a reference GaAs substrate was used to correct for any pulse to pulse 

fluctuations in the SHG signal. For the third harmonic generation (THG) experiment, 

no reference crystal was used, because the reference input intensity was not large 

enough to generate THG, thus the pulse to pulse fluctuations in the third harmonic 

signal were corrected using cubed intensity of the reference, I~ef. 

5.2.6 Lock-in amplifier and box-car integrator 

Both the harmonic and reference signals were measured using a lock-in amplifier 

and box-car integrator. The lock-in amplifier takes the input signal and multiplies 

it by the reference signal (TTL signal from CPA), both of the same frequency and 

integrated over a time longer than the frequency, delivering an averaged DC signal 

(slowly varying AC signal). Any component (noise) that is not of the same frequency 

as the signal has an average value of zero, allowing for an excellent signal to noise 

ratio, when usign a lock-in. The lock-in was used to find the harmonic signal. A box 

car accepts a signal from a detector and integrates the signal under a predefined gate, 

or boxcar. Thus, any unwanted signal (noise) that is of the same frequency can be 

ignored by setting the box-car width such that it does not include the the unwanted 

signal. The box-car integrator allows data to be collected on the frequency timescale 

of the input signal, making pulse to pulse measurements possible. The data presented 

in the following studies were collected using the box-car integrator. 
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5.2.7 Rotational sample mount for orientation dependent measurements 

The sample was placed on two rotational mounts for the second harmonic generation 

experiment. The sample was rotated through an angle e to induce SHG from the 

GaAs substrate (centrosymmetric at normal incidence). The axis of rotation was 

chosen such that one component of the incident fundamental remained in the plane 

of the GaAs substrate, which we called the TE axis. The axis perpendicular to this 

mode and the direction of propagation k, we called the TM axis, as shown in Figure 

5.4. The sample was then rotated through an angle cp, starting from a position where 

a TE polarized fundamental is parallel to the SWNT axis, to examine the polarization 

dependence of the second harmonic from the sample, which can be seen in Figure 5.5. 

---------~-------~ 
Polarizer2 

Figure 5.4 : Side view of the polarized fundamental incident on the sample, for second 
harmonic generation from highly aligned SWNTs on GaAs 

The sample was placed on one rotational mount for the THG experiment. Data 

was taken at normal incidence, as we rotate through an angle, cp, starting from a 

position where the horizontally polarized fundamental is parallel to the SWNT axis. 
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Figure 5.5 : In-substrate-plane view of the polarized fundamental incident on the 
sample, for second harmonic generation from highly aligned SWNTs on GaAs. Pro
jections of the TM and k propagation components are shown here. 
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Figure 5.6 : Normal incidence view for of a horizontally polarized fundamental in
cident on the sample, for third harmonic generation from highly aligned SWNTs on 
sapphire. 
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Chapter 6 

Second Harmonic Generation from Highly Aligned 
Single-Walled Carbon Nanotubes 

6.1 Experimental results 

Orientation (¢) dependence of the second harmonic generated from a sample contain

ing highly aligned SWNTs on GaAs and from its reference, GaAs was studied. Figure 

6.1 shows data for a second harmonic produced from TE polarized fundamental, and 

the SHG produced is polarized in the TE and TM directions, while Figure 6.2 shows 

data collected for a TM polarized fundamental. The same measurements were taken 

for the GaAs refernce, and are plotted in Figures 6.3 and 6.4. 
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Figure 6.1 : ¢ dependence of the second harmonic signal, generated from the SWNT 
film on GaAs, for a TE polarized fundamental. See Figure 5.5 for the definition of cp. 
¢ = 0 corresponds to light polarization parallel to the nanotube axis (GaAs cleaved 
axis). 
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Figure 6.2 : ¢> dependence of the second harmonic signal, generated from the SWNT 
film on GaAs, for a TM polarized fundamental. See Figure 5.5 for the definition of ¢>. 
¢> = 0 corresponds to light polarization parallel to the nanotube axis (GaAs cleaved 
axis). 
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Figure 6.3 : ¢> dependence of the second harmonic signal, generated from the GaAs 
substrate, for a TE polarized fundamental. See Figure 5.5 for the definition of ¢>. 
¢> = 0 corresponds to light polarization parallel to the nanotube axis (GaAs cleaved 
axis). 

From these figures, there are some notable features to be discussed. There are 

anisotropies in the SHG signal, shown in Figure 6.1. When the light is polarized 
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Figure 6.4 : ¢ dependence of the second harmonic signal, generated from the GaAs 
substrate, for a TM polarized fundamental. See Figure 5.5 for the definition of ¢. 
¢ = 0 corresponds to light polarization parallel to the nanotube axis (GaAs cleaved 
axis). 

parallel (¢ = 0) to the carbon nanotube axis, the generated second harmonic signal 

is lower than that of the case where the fundamental is perpendicular (¢ = 90) 

to the nanotubes. Comparing the sample versus the reference for a TE polarized 

fundamental and a TM polarized SHG, we see that there is a shift in the minimum 

from 45 degrees in the GaAs reference to 30 degrees in the sample. This minimum is 

also finite in the sample, as compared to zero in the GaAs case. 
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6.2 Data analysis 

The individual contributions from the GaAs and SWNT film can be calculated, con-

sidering the i-th component of the induced second harmonic field from an undepleted 

pump moving through crystal length, l, written as 

(6.1) 

where ~ is a phase shift parameter, and the factor in brackets in the nonlinear po

larization at the second harmonics from Equation (3.3). From this equation, it can 

be shown (calculations are provided in A) that the GaAs contributions to the overall 

SHG signal for TE/TM polarized fundamental and TE/TM polarized SHG, consid-

ering its crystal symmetries, are: 

(6.2) 

( ) (2) 
E2w,TM = BGaAs () AGaAsXGaAs1w,TE cos 2¢> (6.3) 

(6.4) 

(6.5) 

These calculations are consistent with the ¢> dependence of the SHG intensity (I2w = 

~w) data collected for the reference GaAs substrate, as seen in Figure 6.5. 

The highly aligned SWNT contributions to the overall SHG signal are: 

E2w,TM = BCNT(())AcNTxg~Tlw,TE sin 2¢> (6.7) 

E2w,TE = BCNT(())AcNTxg~Tlw,TM sin2 ¢> (6.8) 

E 2w,TM = BCNT(())AcNTxg~Tlw,TM( - cos () sin 2¢> + cos () sin 2¢» = O. (6.9) 
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Figure 6.5 : For a TE polarized fundamental , and TM polarized SHG, the GaAs 
substrate shows excellent agreement between measured ¢ dependence and calculated 
¢ dependence. ¢ = 0 corresponds to light polarization parallel to the nanotube axis 
(GaAs cleaved axis) . 

These calculations for the nanotube contribution must be combined with the GaAs 

contribution, because the nanotubes are aligned on a GaAs substrate. Simulations for 

the combined contribution considering a coherent contribution 12w,coh = (E2w,GaAs + 

EE2w,CNT)2 and incoherent contribution 12w,incoh = E~w,GaAs + EE~w,CNT' are shown in 

Figures 6.6 and 6.7, respectively (E: relative contribution from CNTs). The features 

in Figures 6.6 and 6.7 the do not match the features in the experimentally measured 

data in Figure 6.2 , thus there is no coherent nor incoherent contribution to this 

measured SH G signal. 
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Figure 6.6 : For a TE polarized fundamental, and TM polarized SHG, the coherent 
contribution from the GaAs substrate and the highly aligned CNTs is shown. We var
ied the relative contribution E from the CNTs. ¢ = 0 corresponds to light polarization 
parallel to the nanotube axis (GaAs cleaved axis) . 
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Figure 6.7 : For a TE polarized fundamental, and TM polarized SHG, the incoher
ent contribution from the GaAs substrate and the highly aligned CNTs is shown. 
We varied the relative contribution E from the CNTs. ¢ = 0 corresponds to light 
polarization parallel to the nanotu be axis (GaAs cleaved axis) . 

We measured the transmission anisotropy through the CNTs using Fourier Trans-

form Infrared Spectroscopy (FTIR), shown in Figure 6.8. 
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Figure 6.S : FTIR data, illustrating the anisotropic transmission shown for light 
polarized parallel and perpendicular to the highly aligned SWNT film. 

Thus, we considered the GaAs contributions to the SHG signal assuming that the 

fundamental undergoes anisotropic absorption from the highly aligned SWNT film. 

The relationships are as follows: 

E2w,TM = BGaAs(e)AGaAsXg~Aslw,TE [(%7JI) cos2 ¢ - (%T.L) sin2 ¢] 

E2w ,TE = BGaAs(e)AGaAsxglAslw,TM( V%7J1 - -I%T.L) sin 2¢ 

(6.10) 

(6.11) 

( 6.12) 

( ) 
(2) [ 2v'%T.L + %T.L - 2-1%111 - %7J1 ] 

E2w,TM = B GaAs e AGaAsXGaAslw,TM 

+(2v'%T.L + %T.L + 2-1%111 + %111) cos 2¢ 
(6.13) 

Simulations for these relationships are shown in Figures 6.9,6.10, and 6.11. Using 

the values measured for %7J1 and %T.L , we can see that the theoretically calculated 

spectum is in good agreement with the spectra measured experimentally, as shown in 

Figure 6.12. 
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Figure 6.9 : Simulations for a TE polarized fundamental, and TM polarized SHG, 
assuming the fundamental undergoes an anisotropic transmission 111 and Tl.. from the 
carbon nanotubes, and the second is generated from only the GaAs substrate. The 
following simulation shows ¢ dependence for a fixed Tl.. = 95 % and variable 111' ¢ = 0 
corresponds to light polarization parallel to the nanotube axis (GaAs cleaved axis). 
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Figure 6.10 : Simulations for a TM polarized fundamental, and TE polarized SHG, 
assiming the fundamental undergoes an anisotropic transmission 111 and Tl.. from the 
carbon nanotubes, and the second is generated from only the GaAs substrate. The 
following simulation shows ¢ dependence for a fixed Tl.. = 95 % and variable 111' ¢ = 0 
corresponds to light polarization parallel to the nanotube axis (GaAs cleaved axis). 
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Figure 6.11 : Simulations for a TM polarized fundamental, and TM polarized SHG, 
assuming the fundamental undergoes an anisotropic transmission 711 and T1.. from the 
carbon nanotubes, and the second is generated from only the GaAs substrate. The 
following simulation shows ¢ dependence for a fixed T 1.. = 95 % and variable 711' ¢ = 0 
corresponds to light polarization parallel to the nanotube axis (GaAs cleaved axis). 
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Figure 6.12 : Experimentally measured and theoretically calculated TM polar
ized SHG for a TE polarized fundamental assuming the fundamental undergoes an 
anisotropic transmission 711 = 0.75 and T1.. = 0.95 from the carbon nanotubes. ¢ = 0 
corresponds to light polarization parallel to the nanotube axis (GaAs cleaved axis). 
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6.3 Discussion and conclusion 

From the calculations presented in the Section ??, we see that the second harmonic 

signal measured from the sample was generated by the GaAs substrate. The shift 

in the minimum and anisotropic features in the SHG signal can be attibuted to an 

anisotropic absoption from the highly aligned SWNT film. There are a few explina

tions for the lack of SHG signal measured from the nanotubes. The thin SWNT film 

is made of large diameter nanotubes of unknown chirality. The sample contains left 

handed and right handed chirality tubes, thus the induced second harmonic effect in 

right handed CNTs can be canceled by left hand chirality tubes. Because the chirality 

of the SWNTs are not known, we do not know whether we are on resonance with En 

or E22 energy transitions, which has been shown to increase X(2). According to Guo, 

the magnitude of the absolute value of the second order susceptibility gets smaller 

as the diameter of the nanotubes gets larger (X~;~phene = 0), thus by having larger 

diameter tubes, the signal is expected to be smaller. Also, because we are using a 

SWNT film, the interaction length with the single layer of SWNTs is small, compared 

to that of GaAs. 

There are still some unclear features of the 4> dependent second harmonic signal. 

The ratio of the anisotropic absorption did not explain the full shift of the minimum 

seen in the signal. The minimum also has a finite value in the measurements made 

with the SWNT sample. In future experiments, we want to minimize the second 

harmonic signal produced in the from the sample substrate, so that any signal seen 

could be attributed to the SWNT film. Also, we want to look at right-handed and 

left-handed nanotubes seperately. 
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Chapter 7 

Third Harmonic Generation from Highly Aligned 
Single Walled Carbon Nanotubes 

7.1 Experimental results 

In order to ensure that the only produced harmonic was indeed coming from the 

SWNT film, a substrate with relatively low X(2) and X(3) is needed. Thus, measure

ments from a sample of highly aligned SWNTs on sapphire was used. Figure 7.1 shows 

a spectrally resolved third harmonic signal and its fundamental generated from our 

SWNT sample. Changing the fundamental input wavelength caused a subsequent 

shift in the third harmonic signal, as shown in Figure 7.2. Figure 7.3 shows third 

harmonic generation from the sapphire reference, versus what was measured with the 

SWNT sample. Figure 7.4 shows the same third harmonic signal for a fundamental 

polarized parallel to carbon nanotube axis, versus perpendicular to the nanotube axis. 
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Figure 7.1 : (a) Generated third harmonic from highly aligned SWNTs on sapphire 
and (b) its fundamental. The SWNTs are aligned parallel to the incident fundamental 
and the induced THG is polarized parallel to the fundamental. 
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Figure 7.2 : Shift in third harmnic signal due to a shift in the fundamental from 4.8 
to 5.0 /-Lm. The SWNTs are aligned parallel to the incident fundamental and the 
induced THG is polarized parallel to the fundamental. 

This data indicates that a third harmonic signal is being produced from the SWNT 

film. Thus, orientation (¢) dependence was also taken, and can be seen in Figures 

7.5 and 7.6. Here, the third harmonic signal is polarized parallel and perpendicular 
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Figure 7.3 : Produced third harmonic signal from SWNT film on sapphire substrate, 
versus the signal generated from sapphire substrate. The SWNTs are aligned par
allel to the incident fundamental and the induced THG is polarized parallel to the 
fundamental. 
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Figure 7.4 : Generated t hird harmonic from highly aligned SWNTs aligned parallel 
versus perpendicular to the fundamental. The induced THG is polarized parallel to 
the fundamental. 

to the incident fundamental polarization. 
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Figure 7.5 : ¢ dependence of the third harmonic signal, generated from the SWNT 
film on Sapphire. The third harmonic signal is polarized parallel to the fundamental. 
¢ = 0 corresponds to light polarization parallel to the nanotube axis. 

Fronl these figures, there are some notable features to be discussed. There are 

anisotropies in the THG signal, shown in Figure 7.4. When the light is polarized 

parallel to the carbon nanotube axis, the generated third harmonic signal is almost 2 

orders of magnitude larger than that of the case where the fundamental is perpendic-

ular to the nanotubes. This information could give us some insight into the relevant 

nonzero X(3) tensor elements. 

7.2 Data analysis 

The orientation dependence of the SWNT film can be explored by considering the 

i-th cornponent of the induced third hannonic field, 

(7.1) 
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Figure 7.6 : ¢ dependence of the third harmonic signal, generated from the SWNT film 
on Sapphire. The third harmonic signal is polarized perpendicular to the fundamental. 
¢ = 0 corresponds to light polarization parallel to the nanotube axis. 

where Ac T is a constant containing information about the fundamental-third har-

monic interaction, and a phase shift parameter, and the factor in brackets in the 

nonlinear polarization at the third harmonic from Equation 3.4. From this equation, 

it can be shown (similar to the calculations provided in A) that the orientation depen

dence of a third harmonic signal generated from carbon nanotubes, considering X~~zz 

is the only relevant tensor component, is represented by the following relationships 

E A (3) 1 4 
3w,II = CNTXCNT w cos ¢ (7.2) 

and 

(7.3) 

These calculations, however, were not consistent with the ¢ dependence of the THG 

intensity (I3w = Ejw) data collected for the highly aligned SWNT £llnl as shown in 
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Figures 7.7 and 7.8. 
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Figure 7.7 : ¢ dependence of t he measured third harmonic signal ~enerated from the 
SWNT film on Sapphire with theoretical calculations assuming X~~zz is the dominant 
X(3) tensor element . The t hird harmonic signal is polarized parallel to the fundamen
tal. ¢ = 0 corresponds to light polarization parallel to the nanotube axis. 
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Figure 7.8 : ¢ dependence of the measured third harmonic signal ~enerated from the 
SWNT film on Sapphire with theoretical calculations assuming X~~zz is the dominant 
X(3) tensor element . The third harmonic signal is polarized perpendicular to the 
fundamental. ¢ = 0 corresponds to light polarization parallel to the nanotube axis. 
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In order to further explore the relevant X(3) tensor elements, we will consider x~~zz 

to be the dominant component, but also consider x~~xx, x~~xz, x~~zx, x~~YY, xWyZ, and 

x~~Zy to be relevant nonzero tensor elements, as suggested by the four wave mixing 

experiment, executed by Lui et al. [ [32]]. If we take the ratio of the absolute value 

of the relevant tensor elements to be 

(3) _ (3) _ (3) _ (3) _ (3) _ (3) _ (3) 
xzzzz - axzzxx - axzxxz - axzxzx - axzzyy - axzyyz - axzyzy' (7.4) 

then the orientation dependence of a third harmonic signal can be described by the 

equations below. 

(7.5) 

and 

(7.6) 

Simulations for the ¢ dependence for the third harmonic signal based on these equa-

tions are shown in Figures 7.9 and 7.10. The measured THG spectrum are in 

excellent agreement with the theoretially calculated THG, as shown in Figures 7.11 

and 7.12. 
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Figure 7.9 : Simulations for a THG signal polarized parallel to the fundamental, 
considering the X(3) tensor contribution realationship is X1~zz = ax1~)xx. The following 
simulation shows ¢ dependence for variable a. ¢ = 0 corresponds to light polarization 
parallel to the nanotube axis. 
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Figure 7.10 : Simulations for a THG signal polarized perpendicular to the funda
mental, considering the X(3) tensor contribution realationship is X1~zz = ax1~xx. The 
following simulation shows ¢ dependence for variable a. ¢ = 0 corresponds to light 
polarization parallel to the nanotube axis. 

7.3 Discussion and conclusion 

From the calculations presented in the Section 7.2, it can be shown that the third 

harmonic signal measured from the higly aligned SWNT sample on sapphire had 
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Figure 7.11 : Experimentally measured spectum with theoretically calculated spec
trum for a TH G signal polarized parallel to the fundamental, considering the X(3) 

tensor contribution realationship is X~~zz = exx~~xx. The following simulation shows 
¢ dependence for variable ex. ¢ = 0 corresponds to light polarization parallel to the 
nanotube axis . 
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Figure 7.12 : Experimentally measured spectum with theoretically calculated spec
trum for a TH G signal polarized perpendicular to the fundamental , considering the 
X(3) tensor contribution realationship is X~~zz = exx~~xx. The following simulation 
shows ¢ dependence for variable ex. ¢ = 0 corresponds to light polarization parallel 
to the nanotube axis. 
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contributions from weaker X(3) tensor elements. These weaker components are ap

proximately 1/3 the strength of the dominant X~~zz component, and is in excellent 

agreement with Lui's experimental findings. In the future we would like to calculate 

the absolute value of x~1G for carbon nanotubes. 
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Chapter 8 

Summary 

Through orientation dependent experiments we were able to the conclude that the 

cause of the anisotropic features in our second harmonic spectra from highly aligned 

SWNTs on GaAs were caused by an absoption anisotropy by the carbon nanotube 

film followed by second harmonic generation in the GaAs substrate. The calculations 

did not explain the presence of a finite minimum, which had been shifted by more than 

what had been calculated. Because the sample The lack of carbon nanotube contribu

tion to the overall SHG signal could be explained by the presence of random chirality 

large diameter tubes in the sample. The zigzag and armchair tubes have inversion 

symmetry and the presence left-handed and right-handed chiral tubes introduce an 

inversion symmetry as well. This particular sample would be an ideal canditate for a 

mid-infrared photodetector, because of the unique electronic properties and its ability 

to absorb at long wavelengths. 

By changing the substrate material for our harmonic generation experiment to 

sapphire, we were successfully able to measure third harmonic generation in highly 

aligned SWNTs. Through orientation dependent experiments, the relevant nonzero 

tensor elements for X(3) were extracted. We were also able to calculate the relative 

contribution of each tensor element to the nonlinear susceptibility. These experiments 

have opened doors to the possibility of other future experiments on the nonlinear 

properties of nanotubes, like measuring the absolute value of X(3), by comparing our 

measured intensity of the generated third harmonic signal to that of a material with 
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known X(3). If carbon nanotubes are found to have a large X(3) , then it will be an 

ideal candidate for optical switching applications. 
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Appendix A 

Calculation of SHG ¢ Dependence from Highly 
Aligned Carbon Nanotubes on GaAs 

A.I Introduction 

In order to consider the GaAs contribution to the SHG after the anisotropic absorption of the incident 

fundamental by the cabon nanotubes, we must refer to Figures 5.4 and 5.4. The three ortho-normal 

vectors eTM, eTE, and ek must be projected onto the directions parallel and perpendicular to the 

carbon nanotube axes (parallel to the cleaved edges of GaAs). These vectors can be expressed as 

superpositions of the basis vectors e[lIO], e[llO], and e[OOl] as 

eTM = - cos {} cos ¢>e[lIO] - cos {} sin ¢>e[llO] + sin {}e[OOl] 

ek = - sin {} cos ¢>e[lIO] - sin {} sin ¢>e[llO] - cos (}e[OOl]' 

Thus, the two coordinate systems can be connected using rotation matrix R( {}, ¢» as 

( 
eTM ) ( e[lIO] ) 
e~E = R((}, ¢» ~[1l0] , 

ek e[OOl] 

where 

(A.I) 

(A.2) 

(A.3) 

(A.4) 

R(B, ¢» = - sin¢> cos¢> O· (A.5) (

-cos () cos ¢> - cos B sin dJ sin (} ) 

- sin B cos dJ - sin B sin ¢> - cos B 

The basis vectors e[lIO]' e[llO], and e[OOl] can be expressed as superpositions of the cartesian basis 

vectors ex, [100] , ey,[OlO], and ez,[OOl] , and can be connected using rotation matrix shown below 

cos 45 0 (A.6) ( 

~[1I0] 
e[llO] 

e[OOl] 

_ sin45 0 

o 
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Thus, the three ortho-normal vectors eTM, eTE, and ek can be expressed as superpositions of the 

cartesian basis vectors ex, ey , and ez as 

eTM = - cos 0 sin( ¢> + 45 O)ex + cos 0 cos( ¢> + 45 O)e y + sin 0 ez 

ek = - sin 0 sin( ¢> + 45 O)ex + sin 0 cos( ¢> + 45 O)e y - cos 0 ez . 

Thus, the two coordinate systems can be connected using rotation matrix R( 0, ¢» as 

('TM) ( 
ex 

). eTE = R(O, ¢» ey 

ek ez 

where 

( -00,0,;0(¢+45') cos () cos( ¢> + 45°) sin () ) R(O,¢» = cos(¢> +45°) sin(¢> + 45°) 0 

- sin 0 sin( ¢> + 45 0) sin 0 cos( ¢> + 45 0) - cosO 

(A.7) 

(A.8) 

(A.9) 

(A.I0) 

(A.11) 

The Cartesian basis vectors ex, ey , and ez axes can be projected back onto the eTM, eTE, and 

ek axes using the inverse matrix R- I (0, ¢»: 

where 

Thus, 

( 

-cosOsin(¢>+45°) 

R- I (0, ¢» = cos 0 cos( ¢> + 45°) 

sin () 

cos( ¢> + 45 0) - sin 0 sin( ¢> + 45 0) 

sin( ¢> + 45 0) sin 0 cos( ¢> + 45°) 

o - cosO 
) 

ex = - cos 0 sin( ¢> + 45 O)eTM + cos( ¢> + 45 O)eTE - sin 0 sin( ¢> + 45 O)ek 

ey = cos 0 cos( ¢> + 45 O)eTM + sin( ¢> + 45 O)hE + sin 0 cos( ¢> + 45 O)ek 

(A.12) 

(A.13) 

(A.14) 

(A.15) 

(A.16) 
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A.2 Second Harmonic Generation from GaAs 

For GaAs, the only non-zero components of the second-order nonlinear optical susceptibility X(2) 

are 

(2) _ (2) _ (2) _ (2) _ (2) _ (2) = (2) 
Xxyz - X xzy - Xyzx - Xyxz - Xzxy - Xzyx - XGaAs' 

The i-th component of the induced second harmonic field is written as 

where, 

So, from Equations A.17 and A.lS, the x component of the second harmonic is 

And similarly for the y and z components 

and 

A.2.1 TE excitation 

Since the fundamental is only TE polarized 

Thus from equation rotationTE 

And from equations A.20 and A.24, 

And similarly for the y and z components 

(A.17) 

(A. IS) 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

(A.23) 

(A.24) 

(A.25) 

(A.26) 
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and 

E 2w,z AGaAsxg~sEw,TE sin(¢l + 45 0) . Ew,TE cos(¢l + 45 0) 

1A (2) . 0 
'2 GaAsXGaAs1w,TE sm(2¢l + 90 ) 

1 (2) 
'2 AGaAsXGaAs1w,T E COS 2¢l (A.27) 

Thus, the z component is the only nonzero component of the induced SHG 

(A.28) 

Using equation A.16, we can project ez back onto the eTM, eTE, and ek directions 

(A.29) 

For TM polarized SHG 
1 (2) . 

E2w,TM = '2AGaAsXGaA.Iw,TEcos2¢lsmB (A. 30) 

The incident fundamental is refracted, after entering the the sample at Bext = 45 0 • The refractive 

index of GaAs is nGaAs = 3.857, thus 

nAir sin Bext = nGaAs sin Bint 

sin 45 0 3.857 sin Bint 

10.56 0 (A.31) 

Thus, the fundamental propagates through the GaAs substrate at 10.56 0 , so 

(A.32) 

A.2.2 TM excitation 

When the fundamental is TM polarized 

(A.33) 

Thus from equation A.8 

(A.34) 
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And from equation A.20 and A.34 

AGaAsxg~sEw,TM cos 0 cos(¢ + 45 0) . Ew,TM sinO 

lA (2). ° 
2" GaAsXGaAJw,TM sm20cos(¢ + 45 ) (A.35) 

And similarly for the y and z components 

-AGaAsxglAsEw,TM sinO· Ew,TM cosOsin(¢ + 45 0) 

-~AGaAsxglAslw,TM sin 20 sin(¢ + 45 0) (A.36) 

and 

E 2w,z -AGaAsXg~sEw,TM cosOsin(¢ + 45 0) . Ew,TM cos 0 cos(¢ + 45°) 

1 A . (2) 1 2· ( 0) 
-2" GaAsXGaAs w,TMCOS Osm 2¢+90 

1 (2) 2 
-2"AGaAsXGaAs1w,TM cos Ocos2¢ 

(A.37) 

Thus 

Thus using equations A.l5 - A.l6, we can project these Cartesian components back onto the 

eTM,eTE, and ek directions, and the TM and TE components of the induced SHG can be resolved. 

For TM polarized SHG 

E 2w,TM = ~AGaAsxglAslw'TM( - sin 2Bcos(¢ + 45 0) cosBsin(¢ + 45 0) 

- sin 20 sin( ¢ + 45 0) cos 0 cos( ¢ + 45 0) - cos2 0 cos 2¢ sin 0) 

= 
3 (2) . - 4" AGaAsXGaAslw,T M sm 20 cos 2¢ cos 0 

but, 0 = 10.56 0, thus 

E2w,TM = -~ cos 10.56 ° sin 21.l2 ° AGaAsxglAs1w,TM cos2¢ 

Similarly for TE polarized SHG 

(A.39) 

(AAO) 

~AGaAsxglAslw,TM(sin 20 cos(¢ + 45°) cos(¢ + 45 0) - sin 20 sin(¢ + 45°) sin(¢ + 45 0) 

- ~ AGaAsxglAs1w,T M sin 20 cos(2¢ + 90°) 

-~AGaAsxglAslw'TM sin 20 sin 2¢ (AAl) 
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but, () = 10.56 0 , thus 

(A.42) 

A.3 Second Harmonic Generation from GaAs Including Lin-

ear Absorption from CNTs 

The highly aligned CNTs act as a imperfect polarizer in the mid-IR. Thus the components of 

the incident fundamental perpendicualar and parallel to the axis of the CNTs undergo anisotropic 

transmission. The transmission Jones matrix, TONT, for such a polarizing element is 

( ~ 0 0) 
TONT = 0 J%Tii 0 . 

o 0 1 

(A.43) 

Thus, from equation A.lO the initial incident fundamental E field is 

( 
ETM) (_cos()cos</> -cos()sin</> 

Ew,o = ETE = -sin</> cos</> 

Ek - sin () cos </> - sin () sin </> 

sin () ) ( E[lIO] ) 

o E[llO]· 

- cos () E[OOl] 

(A.44) 

And the final (transmitted through CNTs) incident fundamental E field is 

( 
:::) = (V:T -L J;TII :) ( - c~::nc:s $ - c::: :in </> Si: () ) ( :::::; ) 

Ek 0 0 1 - sin () cos </> - sin () sin </> - cos () E[OOl] 

= ( 

-V%T-Lcos()cos</> 

-V%T-L sin </> 

-V%T-L sin () cos </> 

- J%TII cos () sin </> 

J%Tii cos</> o E[llO]· 

sin () ) ( E[lIO] ) 

- J%Tii sin () sin </> - cos () E[OOl] 

(A.45) 

Using equation ?? we can project Ew,/ onto the e",,[lOO], ey,[OlO], and ez,[OOl] directions 

- cos IJ( ~ cos 4>+J%TiL sin 4» 

v'2 
(J%TiL cos4>-~sin4» 

v'2 
- sin IJ( ~ cos 4>+J%TiL sin 4» 

v'2 

- cos IJ( ~ cos 4>- J%TiL sin 4» 

v'2 
(J%TiL cos4>+~ sin 4» 

v'2 
sin O( ~ cos 4>-J%TiL sin 4» 

v'2 

sin() ) (E ) -,:. :: 
(A.46) 
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A.3.1 TE excitation 

Since the fundamental is only TE polarized 

(A.47) 

Thus from equation A.46 

E - E (J%T\i cos ¢ - V%T;. sin ¢ A J%T\i cos ¢ + V%T;. sin ¢ A ) 

W - TE J2 ex + J2 ey (A.48) 

And from equations A.20 and A.48, 

E - A (2) E J%T\i cos ¢ + V%T;. sin ¢ 
2w,x - GaAsXGaAs w,TE J2 ·0 = 0 (A.49) 

And similarly for the y and z components 

E A (2) 0 E J%Tii cos ¢ - V%T;. sin ¢ 
2w,y = GaAsXGaAs . w,TE J2 = 0 (A.50) 

and 

E2w ,z 
A (2) E J%Tii cos ¢ - V%T;. sin ¢ J%11I cos ¢ + V%T;. sin ¢ 

GaAsXGaAs w,TE J2 . Ew,TE J2 

~AGaAsXg~Iw,TE [(%111) cos2 ¢ - (%T.d sin2 ¢] (A.51) 

Thus, the z component is the only nonzero component of the induced SHG 

(A. 52) 

Using equation A.16, we can project e z back onto the eTM, eTE, and ek directions 

(A.53) 

Thus for TM polarized SHG 

(A.54) 

Because, the fundamental propagates through the GaAs substrate at 10.56 0 , so 

(A. 55) 
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A.3.2 TM excitation 

When the fundamental is TM polarized 

(A.56) 

Thus from equation A.46 

E -E (cOStl(~cos¢+J%TiIsin¢), costl(~cos¢-J%TiIsin¢), . , 
w - TM - v'2 ex + v'2 ey + smlJ ez ) 

(A.57) 

And from equation A.20 and A.57 

A (2) E cos tI( ~ cos ¢ - J%TiI sin ¢) . 
CaAs XCaAs w, TM v'2 . Ew , T M sm tI 

1 A . (2) I . ~ cos ¢ - J%TiI sin ¢ 2' CaAsXCaAs w,T M sm 21J v'2 (A. 58) 

And similarly for the y and z components 

(2) . cos IJ( v'%T 1. cos ¢ + J%T11 sin ¢) 
-ACaAsXCaAsEw,TM sm tI . Ew,TM v'2 

1 (2) . v'%T 1. cos ¢ + J%TII sin ¢ 
- 2'ACaAs XCaA.Jw,TM sm2t1 v'2 (A.59) 

and 

(2) costl(~cos¢+ J%TiIsin¢) costl(~cos¢- J%TiIsin¢) 
-ACaAsXCaAsEw,TM v'2 . Ew,TM v'2 

-~AcaAsXg~Aslw,TM cos2 tI [(%T1.) cos2 ¢ - (%TII ) sin2 ¢] (A.60) 

Thus 

1 (2) . v'%T 1. cos ¢ - J%TII sin ¢ , 
2'AcaAsXCaAslw,TM(sm2t1 v'2 ex 

. ~cos¢+ J%TiIsin¢, 
- sm 21J v'2 ey 

- cos2 0 [(%T1.) cos2 ¢ - (%TII ) sin2 ¢] ez ) (A.61) 

Thus using equations A.15 - A.16, we can project these Cartesian components back onto the eTM 

and eT E directions 

[ 

. 2av'%T.LCOs<t>-J%!iLsin<t>( a . ("- 450)' + ("-+45°)' ) sm v v'2 - cos v sm 'I' + eTM cos 'I' eTE 

E2w = ~AcaAsXg~AJw'TM - sin20 ~ cos~J%!iLsin<t> (cos tI cos(¢ + 45 O)eTM + sin(¢ + 45 O)eTE) 

- cos2 tI [(%T1.) cos2 ¢ - (%TII ) sin2 ¢] (sin IJ eTM) 

(A.62) 
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For TM polarized SHG 

[ 

. 20V%T.Lcos1>-J%!iLsin1>( 0 . ( O)} 1 sm J2 - cos sm ¢ + 45 
~ , (2) . %T.L cos + %11 sin 
2AGaAsXGaAslw,TM -sm20~ ~J%!iL 1>(cosOcos(¢+45 0 )) 

- COS2 0 [(%T.L) COS2 ¢ - (%111) sin2 ¢] (sin O) 

lA (2) . [2V%T.L + %T.L - 2J%711- %111 1 -4 GaAsXGaAJw,TMsm20cosO 
+(2V%T.L + %T.L + 2J%111 + %111}cos2¢ 

(A.63) 

Similarly for TE polarized SHG 

E2w,TE = [ 
. 20V%T.LCos1>-J%!iLsin1>( (A.. 45°)} 1 1 (2) sm v'2 cos 'I' + 

-2AGaAsXGaAslw,TE ~ /irFP" . 
_ sin 20 y%T.L cos~y%7R sm 1> (sin(¢ + 45 0)) 

1 A (2) . r;;;;::;n:;;::;;-. -4 GaAsXGaAslw,TEsm20(y%TII- v%T.L}sm2¢ (A.64) 

but, 0 = 10.56 0, thus 

(A.65) 

A.4 Second Harmonic Generation from Carbon Nanotubes 

The three ortho-normal vectors eTM, eTE, and ek can be expressed as superpositions of the cartesian 

eTM = sin Oe", - cos 0 cos ¢ey - cos 0 sin ¢ez 

ek = - cos Oe", - sin 0 cos ¢ey - sin 0 sin ¢ez 

Thus, the two coordinate systems can be connected using rotation matrix R( 0, ¢} as 

( :;:) ~ R(O,.) ( :J 
where 

R(O,¢} = (

sinO -cosOcos¢ 

o -sin¢ 

- cos 0 - sin 0 cos ¢ 

-cosOsin¢ ) 

cos¢ . 

- sinOsin¢ 

(A.66) 

(A.67) 

(A.68) 

(A.69) 

(A.70) 
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The Cartesian basis vectors ex, ey , and ez axes can be projected back onto the eTM, eTE, and ek 

axes using the inverse matrix k-1((}, r/J): 

where 

fl-'(e,q,) ~ ( sin(} 0 -,~e ) 
- cos (}cosr/J -sinr/J -sin(}cosr/J . 

- cos(} sin r/J cosr/J - sin (} sin r/J 

Thus, 

ex = sin (}en"r - cos (}ek 

ey = - cos () cos r/JeTM - sin r/JeTE - sin (} cos r/Jek 

For carbon nanotubes 

(2) _ _ (2) _ (2) 
Xxyz - Xyzx - XCNT 

So, from equation A.18, the x component of the induced SHG is, 

A [ I ( (2) (2) )] I A (2) E E E 2w,x = CNT '2 XxyzEw,yEw,z + XxzyEw,zEw,y = '2 CNTXCNT w,y W,z' 

and the y component is, 

E 2w,y = ACNT [~(X~~xEw,zEw,x + X~~zEw,xEw,z)] = ~ACNTXg~TEw,zEw,x 

A.4.1 TE excitation 

When the fundamental is only TE polarized 

Thus from equation A.68 

And from equations A.77 and A.80, 

(A.71) 

(A.72) 

(A.73) 

(A.74) 

(A.75) 

(A.76) 

(A.77) 

(A.78) 

(A.79) 

(A.80) 

(A.81) 
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And similarly for y component 

1 (2) 
E2w,y = 2 ACNT XCNTEw, T E cos ¢ . 0 = 0 (A.82) 

Thus, the x component is the only nonzero component of the induced SHG 

(A.83) 

Using equation A.74, we can project ex back onto the eTM, eTE, and ek directions 

(A.84) 

For TM polarized SHG 

(A.85) 

but, () = 45 0 , thus 

(A.86) 

A.4.2 TM excitation 

When the fundamental is TM polarized 

(A.87) 

Thus from equation A.68 

(A.88) 

And from equation A.20 and A.88 

~ACNTXgkTEw,TM cos () cos ¢ . Ew,TM cos 0 sin ¢ 

1 (2) 2 . 
4"AcNTXcNT1w,TM cos Osm2¢ (A.89) 

And similarly for the y component 

-~ACNTXgkTEw,TM cos () sin ¢ . Ew,TM sin () 

1 A (2) 1 . 20 . A.. 
-4" CNTXCNT w,TMsm smlf' (A.90) 

thus, 

(A.91) 
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Thus using equations A.15 - A.16, we can project these Cartesian components back onto the 

CTM,CTE, and Ck directions thus, 

E2w = ~ACNTxg~Tlw'TM(-Cos2Bsin2¢(sinBcTM -COS(}Ck) 

- sin 2B sin ¢( - cos B cos ¢CTM - sin ¢CTE - sin B cos ¢Ck)) 

For TM polarized SHG 

~AcNTxg~Tlw'TM( - cos2 Bsin2¢sinB + sin2Bsin¢cosBcos¢ 

(A.92) 

(A.93) 

-~AcNTxg~Tlw'TM( - sin2BcosBsin2¢ + sin2BcosBsin2¢) = 0 (A.94) 

Similarly for TE polarized SHG 

but, B = 45°, thus 

E 1 A (2) 1 . 2B . ,/., . ,/., 
2w,TE = -4' CNTXCNT w,TMsm sm o/sm 0/ 

1 A (2) 1 . 2B . 2,/., -4' CNTXCNT w,TMsm sm 0/ 

(A.95) 

(A.96) 

(A.97) 

(A.98) 
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