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ABSTRACT 

Developing Designs with Manufacturing Capability  

Using the Level Set Method 

by 

Omid B Nakhjavani 

This thesis discusses how to use topology and shape optimization, specifically the 

level set method, for innovative design. The level set method is a numerical algorithm 

that simulates the expansion of dynamic implicit surfaces. In this research, the equations 

for manufacturability are generated and solved through use of the level set method joined 

with the COMSOL multi-physics package. Specific constraints are added to make the 

optimization practical for engineering design. The resulting method was applied to design 

the best underlying support structure, conforming to both curvature and manufacturability 

constraints, for the longerons used with the International Space Station solar panels. 

 

Keywords: topology optimization, structural optimization, level set method 



 

 

2

Acknowledgements 

The work presented here is a result of my work with Dr. Andrew J. Meade. I enjoyed 

every moment of my interaction with him. This work would not have been possible 

without his insights and his encouragement. 

I take this opportunity to thank all the professors who taught me several courses over 

the duration of my coursework at the Rice University. Their influence on me extends 

beyond the classroom. 

First and foremost I would like to offer my deepest regards and sincere gratitude 

towards my advisor Dr. Andrew J. Meade for guiding me throughout my graduate 

studies. His authority on this subject, kind nature, and friendly supervision were of great 

assistance to me. Special regards go to Dr. J.E. Akin for giving valuable suggestions 

toward making this work more complete and for serving on my thesis committee. I am 

profoundly thankful to Dr. Jamie E. Padgett and Dr. Andrew J. Dick for serving as a 

member of my thesis committee and providing thoughtful insights during this work. I am 

also thankful to the Advanced Integrated Analysis team members from Boeing and 

NASA for providing their feedback. 

In my daily work I have been blessed with a group of friendly and cheerful technical 

fellows and colleagues. I would like to thank all the department staff members, and 

especially Sherry D. Vanderslice, for providing a nice environment in which to work, and 

for all their help in finishing the required paperwork. 



 

 

3

Table of Contents 

Abstract........................................................................................................... 1 
Acknowledgements ........................................................................................ 2 
Table of Contents ........................................................................................... 3 
List of Figures ................................................................................................ 5 
List of Tables .................................................................................................. 6 
Chapter 1 Topology Optimization ............................................................... 7 
1.1 Introduction ....................................................................................................................7 
1.2 Structural Optimization ..................................................................................................8 
1.3 Topology Optimization Methods .................................................................................10 

1.3.1 Hard Kill Method And Soft Kill Method ......................................................11 
1.3.2 Ground Structural Method ............................................................................13 
1.3.3 Homogenization Method ..............................................................................14 
1.3.4 Comparisons Of Different Topology Optimization Methods .......................16 

1.4 Objective ......................................................................................................................17 
Chapter 2 The Level Set Method ............................................................... 19 
2.1 Introduction ..................................................................................................................19 
2.2 Implicit surfaces ...........................................................................................................19 
2.3 Advantages of Implicit Surfaces ..................................................................................20 
2.4 Dirac Delta and Heaviside Functions ..........................................................................21 
2.5 Dynamic Implicit Surfaces ..........................................................................................22 
2.6 Using The Level Set Method In Structural Optimization ............................................23 
2.7 Optimization of A Flexible Structure ..........................................................................24 
2.9 The level set boundary and adaptive meshing .............................................................30 
Chapter 3 Constraints ................................................................................. 32 
3.1 Curvature Constraint ....................................................................................................32 
3.2 Manufacturing Constraints and Challenges .................................................................34 
3.3 Validation .....................................................................................................................38 
3.4 Initial Constraints .........................................................................................................40 
3.5 Defining the Secondary Constraints for Topology Optimization ................................40 

3.5.1 Stress Constraints ..........................................................................................40 
3.5.2. Inertia Constraints ........................................................................................41 
3.5.3 Curvature Constraints ...................................................................................41 
3.5.4 Manufacturability Constraints ......................................................................42 



 

 

4

3.6 Implementation of Constraints in the Level Set Method .............................................43 
Chapter 4 Comparison of Optimization Algorithms ............................... 45 
4.1 Introduction ..................................................................................................................45 
4.2 Related Work ...............................................................................................................46 
4.3 Motivation ....................................................................................................................47 
4.4 GA and SA Strength and Limitation ............................................................................48 
4.5 ASAGA Scheme ..........................................................................................................49 
Chapter 5 Deployable Space Structures .................................................... 51 
5.1 Introduction ..................................................................................................................51 
5.3 Deployment Challenges ...............................................................................................54 
5.4 The International Space Station ...................................................................................55 
5.5 Solar Power Satellites ..................................................................................................59 
Chapter 6 Application and Results ............................................................ 61 
6.1 Introduction ..................................................................................................................61 
6.2 Research Objective and Approach ...............................................................................62 
6.3 Results ..........................................................................................................................67 
Chapter 7 Conclusions ................................................................................ 69 
References ..................................................................................................... 70 
Appendix ....................................................................................................... 76 
 



 

 

5

List of Figures 

Figure 1-2: Optimization methods: (a) size optimization, (b) shape optimization, (c) 
topology optimization [3] ....................................................................................................9 
Figure 1-3: Optimization of a supported beam [4]: (a) supported beam with 
distributed force, (b) meshing structure, and (c) optimum structure .................................12 
Figure 1-4: Ground structural method [4] ..........................................................................13 
Figure 1-5: Homogenization method: (a) modeling elements with cubic holes and (b) 
sample of one element .......................................................................................................14 
Figure 2-1: Dynamic implicit surface [3] ..........................................................................19 
Figure 2-2: The level set method flowchart .......................................................................29 
Figure 3-1: Dynamic implicit surface changes ..................................................................32 
Figure 3-2: Concave and convex shape change scenarios that increase ............................33 
the structure’s surface ........................................................................................................33 
Figure 3-3: Difficulty of curvature constraint ....................................................................34 
Figure 3-4: Manufacturability parameters .........................................................................36 
Figure 3-5: Comparison of curvature topology scenarios..................................................37 
Figure 3-6: Validating the results using the sectioning analysis tool: ...............................39 
(a) diagonal truss (b) optimized truss .................................................................................39 
Figure 3-7: level set iterations............................................................................................44 
Figure 5-1: A coiled mast deployable from a canister by a rotating nut (Courtesy of 
AEC-Able Engineering Company, Inc.) ............................................................................53 
Figure 5-2: FAST mast used on the International Space Station (Courtesy of AEC-
Able Engineering Company Inc.) ......................................................................................53 
Figure 5-3: The deployed Hubble space telescope ............................................................54 
Figure 5-4: The eight solar panels on the International Space Station ..............................57 
Figure 5-5: Space truss design ...........................................................................................59 
Figure 5-6: Truss longerons. Color represents temperature (red hot, blue cold) ...............59 
Figure 5-7: Solar power satellite concept ..........................................................................60 
Figure 6-1: (a) International Space Station solar array, (b) truss longerons [47] ..............61 
Figure 6-2: Support structure for truss longerons modeled as a cantilever plane ..............63 
Figure 6-3: Mesh statistics for support structure ...............................................................64 
Figure 6-4: Level set result minimizing strain energy .......................................................65 
Figure 6-5: Level set result minimizing strain energy with ...............................................66 
moment of inertia constraint ..............................................................................................66 
Figure 6-6: Level set result minimizing strain energy with ...............................................66 
moment of inertia and curvature constraints ......................................................................66 
Figure 6-7: Level set result minimizing strain energy with ...............................................67 
moment of inertia, curvature, and manufacturability constraints ......................................67 
Figure 6-8: Optimized support structure for longerons and the ISS solar panels ..............68 
 



 

 

6

List of Tables 

 
Table 1-1: Comparison of topology optimization methods…………....………….. ……16 
 



 

 

7

Chapter 1 

Topology Optimization 

1.1 Introduction 

In the past, efficient designs in aerospace have evolved through decades of manual 

optimization. For example, the popular Boeing 737 (Figure 1-1(a)) can trace its lineage 

directly to the B-47 Stratojet bomber developed in the 1950s. However, the need for 

precise structural mass constraints and shortened development time-scales in the modern 

aerospace industry naturally call for the use of advanced computer aided optimization 

methods. Examples include the A380 Airbus (Figure 1-1(b)), the Ares I (Figure 1-1(c)), 

and notional hypersonic aircraft (Figure 1-1(d)).   

 

Figure 1-1: Aerospace design applications 
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The general structural optimization problem (also known as the layout problem) has 

been investigated by Michell’s analytical work [1], which is based on Maxwell’s theorem 

for optimal structural layout of single-purpose truss structures. The theory of structural 

layout that is discussed in detail in Maxwell’s and Michell’s work can be found in 

reference [2].  

Structural optimization research can be divided into representations of two types of 

material: discrete or continuous. Discrete representations assume a layout is composed of 

a particular structural element type, such as a truss or a beam. However, a continuous 

method fills a defined space with material. Therefore, it is possible that a combination of 

the materials form a structural type [3].  

Research in this field is further divided into optimizing with deterministic methods 

and stochastic methods. Although deterministic methods can give one optimal solution 

from a specified starting point, stochastic methods can provide multiple near-optimal 

solutions. Given the large number of variables and the ease in calculating gradients, 

deterministic approaches have tended to produce better results. 

1.2 Structural Optimization 

The structural optimization procedure consists of various stages. These stages can 

generally be divided into three: size optimization, shape optimization, and topology 

optimization.  
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Using a load bearing member as an example, the goal of size optimization is to find 

the best thickness distribution on a surface or the best area of the cross-section for each 

member of a truss, as illustrated in Figure 1-2(a). At this stage the shape and design area 

are kept constant. In shape optimization (Figure 1-2(b)), the shape is allowed to vary 

while the component’s size and topology of the material is kept constant during the 

optimization process. In topology optimization, the shape of the holes, their number and 

location, and relation of the components are all chosen as design variables of the system 

(Figure 1-2(c)).  

 

Figure 1-2: Optimization methods: 

(a) size optimization, (b) shape optimization, (c) topology optimization [3] 

 

Before using size or shape optimization an initial design proposal has to be available. In 

the planning phase, a fundamental structure of the object can be found using topology 

optimization. A design concept can be found starting from known loads and boundary 

conditions and the maximum design space available. This design concept is as low a mass 

as possible while meeting all requirements, e.g. stiffness and durability. Areas that are not 

needed are removed from the given design space. The result serves as a workable design 
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solution for the creation of a numerical model for the subsequent simulation and shape 

optimization. This method provides the designer, even in the early planning stage, with a 

tool capable of creating a mass-optimized design proposal for a given space.  

Numerous examples have shown that the major savings in mass are achieved when 

selecting the type of workable design and not when doing the detailed design optimization. 

The aerospace industry is very aware of this and often spends considerable time studying 

different design alternatives. Because of its importance, especially with the availability of 

new materials and manufacturing processes, much research has gone into developing more 

accurate and efficient topology optimization techniques.  

1.3 Topology Optimization Methods 

The goal of topology optimization is to find the best topology of material in a specific 

region. The specification and known parameters of the problem are imposing forces; end 

conditions; the volume of structural space; the placement of holes; and the physical size, 

shape, connection, and continuity of the structure.  

To remove the need for a shape function, and to describe all possible topologies in a 

single model, we first have to divide the design space using the finite element method 

(FEM). By discretizing the domain into a finite element mesh, it is possible to calculate 

the properties of each element. Using this method, the value of each element is compared 

with an objective function and is subject to constraints. The minimum value of each 

element should not violate the constraints.  

Many finite element tools are currently used for topology optimization, including:  
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1. Altair/Hyperworks/OPTISTRUCT  [4]. 

2. HyperSize [4]. 

3. MSC/NASTRAN MDr2 [5]. 

4. ANSYS [6]. 

5. Genesis [7]. 

6. COMSOL multi-physics package [8]. 

Although these tools are quite popular in industry, each has its own strengths and 

weakness. Finite element based topology optimization methods in the literature can be 

divided into one of four approaches:  

1. the hard kill method and soft kill method 

2. the ground structural method  

3. the homogenization method 

4. the level set method  

These four approaches are discussed in the next section.  

1.3.1 Hard Kill Method And Soft Kill Method 

In hard kill and soft kill methods of topology optimization, the stress in each element 

is calculated and compared with an allowable stress. Based on this comparison, we can 

make a decision on whether the element should be eliminated or fortified. The difference 

between a hard kill method and a soft kill method is how elements are eliminated [3]. 

Hard kill and soft kill methods can be represented mathematically as shown in the 

Equation 1-1: 
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E0, the Young module that is used for the structure, and  ,e
eff , respectively, are 

allowable stress and effective stress in each element. To prevent a change of meshing in 

the optimization process and to prevent a singularity of the elasticity matrix, we use a 

small minE rather than using zero. An example is shown in the Figure 1-3. 

 

Figure 1-3: Optimization of a supported beam [4]: (a) supported beam with 

distributed force, (b) meshing structure, and (c) optimum structure 

However, with the soft kill method, if the stress of the element is less than the 

allowable stress, then the strength of the element will be further reduced until the element 

is eliminated. The main problem with this method is the possibility that the optimum 

structure does not have the minimum weight. This is because all the elements with less 
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than the allowable stress are eliminated in spite of the fact that sometimes the existence 

of these elements is necessary for decreasing the stress of the structure and overall 

weight. 

1.3.2 Ground Structural Method  

The ground structural method is generally used for optimizing frames and trusses. To 

start, a base structure is defined with respect to the design boundaries. Next, the structure 

is meshed with other points, and each pair of points is connected by a member. Finally, 

the optimum conditions for some of these elements are eliminated or strengthened. Thus, 

the optimum structure is generated [3]. 

In this method, the design variables are the cross-sectional areas of the members, 

which can be changed continuously. An example of this method with distributed forces is 

shown in Figure 1-4. The main weakness of this method is that it is strongly dependent 

on the number of meshing points. In addition, this method is more applicable to trusses 

and frames than continuous structures.   

 

 (a) main initial structure (b) structure after optimization 

Figure 1-4: Ground structural method [4] 
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1.3.3 Homogenization Method 

In the homogenization method, the material of the structure is represented as a porous 

continuum with a periodic microstructure or layered composites of different ranks of 

densities. The homogenization method uses a material microstructure that contains 

periodic rectangular voids (hexahedral voids in three dimensions). The design variables 

for each element are the breadth and depth of these rectangular voids and their 

orientations. These define the elasticity properties and the density of the material. In each 

of the solid cells containing a void, the void is shaped like a rectangular prism with a 

length, width, and height determined by variables a, b, and c, respectively. This is 

illustrated in Figure 1-5 for a two-dimensional example. 

 

Figure 1-5: Homogenization method: (a) modeling elements with cubic holes and (b) 

sample of one element 
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The orientation of the void is determined by angles. These angles are determined by 

orienting the void in the direction that is most effective in reducing strain energy density. 

Using a normalized formulation, the density of an element may be determined for our 

example by: 

 )1).(1(1
1

ba 


 (1-2) 

In this equation, (1 – a)•(1 – b) represents the total volume of void in an element. 

a = b = 0 represents the state of void for this element, and a = 1 or b = 1 implies that the 

element is solid (i.e., filled with “real” material). The intermediate values of a and b 

represent fictitious material.  

The void size variables are considered to be continuous variables varying between 0 

and 1. The void orientation of each element is also a continuous variable, which is 

determined by the orientation of the principal strain. Note that while the real material is 

isotropic, the fictitious material of intermediate density is anisotropic [9]. 

Therefore, at the end of the process we can find the density of each element and then 

decide to keep or eliminate the element. 

Although homogenization is used in most of the optimization software, the 

homogenization method has some problems, such as edging phenomena, dependency of 

responses to size of elements, and being limited to linear models and simple objective 

functions. 

To address these problems, the use of the level set method was developed. The level 

set method, based on dynamic implicit surfaces, can solve nonlinear and complex 

objective functions. By using this method, edging phenomena can be avoided while 
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solving nonlinear and complex objective functions by adding constraints such as 

curvature and manufacturability. Although level set still depends on element size, it is 

conjectured that it is more efficient compared to other shape optimization methods [10], 

[11]. 

1.3.4 Comparisons Of Different Topology Optimization Methods 

Table 1-1 summarizes the advantages and disadvantages of the topology optimization 

methods. The ten most important factors are chosen and evaluated in each topology 

optimization method. When the soft and hard kill, ground structural, homogenization, and 

level set methods were compared the level set method achieved the highest rating [12]. 

  Methods

Comparison Factors Level Set Method Homogenization Ground -Structural Soft and hard kill 

Applies to general problems     

Easy to formulate     

Ease of  topology change     
Creates new holes in 

structure     
Applies to nonlinear problem     

Smooth edging ability       
Independent of element size     

Solution time     

Ability of adding constraints    
Accuracy control of the 

results     
  9/10 7/10 2/10 4/10

 

Table 1-1: Comparison of topology optimization methods 
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The level set method is able to formulate difficult problems, such as nonlinear 

problems, and its capability of solving multi-objective functions is superior to the other 

methods. The level set method changes the topology iteratively, which is especially 

beneficial for complicated topologies. Although the level set method has many 

advantages, it has weaknesses as well that will be explained in detail in the following 

chapter. 

1.4 Objective  

In the last few decades, designing deployable, large-scale structures that are both 

lightweight and sturdy has been an aerospace industry priority. Trusses, used to support 

space structures and instruments such as radio frequency reflectors, radar panels, 

telescope optics, and solar arrays, have proved to be an ideal design for space. However, 

their development to be deployable in space has been a significant challenge.  

The objective of the work presented in this thesis is to apply the level set method to 

topology optimization and to combine manufacturability constraints with those involving 

structural integrity (i.e., stress and strain). The resulting package was then applied to 

designing the best support structures for solar panels on satellites and the International 

Space Station (ISS) that conformed to constraints based on empirical data and sensitivity 

analysis.   

Manufacturability constraints help users to design products within their capabilities. 

For instance, if the users have a milling machine with 5-inch diameter tools rather than a 

laser machine, they will be restricted in their ability to produce their designs. With 
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manufacturability constraints, users are able to produce the same quality product with 

different shapes and can compete with other companies.  

The level set method is known to handle boundary propagation with topological 

changes. However, in practice, the manufacturing constraint affects the level set in that it 

cannot converge to a unique solution. The Adaptive Simulated Annealing Genetic 

Algorithm (ASAGA) concept was used to activate a radius constraint. The resulting 

topology optimization scheme was then joined with the COMSOL multi-physics 

package.  

The thesis is laid out as follows. Chapter 2 discusses the level set method in detail. 

Chapter 3 derives the mathematical expressions for the manufacturability constraints and 

those involving structural integrity. In Chapter 4 we compare optimization algorithms 

that are required to determine the values of design parameters from the minimization of 

the constrained optimization functions. Chapter 5 reviews large-scale trusses and 

challenges in deploying them in space. In Chapter 6 we present the results of applying the 

topology optimization package to the ISS solar array structural support problem. Finally, 

conclusions are drawn in Chapter 7.  
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Chapter 2 

The Level Set Method 

2.1 Introduction 

To understand the level set method, we will first discuss dynamic implicit surfaces 

and the equations and rules for these surfaces. Next, the relationship between dynamic 

implicit surfaces and topology optimization will be explained.  

2.2 Implicit surfaces 

Dynamic implicit surfaces can be described in the following way. First, the two-

dimensional space R2 is divided in a circle as in Figure 2-1: 

 
  

R=1 x

  



 
 : outside region;  : inside region;  : interface 

Figure 2-1: Dynamic implicit surface [3] 

The figure has the following boundary: 
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 }1{  xx


 (2-1) 

 }1{  xx


 

x


 = (x,y) is a vector of displacement in Equation 2-1. 

As we can see, the inside and outside surfaces are two-dimensional; however, the 

interface is one-dimensional. Thus, to divide the space in nR , the interface should be the 

n-1 dimension. In the above example, the interface is defined with a collection of points, 

which are applied in Equation 2-2: 

 
}1{  xx


 (2-2) 

This equation is called the explicit function. In this method, the interface space is 

defined for n-1 dimensions [11].  

The other method that can be used to find the interface is the implicit function. In this 

method, the inside, outside, and interface are defined in n dimensions. The interface will 

then be defined by setting the isocontours function to zero. For instance, in the above 

problem the function 122  yx  is defined in 2R , and 0)( x
 will define the 

interface [11].  

2.3 Advantages of Implicit Surfaces 

It seems that the implicit function method is not reasonable to use because the 

interface is defined by the n-1 dimensions, while the function is defined by n dimensions. 

The other explanation is, if 0x


 is in the inside region, then 0)( 0 x
 ; on the other 
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hand, if 0)( 0 x
 , the point is outside the region, and if 0)( 0 x

 , then the point is 

located on the interface. Another advantage of using the implicit function is that we can 

easily apply Boolean operators to the function. If we assume that 1 and 2  are two 

separate implicit functions, then ))(),(min()( 21 xxx
   shows the 

union of interior regions. The other Boolean function that is explained by the implicit 

function is the gradient vector. The three-dimensional gradient vector function is defined 

as:  

 
),,(

zyx 









  (2-3) 

  
This vector is always perpendicular to each point, and the direction of this vector is 

defined whenever the   increases. Thus, the normal vector is defined as, 

 





N


 (2-4) 

 

2.4 Dirac Delta and Heaviside Functions 

The implicit surface is used when the function is defined for the overall region. To 

solve the problem of how to integrate over the interface to find the volume, the Dirac 

delta and Heaviside functions are used [10]. 

The Heaviside function is explained as follows: 

 







01

00
)(





if

if
H  (2-5) 

Thus, if the goal is considering the volume in   region, the volume is shown below: 
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 V Material = 


 dxH ))(1(   (2-6) 

The above definition can change with respect to the problem, so by changing the 

Heaviside functions, we can specify the region. The above equation can change to: 

   V No-Material = 


 dxH ))((   (2-7) 

To consider the )( xf in the interface, the Dirac function is expressed as: 

 



 



 )()()()(ˆ HHNH


 (2-8) 

The derivative of )(H with respect to   is ( )(H  ) and is shown as 

)( and named Delta function. With respect to the above equation, )( has a 

nonzero value only in the interfaces. 

2.5 Dynamic Implicit Surfaces  

In the previous discussion, we assumed the surfaces were time invariant. If we 

imagine the implicit surface ),( tx
 is changing with respect to time, then the velocity 

vector can be expressed as: 

 
dt
xd

xV



)(  (2-9) 

By solving the Hamilton-Jacobi in Equation 2-10, the contour surface of )( x
 can 

be found:  

 0  Vt


 (2-10) 
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This equation is the partial differential equation, and subscript t represents the 

derivative of the function with respect to time. Moreover, the velocity vector V


can be 

shown as a tangent and normal to the surface for each velocity at different times in 

Equations 2-11, 2-12 and 2-13: 

 TVNVV tn


  (2-11) 

N


is the normal vector and T


 the tangent vector to the surface )( x
 ; therefore: 

 0)(   TVNV tnt


 (2-12) 

 If 0 T


 and 





 










2

N


 (2-13) 

Then the Hamilton-Jacobi equation will change to: 

 0  nt V   (2-14) 

The above equation is described as the level set equation. Rewriting this equation for 

equal time intervals, we solve the derivative numerically by: 

 
0

1





nn
nn

V
t

 
  (2-15) 

where n  is the function value in nt and nn ttt   1 . A finite element 

method is used to solve the equation numerically. 

2.6 Using The Level Set Method In Structural Optimization 

The level set method is a numerical algorithm to simulate the expansion of dynamic 

implicit surfaces. The velocity nV  is the factor that is used in level set method to solve 
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structural optimization problems. In other words, when the level set is used for topology 

optimization problems, nV  shows the direction of the surface. The surface in turn is used 

to minimize the objective functions such as weight, natural frequency, and flexibility. 

After solving the Hamilton-Jacobi equation, the contour surface of )( x
 shows the 

shape and position of the surface, holes, material distribution, and final shape structure. 

To achieve this goal, the space region is shown as   and the interface as  . 

 
















)(0)(

)(0)(

)(0)(

boundaryxx

holexx

materialxx






 

(2-16) 

The most commonly used application of this in topology optimization is to increase 

the stiffness of a structure, which then decreases the flexibility for external loads. In the 

following section, the methodologies used to achieve this are explained. 

2.7 Optimization of A Flexible Structure 

When increasing the volume of material in a structure, the flexibility and deflection of 

the structure will decrease. However, to achieve this, the weight of the structure 

increases, which is not preferred. As in homogenization, flexibility and weight should be 

considered together. Therefore, the objective function includes both flexibility and weight 

[11]. 

The strain energy density can be defined with strain distribution within the element. 

For solving plane strain problem the nonzero strains are ϵ1, ϵ2, ϵ3. The results in matrix 

form expressed as follows: 
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The matrix of shape function derivatives [B] is constant and depends on the 

coordinates of the element corners. The strain energy density can compute in each 

element with stress value in each element.   

 

 

For plane stress simplify as : 

 

The strain energy density is related to stress and strain, therefore the matrix can be 

defined as: 

 

When increasing the flexibility of a structure, more strain energy will be stored. 

Therefore, we can use the strain energy in the process to show the flexibility as follows: 
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dDEC T  )(
2

1
)(

 (2-17) 

where  represents the design space,  is the strain tensor, D is the stiffness matrix, and 

)(E  is the elasticity module. 

 0min ))(1()()( EHHEE    (2-18) 

In the above equation, )(E  is formulated so that the external interface points 

have a Young’s module 0E , and the internal interface points have minE , which is very 

small and used to avoid singularity of the strain matrix. Moreover, to prevent 

discontinuity in the structure, the stress within an element is calculated to satisfy the 

following constraint: 

 ]1)/)()).(1.[(...).(
2

1
),,( 



 


y

T sHdDEJ   (2-19) 

The yield stress is sy,  is the Lagrange factor, and )(  is the local stress. When 

using the Kuhn-Tucker method, the objective function can be defined as follows: 

 ]1)/)()).(1.[(...).(
2

1
),,( 



 


y

T sHdDEJ   (2-20) 

The above function is minimized when 0)( 


J . Therefore, to find the desired  , 

the optimization process is searching for where 0)( 


J . To achieve this goal, we use the 

following process:  

                                     
0

).(.
)(

)(












 H                      (2-21) 

δ(φ) shows the  surface changes and the Dirac delta function. 
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Then we can find the J changes with respect to surface changes as follows: 






















 d

H
D

E
J T .]

)()(

2

1
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0








 (2-22) 
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dlDEE T ..])(
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1
[ min0 

 

As in the previous equation, and with respect to the Euler-Lagrange function in 

maximum point, we have: 

 0)(])(
2

1
[ min0 



   DEE T  (2-22) 

However, solving this equation using analytical methods is impossible. Therefore, the 

level set equation is defined as follows and solved with numerical methods with respect 

to some initial 0 . The value of the surface in the optimum state is found: 

 0)()(
2

1
min0 



 


 

DEE
t

T  (2-23) 

where t now represents pseudo-time because the surface changes at discrete time steps 

that correspond to iterations. The term 
t

  acts as the search direction in the optimization 

method.  

To solve the above equation, we need to calculate the Lagrange factor in Equation 2-

24: 
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and substituting t  from the level set equation, we have: 
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We can summarize the level set process in the following steps: 

1. Define an initial surface, which is the starting point for the optimization, 0 . 

2. Create an objective function equation and calculate the volume with respect to the 

finite element method in the main model. 

3. Calculate the objective function value and constraints for the part of the structure 

that is in the internal space surface. 

4. Calculate the Lagrange factor. 

5. Find the normal vector of velocity for each point of the surface. 

6. Solve the Hamilton-Jacobi equation for one time step to define the effective 

search direction and the new surface for the next iteration. 

7. Check the convergence; if not convergent, then repeat the cycle from step 2 until 

convergence in achieved.  

For a complete mathematical formulation, see Nakhjavani and Campbell [12]. 

Nakhjavani and Meade [13] modified the level set method by adding curvature 

constraints to obtain smooth surfaces. Figure 2-2 illustrates the overall flow for the level 

set method and the processes of applying other constraints to converge into one solution.  
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Figure 2-2: The level set method flowchart  
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2.9 The level set boundary and adaptive meshing 

In topology optimization using the level set method, the material distribution 

properties around the zero iso-contour of the level set function (i.e., the level set 

boundary) is often relaxed so that Eulerian mesh using FEM can be used to computed the 

state variables [14], [15]. However, because the relaxation yields ambiguous materials, 

there is not a perfect solid around the boundary. Also, because representation by the level 

set boundary shape is independent of the Eulerian mesh configuration, the level set 

boundary cannot always match with a subset of the existing element edges. Thus, 

imposing Dirichlet boundary conditions at proper nodes on the level set boundary is 

nearly impossible. 

To solve this problem, numerical techniques such as the immersed boundary method 

[16], [17] and the extended finite element method [18], [19] can be applied; but these 

methods are not completely free of numerical or discretization errors. In this research, we 

have focused on the FEM and COMSOL PDE solver because of the simplicity of the 

implementation. 

To impose design-dependent Dirichlet boundary conditions, it is valid to incorporate 

an adaptive mesh generation scheme into the topology optimization using the level set 

method. If an appropriate FEM mesh defines the level set boundary, the design variables 

can be easily computed by using Dirichlet boundary conditions at suitable nodes on the 

level set boundary. Wang and Wang [20] merged the superimposed FEM into level set 
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method. Dubois et al. [21] used a three-dimensional surface mesh generated by the 

marching cube method [22] for optimization. Zhou et al. [23] implemented the adaptive 

mesh generating scheme proposed by Perrson and Strang [24] in the level set topology 

optimization. Although the methods proposed by Dubois et al. and Zhou et al. state that 

variables are computed using the moment method [25], they are implementing the 

adaptive mesh generating scheme to triangular elements to maintain the level set 

function. When the level set function is updated on the background mesh, the adaptive 

mesh is regenerated based on the distribution of the updated level set function. Because 

of this, during optimization by these three methods, the generated adaptive mesh is not 

consistent and causes some difficulties in the other applications.  

Liu and Korvink [26] proposed another topology optimization using the level set 

method by using a moving-type adaptive mesh generating scheme called the Windslow 

method [27]. Because adaptive meshes are generated based on updating the nodal 

coordinates, the adaptive mesh can be moved with respect to design variables that have 

the advantage of consistent element connectivity. However, this method controls the 

density of the mesh with respect to given functions. The level set boundary may not 

always match with a subset of the element edges generated by the Windslow method. To 

avoid the edging phenomena a curvature constraint is used. Constraints on curvature, as 

well as those involving structural integrity (i.e., stress, strain) and manufacturability, are 

discussed in detail in the following chapter.  
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Chapter 3 

Constraints 

3.1 Curvature Constraint 

One must consider that the curvature constraint can also be seen as a constraint on the 

previously discussed manufacturability; it cannot change the overall optimum shape of 

the structure. The definition of curvature with respect to the normal vector is expressed as 

follows: 
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Therefore, for k > 0 the region is concave, for k < 0 the region is convex, and for k = 0 

the region is flat. Modification of the curvature for manufacturability constraints is used 

for concave curvatures. The goal is to create a surface that is smooth without any 

curvature. To achieve this, we need to expand the points that have a positive k and a 

lower tool radius (r*). By doing this, not only does the k increase but also the surfaces are 

smoother (Figure 3-1). 

 

Figure 3-1: Dynamic implicit surface changes 
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To decrease the process time, a coefficient is used that is time dependent. As the time 

increases, and as we go through the final solution shape, the value and effectiveness of 

this constraint increases. The level set equation is modified as follows: 
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The perimeter β3 is determined by trial and error.  

Concavity and convexity of the surface play important roles to creating a smooth 

surface. There are five scenarios to change the curvature topology with four illustrated in 

Figure 3-2. In scenario a, the concave and convex surfaces increase together (Figure 3-

2(a)). For scenario b, the concave surface decreases and convex surface increases (Figure 

3-2(b)). In scenario c, the concave surface increases and the convex surface decreases 

(Figure 3-2(c)). For scenario d, the concave and convex surfaces decrease together 

(Figure 3-2(d)).  

 

Figure 3-2: Concave and convex shape change scenarios that increase  

the structure’s surface 

Since we are looking for the smoothest surface, scenario c is the most effective of the 

four given and scenario b is the worst. In scenario b, converging to a solution will be 

difficult. Consequently, this scenario is eliminated from consideration. Note that in the 
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manufacturing process, convex shapes are easy to manufacture. Therefore, only concave 

constraints should be considered in manufacturing, which is the fifth scenario (scenario e) 

and will be explained in Section 3.2.  

3.2 Manufacturing Constraints and Challenges 

Although the radius constraint can guarantee the local curvature is larger than the 

milling tool, it cannot achieve the manufacturability of the part. The example in Figure 3-

3 shows that the milling tool r* > d cannot be produced. To solve this issue, the vertical 

distance between the nodes should be more than the milling tool diameter. 

 

Figure 3-3: Difficulty of curvature constraint 

To achieve manufacturability, additional constraints should be considered, such as tool 

radius and producibility. 

The tool radius constraint should not affect the overall topology changes. As the 

structure converges to an optimum solution with respect to time, the affect of the 

producibility constraint will increase. The Adaptive Simulated Annealing Genetic 
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Algorithm (ASAGA) defines the weight of producibility with respect to time. ASAGA is 

explained in Section 4.5. 

 

 

 

 

 

 

Thus, as mentioned in Section 3.1, only the concave shape should be considered for 

manufacturing because milling a convex shape is easily done and changing a convex 

surface does not affect the results. In addition, the best design should have a smooth 

surface, thus the concave surface (k > 0) and a surface less than the milling radius (r*) 

should increase with respect to topology changes: 

d > 2•r* 

Also, the difference in size between the local curvature radius and the milling tool plays 

an important role. The larger the difference in the value between them, the more topology 

change is required. Therefore, the constraint should be 

 K0 = (k > 0) • (k < r*) • (r*– k) (3-4) 

The curvature constraint cannot guarantee the manufacturability of the structure, so 

another step must be added. This step calculates the vertical distance between the 

boundary points and the next closest point as shown in Figure 3-4. The information used 

in the process is the value of the surface (positive or negative) and the coordinates of the 

points. To achieve maximum manufacturability, the following algorithm is used: 

1. Assume a point (H) and a tool with diameter (d). 
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k > 0: Concave 
k < 0: Convex 
k = 0: Boundary 
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2. Calculate the vertical direction from point H. 

3. Transfer the axial coordinate to point H, where the y axis is normal and the x axis 

is tangential to the surface. 

4. Find the number of points on the surface that have a positive value (material) and 

are in the range of –d < y <0 and –e < x <e. The greater the numbers of these 

points, the more achievable are the manufacturing constraints. In other words, it 

can be shown that the distances between the points are less than the diameter 

necessary for the manufacturing constraints.  

As we show in Figure 3-4, we generate a rectangle with d and 2e, which are assumed 

for the manufacturing constraint. G and H are on top of each other. 

 

Figure 3-4: Manufacturability parameters 

With respect to the value of the positive points, we can see that the constraint is not 

satisfied and the tools cannot produce the structure, so the level set equation must be 

modified as follows: 
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where st is the number of points from the last iteration. By using the COMSOL software 

alone, this goal cannot be achieved. Therefore, this process is generated using a Matlab 

code, which is joined to the COMSOL software. This code is shown in the Appendix.  

To show the results of each curvature topology scenario, the level set method is 

applied to the a, c, d, and e scenarios with manufacturability constraints. A comparison of 

results and running time for each of these scenarios on a 16 GB RAM digital computer is 

shown in Figure 3-5. In manufacturing process, producing a concave surface will be 

costly and not suitable. Therefore, scenario e, which only increases the concave surface is 

selected (Figure 3-5(e)).   

Figure 3-5: Comparison of curvature topology scenarios 



 

 

38

3.3 Validation 

Figure 3-6 displays the comparative results between the COMSOL tool using the 

level set method versus the filtering of a tool called Sectioning Analysis [28]. Sectioning 

Analysis allows one to measure the weight of the structure.  

In the following application, we study how to design a minimum weight truss 

structure to fit in the design space. The allowable stress is 70 ksi (tension or 

compression), and apply force to end of the beam with 1000 lb as shown in Figure 3-6, 

the following results validate the comparison between the COMSOL and the Sectioning 

Analysis tools, with the objective of defining the minimum weight. Based on engineering 

judgment, intuitively the first design seems to be the obvious solution in Figure 3-6 (a) 

with 195 lb; however, in actuality, the level set method results in a lower weight, and has 

the optimum design shape. In Figure3-6 (b), the position of node 2 varies to minimize the 

weight of the structure. Surprisingly, the results show the level set method shape has 

lighter weigh than diagonal truss with 176 lb.  Comparisons show 10% difference 

between the optimum versus intuitive shapes.  
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                              (a) (b) 
 

Figure 3-6: Validating the results using the sectioning analysis tool: 

 (a) diagonal truss (b) optimized truss 
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3.4 Initial Constraints 

The goal of topology optimization is to increase the stiffness so that a structure can 

withstand greater imposing forces. Using solar panel supports as an example, increasing 

the volume of a structure can decrease the flexibility. However, increasing the volume 

also causes an increase in the amount of material used, which is not desirable. Therefore, 

the flexibility and volume should be minimized (together) as an objective function. 

Increasing the flexibility can increase the strain energy of a structure, so the strain energy 

is used for flexibility functions. Therefore, the strain energy and volume are defined as 

initial constraints as follows: 

Minimize strain energy 

Such that V < V*      V: Actual Volume    V*: Constraint Volume 

3.5 Defining the Secondary Constraints for Topology Optimization  

By imposing initial constraints, the ideal structure can be achieved that has minimum 

volume and maximum stiffness. However, in producing the best structure, some 

limitations exist, including the tool diameter and yielding stress, which can affect its 

manufacturability and production processes. To increase the certainty of producing the 

ideal product (like solar panels), secondary constraints are included, such as stress, 

moment of inertia, curvature, and manufacturability. 

3.5.1 Stress Constraints 

The material used in each structure has its own yielding stress. Imposing more than 

this amount of stress to the structure can cause structural failure (buckling). In other 
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words, the initial constraints cause a decrease of the volume. This decreasing volume 

consequently decreases the yielding stress of the structure. The best results will be 

achieved by keeping the initial constraints the same for all materials. Therefore, to ensure 

the similarity of results, the stress constraint is added as follows: 

Minimize strain energy 

Such that V < V* 

Stress < critical stress 

 

3.5.2. Inertia Constraints 

Rotational motion of the solar panels in the vertical axes of the satellite causes the 

inertia to increase. To optimize the structure, preventing the moment of inertia from 

exceeding the limitation to save energy should be considered.  

Minimize strain energy 

Such that V < V* 

Stress < critical stress 

I < I* 

3.5.3 Curvature Constraints 

Another constraint that plays an important role in the design of the structure and must 

be considered is curvature constraint. The main limitation for this constraint is the radius 

of the tools. In other words, if the radii being considered for the design structure are less 

than the tool radius, then in the manufacturing process we will not be able to produce this 

product and achieve the desired design. In the manufacturing process, convex curvature 

does not cause any manufacturing limitations. Therefore, considering the concave 
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curvature will be sufficient. The curvature constraint is added as follows to the initial 

constraints for the design: 

Minimize strain energy 

Such that V < V* 

Stress < critical stress 

I < I* 

If r > 0 : r > r* 

3.5.4 Manufacturability Constraints 

As previously discussed, the curvature constraint ensures that each local curvature 

meets the criteria, but there may still be problems with the combination of curvatures and 

their placement in the structure. As a result, manufacturing this structure using this tool is 

impossible. To solve this problem, the vertical distance between the points should be 

more than the tool’s diameter, enabling the tool to move and have access to all points. 

The equation is shown as follows: 

Minimize strain energy 

Such that V < V* 

Stress < critical stress 

I < I* 

If r > 0 : r > r* 

      d > 2•r* 
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3.6 Implementation of Constraints in the Level Set Method 

In the stress constraint, the stress is calculated using the COMSOL software package 

for each point of the structure so that the surface equation (which uses boundary points) 

need only be modified. However, the large stresses are not occurring at the boundaries, so 

the integral of all stresses that are larger than the yielding stress is used instead of the 

stress at each point. The equation is shown as follows: 
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The β1 coefficient is calculated by trial and error and shows the importance of this 

constraint compared to the other constraints. 

In the inertia constraint, the integral of inertia is used. However, the points that are 

included in the structure (because the value of the surface is positive) can be used to 

calculate the integral as follows: 
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I* is the permissible inertia, and ρ1 and ρ2 are the density of the structure for solar planes. 

So the equation is implemented as follows: 
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The β2 coefficient is calculated by trial and error.  
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The curvature and manufacturability constraints of the structure are the same as those 

discussed in Section 3.2. Figure 3-7 shows the shape and mathematical reorientation of 

strain energy and constraints. 

 

Figure 3-7: level set iterations 
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Chapter 4 

Comparison of Optimization Algorithms  

4.1 Introduction 

In engineering design, the minimization or maximization of optimization functions 

has been used to determine the values of design parameters in countless complex 

systems. The decision to adopt one or another optimization algorithm is based on a 

qualitative understanding of the search space, existence of local optima, and the 

representation of constraints.  

Sometimes gradient-based approaches are adopted regardless of how multimodal a 

design space. This is because the goal may merely be to find an improved solution rather 

than the optimal solution. In other cases, stochastic approaches may be chosen, regardless 

that there might be only a single global optimum. Even though such stochastic searches 

require numerous function evaluations to be effective, these searches are relatively quick, 

possibly taking less than a few hours given current computational speeds. The 

manageable run time and solutions in using stochastic optimization makes them no longer 

considered “over-engineered” for most design problems. Additionally, stochastic 

approaches such as the genetic algorithm [29], simulated annealing [30], and tabu search 

[31] are often adopted when researchers have constructed a design space that is too 

immense and non-smooth to be effectively searched by means of gradient-based methods.  
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In the past decade, various hybrid approaches have been suggested [32], in combining 

stochastic and gradient-based methods. The rationale is borne from the fact that while 

complex spaces may be non-smooth and multimodal, locally they have useful gradient 

information that can be leveraged to balance finding the locally best solution while 

exploring the larger non-smooth domain for useful areas. The benefits of such hybrid 

techniques are promising but their value has yet to be proven because the extra 

computation required for a gradient-base local search does not clearly outweigh the 

benefit of what could be accomplished by an additional stochastic search. Furthermore, 

such approaches view gradient-based search as a tool to be used in the stochastic search 

process, and thus do not address problems for which gradient-based approaches continue 

to prove to be more effective.  

In this work, a method is developed that combines other search methods, such as 

BFGS [33], Nelder-Mead [34], Golden section one-dimensional search [35], with the 

tree-searching breadth-first search method [36] and the convex hull method [37]. The 

combination is not arbitrary but fulfills our vision for a robust way to best search 

multimodal and smooth spaces. The proposed method does not seek to be the fastest, but 

rather the closest guarantee to finding the global optima.  

4.2 Related Work 

The reason that genetic algorithm (GA) is more popular in academia and research is 

that GA is easy to implement, has the ability to solve nonlinearities, and uses multi-

objective optimization for complex engineering problems. Moreover, all the optimization 
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problems use stochastic optimization to find the global optimum through mutation and 

crossover in GA, or by changing the temperature in simulated annealing (SA). Storn and 

Price created differential evolution (DE) by merging SA and GA and generating other 

mutation techniques because DE was able to find the solution more quickly and 

accurately [30]. Jeong and Lee used a different approach in merging Adaptive Simulated 

Annealing (ASA) and GA [31]. In 2004, Hedar and Fukushima used a tabu method that 

was based on the Nelder-Mead method and the adaptive pattern search [32]. Rather than 

adopting a gradient-based search within stochastic optimization, there is the other 

approach that seeks to augment current gradient-based methods with the ability to 

overcome local minima [38].  

Although the GA has some advantages, it has drawbacks such as the computational 

cost and does not guarantee finding the global optimum. Hassan, Cohanim, and de Weck 

compared the genetic algorithm and swarm optimization [39].  

Thus, other meta-heuristic or combination methods have not resolved the critical 

problem, which is to evade the local minima with respect to computational cost. 

Moreover, to guarantee the global optimum is the primary issue that all the optimization 

methods are attempting to address.  

4.3 Motivation 

Four major requirements should be considered in optimization methods: 

1. Finding the global minimum. 

2. Fast convergence. 
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3. Ease of use (minimum control parameters). 

4. Reduced memory usage. 

GA and DE escape from the local optimum, but they are slow because “Annealing 

relaxes the greedy criterion by occasionally permitting an uphill move. Such moves 

potentially allow a parameter vector to climb out of a local minimum. As the number of 

iterations increases, the probability of accepting an uphill move decreases” [30]. 

Therefore, to obtain fast convergence and global minimum, Storn and Jeong generated 

DE and ASAGA with meriting GA and ASA optimization methods to meet these 

requirements. 

4.4 GA and SA Strength and Limitation 

The GA technique is formed with natural selection and genetics. On the basis of 

search, GA is one of the most popular methods used in neural networks and fuzzy and 

control models. Most search methods use smooth search space and gradient techniques. 

The most important characteristic of GA is obtaining the global optimum without 

assumptions. GA starts with many points and then converges to the global optimum 

solution. Although GA is simple and useful for various problems, it is slow and unable to 

fine-tune solutions. On the other hand, the SA technique has the same potential for 

optimization and high-order problems. However, SA is slow and uses random processes 

to find the optimal solution; nor does it guarantee finding the best solution. Consequently, 

these methods are used to enhance the strength of each method. Nevertheless, the 

combinations of crossover and SA (SAR) or SA and mutation (SAM) have drawbacks: 
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“SAR is far from the standard crossover which is a main component of a GA. One would 

have to redesign a cooling schedule for the algorithm at each time of execution. Because 

the algorithm has a strong resemblance to SA, it has the same drawback of slowness as 

SA” [31]. 

4.5 ASAGA Scheme 

The SA method is useful for high order problems because it uses the stochastic hill 

climbing technique. In the SA technique, the characteristic of a hot molecule is that it 

“jumps” because it has more energy, but when the temperature cools down, the molecule 

cannot remain in one point for a long time. On the other hand, GA is considered for use 

because of its ability to find the global optimum. 

Therefore, many researchers have tried to combine SA and GA to create new 

methods, like Jeong and Lee, who created ASAGA. It is difficult to merge two different 

algorithms and yet to maintain each algorithm’s own identity perfectly. So far, all the 

methods have been slow to solve this problem. 

The authors did not change GA’s crossover, and instead of using the GA’s mutation, 

they used SA’s concepts. In the ASAGA method, mutation works with the SA method, 

and it creates a new generation vector randomly, and the new vector is acceptable with 

following equations [31]: 

  (4-1) 



 

 

50

SA looks for minimum energy. In contrast, GA looks for a vector with maximum 

fitness; therefore, a revision of the above equations is: 

  (4-2) 

Where i = 1,2,3…, f is the fitness value of the original string and f’ is the fitness value 

of the randomly generated string. 

T0 cannot be determined without solving the problem, so determining T0 is generally 

difficult. In ASAGA, T0 is defined as the reciprocal of the fitness value of the wrong 

string in population corresponding to i = 1. To ensure both high search speed and good 

solution quality, an adaptive rule is suggested [31]. 

  (4-3) 

To find out in the ASAGA method what solution is a local or global minimum, the 

method uses one factor to return temperature (T) into initial temperature (T0) (more 

temperature, more mutation), if in finding the minimum process, and using the Nreset 

function, which is an adaptive rule, the results are the same, so it means the solution is the 

local minimum; therefore, resetting the temperature and increasing the initial temperature 

helps to escape from this local optimum by using the Flagreset = True rule. Jeong and Lee 

compared the ASAGA method with simple SA and GA. Consequently, they found that 

ASAGA is effective and superior to both GA and SA, and is even better than the gradient 

algorithm. Moreover, ASAGA [31] converges faster and has stochastic hill climbing. 
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Chapter 5 

Deployable Space Structures 

5.1 Introduction 

Spacecraft must be large enough to fulfill their mission and lightweight enough to be 

cost-effectively thrust into space. The structure must also be designed in such as way that 

it can be folded or compressed into a size that fits the launch vehicle cargo bay. Because 

there is such a significant cost per pound of load, the folded or compressed material must 

be within specific weight parameters. The ideas in the preliminary design of folding 

structures can play an important role. In space applications, there is no excuse of any 

mistakes in design because the space applications are not accessible and cause the failure 

of the project. This research can guide designers to define specific constraints to make the 

optimization practical for engineering design and future failures. Once in space there are 

three deployment choices: (1) using a self-deploying automation system controlled 

remotely (e.g., from an Earth ground base), (2) using a remotely controlled robotic 

system (e.g., robotic arms operated by a nearby astronaut), or (3) using an in-place 

astronaut (e.g., a “space walk”; also known as an extra-vehicular activity (EVA). 

However, the EVA option is very risky and astronaut safety is our highest priority. 

Of the three options, the automation system deployment method is the most cost-

efficient and fastest to assemble. A significant amount of research has been carried out in 

the past three decades on different deployment systems [40]. The existing deployable 
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concepts have some differences: some structures are retractable after being deployed, 

others rely on stored strain energy (a motor, for instance), and some are stiff during the 

deployment. Most methods do not allow the structure to obtain full stiffness until it is 

fully deployed.  

The main types of deployable structures in the aerospace industry are:  

 Antennas. 

 Masts. 

 Solar panels. 

Antennas are mostly used for communication purposes and for Earth observation and 

astronomical studies. The parabolic reflector antenna is the most common type of satellite 

antenna, largely because of its high gain, which enables high data rate transmission at low 

power [41]. 

For separating electronic instruments to reduce interference, masts are typically used 

to support other structures such as solar arrays. A large number of mast concepts exist 

[42]. Figure 5-1 and Figure 5-2 show examples of deployable mast structures that are 

used in space applications [43]. 
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Figure 5-1: A coiled mast deployable from a canister by a rotating nut 

(Courtesy of AEC-Able Engineering Company, Inc.)  

 

Figure 5-2: FAST mast used on the International Space Station 

(Courtesy of AEC-Able Engineering Company Inc.) 
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Current flexible solar cell technology can produce 223 W/ m2 [41], which means that 

the solar panel arrays have to be quite large to produce enough power for the ever 

increasing number of instruments aboard a satellite. One of the most sophisticated 

spacecraft is the Hubble space telescope, which requires 4.7 kW for its instruments. Four 

2.39× 6.06 m2 solar arrays provide this power [41]. Deployable concepts for solar panels 

are not within the scope of this thesis and will therefore not be reviewed. For more 

information on solar arrays, see reference [44].  

5.3 Deployment Challenges 

Over the years several space projects have failed. Failures in space are very expensive 

and extremely difficult to repair. The most well-know example is the Hubble space 

telescope (Figure 5-3) [42].  

 

Figure 5-3: The deployed Hubble space telescope 
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The Hubble space telescope not only had a lens problem but also experienced 

unexpected vibration caused by thermal loading of its solar arrays. There were several 

reasons for this failure, the major one being an incomplete understanding of the 

structure’s behavior and the other one being poor conceptualization. Koryo Miura, who 

invented several deployable structures, emphasized that “creating a rational structural 

concept should be the first step in the process of designing a structure and it precedes the 

practical design step.” [41] The robustness of the concept has to be first proven by 

analytical and physical models. The last steps are ground and, possibly, flight testing, 

which are extremely costly but unavoidable to ensure mission success.  

Deployable structures are not always stable and can be damaged by debris impact, 

vibration caused by the ducking or thrusters, and temperature changes. The damage could 

easily be severe enough to become a catastrophic hazard. If the deployable structure gets 

damaged, then not only would the spacecraft be at risk, but life of the astronauts could be 

at risk as well. Supporting the solar panel structures is an especially high priority because 

the spacecraft would be useless without any power. 

5.4 The International Space Station 

The International Space Station (ISS) utilizes all three types of deployable structures. 

The ISS contains solar panels of considerable mass. Although the environment is 

virtually free from the effects of gravity, structures having mass still resist the forces of 

motion. Therefore, the ISS trusses must be strong enough to support the solar panels 

during the forces of motion but light enough so as not to contribute too much to the 
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station’s mass. The ISS has made use of lightweight, retractable, stiff, and highly reliable 

deployable trusses. The open space truss design reduces the mass and the hexagonal 

prisms formed by the support bars provide strength. 

The ISS has eight solar arrays that are rotatable to remain perpendicular to the angle 

of the sun. The arrays are attached to the port and starboard sides of the station, in 

positions parallel to the station’s y-body axis, by two gimbals known as Solar Array 

Rotary Joints (SARJ). In turn, the arrays are attached to these gimbals—called alpha 

gimbals—by a set of inner gimbals known as Beta Gimbal Assemblies (BGA). Each 

gimbal has an angle resolver and a motor that, when in sun-tracking mode, cause the 

gimbals to point the arrays at the sun. 

Each of the eight solar arrays is provided with two solar panels, supported by a mast 

of four longerons (Figure 5-4). When one or three of the longerons in a mast is shadowed, 

the expansion or contraction of the longerons that result from the temperature differences 

can cause them to buckle. Therefore, all the longerons in a mast are typically insulated. 

However, during operations at high solar beta, beta gimbal failures, or off-nominal 

operations, the panels attached to a mast can shadow the longerons of that mast, which is 

referred to as self-shadowing; or, an adjacent solar array supported by a different gimbal 

motor can shadow the longerons, which is referred to as adjacent array shadowing [45]. 
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Figure 5-4: The eight solar panels on the International Space Station 

The primary goal in determining the optimum angle of the solar arrays is to maximize 

power by providing adequate insulation to each array during the course of each orbit. 

However, the targeting of the arrays is subject to the paramount constraint that shadowing 

of any one or more of the longerons must be avoided. Once this constraint is satisfied, 

additional goals include minimizing aerodynamic drag, if possible, and minimizing the 

contamination of the solar panel by thruster plumes. 

In off-nominal situations, however, such as a beta gimbal failure, longeron shadowing 

may not be preventable. In addition, in certain situations when the directed mode of 

pointing is used rather than auto-tracking—such as during water dumps, maneuvers, 

docking, reboosts, or extra-vehicular activity (EVA)—the autonomous beta biasing may 

not prevent shadowing. For these off-nominal situations, a capability is needed to detect 

the possibility of longeron shadowing. 



 

 

58

While in orbit, these support structures are subjected to a thermal gradient that varies 

with altitude, location in orbit, and self and/or adjacent shadowing. To reduce the thermal 

distortion, the truss structures are covered with a multi-layer insulation (MLI) blanket. 

However, these blankets are expensive, add mass, and have a limited life expectancy 

[12]. 

A longeron contracts when it is shadowed. If the other three longerons remain 

thermally insulated, then the shadowed longeron and the opposite longeron will be in 

tension (Figure 5-5). Because all four longerons are attached to the same relatively rigid 

plane, a loading condition is established. Longeron 1 pulls the tipshell toward the 

canister, causing longerons 2 and 4 to go into compression and longeron 3 into tension. 

The compression load can lead to buckling. The same results occur no matter which 

longeron is shadowing or being shadowed (Figure 5-6). To complicate matters, any 

approach to detecting shadowing hazards cannot simply assume that the three insulated 

longerons are all at the same temperature. They may themselves have been shadowed at 

different times and for different intervals, and all four longerons could thus be at different 

temperatures. It is therefore necessary to estimate the temperature of each longeron and to 

solve the static force balance problem at the longeron end plate. 
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Figure 5-5: Space truss design 

  

Figure 5-6: Truss longerons. Color represents temperature (red hot, blue cold) 

5.5 Solar Power Satellites 

A project currently planned is the deployment of Solar Power Satellites (SPS), which 

will be large structures in space that capture and convert solar energy to an energy form 

that can be transmitted wirelessly to any receiver station on the Earth’s surface. This 

energy could also be transferred to another spacecraft or to a facility on the surface of the 
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moon. A significant advantage of this type of structure is its ability to generate the energy 

at all times [46]. The power range of the SPSs will be from a few tens of MW to several 

hundred of GW. As a quick comparison, modern nuclear power plants deliver about 1 

GW.  

These projects are expensive and any mistakes can create a catastrophic hazard, 

especially when EVA is involved in the project. The concept shown in Figure 5-7 

requires huge solar panels. These solar panels will require reliable support structures, 

which will add more to the project’s weight and cost. Thus, reducing the weight of these 

structures while maintaining their structural strength will be essential.  

 

 

 

Figure 5-7: Solar power satellite concept  

The following chapter explains how the level set method can be used to design 

structures that can support such large solar panels and other structures in space with 

lower weight and size constraints. Not only can the level set-designed structure support 

the panels and satisfy its space constraints, such as moment of inertia, but it can also be 

manufactured with a smooth surface.  
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Chapter 6 

Application and Results 

6.1 Introduction 

To demonstrate the superiority of the level set method over the other methods, we 

have chosen to find the best shape of a solar array support for a satellite or on the 

International Space Station as an application (Figure 6-1).  

 

 
 
 
 
 
 
 
 
 (a) 

 
                  

 
                                          

 
 
 
 
 
 
                                                                         (b) 
 

Figure 6-1: (a) International Space Station solar array, (b) truss longerons [47] 



 

 

62

Designing a solar array and its supports has always been a challenging project. The 

solar array should be large enough to generate enough energy for all the satellite’s 

instruments. The larger the solar array, the stronger the supports that are required. Lighter 

weight supports give the designer an opportunity to have a larger solar array that, 

consequently, is able to generate even more power for additional research equipment. 

Finding the best shape with minimum weight and maximum stiffness for the structure 

and trusses plays an important role in the satellite industries.  

 

6.2 Research Objective and Approach 

It has been determined that the International Space Station’s useful lifespan will be 

increased from 2015 to 2020. Determining exactly how to increase the lifespan is a 

challenging process. Electricity is essential for the astronauts to be able to stay in space. 

Longerons support the solar panels that provide the International Space Station with 

power and their functionality and safety from catastrophic hazards must be considered a 

high priority. 

To determine how to reduce the risk to the longerons, engineers and management 

generated ideas through a brainstorming exercise [47], [48]. The following ideas were 

presented during this exercise: 

1. Cover the longeron with a material to reduce the buckling. 

2. Break one of the longerons to allow for a more stable three-longeron support 

structure. 

3. Design a cooling system to control the temperature. 
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4. Design a new structure to replace the longerons. 

To design a new structure to replace the longerons is the most logical of the ideas 

offered. To design such a new structure, the following analysis should be considered: 

1. Determine the probabilistic distributions of uncertainties. 

2. Run a Monte Carlo analysis on different configuration snapshots. 

3. Create a new structure to support the solar array using the level set method with 

all constraints. 

To find the best shape of a structure to support the longerons, the basic form is 

defined as a cantilever plane (Figure 6-2) and the rotational and imposing forces 

considered in this situation for longerons. In Figure 6-2, the light red represents the solar 

panels, the gray the longerons, the dark red the longeron canister, and the green 

represents the underlying structure to be designed. Figure 6-3 shows the mesh statistics of 

the support structure (the green design space).  

 

Figure 6-2: Support structure for truss longerons modeled as a cantilever plane  
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Figure 6-3: Mesh statistics for support structure 

The main problem in this application is considering the imposing forces with respect 

to moment of inertia. Multiple loading configurations or load combos can be applied in 

COMSOL software. External loads such as dynamic, vibration, acoustics, booster loads can be 

applied as an external parameter which is defined in COMSOM software. In this research the 

loads defined as maximum loads. It is important to know that the optimum structure will be 

used as a support for a solar panel and that the solar panel has distributed force 

throughout its structure. Therefore, the forces exist at all points of the structure and the 

structure weight is also added to them. The forces for the structure and solar panels are 

calculated with respect to the density (α1,α2) and force is calculated as follows: 

α1:  density of material for the support structure (green in Figure 6-3) 

α2:  density of material for the longerons (gray in Figure 6-3) 
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Using the assumptions above, the following results were achieved.Figure 6-4 shows the 

results without imposing constraints.  

 

Figure 6-4: Level set result minimizing strain energy 

In this figure, the structure has continuous distributed mass in area, length, and width; 

however, it has some discontinuity in the lateral direction. Considering the imposed 

lateral force on the structure, this result is expected. Moreover, part of the result of 

imposing the force on the structure depends on the mass distribution. Therefore, it is 

expected that as we go further from the moment axis, the forces and strain energy will 

decrease. 

Figure 6-5 shows the results after imposing the moment of inertia constraint. 
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Figure 6-5: Level set result minimizing strain energy with 

moment of inertia constraint  

As can be seen, the sharp edges and the points with lower curvature have disappeared. 

Figure 6-6 shows the results after imposing moment of inertia and curvature: 

 

Figure 6-6: Level set result minimizing strain energy with 

moment of inertia and curvature constraints  
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Figure 6-7 shows the results after imposing moment of inertia, curvature, and 

manufacturability constraints: 

 

 
 
 

Figure 6-7: Level set result minimizing strain energy with  

moment of inertia, curvature, and manufacturability constraints  

6.3 Results 

Figure 6-8 shows the optimum structure underlying the longerons that satisfy all of 

the constraints. Whether this structure is chosen as the final solution or not is unknown. 

There is neither the software nor the tools available yet to validate the results. However, a 

comparison of the results with cantilever plates under a distributed force shows the 

accuracy of the results. The smoothness of the surface and tool radius is obvious. The 

resulting method was applied to design the best underlying support structure, conforming 

to both curvature and manufacturability constraints, for the longerons used with the 

International Space Station solar panels. 
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This methodology could include using elastic deformation, fatigue, vibration, and 

crack growth information so that stress concentrations are reduced in the optimization of 

conventional and composite material structures. Unfortunately, the structure attachments 

are proprietary information and eliminated in export control review.  

 

 
 
 

Figure 6-8: Optimized support structure for longerons and the ISS solar panels  
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Chapter 7 

Conclusions 

This thesis discussed how to use topology and shape optimization, with the level set 

method, for innovative design. In this research, the equations for manufacturability are 

generated and solved through use of the level set method joined with the COMSOL 

multi-physics package. Specific constraints were added to make the optimization 

practical for engineering design.  

In Chapter 6, the resulting method was applied to design the best underlying support 

structure, conforming to both curvature and manufacturability constraints, for the 

longerons used with the ISS solar panels. Although changing any components of the 

International Space Station is not possible at present, the optimization methodology 

discussed in this thesis can be used in designing key structures in future generations of 

space stations and satellites.  

The level set method joined with the COMSOL multi-physics package is a powerful 

approach to optimization that can be utilized by industries other than aerospace to build 

compatible products with different shapes but identical capabilities. Future work could 

include using elastic deformation, fatigue, vibration, and crack growth information so that 

stress concentrations are reduced in the optimization of conventional and composite 

material structures. To accomplish this, future work must include the development of a 

three-dimensional level set method.   
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Appendix 

 

% FEMLAB Model M-file  

% Generated by FEMLAB 3.0a (FEMLAB 3.0.0.228, $Date: 2004/04/05 18:04:31 $) 

% Some geometry objects are stored in a separate file. 

% The name of this file is given by the variable 'flbinaryfile'. 

flclear fem 

% Femlab version 

clear vrsn 

vrsn.name = 'FEMLAB 3.0'; 

vrsn.ext = 'a'; 

vrsn.major = 0; 

vrsn.build = 228; 

vrsn.rcs = '$Name: $'; 

vrsn.date = '$Date: 2004/04/05 18:04:31 $'; 

fem.version = vrsn; 

  

flbinaryfile='femlab_code.mphm'; 

  

% Constants 

fem.const={'hmesh','0.2','youngdiff','0.999','gradmax','1','radiu','0.797'}; 
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% Geometry 

clear draw 

g1=flbinary('g1','draw',flbinaryfile); 

draw.s.objs = {g1}; 

draw.s.name = {'CO1'}; 

draw.s.tags = {'g1'}; 

fem.draw = draw; 

fem.geom = geomcsg(fem); 

  

% Initialize mesh 

fem.mesh=meshinit(fem, ... 

                  'hmax',[0.25], ... 

                  'hmaxedg',[1,0.18,2,0.18,3,0.18,4,0.18,5,0.18]); 

 

% (Default values are not included) 

  

% Application mode 1 

clear appl 

appl.mode.class = 'FlPlaneStress'; 

appl.shape = {'shlag(1,''u'')','shlag(1,''v'')'}; 
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appl.assign = 

{'Ex','Ex_ps','Ey','Ey_ps','Ez','Ez_ps','FxAmp','FxAmp_ps','FxPh','FxPh_ps','Fxg','Fxg_ps'

,'FyAmp','FyAmp_ps','FyPh','FyPh_ps','Fyg','Fyg_ps','Gxy','Gxy_ps','Tax','Tax_ps','Tay','

Tay_ps','alphax','alphax_ps','alphay','alphay_ps','alphaz','alphaz_ps','exi','exi_ps','exyi','ex

yi_ps','eyi','eyi_ps','ezi','ezi_ps','nuxy','nuxy_ps','nuxz','nuxz_ps','nuyz','nuyz_ps','sxi','sxi_

ps','sxyi','sxyi_ps','syi','syi_ps','szi','szi_ps'}; 

clear bnd 

bnd.Fy = {0,0,-1}; 

bnd.loadtype = 'area'; 

bnd.Hx = {1,0,0}; 

bnd.Hy = {1,0,0}; 

bnd.ind = [1,2,2,3,2]; 

appl.bnd = bnd; 

clear equ 

equ.gporder = 2; 

equ.cporder = 1; 

equ.E = 'Mat1_E'; 

equ.rho = 'Mat1_rho'; 

equ.nu = 'Mat1_nu'; 

equ.thickness = 1; 

equ.loadtype = 'volume'; 

equ.ind = [1]; 
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appl.equ = equ; 

fem.appl{1} = appl; 

  

% Application mode 2 

clear appl 

appl.mode.class = 'FlPDEG'; 

appl.dim = {'phi','phi_t'}; 

appl.name = 'g1'; 

appl.assign = {'abscu3x','abscu3x_g1','absga3x','absga3x_g1','absux','absphix_g1'}; 

clear prop 

prop.elemdefault='Lag1'; 

appl.prop = prop; 

clear bnd 

bnd.type = 'neu'; 

bnd.ind = [1,1,1,1,1]; 

appl.bnd = bnd; 

clear equ 

equ.init = {{'level_ini';0}}; 

equ.f = '5*(youngdiff/2*energy+lm_beta-1e-

3*t*lm_area)*min(gradmax,sqrt(phix^2+phiy^2))*flrbf(phi,1.0*hmesh)'; 

equ.ga = {{{'-0.01*phix';'-0.01*phiy'}}}; 

equ.ind = [1]; 
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appl.equ = equ; 

fem.appl{2} = appl; 

  

% Subdomain expressions 

clear equ 

equ.ind = [1]; 

equ.dim = {'u','v','phi'}; 

equ.expr = 

{'Kx',0,'Ky',0,'e1','e1_ps','e2','e2_ps','e3','e3_ps','s1','s1_ps','s2','s2_ps','s3','s3_ps','absphix

_g1','sqrt(phix^2+phiy^2)'}; 

fem.equ = equ; 

  

% Global expressions 

fem.expr = {'energy','min(4.5,100000*E*(ex^2+ey^2+(1-nu)*exy^2/2+2*ex*ey*nu)/(1-

nu^2))','young_moduli','0.001+youngdiff*flc2hs(phi,hmesh)','circle1','min(sqrt((x-

1)^2+(y-1)^2)-radiu,sqrt((x-3)^2+(y-1)^2)-radiu)','circle2','min(sqrt((x-5)^2+(y-1)^2)-

radiu,sqrt((x-7)^2+(y-1)^2)-radiu)','circle3','min(sqrt((x-1)^2+(y-3)^2)-radiu,sqrt((x-

3)^2+(y-3)^2)-radiu)','circle4','min(sqrt((x-5)^2+(y-3)^2)-radiu,sqrt((x-7)^2+(y-3)^2)-

radiu)','circle5','min(sqrt((x-1)^2+(y-5)^2)-radiu,sqrt((x-3)^2+(y-5)^2)-

radiu)','circle6','min(sqrt((x-5)^2+(y-5)^2)-radiu,sqrt((x-7)^2+(y-5)^2)-

radiu)','circle_all','min(circles1,circles2)','level_ini','min(circle_all,outframe)','outframe','

min(min(x,8-x),min(y,6-
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y))','circles1','min(min(circle1,circle2),min(circle3,circle4))','circles2','min(circle5,circle6

)','lm_beta','lm_fz/lm_fm'}; 

  

% Coupling variable elements 

clear elem 

elem{1} = 

struct('elem',{'elcplscalar'},'var',{{'lm_source','lm_fm','lm_fz','lm_energy','lm_area'}},'g',

{{'1'}},'src',{{{{},{},struct('expr',{{{'5*(youngdiff/2*energy+lm_beta-1e-

3*t*lm_area)*min(gradmax,sqrt(phix^2+phiy^2))*flrbf(phi,1.0*hmesh)'},{'fldc2hs(phi,h

mesh)*flrbf(phi,1.0*hmesh)*min(gradmax,sqrt(phix^2+phiy^2))'},{'-

youngdiff/2*energy*fldc2hs(phi,hmesh)*flrbf(phi,1.0*hmesh)*min(gradmax,sqrt(phix^2

+phiy^2))'},{'100000*E*(ex^2+ey^2+(1-nu)*exy^2/2+2*ex*ey*nu)/(1-

nu^2)'},{'flc2hs(phi,0.2*hmesh)-

0.5'}}},'ipoints',{{{'2'},{'2'},{'2'},{'2'},{'2'}}},'ind',{{{'1'}}})}}},'geomdim',{{{{},{},str

uct('usage',{{{'1'},{'1'},{'1'},{'1'},{}}},'ind',{{{'1'}}}),{},{},{},{},{},{},{},{},{},{},{},{

},{},{},{},{}}}},'global',{{'1','2','3','4','5'}}); 

fem.elemcpl = elem; 

  

% Library materials 

clear lib 

clear Mat1 

Mat1.type = 'material'; 
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Mat1.rho = '7800'; 

Mat1.nu = '0.3'; 

Mat1.name = 'Mat1'; 

Mat1.E = 'young_moduli*2.06E5'; 

lib.Mat1 = Mat1; 

fem.lib = lib; 

  

% Functions 

clear fcns 

fcns{1}.type='inline'; 

fcns{1}.name='flrbf(phi,hmesh)'; 

fcns{1}.expr='((phi/hmesh)>-1)*((phi/hmesh)<1)*(1-(phi/hmesh)^12)'; 

fcns{1}.dexpr={'((phi/hmesh)>-1)*((phi/hmesh)<1)*(-12/hmesh*(phi/hmesh)^11)','0'}; 

fcns{1}.linear='true'; 

fcns{2}.type='inline'; 

fcns{2}.name='fldc2hs(phi,hmesh)'; 

fcns{2}.expr='((phi/hmesh)>-1)* ((phi/hmesh)<1)*(0.9375/hmesh)*(1-

(phi/hmesh)^2)^2'; 

fcns{2}.dexpr={'((phi/hmesh)>-1)*((phi/hmesh)<1)*(3.75/hmesh^2)*(phi/hmesh)*(1-

(phi/hmesh).^2)','0'}; 

fcns{2}.linear='true'; 

fem.functions = fcns; 
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% Multiphysics 

fem=multiphysics(fem); 

% Extend mesh 

fem.xmesh=meshextend(fem); 

  

% Solve problem 

fem.sol=femtime(fem, ... 

                'init',fem0.sol, ... 

                'blocksize',10000, ... 

                'conjugate','off', ... 

                'solcomp',{'phi','u','v'}, ... 

                'outcomp',{'phi','u','v'}, ... 

                'tlist',[[0 25]], ... 

                'atol',{'u','1e-005','v','1e-005','phi','0.01'}, ... 

                'rtol',0.1, ... 

                'maxorder',3, ... 

                'estrat',1, ... 

                'uscale',{'phi','0.1','u','1e-5','v','1e-5'}); 

  

% Save current fem structure for restart purposes 

fem0=fem; 
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% Plot solution 

postplot(fem, ... 

         'contdata',{'phi','cont','internal'}, ... 

         'contlevels',[[0 0]], ... 

         'contstyle',[0.0,0.0,0.0], ... 

         'solnum',87, ... 

         'refine',1, ... 

         'axis',[-0.7533112582781455,8.753311258278146,-

0.4442729433573014,6.444272943357302,-

0.251080721616745,0.21214242279529572]); 

 

B  For Flexure mechanism 

 

% COMSOL Multiphysics Model M-file 

% Generated by COMSOL 3.2 (COMSOL 3.2.0.222, $Date: 2005/09/01 18:02:30 $) 

  

flclear fem 

  

% COMSOL version 

clear vrsn 

vrsn.name = 'COMSOL 3.2'; 

vrsn.ext = ''; 
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vrsn.major = 0; 

vrsn.build = 222; 

vrsn.rcs = '$Name:  $'; 

vrsn.date = '$Date: 2005/09/01 18:02:30 $'; 

fem.version = vrsn; 

  

% Constants 

fem.const = {'r','.8', ... 

  'hi','.2', ... 

  'gradmax','1', ... 

  'deltaE','.999'}; 

  

% Geometry 

g1=rect2(8,6,'base','corner','pos',[0,0]); 

clear s 

s.objs={g1}; 

s.name={'R1'}; 

s.tags={'g1'}; 

  

fem.draw=struct('s',s); 

fem.geom=geomcsg(fem); 
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% Constants 

fem.const = {'r','.8', ... 

  'hi','.2', ... 

  'gradmax','1', ... 

  'deltaE','.999', ... 

  'k','10000000000000000'}; 

  

% Geometry 

g2=geomcoerce('curve',{g1}); 

garr=split(g2); 

[g3,g4,g5,g6]=deal(garr{:}); 

gg=geomedit(g4); 

gg{1}=beziercurve2([8,8],[2,6],[1,1]); 

g7=geomedit(g4,gg); 

gg=geomedit(g3); 

gg{1}=beziercurve2([0,6],[0,0],[1,1]); 

g8=geomedit(g3,gg); 

carr={curve2([6,6],[0,2],[1,1]), ... 

  curve2([6,8],[2,2],[1,1]), ... 

  curve2([8,6],[2,0],[1,1])}; 

g9=geomcoerce('solid',carr); 

g10=geomcoerce('curve',{g9}); 
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garr=split(g10); 

[g11,g12,g13]=deal(garr{:}); 

clear g12 

g14=geomcoerce('solid',{g5,g6,g7,g8,g11,g13}); 

clear s 

s.objs={g14}; 

s.name={'CO1'}; 

s.tags={'g14'}; 

  

fem.draw=struct('s',s); 

fem.geom=geomcsg(fem); 

  

% Constants 

fem.const = {'r','.8', ... 

  'hi','.2', ... 

  'gradmax','1', ... 

  'deltaE','.999', ... 

  'k','10000000000000000'}; 

  

% Constants 

fem.const = {'r','.8', ... 

  'hi','.2', ... 
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  'gradmax','1', ... 

  'deltaE','.999', ... 

  'k','10000000000000000', ... 

  'Fin','1'}; 

  

% Constants 

fem.const = {'r','.8', ... 

  'hi','.2', ... 

  'gradmax','1', ... 

  'deltaE','.999', ... 

  'k','10000000000000000', ... 

  'fin','1'}; 

  

% Initialize mesh 

fem.mesh=meshinit(fem, ... 

                  'hmax',[.25], ... 

                  'hmaxedg',[1,.2,2,.2,3,.2,4,.2,5,.2,6,.2]); 

  

% (Default values are not included) 

  

% Application mode 1 

clear appl 
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appl.mode.class = 'FlPDEG'; 

appl.dim = {'phi','phi_t'}; 

appl.shape = {'shlag(2,''phi'')'}; 

appl.gporder = 4; 

appl.cporder = 2; 

appl.assignsuffix = '_g'; 

clear prop 

prop.elemdefault='Lag1'; 

appl.prop = prop; 

clear bnd 

bnd.type = 'neu'; 

bnd.ind = [1,1,1,1,1,1]; 

appl.bnd = bnd; 

clear equ 

equ.f = '(deltaE*A+lm_beta)*flrbf(phi,hi)*min(gradmax,sqrt(phix^2+phiy^2))'; 

equ.ga = {{{'-.01*phix';'-.01*phiy'}}}; 

equ.ind = [1]; 

appl.equ = equ; 

fem.appl{1} = appl; 

  

% Application mode 2 

clear appl 



 

 

90

appl.mode.class = 'FlPlaneStress'; 

appl.dim = {'u1','v1'}; 

appl.shape = {'shlag(2,''u1'')','shlag(2,''v1'')'}; 

appl.gporder = 4; 

appl.cporder = 2; 

appl.assignsuffix = '_ps'; 

clear prop 

prop.elemdefault='Lag1'; 

clear weakconstr 

weakconstr.value = 'off'; 

weakconstr.dim = {'lm3','lm4'}; 

prop.weakconstr = weakconstr; 

appl.prop = prop; 

clear pnt 

pnt.Hx = {0,1}; 

pnt.Fy = {0,-1}; 

pnt.ind = [1,2,1,1,1,1]; 

appl.pnt = pnt; 

clear bnd 

bnd.Hy = {0,1}; 

bnd.ind = [1,2,1,1,1,1]; 

appl.bnd = bnd; 
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clear equ 

equ.rho = 'mat1_rho'; 

equ.nu = 'mat1_nu'; 

equ.E = 'mat1_E'; 

equ.ind = [1]; 

appl.equ = equ; 

fem.appl{2} = appl; 

  

% Application mode 3 

clear appl 

appl.mode.class = 'FlPlaneStress'; 

appl.dim = {'u2','v2'}; 

appl.name = 'ps2'; 

appl.shape = {'shlag(2,''u2'')','shlag(2,''v2'')'}; 

appl.gporder = 4; 

appl.cporder = 2; 

appl.assignsuffix = '_ps2'; 

clear prop 

prop.elemdefault='Lag1'; 

clear weakconstr 

weakconstr.value = 'off'; 

weakconstr.dim = {'lm5','lm6'}; 
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prop.weakconstr = weakconstr; 

appl.prop = prop; 

clear pnt 

pnt.Hx = {0,0,1}; 

pnt.Fy = {0,-1,0}; 

pnt.ind = [1,3,1,1,2,1]; 

appl.pnt = pnt; 

clear bnd 

bnd.Hy = {0,1}; 

bnd.ind = [1,2,1,1,1,1]; 

appl.bnd = bnd; 

clear equ 

equ.rho = 'mat1_rho'; 

equ.nu = 'mat1_nu'; 

equ.E = 'mat1_E'; 

equ.ind = [1]; 

appl.equ = equ; 

fem.appl{3} = appl; 

fem.border = 1; 

fem.units = 'SI'; 

  

% Point expressions 
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clear pnt 

pnt.ind = [1,2,1,1,3,1]; 

pnt.dim = {'phi','u1','v1','u2','v2'}; 

pnt.expr = {'u1o',{'','','v1'}, ... 

  'u2o',{'','','v2'}, ... 

  'u1i',{'','v1',''}, ... 

  'u2i',{'','v2',''}}; 

fem.pnt = pnt; 

  

% Global expressions 

fem.expr = {'c1','min(sqrt((x-1)^2+(y-1)^2)-r,sqrt((x-3)^2+(y-1)^2)-r)', ... 

  'c2','min(sqrt((x-5)^2+(y-1)^2)-r,sqrt((x-7)^2+(y-1)^2)-r)', ... 

  'c3','min(sqrt((x-1)^2+(y-3)^2)-r,sqrt((x-3)^2+(y-3)^2)-r)', ... 

  'c4','min(sqrt((x-5)^2+(y-3)^2)-r,sqrt((x-7)^2+(y-3)^2)-r)', ... 

  'c5','min(sqrt((x-1)^2+(y-5)^2)-r,sqrt((x-3)^2+(y-5)^2)-r)', ... 

  'c6','min(sqrt((x-5)^2+(y-5)^2)-r,sqrt((x-7)^2+(y-5)^2)-r)', ... 

  'c7','min(min(c1,c2),min(c3,c4))', ... 

  'frame','min(min(x,8-x),min(y,6-y))', ... 

  'level0','min(min(c7,frame),min(c5,c6))', ... 

  'E1','0.001+deltaE*flc2hs(phi,hi)', ... 

  'energy11','min(15,1e5*E_ps*(ex_ps^2+ey_ps^2+2*nu_ps*ex_ps*ey_ps+(1-

nu_ps)*exy_ps^2/2)/(1-nu_ps^2))', ... 
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  'energy22','min(15,1e5*E_ps*(ex_ps2^2+ey_ps2^2+2*nu_ps*ex_ps2*ey_ps2+(1-

nu_ps)*exy_ps2^2/2)/(1-nu_ps^2))', ... 

  

'energy12','min(15,1e5*E_ps*(ex_ps*ex_ps2+ey_ps*ey_ps2+nu_ps*ex_ps2*ey_ps2+nu

_ps*ex_ps*ey_ps+(1-nu_ps)*exy_ps*exy_ps2/2)/(1-nu_ps^2))', ... 

  'A','(1/(-fin*u1i-fin*u1o*u2i+fin*k*u1i*u2o)^2)*(fin*(1-

k*u2o)*(fin*u1o*energy11)+((fin*k*u1o*fin*u1o)+fin^2*(-u1i-

k*u2i*u1o)+fin^2*k*u2i*u1o))*energy12+(-fin^2*k*u1i*u1o*energy22)', ... 

  'lm_beta','lm_nm/lm_dm'}; 

  

% Coupling variable elements 

clear elemcpl 

% Integration coupling variables 

clear elem 

elem.elem = 'elcplscalar'; 

elem.g = {'1'}; 

src = cell(1,1); 

clear equ 

equ.expr = {{ ... 

  'deltaE*A*fldc2hs(phi,hi)*flrbf(phi,hi)*min(gradmax,sqrt(phix^2+phiy^2))'}, ... 

  {'fldc2hs(phi,hi)*flrbf(phi,hi)*min(gradmax,sqrt(phix^2+phiy^2))'}}; 

equ.ipoints = {{'2'},{'2'}}; 
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equ.ind = {{'1'}}; 

src{1} = {{},{},equ}; 

elem.src = src; 

geomdim = cell(1,1); 

geomdim{1} = {}; 

elem.geomdim = geomdim; 

elem.var = {'lm_nm','lm_dm'}; 

elem.global = {'1','2'}; 

elemcpl{1} = elem; 

fem.elemcpl = elemcpl; 

  

% Functions 

clear fcns 

fcns{1}.type='inline'; 

fcns{1}.name='flrbf(phi,hi)'; 

fcns{1}.expr='((phi/hi)>-1)*((phi/hi)<1)*(1-(phi/hi)^12)'; 

fcns{1}.dexpr={'((phi/hi)>-1)*((phi/hi)<1)*(-12/hi)*(phi/hi)^11','0'}; 

fem.functions = fcns; 

  

% Library materials 

clear lib 

lib.mat{1}.name='Material 1'; 
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lib.mat{1}.varname='mat1'; 

lib.mat{1}.variables.rho='7800'; 

lib.mat{1}.variables.nu='.3'; 

lib.mat{1}.variables.E='E1*2.06e11'; 

  

  

fem.lib = lib; 

  

% Multiphysics 

fem=multiphysics(fem); 

% COMSOL Multiphysics Model M-file 

% Generated by COMSOL 3.2 (COMSOL 3.2.0.222, $Date: 2005/09/01 18:02:30 $) 

  

% Extend mesh 

fem.xmesh=meshextend(fem); 

  

% Solve problem 

fem.sol=femtime(fem, ... 

                'solcomp',{'phi'}, ... 

                'outcomp',{}, ... 

                'tlist',[0:0.1:1], ... 

                'tout','tlist'); 
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% Save current fem structure for restart purposes 

fem0=fem; 

  

% Plot solution 

postplot(fem, ... 

         'tridata',{'phi','cont','internal'}, ... 

         'trimap','jet(1024)', ... 

         'solnum','end', ... 

         'title','Time=1    Surface: phi', ... 

         'refine',3, ... 

         'axis',[-3.12896415327696,11.503171153277,-1,8,-1,1]); 

 


