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Abstract— This paper introduces a new multiscale framework
for estimating the tail probability of a queue fed by an arbitrary
traffic process. Using traffic statistics at a small number of time
scales, our analysis extends the theoretical concept of the critical
time scale and provides practical approximations for the tail
queue probability. These approximations are non-asymptotic;
that is they apply to any finite queue threshold. While our
approach applies to any traffic process, it is particularly apt
for long-range-dependent (LRD) traffic. For LRD fractional
Brownian motion, we prove that a sparse exponential spacing of
time scales yields optimal performance. Simulations with LRD
traffic models and real Internet traces demonstrate the accuracy
of the approach. Finally, simulations reveal that the marginals of
traffic at multiple time scales have a strong influence on queuing
that is not captured well by its global second-order correlation
in non-Gaussian scenarios.
Index Terms— Multiscale, queuing, long-range-dependence,
fractional Brownian motion, multifractals, wavelets, critical time
scale, network provisioning, admission control, marginals

I. I NTRODUCTION
We model a router queue as an infinite length queue with
constant service rate [2] and study the probability that the
queue size Q exceeds a threshold b, P{Q > b}, also called the
tail queue probability. The tail queue probability is a useful
metric for various applications including techniques for maintaining low packet queuing delays and jitter at router queues
such as admission control and network provisioning [3], [4].
Low network delays are critical for the viability of realtime streaming media applications for telephony, telemedicine,
videoconferencing, economic transactions etc.
We can predict P{Q > b} in several ways. First, we can
model network traffic using different processes (also called
traffic models) and use any exact formula for P{Q > b} that
is available. Second, in case exact results are unavailable
for a particular process we can employ analytical results
that only approximate P{Q > b}, which we call queuing
approximations. Third, if modeling traffic with a standard
random process is cumbersome or inadequate then we can
predict P{Q > b} directly from measured traffic statistics. In
such a scenario it is desirable to use a small number of traffic
statistics in order to reduce data acquisition and computational
requirements.
V. J. Ribeiro and R. H. Riedi are with the Department of Statistics and
R. G. Baraniuk is with the Department of Electrical and Computer Engineering
at Rice University, 6100 Main Street, Houston, TX 77005, USA (email:
{vinay, riedi, richb}@rice.edu; Web: spin.rice.edu).
Supported by NSF grants ANI–9979465, ANI–0099148, and ANI-0338856,
DoE SciDAC grant DE-FC02-01ER25462, DARPA/AFRL grant F30602–00–
2–0557, Texas ATP 003604-0036-2003, and the Texas Instruments Leadership
University program.
A conference version of this paper with preliminary results was presented
at INFOCOM 2000 [1].

In this paper we develop a new approach to queuing
analysis called the multiscale queuing analysis that addresses
the second and third scenarios mentioned above.
While our analysis is relevant to any traffic process we focus
on processes with non-summable correlations (called longrange-dependence (LRD)) since LRD is a ubiquitous property
of real-traffic [5].1 Classical Poisson and Markov queuing
techniques are unsuitable for LRD traffic which creates the
need for new analytical tools. Up to now exact formulas for the
queuing delay of LRD processes, other than for asymptotically
large delays [6]–[8], have not been found and we are thus
forced to use approximations.
To date, most approximations for the tail queue probability
of queues fed with LRD processes have been based on the
notion of the critical time scale [6]–[13]. Given a queue size
threshold b, the critical time scale is the most likely amount
of time it takes for the queue to fill up beyond b. While the
critical time scale is a powerful theoretical tool, computing it
directly from empirical measurements is impractical because
this requires traffic statistics at all time scales.
By using traffic statistics at only a finite set of time scales,
θ, our approach provides three practical approximations for
P{Q > b}: the max approximation, the product approximation, and the sum approximation. These have several important
features:
• they apply to any finite queue threshold b, that is, they
are non-asymptotic;
• they apply to any traffic model including non-stationary
ones; and
• they are simple to employ because they require traffic
statistics only at few time scales θ.
We prove numerous non-asymptotic error bounds, largequeue asymptotic results, and other bounds for the three
approximations for different traffic models including fractional
Brownian motion (fBm), fractional Gaussian noise (fGn), the
wavelet-domain independent Gaussian model (WIG), and the
multifractal wavelet model (MWM). We also compare the
different approximations through numerical experiments.
Determining an appropriate candidate for θ is a key issue
we address. The choice of θ involves a trade-off between
the accuracy of the approximations and the requirements for
computation and data acquisition. For example, a sparse θ
decreases the accuracy of the max approximation but simultaneously requires the computation of traffic statistics and data
acquisition at fewer time scales. We prove that the choice
1 Note that standard LRD traffic processes typically become short-range
dependent (i.e. non-LRD) with a special choice of parameters. Our results for
LRD models also hold for these non-LRD cases.
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of exponential time scales for θ is optimal with respect to
this trade-off for a queue with fBm input traffic. A significant
advantage of exponential time scales is their sparsity; just a
few exponential time scales span a wide range. This result thus
strongly recommends the use of traffic statistics at exponential
time scales in queuing applications.
Traffic models such as fGn and the WIG suffice to capture
the queuing behavior of traffic in Gaussian scenarios that
can occur with traffic aggregation as on backbone links [11].
However they do not perform as well in non-Gaussian traffic
scenarios. We term the distributions of traffic at different time
scales as marginals. Through simulations with the WIG and
the MWM which have different marginals we demonstrate the
strong impact of marginals on queuing. This result supports
similar findings in [12], [14].
Our main contributions are thus (i) a novel multiscale
approach to queuing analysis that provides practical queuing
approximations, (ii) optimality and error bounds related to
the approximations for various traffic models, and (iii) the
demonstration that marginals can strongly influence queuing
behavior.
Paper Organization: Section II reviews previous work
on the critical time scale. In Section III we present the
multiscale queuing analysis of the paper and derive the various
queuing approximations. Section IV describes the fBm, the
fGn, the WIG, and the MWM traffic models. In Section V
we prove the optimality of exponential time scales for fBm.
Section VI proves that large buffer asymptotic results and
Section VII proves bounding results for the different queuing
approximations. Section VIII demonstrates the accuracy of
the approximations through simulations with Internet and
synthetic model data and also demonstrates the impact of
marginals on queuing. We conclude in Section IX. The proofs
of various results are placed in the Appendix.
II. R EVIEW

OF

C RITICAL T IME S CALE A NALYSIS

In this section we review previous work on the critical
time scale queuing analysis to set the stage for our multiscale
queuing analysis in subsequent sections.
A. Queue size as a multiscale function
Consider a continuous-time fluid queue with constant service rate c with traffic process Xt , t ∈ R as input. We refer
to
Z t
Kt [τ ] :=

Xω dω

(1)

t−τ

as the traffic process at time scale τ . To avoid notational am{X}
biguity we occasionally add superscripts such as in Kt [τ ]
to identify the traffic process. For the ease of notation we drop
the subscript t for all time-invariant quantities.
Assuming that the queue was empty at some time instant
prior to t, the queue size Qt equals the difference between
the total traffic that arrived at the queue and the total traffic
serviced since the time instant the queue was last empty. This
is succinctly captured by Reich’s formula
Qt := sup (Kt [τ ] − cτ ) .
τ >0

(2)

Vj,k
Vj+1,2k

Vj+2,4k

Vj+1,2k+1

Vj+2,4k+1

Vj+2,4k+2

Vj+2,4k+3

Fig. 1. Multiscale tree representation of a traffic trace. Nodes at
each horizontal level in the tree correspond to the sum (aggregates) of
the process in non-overlapping blocks of sizes of powers of two, with
lower levels corresponding to smaller block sizes. Each node is the
sum of its two child nodes.

We address the requirement of an empty queue prior to t with
mathematical rigor in Section IV-E.
A key interpretation of (2) is that Qt equals a function of
Kt [τ ], the traffic process at all time scales τ . The question
arises as to whether or not we can accurately approximate
P{Q > b} using the distribution of Kt [τ ] at a single time scale
τ.
B. Critical time scale queuing approximation
Most proposed approximations of P{Q > b} for queues fed
by LRD traffic are indeed based on a single time scale called
the critical time scale [6]–[13]
λt (b) := arg sup P{Kt [τ ] − cτ > b} .

(3)

τ >0

We term the associated queue tail approximation the critical
time scale approximation
Ct (b) :=
=

supτ >0 P{Kt [τ ] − cτ > b}
P{Kt [λt (b)] − cλt (b) > b} .

(4)

Clearly Ct (b) is a lower bound of P{Qt > b} since by (2)
Kt [λt (b)] − cλt (b) ≤ Qt ; thus
Ct (b) ≤ P{Qt > b} .

(5)

Earlier work based on large deviation theory has shown that
Ct (b) has the same log-asymptotic decay as P{Qt > b} when
b → ∞ for a large class of input traffic processes including
fBm [6], [7]. As the simulations in Section VIII demonstrate,
Ct (b) is also a good approximation for P{Qt > b} for any
finite b for fBm-fed queues. The intuition for the accuracy of
Ct (b) is that “rare events occur in the most likely way.” In
other words given that {Qt > b} is a rare event, if the queue
size is conditioned to fill up greater than b then it does so in
time λt (b) in which this is most likely. That is, conditioned
on {Qt > b}, we have that Qt is approximately equal to
K[λt (b)] − cλt (b).
While the critical time scale is a powerful tool that has
advanced the state-of-the-art in queuing theory, using it in
practice is not straightforward. First, consider the problem of
computing Ct (b) for a queue fed with an arbitrary process,
solely from empirical traffic measurements. From (4) we see
that we require the distribution of Kt [τ ] for all possible τ .
This is infeasible to obtain empirically. Even if we replace
purely empirical schemes by techniques that use both empirical statistics and analytical models, similar computational
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problems may persist. For example if we use traffic models
for which analytical expressions for Ct (b) are unknown then
we may have to employ computationally intensive algorithms
to determine Ct (b).
Second, say that we wish to compute the critical time scale
approximation when two independent processes X and Y
are multiplexed and input to a queue. Such a scenario often
arises in admission control and network provisioning [3], [4].
{X+Y }
Obtaining Ct
(b) directly from the statistics of X and Y
is again fraught with similar problems.

histograms of the traffic at time scales τ ∈ θ and then
estimate P{Kt [τ ] − cτ > b}. Second, consider the problem
of computing the max approximation when two independent
processes X and Y are multiplexed and input to a queue. By
{X}
{Y }
simply convolving the distributions of Kt [t] and Kt [τ ]
for τ ∈ θ we obtain the corresponding distributions of
{X+Y }
Kt
[τ ], which immediately give the max approximation.
B. Product and sum approximations
Two additional approximations of P{Qt > b} based on the
set of time scales θ are the product approximation

III. M ULTISCALE Q UEUING A PPROXIMATIONS
In this section we develop three new queuing approximations that do not have the computational problems that are
associated with using the critical time scale approximation.
A key factor that simplifies their computation is that they use
traffic statistics only at a fixed finite set of time scales θ ⊂ R+ .
Note that while some of our theoretical results are for countably infinite sets θ, in practice we always employ a truncated,
finite set θ when computing the queuing approximations. We
typically choose the set θ to span the range of time scales in
which we expect the critical time scale λ(b) to lie, for values
of b relevant to a particular application.

Q

[θ]

Pt (b) := 1 −

τ ∈θ

P{Kt [τ ] − cτ < b}

(12)

and the sum approximation
[θ]

St (b) :=

P

τ ∈θ

P{Kt [τ ] − cτ > b} .

(13)

n
o
[θ]
Note that the product approximation equals P Qt > b if
2
the events {Kt [τ ] − cτ > b}, τ ∈ θ,n are independent,
and
o
[θ]
that the sum approximation equals P Qt > b if the same
events are mutually exclusive.

A. Max approximation
In analogy to the queue size formula and the critical time
scale (see (2) and (3)) define
[θ]

Qt := sup (Kt [τ ] − cτ )

(6)

λt (b) := arg sup P{Kt [τ ] − cτ > b}

(7)

τ ∈θ

and

[θ]

τ ∈θ

for θ ⊂ R+ . This leads to the max approximation
[θ]

Mt (b) :=
=

supτ ∈θ P{Kt [τ ] − cτ > b}
i
o
n h
[θ]
[θ]
P Kt λt (b) − cλt (b) > b .

(8)

Comparing (4) to (8) we see that the max approximation
is similar to the critical time scale approximation with the
difference that the supremum is taken over a finite set in (8)
instead of over all time scales in (4). From (4), (5), and (8)
we have the bounds
[θ]

Mt (b) ≤ Ct (b) ≤ P{Qt > b} .

(9)

C. Intuition for the accuracy of the approximations
The max, product, and sum approximations inherit the
accuracy of the critical-time scale approximation while being
practical. If there exists an element of θ close enough to the
[θ]
critical time-scale then Mt (b) will be close to Ct (b) (see (4)
and (8)). Moreover, if a single probability term dominates the
summation in (13), then the product and sum approximations
[θ]
will closely approximate Mt (b) and hence Ct (b). Simulations below in Section VIII demonstrate that the product and
sum approximations are often closer to P{Qt > b} than the
max approximation.
IV. T RAFFIC M ODELS
This section describes four traffic models that we focus on
in this paper. While all have been shown to model the LRD in
real Internet traffic well, they differ in their ability to model
other properties of traffic.

We note from (2) and (6) that
[R+ ]

Qt = Qt

[θ]

≥ Qt

and from (6), (8), and (10) that
n
o
[θ]
[θ]
Mt (b) ≤ P Qt > b ≤ P{Qt > b} .

(10)

(11)

The max approximation is a practical replacement for
Ct (b). Since the max approximation requires estimates of
P{Kt [τ ] − cτ > b} only for τ ∈ θ, the difficulties associated
with computing Ct (b) as we described earlier do not arise.
First, consider the problem of obtaining the max approximation from empirical traffic measurements. We simply compute

A. Fractional Brownian motion
Fractional Brownian motion (fBm) is the unique Gaussian
process with stationary increments and the following scaling
property for all a > 0, t ∈ R, and 0 < H < 1
d

Bat = aH Bt .

(14)

d

The symbols “=”, “var”, E and “cov” denote equality in distribution, variance, expectation, and covariance respectively.
2 If

events Ei , i ∈ N, are independent then so are their complements.
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B. Fractional Gaussian noise
Fractional Gaussian noise (fGn) is the increment process
of fBm. While fGn is stationary, fBm is itself non-stationary
by definition. Denote the stochastic differential of Bt as ∆t B.
We denote fGn by
{∆t B}

Gt [τ ] := Kt

[τ ] = Bt − Bt−τ .

(15)

While it is difficult to define ∆t B rigorously, its aggregate
{∆ B}
Kt t [τ ] is well-defined. Often one is interested only in the
time series {Giτ 0 [τ 0 ]}i∈Z with τ 0 a constant time lag. From
(14) and (15) we have that
{∆t B}

Kt

d

[t] = Bt = tH B1

(16)

and thus



var(Giτ 0 [τ 0 ]) = var K {∆t B} [τ 0 ] = σ 2 (τ 0 )2H

where σ 2 = var (B1 ). When

1
2

(17)

< H < 1, fGn is LRD.

C. Wavelet-domain independent Gaussian (WIG) model
The WIG is a Gaussian traffic model that is able to
approximate fBm and fGn as well as processes with more
general scaling than (14) and (17). It uses a multiscale tree
to model traffic over the time interval [0, T ] [15], [16]. The
nodes Vj,k on the tree correspond to the total traffic in the
time interval [k2−j T, (k + 1)2−j T ], k = 0, 1, . . . , 2j − 1 (see
Fig. 1).
Starting at node Vj,k , the WIG models nodes Vj+1,2k and
Vj+1,2k+1 using independent additive random innovations Zj,k
through
Vj+1,2k = (Vj,k + Zj,k )/2,
(18)
Vj+1,2k+1 = (Vj,k − Zj,k )/2.
In practice one uses a WIG tree of finite depth n to obtain a
discrete-time process Vn,k . The Zj,k have the same variance
within each scale j, thus guaranteeing that Vn,k is a first-order
stationary process. The root V0,0 and all Zj,k are Gaussian
which ensures that all tree nodes are Gaussian.
To fit a traffic model means to choose its parameters
either to match key statistics of observed traffic or to ensure
that the model has certain prespecified statistical properties.
Fitting the WIG involves choosing its parameters to obtain
a required variance progression of var(Vj,k ). The WIG can
provide a Gaussian approximation for any stationary discretetime process X; that is the WIG can be fit to obtain


var(Vn−j,k ) = var K {X} [2j ] .
(19)
We will refer to a WIG model for which (19) holds as a “WIG
model of X” in the rest of the paper.

D. Multifractal wavelet model (MWM)
The MWM is a non-Gaussian model based on a multiscale
tree that, like the WIG, allows a more general scaling behavior
of the variance of tree nodes than fGn [17]. Unlike the WIG, it
ensures positivity at all time scales, an intrinsic property of real
data traffic that is often ill approximated by Gaussian models.
Setting V0,0 ≥ 0 the MWM uses independent multiplicative

innovations Uj,k ∈ [0, 1] to model the two children of node
Vj,k through
Vj+1,2k
Vj+1,2k+1

:=
:=

Vj,k Uj,k ,
Vj,k (1 − Uj,k ).

(20)

Because the product of independent random variables converges to a lognormal distribution by the central limit theorem, the nodes Vj,k become approximately lognormal with
increasing j.
Following [17], we model the Uj,k ’s and V0,0 as symmetric
beta random variables. The tree node Vj,k is thus the product
of several independent beta random variables. Using Fan’s
result [18], we approximate the distribution of Vj,k as another
beta distribution with known parameters in order to compute
different queuing approximations for the MWM.
Fitting the MWM involves choosing its parameters to obtain
a required variance progression of var(Vj,k ). The MWM can
model any stationary discrete-time process X with positive
autocovariance in the sense of (19).
While the WIG and MWM models are first-order stationary,
they are not second-order stationary. This is apparent from
Fig. 1. Observe that Vj+2,4k and Vj+2,4k+1 have the same
parent node while Vj+2,4k+1 and Vj+2,4k+2 do not. Thus the
correlation of Vj+2,4k+1 with its two neighbors, Vj+2,4k and
Vj+2,4k+2 , are different. Both models however have a timeaveraged correlation structure that is close to the stationary
process X that they model (see [16], [17] for details).
E. Queuing analysis setup for fBm, fGn, WIG, and MWM
We now state precisely the queuing setup for the fBm,
fGn, WIG, and MWM models that we analyze in subsequent
sections. We set the initial queue size to be empty to satisfy
the sufficient condition for (2) to hold (see Section II-A).
In this paper all queuing results for queues with fBm input
correspond to a continuous-time queue with service rate c,
{∆ B+m}
initial value Q0 := 0, and Kt [τ ] = Kt t
[τ ] = Bt −
Bt−τ + mτ . We have


P{Qt > b}
=
P sup (Kt [τ ] − cτ ) > b
0≤τ ≤t


t→∞
−−−→ P sup(K0 [τ ] − cτ ) > b
=:

τ ≥0

P{Q∞ > b}

(21)

where the limit holds because of stationarity of fBm increments and Lemma 13 (in the Appendix). We assume that
b
c := c − m > 0 and study the quantity P{Q∞ > b} as defined
in (21).
For fGn, WIG, and MWM traffic we consider discrete-time
queues that are initialized to Q0 := 0 and evolve according to
(22)
Qt+1 = max (Qt + Xt − c, 0) , t ∈ Z+ .
Pt−1
Defining Kt [τ ] := k=t−τ Xk for τ = 1, 2, . . . , t and t =
1, 2, . . . , ∞, and Kt [0] := 0 we have
Qt :=

max

τ =0,1,...,t

(Kt [τ ] − cτ ) .

(23)
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For fGn we set c = cτ 0 and Xt = Gtτ 0 [τ 0 ] for t =
0, 1, . . . , ∞. We study the quantity P{Q∞ > b} which is
defined as in (21) with the difference that τ and t take integer
values.
For the WIG and MWM we consider Qt only for t =
0, 1, . . . , 2n − 1 with c = e
c(n) := cT 2−n where n is the
depth of the multiscale tree. Here Xt = Vn,t . We assume that
(n)

E(Vn,k ) < e
c

(24)

and study P{Qt > b} which is a time-varying quantity.
For the fGn, WIG, and MWM models Kt [τ ] is only defined
[θ]
for τ = 0, 1, . . . , t. For these models we define Mt (b),
[θ]
[θ]
Pt (b), and St (b) as in (8), (12), and (13) except that we
replace θ by θ ∩ {0, 1, . . . , t}.
V. O PTIMALITY OF E XPONENTIAL T IME S CALES FOR THE
M AX A PPROXIMATION OF AN F B M QUEUE
Comparing (4) and (8) we see that the more dense θ is in
R+ , the closer the max approximation M [θ] (b) is to the critical
time scale approximation C(b). However, we simultaneously
have to acquire data at more time scales, and the computational
cost of the max approximation increases (see (8)). In this
section we prove that the sets of exponential time scales
θα := {αk : k ∈ Z}, α > 1,

(25)

optimally balance this trade-off in accuracy versus computational cost.
First, for a queue with fBm input we first define a metric to
characterize the accuracy of M [θ] (b). Second, we prove that θα
is the most sparse of all sets θ that satisfy a particular accuracy
criterion for M [θ](b). Third, we obtain a non-asymptotic bound
on the error of M [θα ] (b) in approximating C(b). This bound
proves that M [θα ] (b) accurately approximates C(b) for a wide
range of α.
A. Metric to characterize accuracy of M [θ] (b)
Consider a queue fed by fBm traffic as described in Section
IV-E. Then for τ > 0, using (14) it is easily shown that [9]
P{K[τ ] − cτ > b} =

Φ (g(b, τ ))

(26)

where

b + (c − m)τ
b+b
cτ
=
(27)
στ H
στ H
and Φ is the complementary cumulative distribution function
of a zero mean unit variance Gaussian random variable. From
(4) and (8) we have


C(b) = sup Φ (g(b, τ )) = Φ inf g(b, τ )
(28)
g(b, τ ) :=

τ >0

and

τ >0



M [θ](b) = sup Φ (g(b, τ )) = Φ inf g(b, τ ) .
τ ∈θ

τ ∈θ

(29)

Given a range of time scales T , we characterize the accuracy
of M [θ] (b) in terms of the following metric
hθ (T ) :=

sup
b:λ(b)∈T

inf τ ∈θ g(b, τ )
inf τ ∈θ g(b, τ )
= sup
.
inf τ >0 g(b, τ ) b:λ(b)∈T g(b, λ(b))
(30)

Intuitively, the closer hθ (T ) is to 1 the tighter we can bound
the error of M [θ] (b) in approximating C(b) for all queue
thresholds b whose corresponding critical time scale λ(b) lies
in T . We refer to hθ (T ) as hθ when T = (0, ∞). We use the
following function to evaluate the accuracy metric
ζ(s, H) :=
[θ]

(s − 1)H H (1 − H)1−H
.
(s − sH )1−H (sH − 1)H

(31)

Let θ = {τk }k be a set of time scales with elements
[θ]
arranged in increasing order. We begin by studying hθ (Tk )
[θ]
[θ]
[θ]
[θ]
where Tk := [τk−1 , τk ]. Remarkably hθ (Tk ) is solely a
[θ]
[θ]
[θ]
function of the ratio of time scales sk := τk /τk−1 and does
not depend on any other property of θ. We denote the largest
[θ]
ratio of consecutive scales in θ by dθ := supk sk .
Theorem 1: The accuracy metric over the range of scales
[θ]
Tk equals




[θ]
[θ]
= ζ sk , H .
(32)
hθ Tk
[θ]

Corollary 2: If θ extends from 0 to ∞, that is supk τk =
[θ]
∞ and inf k τk = 0, then the accuracy metric for T = (0, ∞)
equals
hθ = ζ(dθ , H).
(33)
The proof of Theorem 1 relies on the fact that for a fixed
threshold b, whose corresponding critical time scale λ(b) lies
[θ]
in Tk , the function g(b, τ ) is minimized over τ ∈ θ at either
[θ]
[θ]
[θ]
[θ]
τ = τk−1 or τ = τk . Thus hθ (Tk ) depends only on τk−1
[θ]
and τk and not on other elements of θ. This fact and the
elegant scaling properties of fBm result in (32).
B. Optimality of exponential time scales θα
Given a range of time scales T = (τ , τ ), 0 < τ < τ , we
wish to find that time-scale set which is the most sparse (i.e.,
has the fewest elements) in T while guaranteeing a certain
accuracy of M [θ] (b).
The next theorem proves that there exists an exponential set
of time scales that is most sparse among all sets θ that have
accuracy metric hθ (T ) less than a specified threshold. Define
Γ(α) := {θ : hθ (T ) ≤ ζ(α, H)}

(34)

and let #θ denote the number of elements of θ that lie in T .
Define the generalized exponential time scales as
θα,ν := {ναk : k ∈ Z}

(35)

where ν > 0.
Theorem 3: For all ν, we have θα,ν ∈ Γ(α) and
#θα,ν ≤ 1 + min #θ.
θ∈Γ(α)

(36)

Moreover there exists ξ > 0 such that
#θα,ξ = min #θ.
θ∈Γ(α)

(37)
[θ]

Theorem 3 follows from Theorem 1. Note that hθ (Tk )
[θ]
increases with sk because ζ(s, H) is an increasing function
[θ]
of s (see (31) and (32)). Thus for any θ ∈ Γ(α), if Tk ⊂ T
[θ]
we must have sk ≤ α. In the exponential set θα , the ratio of
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A. Related work

−2

Large deviation principles reveal that P{Q∞ > b} and C(b)
have the same log-asymptotic decay (see [6], [7])

α

[θ ]

(b)

−1

unit slope line

−3

*

ζ (α)

10

lower bound of log M

1.1

1

0.9

−4
−5
−6
−7

α=2
α=3
α=4

−8

0.8

2

4

α

6

8

10

−9

−8

−6

−4
log C(b)

−2

10

(a) ζ ∗ (α) vs. α

(b) M [θα ] (b) vs. C(b)

Fig. 2. (a) For a large range of α, ζ ∗ (α) is close to 1. (b) Observe that

the lower bound of M [θ2 ] (b) is almost identical to the upper bound
C(b).

[θ ]

all consecutive time scale elements, sk α , equals the maximum
allowed value of α. Thus θα is the most sparse of all sets in
Γ(α).
C. Accuracy of M [θα ] (b)
We use Theorem 1 to obtain the maximum error of M [θα ] (b)
in approximating C(b) for all possible fBm traffic processes
satisfying b
c > 0. Define ζ ∗ (α) := maxH∈(0,1) ζ(α, H).
Theorem 4: For fBm input traffic with b
c>0

Φ ζ ∗ (α)Φ−1 (C(b)) ≤ M [θα ] (b) ≤ C(b).
(38)

In Fig. 2(a) we see that the plot of ζ ∗ (α) versus α, which
we obtained numerically, is close to 1 for a large range of
values of α. As a result the lower bound of M [θα ] (b) from
(38) for different values of α is close to C(b) as depicted in
Fig. 2(b). In fact M [θ2 ] (b) is almost identical to C(b) when
C(b) > 10−8 . Thus M [θ2 ] (b) is for all practical purposes as
accurate as C(b) in approximating P{Q∞ > b}.
VI. A SYMPTOTIC A NALYSIS

OF F B M

Q UEUES

In this section, for a queue with fBm input, we study the
accuracy of the max, product, and sum approximations of
P{Q∞ > b} for asymptotically large queue thresholds, that is
as b → ∞. While asymptotic queuing results are not always
directly applicable to scenarios with finite queues, they often
provide intuition for network design [6], [7].
We begin with some terminology. If
Ω(b)
=1
lim
b→∞ Υ(b)

(39)

we say that Ω and Υ have the same asymptotic decay and
denote it by Ω(b) ' Υ(b). If log Ω(b) ' log Υ(b) we say
that Ω has the same log-asymptotic decay as Υ. Under the
assumption that Ω(b) → 0 as b → ∞, it is easily shown that
an asymptotic decay implies a log-asymptotic decay, that is,
(Ω(b) ' Υ(b)) ⇒ (log Ω(b) ' log Υ(b))

(40)

but not vice versa. We call Υ an asymptotic upper bound of
Ω if
Ω(b)
= 0.
(41)
lim
b→∞ Υ(b)

ηb−(2−2H)
(42)
2
where η > 0 is a constant depending on the traffic parameters
and independent of b. However P{Q∞ > b} and C(b) do not
have the same asymptotic decay: P{Q∞ > b} is an asymptotic
upper bound of C(b). Interestingly under transient conditions,
that is for a fixed t, P{Qt > b} has the same asymptotic decay
as sup0≤τ ≤t P{Kt [τ ] − cτ > b} [13].
Recent results show that for fBm P{Q∞ > b} has a Weibull
asymptotic decay [8], [19], [20]
log P{Q∞ > b} ' log C(b) ' −

2−2H

P{Q∞ > b} ' ϑb(1−H)(1−2H)/H e−ηb

/2

,

(43)

where ϑ > 0 is a constant independent of b. When 1/2 <
H < 1, which implies that fBm’s increment process is LRD,
this Weibull decay is slower than the exponential decay for a
queue fed with traffic that is not LRD, for example fBm with
H = 1/2 [5].
2−2H
/2
From (43) we obtain that e−ηb
is an asymptotic upper
bound of P{Q∞ > b} when 1/2 < H < 1 , since
2−2H

/2
b(1−H)(1−2H)/H e−ηb
= 0.
(44)
b→∞
e−ηb2−2H /2
This asymptotic upper bound was derived as the maximum
variance approximation in [11]. For a detailed discussion on
large queue asymptotics of LRD traffic see Chs. 4 to 11 of
[21] and the references therein.

lim

B. Asymptotic decay of approximations
We now compare the log-asymptotic and asymptotic decay
rates of the max, the product, and the sum approximations
with that of P{Q∞ > b}. Define
bk := αk b
c(1 − H)/H, k ∈ Z,

(45)

where α > 1 is arbitrary. We only consider the case θ = θα .
The next theorem summarizes our results.
Theorem 5: The max, product, and sum
 approximations
have the same log-asymptotic decay as P Q[θα ] > bk and
P{Q∞ > bk }; that is as bk → ∞ we have
log M [θα ] (bk ) ' log P [θα ] (bk ) ' log S [θα ] (bk )

' log P Q[θα ] > bk ' log P{Q∞ > bk } .

(46)
Moreover the max, product, andsum approximations all have
the same asymptotic decay as P Q[θα ] > bk ; that is as bk →
∞ we have
o
n
M [θα ] (bk ) ' P [θα ] (bk ) ' S [θα ] (bk ) ' P Q[θα ] > bk .
(47)
However
 [θ ]
P Q α > bk
lim
= 0.
(48)
k→∞ P{Q∞ > bk }
Theorem 5 reveals the strengths and limitations of using
traffic statistics only at exponential time scales θα to capture queuing behavior. Recall from (2) and (6) that Q[θα ]
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approximates the queue size Q using traffic only at time scales
τ ∈ θα . From(46) we see that θα is dense enough in R+ to
ensure that P Q[θα ] > bk and P{Q∞ > bk } have the same
log-asymptotic decays for a particular unbounded increasing
sequence of queue
 sizes bk . However, θα is not dense enough
to ensure that P Q[θα ] > bk and P{Q∞ > bk } have the same
asymptotic decay.
We also observe from (47) that the max, product, and
sum
 approximations have the same asymptotic decay as
P Q[θα ] > bk . As a result they have the same log-asymptotic
decay but different asymptotic decay as P{Q∞ > bk }. We
next present non-asymptotic results comparing the different
queuing approximations to P Q[θ] > b .
VII. B OUNDS

FOR THE
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Fig. 3. Comparison of the max the product and the sum approximations to P{Q > b} for fGn traffic with parameters H = 0.8, link
capacity 10Mbps and σ = 8 × 105 bits. For different utilizations in (a)
and (b), the product and sum approximations are close to P{Q > b}
for a wide range of queue thresholds b. The max approximation is a
lower bound of P{Q > b} and is accurate to an order of magnitude.

A PPROXIMATIONS
B. Product approximation bounds for Gaussian traffic

The knowledge of whether or not a queuing approximation
is an upper or lower bound of P{Q > b} aids different
applications. For example if we provision the queue service
rate such that the critical time scale approximation C(b) equals
10−6 , then we must expect the actual tail queue probability
P{Q > b} to exceed 10−6 since C(b) lower bounds P{Q > b}
(see (5)). If C(b) is an accurate approximation of P{Q > b}
to an order of magnitude, as our simulations with fGn traffic in
Section VIII affirm, then we would effectively be provisioning
for P{Q > b} < 10−5 . If we replace the lower bound C(b) by
an approximation that is an upper bound of P{Q > b}, then
P{Q > b} is guaranteed to be less than 10−6 .
In this section we prove bounding results for the max,
product,
and sum approximations, which we compare to

P Q[θ] > b rather than P{Q > b}. Note from (10) that lower
bounds of P Q[θ] > b are also lower bounds of P{Q > b}.
However,
the queuing approximations that are upper bounds of

P Q[θ] > b are not necessarily upper bounds of P{Q > b}.

We first state a general result that holds for a queue fed
by any traffic random process and then present model-specific
results.
Lemma 6: For a discrete or continuous-time queue of infinite size, with an arbitrary input traffic process and constant
service rate
n
o
[θ]
[θ]
[θ]
Mt (b) ≤ P Qt > b ≤ St (b)
(49)
and
[θ]

[θ]

[θ]

where θ is any countable subset of R+ .

Note that fBm satisfies the requirements of Theorem 7 since
for all τ, r ≥ 0 and 0 < H < 1


τ 2H + r2H − |τ − r|2H
{∆ B}
{∆ B}
cov Kt t [τ ], Kt t [r]
=
2
≥ 0.
(52)
Similarly fGn too satisfies the requirements of Theorem 7.
C. Product approximation bounds for WIG and MWM traffic

A. Bounds for general input traffic processes

Mt (b) ≤ Pt (b) ≤ St (b),

For queues fed with traffic from a large class of Gaussian
[θ]
processes,
including
fBm and fGn, Pt (b) is an upper bound
n
o
[θ]
of P Qt > b .
Theorem 7: Consider a Gaussian traffic process Xt input
to an infinite buffer queue with constant service rate (discrete
or continuous-time). If cov(Kt [τ ], Kt [r]) ≥ 0 for all τ, r ∈ θ
then
n
o
[θ]
[θ]
P Qt > b ≤ Pt (b),
(51)

(50)

where θ is any countable subset of R+ .
From Lemma 6 we see that max and sum approximations are
 always lower and upper bounds respectively of
both P Q[θ] > b and the product approximation. In the rest
of this section we compare the product approximation to
P Q[θ] > b .

For the WIG and MWM we restrict our attention to the
set of dyadic time scales, that is θ = θα with α = 2. Recall
from Section IV-C that the WIG and MWM are non-stationary
[θ ]
traffic models. As a consequence Pt 2 (b) changes
withotime
n
[θ2 ]
[θ2 ]
location t. We first compare Pt (b) to P Qt > b for
t = 2n , that is at the final time instant of the tree process,
and then at all other time instants t. We denote the final time
instant 2n by “end”.
Theorem 8: For the WIG and MWM with arbitrary model
parameters
n
o
[θ ]
[θ ]
P Qend2 > b ≤ Pend2 (b) ∀b > 0.
(53)
[θ ]

8 states that Pt 2 (b) is an upper bound of
nTheorem o
[θ2 ]
P Qt > b at the final time instant for the WIG and the
MWM for arbitrary model parameters. The only ingredient
of the proof of Theorem 8 is the fact that the quantities
[θ ]
Kend [2j ], j = 1, 2, . . . , n that determine Pend2 (b) are nodes
along the right edge of the tree and hence are related through
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Fig. 5.

independent innovations (see Fig. 1). Since this fact is true for
arbitrary model parameters, so is (53).
Generalizing the proof of Theorem 8 so that (53) holds for
all time instants t is not straightforward because the quantities
Kt [2j ], j = 1, 2, . . . , n are not always tree nodes for arbitrary
t and are hence not related through independent innovations
as the quantities Kend [2j ], j = 1, 2, . . . , n are. However, for a
WIG model of fGn we can extend (53) to all t as stated next.
Theorem 9: For the WIG model of fGn
o
n
[θ ]
[θ ]
[θ ]
(54)
P Qt 2 > b ≤ Pt 2 (b) ≤ Pend2 (b) ∀t.
As a consequence

n

2
o
1 X n [θ2 ]
[θ ]
P
Q
>
b
≤ Pend2 (b).
t
2n t=1

(55)
[θ ]

2
Theorem 9 reveals that for a WIG model
end (b) is
n of fGn Po
[θ2 ]
an upper bound of the time average of P Qt > b .
Earlier work on the queuing behavior of the WIG model of
fGn proved that the time average of the tail queue probability
P{Qt > b} has the same log-asymptotic behavior as that of
fGn [16].
We demonstrate through simulations in Section VIII that
[θ ]
Pend2 (b) approximates the time average of P{Qt > b} well
for a large range of queue sizes b for both the WIG and the
MWM.

VIII. S IMULATIONS
In this section we demonstrate the accuracy of the max,
product, and sum approximations of P{Q > b} through simulations with fGn, WIG, and MWM synthetic traces as well as
with video and measured Internet traces. We also demonstrate
that the tails of marginals of traffic at different time scales
have a significant impact on queuing in certain scenarios
by comparing the queuing behavior of the WIG and MWM
models with that of measured Internet traffic. We restrict
our attention to exponential time-scales with α = 2 (that
is θ = θ2 ). All error bars in the plots correspond to 95%
confidence intervals.

A. Comparison of queuing approximations for fGn traffic
We now compare the different approximations of P{Q > b}
through simulations with fGn traffic. The simulations use fGn
traces with Hurst parameter H = 0.8 and standard deviation
at the 1s time-scale σ = 8 × 105 bits that are generated using
the method described in [23]. We set τ 0 = 10−4 s and c =
10Mbps and vary the mean rate of the traces to obtain different
utilizations.
We estimate P{Q∞ > b} for each simulation run as the
fraction of time for which the queue size exceeds b. To
eliminate transients we only make estimates using queue sizes
during the second half of the simulation. The plots of tail
queue probability correspond to the mean obtained from 300
simulation runs. Each run uses a trace of length 219 data points
corresponding to a 52s simulation time.
The simulation results for two different utilizations are depicted in Fig. 3. We obtain the various queuing approximations
using (8), (12), and (13) by choosing θ = {τ 0 , 2τ 0 , . . . , 220 τ 0 }
which is equivalent to θ2 truncated to lie within a fixed range
of time-scales. Observe that in all cases M [θ2 ] (b) is a lower
bound of P{Q > b} as predicted by (9). We also see that
M [θ2 ] (b) is within an order of magnitude of P{Q > b} for a
wide range of values of P{Q > b} (∈ [10−6 , 1]). We conclude
that C(b), which lies between M [θ2 ] (b) and P{Q > b} (see
(9)), is also within an order of magnitude of P{Q > b} for
the same range of P{Q > b}.
From Fig. 3 observe that the product and sum approximations are almost identical and accurately track P{Q > b} for
a wide range of queue sizes b. Also observe that they are
better approximations than the max approximation in general.
However unlike the max approximation, which is a guaranteed
lower bound of P{Q > b}, these two approximations do not
bound P{Q > b} from above or from below and in fact
intersect it at some point. Call the queue threshold at which
the product approximation and P{Q > b} intersect b0 . We
observe that in all cases the product approximation is greater
than P{Q > b} at b = 0 and for b > b0 is always less
than P{Q > b}. Thus for b > b0 the product approximation
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Fig. 6. Queuing performance of real data traces and synthetic WIG and MWM traces at high utilization. In (b), we observe that the MWM
synthesis matches the queuing behavior of the AUCK data closely, while in (a) the WIG synthesis is not as close. In (c) and (d), we observe
that both the WIG and the MWM match the queuing behavior of VIDEO. We also observe that the product approximation (P [θ2 ] (b)) is close to
the empirical queuing behavior for both synthetic traffic loads (both WIG and MWM) and that it performs better than the max approximation,
M [θ2 ] (b).

lies between the max approximation and P{Q > b} which
guarantees that it is a better approximation than the max
approximation. The sum approximation has a similar behavior.
B. Impact of marginals on queuing
The impact of different traffic statistics on queuing has been
extensively studied. Several studies have debated the importance of LRD for queuing [9], [24]–[27]. LRD is however only
a function of the asymptotic second-order correlation structure
of traffic (or equivalently the variance of traffic at different
time scales).
In this section we move beyond second-order statistics and
demonstrate the impact of the tails of traffic marginals at
different time scales on queuing. We do so by comparing the
queuing behavior of the WIG and MWM processes with video
and Internet WAN traces through simulations. Recall from
Section IV that both the WIG and the MWM can capture a
wide range of second-order correlation structures. They however differ in their marginal characteristics: the WIG process
is Gaussian whereas the MWM process is non-Gaussian. We
interpret our results using the product approximation and the
conclusions of earlier work which studied the influence of link
utilization on queuing [12].
Traces: The two traces we use are AUCK, which contains the
number of bytes per 2ms of recorded WAN traffic [22] and
VIDEO, which consists of 15 video clips multiplexed with
random starting points [28]. The finest time-scale in VIDEO

corresponds to 2.77ms, 1/15 the duration of a single frame.
The mean rates of AUCK and VIDEO are 1.456Mbps and
53.8Mbps, respectively. AUCK contains 1.8 × 106 data points
and VIDEO 218 . The Hurst parameter of AUCK obtained from
the variance-time plot using time-scales 512ms to 262.144s
is H = 0.86. For VIDEO, we find H = 0.84 using timescales 354ms to 90.76s. From Fig. 4 and Fig. 5 observe that
AUCK has strongly non-Gaussian marginals while VIDEO’s
marginals resemble a Gaussian distribution.
Simulation results: We fit the WIG and MWM to the real
data and then generated synthetic traces from the models. We
then compared the queuing behavior of the synthesized WIG
and MWM traces with that of the real data when they are
input to a queue of infinite length with constant service rate.
The plots of P{Q > b} correspond to the mean obtained from
1000 simulation runs.
We first present results for high link utilizations (> 70%).
Observe from Figs. 6(a) and (b), where we used the WAN
traffic trace AUCK, that the real and synthetic traces exhibit
asymptotic Weibullian tail queue probabilities, in agreement
with the theoretical findings for LRD traffic (compare (43)).
However, apart from this asymptotic match, the MWM is
much closer to the queuing behavior of the real trace. The
link capacity we use is 2Mbps, resulting in a utilization of
72%.
In the experiments with VIDEO (see Figs. 6(c) and (d)),
which is much closer to a Gaussian process than AUCK,
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Fig. 7. Queuing performance of real data traces and synthetic WIG and MWM traces at low utilization. The MWM outperforms the WIG
even more than at higher utilizations.

we observe that both the WIG and MWM closely match
the correct queuing behavior. This confirms the influence of
marginals and also reassures us that the MWM is flexible
enough to model Gaussian traffic. Gaussian-like traffic, which
must be positive, necessarily has a mean at least comparable to
its standard deviation. Since for a large mean to standard deviation ratio the lognormal and Gaussian distributions resemble
each other closely (see Fig. 5), the approximately lognormal
MWM is suitable for Gaussian traffic [17]. The link capacity
we use is 69Mbps, which corresponds to a utilization of 77%.
In the case of lower link utilizations (< 50%) from Fig. 7 we
see that the MWM outperforms the WIG for both AUCK and
VIDEO traces to a greater extent than in the high utilization
case. For both the MWM and WIG we observe that the product
approximation is close to P{Q > b} (see Figs. 6 and 7).
The max approximation is within an order of magnitude of
P{Q > b}.
Interpretation using the product approximation: Accepting
the product approximation P [θ2 ] (b) as a close approximation
to the actual tail queue probabilities, a closer look at (12)
unravels how the marginals affect queue
 sizes. For traffic with
heavier tailed marginals, the terms P K[2i ] < b + c2i are
smaller and the product approximation is larger. Since the
MWM marginals are more heavy tailed than the Gaussian WIG
marginals, the MWM has a larger product approximation than
the WIG.
In the case of VIDEO, which shows marginals much closer
to Gaussian (see Fig. 5), both the WIG and MWM perform
similarly in terms of capturing the tail queue probability at a
high utilization, while at a low utilization the MWM outper-

forms the WIG. This result is easily explained using the finding
in [12] that fine time-scale statistics influence queuing more
than coarse time-scale statistics at low utilizations. Since fine
time-scale marginals of VIDEO are more non-Gaussian than
coarse time-scale marginals, obviously the MWM performs
better than the WIG at low utilizations.
IX. C ONCLUSIONS
We have developed a new approach to queuing analysis of
network traffic that uses traffic statistics at a fixed finite set of
time scales. The queuing analysis provides three approximations for the tail queue probability of an infinite buffer queue
with constant service rate. Theoretical and simulation results
strongly support their use for different applications.
We also proved that exponential time scales are optimal
for fBm traffic with respect to a trade-off in accuracy vs.
computational cost of the max approximation. Applications
can thus obtain accurate approximations to the tail queue
probability by employing traffic statistics only at a few sparse
exponential time scales.
Our simulations demonstrated the impact of the tails of
marginals at different time scales on queuing. We observed
that in non-Gaussian traffic scenarios the correlation structure
(short and long term) does not characterize the queuing
behavior well.
There remain several open research problems that we have
not addressed in this paper. First, we have developed a multiscale queuing analysis only for a single queue with constant
service rate. Our intuition suggests that a multiscale queuing
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paradigm can help analyze more complex systems consisting
of multiple queues with arbitrary service disciplines.
Second, we have ignored the case of finite length queues
where packet drops occur. Our results thus are more useful in
predicting packet queuing delays rather than packet losses.
Third, our analysis is for open-loop traffic models while real
Internet traffic is mainly composed of closed-loop TCP traffic.
Closed-loop traffic reacts to changes in network conditions
unlike open-loop traffic [29]. For example, unlike open-loop
traffic, closed-loop traffic will reduce its offered load if a
bottleneck link speed is reduced. Thus one must use openloop queuing results with caution in the Internet while ensuring
that one does not affect network properties (delay and loss)
which can influence the TCP traffic significantly. Possible
applications of open-loop models are for Internet backbone
provisioning (for very low delay/loss ISPs) [4], and obviously
in networks dominated by open-loop traffic like certain UDP
streaming applications.
A PPENDIX
Proof of Theorem 1: We prove the theorem in three steps.
[θ]
For the ease of notation we drop the superscript from τk ,
[θ]
[θ]
Tk and sk .
Step 1: Determine inf τ >0 g(b, τ ) for a fixed value b > 0.
From (27) we obtain:
cτ (1 − H) − bH
b
∂g(b, τ )
.
=
∂τ
στ 1+H
Thus g(b, τ ) is minimized at τ = λ(b) where
λ(b) =

bH
.
c(1 − H)
b

(56)

(57)

In addition g(b, τ ) is non-decreasing with τ as we move away
from τ = λ(b). Clearly
inf g(b, τ ) = g(b, λ(b)) =

τ >0

b1−H b
cH
.
− H)1−H

σH H (1

(58)

Step 2: Find ς(b) := inf τ ∈θ g(b, τ )/g(b, λ(b)) for fixed b ∈ Bk
where


Bk := λ−1 (τk−1 ), λ−1 (τk ) ,
(59)
and λ−1 (τ ) is the inverse of λ(b) given by

λ−1 (τ ) := b
cτ (1 − H)/H.

(60)

From (59) and (60) observe that Bk = {b : λ(b) ∈ Tk }.
Consider
f (b, τ ) :=

g(b, τ )
(b + b
cτ )(σH H (1 − H)1−H )
=
. (61)
g(b, λ(b))
στ H (b1−H b
cH )

Since g(b, τ ) is non-decreasing as we move away from τ =
λ(b), we must have that
ς(b) = min{f (b, τk−1 ), f (b, τk )}.

(62)

Step 3: Determine supb∈Bk ς(b).
By elementary calculus we obtain that f (b, τk−1 ) monotonically increases with b when b > λ−1 (τk−1 ). Also f (b, τk )
monotonically decreases with increasing b when b < λ−1 (τk ).
If there exists ak ∈ Bk such that f (ak , τk−1 ) = f (ak , τk ), then

ς(b) must attain its supremum over Bk at this point (from (62)).
Indeed such an ak does exist. From (61) we obtain ak as
ak =

H−1
cτk−1 τk (τk−1
b
− τkH−1 )
b
cτk sk − sH
k
=
.
·
H
sk sH
τkH − τk−1
k −1

(63)

As a result, after simplification
sup ς(b) = f (ak , τk )
b∈Bk

(sk − 1)H H (1 − H)1−H
H 1−H
H
(sH
k − 1) (sk − sk )
= ζ(sk , H).
(64)
=


Proof of Corollary 2: The proof relies on the following claim.
Claim 10: ζ(sk , H) increases with sk for all H ∈ (0, 1).
Proof of Claim 10: Note from (64) that ζ(sk , H) equals
f (ak , τk ). It is thus sufficient to prove that f (ak , τk ) increases
with sk . Without loss of generality we study how f (ak , τk )
changes by varying τk−1 keeping τk fixed. Note that this is
equivalent to varying sk . We have from (63)
∂ak
1
·
cτk ∂τk−1
b

=

2H−1 H−1
τk−1
sk (Hsk − sH
k + (1 − H))
(65)
.
H
H
(τk − τk−1 )2

It is easily shown that the function Hsk −sH
k +(1−H) equals
0 at sk = 1 and has a positive derivative for sk > 1. Thus
∂ak
∂τk−1 > 0 for all sk > 1. Using this fact, the knowledge that
ak < λ−1 (τk ), and the fact that f (b, τk ) monotonically decreases for b < λ−1 (τk ) we see that f (ak , τk ) decreases with
increasing τk−1 , or equivalently it increases with increasing
sk . Claim 10 is thus proved.
From the fact that ∪k Tk = R+ , (59) and (60) we have that
∪k Bk = R+ . Using this fact, (64), Claim 10, and exploiting
the continuity of ζ(sk , H) (see (64)) we have
hθ = sup ς(b) = sup ζ(sk , H) = ζ(dθ , H).
b∈R+

(66)

k


Proof of Theorem 3: From (30) hθα,ν (T ) ≤ hθα,ν = α. Thus
θα,ν ∈ Γ(α).
Consider D ∈ Γα , such that #D = minθ∈Γ(α) #θ. We can
[D]
write T as a union of the following #D+1 intervals: (τ , τi ),
[D]
[D] [D]
[τi , τi+1 ), . . ., [τi+#D−1 , τ ), for some i. Because D ∈ Γα ,
from Theorem 1 the ratio of supremum to infimum of each
of these intervals must be less than or equal to α. Consider
θα,ν for arbitrary ν. Clearly by definition θα,ν can have at
most one element in each of the these intervals. Thus (36) is
[D]
proved. Consider θα,ξ where ξ = τi /αi . Clearly θα,ξ has no
element in the first set of the union mentioned above and at
most one element in the other sets of the union.

Proof of Theorem 4: Note that by the construction of θα (see
(25)), dθα = α. Thus from (9), (28)–(30), and (33) we have


[θα ]
C(b) ≥ M (b) = Φ inf g(b, τ )
τ ∈θα



≥ Φ hθα inf g(b, τ ) = Φ ζ(α, H)Φ−1 (C(b))
τ >0

∗
≥ Φ ζ (α) · Φ−1 (C(b)) .
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Proof of Theorem 5: The proof relies on the following two
claims.
Claim 11: M [θα ] (bk ) ' S [θα ] (bk ).
= 0.
Claim 12: limb→∞ P{QC(b)
∞ >b}
From (50), (49), and Claim 11 we have (47). From (45) and
(57) note that
λ(bk ) = λ[θα ] (bk ) = αk .

(67)

Thus (4) and (8) yield
M [θα ] (bk ) = C(bk )

∀k.

(68)

From (42), (47), (68) and (40) we have (46). Finally Claim
12 combined with (47) gives (48).
We now prove the two claims. Recall the definition of
g(b, τ ) (see (27)). For the ease of notation we denote g(bk , αl )
by gk,l . From (58) and (67) we have
inf g(bk , τ ) = g(bk , λ(bk )) = g(bk , αk ) = gk,k .

τ >0

(69)

Proof of Claim 11: From (8), (13), (26), and (69) we have
X
S [θα ] (bk ) =
Φ(gk,l )
(70)
l∈Z

and
M [θα ] (bk ) = sup Φ(gk,l ) = Φ(gk,k ).

(71)

l∈Z

We now prove that the maximum term, Φ(gk,k ), dominates
gk,l
. First,
the summation of (70). We note two properties of gk,k
we have from (45) and (27)
gk,l
gk,k

=
=
≥

bk + b
cαl
σαkH
·
lH
σα
bk + b
cαk

(1 − H)α(k−l)H + Hα(l−k)(1−H)

H α|l−k|H ,

(72)

where H = min(H, 1 − H).
gk,l
monotonically
Second, from (56) and (67) observe that gk,k
increases with increasing l when l ≥ k and also with
decreasing l when l ≤ k. We then have ∀l 6= k


gk,k+1 gk,k−1
gk,l
=: IH > 1
(73)
≥ min
,
gk,k
gk,k
gk,k
Now gk,k is an increasing unbounded function of k. From
(70), and using the following estimates of Φ [30],
2
2
√
√
(1 − 1/δ 2 )e−δ /2 /(δ 2π) ≤ Φ(δ) ≤ e−δ /2 /(δ 2π) (74)
we have
Φ(gk,k ) ≤

=

S [θk ] (bk )
Φ(gk,k ) +

X

Φ(gk,l ) +

l>k

≤

X

Φ(gk,l )

(75)

l<k

2

2

2
e−(IH −1)gk,k /2 α−H
2 gk,k
Φ(gk,k ) 1 +
·
2
H
(gk,k − 1)(1 − α−H )

!

.

k→∞

S [θk ] (bk )
= 1,
k→∞ Φ(gk,k )

C(b) = Φ(b1−H η 1/2 ) '

b−(1−H) −b2−2H η/2
.
√ e
η 1/2 2π

(76)

(77)

< 1 which implies
When 1/2 < H < 1 we have 0 < 2H−1
H
that
b−(1−H)
(78)
lim −(1−H)(2H−1)/H = 0.
b→∞ b
Claim 12 follows from (43), (77) and (78).

Proof of Lemma 6: Consider a queue with constant service
rate c bits per unit time. Clearly
X
sup P{E[τ ]} ≤ P{∪τ ∈θ E[τ ]} ≤
P{E[τ ]} ,
(79)
τ ∈θ

τ ∈θ

where
E[τ ] := {Kt [τ ] − cτ > b}. From (6) we see that

P Q[θ] > b is identical to P{∪τ ∈θ E[τ ]}. Then (8), (13) and
(79) give (49). Note that (50) is equivalent to
max (1 − ak ) ≤ 1 −

k=1,...,l

l
Y

k=1

ak ≤

l
X

k=1

(1 − ak ),

for 0 ≤ ak ≤ 1, k = 1, . . . , l, which is elementary.

(80)


Lemma 13: (from [31])If events E1 ⊂ E2 · · · and E =
∪i Ei then limi→∞ P{Ei } = P{E}. If E1 ⊃ E2 · · · and E =
∩i Ei then limi→∞ P{Ei } = P{E}.
The following lemma helps us prove Theorem 7.
Lemma 14: (page 6 in [32]) Let Υ[t] and Ψ[τ ], τ ∈ θ,
be separable Gaussian random processes, where θ is a parameter set. If the following relations hold for their covariance
functions:
var(Υ[τ ])
cov(Υ[τ ], Υ[r]))

= var(Ψ[τ ]), ∀τ ∈ θ
(81)
≤ cov(Ψ[τ ], Ψ[r])), ∀τ, r ∈ θ (82)

plus their expected values are the same ∀τ : then for any x ∈ R




P sup Υ[τ ] < x ≤ P sup Ψ[τ ] < x .
(83)
τ ∈θ

τ ∈θ

Proof of Theorem 7: For τ ∈ θ define independent Gaussian
random variables Υ[τ ] ∼ N (E(Kt [τ ] − τ c), var(Kt [τ ])) and
set Ψ[τ ] := Kt [τ ] − τ c. Label the elements of θ as {τk }k∈Z .
Using Lemma 13 with the events Ei := ∩ik=−i {Υ[τk ] < b}
and E := ∩i Ei = {supτ ∈θ Υ[τ ] < b} we have


Y
[θ]
P (b) = 1 −
P{Υ[τ ] < b} = 1 − P sup Υ[τ ] < b .
τ ∈θ

τ ∈θ

[θ]

Then the fact that supτ ∈θ Ψ[τ ] = Qt
(84) prove the theorem.

From (73) and the fact that gk,k −→ ∞ we have
lim

which proves Claim 11.
−δ2 /2
Proof of Claim 12: From (74) observe that Φ(δ) ' eδ√2π .

2
cH
b
Set η := σH H (1−H)
. From (28) and (58) we then
1−H
have

(84)
along with (83) and


Lemma 15: Assume that the events Wi are of the form
Wi = {Ii < κi }, where Ii = R0 +R1 +. . .+Ri for 1 ≤ i ≤ n
and where R0 , . . . , Rn are independent, otherwise arbitrary
random variables. Then, for 1 ≤ i ≤ n, we have
P{Wi |Wi−1 , . . . , W0 } ≥ P{Wi } .

(85)
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Proof: By fL and FL denote the probability density function
(p.d.f) and cumulative distribution function (c.d.f.), respectively, of a random variable L. Furthermore, we denote by
FL|E (l) the c.d.f. of L conditioned on knowing the event
E. For convenience, let us write Wi := {Ii < κi } for
short, and let us introduce the auxiliary random variables
Y0 := L0 := I0 := R0 ,
Yi := Ii |Wi−1 , . . . , W0 ; Li := Ii |Wi , . . . , W0 , i ≥ 1. (86)
To prove the lemma, it is enough to show that
FYi (r) ≥ FIi (r)

(87)

∀ r ∈ R and ∀ i and then set r = κi .
We prove (87) by induction. First note that FY0 (r) ≥
FI0 (r). Next, we assume that (87) holds for i and show that
it holds also for i + 1. Bayes’ rule yields
( FY (r)
)
i
FYi (κi ) , if r ≤ κi
FLi (r) =
≥ FYi (r). (88)
1,
otherwise
Note that Yi+1 = Li + Ri+1 , where Ri+1 is independent of
Ij and hence of Wj for j ≤ i. In short, Ri+1 is independent
of Li . This fact, (87) and (88) allow us to write
FYi+1 (r)

= P{Li + Ri+1 < r}
Z ∞
=
FLi (r − ri+1 )fRi+1 (ri+1 ) dri+1
−∞
Z ∞
FYi (r − ri+1 )fRi+1 (ri+1 ) dri+1
≥
−∞
Z ∞
FIi (r − ri+1 )fRi+1 (ri+1 ) dri+1
≥
−∞

= FIi+1 (r).

Kend [2n−i ] = Vi,2i −1 = 2−i V0,0 −

j=0

2j−i Zj,2j −1 .

(89)

(90)

It suffices, thus, to set κi = 2i b + 2n e
c(n) , R0 = V0,0 and
i−1
Ri = −2 Zi−1,2i−1 −1 .
MWM: The MWM employs the same tree structure as the
WIG, however, with multiplicative innovations Uj,k . Recalling
(20), Kend [2n−i ] becomes
Kend [2

n−i

] = Vi,2i −1 = V0,0

i−1
Y

j=0

(1 − Uj ).

≤ 1−

n
Y

i=0

n
Y

i=1

P{Wi |Wi−1 , . . . , W0 }
[θ ]

P{Wi } = Pend2 (b).


The following lemma helps prove Theorem 9.
Lemma 16: (Theorem 5 in [16]) For a WIG model of fGn
with 1/2 < H < 1
var(Kend [τ ]) ≥ var(Kt [τ ])

(92)

b+e
c(n) τ − E(Kt [τ ]) > 0.

(94)

for t = 1, 2, . . . , τ and for t = 1, . . . , 2n .
Proof of Theorem 9: Note that
!
n
o
b+e
c(n) τ − E(Kt [τ ])
(n)
P Kt [τ ] − e
c τ <b =1−Φ
.
√
var(Kt [τ ])
(93)
From (24) we have that

[θ ]

Proof of Theorem 8: Let us first show that Lemma 15
applies to the WIG and the MWM for the events Wi =
Kend [2n−i ] < b. To this end we need only show that these
Wi can be written in the appropriate form. Recall that we
have Kend [2n−i ] = Vi,2i −1 .
WIG: The WIG uses additive innovations Zj,k arranged on
a tree as in Fig. 1. It is immediate from (18) that Kend [2n−i ]
becomes
i−1
X

= 1 − P{W0 }

Since the process Vn,k is first-order stationary, E(Kend [τ ]) =
E(Kt [τ ]) for all t and τ . This fact along with Lemma 16, (93),
and (94) then give
n
o
n
o
P Kt [2i ] − e
c(n) 2i < b ≤ P Kend [2i ] − e
c(n) 2i < b ,
(95)
i = 0, . . . , blog2 tc, t = 1, . . . , 2n . We thus have



This proves the claim by induction.

Taking logarithms, we write the events Wi in the required
form by setting κi = ln(b + 2n−i e
c(n) ), R0 = ln(V0,0 ), and
Ri = ln(1 − Ui−1 ). Using (85),
n
o
n
o
[θ ]
[θ ]
P Qend2 > b
= 1 − P Qend2 < b = 1 − P{∩ni=0 Wi }

(91)

[θ2 ]

Pend2 (b) ≥ Pt

(b), ∀t = 1, . . . , 2n .

(96)

To complete the proof we show the following claim.
Claim 17: cov(Kt [τ ], Kt [r]) ≥ 0 for 0 ≤ τ, r ≤ t.
It is easy to show that the covariance of any two arbitrary leaf nodes is positive for a WIG model of fGn with
1/2 < HP< 1, that is cov(Vn,k , Vn,l ) > 0 ∀k, l. Because
t−1
Kt [τ ] = k=t−τ Vn,k it follows that cov(Kt [τ ], Kt [r]) is a
linear combination of covariances of leaf nodes with positive
weights. This proves Claim 17. Claim 17 and Theorem 7 give
n
o
[θ ]
[θ ]
Pt 2 (b) ≥ P Qt 2 > b , ∀t = 1, . . . , 2n .
(97)
Combining (96) and (97) proves the theorem.
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