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ABSTRACT

DEFORMATIONS AND MOTIONS IN COMPRESSIBLE NON-LINEAR
ELASTICITY
BY
ESEN ERDEMIR UNGOR

Doctor of PhilosophyRice University
Houston, TX

The primary purpose of this study is to identify solutions for deformations and
motions in compressible non-linear elasticity. The research study mainly focuses on
the mathematical theory of deformations and motions of non-linearly elastic compressible hollow spheres and hollow cylinders reinforced with inextensible fibers in
the radial direction.
Static and dynamic solutions for both unstressed and everted cases are presented
for the hollow spheres and hollow cylinders of isotropic elastic materials that are
radially inextensible. Different strain energy density functions are then applied for
further demonstration to the extent allowed by the analytical approach.
This thesis is concerned with the mathematical theory of non-linear elasticity and
no discussion of shell or membrane theories, or of numerical methods is included. The

setting is purely isothermal and no reference is made to thermodynamics. Attention
is confined to twice-continuously differentiable deformations; discontinuities are not
considered.

DEDICATION

This work is dedicated to my husband, Mehmet K. Ungor, who always supported
in this long journey..

ACKNOWLEDGMENTS

I am heartily thankful to my supervisor, Michael M. Carroll, whose encouragement, guidance and support from the initial to the final level enabled me to develop
an understanding of the subject.

CONTENTS

1

INTRODUCTION

1

2

GOVERNING EQUATIONS

6

2.1

7

Configurations, Motions and Deformations
2.1.1

Material and Spatial Descriptions

10

2.1.1.1

13

Polar Decompositions of F

2.2

Strain Energy Density Functions

14

2.3

The Stress Response

19

2.4

Incompressible Elasticity

20

2.4.1

20

Modeling Incompressible Elasticity
2.4.1.1

2.4.1.2
2.4.2

Modeling built on experimental data (Phenomenological modeling)

21

Statistical Modeling

24

Stress Response of Incompressible Materials and Incompressible
Strain Energy Density Functions

2.5

Compressible Elasticity
2.5.1

27
28

Stress Response of Compressible Materials and Compressible
Strain Energy Density Functions

30

2.5.1.1

Materials of Class I

31

2.5.1.2

Materials of Class II

32

2.5.1.3

Materials of Class III

32

3

FINITE DEFORMATIONS AND MOTIONS OF RADIALLY INEXTENSIBLE HOLLOW SPHERES

34

3.1

Introduction

34

3.2

The axi-symrnetric stress response function

37

3.3

Spherically Symmetric Deformations

38

3.4

Inflation or Compaction

41

3.5

Radial Oscillation

41

3.6

Eversion

43

3.7

Inflation or compaction of an everted sphere

3.8

Radial oscillation of an everted sphere

44

3.9

Harmonic and Compressible Varga Materials

45

3.9.1

Harmonic Material

45

3.9.2

Compressible Varga Material

47

3.10 Limiting cases

4

44

51

FINITE DEFORMATIONS AND MOTIONS OF RADIALLY INEXTENSIBLE CYLINDRICAL TUBES

53

4.1

Introduction

53

4.2

Preliminaries

55

4.3

Inextensibility

57

4.4

Controllable deformations of a radially inextensible cylindrical cuboid

59

4.5

Deformations of a circular cylindrical tube

61

4.5.1

63

Inflation or Compaction
vii

5

4.5.2

Radial Oscillation

64

4.5.3

Steady rotation

66

4.5.4

Eversion

66

4.5.5

Torsion

67

4.5.6

Plane Strain and Plane Stress Cases

68

CONCLUSIONS AND FUTURE WORK

viii

71

CHAPTER 1

INTRODUCTION

The theory of elasticity of materials subjected to large deformations is inherently
non-linear, and the mathematical difficulties encountered in the theory and its applications generally are considerable. The set of equations of motion, the boundary
conditions and constitutive equations for a hyperelastic solid comprise a formidable
system of generally non-linear, partial differential equations whose complexity usually
overwhelms our ability to solve them. As Beatty[l] points out, instead of seeking general solutions for specified boundary data, we are essentially forced by mathematical
difficulties to adopt a different strategy. A suitable class of smooth deformations of
special interest characterized by a number of parameters is chosen for study. The constitutive equations and any specified kinematic constraints, such as incompressibility,
are then used to determine the stress distribution that will satisfy the differential
equations of equilibrium without the introduction of peculiar body forces. Finally,
the surface loading necessary to maintain the deformation in this equilibrium configuration is determined. This so-called inverse or semi-inverse method was used by
Rivlin([2], [3], [4] and [5]) to construct a collection of exact solutions to a number of
traction boundary-value problems by special examples that yielded significant results
of physical interest to both analysts and experimenters. This work marked the birth
of modern theory of finite elasticity in 1948. Since the 1940's, there has been an
1

enormous progress in the development of finite elasticity, with significant physical results. Consequently, finite elasticity has attracted the interest of engineering scientist,
physicists, chemists and applied mathematicians. A more general analysis of inverse
solutions was inaugurated by Eriksen([6], [7]) in 1954.
For homogeneous isotropic incompressible non-linearly elastic solids in equilibrium, the simplified kinematics arising from the constraint of no volume change has
facilitated the analytic solution of a wide variety of boundary-value problems ([8], [9],
[10], [11], etc.). Most well-known among these are controllable or universal deformations, namely, those inhomogeneous deformations which are independent of material
properties and thus can be sustained in all incompressible materials in the absence of
body forces. Rivlin [2], [3], [4], [5], Green and Shield[12], Ericksen[6] and Singh and
Pipkin[13] have presented such solutions and they have been the subject of considerable further study. For homogeneous isotropic compressible materials, Ericksen[7]
established that the only controllable deformations are homogeneous deformations.
Therefore, inhomogeneous deformations for compressible materials necessarily have
to be discussed in the context of a particular strain-energy function or class of strainenergy functions. Even with this restriction, the establishment of analytic closed-form
solutions of the governing non-linear equations (even without the additional difficulty
of satisfying boundary conditions of boundary-value problems), has been a formidable
task. Nevertheless, in recent years, substantial progress has been made in the development of analytic forms for the deformation and in the solution of boundary-value problems. Noteworthy in this regard are the solutions for harmonic materials (John[14])
obtained by Ogden and Isherwood[15], Varley and Cumber batch [16], Wu[17], Abe2

yaratne and Horgan[18] and Jafari, Abeyaratne and Horgan[19]. Wheeler[20] has
examined the deformation of a harmonic material containing an ellipsoidal cavity. A
review of these developments can also be found in [21].
This thesis is concerned with the mathematical theory of deformations and motions of non-linearly elastic compressible spheres and cylinders reinforced with inextensible fibers in radial direction. It concentrates on "exact" theories in the sense
that no discussion of "special" theories, such as shell, rod or membrane theories, or
of numerical methods is included. Attention is confined to twice-continuously differentiable deformations and no discontinuities are treated. While the mechanical
response of fiber reinforced elastic solids has been treated in several papers, there
does not seem to be a plenitude of solutions involving finite deformation. Pipkin and
Rogers[22] investigated plane deformations of incompressible fiber-reinforced materials. Beskos[23] considered the case of an incompressible isotropic elastic material
reinforced by a system of thin, flexible, inextensible fibers filling it continuously and
completely and derived universal solutions for the incompressible case. Beskos[24],
using a semi-inverse method, identified some controllable or universal deformations,
i.e., deformations that can be supported without body force in every isotropic solid
with appropriate inextensibility constraint. He considered the case of compressible
isotropic elastic material reinforced by a system of thin, flexible, inextensible fibers
filling it continuously and completely. He observed that by adding the constraint of
inextensibility, universal solutions are obtained, which are not present in the unconstrained material. However he obtained only one universal solution, namely shearing
of a sector of a circular tube with fibers in azimuthal direction, which corresponds
3

to nonhomogeneous deformation. The rest of the solutions he presented are for homogeneous deformations. He gave expressions for the stress components but did not
solve specific boundary value problems.
Because so much of the theory depends on the understanding of motions and
deformations, Chapter 2 concentrates on the development of an understanding of
motions, deformations, stress response of materials, strain energy density functions
needed to describe materials, and incompressible and compressible elasticity. Although the main concern of the current thesis involves compressible elasticity, it is
crucial to have an understanding of the incompressible case, therefore section 2.4 is
dedicated to incompressible elasticity and incompressible stress response.
Chapters 3 and 4 are devoted to the fundamental part of this thesis. Chapter 3
deals with the finite deformations or motions of radially inextensible hollow spheres.
The material is assumed to be homogeneous, inextensible in the radial direction, and
either isotropic or transversely isotropic about the radial direction. Five different
problems of finite deformations or motions are considered. Specifically, they are (1)
radial inflation or compaction, (2) radial oscillation, (3) eversion, (4) radial inflation
or compaction of an everted sphere and (5) radial oscillation of an everted sphere.
Harmonic and compressible Varga materials are used to demonstrate the solutions.
Chapter 4 is concerned with the finite deformations or motions of radially inextensible
cylindrical tubes. The material in this section is assumed to have the same properties
as the material of the previous section - homogeneous, inextensible in the radial
direction, and either isotropic or transversely isotropic about the radial direction. Five
different problems considered in this chapter are (1) radial inflation or compaction,
4

(2) radial oscillation, (3) steady rotation, (4) eversion and (5) torsion.
References to books and papers are given throughout the text and are indicated
either by author's name followed by the reference number or just by the reference
number in the text and gathered together at the end of this thesis in Bibliography.

5

CHAPTER 2

GOVERNING EQUATIONS

The use of tensor analysis is of fundamental importance in the development of the
theory which describes the deformation and motion of continuos media. In nonlinear
elasticity theory, in particular, little progress can be made or insight gained without
the use of tensor formulations. It is assumed that the reader is familiar with vector and tensor algebra including Cartesian tensors, tensor product, isotropic tensors,
eigenvalues and eigenvectors of tensors and differentiation of tensors in Cartesian and
curvilinear coordinates. Therefore, details of tensor and vector algebra are not presented in this thesis, an extensive discussion on the subject can be found in Ogden[9].
This chapter is devoted to understanding the geometrical descriptions of the deformation and motion of a continuous medium, a means of describing the stress in
the material arising from this deformation or motion and from the forces which are
the underlying cause of the motion. Section 2.1 provides a detailed information of
the basic motion and deformation definitions. Section 2.2 deals with the strain energy density functions which is of utter importance since the current thesis deals with
compressible elasticity where strain energy density functions are needed to demonstrate the solutions to the presented deformations. In Section 2.3, Piola and Cauchy
stress response functions are introduced. Sections 2.4 and 2.5 provide basic insight
for incompressible and compressible elasticity.
6

2.1

Configurations, Motions and Deformations
A material body B is defined as the set of elements X, called particles or material

points, which can be put into a one-to-one correspondence with a regular region of
Euclidean three-space. In the current thesis only the deformations and motions of
bodies consisting of continuously distributed materials are considered. It should be
noted that whereas a particle of classical mechanics has an assigned mass, a continuum
particle is essentially a material point for which a density is defined.
The specification of the position of all the particles of B with respect to a fixed
origin at some instant of time is said to define the configuration of the body at that
instant. This is expressed by the mapping
x = x(X)

(2.1)

where x is the place occupied by the particle X in the configuration x. It is assumed
that this mapping is uniquely invertible and differentiable at least two times. The
inverse is written as
X = x" 1 (x)

(2.2)

and identifies the particle X located at position x.
A change in the configuration is the result of a displacement of the body. For
example, a rigid body displacement is one consisting of a simultaneous translation
and rotation which produces a new configuration but causes no changes in the shape
or size of the body, only changes in its position and/or orientation. On the other
hand, an arbitrary displacement will usually include both a rigid body displacement
and a deformation which results in a change in size, or shape, or possibly both.
7

A motion of body B is a continuous time sequence of displacements that carries
the set of particles X into various configurations in a stationary space. Such a motion
can be expressed by the equation

x = x(X,t)

(2.3)

which gives the position x for each particle X for all times t, where t ranges from -oo
to +00. As with configuration mappings, it is assumed that the motion function in
2.3 is uniquely invertible and differentiable, so the inverse may be written as
X = x _ 1 (x, t)

(2.4)

which identifies the particle X located at position x at time t.
Physical observations of the body are made in specific configurations. For reference purposes, it is therefore convenient to identify a certain fixed (but arbitrarily
chosen) configuration of B so that the particles of B may then be labelled during the
motion by their places in that configuration. Let xG denote some fixed (i.e. timeindependent) configuration and write
X = x~ J (X)

X = x0(X),

(2.5)

where X is the place of the particle X in configuration x 0 . The subscript zero may,
but need not, correspond to t = 0. A fixed configuration xQ is called a reference
configuration, in which the body occupies a region R with boundary dR.
Elimination of X between 2.4 and 2.5 leads to
x = x{x~ 1 (X), t}.
8

(2.6)

Through 2.4, X has been identified with its place X in the configuration x 0 ,
and for all practical purposes the distinction between X and X need not be made.
Therefore, it will be convenient to ignore the distinction, and in order to simplify the
notation, 2.6 can be rewritten as

x = x(X, t)

(2.7)

This new definition of x depends implicitly on the choice of reference configuration. For any fixed t, x is called a deformation from the reference configuration.
In the deformed configuration body occupies a region r with boundary dr. As distinct from 'configuration', 'deformation' implies that a reference configuration is involved.

Figure 2.1: Deformed and Undeformed Configurations

The places X and x occupied by the particle X in the reference and deformed
configurations respectively can also be regarded as position vectors relative to a fixed
origin. This is depicted in Fig. 2.1.
Usually, it is assumed that the reference configuration is an actual, stress-free
9

configuration of the body. However, this is not always the case. For instance, if
the manufacturing process gives rise to residual stresses, then it may be convenient
to adopt a stressed state of the body as reference configuration. Indeed, it is not
necessary that the reference configuration be an actual or even a possible configuration
of the body; however, this level of abstraction is not needed.

2.1.1

Material and Spatial Descriptions

In this subsection, a distributed attribute of a body in motion is considered. This
might be a scalar, vector or tensor quantity. For definiteness, let us consider a scalar
quantity (p. This may be represented as a scalar-valued field

¥> = £(x,i).

(2.8)

which assigns a value to ip at each place x in r at each time t in (ti,t2). Such a
description is called a spatial description. In view of 2.7, <p may also be represented
as
¥> = £ ( X , t )

(2.9)

with
v(X,t)

= ip(i(X,t),t).

(2.10)

2.9 assigns a value to <p at each particle X in R at each time t in (ti,t2) and
this is called a material description. Material and spatial descriptions are frequently
referred to as Lagrangian and Eulerian descriptions, respectively.
When the motion 2.7 is known, then 2.10 allows us to pass from a spatial description 2.8 to a material description 2.9.
10

The material and spatial descriptions 2.9 and 2.8 furnish material and spatial
gradients of ip;
Grad <p = Grad ip(X, t)

(2.11)

grad ip = grad <p(x, t).

(2-12)

and

Grad tp and its associated directional derivative describe the variation of ip from one
particle to the next at time t and grad p and its associated directional derivative
describe the variation of ip from place to place at time t. The material and spatial
descriptions also furnish material and spatial time derivatives of <p but since time
derivatives are out of scope of this thesis, they will not be considered here. For
further information and analysis the reader should refer to Carroll[25].
Vector and tensor quantities also admit material and spatial descriptions. Material and spatial gradients, divergence and curl operators are defined in R and in r and
are denoted by (Grad, Div, Curl) and (grad, div, curl), respectively. In particular,
the material gradient of the motion 2.7 is the deformation gradient tensor

F = Grad x.

(2.13)

If the inverse spatial description is available, then

F - 1 = grad X.

(2.14)

The material and spatial gradients are related through
Grad — FTgrad <p-,

grad — F~TGrad
11

<p.

(2.15)

In general the deformed and reference configurations are compared without requiring the knowledge of the intermediate steps in the motion so that the time dependence
in 2.7 is then not needed. Therefore the dependence on t in 2.7 is suppressed and it
can be rewritten as
x = x(X).

(2.16)

The deformation gradient can also be written in the form
dx = FdX

(2.17)

directly from 2.15.
A vector d X at point X in the reference configuration is called a material line
element. 2.16 describes how an arbitrary line element d X at X transforms under
the deformation to the line element d x at the point x in the deformed configuration.
Consider the equation F d X = 0. If d X

0, this implies that there exists at least

one line element of material in the reference configuration whose length is reduced to
zero by the deformation. This is regarded as physically unrealistic and is therefore
ruled out from consideration. Thus F d X

0 for all d X ^ 0, i.e. F is a non-singular

tensor. This imposes the restriction

det F ^ 0.

(2.18)

More conventionally, det F is expressed as the local ratio of current to reference
volume of a material volume element and therefore

J = det F > 0 .
12

(2.19)

If the volume does not change locally during the deformation then
J = det F

=1

(2.20)

and the deformation is then said to be isochoric (volume preserving).

2.1.1.1

Polar Decompositions of F

It follows from 2.20 that F admits polar decompositions
F = RU = VR.

(2.21)

The symmetric, positive-definite tensors U and V are called right and left stretch
tensors and the proper orthogonal tensor R is the rotation tensor. U and V are the
square roots of the right and left deformation tensors C and B, respectively.
V

=

B1/2 = (FFr)1/2,

(2.22)

U

=

C 1 / 2 = (F r F) 1 , / 2 .

(2.23)

It should be noted that due to the nature of the polar decomposition, U and V
are positive definite symmetric and R is proper orthogonal and by 2.21
det F = det U = det V.

(2.24)

The principal values (A1; A2, A3) of U and V are the principal stretches. The
principal vectors of U and V are right orthonormal triads (ui,u2,us)

and (v\, v-2) v3)

which define the right and left principal stretch directions. The stretch and deformation tensors admit spectral representations
U = A i u i (giu i ,

V = AjVi ® V i
13

(2.25)

and
C = A?Uj <g> Uj,

B = A-V; ® Vj

(2.26)

F = AjVj <g> ui

(2.27)

R and F also can be represented as

R = Vj ® Ui

2.2

Strain Energy Density Functions
Elastic material was defined as one for which a strain energy function existed by

Green (1839, 1841) and this definition has been one of the basics of most of the studies
on perfect elasticity. The term 'hyperelastic' has also been used for Green-elastic
materials [e.g., [26], [27]] in time. As Malvern[28] states, a strain energy function
W is a scalar function of one of the strain or deformation tensors, whose derivative
with respect to a strain component determines the corresponding stress component.
It is a measure of the energy stored in a material as a result of deformation. Green
elasticity does not consider the thermal effects and assumes that the strain energy
function always exists.
It is common that the deformation gradient F is taken to be the independent variable in W. It can be written as

W = W( F)

(2.28)

where P is the Piola stress tensor.
For adiabatic (isentropic) processes, the strain energy is defined as the internal
energy per unit initial volume and it depends on the constant entropy. This depen14

dence is suppressed by assuming the temperature as constant and the strain energy
and Pioala stress can be expressed in the form 2.28.
The principle of material frame indifference states that constitutive equations
must be invariant under changes of the frame of reference. It is also called the
principle of material objectivity. Frame indifference requires that W be objective,
i.e., that
iy(QF) = W(F),

VQ G 0+

(2.29)

and the necessary and sufficient condition condition that this be met is
w = W{ C).

(2.30)

Since the deformation gradient F from the reference configuration T to the present
configuration 7 depends on the choice of reference configuration, the form of strain
energy function must also depend on the choice of P. For the present this can be
indicated as
W = Wr(F).

(2.31)

If T* is an alternative choice of reference configuration, then
W = W r .(F*),

(2.32)

where F* is the deformation gradient from T* to 7. If the deformation gradient from
T to T* is S, then F * = F S - 1 and it follows that
WsriFS'1)

= W r (F),

(2.33)

where F* is replaced by ST. This condition is met for all choices of T and S for all
admissible F.
15

Then, the possibility of two different reference configurations T and ST having
the same strain energy function is considered, i.e.,

War(.)

= WrO-

(2.34)

Two reference configurations that have the same strain energy are equivalent.

It

follows from 2.33 and 2.34 that, if T and ST are equivalent, then

VFr(FS _1 ) = W r (F).

(2.35)

This leads to the idea of an equivalence class of reference configurations. It is easy
to see that the set of transformations S from T to equivalent reference configurations
form a group Sp and it follows also that Ssr = Sr- Accordingly, 2.35 may be written
as
WrtFS" 1 ) = Wr(F) VS € Sr.

(2.36)

The fact that T and ST have the same strain energy function is a manifestation of
material symmetry and the group of transformations Sr is the material symmetry
group for T. For solid materials, there is a special class of undistorted reference
configurations, for which the material symmetry group is a subgroup of the orthogonal
group. If T is an undistorted reference configuration, then the material condition 2.36
reduces to
Wr{FST)

= W r ( F ) VS € Sr.

(2.37)

The corresponding condition on the strain energy function W(C) is
W r ( S C S r ) = WT(C)
16

VS e Sr-

(2.38)

The degree of symmetry that a solid material may have ranges from no symmetry at all (the material symmetry group consists of the single element 1, so that
no two reference configurations are equivalent) to complete symmetry (the material
symmetry group is the full orthogonal group). Materials for which the symmetry
group is either the full orthogonal group or the proper orthogonal group are said to
be isotropic. A material whose symmetry group is the group of rotations about a
fixed axis is said to be transversely isotropic about that axis.
As far as the anisotropic materials are concerned, both the experimental procedures and the mathematics involved are more complicated than for isotropic materials.
A discussion of anisotropy can be found in Green and Adkins[29], with the remark
that although there is a considerable body of theory concerned with anisotropic materials, there is very little in the literature which relates this to the properties of real
materials, at least for large deformations.
Much of the research in finite elasticity has been devoted to isotropic materials and, indeed, to incompressible isotropic materials. This is because the nonlinear
mechanical response of rubbers and other elastomers is modeled very well by the
assumptions of isotropy and incompressibility. Modern use of rubber foams, for instance, has led to a growing interest in compressible nonlinearly elastic materials.
There does not appear to be a great interest, however, in anisotropic materials.
The strain energy function can be written as a function of the principal invariants
of deformation as

W =

W(I1,I2,I3)

17

(2.39)

or as a different function of principal invariants of stretch as

W = W(i1,i2,h)

(2.40)

with
/j

= trC = trB = Xl + X\ + A3,

I2

= trC* = trB* = A2A3 + A3A1 + AjA^,

J3 =

(2.41)

detC = detB =

and
=

trU = trV = Xi + A2 + A3,

12 = trXJ* = trV* = A2A3 + A3A1 + AjA2,
13 =

(2.42)

det U = det V = Aj A2A3

where * denotes the adjugate. This may be obtained directly from W=W(U), as
above, or by substituting from
h = i\-

2i 2 ,

h = i\-

2iii 3 ,

h = i\

(2.43)

in 2.39. Of course, the functions W( ) in 2.39 and 2.40 are different functions.
If the definition equation of invariants are substituted in the equations above,
the strain energy function is obtained as a fully symmetric function of the principal
stretches
W = W( X1,X2X3).

(2.44)

The representations 2.40 and 2.44 may be obtained directly from the representation 2.39 by substituting for { I i , I 2 , h ) from 2.43 or 2.41. Similarly, 2.44 can be
18

obtained from 2.40 by substituting (ii,i2,h) from 2.42. It is not easy however to
pass from a general representation 2.40 to 2.39, or from 2.44 to 2.39 or 2.40. The
former involves representing the roots of a quadric equation and the latter involves
representing the roots of a cubic equation.

2.3

The Stress Response
Each of the representations 2.39, 2.40 or 2.44 of a general isotropic strain energy,

together with
(2.45)
leads to different representations of the Piola and Cauchy stress tensors.
Equations 2.39, 2.45i and 2.13 lead to
(2.46)
Substituting for P from 2.46 in 2.452 gives
(2.47)
Use of the Cayley-Hamilton theorem in the form
B2 = / 1 B - / 2 l + / 3 B - 1

(2.48)

gives the alternative representation of the Cauchy stress as
(2.49)
A similar derivation, starting from 2.40 leads to
(2.50)
19

and
(2.51)
It should be noted that using the Cayley-Hamilton theorem
V 2 = i a V - z2l + i 3 V - \

(2.52)

2.51 may also be written as

(2.53)

The representation 2.53 of the Cauchy stress tensor T as an isotropic function of the
stretch tensor V is similar in form to equation 2.49. It may also be obtained from
the principal stress response equation
1

. dW

A1A2A3

(no summation),

d\i

(2.54)

where r* and Aj are the principal values of T and V.

2.4

Incompressible Elasticity
Nonlinear elasticity can be examined in two major parts; incompressible and

compressible. Although this thesis mainly focuses on compressible elasticity, it is important to learn incompressible elasticity for better understanding of the compressible
portion.

2.4.1

Modeling Incompressible Elasticity

Three major ways are used to model incompressible elasticity:
20

1.

Modeling built on experimental data (phenomenological modeling),

2.

Statistical (Micromolecular) approach.

2.4.1.1

Modeling built on experimental data (Phenomenological modeling)

Rubbers and other elastomers are commonly modeled as nonlinearly elastic solids
that are homogeneous, isotropic and incompressible. Most of those models are supported by experimental data. The most common material used in those experiments is
rubber since its mechanical response can be considered as nonlinearly elastic. Preparation of specimens with different sizes and shapes is easy with rubber. The elastic
response is isotropic, but a level of anisotropy can be introduced during the preparation of the specimen. Rubber or rubberlike materials can be considered incompressible due to a very insignificant volume change under regular extension, equibiaxial
extension and pure shear tests. Ogden[8] gives a more extensive review of the elastic
properties of rubber like materials and background information.
One of the earliest experimental data was presented by Treloar[31] for simple
extension, pure shear end equibiaxial extension. More extensive data for simple extension, pure shear and pure shear with simple extension were presented by Rivlin
and Saunders [32]. They also provided data for experiments where one of the principal invariants was altered while the other was held constant. Jones and Treloar
[33] carried out extensive biaxial tests on small rectangular rubber sheets where they
changed one in-plane principal stretch while holding the other constant.
Ogden[34] introduced a six-parameter Valanis-Landel power law model that provided a very close fit with Treloar's data. Jones and Treloar used the same model
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(with different parameter values) to fit their own data.
As Ogden[9] states, the phenomenological theory of elasticity is concerned with
the description of the observed elastic behavior of real materials. More specifically,
it deals with the mathematical representation of the macroscopic elastic properties
found from experimental tests, and not with the explanation of how these properties
arise from the underlying microscopic structure. The macroscopic property of elasticity arises from two distinct mechanisms at he microscopic level. Firstly, in the case
of polymeric materials such as rubber it is the 'uncoiling' of the long-chain molecules
which is responsible for the elasticity as the bulk material is stretched. This network
modeling is discussed in the next section. The second mechanism is due to the interatomic forces present in materials with a regular atomic structure, i.e. crystals.
The macroscopic description of crystal elasticity is summarized in Ogden[9]. For the
discussion of the relationship between interatomic forces and macroscopic elasticity
the reader can refer to Hill[35], Ericksen[6], Milstein and Hill([37], [38], [39]) and
Parry[40] and the references cited in these papers.
The phenomenological theory assumes that the material is perfectly elastic which
is a very common approximation. It is also common to assume that the material can
be described by Green elasticity, i.e., it can be represented by a strain-energy function. The material is idealized in that sense; the effects of hysteresis are neglected and
there are no time-dependent effects of the experiments. To further simplify the problem, more assumptions are asserted. Most common ones are material homogeneity,
material symmetry and internal constraints such as incompressibility. These assumptions, which can be approached closely during experiments, simplify the problem to
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a great extent. Material homogeneity can be achieved successfully well by preparing
the test specimens as close to homogeneous as possible. Strain-energy function of
a homogeneous material can be obtained from an experimental work of homogenous
deformations. Simple preliminary experiments can help to determine if the material is
symmetric or incompressible. The constraints like incompressibility or material symmetry reduce the number of experiments needed and the mathematics accompanying
to the models is much simpler.
For anisotropic materials though there is a great amount of theory, there isn't
much in the literature that tries to relate the anisotropic theory to real materials for
large deformations. Green and Adkins [29] provide a discussion of anisotropy for that
matter.
The simplest models are two-parameter models that fit perfectly to simple extension and pure shear data of Treloar[31], Rivlin and Saunders[32]. Gent[41] provided a
two-parameter strain energy with a maximum allowable strain, characterized by a limiting value of the first strain invariant, to describe the nonlinear stiffening effect that
is typically described by exponential or power law models. Carroll [42] suggested an
alternative formulation in terms of a maximum allowable stretch. Nevertheless, examination of equibiaxial extension data required a third parameter. Carroll [43] recently
presented a three parameter model with a very good fit to the data of Treloar [31],
Rivlin and Saunders[32] and Jones and Treloar (1975). In addition to the two parameters that represent the shear modulus in infinitesimal deformation and the maximum
allowable stretch, Carroll[43] introduced a third parameter to describe the material
response to highly compressive stretches that occur, for example, in equibiaxial exten23

sion. Ogden[34] provided a six parameter model that has an excellent fit to Treloar's
data. The two parameters in the model introduced by Carroll [43] gives the same fit
to the data available over a great range of values of stretch (0.2 < A < 5 or 6) and
the third parameter solves the problem around A = 0.

2.4.1.2

Statistical Modeling

Although this thesis is based on the continuum modelling of rubber and compressible elasticity, the author believes it is important to provide some insight on the
statistical modelling. An excellent review of the development of statistical modelling
of rubber elasticity is given in Treloar[44] and a basic review is given in Boyce and
Arruda[45]. The statistical approach begins by assuming a structure of randomlyoriented long molecular chains. In the Gaussian treatment ([31]) the distribution of
the end-to-end length, r, of a chain is given by P(r):

p

<r>=4^r

r 2 e x p

(-s)

<2 55)

-

where n is the number of links in the chain and I is the length of each link. The
average initial chain length, LQ, is given by the root mean-square value of R:
Lq = {f 2 ) 1 ^ 2 = (nl2)1^2 = y/nl

(2.56)

When the deformation is applied, the chain structure stretches and configurational entropy decreases. To incorporate accurate individual chain statistics into a
constitutive framework, it is necessary to have a model that relates the chain stretch
of individual chains to the applied deformation; this is accomplished by assuming a
representative network structure.
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Figure 2.2: Schematic of (a) 3-chain network model, (b) 4-chain network model, (c)
8-chain network model. Each model is depicted in its undeformed state, in uniaxial
tension, and in equi-biaxial tension.
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Three network models are shown in Figure 2.2 [45]. The unit cell used in each
of these models is taken to deform in principal stretch space.

In the "3-chain"

model([46]) the chains are located along the axes of the initially cubic cell. The
chain deforms affinely with the cell and the stretch on each chain will then correspond to a principal stretch value. In the four chain tetrahedral model ([47] and
[48]), four chains are linked together at the center of a right rectangular tetrahedron.
The tetrahedron deforms according to the imposed deformation. This network structure provides a more cooperative network deformation than the 3-chain network as
the chains stretch and rotate with tetrahedron deformation. In the "8-chain" model
of Arruda and Boyce ([49] and [50]), the chains are located along the diagonals of
the unit cell and deform with the cell. In a full-network or total assembly of chains
model([51] and [52]) the chains are assumed to be randomly distributed in space.
The strain energy density function (defined in next section of this chapter) is found
by integrating over the stress-stretch response of all chains. This integration is computationally intensive; Wu and van der Giessen [52] have found the integration over
all chains to be well approximated by a weighed average of the 3-chain and 8-chain
models. Extensive analysis and comparison of these models are beyond the scope of
this thesis and can be found in [45].
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2.4.2

Stress Response of Incompressible Materials and Incompressible
Strain Energy Density Functions

For incompressible materials, only the isochoric deformations are possible, so that
h = 1,

i3 = 1,

A^Aa^l

(2.57)

and the strain energy functions 2.39 and 2.40 reduce to
W = W{h,I2)

and

W = W(iui2).

(2.58)

The Cauchy stress response equations 2.49 and 2.51 become
dW

dW

dW

- ~V-1
012

T = -pl + 2 ^ - B - 2 — B - 1
ol-i
0I2

(2.59)

and
T = -pl + ^-V
011

dW

(2.60)

where p is the undetermined hydrostatic pressure. The corresponding Piola stress
responses are found from these Cauchy stresses with P = T F r .

Equation 2.54

becomes
dW

ti = —p + AiTrrOA i

(no summation)

(2-61)

and, in particular, the principal stress differences are
dW

ti — t j = Aj—
o\i

dW

^i^T(yXj

( n o summation).

(2.62)

Rubber is an important example of a real material that may be modeled as an
incompressible, isotropic, hyperelastic material. Two important special constitutive
models of rubberlike materials are the Mooney-Rivlin material for which
dW
= Cl

and

ol 1

dW

—— = C2
dl2
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2.63)

and the neo-Hookean material, that is a variety of the Mooney-Rivlin type for which
dW
dh

= 0.

(2.64)

One may find other examples in the literature, but none has shared the wide application found for either of these ideal models. Of course, these ideal models often are
introduced as a matter of mathematical simplicity, or for the purpose of meaningful illustration of the content of results derived more generally for every isotropic,
incompressible, hyperelastic material; however, it is important to mention that they
exhibit fairly decent agreement with the test of experiments for moderately large
deformations.

2.5

Compressible Elasticity
As Horgan[53] emphasizes, for homogeneous isotropic incompressible non-linearly

elastic solids in equilibrium, the simplified kinematics arising from the constraint of no
volume change has facilitated the analytic solution of a wide variety of boundary-value
problems. For compressible materials, the situation is quite different. Firstly, the absence of isochoric constraint leads to more complicated kinematics. Secondly, since
the only controllable deformations are the homogeneous deformations, the discussion
of inhomogeneous deformations has to be confined to a particular strain-energy function or class of strain energy functions. Even with this restriction, the establishment
of analytic closed-form solutions of the governing non-linear equations (even without
the additional difficulty of satisfying boundary conditions in the solution of boundary
value problems), has been a formidable task. Nevertheless, in recent years, substan28

tial progress has been made in the development of analytic forms for the deformation
and in the solution of boundary value problems.
Although rubber elasticity materials are generally considered to be incompressible, in reality they are only nearly incompressible, the most accurate constitutive
models should include compressibility. A practical application for rubber elastic constitutive models is their implementation into finite element codes to simulate complex
deformations. A compressible material model helps to avoid the numerical problems
inherent incompressible formulations. There are also numerous elastomeric products
that perform under confined conditions where the bulk response is important.
As Carroll[54] states, and as emphasized here, closed form solutions of boundary
value problems in finite elasticity are rather uncommon. The most remarkable such
solutions are the controllable or universal deformations for incompressible isotropic
elastic solids. Rivlin [2], [3], [4], [5], Green and Shield[12], Ericksen[6] and Singh and
Pipkin[13] have presented such solutions and they have been the subject of considerable further study. The form of these deformation fields is independent of the specific
form of the material response(the strain energy function), and the deformations can
be supported in every homogeneous incompressible isotropic elastic solid by surface
tractions only, i.e., without applying body force.
Ericksen[7] proved the important result that the only deformations which are
controllable for compressible materials (homogeneous elastic solid materials) are homogeneous deformation fields. This result has tended to dampen the enthusiasm for
the search for closed form solutions for compressible materials. However, it does not
negate the possibility of fairly simple solutions for materials with general isotropic
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response, for example, circularly polarized finite amplitude progressive waves or standing waves. Also, simple solutions and even controllable deformation solutions may
be obtained for special classes of compressible isotropic solids. Noteworthy in this
regard are the solutions for harmonic materials (John[14]) obtained by Ogden and
Isherwood[15], Abeyaratne and Horgan[18] and Jafari, Abeyaratne and Horgan[19].
The latter approach is adopted by Carroll [54]. The materials treated in [54] are such
that the strain energy function, expressed as a function of the principal invariants of
the stretch tensor, has the separable form

(2.65)

W = / ( i i ) + <7(»2) + /i(»3)

where f, g and h are twice continuously differentiable functions. Three special classes
of material can be considered; for each class two of the functions f, g, and h are linear
functions and the third is an arbitrary function. These three classes will be explained
in further detail in the following subsection.

2.5.1

Stress Response of Compressible Materials and Compressible
Strain Energy Density Functions

For compressible materials there is no constraint on the stress or strain energy
like incompressible materials, therefore Equations 2.49, 2.53 and 2.54 do not have any
general simplifications. It should be noted though the strain energy and stress should
vanish in the reference configuration and these conditions can be expressed as

w( 3,3,1) = 0,

dw

dw
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dw

= 0.

(2.66)

Special Forms of the Strain Energy Function
A special class of compressible solids is that for which the strain energy function
2.40 has separable form
W = f(i1) + g(i2) + h(i3).

(2.67)

For such materials, the stress response equation 2.51 reduces to
T = {h'(i3) + g'^trV-1}

1 + is 7 ' ( » i ) V - g'{i2)V-\

(2.68)

and equations 2.66 become

/(3) + g( 3) + h{ 1) = 0,

/'(3) + 2</(3) + fc'(l) = 0.

(2.69)

The functions f, g and h are assumed to be twice continuously differentiate. As
discussed earlier, three special classes of materials can be considered; for each class
two of the functions f, g, and h are linear functions and the third is an arbitrary
function.

2.5.1.1

Materials of Class I

When g and h are linear functions, the strain energy has the form

W = /(»,) + c2(i2 - 3) + c 3 (i 3 - 1),

(2.70)

where c2 and c3 are constants, and

/(3) = 0,

/ , (3) = -(2C 2 + C3).

Materials of Class I are harmonic materials introduced by John[14].
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(2.71)

2.5.1.2

Materials of Class II

When f and h are linear functions, the strain energy has the form
W = ait! - 3) + g(i2) + c3(h - 1),

(2.72)

where c\ and C3 are constants and
g(3)

= 0,

g'( 3 ) = - i (

C l

+ c3).

(2.73)

Materials of Class II are introduced by Carroll[54].

2.5.1.3

Materials of Class III

When f and g are linear functions, the strain energy has the form
W = ci(ii - 3) + c 2 (i 2 - 3) + h(i3),

(2.74)

where C\ and c2 are constants, and
/i(l) = 0,

h'{l) = -{cl + 2c2).

(2.75)

Materials of Class III are introduced by Carroll[54].
When all three of the functions f, g and h are linear functions, the material belongs
to all three classes I, II and III, and the strain energy has the form
W =

C l (ii

- 3) + c2(i2 - 3) + - ( C l + 2c 2 )(i 3 - 1).

(2.76)

It is easy to verify that the response of such a material in infinitesimal deformation is
such that either the shear modulus 1/2 (ci + c2) vanishes or Poisson's ration has the
value -1. Since neither alternative describes physically realistic behavior, the strain
energy function 2.76 is not acceptable.
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The author believes basic information given in this chapter about strain energy
functions is needed to understand the specific strain energies used to demonstrate
the solutions of boundary value problems presented in this thesis, and these specific
strain energies will be introduced in the following chapter. More detailed analysis of
other strain energy functions is beyond the scope of this work.
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CHAPTER 3

FINITE DEFORMATIONS AND MOTIONS OF
RADIALLY INEXTENSIBLE HOLLOW SPHERES

3.1

Introduction
Solid materials reinforced by fibers are frequently modeled as homogeneous solids

that are inextensible in the fiber direction.

The fibers are identified with a unit

tangent vector field N ( X ) in the initial state that deforms with the body and so is
identified with a unit tangent vector field n(x) after deformation. The material is
inextensible in the fiber direction, so that
N.CN = 1

(3.1)

where F = Gradx is the deformation gradient tensor and C = F T F is the right CauchyGreen deformation tensor. The constraint reaction is an arbitrary uniaxial stress
qn®n in the fiber direction and the arbitrary scalar field q(x) is a Lagrange multiplier.
While the mechanical response of such inextensible elastic solids has been treated
in several papers, there does not seem to be a plenitude of solutions involving finite
deformation. Beskos [24], using a semi-inverse method, identified some controllable or
universal deformations, i.e., deformations that can be supported without body force in
every isotropic solid with appropriate inextensibility constraint. He gave expressions
for the stress components but he did not solve specific boundary value problems.
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Familiar applications of fiber-reinforced elastic bodies include tires, reinforced
rubber automotive and garden hose, and reinforced sheeting for example. An application of constrained elastic materials in modelling the behavior of laminated rubber
bearings is presented in D'Ambrosio et. al. [55]
The present chapter treats what is, perhaps, the simplest family of inhomogeneous finite deformations, namely, spherically radial deformations. The material is
assumed to be homogeneous, inextensible in the radial direction, and either isotropic
or transversely isotropic about the radial direction. Five different problems of finite
deformation or motion are considered for inextensible hollow spheres:
(1) radial inflation or compaction
(2) radial oscillation
(3) eversion
(4) radial inflation or compaction of an everted sphere
(5) radial oscillation of an everted sphere.
The material response is described by a single function of one variable - the axisymmetric stress response function - and the conditions of spherical symmetry and
radial inextensibility determine the deformations or motions a priori, independently
of the form of this function, so that they are controllable for isotropic or transversely
isotropic elastic solids with radial inextensibility.
The eversion process may be envisioned as cutting a hollow sphere in half,
subjecting each part to a snap-through bending, and gluing the newly created surfaces
together to form the everted hollow sphere. This process preserves the spherical
symmetry but it introduces a pre-stress. The effect of this pre-stress on the mechanical
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response may be assessed by comparing the solutions (4) and (5) above with the
solutions (1) and (2).

A universal relation is an equation that holds for every material in a specified
class. For compressible and incompressible materials, universal relations generated
by the coaxiality of strain and stress were first discovered by Rivlin and subsequently
examined in detail by Beatty[56]. A review of universal relations in continuum mechanics and a general method of analysis is given in Pucci and Saccomandi[57]. In a
recent article, Rivlin[58] has derived for general infinitesimal deformations, four independent universal relations connecting the engineering stress and strain components
for an isotropic, linearly elastic material described by six stress-strain relations involving two material constants. Universal relations for fiber-reinforced materials are
provided in Beatty[59] in terms of the extra stress. Saccomandi and Beatty[60] derive
universal relations that involve the Cauchy stress components directly.

The problems treated here for radially inextensible materials also provide controllable deformations and motions for incompressible materials (Green and Shield [12],
Ericksen [61], Knowles [62], Guo Zhong-Heng and Solecki [63]). However, the static
and dynamic solutions for everted hollow spheres do not appear to have been treated.

In addition to the work of Beskos [24], Ogden [9] has given a brief treatment of
the inflation problem in Section 3.2.3 for a radially inextensible hollow sphere. Other
models of fiber reinforcement consider the fibers as introducing a local transverse
isotropy but not inextensibility (Spencer [64]).

3.2

The axi-symmetric stress response function
The strain energy W for any isotropic elastic solid may be represented as a func-

tion of the principal invariants (I\, I 2 ,I 3 ) of the deformation tensor, or of the principal
invariants (ii, i2,i3) of the stretch tensor V = (FF 7 ) 1 / 2 , or as a fully symmetric function of the principal stretches (Ai, A2, A3), thus

W = W(hJ2,

h) = w(iui2,

i3) = t&(Aa, A2, A3)

(3.2)

with
H

— AJ + A 2 + A 3 ,

I2 =

A 2 A 3 + A 3 A j + AJAG,

/3 =

AIA2A3

(3.3)

AiA2A3.

(3.4)

and
H =

AI + A 2 + A 3 ,

i2 =

A 2 A 3 + A3A1 + A i A 2 ,

«3 =

The representation 3.23 may be obtained from 3.2i or 3.22 by substituting for the
principal invariants from 3.3 or 3.4.
The principal vectors of the Cauchy stress tensor T are those of V and the
principal stresses (t\,t2,t3)

U =

are found from 3.23
1 d
AjAfc OAi

R-R-7RR-W(AI, A2, A 3 )

as

i ± j ^

k + i.

(3.5)

If the material is inextensible in a particular direction and is subjected to equal
stretches A normal to that direction, then the principal stretches are (A, A, 1) and
the principal stresses may be written as

t1 = t2 = T(A),

t3 = g,

with

T(A) = ^ 1 - A ^ ( A I ) A 2 , A 3 ) | A i = A 2 = A A 3 = 1 .
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(3.6)

If the material is transversely isotropic about the fiber direction, then the strain
energy has the form

W = W(IuI2,h,h,h),

/5 = N . C 2 N .

/4-N.CN,

(3.7)

The axi-symmetric stress response function T(A) is again given by 3.62, with

tf (Ai, A2, A3) - W(Xl + A2 + A2, A2A2 + A2A? + A2A2, A2A2A2,1,1).

3.3

(3.8)

Spherically Symmetric Deformations
Consider a deformation

r = f(R),

6= 0

(IT

=

-75 > 0
dR

(3.9)

of a hollow sphere, with inner and outer radii R\ and R2. Here (R, O, $) and (r, 6, ip)
are the spherical polar coordinates of a typical particle before and after deformation.
This deformation is irrotational and it describes radial inflation or compaction. The
coordinate directions are principal directions of stretch and the principal stretches are
(dr/dR, r/R, r/R). Thus, if the hollow sphere is inextensible in the radial direction,
the deformation must have the form

r = R + P,

8= 0

p =

(3.10)

The coordinate directions are also principal directions of stress and the principal
stresses are

Trr = q,

Tge = Tw = T(A),
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A = r/R = 1 + 0/R.

(3.11)

The equation of equilibrium with no body force,

div T = 0,

(3.12)

reduces to the radial equation

^

dr

+ -(T„ ~ Tee) = 0
r

(3.13)

which is satisfied because q is arbitrary. Integrating this equation determines the
remaining principal stress Trr to within an additive constant
T
J-rr - 2 j T(\)rdr,

A = rj(r - /?).

(3.14)

It follows that the function F{fi\ Ri, R2), defined as

F(frRuR2)

= 2f

Ji+a/Ro l A ~ i J

(3.15)

describes the radial response of a radially inextensible hollow sphere, with inner and
outer radii Ri and R2, in radial inflation or compaction. The solution corresponding
to the boundary conditions

Trr = -Pi at r = rx = i?i +

Trr = -P2 at r = r2 = R2 + /3,

(3.16)

is
r21P1-r22P2

= F(p]R1,R2).

(3.17)

Eversion
The deformation gradient tensor corresponding to the deformation

r = r(R),

e = 7T-Q
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=

dv
dR

(3.18)

IS
dv

T

art

ti

i

F = — e r (8) eR - — ee ® e 0 + —

<g>

(3.19)

ti

This admits the polar decomposition F = V R , with rotation tensor

R = —er ® eR — ee <g> e 0 + e^ ® e,j,

(3.20)

and stretch tensor

V =

dr
dti

r
r
<g> e r + — ee <g) ee + — ev <g> ev,
K
ti

(3.21)

so that the coordinate directions are again principal directions of stretch and the
principal stretches are (-dr/dR, r/R, r/R). Thus, the deformation has the form

r = P-R,

9 = 7r - 6

<p =

(/3 > R2)

(3.22)

and it describes radial inflation or compaction of an everted hollow sphere.
The coordinate directions are also principal directions of stress and the principal
stresses are

TTr = q,

Tee = T^ = T(\),

A = r/R = P/R - 1.

(3.23)

Integrating the radial equation of equilibrium 3.13 now gives

= ^ / T(\)rdr,

and the function G(/3; R\,R2),

A = r/((3 - r),

(3.24)

defined as

G(0; Ru R2) = 2/32 I " * ' 1 A
Jp/R.2-1 \ + J-J
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(3.25)

describes the radial response of an everted radially inextensible hollow sphere, with
inner and outer radii R\ and R2, in radial inflation or compaction. The solution
corresponding to the boundary conditions

Trr = -Pi at r = n = (3 - Rx,

Trr = - P 2 at r = r2 = j3 - R2

(3.26)

is
r\Px-rlP2

= G{p-,Rx,Ri).

(3.27)

It should be borne in mind that P\ denotes the pressure on the outer boundary of
the everted sphere.

3.4

Inflation or Compaction
Equation 3.17 gives the solution for inflation of a hollow sphere under internal

pressure P as

and that for compaction under external pressure P as

3.5

Radial Oscillation
Consider a finite radial motion described by 3.10, with (3 = /3(t) now being a

function of time. The principal stresses are again given by 3.11. The equation of
motion is
divT = px =-p0x
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(3.30)

where the superposed dots denote material time derivatives and pQ and p denote the
mass densities before and after deformation. This reduces to the radial equation
aTrr

+' - ( T\-~r rt -i T e eou/
) = p ro
0 ( -i X ' I$ .

o

or

r

(3.31)

\ rJ

Integrating this equation gives the principal stress Trr to within an additive function
of time as
r2Trr = 2 I Teerdr +

(3.32)

The boundary conditions 3.26, with Pi = P\{t) and P2 = P2(t), give
r\Px - r\P2 = F(P- R>,R2) +
M =
Po{R\ - R\),
, 47T

(3.33)

O

where M is the mass of the hollow sphere.
Introducing the function \I/(/3; R\, R2), defined as
*(/3-,RUR2)=

[ F(FCRLYR2)d0,

(3.34)

leads to the energy balance equation
47r/3(r?P1 - r\P2) = |

^ R , , R

2

) + \m/j2}

.

(3.35)

The case of free oscillations (Pi = P2 = 0) is of particular interest. Equation 3.35
leads to the energy integral
4tt* (0; R\, R2) + \M$2

= C,

(3.36)

with C constant. Equation 3.36 may be integrated to obtain an inverse description
t = t{f3) of the motion

t-.[M
V

f
2 ./

,
^JC

(337)
— 4 7 r ^ ( / 3 ; R\,
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R2)

It is expected that, for admissible values of C, the denominator of the integrand in
3.37 will have just two zeros /3min (> - Ri) and /3max, which represent the extreme
excursions of the inner and outer boundaries. The period r of the free oscillation is
found from 3.37 as
/3max

T = V2M

[

dP

,

= .

(3.38)

^min

3.6

Eversion
The eversion solution of special interest is that which leaves the boundaries trac-

tion free after deformation. Rewriting 3.22 as

r = B-R,

6 = n-Q

tp = $

(3.39)

and using 3.27 leads to the condition

G(B-RuR2)

= 0,

(3.40)

which serves to determine B. The value B = Ri + R2 is of special interest because it
implies that ri = R2 and r2 — i?i, so that the dimensions of the hollow sphere are
unchanged by eversion. The class of materials for which this is true for all initial radii
Ri and R2 is that for which

G(R1 + R2,R1,R2)

= 0,

(3.41)

for all 7-

(3.42)

is an identity, i.e., for which
7

T{X)XdX

(A+ 1)3

= 0

1/7
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3.7

Inflation or compaction of an everted sphere
The deformation

r = B + p-R,

9 = ir - 0

<p = $

(3.43)

where B is the root of 3.40, describes radial inflation ((3 > 0) or compaction ((3 <
0) of an everted hollow sphere. The solution for internal pressure P 2 and external
pressure Pi is
RJP, - R\P2 = G(B +

R1,R2).

(3.44)

This solution may be compared with the corresponding solution 3.17 for a natural
(uneverted) sphere.
In the case of inflation under internal pressure P, for example, the two solutions
for natural (uneverted) and everted spheres are respectively

and
P

3.8

= T W T h w P V + KRuB.).

(3.46)

Radial oscillation of an everted sphere
Equation 3.43, with (3 = (3(t), describes a radial motion of an everted hollow

sphere.

An analysis paralleling that in Section 3.2.4 leads to the energy balance

equation
4tr/3(r22P2 - r 2 P j ) = |

j \ - k Y { B + /?; RX, R2) +
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L

-M/f} ,

(3.47)

with
T{B + p- RUR2)

=

I

G(B + p- Ru R2)dp.

(3.48)

The energy integral
47iT(/3; Ru R2) + ^MP2 = C

(3.49)

pertains to free oscillations, which are described in inverse form by
t = M [
#
/
V 2 J ^/c -A-kV{B +

(3.50)
P-RuR2)

where roots /3min and /3max, are the admissible roots of the denominator of the integrand in 3.50. The period of free oscillation is found from 3.50 as
B+P n,ax
T = V2M

DF3

[

./
B+0

3.9

=

.

(3.51)

C — A~kT(P\ R\, R2)
m

in

Harmonic and Compressible Varga Materials

3.9.1

Harmonic Material

The strain energy function for a harmonic material has the form (cf. Carroll and
Rooney [65])
W = 2M { / ( h -

3) -

C(i

2

-

3) -

(1 -

C)(»3 -

1)} •

(3.52)

Here f( ) is a nonlinear function, with
/(0) = 0,

/'(0) = l + c,

/"(o) =

(3-53)

/i and v are the shear modulus and Poisson's ratio for infinitesimal deformation, and £
is a non-dimensional parameter. Equations 3.4, 3.62 and 3.52 give the axi-symmetric
stress response function as
T(A) = ^ { / ' ( 2 A - 2 ) - A - C } .
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(3.54)

If the function f( ) is a polynomial of degree n, so that

Ol = 1 + C,

a

2

=

fc=1

1 -v
I-2v'

(3.55)

then
T(

2ji
A)

T

A -

1

1 -2t>

2(A-l)}fc-1

+ Yjkak{
fc=3

(3.56)

It follows from 3.56 and 3.15 that the function F(/3; Ri, R2) for harmonic materials
with polynomial response functions described by 3.52 and 3.55 is
F(0;R1,R2)

2

= ^f3

k-3

R2 — i?i
(1-2 v)0

£
i?2

(3.57)
Observe that, in the simplest case when a k = 0 for k > 2, i.e., for an harmonic material
with strain energy
W = 2,, j ( i a - 3) + 2 ^ Z V 2 v ) ( i i - 3)2 - Cfe - 3) - (1 - C)fe - 1)} ,

(3.58)

the pressure attains its maximum value
P max =

(3.59)

1

l-2v

\Ri

when P = Ri, i.e., when the inner radius attains twice its original value, and then
tends to zero as /3 continues to increase. For this strain energy, it follows from 3.29
and 3.57 that the hollow sphere compacts fully (/? = —R\) at finite external pressure
-l

(3.60)

1 - 2v V Ri

For a harmonic material with strain energy 3.58, a straightforward calculation from
3.57, 3.34, 3.37 and 3.38 shows that the oscillation is sinusoidal, with amplitudeindependent period
'

( 1

~
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2 V )

"

(3.61)

The function G( ) is found for harmonic materials with polynomial response functions
by using the substitution A — 1 = (A + 1) — 2 to rewrite 3.56 as
n-1
Ar(A) = ^ 6 f c ( A + l)fc.

(3.62)

k=0

Substituting from this equation in 3.25 gives
f / 1 \fc

n-2
G(/3; Ru R2) = b0{R\—R\)+2bi{R2—R\)+2b2

ln(i? 2 /#i)+2 £

-b k + 2 (3 k + 2 j

-

(3.63)

For the special strain energy 3.58,
G(fc R^R2)

=

1 — 2v

-

- R i - Rz).

(3.64)

This has the property 3.41, so that, in this case, the dimensions of the hollow sphere
are unchanged by eversion. For the same strain energy, both uneverted and everted
solutions reduce to
4
P

^

~

("3 55)

so that, in this case, and the response is unaffected by eversion. Since the dimensions
of the hollow sphere are unaffected by eversion and there is no residual stress in the
everted sphere, the results for the radial oscillation of the everted sphere are the same
as uneverted results, as expected.

3.9.2

Compressible Varga Material

The strain energy for the compressible Varga material has the form

W = 2/1 { C ( » i - 3) + ( 1 - C ) ( i 2 - 3) - h(i3 - 1 ) } ,
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(3.66)

where h( ) is a nonlinear function with

h{0) = 0,

h'(0) = C - 2,

/"(0) =

1- v
2(1 - 2v)'

(3.67)

v is Poisson's ratio for infinitesimal deformation, /i is the shear modulus and (" is a
non-dimensional parameter. From 3.4, 3.62 and 3.66 the stress response function can
be found as
r(A) = ^ { l + ( l - C ) A + A ^ ( A 2 - l ) } .

(3.68)

If the function h( ) is a polynomial of degree n, so that

M*3 - j) = Ylai(i3

a\ = C - 2,

~

a2 =

3=1

1- v
2(1 - 2vY

(3.69)

then
T(A, -

f

1 -

V

1- A+ ^^(A

3

- A) + A j a j ( \

2

- 1r

1

.

(3.70)

j=3

For the simplest case when a,j = 0 for j > 2, i.e., for a compressible Varga material
with strain energy
W = 2n { C(»i - 3) + (1 - C)(«2 - 3) - (C - 2){h - 1) +

1

-v
(is - I) 2
2(1 — 2v)

,
(3-71)

from 3.70 and 3.15 the function F(/3; Ri, i?2) is found as

F(/3-RuR2)

= Afx/32

—

-

_ .
Ri) +

R2 — RX

R2
+ 3/CIn —

K --

1-v
1 - 2v'
(3.72)

Figure 3.1 shows the relation between normalized P and normalized pressure for
different t = R2/Ri

values. There is no maximum pressure point for the compressible

Varga material, as P —• 00, P —• 00.
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p

Figure 3.1: Relation between normalized /3 and normalized pressure for different
t = R2/Rx

and k = 2

The function G( ) for the simplest compressible Varga material is found by using
3.25 and 3.70 as

G{f3-RUR2)

= 4M/32

1 ~ 2K
•—
(R* - R i ) +

R2 - R\

R2
R\ - R\
+ ^3*In ^ + — p -

K
(3.73)

This function does not have the property 3.41, so the dimensions of the sphere are
changed by eversion. For the special strain energy 3.71 the pressures required to
inflate the everted and uneverted spheres are shown in Figures 3.2, 3.3 and 3.4 for
admissible values of R2/R\

and k. It is observed that as the thickness of the sphere

increases it is harder to inflate the everted sphere.
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1 =

V

1 - 2v'

p
4 ji

Figure 3.2: Relation between normalized /3 and normalized pressure for everted and
uneverted spheres for R%/R\ = 2.0 and k = 2.3

P
4 f.i

Figure 3.3: Relation between normalized f3 and normalized pressure for everted and
uneverted spheres for R2/R1 = 1.5 and k = 2
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Figure 3.4: Relation between normalized (3 and normalized pressure for everted and
uneverted spheres for R-2/ R\ — 1.1 and k = 2

3.10

Limiting cases

The results obtained in Sections 4 and 5 pertain to spherical cavities in infinite
media, in the limit as R2 —> oo and to thin-walled spherical shells, in the limit as
R2 —> RiFor a spherical cavity, the function F(/3\ R%, R2), defined in 3.15, reduces to the
function
F(frR1)

j~1+P/Rl T(X)XdX

2

= 20-

•)

1

(A-1)3

(3.74)

This is singular unless T"( 1) = 0 , which is an unrealistic condition, since it would
imply vanishing of the shear modulus of the non-reinforced material in infinitesimal
deformation (cf. the first two terms on the right hand side in 3.57). Thus, a radially
51

inextensible material of infinite extent containing a spherical cavity behaves under
internal pressure as a rigid body.
For a thin-walled shell with mean radius R and thickness h, the function F(f3\ R\, R2)
reduces to the function

F(P\R,h)

= 2RhXT(X),

A = 1 + P/R

(3.75)

and the solution for internal pressure P is

The solutions for time-dependent pressurization and for free oscillation are given by
3.39 - 3.43, with

Ru R2) replaced by

V(PlR,h)=

J F(0-,R,h)d0.
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(3.77)

CHAPTER 4

FINITE DEFORMATIONS AND MOTIONS OF
RADIALLY INEXTENSIBLE CYLINDRICAL TUBES

4.1

Introduction
Commonly, solid materials that are reinforced with fibers are modeled as inexten-

sible in the fiber direction. Although several deformations of inextensible solids have
been examined, not many solutions exist to finite deformations. Beskos[24], identified
some deformations that are universal using a semi-inverse method. He provided the
expressions for the stress components but he did not solve any specific boundary value
problems. Erdemir and Carroll[66] and the previous chapter in this thesis treated the
spherically radial deformations of radially inextensible materials and solved boundary
value problems.
The present chapter treats radial finite deformations. The material is assumed
to be homogeneous, inextensible in the radial direction, and either isotropic or transversely isotropic about the radial direction. Five different problems of finite deformation or motion are considered:
(1) radial inflation or compaction
(2) radial oscillation
(3) steady rotation
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(4) eversion
(5) torsion.
As in Erdemir and Carroll [66], the material response is described by a single function of one variable; the stress response function. The conditions of radial symmetry
and radial inextensibility determine the deformations or motions, independent from
the form of the stress response function. Therefore they are controllable for isotropic
or transversely isotropic elastic solids with radial inextensibility.
The eversion process of the hollow cylinder may be visualized as cutting the cylinder lengthwise up to the inner boundary, straightening the cuboid to a rectangular
block and bending the block back to a cylinder such that the inner surface becomes
the outer surface and vice versa.
Five different problems of finite deformation or motion are considered for inextensible cylindrical tubes:
(1) radial inflation or compaction
(2) radial oscillation
(3) steady rotation
(4) eversion
(5) torsion.
The eversion process of the hollow cylinder may be visualized as cutting the cylinder lengthwise up to the inner boundary, straightening the cuboid to a rectangular
block and bending the block back to a cylinder such that the inner surface becomes
the outer surface and vice versa.
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4.2

Preliminaries
Although most of the preliminary information is discussed in Chapter 2, the

author believes the reader would benefit from the summary in this section.
A deformation x( ) takes a typical particle of a body from its place X in the
undeformed configuration to its place x in the deformed configuration. The local
deformation is described by the deformation gradient F and the determinant of F
measures the local volume change and must be positive:

x = x(X),

F = Grad x,

0<detF<oo.

(4.1)

The deformation gradient admits polar decompositions into rotation R and right
or left stretch U or V, which are the positive-definite square roots of the right and
left deformation tensors C and B:

F = RU = VR;

U2 = C = F T F ;

V2 = B = F F T

(4.2)

These tensors admit representations in terms of the principal stretches (Ai, A2, A3)
and the right and left principal stretch vectors ( u ^ u 2 , ^ ) and (u 1 , u 2 , u 3 ):

F

=

A;v'(g>u\

R = vi®u<

U

=

AjU® ® u \

V = AjVi ® V

C

=

Afu'OuS

B = A2vi <g> v

(4.3)

The principal stretch invariants (i l5 i2,13) and the principal strain invariants ( / 1 , 1 3 )
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are defined as

ix

= trU = t r V = Ax + A2 + A3

i2

= trU* = trV* = X2X3 + X^

z3 =

+ X^2

(4.4)

d e t U = A1A2A3

and

=
/2

trC = £rB = A2 + A2 + A2

= trC* = trB* = A2A3 + A3A1 + X\X2

(4.5)

A2 A2 A2

11 =

where the superposed asterisk denotes the adjugate.
The strain energy for an isotropic material may be represented as a function of
the principal stretch invariants or of the principal strain invariants

W = w(i1,i2,i3)

= W(I1,I2,I3).

(4.6)

Correspondingly, the Cauchy stress tensor admits representations

*

=

=

2 [

+

(4.7)

and
T

dW
W1

+

dW
«r<B"">

+

dW
!m«

t r W

» -

B

>'•

<4-8>

The equation of equilibrium with no body force is

divT = 0.
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(4.9)

4.3

Inext ensibility
A fiber-reinforced elastic body may be idealized as an elastic body with an em-

bedded family of curves (the fibers) that deforms with the body and is such that the
body is locally inextensible in the fiber direction. Thus, if the unit tangent vector
field N(X) denotes the fiber direction at X before deformation and if n(x) denotes
the fiber direction at x after deformation, then the corresponding stretch is unity, so
that
N . C N = 1,

n = FN.

(4.10)

If the material is isotropic, aside from the constraint, then the Cauchy stress responses
(4.7) and (4.8) have the modified forms
T

= -qn ®n +

+ f ? ( V / i 3 ) + ^ { ( ^ V " 1 ) ! - V"1}
aii
012

013

(4.11)

and

T=

dW

dW

dW

® n+2[^l +

/I3) + ^-{(trB^)l - B }]

(4.12)

where q is an arbitrary scalar field (a Lagrange multiplier).
Reduced Constitutive Equations
Restricting attention to the class of deformations for which the fiber direction is a
principal stretch direction, so that n = v3, say, leads to a considerable simplification.
Then the principal stretches are (Ai, A2,1) and the principal stretch invariants are

ii = Xi + A2 + 1,

i2 = A: + A2 + AiA2, i3 = AiA2.

(4.13)

Consequently, the strain energy (4.6)1 has the reduced form
W = w(jlfj2),

ji = Ai + A2,
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j2=

Xi\2,

(4.14)

with
™Uuh) =

+ l , J i + J2,j2).

(4.15)

Equation (4.15) gives
dw
dji

dw
di i

dw
di2

dw
dj2

dw
di2

dw
di3

and the condition A3 = 1 and n = v3 implies that

h

w2{{trV~1)l ~ v~1}

= h l + v + ( j l

~ h ~1)n

®n'

which is a form of the Cayley-Hamilton theorem in two dimensions.

(4 17)

-

Substituting

from (4.16) and (4.17) in (4.11) gives the reduced form of the Cauchy stress response
T = -qn ® n +

+ ^(V/j2),

(4.18)

where q is a different Lagrange multiplier. A similar analysis leads to the alternative
form
dW
dW
T = -qn ® n + 2 — 1 + 2 — ( B / J 2 ) ,

(4.19)

J2 = \\\l

(4.20)

with
J, = \\ + A2,

W(J1,J2)

= W(J1 + 1,J1 + J2,J2).

A disadvantage of using the representation 4.18, in general, is that it necessitates
calculating the stretch tensor V =
B 1 / 2 . For the special class of deformations under
consideration, however, the invariants j\ and j2 are
ji

= (Ji+2J21/2)1/2.

and calculation of V is straightforward. 58
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= J2/2

(4.21)

Transverse I s o t r o p y
If the material has local transverse isotropy about the direction of inextensibility,
then the strain energy has the form
W = W(h,I2,h,I4,h),

/4 = N . C N ,

/5 = N . C 2 N .

(4.22)

For the special class of deformations under consideration, its response is that of an
isotropic material with reduced strain energy
W(JU J2) = W(JX + 1, Ji + J2, J2,1,1).

4.4

(4.23)

Controllable deformations of a radially inextensible cylindrical
cuboid
Consider the family of deformations described in cylindrical polar coordinates by
r = r(R),

e = CQ + DZ,

z = EQ + FZ.

(4.24)

This describes bending and shearing deformations of cylindrical cuboids and also of
circular cylinders and cylindrical tubes, with C = 1 and E = 0 in the latter two cases.
If the deformations are isochoric, i.e., if
r(R) = VAR2 + B

A(CF - DE) = 1,

(4.25)

then the family of deformations (4.24) is controllable for isotropic incompressible
materials.
If the material is radially inextensible, then the condition A3 = 1 requires d r / d R = ± l ,
so that
r = ±R + (3,

± (CF — DE)r/R
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> 0.

(4.26)

The plus signs describe radial extension or compression and the minus signs describe
snap-through buckling or eversion. The deformation gradient tensor F and the deformation tensor B have physical component matrices
/

± 1 0

\

0

0

Cr/R

Dr

0

E/R

F

/
B

1

0

0

( C 2 / R 2 + D2)r2

\

0

0 ( C E / R 2 + DF)r

(CE/R2

+ DF)r

E2/R2 + F2
(4.27)

and the principal invariants are
Jj = (C2/R2 + D )r + E2/R2 + F ,

J2 = (CF -

DE)2r2/R2.

(4.28)

The physical components of the Cauchy stress tensor are given by (4.19) and (4.28)2
as
dW
Trr

=

aJ2

aw

Tee
T„

—q +
1

=

JT 2

2 d^
dJ2

+

2 dW
J2 oJi

Tez = ^?K(CE/R2
J2dJi

2dW.~/n2
+

+

T2in;

{c

l^(E

2

J2 dJi

_2. 2

, R + D ) r

/R

2
+

Tzr = 0

'

F2),

+ DF)r
(4.29)

Trg = 0

These components are functions of the coordinate r only and so the scalar field q can
be chosen as a function of r to satisfy the radial equation of equilibrium

dr

(4.30)

r

which integrates to
Trr = - I Tee dr.

(4.31)

Thus, the family of deformations
r = ±R + P,

0 = C@ + DZ,

z = EQ + FZ,
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± (CF - DE)r/R

> 0 (4.32)

is controllable for radially inextensible elastic materials that are either isotropic or
transversely isotropic about the radial direction.

4.5

Deformations of a circular cylindrical tube
Consider deformations

r = R + p,

e = e + Dz,

z = XZ

(4.33)

of a radially inextensible circular cylindrical tube having initial inner and outer radii
Ri and R2 and initial length L. These deformations describe radial inflation (ft > 0) or
compaction (ft < 0), torsion (D > 0, say) and axial extension (A > 1) or compression
(A < 1).
The deformation gradient tensor F and the deformation tensor B have physical
component matrices

(
F =

(

\
1

0

0 r/R

0

B =

1

0 (r/R)2 + (Dr)2

0

0

A Dr

\
(4.34)

Dr
0

0

0

A Dr

A

A

and the principal invariants are

J\ = (r/R)2 + (Dr)2 + A2,

J2 - ( A r / R )

(4.35)

and hence, from (4.21),

h = {(r/R + A)2 + (Dr)2}1/2,
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j2 = A r/R.

(4.36)

The rotation tensor R has physical component matrix of form

/
R =

1

0

(4.37)

0 cos ip — sin ip
0 sin ip

and the condition that V = F R

\

0

cos <p

be symmetric VqZ = Vzo gives the rotation angle as
ip = tan

(4.38)

(-Dr/ji),

so that the stretch tensor V has physical component matrix

(

1

0

o (r/R + X)r/R + (Dr)2

v=
V

0

\

0

A Dr

(4.39)

A Dr
\(r/R

+ A)

The stress components may be written as
T
j. r r

i

dw
T0Z = Ai?-—

r

= - / Tee dr - pi,

9ji

T ./ n

dw
Tge =
dj2 +
dw
T
= 7F-+
•*• 2 2
dj2

2

1 r

A
D
T
A Rd + +
A R.dw
* + —r 7T~'
dji

dji

TZR = 0

(4.40)

TRE = 0

where pi is the pressure on the inner boundary ri = Ri + /?. The pressure p 2 on the
outer boundary

= R2 + (3 and the resultant normal force T and torque M on the

ends are

p1-p2

= - [2Teedr,
T2 J ri

T = 2tt /

2

ri

Tzzr dr,

M = 2tt f ' T0zr2 dr.
J Ti

(4.41)

There are eight parameters that characterize the deformation and the stress state.
These are the kinematical parameters f3, d and A, the constant of integration in Trr
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as well as

p2, T and M. Typically, four of these are specified and the others are

found from (4.41) and the boundary condition at the inner boundary.
Integrating (4.30) determines Trr within an additive constant

Trr = - I Tee(r) dr,
r J

k = ^ =
—
K
r—p

(

4

.

4

2

)

Then the radial response function F((3; R\, R2) of a hollow cylinder can be described
as
F(^Rl,R2)=P

(4.43)

with inner and outer radii Ri and R 2 , respectively.

4.5.1

Inflation or Compaction

Deformation (4.33) with D = 0 describes the inflation (/3 > 0) or compaction (/?<
0) of a radially inextensible hollow cylinder. The physical components of the Cauchy
stress tensor are found from (4.19) and (4.27)2 with
J, = (r/R)2 + A2,

J2 = (A r/R)2

(4.44)

as

Tee = S ^ + I ^ C V ^

+DV,

Tzr = 0

T„

+

Tr, = 0

AJ2

-

OJ2

J2 OJI

+

J2 OJ 1

(4.45)

The solution corresponding to the boundary conditions

Trr = -Pi at

r

= ri = R1 + 0,

Trr = -P2 at r = r2 = R2 + (3,
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(4.46)

IS

r1P1-r2P2

= F(p;R1,R2).

(4.47)

So the solution for inflation of a hollow cylinder under internal pressure P can be
found from (4.47) as
1

Ri + P

F(/3; RI, R2),

(4.48)

and solution of compaction under external pressure P can be found from (4.47) as

P = -w^—,F(/3;R1,R2).
n2 + p

4.5.2

(4.49)

Radial Oscillation

r = R + p(t),

d = Q,

z = XZ

(4.50)

defines a finite radial motion of the radially inextensible hollow cylinder. The principal
stresses are given by (4.45) and the equation of motion is

div T = px = —p0x

(4.51)
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where pQ and p denote the mass densities before and after deformation and the superposed dotes denote material time derivative. Equation (4.51) reduces to

which can also be expressed as

^-(rTrr)=Tee
or

+ ^(r-/3)'$.
A
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(4.53)

Integrating (4.53) gives Trr within an additive function as
vTrr = J Teedr

+

gRr/3.

(4.54)

The solution with boundary conditions (4.46) where P\ = Px (t) and P 2 = P 2 (t)
becomes
riPi - r 2 P 2 = P(/3;

M = ttL P o (P 2 - P?)

R2) +

(4.55)

where M is the mass of the hollow cylinder. By defining the function \I/(/3; P 1 ; P 2 ) as
V(I3-,R1,R2)

= f FifcR^R^dp,

(4.56)

the energy balance equation can be written as
4ttALPinPr - r2P2) = ^

RUR2)

+

} .

(4.57)

In the case of free oscillations where P\ = P 2 = 0, equation (4.57) leads to
+ ]-M02 = C
z

2ttA L^{P-,RUR2)

(4.58)

where C is a constant. Equation (4.58) then can be integrated to obtain t = t(/3) as
^

d
I
>»
2 ./ \JC — 2ttXL^(/3-,

Rj,R2)

(4.59)

For admissible values of C, the equation
C-2ttAL1'(/3;P1,P2)-0

(4.60)

will have two real roots /9min and /3rnax . The period r of the free oscillations can be
obtained using (4.59) as
^max
r = V2M

dP

[
./ y/C

-2ir\L$(fcR1,R2)
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(4.61)

4.5.3

Steady rotation

The motion
r = R + p,

e = e + u(t),

z = XZ

(4.62)

defines the steady rotation of a hollow cylinder about its axis. Invariants and stress
components are given by (4.44) and (4.45), respectively. In this case, the equation of
motion (4.51) reduces to
d

^L+l-(Trr-Tee) = dr
r

P

u\

(4.63)

or
j-(rTrr)
dr

= Tee-^u2R.
X

(4.64)

The solution with boundary conditions (4.46) is

NP1 - r2P2 = F(/3-RUR2)

-

(4.65)

Assume that the tube is placed on a rigid circular cylindrical spindle, which has a
radius r\ greater than the inner radius of the tube (r t >R\), and then rotated with
an angular frequency of u>. The angular frequency u c when the tube becomes loose
on the spindle (Pi = 0) is found as
/2A 1
uc = Jy—F(0-RuR2).

4.5.4

(4.66)

Eversion

The deformation
r = P-R,

9 = 0,
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z = XZ

(4.67)

with A< 0 describes the eversion of the radially inextensible cylinder. The principal
invariants and stresses for the deformation (4.67) are again given by (4.44) and (4.45).
Radial equation of equilibrium (4.30) integrates to
k = ^ = —T—
H
r —p

Trr = - I Tee{r) dr,
r J

(4.68)

within an additive constant. The function G(P; R\, Ri) can be introduced to describe
the response of the everted tube as
C

f

t

^

f

t

j

^

r

-

W

(4.69)

(k+1)2

Jp/Rt-l

with inner and outer radii RX and R2, respectively. The boundary conditions in the
everted case are
Trr = -P1&tr

= r1=P-

Ru

Trr = -P2 at r = r2 = P - R2,

(4.70)

and the solution corresponding to these boundary conditions is
rlPl-r2P2

= G{p-R,,R2).

(4.71)

The special case which leaves the boundaries traction free after eversion is expressed
as
r = B - R,

d = Q,

z = XZ

(4.72)

where B can be obtained by solvingG(5; R\, R2) = 0,which is actually a rewritten
form of (4.71).

4.5.5

Torsion

Deformations (4.33) with D>0 describe torsion of a radially inextensible cylinder
and D determines the twist per unit length. Physical components of the deformation
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gradient and the principal invariants are given by (4.34)j and (4.35), respectively.

(4.73)

where T is the resultant axial force and M is the resultant torque on the ends.

4.5.6

Plane Strain and Plane Stress Cases

There are two cases of interest; plane strain and plane stress. For plane strain
A=1 and for plane stress

Tzz=0.

Plane stress case cannot be solved analytically and numerical methods need to
be involved, therefore it is not considered in this research. For the plane strain case
(A=l), deformation of a radially inextensible hollow cylinder takes the form

r = R + p,

0 = Q + DZ,

(4.74)

z = Z

For inflation and compaction where no torsion is considered, the deformation further
reduces to the form
r

= R + /3,

e = e,

z = Z.

(4.75)

The corresponding principal stretch and strain invariants are

jl

=

« +

1,

h

=

K,

JI =

K2 +

1,

J2

=

K2

(4.76)

where
r

(4.77)

Strain energy function (4.14)i has the form

w = w(Ji,h)

= MfU 1 - 2) + g ( h - 1)]
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(4.78)

where at least on of f() and g() functions is nonlinear and twice continuously differe n t i a t e and fi is the shear modulus. If f() and g() are polynomials of degrees m and
n so that
k

I
a

m

f ( j i - 2) = J ] m(ji - 2) ,
m= 1

g(j2 - 1) =

bn(j2 - 1)" .
71=1

(4.79)

For the simplest case when am = 0 for m > 2 and bn = 0 for ri > 1, 4.79 has the
form

f ( j x - 2 ) = ai(K-l)

+ a2(K-l)2,

g(j2 — 1) = 6i(k — 1)

(4.80)

with
ai = l + C,

a2 =

6l = C

'

(481)

u is the Poisson's ratio for infinitesimal deformation and ( is a non-dimensional parameter. For simplicity purposes the values for

a2 and fej will not be substituted

from here on. Then (4.40)2 gives

Tgg = a i +

+ alK + 2a2(K2 - 1)

(4.82)

and the stress response function described by 4.43 is

F(/3; Rr, R2) = (R2 - i2i)(-2a a - bx) + (a : + 4a 2 ) In

0 + 2a2
(4.83)

Finding the maximum pressure for inflation requires finding the value of /3 that
satisfies
(4 84)

'
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or

2a2

/3 2 +4a 2 ( ^ T ^ ) /3+(a!+4a 2 )i? : In ^ + ( f l 1 _ / 2 2 ) ( _ 2 a 1 - 6 a ) = 0.
(4.85)

It is evident that the solution of this quadratic equation exists, but solving this equation further proves to be non-useful since it would be difficult to interpret the results
of such complicated equations. Though numerous strain energy density functions
have been tried by the author, none of them resulted in better solutions. Further
analysis should be done by numerical methods.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

Ericksen has examined the problems of finding all of the deformations which can be
supported, in the absence of body force, in all homogeneous, isotropic, incompressible elastic solids [6], or in all homogeneous, isotropic, compressible elastic solids[7].
The first category consists of all isochoric homogeneous deformations and five families of nonhomogeneous deformations, the so-called controllable or universal deformations ([6] and [13]). The second category consists of homogeneous deformations
only, i.e., there is no nonhomogeneous finite deformation which can be supported in
every compressible isotropic elastic solid material without applying a body force. Radial deformations and motions, with or without eversion, are controllable for radially
inextensible hollow spheres that are isotropic or locally transversely isotropic. The relevant material response property is the axi- symmetric stress response function T(A)
and integration of the equations of equilibrium or motion introduces additional functions F((3; i?i, i?2) and G(/3;

R2), the latter describing eversion and post-eversion

behavior. Comparison of the static and dynamic solutions in Sections 3.2.3 and 3.2.4
with their post-eversion counterparts in Sections 3.2.6 and 3.2.7 allows an assessment
of the effects of pre-stress on mechanical response for any particular strain energy, i.e.,
for any particular T(A). The stiffness of the response in radial deformation naturally
increases as the wall thickness increases and it becomes effectively rigid for a spherical
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cavity in an infinite medium.
In order to obtain solutions to the deformations and motions stated in Chapter
3, we assumed that the material is homogeneous, inextensible in the radial direction,
and either isotropic or transversely isotropic about the radial direction.
Over the last years, the applications of the theory have extended beyond the
traditional regime of rubber mechanics and they now embrace other materials capable
of large elastic strains. These include, in particular, biological tissue such as skin and
arterial walls.
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