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ABSTRACT

Bifurcation of drift shells near the dayside magnetopause

by

M. Kaan Öztürk

The dayside magnetosphere contains a region where the field strength has a local

maximum. This region, located just inside the magnetopause around the equatorial

plane and between the cusps, has a width of 2-3Re. When a drift shell with a suf-

ficiently small mirror field intersects this region, it will bifurcate into two branches

near local noon, each branch going across one cusp and joining together at the sym-

metrical local time. The particle then drifts around the Earth over a single branch

until it comes back to local noon.

In the neighborhood of the bifurcation points, the bounce period tends to infinity,

and thus the adiabaticity of the bounce motion is broken there, but not elsewhere.

This breaking causes a small but finite jump ∆I in the second invariant. Repeated

crossings lead to a random walk in second invariant space, and thus to radial diffusion.

We use theory and simulations to determine the magnitude of ∆I. Our study is

limited to static magnetic fields, but it can be extended to general fields.
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Our results indicate that ∆I is sensitively dependent on bounce phase at bifurca-

tion, and it can grow significantly for some initial conditions. When the initial second

invariant I0 is much larger than the mirror gyroradius ρm, we use separatrix crossing

theory. The average of ∆I over bounce phases is zero, and the rms ∆I is of the order

of ρm. When I0 is comparable to ρm, the equation of bounce motion is approximated

as the second Painlevé equation, whose asymptotic solutions are used to determine

∆I. In this limit, the rms ∆I is still O(ρm); however, the average is nonzero, in the

form exp(−I0/ρm).

Drift-shell bifurcation leads to significant radial diffusion. For MeV electrons, the

diffusion coefficient can be several Re per day. Also, because of bifurcation, some

quasitrapped particles can remain in the magnetosphere for a finite number of drifts

before they leave permanently. Such behavior leads to metastable particles, a new

kind of trapping. These results can be useful for radiation-belt modeling efforts.
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The scientist does not study nature because it is useful to do so. He studies

it because he takes pleasure in it, and he takes pleasure in it because it is

beautiful. If nature were not beautiful it would not be worth knowing, and

life would not be worth living. . . Intellectual beauty is self-sufficing, and it

is for it, more perhaps than the future good of humanity, that the scientist

condemns himself to long and painful labors.

Henri Poincaré, Science and Method (1908)
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x

References 223



List of commonly used symbols

α The pitch angle; instantaneous angle between field B and velocity v

b Magnetic field direction (unit vector)

B Magnetic field vector

B Magnetic field strength at a point

B(s) Magnetic field strength along a given field line, parameterized by s

B0 Field strength at the Earth’s magnetic equator; 3.11 × 10−5T

Bm Field strength at the mirror point

c Speed of light in vacuum

ε Small, dimensionless perturbation parameter

E Kinetic energy, (γ − 1)mc2

γ Relativistic factor, (1 − v2/c2)
−1/2

GSM (subscript) Geocentric Solar Magnetospheric coordinate system

H The Hamiltonian function

I Second adiabatic invariant for static fields, I = J/2p

I Maximum value of nightside I for bifurcation on dayside (equation A.5)

J The action integral,
∮

p dq

L Equatorial distance to a given dipolar field line, in units of Re

m Mass of a particle



xii

µ First adiabatic invariant (magnetic moment)

MLT Magnetic local time (also LT)

Ω Gyrofrequency; angular frequency of a particle orbit in a magnetic field

O Order of magnitude indicator

p Mechanical momentum m|v|, or momentum conjugate to coordinate q

q Electrical charge of a particle, or generalized coordinate

ρ Gyroradius; radius of a particle orbit in a magnetic field

R Guiding-center position vector

Re Earth radius, 6378.137km

s Path length along a field line, measured from the equatorial plane

sm Location of the mirror point on the field line

v Speed of the particle



Chapter 1

Introduction

Drift-shell bifurcation (DSB) is a special behavior of charged particles that are

trapped in the outer magnetosphere and drifting near the dayside magnetopause. The

local maximum of field strength in that region causes the bounce motion of the particle

to be split nonadiabatically; and therefore, the second invariant that is associated

with the bounce motion is changed by a small amount. This study investigates the

bifurcation process, explains its causes and effects both numerically and analytically,

calculates the expected amount of the change in the second invariant by applying

related methods developed earlier, and presents a model-dependent expression as

well as an estimate for the radial diffusion coefficient that results from DSB. Finally,

we demonstrate how DSB leads to a novel kind of magnetospheric trapping.

The particles that are subject to DSB share some of the characteristics of radiation-

belt particles: They are trapped in the dipole-like field of the Earth, drifting around it

in a curved path. However, their drift orbits take them to the vicinity of the sunward

outer boundary of the magnetosphere, farther from Earth than most particles in the

radiation belts. There, the particles are more influenced from field irregularities cre-

ated by external effects like the solar wind compression. The most prominent of such

irregularities are the cusps, regions with weak field strength, above and below the
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equatorial plane; and accordingly, a region exists around the equatorial plane where

the field has a local maximum.

The equatorial local maximum of field strength is a feature that is not found in the

inner regions of the magnetosphere. Closer to Earth, one finds that the field strength

is weakest at the plane perpendicular to the dipole moment of the Earth; and, as

one comes closer to Earth following a given field line, the field strength increases

monotonically. This geometry causes the magnetic trapping of charged particles;

particles oscillate along the field lines, reflecting when they reach a mirror point

where the field has a certain strength. In addition to this oscillation, there is a much

slower drift motion that carries the particle across the field lines, so that the whole

motion takes place over an imaginary strip (the drift shell) that encircles the Earth,

and bounded by the mirror points above and below. Figure 2.5 provides a picture

of charged particle motion around the Earth. A more detailed description of particle

motion in the magnetosphere, including various drifts, is given in Section 2.2.

When the particle is carried to a region where the field has a local maximum (and

thus two local minima on either side of it), two additional mirror points come into

existence. Therefore, the drift shell of some particles is split into two branches, which

later come together again.

A simpler, but equivalent problem helps to illuminate this process: Consider a

marble that is rolling up and down a smooth landscape with a single valley, with
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Figure 1.1 Schematic view of bifurcation. Dashed line is the maximum level of the
marble’s motion. The width of the dashed line indicates the range of the motion.

turning points determined by its constant total energy. This picture is analogous to

the unbifurcated bounce motion, where the mirror points are again determined by

the particle’s energy. The slow drift motion carries the particle to different field lines,

which is equivalent of slowly modifying the valley over which the marble is rolling.

Drifting into the region with a local field maximum is then analogous to the rising

of the valley floor so as to form a W-shaped valley (Figure 1.1). Initially, when the

peak is small, the marble’s motion will be perturbed, but not qualitatively altered

because the turning points of the marble are higher than the height of the central

peak. However, after a period of time that depends on the initial height (energy) of

the marble, the motion will be interrupted by the rising central peak and the marble

will be confined into one side of the W-shape. From the point-of-view of the bouncing

particle, the field strength in the middle of the bounce motion has increased above

the mirror field, and the bounce motion is confined on one side of it.

How is the marble-rolling-in-valley problem equivalent to the motion of a charged

particle in a magnetic field? At the basic level, the charged particle moves in a

helix in the magnetic field, perpendicular to the field lines. This motion, called the
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gyromotion, has a short period (milliseconds for a relativistic electron). When the

gyromotion has a radius that is small enough that the fractional change of the field

strength over the orbit can be ignored, the gyromotion is very close to a circle. This

so-called adiabaticity condition is usually met in the region of space we are interested

in.

The second motion is the bounce motion, which moves along the field lines with a

much longer period (typically seconds for a relativistic electron). This large separation

of periods, together with the adiabaticity condition, allows the gyromotion to be

averaged out, leaving us with the guiding-center motion, which is the motion of an

imaginary point representing the center of the gyrohelix. Under those conditions,

it can be shown that (cf. equation (2.31)) the acceleration of the bounce motion

points to the direction where the field strength is decreasing. In other words, the

field strength constitutes a potential function for the bounce motion, just as the

valley landscape does for the marble. Thus, both systems obey the same dynamical

description.

Therefore, we can continue with the marble analogy to illustrate the gist of the

problem we are addressing here. The marble slows down as it climbs the peak. The

period of its motion increases with the height of the peak. when the peak is as high

as the initial level of the motion, the period is infinitely large. Thus, the bifurcation

process contains a singularity. After the bifurcation, the marble’s energy will not
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allow it to go over the central peak, and the marble will keep rolling inside one of the

valleys, with finite period.

For every periodic motion there can be defined an abstract quantity, called the

action variable, which can help us to see the significance of this singularity. It is

defined as a line integral along the periodic motion, described by the coordinate q:

J(E) =
∮

p(q, E) dq (1.1)

and p is the momentum conjugate to q, in the sense of Hamiltonian dynamics. As

the notation suggests, the action is only a function of the energy (see Section 2.3)

The action variable is constructed in such a way that it is a constant when the

system parameters are not changing in time. Also, it can be shown that, when those

parameters change at a rate that is much slower than the periodic motion itself, the

action remains constant, to a very good approximation. Specifically, if the fractional

change of the energy in one period is about ε (a small number), then the fractional

change of J is about ε2.

The bounce motion is obviously periodic, and its action variable is called the sec-

ond invariant (the first one is associated with the gyromotion). For trapped particles

near the Earth, it is constant to a good approximation, essentially because the bounce

period is much smaller than the drift period. However, right in the neighborhood of

the bifurcation point, the bounce period can be very large, violating the condition for

the invariance of the action. As a result, the value of the second invariant changes
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discontinuously at the bifurcation point. This study analyzes the bifurcation process,

and provides a prediction for the amount of this change in terms of the initial drift

shell parameters, and in terms of the magnetic field geometry. In addition, the change

depends sensitively on the phase of the bounce motion at the moment the bifurcation

point is passed. This phase is treated as a random number, because it cannot be

specified in terms of the drift shell parameters.

The importance of studying the DSB problem is twofold: First, when a process

changes the second invariant of a particle, the particle moves onto another drift shell.

When bifurcation happens repeatedly (each time after a conjugate unification, of

course), the particle undergoes radial diffusion, because different drift shells are lo-

cated at different radial distances from the Earth. Diffusion of magnetospherically

trapped particles is an active area of research, where the accepted mechanisms always

include a time-dependent external agent, generally in the form of electromagnetic

waves that interact with trapped particles. In contrast, drift-shell bifurcation induces

radial diffusion even when the magnetic field is absolutely static.

A more practical motivation for the study of DSB is related to killer electrons,

which are found in the outer magnetosphere. Their reputation stems from the fact

that they are highly energetic, which allows them to damage sensitive electronic

equipment carried in and on the spacecraft that happens to cross their path. The

modeling and predictions of killer electron dynamics can help protect the valuable
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space cargo, and DSB may make an important contribution to these efforts.

The second conceptual importance of DSB is that it logically leads to a new kind

of magnetospheric trapping. The generally accepted view is that in a static magnetic

field, there exist just two kinds of drifting particles: Stably trapped particles adiabati-

cally drift around the Earth and come back to their starting points so that the whole

motion resides on a closed drift shell. In a time-independent system, they can repeat

that circuit an infinite number of times on the same shell. In contrast, the adiabatic

drift of quasitrapped particles carry them into the magnetopause (the boundary of

the magnetosphere), where the dynamics of the motion is totally different. Then, a

quasitrapped particle does not complete even one drift around the Earth. However,

when DSB is taken into account, one sees that some of those quasitrapped particles

are diverted back into the magnetosphere so that they can complete one drift. On the

other hand, such particles are not stably trapped because of the small diffusion across

drift shells; given enough time, the particle will eventually find itself on a drift shell

that leads into the magnetopause. Because of the finite lifetime of trapped particles,

we call this kind of trapping metastable. Metastability is a previously unrecognized

effect, proposed for the first time in this study.

The mere existence of DSB is not difficult to notice in magnetospheric models,

and many researches from the early period of space physics have predicted it (among

them, Northrop and Teller [1960], Northrop [1963], Mead [1964], Shabanskiy and
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Antonova [1968], Roederer [1970] and Shabansky [1971]). Northrop [1963] recognizes

the nonadiabaticity of the problem but does not attempt a full analysis, whereas

Shabansky [1971] disregards the nonadiabaticity and proposes that all particles will

keep their second invariants after drifting across the dayside. He also presents a

discussion of where DSB exists in some detail, using model descriptions. Mainly

because of that, some later references use the term “Shabansky orbits” to describe

DSB. We choose not to follow this practice because the most important property

of such orbits was ignored by Shabansky, but already described in the earlier work

by Northrop, if only qualitatively. We believe that the descriptive name “drift-shell

bifurcation” is precise and adequate.

Several studies, notably those by Delcourt and Sauvaud [1998, 1999] and by

Orloff [1998], point out the sensitive dependence of the final second invariant on

the bounce phase, based on a limited number of simulations. Here, we improve upon

this observation with a more systematic investigation, using simulations that finely

resolve the bounce-phase dependence.

Studies that directly deal with DSB are not many; among them, the study by

Antonova et al. [2003] has a scope that significantly overlaps with this thesis. The

authors recognize the bounce-phase dependence of the problem, and use the theory

of slow separatrix crossing (see Chapter 4) to determine an analytical expression for

the second invariant jump under a specific magnetic field model. Our work employs a
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similar approach by utilizing the same theory; furthermore, we present a formula that

is not model-specific, but expressed in terms of the quantities that can be numerically

evaluated with any given magnetic field, with the hope that this versatile result will

be more generally applicable.

The slow separatrix crossing theory is not applicable in the limit of small initial

second invariant, i.e., in the case of equatorial particles. We complement that theory

by another approch that is based on the asymptotic solutions of the equation of motion

under a quartic (double-well) potential. This approach is not used by Antonova et

al. in their aforementioned study.

The scope of this study is limited on a theoretical level by the existence conditions

of DSB. First, we need to be able to use the bounce-motion description, which requires

the existence of an adiabatic gyromotion. In other words, at any point of the orbit,

the gyroradius ρ must satisfy that:

ρ
|∇B|
B

¿ 1 (1.2)

We also require that the bounce motion will also be adiabatic far from the bifurcation

point; i.e., within one bounce period τb, the drift motion should not carry the particle

into a significantly different field line:

τb 〈vD〉 ·
∇B
B

¿ 1 (1.3)

where 〈vD〉 is the bounce-averaged drift velocity. When these conditions are met, a

drift shell can exist. These conditions are also essential for the theory we employ to
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predict the changes created by DSB.

Additionally, the drift shell must extend far enough to reach a particular region

of space to bifurcate, which is typically a strip of width 2-3Re adjacent to the day-

side magnetopause (Figure 3.5). Appendix A.1 gives a more thorough description of

bifurcation conditions in terms of the drift shell parameters.

Implicit in those assumptions is that the particle in question does not collide

with other particles; such a collision would violate adiabaticity by interrupting the

gyromotion. This assumption is not unrealistic, because plasmas in space are ex-

tremely tenuous and collisions are unlikely, especially in the region of space we are

interested in.

We also make several non-essential assumptions in order to reduce the problem to

its bare essentials. Electric fields and time-dependent magnetic fields are not included

in the analysis and simulations, even though they would not prevent DSB. This is

not because they are unimportant, but because here we choose to investigate the

more convenient static case. The nonstatic and nonmagnetic effects can be explored

separately, once we have established the basic properties of DSB. Those assumptions

ensure that the speed of the particle is constant, significantly simplifying the analysis.

We present simulations that follow orbits of relativistic electrons (or their guiding

centers) which have kinetic energies of hundreds of keV or more. Accordingly, the

equations of motion we use as the starting point in the analysis are also relativistic.
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This choice is compatible with one of our motivations, the killer electrons. However,

most of our discussion applies to both kinds of particles and, whenever possible, we

will refer to“particles” instead of just “electrons” to emphasize this generality.

This study does not address the problem of how electrons are energized and/or

transported to the outer dayside magnetosphere. We just accept them as given and

proceed to describe the subsequent dynamics. For a possible energization mechanism,

see Kim et al. [2000], and references therein.

Similarly, we do not discuss the dynamics when the particle ceases to satisfy the

basic conditions of DSB. When it falls out of the scope of this study, we simply

consider it lost. In particular, we say that a particle is “lost” when it drifts into the

magnetopause surface. It goes without saying that the particle is not really lost, but

only subject to a different dynamics created by the local field configuration. A particle

that goes into the magnetopause can mix into the solar wind, or can move across the

magnetopause and return to the magnetosphere. In any case, it is a different problem

which we do not address here.

Another non-essential assumption regards the symmetry of the magnetic field. We

assume north-south symmetry and dawn-dusk symmetry (with respect to the plane

containing the Earth’s dipole moment vector and the Sun-Earth line). The north-

south symmetry simplifies the results of the separatrix-crossing theory (Chapter 4),

without sacrificing the physical insight. The dawn-dusk symmetry implies that the
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diffusive effects of bifurcation and unification are of the same magnitude, which we

use to estimate the overall diffusion coefficient. Both assumptions can be relaxed

when necessary.

Chapter 2 gives background information that relates to the drift-shell bifurcation

problem. It describes the magnetosphere, motion of charged particles in a dipole-

like magnetic field, the three invariants and drift shells. The chapter also includes a

description of adiabatic invariants from a general, Hamiltonian point of view, which

provides a theoretical basis for their application to magnetospheric particle motion.

Chapter 3 provides a general description of how drift-shell bifurcation occurs.

It is based on simulations of electron motion under the double-dipole model, the

simplest magnetic field that allows for DSB. The results and conclusions, however,

are not model-dependent. Because the first invariant is conserved, simulations follow

guiding centers instead of particles so as to decrease numerical error. We use the

equations of motion derived by Brizard and Chan [1999], which are accurate to a

higher degree than the conventional guiding-center equations. For further reduction

of computational errors, we use the Bulirsch-Stoer method for numerical integration

[Press et al., 1994]. In each simulation, we consider a set of 100 initial conditions

(called an ensemble), constructed in such a way that they all move on the same drift

shell prior to bifurcation. By using ensembles, we are able to establish the sensitive

bounce-phase dependence of post-bifurcation second-invariant values. By varying the
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drift-shell parameters, we numerically demonstrate how the changes depend on those

parameters, leaving a mathematical description to subsequent chapters. Chapter 3

concludes with simulations of successive crossings across the bifurcation region.

Next two chapters stray away from magnetosphere, and present the theoretical

framework that is to be applied to the DSB problem. Chapter 4 explains the slow

separatrix crossing theory developed by Cary, Escande and Tennyson [1986]. As an

illustration of the method, the theory is applied to the double-well potential and

results are found to match the numerical solutions. The bifurcation with double-well

potential is described in some detail because it provides insight for the bifurcation of

bounce motion. We present simulations of multiple crossing in double-well potential,

where the central peak of the potential oscillates slowly over a long time scale, and

compare the results with the time series given in Chapter 3.

The slow crossing theory of Chapter 4 predicts that, the action values of an initial

ensemble will be scattered in such a way that the ensemble average of the change is

zero. Therefore, although certain DSB features like sensitive dependence on bounce

phase is verified in the theory, a nonzero average value we observed in the simulations

of Chapter 3 is not explained by it. The basic reason for that incompatibility is

that slow crossing theory is not applicable when the initial action is very small.

Chapter 5 presents another approach that does not have this limitation, based on a

direct solution of the equation of motion, which is converted into the second Painlevé



14

equation. However, unlike the slow crossing theory, this method does not provide a

general solution. The two methods complement each other.

Chapter 6 is the capstone of this study, applying the theory of the preceding two

chapters to the drift-shell bifurcation problem. First, the bounce motion is expressed

in a Hamiltonian form, with the slow change provided by the drift. From this form,

the formula for the second invariant jump is derived, which is valid when the second in-

variant is much larger than the gyroradius. Following that, we utilize the fast-crossing

theory (from Chapter 5) to determine the expression for the second-invariant jump

that holds for small initial values. We demonstrate that the nonzero average value

predicted by this calculation matches the values from the simulations, thus lending

support to the theoretical method. The chapter ends with a section that calculates

the coefficient of radial diffusion due to DSB and compares it to the coefficients due

to other causes of radial diffusion. We conclude that the diffusive effect of DSB can

be comparable to the effect of magnetic fluctuations for MeV-electrons.

Finally, the relatively qualitative Chapter 7 describes how the bifurcation of drift

shells cause the new metastable trapping type. There we also discuss the possibility

of triple bifurcation over certain field lines with quite large second invariant values.

This chapter, as well as Appendix A.1, includes maps of trapping types, where initial

conditions given as equatorial distance and equatorial pitch angle are used to predict

the trapping type of a particle.



Chapter 2

Charged particle motion in the magnetosphere

This chapter provides an overview of the motion of charged particles in magnetic

fields, specifically in the Earth’s magnetosphere. The magnetosphere is a very com-

plicated system, and a very extensive literature is devoted to its study. Here, our

purpose is to give only a short exposition of main concepts, as relevant for further

discussion.

2.1 The magnetosphere

Broadly speaking, “the magnetosphere” of the Earth is the region of space around

the Earth where Earth’s magnetic field dominates other fields.

At the first sight, this definition might appear vague, because usually the ranges of

fields are not clearly set. However, in the presence of plasmas (gases of charged parti-

cles), magnetic fields tend to form cellular structures which are separated by relatively

thin boundaries. Therefore, the magnetosphere is easily recognized as one of those

cells, encapsulating Earth, embedded in the solar wind (Figure 2.1). Other magne-

tized bodies in the cosmos (e.g. the Sun, Jupiter, pulsars, and even some galaxies)

have their own magnetospheres. For a comprehensive introduction to magnetospheric

physics, see Kivelson and Russell [1995].

The cellular structure occurs only because space contains enough plasma that is
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Figure 2.1 A true-to-scale, schematic view of the Earth’s magnetosphere. (By J. Burch,
Southwest Research Institute, San Antonio, Texas, USA.)

free to create currents along the bounding surfaces. In space, plasmas and magnetic

fields go together. This is because of the so-called “frozen-in flux condition”: The

tenuous cosmic plasma is practically a superconductor, thus the magnetic field lines

are “stuck” into the plasma fluid. Plasma flow drags the magnetic field together with

it, or conversely, the magnetic field shoves the plasma around, depending on whether

the plasma or the field is more energetic.

The currents along the boundary shield the inside region from external fields,

therefore the magnetosphere is relatively uniform. The shape of the boundary is

determined from the balance of magnetic and mechanical pressures on both sides.
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Although there are processes that cause the shielding to be imperfect, the leak is

rather small: Only about 0.4% of the solar wind material and 3% of the energy make

their way into the magnetosphere. A well-defined boundary is always observable. The

specific name for this boundary between the magnetosphere and the interplanetary

field is the magnetopause.

In the magnetosphere, the size of the Earth happens to be a natural yardstick,

and the relevant distances are usually given in units of one Earth radius (Re), which

is equal to 6378.137 km (IUGG value of equatorial radius).

The magnetopause is shaped like a paraboloid on the sunward side, but at large

distances away from the Earth (after about 150Re), it becomes cylindrical with an

asymptotic radius of about 30Re. For comparison, the radius of the Moon’s orbit is

about 60Re.

The magnetospheric subsolar point is located on the magnetopause, along the

Sun-Earth line. It lies at about 10Re distance from the Earth, depending on the solar

wind conditions (in a solar storm of typical size, it can retreat to 8Re, or even closer).

In the region that is sufficiently close to the Earth, the perturbation due to mag-

netospheric currents diminish, and the internally generated field of the Earth is the

only significant component, which for our purposes can be approximated as a dipole.

This dipole approximation holds between distances from 1-2 Re up to 5-6 Re.

In order to obtain a steady picture of the magnetosphere, a suitable coordinate
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system must be chosen. A Cartesian frame with the origin at a fixed point, e.g.

the Sun, will not be useful because the internal magnetic dipole of the Earth does

not line up with the axis of rotation. There are many coordinate systems used in

magnetospheric research. In this study we will use one of the most common ones, the

Geocentric Solar Magnetospheric (GSM) system (Figure 2.2), denoted by the triplet

(xGSM, yGSM, zGSM).

zGSM

yGSM

xGSM

to the Sun

D

Earth

Figure 2.2 Definition of GSM coordinate system. The magnetic dipole of the Earth,
indicated with D, lies in the (xGSM, zGSM) plane.

First, we define the xGSM-axis such that it coincides with the line that extends

from the Earth to the Sun. Next, consider the plane that includes this axis and the

magnetic dipole vector of the Earth. The zGSM is defined as the axis that is on this

plane, increasing from south to north, and perpendicular to xGSM-axis. Afterwards,

the yGSM-axis is defined accordingly, so that the whole system is orthogonal and

right-handed.
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Another widely used coordinate is the magnetic local time (MLT), which is in-

tuitive: 00 MLT (also called local midnight) corresponds to the half-plane xGSM <

0, yGSM = 0. Conversely, 1200 MLT, local noon, is the half-plane xGSM > 0, yGSM = 0

on the sunward side of the magnetosphere.

Similarly, local dawn occurs at 0600 MLT, satisfying xGSM = 0, yGSM < 0. Local

dusk at 1800 MLT is the other half of the same plane (xGSM = 0, yGSM > 0).

y
GSM

x
GSM

1200 MLT
(local noon)(local midnight)

00 MLT

0600 MLT
(local dawn)

1800 MLT
(local dusk)

Figure 2.3 Comparison of magnetic local coordinates and GSM coordinates. The zGSM

axis goes out of the page. The vantage point is directly above the North pole.

The scope of this study is limited to particles that move on certain drift shells

(see following sections) which come within about 2Re distance of the magnetopause

on the day side. Within that scope, we will be focusing on a rather narrow region of

the space.

In the innermost region of the magnetosphere, up to 6Re distance, we find the

plasmasphere, a population of particles with very low energies (∼1eV); and the ra-

diation belts, which are much more energetic (∼10keV-100keV) [Wolf, 1995]. Both
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populations are trapped so that the particles make many turns around the Earth be-

fore some other process disturbs their orbit. They usually do not come close enough

to the magnetopause to be the subject of this study, except the outermost particles

in the outer radiation belt.

The magnetotail extends far in the nightside, and contains regions with different

qualities. The magnetotail lobes (Figure 2.1) contain open field lines, that is, lines

which have one end at the Earth, and the other end connecting to the interplanetary

magnetic field. Such a field configuration cannot support the type of trapping we

assume, therefore the tail lobes are out of our scope, too. The tail lobes contain few

particles (less than 0.1cm−1) with low energy, and low plasma pressure.

The plasma sheet is found around the equatorial plane, sandwiched between the

two tail lobes. Compared to the tail lobes, it contains a higher concentration of

charged particles (∼0.1-1 per cm3) with high energies (∼keV). The plasma sheet

is mostly on closed field lines, and such lines can provide the kind of trapping we

need. However, as one goes farther than xGSM < −25Re, the extended field lines may

undergo reconnection that will change their topology.

There is another reason for limiting ourselves to the middle range: We concern

ourselves with particles which are able to reach the dayside of the magnetosphere

without any disruption of their drift. When the particle starts too far into the tail, it

will drift over a wide arc that ends at the dawn- or dusk-side magnetopause. There
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the particle will be subject to a different kind of dynamics dictated by the local field.

Then, by elimination, we see that this study is limited to the particles that are

located in the middle magnetosphere: The region that contains the outermost part of

radiation belt particles, and the inner part of plasma sheet particles. Spatially, these

particles approximately occupy the region −25Re < xGSM < 12Re (about the same

volume shown in Figure 2.1), excluding the spherical region with radius 6-7Re. These

limits are not strict, but dependent on the solar wind conditions that compress the

magnetosphere.

2.2 Motion of charged particles in magnetic fields

The dynamics of particles under the influence of magnetic fields displays a rich

variety of motion types. Here we give a partial description of this variety, stressing

the elements that are relevant in the discussions of later chapters.

For conceptual convenience, it is best to start by analyzing particle motion under

a magnetic field that is uniform in space and constant in time. We also disregard any

electric fields. Then, the so-called Newton-Lorentz equation of motion becomes:

dp

dt
= qv × B (2.1)

where p = γmv is the mechanical momentum and γ ≡ (1−v2/c2)−1/2 is the relativistic

factor. Because the magnetic field vector B provides a natural reference line, we

split the velocity vector into two components, one parallel to the field line and one
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perpendicular to it. Then, in the parallel direction, we have:

γm
dv||
dt

= 0 (2.2)

The right-hand side is zero because v × B is always perpendicular to B. Therefore,

any motion along the field line is unaffected by the magnetic field. From now on,

whenever the qualifiers “parallel” and “perpendicular” are used alone, they refer to

directions with respect to the magnetic field line at a specific point.

The factor γ, which is a function of speed, is a constant of motion. A purely

magnetic field does not change the speed of a particle because the magnetic force

v × B is perpendicular to v.

The perpendicular equation of motion is:

dv⊥
dt

=
q

γm
v⊥ × B (2.3)

Some trivial manipulation shows that this equation describes a circular path on

the plane which is perpendicular to the magnetic field vector. The angular frequency

of the motion is

Ω =
qB

γm
(2.4)

(Ω is negative for electrons, which means that they revolve in the opposite sense as

protons), and the radius of the perpendicular circle is given by

ρ =
γmv

|q|B (2.5)

These quantities are called gyrofrequency and gyroradius, respectively. When we add

the constant-speed parallel motion to this circular perpendicular motion, the result is
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a helix. Figure 2.4 gives an example of this helical motion of a proton and an electron,

both of which have the same initial velocity. In the figure, the electron’s motion is

magnified for clarity; the actual electron gyroradius is smaller than that of proton by

a factor of me/mp ≈ 5 × 10−4. Also, the electron helix is much more tightly wound

due to higher gyrofrequency. The parallel distance covered by the electron within one

gyrocycle is smaller than that by the proton by the same factor me/mp. Note that

the two particles rotate in opposite senses; the vector Ωe is parallel to B, and Ωp is

antiparallel to it.

H+ e− 

B B 

Figure 2.4 Helical gyromotion of charged particles in a uniform magnetic field. Left:
A proton, right: an electron (orbit exaggerated for clarity). Both have the same initial
velocity.

In more interesting problems, the fields are not uniform, not constant and not

only magnetic. However, this freshman-level exercise was not entirely futile: the

gyrofrequency Ω and the gyroradius ρ provide natural units against which other
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effects can be measured.

Throughout this study we treat the electrons and ions as test particles. We dis-

regard any modification of the background field by the motion of particles. This is

in contrast with the more precise self-consistent approach, which takes into account

the reduction of the field by the gyromotion. Although the cumulative effect of large

populations may have a significant effect on the background field, this study considers

single particles only, thus the reduction is negligible. Another ignored effect is the

loss of energy due to cyclotron radiation; magnetospheric fields are too weak for that

effect to be perceptible.

The pitch angle α is commonly used in the description of particle trajectories. It

is defined as the angle between the velocity vector and the magnetic field vector:

α = arccos
(

v||
v

)

(2.6)

For constant and uniform B, the pitch angle remains constant. Note that α is larger

than 90◦ when v|| < 0.

We now turn to the effects of spatial and temporal variations in the background

magnetic field on the motion of charged particles. In general, arbitrarily complicated

fields may create complex orbits beyond imagination. However, when we consider

relatively smooth fields, with variations that are perceptible only over large distances

and over long times, certain averaging operations can be used to simplify calcula-

tions. Here, “large” and “long” are in reference to the gyroradius and the gyroperiod,
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respectively, which constitute the natural scale of the particle motion. In symbolic

terms, we require:

ρ
|∇B|
B

¿ 1 (2.7)

and
1

ΩB

∂B

∂t
¿ 1 (2.8)

Intuition suggests that under these conditions, the gyro-structure of the particle

motion will not be broken, but only perturbed. The resulting orbit is not a cylindrical

helix, but a helix that drifts according to the field geometry and external fields.

In this study we will consider only drifts under static magnetic fields. In reality,

the effects due to electric fields and time-dependent magnetic fields are not necessarily

negligible, especially when they cause diffusion of trapped particles. However, this

study presents a diffusion mechanism which, in contrast to other mechanisms that

require time-dependent electric and magnetic fields, acts under a static magnetic field.

Figure 2.5 shows the simulated motion of a positively charged particle under the

effect of a dipolar field. The picture verifies our intuition: The particle orbit goes up

and down, and sideways, but always in a helix.

The problem of charged-particle motion around a magnetic dipole is known as the

Størmer problem, after the Norwegian mathematician Carl F. Størmer who started

investigating it as early as 1904 [Størmer, 1955]. This problem is of great importance

for investigating phenomena near the Earth, like the ionosphere, aurorae and the
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x

y

z

Figure 2.5 Generic picture of a (positively) charged particle motion around a magnetic
dipole, located at the origin and directed in +z-direction. The particle starts on the x-axis,
with 45◦ initial pitch angle. Axes are deliberately left unmarked, to indicate the scalability
of the motion around a dipole.

radiation belts because the dipole is a very good approximation to the actual field

of the Earth up to a distance of a few Re. However, one must be content with

numerical solutions, because the charged particle motion around a dipole is not an

exactly solvable problem, in the sense that, e.g., the Kepler problem is solvable [Dragt

and Finn, 1976].

The concept of the guiding center serves to simplify the mechanical description of

the Størmer problem. The guiding center is the average of the particle’s position in

one gyroperiod, whenever the gyromotion is defined.

Consider the equation of motion again, assuming a static (but not uniform) mag-

netic field:
γmr̈ = qṙ × B(r) (2.9)

In order to determine the motion in a nonuniform field, we follow Northrop [1963]

and express the position r of the particle as the sum of the guiding-center position
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R and the vector ρ from the guiding center to the particle position (Figure 2.6).

Because of our assumptions (2.7)-(2.8), it holds that |Ṙ| ¿ |ρ̇|. Therefore, we

express the right-hand side as the first term of a Taylor expansion around the guiding

center.
R̈ + ρ̈ ≈ q

γm

{

(Ṙ + ρ̇) × [B(R) + (ρ · ∇)B(R)]
}

(2.10)

e2 e1

center
Guiding

R

Particleρ

r

B

b

Figure 2.6 The guiding center and the gyromotion. Adapted from Northrop [1963].

At the guiding center, we define the unit vectors e1 and e2, such that e1, e2 and

b (the direction of the field at that point) form an orthonormal set. Then ρ can be

expressed as
ρ = ρ cos(Ωt)e1 + ρ sin(Ωt)e2 (2.11)

to the approximation required here. The first and the second time derivatives of

ρ are also linear combinations of trigonometric functions. Therefore, the equation
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of motion can be simplified by averaging over one gyrocycle, hence eliminating the

gyromotion. After some algebraic manipulation (for details, see Northrop [1963]), one

obtains the following guiding-center equation of motion:

R̈ =
q

γm
Ṙ × B(R) − qρ2Ω

2γm
∇B(R) (2.12)

This equation can be solved iteratively, up to first order. Taking the cross product

of both sides with the magnetic field gives the equation of perpendicular drift, and

taking the dot product gives the equation of parallel motion.

Skipping algebraic steps, we present the velocity field in the perpendicular direc-

tion:

V d =
b

qB
×
[

γmv2
⊥

2B
∇B + γmv2

||
∂b

∂s

]

(2.13)

The vector field V d gives the displacement of the guiding center perpendicular to

the magnetic field lines at given point in space. The first term in the expression is

proportional to b ×∇B, therefore it is called the gradient drift. When the particle’s

parallel speed is negligible, this drift becomes dominant and the guiding center of the

particle follows the contour of constant B.

From a kinematic point of view, gradient drift exists because along its cyclic

orbit the particle experiences different field strengths, and therefore its instantaneous

gyroradius varies. This variation results in a cycloidal sideways drift. The second

term of V d is proportional to ∂b/∂s, where s is the arclength along the field line.
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Alternatively, the same directional derivative can be expressed as

∂b

∂s
≡ (b · ∇)b (2.14)

This vector, which gives the rate of change of the field direction as one proceeds along

the field line, is related to the curvature of the field line (its magnitude is the inverse

of the radius of curvature), therefore this term describes the so-called curvature drift.

When the field is curl-free (∇×B = 0), which happens when there are no currents

at the particular point of evaluation, it holds that [Roederer, 1970]:

∇⊥B = B
∂b

∂s
(2.15)

which can be used to manipulate (2.13), resulting in:

V d =
γm

2qB2

(

v2
⊥ + 2v2

||
)

b ×∇⊥B (2.16)

Using the definition of the pitch angle α, we see that cosα = v||/v, and thus:

V d =
γmv2

2qB2

(

1 + cos2 α
)

b ×∇⊥B (2.17)

This combined velocity, called the gradient-curvature drift, is the only significant drift

for our purposes.

Going back to the guiding center equation of motion (2.12), and evaluating the

dot product with b gives the parallel equation of motion:

dv||
dt

≡ d2s

dt2
= − v2

⊥
2B

∂B

∂s
(2.18)

At this point, it is useful to introduce µ, the magnetic moment :

µ ≡ mγ2v2
⊥

2B
(2.19)
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In the next section we will show that, under the conditions of our analysis, µ is

constant to a good approximation. Although v2
⊥ and B are both functions of time

and position on the field line, their ratio happens to be constant. Then, all factors

can be included inside the derivative:

d2s

dt2
= − ∂

∂s

µB(s)

γ2m
(2.20)

which shows that the quantity µB(s)/γ acts like a potential energy in the parallel

direction. The negative sign indicates that the parallel motion is accelerated toward

points with low field strength. During the bounce motion, the kinetic energy is

exchanged between parallel and perpendicular motions, because v2 = v2
⊥ + v2

|| is

constant.

Suppose the particle is initiated at some point on the field line where the field

intensity is B0. The initial direction of the particle is the pitch angle α0 given by

α0 = arccos(
v||,0
v

). Then, from conservation of energy and µ, it follows that

sin2(α(s))

B(s)
= constant =

sin2(α0)

B0

(2.21)

In fields that are exactly or approximately dipolar, B(s) is stronger near the origin.

Therefore, as the parallel bounce motion proceeds to higher field intensities, sin2 α(s)

must increase. The sine function cannot increase above the value of one, therefore

there comes a point where the parallel motion is instantaneously at rest and then

“falls” back. This point is called the mirror point. The field strength Bm at the
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mirror point, called the mirror field, is given by:

Bm =
B0

sin2 α0

(2.22)

The mirror effect is the basic idea behind the magnetic bottle concept, where a

magnetic field is used to confine hot plasma in laboratory. Of course, real magnetic

bottles need to be more complicated than a dipole, owing to the numerous types of

instabilities in fluid plasma.

The mirror field is one of the key quantities for the analysis presented in this

thesis, and we will refer to it frequently. In a purely magnetic field where the energy

of the particle does not change, the mirror field is a constant of the motion (to the

extent that the magnetic moment µ is a constant).

A particle that has mirror field Bm can exist only where the field strength is less

than Bm; otherwise its pitch angle would have to be imaginary.

2.3 Theory of adiabatic invariants

In the preceding section we mentioned that, during the particle’s motion, the

magnetic moment µ stays approximately constant, even though the magnetic field

is not uniform. This property is not an isolated curiosity, but a result of adiabatic

invariance. Here, the qualifier “adiabatic”, borrowed from thermodynamic theory,

indicates that the changes in the field are made very slowly; that is, within one

period of motion, the fractional change in the particle’s Hamiltonian function is very
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small. Under such circumstances, there exists an adiabatic invariant whose fractional

change is even smaller.

The theory of adiabatic invariants is based on Hamiltonian dynamics. We will use

the basic results of this theory without explaining them in detail. For the skipped

details, the reader can consult Goldstein [1980] and Hand and Finch [1998]. The

classic text by Landau and Lifshitz [1976] presents a more concise and advanced

discussion of the subject.

We will first consider a one-dimensional system whose parameters do not depend

on time. Let q(t) be the generalized coordinate, and p(t) be the momentum conjugate

to q. We assume that the system of focus obeys the Hamiltonian equations of motion:

dq

dt
=

∂H

∂p
(2.23)

dp

dt
= −∂H

∂q
(2.24)

where

H(q, p) =
p2

2m
+ V (q) (2.25)

is the (nonrelativistic) Hamiltonian function, and V (q) is the potential energy of the

system.

Furthermore, we assume that q(t) and p(t) are periodic in time; therefore the

phase-space path (q(t), p(t)) is a closed curve which satisfies the relation H(q, p) = E,

where E is a constant (Figure 2.7). Our only requirement is that the motion should

be periodic; its path can be as complicated as we like. We will now try to simplify
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this problem by means of canonical transformations.

q

p

H(q,p)=E

Figure 2.7 Periodic motion is a closed path in phase space.

The simplest periodic motion is the harmonic oscillation, where the frequency and

amplitude are constants. If we could find a “magical transformation” to convert an

arbitrary periodic motion into a the harmonic one, the problem would significantly

simplify.

Let (ψ, J) denote this new set of dynamical variables, where ψ is the new gener-

alized coordinate and J is the new conjugate momentum (we momentarily skip the

question of determining the explicit transformation). Also, let K(ψ, J) be the trans-

formed hamiltonian. Because we used a canonical transformation, the Hamiltonian

equations of motion keep their symplectic form, so that:

ψ̇ =
∂K

∂J
(2.26)

J̇ = −∂K
∂ψ

(2.27)
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We design the transformation such that J is constant. Then, ∂K/∂ψ = 0 and

therefore K is a function of only J .

As an equivalent point-of-view, suppose we transform the system such that the

hamiltonian K is free from ψ coordinate, and only depends on J . Then, the constancy

of J will follow from the time-independence of K.

The time derivative of ψ is then a function of only J , and therefore constant.

We associate ψ with the phase angle of a harmonic oscillation, whose frequency is

constant. Then, ψ(t), called the angle variable, increases linearly in time:

ψ(t) = ν(J)t+ ψ0 (2.28)

The other dynamical variable J is called the action variable. It is usually abbre-

viated as “the action”, even though it might be confused with another quantity of

the same name (that is, the time integral of the Lagrangian function over the path

of the system). For the remainder of this study, there is no danger of such confusion,

so we will freely use the name “action” for the variable J .

Although we have established that J is constant in time and ψ is linear in time, we

have not expressed them in terms of the old variables (q, p). Formally, the transfor-

mation can be done using a generating function F1(q, ψ). This functional dependency

is categorized as “F1-type”, which is one of the four possible types that depend on

old and new variables in different combinations. From the basic rules of the F1-type
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generating functions, it holds that:

dF1 = p dq − J dψ (2.29)

Let us integrate this differential over one period of motion:
∮

dF1 = 0 =
∮

p dq − J∆ψ (2.30)

The function F1 is periodic in ψ, therefore it integrates to zero. The action J is

constant, so the second term on the right-hand side evaluates to J∆ψ. By analogy

to geometrical angle, ∆ψ is usually set to 2π, but here we will set it to 1. Then:

J =
∮

p dq (2.31)

Because of the time-independence, the canonical transformation preserves the value of

the hamiltonian, so H(q, p) = K(ψ, J) = E. In practice, the J-integral is evaluated

by solving for p from H(q, p) = E. Geometrically, J is the area enclosed by the

trajectory in the phase space spanned by (q, p).

The literature is divided upon the definition of J : Many papers and textbooks

include a factor of 1/2π multiplying the integral, which is equivalent of setting the

range of the angle variable to 2π. On the other hand, the above definition is more

common in the literature of plasma physics and space physics. In addition, choosing

the angle range as 1 instead of 2π is arguably a more reasonable normalization as it

avoids factors of π floating around clumsily.

In some simple cases the generating function can be written down explicitly. When

that cannot be done, action-angle variables continue to be useful because they allow
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us to determine the frequency of the motion without actually solving the equations:

ψ̇ ≡ ν(J) =
1

τ(J)
=

dE(J)

dJ
(2.32)

Alternatively, if we choose not to invert J(E), the period is given by:

τ(E) =
dJ(E)

dE
(2.33)

Goldstein [1980] provides some examples of how the action-angle method is applied

to various periodic systems, where the hamiltonian is simple enough so that the

function J(E) can be determined in closed form.

When the hamiltonian is dependent on time by means of a parameter λ(t), the

generating function F1 will also depend on time. Then the new hamiltonian will be:

H ′(ψ, J ;λ(t)) = H(J ;λ(t)) + λ̇
∂F1(ψ, J, λ)

∂λ
(2.34)

If we assume that λ(t) is a slowly varying function so that λ̇ ¿ 1, the second

term becomes a small perturbation. Specifically, we require that the change within

one period of motion is small:
τ(λ)

λ

dλ

dt
¿ 1 (2.35)

Here it should be noted that the period τ is evaluated at a constant (“frozen”) value of

λ. Under this condition the problem can be solved perturbatively. To that end, Gard-

ner [1959] describes a successive-transformations recipe: Transforming the hamilto-

nian into action-angle variables gives:

H ′(ψ0, J0;λ) = H0(J0;λ) + λ̇H1(ψ0, J0;λ) (2.36)
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which is in the same form as (2.34). The subscript ‘0’ indicates that the quantities are

of the lowest order in the perturbation series. By means of another transformation,

which will be nearly the identity transform, we get:

H ′′(ψ1, J1;λ) = H0(J1;λ) + λ̇H1(J1;λ) + (λ̇)2H2(ψ1, J1;λ) (2.37)

Successive transformations give further corrections such that Jn is invariant to

order λ̇n+1. However, higher-order corrections are usually too complicated to work

out, and for most purposes the adiabatic invariant is approximated by the action

J =
∮

p dq.

We will now present the important result that the action, when averaged over one

cycle, is constant to second order in the perturbation parameter λ̇. Proofs of this

adiabatic theorem can be found in many references, including Landau and Lifshitz

[1976] and Hand and Finch [1998]. Here we follow Goldstein’s [1980] brief and neat

proof:

Consider the hamiltonian (2.34) which is a function of action-angle variables. The

variables ψ and J are still a canonical pair, but J is not a constant because the second

term depends on ψ. The time derivative of J is given by the Hamiltonian equation:

J̇ = −∂H
′

∂ψ
= −λ̇ ∂2F1

∂ψ∂λ
(2.38)

Note that F1 depends on ψ and J , which in turn depend on the original variables

q and p; therefore, J̇ oscillates with the same period τ . In order to find the secular
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variation, we should consider the average of J̇ in time:

〈

J̇
〉

= − 1

τ(λ)

τ(λ)
∫

0

λ̇
∂2F1

∂ψ∂λ
dt (2.39)

Supposing that λ̇ changes little within one period of motion, we approximate the

integral by:

〈

J̇
〉

= − λ̇

τ(λ)

τ(λ)
∫

0

∂2F1

∂ψ∂λ
dt+ O(λ̇2, λ̈) (2.40)

The function F1 is periodic in ψ, so it can be expanded in a Fourier series:

F1(ψ, J, λ) =
∑

k

Ak(J, λ)ei2πkψ (2.41)

Substituting into the expression of
〈

J̇
〉

, we have

〈

J̇
〉

= − λ̇

τ(λ)

τ(λ)
∫

0

∑

k 6=0

i2πkAk(J, λ)ei2πkψ dt+ O(λ̇2, λ̈) (2.42)

(Here it should be noted that ψ is linear in time, with ψ = t/τ(λ).) We see that all the

terms in the integrand are trigonometric functions, with no constant term. Therefore

the integral evaluates to zero, and the average change of the adiabatic invariant turns

out to be an order lower than the change in the hamiltonian:
〈

J̇
〉

= O(λ̇2, λ̈) (2.43)

As an illustration, let λ = 10−3t. Then, we expect some significant change in the

hamiltonian around time λ̇−1τ = 1000τ . However, the result we just proved shows

that the action takes a much longer time to change appreciably, about 106τ . So, the

action is a very good approximation to the adiabatic invariant, as long as the slow

variation condition (2.35) holds.
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Under suitable conditions, this approximation can be even better (Henrard [1993],

and references within). For example, consider the case that λ(t = −T ) and λ(t = +T )

are separate constants, i.e., all temporal derivatives of λ vanish at both limits. Here,

T is a real number that is sufficiently large so that T À τ holds. Essentially, T is the

time scale in which the parameter λ changes (Figure 2.8).

λ(−Τ)

λ(+Τ)

−T +T
t

λ

Figure 2.8 One possible time variation of parameter λ. Adapted from Henrard [1993].

Under these circumstances, the difference between initial and final actions scales

as:
J(+T ) − J(−T ) ∼ e−T/τ (2.44)

Noting that τ/T is of the same order as τ
λ
λ̇ above, we see that the approximation is

good for any power of the perturbation parameter. However, for intermediate times

(−T < t < T ), this exponential scaling does not hold because the derivatives of λ are

not zero.

The theory of adiabatic invariants, although based on the mathematical physics of

the nineteenth century, was not fully developed until the twentieth century. Hund [1974]
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reports that the adiabatic theorem (invariance of the action to high order) was em-

ployed by Boltzmann in 1866 and Clausius in 1871 in the context of thermodynamics;

however, the action variable did not enjoy widespread popularity until 1910’s. Accord-

ing to some anecdotes [Goldstein, 1980], the dynamics of a variable-length pendulum

was one of the subjects discussed in the first of the famous Solvay conferences, in

1911, where Einstein claimed that the ratio of the energy to the frequency (which is

the pendulum action) remains constant if the pendulum’s length is changed infinites-

imally slowly. During the period of “old quantum theory” (roughly between 1914

and 1922), it was hoped that action-angle variables would provide a way to deter-

mine the discrete quantum levels from a classical solution. In light of the observation

that the energy level of a quantum system does not change under slow changes in

the background field, the adiabatic invariance of action was seen as a viable candi-

date for the quantization. Later it was shown that this semiclassical treatment led

to “absurdities” (as Hund [1974] puts it), and gave way to the wave mechanics and

matrix mechanics. (Even then, firm connections to classical mechanics remained:

Schrödinger’s equation is nothing but the Hamilton-Jacobi equation, which in turn

is closely related to action-angle variables.) For more information, the reader can

consult Mehra and Rechenberg ’s [1982] detailed account of the evolution of quantum

physics. For a more thorough explanation of the links between classical mechanics

and quantum mechanics, we recommend the one-of-a-kind book by Park [1990].
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Adiabatic invariants underwent a reemergence in the 1950’s when their applica-

bility to plasma physics became evident. The idea is successfully applied to fusion

plasmas as well as to cosmic plasmas, and later taken up by students of celestial

mechanics. The review by Henrard [1993] gives extensive theoretical background in

the theory of adiabatic invariants and lists various applications, mainly in the field

of celestial mechanics. Henrard also discusses in detail the recent developments like

adiabatic crossing of a separatrix in the phase space (which we cover in Chapter 4).

2.4 The three invariants of charged particle motion

The theory of charged particle motion, described in Section 2.2, reveals that there

are three different types of motion: The helical gyromotion around the field line, the

back-and-forth bounce motion along the field line, and a net drift (averaged over the

gyromotion) that is perpendicular to the field line. The previous section illustrated

that for a periodic motion a corresponding action variable can be defined, and the

action is approximately constant in the presence of small perturbations. This section

defines the action variables corresponding to the periodicities of the motion of a

magnetospheric particle and describes the uses of the associated conservation laws.

2.4.1 The first invariant

On the “microscopic” level of gyromotion, the particle follows a perturbed helix.

This perturbation comes from the parallel bounce motion and the perpendicular drift



42

motion, which carry the particle to regions with different magnetic field strengths.

The condition for small perturbations is that the ordering parameter ε is small, which

can be defined as:
ε ≡ ρ

B
|∇B| ¿ 1 (2.45)

Physically, the condition says that the length scale |∇B| /B of the field variations

is much smaller than the gyroradius. This condition is equivalent to the assump-

tion (2.7) we imposed while developing the guiding-center equations of motion. There

is a close connection between averaging methods and adiabatic invariants. The mono-

graph by Lochak and Meunier [1988] provides a rigorous treatment of this connection.

We calculate the action over the “frozen” system, where all the variations are

turned off and the parameter values (e.g. the field vector) is fixed. Then, the motion

can be approximated, to lowest order in the perturbation series, by the cylindrical

helix described in Section 2.2.

Under electromagnetic fields, the canonical momentum that is conjugate to spatial

coordinates is given by:
p = γmv + qA (2.46)

where A is the vector potential such that B ≡ ∇× A. Note the difference from the

mechanical momentum γmv.

In the helical gyromotion, only the perpendicular motion is periodic. The parallel

motion, to the lowest approximation employed here, has uniform velocity, so the

action cannot be defined for it. The bounce motion, which exists in longer time scales,
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is ignored here and will be treated in the next subsection. The action associated with

the circular motion in the plane locally perpendicular to the field line is then:

J1 =
∮

C
(γmv + qA) · d` (2.47)

where d` is the line element of the perpendicular path C (Figure 2.9).

dl
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S

α

ld

v B

Figure 2.9 Diagram for the calculation of the first invariant.

In terms of the pitch angle α, defined as the angle between the velocity and the

magnetic field vectors, the dot product v · d` equals v sinα. In accordance with the

approximation, B, and hence α, are considered constants, and the first term can be

taken out of the integral. Then:

J1 = 2πργmv sinα + q
∮

C
A · d` (2.48)

where ρ is the gyroradius. By Stokes’ theorem, the integral in the second term can

be written as: ∮

C
A · d` =

∫

S
∇× A · dσ (2.49)

where S is the area inside the closed curve C. We substitute back B ≡ ∇×A, which

is a constant vector within the adiabatic approximation. The differential B · dσ is
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equal to −sgn(q)B dσ, because the area element is parallel to B for an electron and

antiparallel to it for an ion. With all these substitutions, we get:

J1 = 2πργmv sinα− |q|πρ2qB (2.50)

Using the expression (2.5) for the gyroradius, the action reduces to:

J1 =
πγ2m2v2 sin2 α

|q|B (2.51)

Traditionally, the first adiabatic invariant is called µ, and defined as:

µ ≡ p2
⊥

2mB
=
γ2mv2 sin2 α

2B
(2.52)

This quantity is also called the magnetic moment, because in the nonrelativistic limit

(γ → 1), µ is the magnetic moment of a current loop defined by the particle’s gyro-

motion. There is no relativistically-correct name for the first invariant; so we will call

µ the magnetic moment even when γ is not equal to one.

In the context of this thesis, the fields are purely magnetic and the speed v of the

particle is constant. Then, the conservation of µ is equivalent to:

B

sin2 α
= constant (2.53)

along the motion of the particle. Therefore, where the field is strong, sin2 α must

be larger and the particle follows a tighter spiral, and vice versa. However, sin2 α

cannot become larger than one; this condition puts a limit to where the particle can

be found. There exists a point with field strength Bm at which α = π/2. This basic

implication of the first invariant leads to the mirror effect, as explained in Section 2.2.
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As a special case of initial conditions, consider a particle that is initiated with π/2

pitch angle (initial velocity is purely perpendicular) at a point where ∂B
∂s

= 0. Then,

by equation (2.18) of parallel motion, the acceleration in the direction of the field line

at that point is zero. Because the initial parallel velocity is zero, too, it follows that

the particle does not move in the direction of the field. However, the perpendicular

drift is still present.

When there is no parallel motion, the pitch angle remains at the constant value

of π/2, so that sin2 α = 1. Therefore the conservation of the first invariant implies

that the guiding center of the particle drifts along the curve given by B = Bm, which

resides on the two dimensional surface satisfying ∂B
∂s

= 0. In a magnetospheric model,

when the tilt angle of the earth dipole is zero, this surface is the equatorial plane

itself, so such particles are called equatorial. They follow the contours of constant

B on the equatorial plane, which also can be inferred from expression (2.17) for the

drift velocity, by setting α = π/2. The vector is perpendicular to ∇B, and hence,

follows a contour of constant B.

2.4.2 The second invariant

When the field strength B varies along a field line, the guiding center that is

locally on this field line experiences a parallel acceleration. We are interested in the

geometries where this parallel acceleration creates a periodic motion along the field

line. The turning points of this periodic motion are called the mirror points.
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In the discussion of the second invariant, we will mainly think in terms of the

guiding-center picture, whose validity requires the first invariant. We will henceforth

assume that the adiabaticity conditions are met and µ is approximately an adiabatic

invariant.

The motion of the guiding center consists of the parallel bounce component and

the perpendicular drift component. During one bounce, the drift will carry the guid-

ing center across field lines. This fact introduces a time dependence to the bounce

problem. However, the drift time scale is typically much larger than the bounce time

scale. Therefore, within one bounce the perpendicular drift is negligible and the time

variation is a small perturbation. Then, proceeding in the spirit of the adiabatic

theorem, we calculate the bounce action by freezing the time dependencies.

Freezing the time dependency means that the bounce action integral should be

evaluated as if the particle is exactly following a guiding field line that passes through

the instantaneous location of the guiding center (Figure 2.10).

The action J2 associated with the parallel bounce motion is given in general terms

by:

J2 =
∮

p · b ds =
∮

(

γmv||(s) + qA · b
)

ds (2.54)

where s is the path length along the guiding field line. We can use Stokes’ theorem

to evaluate the second term:
∮

A · b ds =
∫

B · dσ = 0 (2.55)
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Guiding center

Guiding center path

Guiding field line

Drift motion

Figure 2.10 The path of the guiding center (dashed) is an oscillation along the field
lines superposed to the drift.

The result is zero because, within the approximation, the bounce path retraces itself

and the area inside the closed curve is zero.

As for the first term, we use v||(s) = v cosα(s). Using the first invariant, the

cosine of the pitch angle can be written as:

cosα =
√

1 − sin2 α =

√

1 − B(s)

Bm

(2.56)

So finally:

J2 =
∮

γmv

√

1 − B(s)

Bm

ds (2.57)

The action J2 is the approximation to the adiabatic invariant for the bounce

degree-of-freedom. We will always be approximating the adiabatic invariant (which

is an infinite power series in the perturbation parameter) with the action. Therefore,

for brevity and for conformity with the literature, the term “adiabatic invariant” will

henceforth signify the appropriate action variable.
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The second invariant is usually denoted by the symbol J . When the kinetic energy

is conserved, γ and the speed v can be taken out of the integral. Then, the quantity

I, defined as:

I ≡ J

2γmv
=
∫ sm2

sm1

√

1 − B(s)

Bm

ds (2.58)

can be used as the second invariant. This quantity has the advantage of being purely

geometric; it does not depend on the dynamical details of the particle. The limits of

the integral are the mirror points (sm1, sm2), which satisfy B(sm1,2) = Bm.

2.4.3 Drift shells

A drift shell is a two-dimensional geometrical surface over which the guiding-

center drift takes place. Just as the guiding line is the geometrical bounce path of

the guiding center, the drift shell is the geometrical drift path of the guiding line

(Figure 2.11).

Guiding
line 1

Guiding
line 2

Locus of
mirror pointsdrift

Figure 2.11 Geometric view of a drift shell. A particle that bounces on line 1 at a
given instant drifts along the shell, and ends up bouncing on line 2 after some time.

The first two invariants exist when the particle’s motion is adiabatic. Then, the
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geometrical drift-shell surface satisfies µ =constant, J =constant. When the field is

static and when there are no external forces (which is the case we investigate in this

study), these two conditions are equivalent to

Bm = constant (2.59)

I = constant (2.60)

These conditions are purely geometric; they do not depend on the instantaneous

position and velocity of the guiding center. Therefore, the geometrical surface of the

drift shell can be computed from the magnetic field information only. The shell surface

is independent of the particle’s mass, charge or energy; those properties matter only

in the consideration of how fast the drift proceeds along the shell. In the case where

perpendicular forces exist, Roederer [1970] lists other conservation relations that need

to be used instead of the one above.

Note that a drift shell is the result of averaging over the bounce motion. There

are infinitely many initial conditions for the motion on the same drift shell. Each

of these initial conditions corresponds to a different bounce phase. The drift-shell

picture discards any effect that might depend on the bounce phase, just like the

guiding-center picture discards any gyrophase-dependent effect.

The subject of this study, the bifurcation of drift shells, has effects that depend on

bounce phase. When the particle drifts to the neigborhood of the bifurcation line (a

special guiding line, with three mirror points), it acquires a different second invariant;
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that is, it is transferred onto another drift shell. The details of this process, as we

shall see, is sensitively dependent on the bounce phase. Therefore, the drift-shell

formalism will be sparingly used in this study. However, far from the bifurcation line,

the drift shell is still a useful way to think about the drift motion.

Among two drift shells with common Bm, the one with larger I will be located

farther from the Earth. To see that, consider the schematic diagram in Figure 2.12.

B=Bm

I1
I2

B m

B(s)
1−

m,1−s m,1 s m,2 s
m,2−s

E

2

1

1
2

s

Figure 2.12 Left: Two guiding field lines belonging to two drift shells with second
invariants I1 and I2, and common mirror field Bm. Right: The comparison of the integrands
of I1 and I2 over their respective guiding lines.

The mirror point distance |sm,2| of line 2 is larger than that of line 1, because

line 2 extends farther from Earth and farther from the mirror surface B = Bm. For

simplicity, we assume symmetry with respect to the local minimum point of B(s),

which we take as the origin of s.

The integrand of I is
√

1 −B(s)/Bm, which is a unimodal function with a maxi-

mum at s = 0 (the location of the minimum of B(s)). The value B1(s1 = 0) is larger

than B2(s2 = 0) because line 1 is nearer to Earth (magnetic field strength falls off
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rapidly with distance). Therefore the peak of the line-1 integrand is lower than the

peak of the line-2 integrand.

Combining these two observations, we conclude that the integrand curves of the

two field lines should be in the configuration given in the right panel of Figure 2.12.

Hence, the area under curve 2 is always larger than the area under curve 1, and

I2 > I1 holds. For this conclusion we assumed that the mirror fields are the same,

and that the strength of the magnetic field falls off monotonically.

Therefore, if the second invariant of a drifting particle increases while keeping Bm

constant (that is, µ and E must remain constant), the drift shell moves farther away

from the Earth. The subject of this study, drift-shell bifurcation, keeps Bm constant

but changes I, and thus creates a radial displacement of the drift shell at discrete

points.

Another important effect is shell splitting : Suppose two guiding-centers are initi-

ated at the same position (same guiding line) with the same speed, but different pitch

angles. By equation (2.17), the drift velocity depends on the pitch angle, therefore

the drift shells, which were tangent at the initial guiding line, will diverge.

When the magnetic field has azimuthal symmetry (like a dipolar field), drift shells

do not split. All pitch angles follow the same degenerate shell.

The two extreme cases of splitting are easy to analyze: When α → 90◦, the

drift shell follows the contour of constant B on the “equatorial” surface, as explained
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before. (“Equatorial” denotes the surface of points satisfying dB(s)/ ds = 0. In

a model where tilt angle of the Earth dipole is zero, this surface reduces to the

geographic equatorial plane.)

In the other extreme where α → 0, Bm goes to infinity and the motion is a very

long bounce along the field line (assuming that the particle is not absorbed by the

atmosphere). In this limit the second invariant is the field line length itself:

lim
α→0

I =
∫ sm

−sm

ds (2.61)

Therefore, a particle with (almost) zero pitch angle (thrown parallel to field lines)

follows the contour of constant field line length on the “equatorial” surface.

How do the drift paths of those two extreme cases relate to each other? On the

day side, the magnetosphere is “squeezed” with the magnetic pressure of the solar

wind. Then, the field at point xGSM = |a| at local noon is stronger than the field at

point xGSM = −|a| at local midnight. Therefore, the equatorial contour B = Bm (the

drift path of the α ≈ π/2 particles) extends farther out on the dayside than it does

on the nightside.

For α ≈ 0 particles, consider an initial guiding line going through xGSM = −|a|

on the night side. Because the field lines are elongated by the pressure on the day

side, the guiding line at the local noon with the same length will pass through an x-

coordinate that is less than |a|. Therefore, the equatorial drift path of α ≈ 0 particles

is closer to Earth on the day side than on the night side.
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With that, we can draw a schematic diagram of splitting of these two extremal

drift shells, both starting at a point at local midnight (Figure 2.13). Note that the

bounce motion (not shown) is perpendicular to the paper.

GSMY

GSMX

α 0 =π / 2

α 0 =0

Figure 2.13 Schematic equatorial view of splitting of two drift shells with initial pitch
angles α0 = 0 and α0 = π/2. Both particles start at the same location at local midnight.

All drift paths with intermediate pitch angles are found in the region between

these two extremal paths. In the diagram, the path of the equatorial drift engulfs the

path of the zero-pitch-angle drift. This spatial relation may be different with other

initial conditions, as shown in Figure 2.14.

2.4.4 The third invariant

For completeness, we present the one remaining periodicity and the associated

adiabatic invariant, although we are not going to use it in further discussion.

The drift motion is the last and slowest periodicity. If the field is static, and if the

drifting particle has not violated the second invariant, the particle will return to the
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GSMY

α 0 =0

α 0 =π / 2

GSMX

Figure 2.14 Same as Figure 2.13, but now both particles start at local noon.

initial guiding line and the drift shell will be a closed ring. If, instead, the magnetic

field is modified on a time scale much larger than the drift period (for example, due

to changes in the solar wind), the adiabatic theorem can be applied.

The action associated with the bounce-averaged drift motion can be determined

by evaluating the integral

J3 =
∮

(γmv + qA) · d` (2.62)

over the equatorial drift path. Now d` is the line element of the perpendicular drift

path.

In evaluating the integral, the first term is omitted because the drift motion is

excruciatingly slow, and one ends up with:

J3 =
∮

qA · d` (2.63)

which, by the application of Stokes’ theorem, becomes:

J3 = q
∫

∇× A · dσ = q
∫

B · dσ (2.64)
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where the integral is taken over the area inside the drift path which is assumed to be

closed, to the lowest order approximation. One immediately notices that this integral

is the magnetic flux that goes through the drift-shell ring. In general practice one

omits the particle charge and uses the magnetic flux Φ as the third invariant.

When the field is static and the first two invariants exist, the magnetic flux Φ

is not an adiabatic but an exact invariant, because there is no modulation over the

drift-shell geometry. When there is a time dependence that is much slower than the

drift, the drift shells change in such a way to conserve the magnetic flux that passes

through them; a cosmic-scale application of Lenz’s law.

This last member of the invariant hierarchy is usually glossed over in many text-

books, probably because of the rarity of sufficiently slow events to warrant its usage.

A more comprehensive discussion of the third invariant and its applications can be

found in Roederer [1970].

Space-physics theory includes only three invariants, which are associated with the

gyromotion, bounce and drift motions, respectively. The three motions are separated

by large time scales, and averaging methods create a hierarchy among them.

All three invariants need not coexist in a given system. The field may be approx-

imately uniform on gyroradius scale, so the first invariant would exist, but it may

drift so fast that, from one bounce to the next, the field profile on the guiding line

changes significantly. Then, the second and the third invariants will not exist.
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Alternatively, field modulations can have a time scale that is much larger than

the bounce period, but not sufficiently larger than the drift period. Then, the first

two invariants will exist, but not the third. Higher order invariants exist only when

the lower order invariants are present, but the converse is not true.

The drift-shell bifurcation process described in this study conserves the first in-

variant, and violates the bounce-level adiabaticity only at distinct points. This is not

because the drift is too fast (I is conserved elsewhere), but because at those singular

nonadiabatic points the bounce period becomes infinite. When that happens, the

adiabatic bounce condition cannot be fulfilled, no matter how slow the drift is.



Chapter 3

Description and simulations of drift-shell

bifurcation

3.1 General features

This chapter turns the focus onto the specific subject of the entire study, namely

the bifurcation of drift shells. Previously, we gave examples of drift shells in dipole-

like magnetic fields. Longitudinal motion on such shells consists of quasi-periodic

bounces about a single stable equilibrium point, where (B · ∇)B = 0; that point

resides on the equatorial plane if the field possesses symmetry about that plane.

Though more complicated paths may sometimes occur in the outer magnetosphere,

we limit ourselves to drift shells that have a single branch far from the local noon,

and two branches around local noon that are connected to the former single branch.

In dynamical systems theory, splitting of an equilibrium branch into two distinct

branches is known as “bifurcation”; hence the term we chose to describe this behavior.

Figure 3.1 provides a concrete example to the bifurcation of the drift shell. It

is produced by numerically integrating the relativistic six-variable Newton-Lorentz

equations of motion for an electron:

dr

dt
= v (3.1)

dv

dt
=

q

γm
v × B(r) (3.2)

where r is the position of the electron, v is its velocity, γ ≡ (1 − v2/c2)
−1/2

is the
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Figure 3.1 An example of bifurcating electron orbit with 6.5 MeV kinetic energy, for
a Tsyganenko-1989c magnetospheric model (with Kp = 0). The drift motion proceeds
from west to east (counterclockwise from this vantage point). When the particle reaches
the point of bifurcation, it enters the branch in the southern hemisphere (another particle
on the same drift shell, but with slightly different initial condition would have taken the
northern branch).
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Figure 3.2 Plot of the quantity p2
⊥/2mB along the orbit shown in Figure 3.1. The

white dashed line is the average over each cycle, which is equal to the first invariant.

relativistic factor, m is the mass and q is the charge of the electron. The magnetic field

vector B(r) is specified by the Tsyganenko-1989c magnetospheric model [Tsyganenko,

1989].

The orbit in Figure 3.1 is initiated with a high kinetic energy of 6.5 MeV in order

to make the relevant features more visible; other than this adjustment, it is a generic

picture displaying all the properties of drift-shell bifurcation we wish to discuss.

First, we see that the small-scale motion keeps its helical form all over the or-

bit. The gyroradius remains small, so the first invariant of the motion exists, and

is constant. Figure 3.2 numerically verifies the conservation of the first invariant.
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Therefore, in the gyromotion scale, the motion is adiabatic even at this high energy,

and the nonadiabaticity that manifests itself at the bifurcation points affects only

the intermediate-scale bounce motion and the large-scale drift motion. In addition

to the conservation of the first invariant µ, the energy E is also conserved because

a purely magnetic field does not impose any change to the kinetic energy. The total

relativistic energy is:
E2

tot = p2c2 +m2c4 (3.3)

And the first invariant is given in (2.52):

µ =
p2
⊥

2mB
(3.4)

We emphasize that this definition implicitly assumes averaging over a gyrocycle. Al-

though many papers appear to be careless about this subtlety, more rigorous authors

(e.g., Landau and Lifshitz, [1976], Henrard, [1993]) maintain that the invariance holds

only for the averaged action. If instantaneous values are used instead, the result will

exhibit oscillations with the same period as the gyromotion and an amplitude which

is O(ρ), as shown in Figure 3.2.

At the mirror point, where the momentum is perpendicular to the field line, the

first invariant can be expressed as:

µ =
p2

2mBm

(3.5)

Solving for p2 in terms of the total energy Etot and substituting into µ gives the



61

following expression for the mirror field:

Bm =
E2

tot −m2c4

2µmc2
(3.6)

Consequently, if µ and Etot are constants of the motion, so is the mirror field Bm.

For the remainder of the discussion, we mainly use the kinetic energy E, which is

related to the total energy by E = Etot −mc2 = (γ − 1)mc2.

The electron of Figure 3.1 starts its journey at local midnight and moves from

west to east under gradient-curvature drift. In the first stage, its equatorial pitch

angle is close to 90◦, and therefore its bounce amplitude is small. The gyromotion

is a tightly-wound helix which can not be resolved at this scale. The longitudinal

motion is centered around the equatorial plane because the magnetic field has north-

south symmetry. It is not fundamentally different from the motion around a dipolar

magnetic field.

The effect of the deviation from dipolar field becomes evident only near local

noon (about yGSM ≈ −3, xGSM ≈ 10), where the oscillation center of the bounce

motion suddenly shifts southward. This occurs because the drift shell encounters a

region where the equatorial field strength is larger than the mirror field. There are

two possible loci of minimum field strength, running over either hemisphere, and the

orbit in the figure happens to choose the southern branch (with slightly different

initial conditions, it would follow the symmetrical northern branch).

Figure 3.3 is a schematic representation of the bifurcation process. The diagram
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Figure 3.3 Bifurcation diagram for the bounce motion on a bifurcating drift shell, like
the one shown in Figure 3.1. The vertical axis shows the equilibrium position z0 for the
bounce motion.

treats the local time coordinate as an independent parameter that modifies the bounce

motion. At a certain value of the local time the single equilibrium value of the

bounce motion diverges into three branches, two stable and one unstable. This type

of bifurcation is termed pitchfork bifurcation [see e.g. Strogatz, 1994]. Later in the

afternoon sector, the reverse process brings the branches together again.

However, the particle does not necessarily return to its original state: Figure 3.1

shows that the bounce amplitude in the afternoon sector is dramatically different

from the initial one. This visible difference is the direct result of the change in the

second adiabatic invariant of the electron. The crossing of the noon sector introduces

a sudden and significant jump in the second invariant I, defined as

I =

sm
∫

−sm

√

1 − B(s)

Bm

ds (3.7)

where the integral is taken over a guiding field line at a given time, parameterized

by s. At constant mirror field Bm, a larger second invariant means a larger radial

distance; therefore, the electron is transferred to another drift shell that is farther
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from the Earth.

The core question of this study is how, and to what extent, this jump occurs. This

question, although still at a theoretical stage, has applications in the praxis of space

weather. Successive crossings of a particle across the day side will impose different

values of the second invariant, which in turn will cause a shift in the radial coordinate

of the drift shell. Therefore, drift-shell bifurcation provides a novel mechanism for

radial diffusion of particles. Other known mechanisms for radial diffusion are based

on time variations of the electric and magnetic fields, but we do not assume any such

interaction here.

Furthermore, as we shall see, drift-shell bifurcation gives rise to a new kind of

trapping, which affects the loss rate of outer-magnetospheric particles. Therefore,

estimations of particle populations near the magnetopause must take bifurcation into

account.

In its basic form, drift-shell bifurcation is predicted in earlier works. The first

definition of the problem is given in the seminal work of Northrop and Teller [1960]

and later in the definitive reference by Northrop [1963, p.102]. Both studies present

the question, point out the expected violation of the second invariant and speculate

about the possible radial displacement, without further analysis.

The fundamental cause for the bifurcation phenomenon is the existence of po-

lar cusps (see Figure 2.1). A field line traversing the cusps has a local minimum of
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field strength due to the proximity to the magnetic null point at the dayside mag-

netopause. Any model of the Earth’s magnetic field that simulates the effect of the

solar wind compression necessarily includes these null points, and the resulting bi-

furcation of drift shells did not go unnoticed even in the early attempts at modeling

(e.g., Mead [1964] and Roederer [1970], p.68). Later, Shabanskiy and Antonova [1968]

and Shabansky [1971] considered the phenomenon in more depth (in these papers, the

effect was called “branching”, but the term “bifurcation” adopted in this study con-

nects better with the established terminology of nonlinear dynamics).

Observation of drift-shell bifurcation proves to be a harder problem, both because

cusp data is scarce and because it is difficult to separate the bifurcating particles

from others in the same region. Blake and Fennell [1981], who study helium ions in

the energy range 98-240keV located at L = 5.6 and 1500 MLT, observe that the flux

of particles with pitch angles close to 90◦ is lower than the expected value, which

they explain with the existence of bifurcation. However, under nominal conditions

it is unlikely that bifurcation will occur at such a low L-value (cf. Figures A.5

and A.6). More recent claims of evidence, based on observations in the cusp region,

are provided in Antonova et al. [2000, 2003] and references therein. It should be

noted that any data so far justifies only the existence of the bifurcation phenomenon;

the dynamical changes imposed by this effect, the subject of this study, remains in

need of experimental evidence.
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Figure 3.4 A drifting electron goes through different field strength profiles as it drifts
near the magnetopause (1 → 2 → 3 → 4). Here, s is the arclength along the field line (in
units of Re, origin at equatorial point), and B is the magnitude of the field at s (in units
of nT). Line 1 is farthest from local noon, line 4 is at local noon. The dashed line indicates
the mirror field Bm for a particular drift shell.

From the point of view of the drifting particle, as the bouncing center moves under

gradient-curvature drift, the guiding line, over which bouncing takes place, changes

gradually. In the case of bifurcating drift shells, successive guiding lines are sufficiently

close to the null point in cusp so that they develop lateral minima of field strength, as

shown in Figure 3.4. The figure is produced with the double-dipole magnetic model

(explained below). The dashed line indicates the (arbitrarily set) mirror field value

Bm for a particular drift shell. On line 3, although a maximum of B exists, it is not

larger than Bm, so the motion is not bifurcated yet. In contrast, the bounce motion

over line 4 is confined to one of the side minima, because the central-peak magnetic

field strength exceeds Bm.
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The aforementioned studies by Shabanskiy and Antonova [1968] and Shabansky

[1971] investigate the conditions of bifurcation, and present estimates for the percent-

age of drifting particles that undergo bifurcation, assuming an isotropic pitch angle

distribution. As for the effect of bifurcation on the second invariant, the authors

argue that, in the case of north-south symmetry (zero tilt angle of the Earth dipole),

the post-bifurcation (noon) value of the second invariant must be exactly half of the

pre-bifurcation (nightside) value. This argument is based on a geometrical view of

the bounce motion: The central peak of B(s) rises and suddenly cuts the bounce path

into two possible branches. If this assumption is true, then in the symmetric point

where the branches come together the second invariant is doubled, thus returning to

its original level. As Figure 3.1 attests, this is not always the case.

The essential neglect in the authors’ reasoning lies in their geometrical treatment

of the bounce path. This approach is valid only as long as the adiabatic approxima-

tion holds; however, as Northrop [1963] points out, the particle’s longitudinal motion

slows down as the central peak approaches the level of Bm, therefore causing a viola-

tion of the adiabatic condition. A more rigorous treatment, presented in Chapter 4,

shows that the above estimate Inoon = 1
2
Inight holds only to zeroth order in the adia-

baticity parameter ε (which can be defined as the ratio of the bounce period to the

drift period). Perturbation analysis, given in the following chapters, as well as repre-

sentative simulations of this chapter, indicates that the O(ε) correction is sensitively
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dependent on the phase of the bounce cycle at the bifurcation point.

Our group’s involvement with this problem started with the work by Orloff [1998]

on solar energetic proton trajectories. During this study, simulations of trapped en-

ergetic protons and electrons revealed not only the bifurcation, but also the nonadia-

batic behavior at the bifurcation points. The investigation of the reasons, details and

consequences of this phenomenon is the central theme of this thesis. We will postpone

the analysis of the dynamics to subsequent chapters; this chapter will present a de-

scription of drift-shell bifurcation based on numerical simulations of electron motion

in a model magnetosphere.

Essentially, a drift shell bifurcates because of the minima of magnetic field strength

at the cusps. The cusps and the associated field minima are a common feature in all

magnetospheric models; therefore, it does not matter which model we use, as long

as we focus on the generic properties of the phenomenon. Of course, the details

matter when we wish to compare predictions about bifurcation with actual data; in

such cases a more realistic (and therefore slow) magnetospheric field model will be

necessary for reliable predictions. We observed bifurcation under a variety of models:

With empirical models like Tsyganenko-1989 [Tsyganenko, 1989] and Tsyganenko-

2001 [Tsyganenko, 2002], with the physics-based Rice Field Model [Naehr, 2002],

as well as with simpler magnetic fields, like the asymmetric and/or tilted double-

dipole. In each case, the results are qualitatively similar to the orbit in Figure 3.1.



68

Therefore, in conformity with William of Ockham’s dictum that “plurality is not to

be posited without necessity”, all simulations in this chapter are produced in the

simplest magnetic field that allows for drift-shell bifurcation. This simple model, the

symmetric double-dipole, is described in the next section.

3.2 Model and numerics for particle simulations

The least complicated magnetospheric model under which drift-shell bifurcation

can occur is the field generated by two parallel dipoles, each with the strength of the

Earth dipole (31000 nanoteslas at 1Re distance on equatorial plane). Both dipoles

have a magnetic moment vector that is in −z direction, placed on the xGSM axis.

This arrangement, used in early studies of the solar wind-magnetosphere interaction,

provides a rudimentary simulacrum of the outer magnetosphere and magnetopause.

In its simplest form we described, the dipole strengths are equal; therefore, the mag-

netosphere (defined as the imaginary boundary between the domains of the dipoles)

is a plane halfway between the dipoles. The moments of dipoles are parallel to each

other, effectively setting the tilt angle of the Earth magnet to zero. The total field at

point (x, y, z) (in GSM coordinates) is given by the sum:

B(x, y, z) = Bdip(x, y, z) + Bimg(x, y, z) (3.8)

Here, Bdip is the dipole field of the Earth, given by:

Bdip(x, y, z) = − B0R
3
e

(x2 + y2 + z2)5/2

[

3xzx + 3yzy −
(

x2 + y2 − 2z2
)

z
]

(3.9)
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where B0 = 31000nT. The other term B img is the field of the “image dipole”:

Bimg(x, y, z) = − B0R
3
e

[(x−D)2 + y2 + z2]5/2
· [3(x−D)zx + 3yzy

−
(

(x−D)2 + y2 − 2z2
)

z
]

(3.10)

The adjustable parameter D determines the distance between the two dipoles along

the xGSM axis. We set D = 25Re, which puts the magnetopause to the xGSM = 12.5Re

plane.

The double-dipole model is unsuitable for practical purposes like space-weather

predictions, but it has the virtue of simplicity. It allows us to investigate the bifurca-

tion of drift shells under the effect of the magnetic field geometry only. Other, more

complicated magnetic field models could have been used; however, for mass produc-

tion of particle trajectories, this form gives numerically reliable results in reasonably

short computation times. From the simulations we will try to draw universally valid

conclusions, pointing out model-dependent features whenever necessary. For test-

particle traces under different magnetospheric models, including a dawn-dusk electric

field, the papers by Delcourt and Sauvaud [1998, 1999] can be consulted.

Figure 3.5 illustrates the basic geometry of the double-dipole field. On the equa-

torial plane there exists a region adjacent to the magnetopause, which consists of

points where the magnetic field strength B has a local maximum. More precisely, the

shaded region is the locus of points for which

dB(s)

ds
= 0 and

d2B(s)

ds2
< 0 (3.11)
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Figure 3.5 Double-dipole magnetic field: Left panel shows the field lines (gray) and
contours of constant field strength (black) on the noon-midnight plane. Right panel shows
the same contours on the equatorial plane, superposed on the region (shaded) where the
field strength has a local maximum.

holds. In this expression, d
ds

stands for b · ∇, the derivative in the direction of the

magnetic field. Because of the symmetry of the field, the points that contain this

local maximum lie on the equatorial plane. One necessary condition for bifurcation

is that the drift shell enters this “bifurcation region”.

The conservation of the first invariant µ in the case shown in Figures 3.1 and 3.2

suggests that the guiding-center approximation can be used for following the orbits

of electrons. In all the different cases we considered, with kinetic energies ranging

from 175keV to 7MeV, we found that the gyroradius of the electrons does not exceed

0.1Re, at lower energies typically remaining below 100km. The ratio of the gyroradius

to the field line radius of curvature (typically of order of Re) stays at a level much less

than unity for the whole orbit. Therefore, it is safe to assume that the first invariant

exists (and is constant) all along the motion. When that happens, we can average out
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the small-scale helical motion and represent the particle motion solely by its guiding

center. This method has the advantage that numerical integration can proceed with

large steps (compared to the gyroperiod), thereby reducing computation time and

error.

All standard references (e.g. Northrop [1963], Roederer [1970]) present a familiar

derivation of the relativistic guiding-center equations of motion. In our simulations,

we will use a slightly modified form discovered by Brizard and Chan [1999]. To

first order in the adiabatic expansion parameter, these equations are identical to the

standard equations of guiding-center motion; additionally, they contain second-order

terms that ensure conservation of energy and phase-space volume to second-order,

for static fields. Let R be the position of the guiding center and p‖ = γmv · b the

particle’s parallel momentum. The Brizard-Chan equations have the following form:

dR

dt
=

p‖
γm

B∗

B∗
‖

+
µb

qγB∗
‖
×∇B (3.12)

dp‖
dt

= −µB∗

γB∗
‖
· ∇B (3.13)

where B ≡ |B(R)| is the field strength at the guiding center, b ≡ B/B is the

direction of the field, and the auxiliary vector B∗ is given by:

B∗ = B +
p‖
q
∇× b (3.14)

and B∗
‖ ≡ b · B∗ is the component of B∗ parallel to the magnetic field vector.

The following simulations are the result of numerically solving equations (3.12)-

(3.13) under the symmetric double-dipole model for an electron. In order to avoid
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error accumulation arising from following thousands of bounces per drift cycle, it is

necessary to use a high-order integration scheme. The Bulirsch-Stoer method [Stoer

and Bulirsch, 1980], an adaptive scheme based on Richardson interpolation, is more

efficient and effective than other commonly used integration methods like Runge-

Kutta. As the authors of an expert book on numerical algorithms [Press et al., 1994]

testify, “the Bulirsch-Stoer method is the best known way to obtain high-accuracy

solutions to ordinary differential equations with minimal computational effort”. The

source code is written in C language for high-speed processing, and the algorithm is

adapted from Press et al. [1994]. This optimized code allows us to follow the bounce

and drift motion of a particle over long periods of time with very little error.

Not all drift shells bifurcate. Intuitively, when the particle is initialized near the

Earth, where the field can be approximated as dipolar, bifurcation will not occur. As

Figure 3.5 shows, there exists a strip, about 2Re wide, adjacent to the magnetopause,

where the field strength B(s) has a local maximum. It is necessary for bifurcation

that the drift shell crosses into this strip. Otherwise, the bounce motion will never

encounter a local maximum of field strength. However, this condition is not sufficient.

A particle, whose mirror field is sufficiently large, will not undergo bifurcation even

when it crosses a local maximum of field strength. Referring back to Figure 3.4, if the

highest peak is like that on curve 3, bifurcation never occurs. The geometry of the

field determines whether a drift shell with given mirror field Bm and second invariant
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Figure 3.6 Three electron orbits and the time evolution of their respective second
invariants. Each electron starts at local dawn at distance 10Re with kinetic energy 175keV.
Their initial equatorial pitch angles are, from top to bottom, 70◦, 75◦ and 85◦. The I values
are given in units of Re, time in units of seconds.

I will bifurcate. Appendix A.1 gives a detailed discussion of the conditions on Bm

and I for the occurrence of bifurcation. As a general rule, we state that bifurcation

occurs when Bm is smaller than a threshold value, and I is smaller than another

threshold value determined by Bm (for sufficiently low values of Bm , there is no

condition on I). This rule, translated into conditions on spatial location and pitch

angle, states that outer-magnetospheric drift shells with large (>∼ 70◦) equatorial

pitch angles will bifurcate.

Figure 3.6 displays the orbit of three electron guiding centers, each initialized at
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the same point (xGSM = 0, yGSM = −10, zGSM = 0) with kinetic energy 175keV (speed

v = 2c/3). They differ in initial equatorial pitch angle values, and they therefore

belong to different drift shells. The shell with lowest value of the initial pitch angle

(70◦), although it enters the bifurcation region, does not bifurcate at all, because its

mirror field Bm is larger than any field maximum experienced by the electron.

The shell in the middle row has a lower Bm and I, because of its higher initial

equatorial pitch angle (75◦). The mirror field is sufficiently low to allow bifurcation.

As the I(t) plot shows, the bifurcation does not create a perceptible difference between

initial and final second invariants. Conversely, in the final case, initiated with the

highest equatorial pitch angle (85◦), bifurcation occurs, giving rise to a significant

difference between initial and final second invariant values.

We emphasize that the 70◦ pitch angle threshold observed in Figure 3.6 is in no

way universal. When the initial position is chosen closer to Earth, no bifurcation

will occur for any value of pitch angle. When initiated a little farther (say, 11Re),

the threshold will go below 70◦. The threshold value depends not only on initial

distance, but also on local time, making classification hard. Bifurcation conditions

are separable when expressed in terms of (I, Bm), but not in terms of position and

pitch angle (also see Appendix A.1).
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3.3 Bounce-phase dependence of the second invariant change

We presented simulations of bifurcating electron drift shells in which the final

second invariant value differs significantly from the initial value; however, we said

little about how this change occurs, or what its magnitude depends on. It turns out

that particles which share a single drift shell (having a common value of I and Bm )

acquire very different final values of second invariant. The simulations we present in

this section demonstrate that the details of the bounce motion plays a crucial role to

determine the final second invariant, and the theoretical analysis of the subsequent

chapters justify this conclusion.

The second invariant of a numerically traced trajectory is evaluated with the

equivalent definition:

I(t) =
1

2p

∮

p‖ ds =
1

2v

t+T
∫

t

v2
‖ dt (3.15)

instead of the field-geometric definition (3.7). Here, T is the period of the bounce

motion.

We will temporarily focus on the first bifurcation of an electron drift shell occurring

just before local noon. Figure 3.7 presents five electron guiding center orbits, followed

until after they cross the first bifurcation line. They are initialized such that they

have the same energy, the same mirror field Bm, and the same initial second invariant

I0, but with a slight difference in initial position which puts them on different phases

of the bounce motion. The electrons drift eastward in tandem until they encounter
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Figure 3.7 Cylindrical equidistant projection of electron guiding center orbits, all
starting with 175keV kinetic energy, mirror field Bm = 37.22nT and second invariant
I0 = 0.0042Re, but differing in bounce phase. Longitude is measured in degrees with
respect to local noon. The plots show local times between 1030 and 1100.
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Figure 3.8 Schematic view of the bounce cycle around the bifurcation line. The line is
crossed within the half-cycle from P to Q (cf. Figure 3.7). The bounce motion is stalled
near the peak at point Q, but continually gradient-drifts out of the page. Finally the bounce
motion is completed along path QR, on a different field line closer to local noon. Note that
in space, points P, Q and R are at different local times.

the bifurcation line, which is where their small-scale difference is amplified. After

bifurcation, each electron acquires a different value for the second invariant, contrary

to the early prediction that the final I value should be half of I0.

Why is there a difference between post-bifurcation I values of particles that start

on the same drift shell? Obviously, it depends on the details of the bounce motion.

Figure 3.7 gives a clue: When the first mirroring after bifurcation takes place close

to the equatorial plane, the second invariant rises, and vice versa. This behavior

is especially marked in the last panel where the particle spends a long time on the

equatorial plane. Figure 3.8 provides a different perspective to the process. (For the

interpretation of this figure, we should keep in mind that B(s) acts like a potential

to the longitudinal motion.) When crossing the bifurcation line, the peak of field

strength rises and cuts off the motion. During that rise, some particles will come
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closer to the central peak than others, depending on their bounce phase. The closer

the particle to the local field maximum, the slower its longitudinal speed. Because of

the flatness of the peak, the longitudinal acceleration is small, and the particle spends

a long time in the vicinity of the equatorial plane. Meanwhile, the gradient drift moves

the particle toward local noon, where the field lines have a deeper minimum, so that

when the bounce motion is completed, it acquires a larger second invariant.

How are the final I values distributed over bounce phase? In order to find out, at

this stage only numerically, we build an ensemble of one hundred electrons, all on the

same drift shell, with slightly differing initial positions such that the bounce phases of

successive electrons differ by 2π/100. So, the first and the hundredth electron start at

two spatial ends of a bounce cycle. This sampling represents a population of electrons

evenly distributed on the drift shell. We computationally follow the guiding centers

of each of these hundred electrons in the model magnetosphere while they drift across

the cusp region, over both bifurcation lines.

The result of this process is displayed in Figure 3.9: The left-hand panel shows the

second invariant I when the ensemble has crossed only the first bifurcation line. The

initially uniform distribution of I is distorted into a W-shape, with two sharp and

high peaks. The values of I are scattered around an average value that is very close to

I0/2 = 0.002Re. The neighborhood of the peaks correspond to the initial conditions

that cause the guiding-center to “hang up” on the equatorial plane temporarily, as
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Figure 3.9 Bounce-phase dependence of the second invariant after bifurcation (left)
and after unification (right). All data points have 175keV energy, Bm = 37.22nT and the
pre-bifurcation second invariant is I0 = 0.004Re (initialized at 10Re distance at local dawn
in the equatorial plane with pitch angle about 89◦).

seen in the bottom row of Figure 3.7. Zero-phase is assigned arbitrarily as a side

effect of the algorithm, so the absolute value of the bounce phase is not relevant;

however, if we mentally shift the origin to the location of one of the peaks we see that

the curve is periodic with π, and symmetric with respect to the origin. The latter

feature is the result of the north-south symmetry of the field.

The peaks themselves are singular cases, in which the guiding center permanently

remains on the peak. In that case, the particle would gradient-drift along the equa-

torial contour B = Bm with 90◦ pitch angle (I = 0) at all local times.

The right-hand panel of Figure 3.9 shows the distribution of second invariant after

the ensemble has returned to the night side, so it includes the effect of the symmetric

duskside bifurcation line. This curve displays more structure than the former, because

of the “phase-mixing” effect. When the electrons are scattered into slightly different

drift shells, they acquire different drift speeds, so that they do not move in rank

and file anymore. Instead, the bounce phase difference between two given electrons
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changes in time because of their drift speed differential. We see the same effect in more

general dynamical systems, as described later in Section 4.4. Despite the complexity

of the shape, we realize that the curve is again periodic in π (but not symmetrical

with respect to a singular peak location). The peaks due to the singularities of the

dawnside bifurcation are still present, with two (perhaps four) additional singularities

pointing downward.

Based on the ensemble of Figure 3.9 (let us call it case 1), we can numerically

investigate how the variation of each drift shell parameter affects the resulting dis-

tribution of second invariants. First, let us repeat the same ensemble with the same

mirror field Bm and energy E, but with a larger initial second invariant. The dis-

cussion in Appendix A.1 shows us that there is an upper limit for I0 for bifurcation

to occur, determined solely by Bm. Because we keep Bm the same as in case 1, this

upper limit remains at the same value, which is 0.85Re. In case 1, the initial second

invariant I0 = 0.004Re was very small compared to this upper limit. Now, we choose

I0 = 0.78Re, close to the upper limit.

Figure 3.10 provides a comparison between individual guiding-center orbits pro-

duced with case 1 and case 2, respectively. The high-I0 electron (bottom), in contrast

to the low-I0 electron (top), becomes almost exactly halved after dawnside bifurca-

tion, and returns to the initial value after duskside unification. It appears that the

scattering of I values is negligible when I0 is high (close to the upper limit). However,
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Figure 3.10 Orbit and I(t) graph of two electron guiding centers, both with E = 175keV
and Bm =37.22nT. Initial second invariants are 0.004Re (top) and 0.78Re (bottom)

it is possible that this particular case could correspond to a lucky bounce phase where

there is no change at all. In order to see the distribution of nightside second invariant

values, we again build an ensemble of initial conditions and follow them numerically

across the cusp region. The result is shown in Figure 3.11, which has the same format

as Figure 3.9.
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������
2

Π 3 Π
�����������
2

2 Π
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0.39

0.394
dayside I
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������
2

Π 3 Π
�����������
2

2 Π
0.772

0.78

0.788
nightside I

Figure 3.11 Same as Figure 3.9, except that the ensemble is initialized with a higher
second invariant value I0 = 0.78Re.
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Figure 3.12 Same as Figure 3.9, except that the ensemble is initialized with a higher
kinetic energy E = 7MeV.

So we see that in case 2, the post-bifurcation second invariant values are dis-

tributed very narrowly around the zeroth-order expectation values (I0/2 at local

noon, I0 at nightside). Therefore, when the drift shell is initialized with I0 close

to the upper limit, there is very little diffusion of second invariant after bifurcation.

The nightside distribution does not have as many features as case 1, because phase

mixing is weak, due to the negligible scattering into neighboring drift shells. In ad-

dition to the upward spikes that are inherited from the dawnside bifurcation, there

is a pair of downward spikes, which correspond to orbits that hang up around the

duskside bifurcation point.

In order to see the effect of higher energies, we setBm = 37.22nT and I0 = 0.004Re,

the same values as in case 1, and increase the kinetic energy to 7MeV (case 3).

In a purely magnetic field, different kinetic energy values do not cause any shell

splitting, therefore the ensembles in case 1 and case 3 share the same geometrical

drift surface defined by Bm and I0, but high-energy electrons drift much faster along

it. The ensuing scattering of second invariant values, displayed in Figure 3.12, is
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much stronger than the low-energy case. The ensemble-average values in the data

of Figure 3.12 are bigger than I0 by an order of magnitude. This formidable change

comes up because the separation of scales between bounce and drift motions is not

as large as in the low-energy cases.

The last directional variation in the parameter space would be keeping E and I0

constant, and changing Bm. We do not present a separate ensemble prepared for this

case, but geometrically prove that shells with low Bm will undergo a bigger scattering

of second invariant: Let us compare two drift shells with parameters (I0, E,Bm1)

and (I0, E,Bm2), with Bm1 > Bm2. Appendix A.1 shows that the upper limit of the

second invariant for bifurcation is a function of Bm only, and that this upper limit

increases with decreasing Bm. It follows that the upper limit for the first shell, I1, is

smaller than upper limit for the second shell, I2. We have seen that the spread of final

second invariant is positively related to the difference between the upper limit and

initial second invariant. Therefore, particles on the second drift shell, with smaller

mirror field, will scatter more in I-space as they cross the dayside. QED

Therefore, based on numerical studies of electron trajectories on bifurcating drift

shells, we can induce the following qualitative dependencies for ∆I, the root-mean

square deviation of second invariant values after bifurcation:

— ∆I increases with increasing particle kinetic energy.

— ∆I decreases with increasing the mirror field.
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— ∆I increases with increasing I − I0, the difference between upper limit for bifur-

cation and initial second invariant.

The second invariant (for constant Bm) is nearly proportional to radial distance

from the Earth (cf. Chapter 6); therefore the spread of particles over radial distance

also changes according to the rules above. These results hold not only for electrons,

but also for protons and other ions, provided their first invariant is conserved. How-

ever, because of the their larger mass, ions must have relatively low energies to keep

their gyroradius small, lest the first invariant is broken. With the low energies, they

are more prone to be influenced by other effects like electric fields. Still, the same

principles apply to the bifurcation of ion drift-shells. The analysis in subsequent

chapters is equally applicable to all types of particle drifts.

It is worth repeating that the effect we described here is not a numerical artifact

of the algorithms or a peculiarity of a simplistic field. We repeated the simulations

in various field models like T-89 [Tsyganenko, 1989], T-01, [Tsyganenko, 2002] and

Rice Field Model [Naehr, 2002], with varying computational accuracies. All results

confirmed the observations of this section. Furthermore, studies of full-particle motion

under other field models and with different integration schemes report compatible

results.

The work by Delcourt and Sauvaud [1998, 1999] provide support to our discussion.

These studies deal with trajectories of protons, with much smaller energies than the
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electrons we have considered here. The 1998 paper presupposes a T-89 model and

follows the motion of protons with energies up to 3keV. Because an electric field is also

added to the environment, particles with different energies move on different shells.

The authors present examples of drift-shell bifurcation (without using this term) and

discuss the mechanism behind it, albeit in a less complete way than we present here.

The results and figures in this paper are in agreement with our results, which deal

with different particles under a different environment.

The later paper of Delcourt and Sauvaud [1999] discusses the problem of the

change of the second invariant after bifurcation, based on proton trajectories under

Mead-Fairfield magnetic field model. The authors mainly focus on a different problem

than presented in the present thesis: A time-dependent field configuration simulating

a substorm. The authors argue that the “cuspward excursion with J violation in

the dayside sector is quite sensitive to bounce phase. This phase sensitivity leads

to divergence of orbits with nearby initial conditions and hence gradual diffusion of

the particles in phase space”, which is in complete agreement with the point of this

section. However, they infer this phase-sensitivity from a limited number of test

trajectories, unlike our approach of following an ensemble of particles.

3.4 Time series of second invariant

In the previous section we discussed the effect of a single pass of an ensemble

through the cusp region. Unless the electron gains so much second invariant that it
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Figure 3.13 Nightside values of the second invariant, for 50 successive drifts around the
Earth, with different initial parameters. The right-hand axis gives the equatorial distance
R of the particle at local midnight, corresponding to the plotted I values. Both I and R
are measured in units of Re.

crosses the magnetopause (see Chapter 7 on metastability), or other magnetospheric

processes scatter the electron to other regions (which are absent in the models we

consider), the particle will complete its drift cycle and cross the bifurcation region

again. Repeated crossings will carry the particle onto different drift shells, which

reside at different radial distances from the Earth. The particle will wander through

space as its second invariant is modified as a result of bifurcations. Numerical studies

in this chapter illustrate the random-walk nature of this wandering.

Again, we proceed by starting with a basic set of initial conditions on mirror field,
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second invariant and energy, and then present other time series where each of these

parameters are changed one by one, thereby describing the effect of each drift-shell

parameter.

Figure 3.13a shows the evolution of nightside second invariant values for a drift

shell that is initialized with Bm = 32.50nT, E = 175keV and I0 = 0.0024Re. Although

the second invariant quickly rises by an order magnitude, after 50 drifts it is nowhere

near the upper limit I = 4.84Re for this particular Bm value. The particle covers

only a small distance, about 0.03Re.

The time series shown in Figure 3.13b is initiated with the same mirror field and

energy as the one in Figure 3.13a, but the initial second invariant is chosen to be near

the upper limit. Consequently, the resulting walk in radial distance is very small,

about 0.005Re.

The particle in Figure 3.13c, albeit starting with the same small I0 of Figure 3.13a,

has a larger mirror field value, so we expect a smaller variation in I. This expectation

is verified; the time series shows a much smaller variation compared to 3.13a, a radial

distance interval of 0.005Re.

Finally, keeping Bm and I0 at the same levels as Figure 3.13a, and increasing the

energy to 7MeV leads to the time series shown in Figure 3.14. Here, the high speed

of drift provided a computational convenience so that we could follow the motion

for a thousand drift periods in reasonable calculation time. As opposed to the other
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Figure 3.14 Successive nightside second invariant values for an energetic electron. The
values wander over a significant fraction of the whole interval between 0 and I = 4.84Re.
The format is the same as Figure 3.13.

initial conditions, this energetic electron spans a large interval in radial distance,

between 10Re and 11.5Re. The drift period is about 30 minutes for 175keV electrons

of Figure 3.13, and about 1.5 minutes for 7MeV electrons of Figure 3.14. Therefore,

the time series in both figures span an interval of about one day.



Chapter 4

Slow separatrix crossing

4.1 Overview

The previous chapter delineated the general phenomenology of drift-shell bifurca-

tion as revealed by test-particle simulations. Although the simulations are helpful,

they only display single isolated cases which do not have the utility of a theoreti-

cal approach. Basically, a theory is useful for determining how the second-invariant

jump depends on the drift-shell parameters. It can be argued that extensive numeri-

cal experiments that finely sample the parameter space will provide us with such an

expression; however, this approach would be not only time-consuming, but also prone

to errors inherent in computing. Furthermore, a theoretical analysis, being general,

reveals similarities between seemingly disparate systems and helps us understand

them by showing the basic underlying mechanisms. These transcendent connections

constitute the beauty of theories, which is not completely provided by simulations

that are hardly more than a list of numbers.

This chapter introduces the theory of separatrix crossing, which can be used to

analyze drift-shell bifurcation, as well as many other systems in which the system

makes transitions between qualitatively different types of motion. A separatrix is a

singular trajectory in the phase space on which the system takes an infinite amount

of time to come back where it started. This singularity results from the hyperbolic



90

point(s) on the separatrix curve, where the curve crosses itself. Generally, the motion

on either side of the separatrix has different characteristics. Figures 4.1 and 4.6 show

examples of separatrices. This chapter and the next one present expressions for the

change of the adiabatic invariant when the motion involves crossing a separatrix.

Finally, Chapter 6 shows how these expressions apply to a drift shell.

A familiar system, the slowly elongated simple plane pendulum, provides an intu-

itive illustration of separatrix crossing. This introductory section uses the pendulum

to introduce some relevant concepts that will be needed in the more rigorous analy-

sis. This system is not as mundane as it looks; there are many problems that share

the same mathematical description. In the context of plasma physics, the pendulum

system is equivalent to the motion of charged particles trapped in an electrostatic

field, and thus provided a motivation for the early analysis of separatrix crossing.

The hamiltonian of the nonlinear plane pendulum can be expressed as

H(q, p; `) =
p2

2m`2
− 2mg` cos2(q/2) (4.1)

where q is the angle of the pendulum with respect to the vertical (q = 0 at the lowest

point, q = π at the upright point), p = m`2q̇ is the canonical momentum conjugate

to q, ` is the length of the pendulum, m is the mass of the pendulum bob, and g is

the gravitational acceleration. The zero level of the potential energy is the upright

position of the pendulum.
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Figure 4.1 Contours of constant H in (q, p) space, which are the paths of the system.
The value of the parameter a is fixed at 1. Contour values are H = 0.5 (rotation), H = 0
(separatrix) and H = −0.5 (libration)

After dividing each side by 2mg`, we obtain

H(q, p; a) =
p2

a2
− cos2(q/2) (4.2)

where H = H/2mg` is the scaled hamiltonian, and a2 ≡ 4m2g`3. Figure 4.1 shows

the familiar phase plot of the simple pendulum for a fixed value of the parameter

a, showing the path of the system for various values of the scaled hamiltonian H.

Those paths are also contours of constant H, because hamiltonian systems preserve

the value of the hamiltonian function.

Experience tells us that there are two possible types of motion for the pendulum:

Libration, where the bob of the pendulum swings back and forth, and rotation, where

the pendulum moves in full circles around the pivot. When the hamiltonian function

is chosen as in (4.1), those two cases occur for negative and positive values of the
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hamiltonian, respectively.

In phase space, the separatrix constitutes a border between phase points which

librate and those which rotate. One phase point that resides on the separatrix is

(q = π, p = 0), that is, pendulum released from the upright position. All initial

conditions that lead to (q = π, p = 0) also belong to the separatrix, and satisfy

H(q, p; a) = 0.

When the motion is bounded and the hamiltonian is independent of time, the

action that is given by the expression

J(E ; a) =
∮

H=E

p(E ; a) dq (4.3)

is a constant of the motion. The integration path is the curve H(q, p; a) = E . Geo-

metrically, J is the area inside a level curve given by H = E of the hamiltonian. The

integrand p is expressed in terms of q, E and a using the expression (4.2) for the

hamiltonian; therefore, J is a function of E only (a is considered a parameter, not a

dynamical variable).

Even when the hamiltonian varies in time (by virtue of the parameter a), the

action is defined, but it is not a constant of motion. In the time-dependent case we

define instantaneous action J in the same way as before over the level curves of H

at a particular instant. The phase point of the system now crosses over the level

curves of H, so now the integration path of J differs from the actual path of the

system; hence J is not a constant in general. However, as explained in Chapter 2, it
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is approximately constant when the change is slow.

Solving for p(q, E) from (4.2) and substituting into the integrand of the action, we

see that the action integral for rotary motion (E > 0) is:

Jp(E > 0; a) = 2a

π
∫

−π

√

E + cos2(q/2) dq (4.4)

When E < 0, the pendulum librates, and the limits of the integral are not ±π,

but the turning points ±q0, determined by the condition p(q0, E) = 0. Application of

this condition gives that:

sin2
(

q0
2

)

= 1 + E (4.5)

Therefore, the action for librating pendulum is:

Jp(E < 0; a) = 2a

2 arcsin
√

1+E
∫

−2 arcsin
√

1+E

√

E + cos2(q/2) dq (4.6)

The action can be expressed in terms of the elliptic integrals (Appendix A.2):

Jp(E > 0; a) = 8a
√
E + 1 E

(

1√
E + 1

)

(4.7)

Jp(E < 0; a) = 8a
[

E
(√

E + 1
)

+ EK
(√

E + 1
)]

(4.8)

where

K(k) ≡
∫ π/2

0

dx√
1 − k2 sin2 x

, k2 < 1 (4.9)

E(k) ≡
∫ π/2

0

√

1 − k2 sin2 x dx , k2 < 1 (4.10)

are the complete elliptic integrals of the first and second kind, respectively.

The period T of the motion is given by:

T (E) =
dJ

dE
(4.11)



94

-1 1 2 3

E
��������������������
2 mg{

0.5

1.5

2

2.5

3

T
��������������������������������
2 Π �!!!!!!!!!{ � g

Figure 4.2 Period of the fixed-length pendulum as a function of the energy. The vertical
axis shows the period in units of the simple-harmonic period 2π

√

`/g. At the separatrix,
where E = 0, the period of the pendulum goes to infinity.

where E is the value of the unscaled hamiltonian H (4.1). In order to express T in

terms of the scaled energy E , we use E = E/2mgl and the chain rule to get:

T (E) =
1

2mgl

dJ

dE (4.12)

The period can be determined by direct differentiation of (4.7) and (4.8), as discussed

in Appendix A.2.

Tp(E > 0) = 4

√

`

g

1√
E + 1

K

(

1√
E + 1

)

(4.13)

Tp(E < 0) = 4

√

`

g
K
(√

E + 1
)

(4.14)

This expression for Tp(E), plotted in Figure 4.2, shows that the period of the mo-

tion goes to infinity as E → 0, which is intuitively obvious: When we set the pendulum

upright (where H = 0), it will stay at this position forever. If we set initial conditions
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(q0, p0) other than the upright position, but still satisfying H(q0, p0; a) = 0, the pen-

dulum will approach the upright position at an ever slowing pace, never being able

to return to its original position and momentum. The upright position q = π, p = 0

is a saddle point.

Suppose that we vary the parameter a slowly, that is, a(t) = εt with ε ¿ 1 (ε

itself may depend on time). If the adiabaticity condition

T

a

da

dt
¿ 1 (4.15)

is satisfied, then the action J is constant to order O(ε), which means that we can

consider J to be approximately conserved up to a time of the order of O(1/ε). If

the system stays away from the separatrix, then it is always possible to tune the

parameter a(t) in accordance with the adiabaticity condition (4.15).

However, when the time-dependent problem involves the crossing of the separa-

trix, T (E) can grow arbitrarily large in the neighborhood of H = 0. When that

happens, the adiabaticity condition (4.15) will always be violated in that neighbor-

hood no matter how slowly a(t) changes. To imagine this situation, let us consider a

pendulum whose length increases adiabatically during a rotation (E > 0). After re-

peated rotations, there will come a time when the pendulum has lengthened so much

that its energy is not sufficient to carry it to the top (q = π), and the pendulum will

fall back. The system’s phase point has crossed the separatrix and the rotary motion

has changed into a libration.
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Figure 4.3 Simulation of the space path (left) and the associated instantaneous ac-
tion (right) of the nonlinear pendulum whose length increases uniformly in time. Initial
conditions are q(0) = π, p(0) = 1.

Figure 4.3 illustrates the separatrix crossing process for a pendulum which is

initiated with q(0) = π, p(0) = 1. The figure results from a numerical integration of

the equations of motion, with the assumption a(t) = 1 + 10−2t. The left panel shows

the motion of the pendulum bob around the crossing and the right panel shows the

instantaneous action during the motion. The average level of J , which is an adiabatic

invariant away from the separatrix, undergoes a discontinuous jump at the crossing,

reflecting the violation of adiabaticity near the separatrix.

There are several early papers which attempt at some preliminary analysis of sep-

aratrix crossing, and are therefore important in the development of the idea. Analysis

of the separatrix crossing in the pendulum and the associated jump in the invariant is

the main focus of Aamodt and Jaeger [1974], who study the hamiltonian (4.2) with a
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time-dependent parameter a(t) conforming to the adiabaticity condition (4.15). The

authors point out that the pendulum problem provides a generic framework which

can be applied to a range of problems in dynamical systems and plasma theory, where

weak perturbations cause the system to cross a separatrix.

The approach of Aamodt and Jaeger [1974] consists of direct integration of the

action on an interval of time which is O(ε−1). However, they point out that their

theoretical results do not agree with the simulation results, because they considered

only the lowest-order term in the adiabatic parameter.

In the context of plasma physics, the problem of particles trapped in a spatially

periodic electrostatic field involves a hamiltonian that is equivalent to that of the

pendulum. When the standing electrostatic wave dampens, trapped particles will

become detrapped. This problem, first examined by Best [1968] in relation to Landau

damping, is analogous to the pendulum’s transition from libration to rotation.

Best [1968] considers the adiabatic problem, in which the modulation of the wave

is much slower than the back-and-forth motion of the trapped particles. He correctly

points out that the change of the adiabatic invariant is very small, and hence argues

that this difference can be ignored. The author also presents numerical results that

illustrate the change in the adiabatic invariant, but, lacking a proper method of anal-

ysis, does not pursue the idea further. Despite that, the paper presents some relevant

results about separatrix crossing dynamics. One of them is that the probability for a
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trajectory to stay around the separatrix for a long (O(ε−1)) time, without crossing to

either side, is given by 1
ε

e−1/ε (here, ε is dimensionless). This is a universal result, not

limited by the specific hamiltonians of the pendulum or the electric wave. The reason

for that universality is that near the hyperbolic saddle point the system-specific de-

tails do not affect the motion. (In other words, all saddle points look the same when

one is close enough.) The same estimate is also given by Cary et al. [1986] in their

general analysis, which is outlined in the next section.

Additionally, Best [1968] provides expressions for I0 (same as the action J) and

I1, the zeroth order and first order corrections to the adiabatic invariant I, such that

I = I0 +I1 +O(ε2) holds. Both terms are expressed in terms of elliptic functions, and

are specific to the pendulum problem. Timofeev [1978], with the realization that the

separatrix crossing problem requires an O(ε) correction to the adiabatic invariant,

takes up that result and proceeds to develop an expression for the first-order change

of the adiabatic invariant across the separatrix. Like Best, Timofeev is also motivated

by applications to wave-particle interactions in plasmas.

In order to calculate the total change in the adiabatic invariant I, Timofeev ap-

proximates I0 and I1 in the neighborhood of the separatrix, and determines how much

I would change for a single cycle in that neighborhood. He then builds an infinite sum

of ∆I values for steps after crossing, another infinite sum for steps before crossing,

and adds them to the value of ∆I for the cycle in which the actual crossing takes
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Figure 4.4 Sensitive dependence on initial conditions: Same as Figure 4.3 with initial
conditions q(0) = π/2, p(0) = 1.22474. The initial conditions differ only in the angle
variable.

place. The series, which are O(ε), are convergent because far from the separatrix the

adiabatic invariant changes very slowly: dI/dt ∼ O(ε2) (cf. Section 2.3). Timofeev’s

analysis of the change of the adiabatic invariant is complete and correct up to the

first order. Although the author has limited its application to the pendulum problem,

the method has general applicability and it is adopted by Cary et al.[1986] in their

generalization of the separatrix crossing analysis.

All these preliminary studies agree on certain properties of separatrix crossing: To

zeroth order in the adiabatic parameter ε, the adiabatic invariant remains constant

upon crossing. To first order in ε, the change sensitively depends on the details of the

motion right at the crossing point, but not elsewhere. Timofeev ’s [1978] analytical

expression for this sensitive dependence is verified by simulations: Figure 4.4 shows
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Figure 4.5 A close-up view of the pendulum’s crossing from rotation to libration. (a)
From Figure 4.3, (b) from Figure 4.4. In the first case, where final J is bigger, crossing
takes place closer to the hyperbolic point q = π.

the motion of the same pendulum as in Figure 4.3, but with different initial conditions.

Both initial conditions have the same energy, so they have the same value for the

initial action but differing values for the angle variable. As the J(t) plot shows, the

two cases result in a significantly different final value for the action. This sensitive

dependence on the crossing parameter is clearly present in drift-shell bifurcation, as

demonstrated in Figure 3.7.

Another point shared by all studies is that when the crossing takes place close to

the hyperbolic point in the phase space, the final value of the action is higher. In the

pendulum analogy, this corresponds to a turning point close to the upright position.

Figure 4.5 shows a close-up near the crossing point for the two cases of figures 4.3 and

4.4. The first case, where the crossing from rotation to libration takes place nearer to

q = π, the final action has a larger value. Simulations of guiding-center traces in the

previous chapter show that this feature is also observed in the drift-shell bifurcation.
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Evidently, drift-shell bifurcation that comes up in the simulations of particles in

the outer magnetosphere is not a singular phenomenon, but falls into the broader

category of separatrix crossing, which is applicable to a multitude of systems. The

pendulum is a system which can be visualized easily, and it provided us with im-

portant insight about the basic ideas of separatrix crossing. The next section will

introduce the general and rigorous approach used by Cary et al. [1986] to analyze the

problem, section 4.3 illustrates the method by applying it on a simple problem, and

chapter 6 describes how it can be used to analyze the drift-shell bifurcation problem.

Powerful as it is, the method of Cary et al. [1986] gives correct results only

when the initial value of action is O(1), and fails when it is O(ε). For such cases,

another approach based on the asymptotic expansion of the Painlevé II equation gives

satisfactory results, which is the focus of chapter 5. This latter case turns out to be

important for the analysis of energetic equatorial electrons, as explained in Chapter 6.

4.2 Slow crossing of the separatrix – CET theory

This section is based on the study by Cary, Escande, and Tennyson [1986] (CET),

which presents a comprehensive and general analysis of the separatrix crossing prob-

lem. As a consequence of the detailed generality, the paper, albeit clear and very well

written, is dense and involves many intermediate parameters. The purpose of this

section is to outline the analysis and present a simplified expression for the change in

the action that is relevant for drift-shell bifurcation.
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Figure 4.6 Generic picture of a separatrix (black) with contours of constant H. From
Cary et al. [1986].

Consider a generic separatrix in a figure-eight shape, as shown in Figure 4.6. As

befits its definition, the separatrix forms a boundary between regions in phase space

which have different types of trajectories. Regions are marked as a,b (lobes), and

c (out of the lobes). A trajectory in region c goes around both lobes periodically,

while the trajectories in lobes a and b are limited to a narrower range. In the case

of bouncing particles, motion in region c is similar to an equator-centered bounce at

night side, and motion in lobes a or b is similar to cusp-centered bounce near local

noon.

Nearly periodic trajectories exist when the hamiltonian H(q, p, λ ≡ εt) has a weak

time dependence (ε ¿ 1). The period and action can be defined instantaneously by

considering instantaneous (also called frozen) level curves of H for a given constant

value of λ. Adiabatic theory dictates that in the presence of a slow change, the action
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Figure 4.7 Schematic view of a separatrix crossing, from region c to region a.

J =
∮

p dq is constant up to O(ε2).

Suppose a trajectory is initially in region c, sufficiently far from the separatrix,

so that adiabatic theory applies. Let Ya be the area inside lobe a (alternatively, the

action calculated over the contour of H which is the separatrix), Yb the area inside

lobe b, and let Yc ≡ Ya + Yb. In order for the crossing to occur, the separatrix and

the trajectory have to meet, which happens when the initial action Ji becomes equal

to the total lobe area Yc, at the so-called pseudo-crossing time λx (Figure 4.6).

The time derivative of the lobe area is O(ε), because the rate of change of the

hamiltonian contours is O(ε). On the other hand, the change of the action from its

initial value is only O(ε2). Therefore, the trajectory in phase space stays approxi-

mately periodic and the separatrix grows and catches up with the trajectory when

Ji = Yc(λx). Comparison of actions implicitly involves integration over a whole period

of motion; therefore the pseudocrossing time λx ≡ εtx differs from the exact crossing

time by O(εT ), where T is the period of motion far from the separatrix (of order one)
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For their analysis, CET assume a hamiltonian in the form

H(q, p, λ) =
ω

2
(p2 − q2) + δH(q, p, λ), (4.16)

where δH contains only terms of higher powers in q and p. With this definition, the

saddle point of the separatrix is fixed at the origin and the separatrix curve is defined

as the level curve H = 0.

The parameter ω is called the exponentiation rate of trajectories. To see why,

consider the hamiltonian (4.16) for small q and p

lim
q→0

p→0

H =
ω

2
(p2 − q2), (4.17)

leading to the equations of motion

q̇ = ωp , ṗ = ωq (4.18)

with the solutions

q(t) = Aeωt +Be−ωt , p(t) = Aeωt −Be−ωt. (4.19)

So we see that 1/ω is the exponentiation time near the hyperbolic point.

It may seem that the assumed hamiltonian (4.16) is too restrictive. However, CET

prove that any hamiltonian with a separatrix can be put into this form to arbitrarily

high order in ε by means of suitable canonical transformations. Furthermore, the

change in the action turns out to be independent of the coordinate system.

Long before (t ∼ −1/ε) and long after (t ∼ +1/ε) crossing the separatrix, the

action is constant to order ε2. However, the divergence of the period at the separatrix
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Figure 4.8 A simulation of the separatrix crossing from region c to lobe b. The trajec-
tory obeys a quartic hamiltonian as described in section 4.3. For clarity, ε is set to a rather
large value of 10−2.

causes the violation of the adiabaticity condition regardless of how small ε is. In order

to obtain an expression for the change in the action, it is necessary to consider the

first-order corrected adiabatic invariant near the separatrix.

CET begin their analysis by developing an adiabatic theory near the separatrix,

where E, the value of the hamiltonian, is small. In this region, the instantaneous

period in lobe a is given by, up to the dominant terms in E:

T0a(E, λ) =
1

ω
ln
∣

∣

∣

∣

Ea

E

∣

∣

∣

∣

+ O(|E|1/2) (4.20)

where Ea is a constant. For lobe b, simply change ”a” to ”b” in the indices. For a

trajectory that encircles both lobes, the period is the sum of the separate periods:

T0c(E, λ) =
2

ω
ln
∣

∣

∣

∣

Ec

E

∣

∣

∣

∣

+ O(|E|1/2) (4.21)

where Ec =
√
EaEb. Therefore, we see that there is a logarithmic singularity of the
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period at the separatrix, where E = 0.

At small values of E near the separatrix, the instantaneous action at lobe a can

be approximated by

Ja(E, λ) = Ya +
E

ω

(

1 + ln
∣

∣

∣

∣

Ea

E

∣

∣

∣

∣

)

+ O(|E|3/2) (4.22)

where Ya is the area enclosed by lobe a. The expression for lobe b is identical after an

index change, and the action for a trajectory that goes around both lobes in region c

is their sum:

Jc(E, λ) = Yc +
2E

ω

(

1 + ln
∣

∣

∣

∣

Ec

E

∣

∣

∣

∣

)

+ O(|E|3/2) (4.23)

These expressions for the period and action are evaluated over frozen hamiltonian

contours (ε → 0), therefore the variations are due to the proximity to the separatrix

only. The time variation due to nonzero ε causes trajectories to slightly deviate from

the hamiltonian contours. In that perspective, this approach considers perturbations

in E and ε separately. For that reason, the expressions for the final adiabatic invariant

contain error terms both in E and in ε. However, it turns out that during the crossing

process, we can take E ∼ O(ε) [cf. equation (4.29)].

Next, CET proceed to calculate the change of the corrected adiabatic invariant

during a single circuit around a lobe (or around both lobes, if initially in region c),

to first order in ε and E, as a function of Ei and λi [values of the variables when the

trajectory is crossing the q-axis (inside lobes) or the positive p-axis (in region c)].

In order to find the final value of the adiabatic invariant, sum together the effects
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of the steps before and after the separatrix crossings. This procedure yields a result

that depends on the parameter E0, the value of the hamiltonian when the trajectory

crosses the positive p-axis first time after or last time before separatrix crossing, as

well as the lobe growth rate Ẏ and exponentiation rate ω at the pseudo-crossing time.

The final formulas for the change in the adiabatic invariant for crossings a→b,

a→c and c→b are given by CET in their full glory. These general formulas are

somewhat complicated and involve some geometry-dependent constants that need to

be numerically calculated. However, we will not need the most general formulas. In

order to investigate the drift-shell bifurcation problem in an equatorially symmetric

magnetic field, a hamiltonian that is symmetric both in q and p is sufficient. In the

case of symmetric crossings, the final adiabatic invariant formula drastically simplifies.

Both lobe areas change equally fast (Ẏa = Ẏb), and a transition between lobes (a↔b)

is not possible. When Ẏa = Ẏb > 0, trajectories in region c are swallowed by the

growing lobes, and the final adiabatic invariant has the simple form:

Jf,b = Yb(λx) −
Ẏb

ω
ln

∣

∣

∣

∣

∣

2 sin

(

π
E0

Ẏb

)∣

∣

∣

∣

∣

(4.24)

whereas in the case Ẏa = Ẏb < 0, trajectories trapped in the shrinking lobes become

free, with a final adiabatic invariant:

Jf,c = Yc(λx) −
Ẏc

ω
ln

∣

∣

∣

∣

∣

2 sin

(

π
E0

Ẏb

)∣

∣

∣

∣

∣

(4.25)

with Yc = Ya + Yb.
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The quantities Ẏb/ω (magnitude of the change) and E0/Ẏb (crossing parameter)

are to be evaluated at the pseudo-crossing time λx, given by Ji = Yb(λx). The error in

this approximation is not bigger than the error in the analysis. Also, these quantities

are independent of the coordinate system. If the form of the initial hamiltonian was

different from the assumed form (4.16), the initial (untransformed) hamiltonian can

still be used to derive these quantities.

The expressions (4.24) and (4.25) for the final adiabatic invariants (actions) consist

of an O(1) term (the lobe area) and an O(ε) term (because Ẏ = ε dY/dλ). Shabansky ’s

[1971] estimate of the post-bifurcation second invariant involves only the first term,

but does not account for the correction.

The correction term includes the quantity E0/Ẏb ≡M , which acts as an argument

to the sine function. We now show that |M | is between 0 and 1. First consider the

change in the hamiltonian in a single step. With q taken as the independent variable

and using the chain rule, one of the Hamilton’s equations of motion can written as:

dE

dq
= −∂p(q, E, λ)

∂t
= −ε ∂p(q, E, λ)

∂λ
(4.26)

(Compare with the more familiar form, ṗ = −∂E/∂q.) Then, the change in E in one

period of motion is, to lowest order,

∆E = −ε
∮

dq
∂p(q, E(q), εt(q))

∂λ
(4.27)

This integral can be approximated as

∆E = −ε
∮

dq
∂p(q, 0, εti)

∂λ
= −Ẏa(λi) (4.28)
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Figure 4.9 The change in the action as a function of the crossing parameter M .

where the subscript i refers to an initial point in the integration path. This approxi-

mation has two sources of error, one from the neglect of nonzero E corrections, and

another from assuming that the trajectory stays on a single hamiltonian contour. The

magnitudes of these errors are separately given by CET. Including these terms, the

change in the hamiltonian in one period in lobe b is:

∆E = −Ẏb + O(ε|E|) + O(ε2 ln |E|) (4.29)

Therefore we see that near the separatrix, over one step, the energy changes by

an amount of −Ẏb. A trajectory with energy H = E0, by assumption, reaches H = 0

within one step. Then E0 < |∆E| = |Ẏ | and thus 0 < |M | < 1.

Figure 4.9 shows the shape of the function ∆J(M). It is closely analogous to the

curves resulting from drift-shell ensembles (Figures 3.9, 3.11, 3.12). The figure shows

that the change in the adiabatic invariant shows a sharp increase near |M | = 0 and

|M | = 1 (and at all integer values, due to the periodicity in M). When |M | is close
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to 0, the trajectory enters the lobe near the saddle point at the origin q = 0, p = 0.

Because of the nature of the saddle point, the system lingers for a significant time

around the origin. This situation is analogous to the pendulum of Figure 4.3 which

acquires a larger adiabatic invariant by crossing the separatrix near the saddle point.

In fact, if |M | is too close to zero, some trajectories will linger around the saddle

point for very long [O(ε−1)] times. When that happens, the second order correction

to the adiabatic invariant, which is not included in the analysis by CET, becomes im-

portant. In order to keep the second correction small, we must impose −ε ln |E0| ¿ 1,

or equivalently, |E0| À e−1/ε. Thus, the crossing parameter should satisfy

|M | À O
(

e−1/ε

ε

)

(4.30)

This is not a very restrictive condition: With ε = 10−2, e−1/ε/ε is of order 10−42.

With regard to ensembles of trajectories, CET and Cary and Skodje [1989] in

their follow-up paper, point out an important property: Consider an ensemble that

is initially uniform in the angle variable (conjugate to the action). Such an ensemble

can be produced by sampling initial points uniformly over a contour of hamiltonian.

If we let this set of initial conditions evolve according to the system dynamics, just

before the separatrix crossing the distribution of the crossing parameters M will

again be uniform. This result has practical importance for constructing sets of initial

conditions far from the separatrix.

When we assume a uniform distribution of crossing parameters in region c, the
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average of value of the final adiabatic invariant under a symmetric hamiltonian has

a simple expression:
〈Jf,b〉 = Yb(λx), (4.31)

while the mean-square deviation is:

〈

(Jf,b − Yb(λx))
2
〉

=
1

12

(

πẎb

ω

)2

(4.32)

In other words, within CET theory, the fraction of trajectories that lose action bal-

ances out those that gain, and on the average the change is zero. This result is only in

partial agreement with the simulations of drift-shell bifurcation. In the cases where

the kinetic energy is relatively low, or the action is relatively high, this estimate

holds to a good approximation (e.g. Figure 3.11). However, ensemble simulations of

energetic equatorial electrons reveal a considerable net increase in the longitudinal

invariant. The root of the disagreement lies in the applicability of CET theory: The

first-order analysis presented here requires that Yα(λx), the area of either lobe at the

pseudo-crossing time, should be of order unity. In the case of energetic equatorial

electrons, ε is elevated and the action is decreased, so that they meet at the same

order of magnitude, rendering this analysis inapplicable. In this parameter regime,

another approach based on asymptotic analysis of Painlevé-II equation needs to be

employed, as discussed in chapter 5.
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4.3 Application: Separatrix crossing in double-well potential

The theory of CET can be applied to a number of different systems. The wave

hamiltonian, the early motivation of separatrix crossing studies, is analyzed by CET as

an example to their approach. Their results agree with the results of Timofeev [1978].

This section considers the analysis of a simpler system, the double-well, to illus-

trate the application of CET theory. Moreover, it provides a warm-up to the analysis

of drift-shell bifurcation which will be tackled in Chapter 6.

Consider the dimensionless hamiltonian

H(q, p, λ) =
p2

2
− λ

q2

2
+
q4

4
, (4.33)

called the quartic hamiltonian, because of the fourth power in q (Figure 4.10). The

parameter λ is assumed to vary adiabatically (λ̇ ≡ ε ¿ 1). The equations of motion

are then:

q̇ =
∂H

∂p
= p (4.34)

ṗ = −∂H
∂q

= λq − q3 (4.35)

Because of the slow change of the hamiltonian, the orbits described by the equa-

tions of motion are adiabatic (see the numerical solution given in Figure 4.11). We

can define the instantaneous action and period as if the system is stationary:

J(E, λ) =
∮

H=E

p(q, E, λ) dq =
∮

√

2E + λq2 − q4/2 dq (4.36)

T (E, λ) =
∂J

∂E
=

∮

H=E

dq
√

2E + λq2 − q4/2
(4.37)
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Figure 4.10 The quartic (double-well) potential and phase-space contours of the cor-
responding hamiltonian (4.33). Contour values are −0.1, 0, 0.1.

The integrals are evaluated over the phase-space contour H = E, assuming a fixed

value for λ. For the evaluation of the integrals, the turning points q0 of the contours

(the intersection points with the q-axis) are necessary. Setting p = 0 gives:

q2
0 = λ±

√
λ2 + 4E (4.38)

Therefore, q0 has two real solutions when E > 0, and four real solutions when E < 0

(two turning points for each lobe). In order to keep q2
0 real, we need E > −λ2/4.

This makes sense because −λ2/4 is the minimum value of the potential at time λ.

In order to apply the formula (4.24) for the final action derived with the CET

theory, we should first determine the values of the relevant parameters Ẏb and ω. The

phase-space area of the right-hand lobe is

Yb(λ) = J(H = 0, λ) (4.39)



114

=
∮

H=0

√

λq2 − q4/2 dq (4.40)

= 2
∫

√
2λ

0
q
√

λ− q2/2 dq (4.41)

The last step exploits the symmetry of the lobe in p. Changing the integration

variable to u ≡ λ− q2/2, we get

Yb(λ) = 2
∫ λ

0

√
u du. (4.42)

Therefore, the area of one lobe is

Yb(λ) =
4

3
λ3/2, (4.43)

For the remainder of this section we will assume that λ = εt with constant ε. Then

the time derivative of the lobe area is:

Ẏb(λ) = 2ε
√
λ. (4.44)

The lobe area increases at a rate that is O(ε), as expected. The exponentiation rate

ω can be found by canonically transforming the quartic hamiltonian (4.33) into the

form (4.16) postulated by CET. For this system, it is a trivial scaling transformation:

P = λ−1/4p , Q = λ1/4q. (4.45)

And the transformed hamiltonian is [Goldstein, 1980]:

K(Q,P ) = λ1/4 λ−1/4H(Q,P ) =

√
λ

2
P 2 −

√
λ

2
Q2 +

Q4

4λ
. (4.46)

This final expression is in the form (4.16), from which we read that ω =
√
λ.
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Figure 4.11 A trajectory under quartic hamiltonian, with λ = εt and ε = 10−3. (a)
Between 0 < t < 100, the trajectory hardly changes, as adiabatic theory dictates. (b)
Between 600 < t < 700 the separatrix is crossed. Because of the proximity to the separatrix,
adiabatic invariance is broken and the spiral of the trajectory becomes discernible. (c)
Finally (900 < t < 1000), the trajectory has settled into an adiabatic trajectory in a lobe.
(d) The instantaneous action along the motion.
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This result for ω is correct up to order 1. The omission of the time dependence of

the transformation introduces an error that is O(ε) to ω, which in turn is an error of

order ε2 for ∆J . Because terms of such magnitude are already ignored in the theory,

the above expression for ω is acceptable.

An alternative method is to use our earlier observation that near the origin, ω is the

characteristic exponent of the trajectories. Near the origin, the quartic hamiltonian

simplifies to

lim
q→0

p→0

H =
p2

2
− λ

q2

2
, (4.47)

leading to the second order equation of motion

q̈ = λq. (4.48)

The solutions are q ∝ e
√
λt, e−

√
λt. Therefore, by comparison with (4.19) we see that

ω =
√
λ (4.49)

which agrees with the former result.

For the remainder of this chapter and in Chapter 5, we adopt the convention that

the out-of-lobe action is half the phase space area, and the lobe action is the full area

inside the relevant hamiltonian contour. The action is thus continuous across the

separatrix. This convention is not necessary for the theory, but we introduced it for

easier interpretation of numerical solutions.

The factors of the post-crossing action need to be evaluated at the crossing time
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λx, which satisfies Yb(λx) = J0. Substituting in (4.43) and solving gives

λx =
(

3J0

4

)2/3

, (4.50)

with J0 being the initial value of the action (adiabatic invariant).

The magnitude of ∆J , the change in the adiabatic invariant upon crossing the

separatrix, is given by the ratio of the lobe growth rate and the exponentiation rate:

Ẏb

ω
= 2 ε. (4.51)

Substituting this result into the formula (4.24) for the final action, we arrive at:

∆J = −2ε ln | 2 sin (πM)| (4.52)

Therefore, the magnitude of ∆J does not depend on the crossing time, and hence on

the initial value of action, for this particular system (for a case where ∆J depends on

the initial action, see subsection 4.5.2). Now we will prepare a set of initial conditions

and follow the trajectories numerically in order to see how the results agree with this

theoretical prediction.

There are several methods to build an ensemble of initial conditions with common

initial action J0 and varying crossing parameters. The first approach is similar to the

one used by CET: Choose a set of points on the p-axis, close to the saddle point. At

each of those points q = 0, p = p0, the hamiltonian has the value E0 = p2
0/2. Then,

the crossing parameter is related to the initial momentum p0 by

M =
E0

Ẏb(λx)
=

p2
0/2

2ε
√
λx

(4.53)
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Figure 4.12 Comparison of theory and simulation for the change of the adiabatic invari-
ant after crossing the separatrix in a quartic hamiltonian. The trajectories are initialized
over the p-axis, according to (4.55), with ε = 10−3 and J0 = 1.0.

Substituting the pseudo-crossing time from (4.50)

M =
p2

0

4ε
(

3J0

4

)1/3
(4.54)

Consequently, given an initial adiabatic invariant value J0, a trajectory that is ini-

tialized at the point (q = 0, p = p0) has a crossing parameter M if and only if

p0(M) = 2
√
Mε

(

3J0

4

)1/6

(4.55)

Figure 4.12 shows the change in the adiabatic invariant for a set of trajectories

that are initialized according to this prescription, for a set of equally spaced M values.

There is excellent agreement between theory and simulations.

A second way to construct a set of initial conditions is to use a result proven

by CET: A uniform distribution of points over a contour of the hamiltonian maps

onto a uniform distribution in M (also, Cary and Skodje [1989]). Consider an initial
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value Ei of the hamiltonian at time λi = 0. The phase points over the contour

H(qi, pi, λ = 0) = Ei satisfy
p2

i

2
+
q4
i

4
= Ei (4.56)

Then the initial action J0, defined by the contour H = Ei, is given by:

Ei =

(

J0

2B(3
2
, 1

4
)

)4/3

(4.57)

where B is the beta function (see Appendix A.3). That way, we can specify an

ensemble of initial conditions for given J0. Because there is a one-to-one correspon-

dence between the points on the initial contour and the crossing parameter M , this

ensemble will give the usual U-shape when ∆J is plotted against qi; however, the

information about the absolute value of M is lost. When the initial conditions are

specified that way, the best way of comparing the simulations with the theory is to

check whether the simulations give the minimum of ∆J at the −2ε ln 2 level, and

whether the ensemble average of ∆J is zero.

A different way of specifying initial conditions is used in the numerical exercise by

Francis and Young [2003], where the authors initialize the trajectories on the q-axis

at point (q = q0, p = 0) at time λ = 0. Then, the initial action is given by

J0 =
q3
0√
2
B(

3

2
,
1

4
) (4.58)

Figure 4.13 shows the resulting jump in J as a function of the initial action J = J0.

The initial action values are determined from the initial position q0 according to



120

0.1 0.2 0.3 0.4 0.5 0.6
Jini

-Ε 2lnH2L
0.01

0.02

DJ Ε=1�300, averaged Jfinal

Figure 4.13 Change in the action as a function of initial action J0 ∝ q3
0, with the initial

conditions (q(λ = 0) = q0, p(λ = 0) = 0) and ε = 1/300.

the relation above. Here, q0 values map over to the M -values with a many-to-one

correspondence. Whenever the value of q0 maps to M ≈ 0, we see a spike in the data.

The figure confirms that the minimum of ∆J is at −2ε ln 2 level. Also, the spikes are

evenly spaced with respect to J0, suggesting a linear relation between M and J0.

Another interesting feature is that at low values of J0 the curve ∆J deviates

from the expected shape. This effect is due to the breakdown of CET theory, as

discussed above. Figure 4.14 shows a close-up of this data, and another simulation

with ε = 1/1000, around small values of J0.

Although figures 4.13 and 4.14 use the initialization method of Francis and Young

[2003], they are not replicas of their work. The authors make a methodical mistake

which was not repeated here: In order to find the final value of the action, they in-

tegrate the trajectory until time 1/ε, and calculate the instantaneous action at that
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Figure 4.14 Above: A close-up to the small-J0 region of Figure 4.13. Below: Same
simulation with ε = 1/1000. The threshold for the validity of CET theory scales with ε.
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time. However, the instantaneous action fluctuates along the trajectory, with the pe-

riod of the motion and an amplitude that is O(ε). Consequently, they observe regular

fluctuations in their results which they attribute to higher-order effects. Taking the

average of the instantaneous action overcomes this methodological problem.

4.4 Multiple crossings and associated diffusion

For many purposes, theoretical or practical, it is often necessary to determine the

effect of successive crossings of a separatrix. For example, when the pendulum of

Section 4.1 is lengthened and shortened periodically with a frequency that is order

of ε times the pendulum frequency, the system repeatedly crosses the separatrix.

Other instances include trapped particles in a sinusoidal electric potential with a

slow periodic amplitude modulation; and the bifurcating drift shell, where a particle

keeps drifting around the Earth, branching and de-branching every time it comes near

local noon.

The hyperbolic point in the separatrix creates a sensitive dependence on initial

conditions, an essential characteristic of dynamical chaos, which is evident from the

sharpness of the ∆J(M) curve. At each crossing of the separatrix the distribution of

the adiabatic invariant spreads by an amount that is O(ε), which accumulates over

repeated crossings and causes a diffusion in the adiabatic invariant. Because of its

chaotic origins, and due to its presence in a slow change, this phenomenon is called

“adiabatic chaos” [Neishtadt, 1991].
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Cary and Skodje [1989] follow up on the work of Cary et al. [1986] by theoretically

and numerically investigating the effect of two successive crossings (Figure 4.15 shows

an example). The essential point in analyzing this case lies in calculating M ′, the

parameter at the second crossing, in terms of the first crossing parameter M and

intermediate action Jm. In general, M ′ is calculated as

M ′ =





M +
1

ε

λ′x
∫

λx

ν(Jm, λ) dλ





 mod 1 (4.59)

where ν is the frequency of motion, and the integral is taken from one crossing to

the next. In simpler terms, M ′ is simply M plus the accumulated phase during the

time between crossings. Cary and Skodje [1989] consider ensembles of trajectories

which start in one of the lobes, go out of the lobe in the first crossing and then get

trapped again in the second crossing. They assume a quartic hamiltonian to avoid

complications. Using the theory, the authors predict the shape of the final action

as a function of initial crossing parameter, which perfectly fits the simulation results

(reprinted in Figure 4.16). However, in other systems the frequency ν(J, λ) may not

be practical to calculate and integrate.

The shape of the final action curve in Figure 4.16 exhibits several sharp singu-

larities, similar to the curves obtained from drift-shell simulations, reproduced in

Figure 4.17. Cary and Skodje [1989] point out that these singularities correspond

to the integer values of M ′, and explain that they are the result of phase mixing.

After the first crossing, each element of the ensemble proceeds with a slightly dif-
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Figure 4.15 A trajectory that crosses the separatrix twice. The assumed hamiltonian
is quartic, with a sinusoidal amplitude modulation: λ = sin(2π10−3t). Initial conditions:
q(0) = 0, p(0) = 0.5.

ferent frequency, because the frequency is a function of the action. This difference

causes a mixing in the phases of ensemble elements. The initial ring of points in the

phase space is stretched and folded. Consequently, points that are initially far from

singularities come close to the singularities, introducing additional spikes to the ∆J

curve. When the system spends more time between crossings, there is more time for

further phase mixing and the resulting curve will be more structured.

Drift-shell ensembles offer an example where there is hardly any phase mixing at

all, reproduced in Figure 4.18. In this figure, drift-shell bifurcation occurred only

tangentially: The initial second invariant value was very close to the maximum value

for bifurcation, and therefore the jump is quite small. The final value of the second

invariant shows one small upward spike, which was inherited from the first crossing,

and only one downward spike, within the interval [0, π]. Other structures, if any, are

not bigger than the numerical error.
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Figure 4.16 (a) The intermediate action and (b) the final action in the system described
by Cary and Skodje [1989]. The horizontal axis in each panel is the crossing parameter M .
The dots represent the numerical solution, and the continuous curves are the theoretical
predictions of the authors. Here, the trajectories of the ensemble start in one of the lobes
with uniformly distributed M , pass into the outer region, and back into one of the lobes.
From Cary and Skodje [1989].
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Figure 4.17 Left: The action near local noon (after bifurcation), right: after de-
branching for an electron ensemble over a drift shell. For each electron, the energy is
E = 175keV, mirror field is Bm = 37.22nT and the initial action is I0 = 0.004Re. Double-
dipole model.
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Figure 4.18 A drift-shell ensemble with little phase mixing. The format is the same as
Figure 4.17. The drift shell parameters are E = 175keV, Bm = 37.22nT and I0 = 0.78Re.
Note that the only different parameter is I0, which has a value close to the maximum value
for bifurcation.

When the phase mixing is complete, we expect no correlations between successive

crossing parameters. However, two crossings are not enough to completely randomize

the phases, as Cary and Skodje [1989] show in their numerical results. Nevertheless,

it is reasonable to presume that after several separatrix crossings, phase mixing is

complete and the change of the action at n-th step is not correlated with the initial

action (this would be seen if an ensemble, elements labeled with M and left to evolve

through many crossings, results in a random looking Jn(M) plot). Bazzani [1999],

who analyzes the correlations among succesive J values, agrees: Even though the first

two or three jumps in action are significantly correlated, the correlation coefficient

levels off after as few as five crossings.

When the phases are random, we can dispense with calculating the phase advance,

which requires integrating the frequency between pseudo-crossing times and probably

is not any easier than integrating the actual system. With the random-phase approx-

imation, the root-mean-square (rms) width of the action at step n is simply the rms
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width after single crossing multiplied by
√
n. Bruhwiler and Cary [1989] develop

such a reduced description based on the random-phase approximation in their study

of diffusion of action under wave hamiltonian with a slow periodic modulation. By

disregarding all correlations between crossings, the diffusion coefficient of the action

is approximated by:

D0(J) =
1

2τ

〈

δJ2
0

〉

(4.60)

where τ is the average time interval between crossings, and 〈δJ 2
0 〉 is the mean-square

deviation of the action after a single crossing. The authors’ numerical experiments

with ensembles that cross the separatrix many times indicate that after a few crossings

〈δJ2〉 is linear with the number of crossings, supporting the neglect of correlations.

However, the numerically obtained diffusion coefficient is about a half of the expected

value D0. This disagreement exists because correlations are important for the first

few crossings. The “accumulated correlations” cause a different overall value for

the diffusion coefficient. Despite this setback, the estimate is useful for an order-of-

magnitude calculation. Also, correlations may be less important in other systems

than they are with the wave hamiltonian investigated by Bruhwiler and Cary [1989].

The diffusion coefficient (4.60) is of order O(ε3). Therefore, any diffusion effect

will not become perceptible until a time that is O(ε−3), which is a very long interval.

In a modulated system, the area of the separatrix lobes periodically grows and

shrinks, varying between Ymin and Ymax. Trajectories with initial actions larger than
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Ymax or smaller than Ymin will not be affected, but those that initially reside in the

separatrix-swept area will cross the separatrix repeatedly. An initial delta-function

distribution of action will spread uniformly over the interval (Ymin, Ymax) [Bruhwiler

and Cary, 1989, and references therein]. Despite this observation, we cannot deduce

that the system is ergodic (the property that an evolving trajectory will eventually

come arbitrarily close to any point in phase space). There exist regular orbits (KAM

stability islands) inside the stochastic layer around the separatrix [e.g. Abdullaev,

2000]. Those islands will not be visited by stochastic phase points. It is generally

accepted that the stability islands have a total measure that is O(ε), so that the

system would become ergodic at the limit ε → 0. However, Neishtadt et al. [1997]

have shown that there exists a set of initial data that, despite repeated separatrix

crossings, keeps its adiabatic invariant intact. The measure of this set does not vanish,

and does not tend to zero in the adiabatic limit ε → 0 (this theorem holds only for

symmetric systems).

4.5 Multiple crossing of the separatrix with the double-well
potential

Multiple crossings occur when the lobes of the separatrix grow and shrink slowly

in time; a system whose lobe area changes monotonically will not have more than one

crossing. Because the separatrix area is a function of the “slow time” λ, we will need

to make λ a periodic function of εt.



129

Supposing that the system starts outside either lobe (region c) with action J0,

imagine that the lobes first grow, so the system trajectory enters one lobe and ends

up with action J1. By design, some time later the lobes start to shrink and the system

becomes free (goes back to region c) with action J2. By CET theory, these action

values are related by:

J1 = J0 −
Ẏb
ω

∣

∣

∣

∣

∣

λx1

ln |2 sin (πM0)| (4.61)

J2 = J1 −
Ẏc
ω

∣

∣

∣

∣

∣

λx2

ln |2 sin (πM1)| (4.62)

In these expressions, Ẏb, Ẏc and ω have their usual meanings as described in Sec-

tion 4.2. The vertical bar denotes that the quantities Ẏb,c/ω are to be evaluated at

pseudo-crossing times λx1 and λx2, respectively. Their dependence on J0 and J1 needs

to be determined from the hamiltonian.

Let us proceed with the usual quartic hamiltonian:

H(q, p;λ) =
p2

2
− λ(εt)

q2

2
+
q4

4
. (4.63)

In Section 4.3 we have shown that Yb(λ) = (4/3)λ3/2, and ω =
√
λ. Therefore

Ẏb
ω

= 2
dλ

dt
(4.64)

which needs to be evaluated at λx1 = (3J0/4)
2/3.

We now need to specify the dependence of λ on εt. We will consider two special

cases: A triangular waveform, and a sinusoidal wave.
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Figure 4.19 Linear and periodic time dependence of λ(εt).

4.5.1 Linearly changing λ

In this simplest case, λ = εt until it reaches a maximum value of λmax, and then

decreases as λ = λmax − εt until zero level (Figure 4.19).

The separatrix area Yb under the quartic hamiltonian depends on λ as Yb =

(4/3)λ3/2. Therefore, the area of each lobe grows from zero to Ymax = (4/3)λ3/2
max, and

then shrinks back to zero. Therefore, trajectories with an initial action J0 > Ymax

will not cross the separatrix. For those that do, the jump magnitude

Ẏb
ω

∣

∣

∣

∣

∣

λx1

= 2
dλ

dt

∣

∣

∣

∣

∣

λx1

= 2ε (4.65)

is independent of pseudo-crossing time and of J0. For the crossing back into region

c, the jump magnitude is:

Ẏc
ω

∣

∣

∣

∣

∣

λx2

= 4
dλ

dt

∣

∣

∣

∣

∣

λx2

= −4ε. (4.66)

Now we can specify the map of subsequent values of the adiabatic invariant:

J1 = J0 − 2ε ln |2 sin(πM0)| (4.67)
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J2 = J1 + 2ε ln |2 sin(πM1)| (4.68)

The second formula contains the factor 2 instead of 4, because of the action convention

we adopted: For positive values of the hamiltonian (when J > Yc), the action is half

of the phase-space area. Otherwise, the whole area is taken. This convention ensures

that the action values are continuous over the separatrix.

To find out J3, the action when the system enters one lobe a second time, we can

use the same functional dependence as J1, replacing J0 with J2. A similar procedure

can be applied for J4, etc. Then the map can be written in the following form:

Jn+1 = Jn − (−1)n2ε ln |2 sin(πMn)| (4.69)

In the application of this map, we assume that phase mixing has completely

randomized the crossing parameters Mn. This assumption holds well after a few

crossings, as shown in the previous section. With this assumption we can follow

this sequence of action values. The result is similar to a random-walk in J-space, as

shown in Figure 4.20. We set λmax = 1, but the parameter λmax is not necessary in the

evaluation of the map, except to check whether crossing will occur. The simulation

uses ε = 10−3.

Theoretically, the ensemble average of the jumps in the adiabatic invariant must

add up to zero. Although the ergodic hypothesis does not strictly hold in this sys-

tem, we can use the time average of the simulation data as an approximation to the
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Figure 4.20 Successive values of the adiabatic invariant, using the map (4.69), where
λ is periodic and linear (triangular wave). The crossing parameters Mn are randomly set
at each step. The slowness parameter is ε = 10−3 and λmax=1. (a) The time series of
J . Each “step” is one crossing, into the lobes or out. Initially the system is outside of
the lobes. The horizontal line is J = Ymax = 4/3, which is the upper limit for crossing
the separatrix.(b) The time series of ∆J , the jump values. (c) Histogram of ∆J values for
into-a-lobe crossings. (d) Histogram of ∆J values for out-of-a-lobe crossings.
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ensemble averages. From simulation data, the time average of ∆J is

〈∆J〉sim = −0.01ε (4.70)

which is very close to zero, as expected. On the other hand, the mean-square deviation

of J is expected to be nonzero. From equation 4.32:

〈

(∆J)2
〉

th
=

1

12

(

πẎb
ω

)2

=
π2ε2

3
, (4.71)

which is approximately 3.290ε2. This theoretical value agrees with the value from

numerical data:
〈

(∆J)2
〉

sim
= 3.296ε2 (4.72)

4.5.2 Sinusoidally changing λ

In this case we assume λ(εt) = λmax sin(πεt). The important qualitative difference

introduced by this assumption is that the jump magnitude Ẏb/ω = 2 dλ/ dt now

depends on λx, and hence on initial value of action:

Ẏb
ω

= 2
dλ

dt

∣

∣

∣

∣

∣

tx

= 2πελmax cos(πεtx) (4.73)

where tx is the instant when λ = λx. By a trigonometric identity this becomes:

Ẏb
ω

= 2πελmax

√

1 − sin2(πεtx) = 2πελmax

√

√

√

√1 − λ2
x

λ2
max

(4.74)

At the crossing it holds that J0 = 4
3
λ3/2

x . Also, the maximum lobe area is given

by Ymax = 4
3
λ3/2

max. Therefore

Ẏb
ω

= 2πελmax

√

√

√

√1 −
(

J0

Ymax

)4/3

(4.75)
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Figure 4.21 Sinusoidal time dependence of λ(εt)

Then, for a crossing into the lobes, the next value of the adiabatic invariant is:

J1 = J0 − 2πελmax

√

√

√

√1 −
(

J0

Ymax

)4/3

ln |2 sin(πM0)| (4.76)

After the lobes have begun to shrink, the inverse crossing leads to a new adiabatic

invariant value:

J2 = J1 + 2πελmax

√

√

√

√1 −
(

J1

Ymax

)4/3

ln |2 sin(πM1)| (4.77)

These results can be brought together in the following map:

Jn+1 = Jn − (−1)n2πελmax

√

√

√

√1 −
(

Jn
Ymax

)4/3

ln |2 sin(πMn)| (4.78)

In this expression we easily see that in the limit Jn → Ymax, the change in the

adiabatic invariant goes to zero. The reason is that in this limit, λx is near the peak

of the sinusoid shown in Figure 4.21; therefore the derivative of λ and hence the jump

magnitude are small.

Figure 4.22 presents the results of simulating this map. As before, the crossing

parameter is set randomly. Because in this map the jump magnitudes are dependent

on initial action, we see many features which was absent in Figure 4.20, all arising from
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Figure 4.22 Successive values of the adiabatic invariant using map (4.78), where λ(εt)
is sinusoidal. The crossing parameters Mn are randomly set at each time step. The slowness
parameter is ε = 10−3 and λmax=1. (a) The time series of J . Each “step” is one crossing,
into the lobes or out. Initially the system is outside of the lobes. The horizontal line is
J = Ymax = 4/3, which is the upper limit for crossing the separatrix.(b) The time series of
∆J , the jump values. (c) Histogram of ∆J values for into-a-lobe crossings. (d) Histogram
of ∆J values for out-of-a-lobe crossings.
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this fundamental difference. First, the time series seems to cover more ground. The

jump magnitudes, as the histograms for each kind of passage shows, are distributed

more evenly over the whole spectrum. The peak of the distribution is not as sharp

as in the linear case.



Chapter 5

Fast separatrix crossing

5.1 Crossing with small initial action

This chapter attempts to provide a complementary solution of the separatrix cross-

ing theory, valid at a parameter regime not considered in CET theory. The results

reported by Cary et al. [1986] (equations (4.24) and (4.25)) for the post-crossing value

of the adiabatic invariant are not applicable when the initial action J0 is of order ε.

Naive application of CET theory would give an action jump which is O(ε2); however,

terms of this order are already ignored during the development of final results.

Physically, this case corresponds to crossing within one oscillation period because

J0 and the pseudocrossing time λx ≡ εtx are the same order; thus, J0 ∼ εtx ∼ O(ε),

and therefore, tx ∼ O(1).

The numerical solutions with very small initial action values show that there is

a net increase of the action in an ensemble so that the averaged change 〈∆J〉 is

nonzero. This is the “separatrix birth” problem [Bulanov and Naumova, 1996]: A

different theory is needed when the separatrix is not “fully developed” at the pseudo-

crossing time.

The focus of this section is complementary to the slow crossing problem where

there is a long [O(ε−1)] time between the birth of the separatrix and the actual

crossing. Here, however, the crossing occurs on the fast [O(1)] time scale. Therefore,
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here we suggest the name “fast crossing” to describe this class of problems. However,

if one can give up the somewhat established name “slow crossing”, the terms “prompt

crossing” and “delayed crossing” (suggested by Richard A. Wolf) may be preferable.

For our purposes, an analytic method that works in the fast crossing regime is

essential. Equatorial particles, whose second invariants can have very small values,

are not in negligible numbers. Currently there is no theory of separatrix crossing

that is valid in the small-action regime, and as general as that of CET. However,

this section presents a method that can be applied to the specific case of the quartic

potential. The results of this method reduce to the CET results in the limit of large

initial action.

Bulanov and Naumova [1996] give a limited analysis of separatrix crossing under

an asymmetric quartic potential (which includes the cubic term). Using simulations,

the authors point out that when crossing occurs near separatrix birth (with λx ∼

O(ε)), the change in the adiabatic invariant is much larger than when it occurs at

λx ∼ O(1).

In a pair of papers that investigate single and multiple crossings, Chirikov and

Vecheslavov [2000a,2000b] distinguish two qualitatively different parameter regimes:

The “diffusive” regime with J0 À ε1/3, where CET theory is applicable; and the “bal-

listic” regime where J0 is of order ε1/3 or smaller, which is excluded by CET theory.

The authors carry out extensive simulations using a wave potential V (x, t) = sin(ωt) cosx,
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where ω, the amplitude modulation frequency, is much less than the natural oscilla-

tion frequency of the system. The ε1/3-threshold between the two regimes is not a

theoretical result, but deduced from numerical simulations; therefore it is likely that

other systems will have different values for this threshold of regimes.

An important clue toward an analysis of this interesting parameter regime is pro-

vided by Lebovitz and Pesci [1995], who investigate the dynamic pitchfork bifurcation

in a symmetric quartic potential. In the case of small initial oscillations, they con-

vert the equation of motion into a version of Painlevé’s second equation. Painlevé

equations have been thoroughly studied [e.g. Ince, 1956] within the context of non-

linear differential equations theory. Although their solutions are new transcendental

functions which cannot be expressed in terms of more familiar functions, asymptotic

solutions (in the limit where the independent variable t goes to positive or negative

infinity) can be determined. The usefulness this approach lies in the connection for-

mulae that relate the solution parameters at t → −∞ to the solution parameters at

t → +∞. Using the connection formulae it is possible to relate the final adiabatic

invariant to the initial one.

Lebovitz and Pesci [1995], mainly interested in the existence and properties of

the pitchfork bifurcation in the system, do not proceed to determine the analogue of

formula (4.24) that gives the jump in the adiabatic invariant. Vainshtein et al. [1999]

provide this missing link, with the intention of applying the idea to separatrix crossing



140

in Speiser orbits in the magnetotail.

5.2 Asymptotic analysis of Painlevé-II equation

The six Painlevé equations PI–PVI arise in the theory of second-order nonlinear

ordinary differential equations. (Clarkson [2003] provides an introduction to their

interesting properties.) Given the complex-valued analytic function w(z), consider

the differential equation:
d2w

dz2
= F

(

z;w,
dw

dz

)

(5.1)

where F is rational in w and dw
dz

, i.e., it is the quotient of two polynomials; and analytic

in z. Further imposed is the Painlevé property, which states that the locations of

the multi-valued singularities of any of the solutions should be independent of the

particular solution chosen, and should depend on the equation only.

It turns out that there are fifty canonical equations that satisfy all these conditions.

Furthermore, forty-four of those are either expressible in terms of other functions

(elliptic functions, or special functions arising from linear equations) or reducible to

six new nonlinear equations [Ince, 1956]. Therefore, the Painlevé equations occupy

an important place in the theory of differential equations. In mathematical physics,

they are becoming increasingly important as they find applications in many diverse

fields.

The solutions of PI–PVI, called Painlevé transcendents, are new transcendental

functions, not expressible in terms of rational functions or previously known special
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functions (however, for specific values of the coefficients, they can be expressed in

rational, polynomial, or special function form). In a sense, they are the nonlinear

equivalents of the more familiar special functions in physics.

For the analysis of Painlevé equations, the so-called isomonodromy method is

widely used. It has been proven to be an important tool to describe the asymptotic

behavior of solutions and to determine connection formulae between the parameters

of asymptotic solutions. A complete description of the method is outside the scope of

this study; the interested reader may follow up with Its et al. [1994] and references

therein.

The second Painlevé equation, which is the focus of our interest, has the general

form [Ince, 1956, Clarkson 2003]:

d2w

dz2
= 2z3 + zw(z) + a (5.2)

Starting with the quartic hamiltonian (4.33), and assuming that λ = εt (with constant

ε), the equation of motion can be expressed as:

q̈ = εtq − q3 (5.3)

With this definition, the separatrix exists only when t > 0. We can transform this

equation by means of a scaling transformation:

q =
√

2ε1/3x and t = ε−1/3s (5.4)

with the result
d2x

ds2
= sx− 2x3 (5.5)
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Therefore, the motion under a quartic potential is equivalent to the pure imaginary

solutions of PII-equation (5.2) with the parameter a = 0. Such solutions are investi-

gated by Its and Kapaev [1987] in detail. They give the following asymptotics for the

solution x(s):

lim
s→−∞

x(s) = (−s)−1/4α sin
[

2

3
(−s)3/2 +

3

4
α2 ln(−s) + ϕ

]

(5.6)

where the solution parameters α > 0 and 0 ≤ ϕ < 2π are arbitrary. In the other limit

lim
s→∞ x(s) = ±

√

s

2
± (2s)−1/4ρ cos

[

2
√

2

3
s3/2 − 3

2
ρ2 ln s+ θ

]

(5.7)

Again, the quantities ρ > 0 and 0 ≤ θ < 2π are arbitrary and they uniquely charac-

terize the solution.

Because there are no singularities in the purely imaginary solutions of PII, it is

possible to write formulae that connect the initial pair (α, ϕ) with the final pair (ρ, θ).

These connection formulae are given as [Its and Kapaev, 1987] :

ρ2 =
1

π
ln

1 + |p|2
2|Im p| (5.8)

θ = −π
4

+
7

2
ρ2 ln 2 − arg Γ(iρ2) − arg(1 + p2) (5.9)

where

p =
(

eπα
2 − 1

)1/2
exp i

{

3

2
α2 ln 2 − π

4
− arg Γ(iα2/2) − ϕ

}

(5.10)

(not to be confused with the momentum) and the upper sign in (5.7) is taken when

Im p < 0.

Figure 5.1 shows the envelope of these asymptotic solutions together with a nu-

merical solution of PII. The solutions are matched using the connection formulae.
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Figure 5.1 Comparison of the Painleve-II asymptotes with the direct numerical solution
of the PII equation (5.2). The system is initialized at s0 = 100 with α = 1 (corresponding
to J = πε) and ϕ = 0. (a) The solution (gray, solid) and the asymptotic envelope (black,
dashed) over the interval (−s0, s0). The solution x(s) matches the asymptotic expression
at (b) large negative and (c) large positive values of s.

The general properties of the asymptotic solutions (5.6) and (5.7) conform to the

expectations: The negative asymptote is oscillating around zero, with an amplitude

proportional to the constant α. This suggests that the initial action could be a

function of α2. On the other hand, the positive asymptote (5.7) shows oscillations

in two branches, around average values of
√

s/2. In the (t, q) domain, this average

value translates into
√
εt ≡

√
λ, and therefore consistent with the earlier results. The

amplitude of the oscillatory part in the positive branch is proportional to ρ, so we

expect the final action to be a function of ρ.
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5.3 Asymptotic adiabatic invariant

We need to relate Jq =
∮

q̇ dq, the action in (q, q̇) space, to Jx =
∮

x′ dx, the

action in (x, x′) space (recall that in Hamiltonian formulation q̇ = p, so Jq is still the

familiar action we know and love). The prime ′ stands for differentiation with respect

to variable s. Using the transformation (5.4), we see that:

q̇ dq = 2εx′ dx (5.11)

and therefore
Jq = 2εJx. (5.12)

We again impose the convention that the action is half the phase-space area for

trajectories outside either lobe. With this convention, the action is continuous across

the separatrix. Therefore, in the negative asymptote, where the separatrix does not

exist, it holds that
J−
q = εJ−

x (5.13)

and in the positive asymptote, for trajectories that are confined in one of the lobes:

J+
q = 2εJ+

x (5.14)

The quantities with superscript ‘+’ pertain to the t→ +∞ limit, and those with

superscript ‘−’ to the t → −∞ limit. Now we need to determine J+
x and J−

x from

the asymptotic expressions (5.6) and (5.7).

We rewrite the solution at the limit s→ −∞, to lowest order in −s:

x(s) = (−s)−1/4α sinψ(s) (5.15)
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where

ψ(s) ≡ 2

3
(−s)3/2 +

3

4
α2 ln(−s) + ϕ (5.16)

After differentiating, we get:

dx

ds
≡ x′(s) = −(−s)1/4α cosψ +

α

4
(−s)−5/4

(

sinψ − 3α2 cosψ
)

(5.17)

Instead of attempting to take the action integral directly, we can try another approach

that exploits the asymptotic nature of the solution [Lebovitz and Pesci, 1995]. Suppose

the initial data (x0, x
′
0) is given at s = −s0, with s0 positive and sufficiently large so

that we can ignore the s
−5/4
0 term in x′(s0). Then, to lowest order we have:

x0 = s
−1/4
0 α sinψ0 (5.18)

x′0 = −s1/4
0 α cosψ0, (5.19)

with ψ0 ≡ ψ(−s0). In this form it is easy to see that the initial points (x0, x
′
0) lie on

an ellipse with the equation
(

x0

s
−1/4
0

)2

+

(

x′0

s
1/4
0

)2

= α2. (5.20)

The initial action is the area inside this ellipse drawn in (x, x′)-space. The area

of an ellipse is given by πab, where a and b are semimajor and semiminor axes,

respectively. Then the action is

J−
x = s

−1/4
0 s

1/4
0 πα2 = πα2. (5.21)

For the other limit s → ∞ we can proceed in a similar manner. The positive

asymptote (5.7) is

x(s) = ±
{
√

s

2
+ (2s)−1/4ρ cos ξ(s)

}

, (5.22)
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where

ξ(s) ≡ 2
√

2

3
s3/2 − 3

2
ρ2 ln s+ θ. (5.23)

The derivative x′(s) is then:

x′(s) = ±
{

s−1/2

2
√

2
− (2s)1/4ρ sin ξ + (2s)−5/4ρ

(

3ρ2 sin ξ − 1

2
cos ξ

)

}

(5.24)

Suppose that the final state is (x1, x
′
1) at time s = s1, which is sufficiently high so that

we can ignore the s
−5/4
1 term in the derivative. Then the dynamics in the positive

branch is given as:

x1 =

√

s1

2
+ (2s)−1/4ρ cos ξ1 (5.25)

x′1 =
1√
8s1

− (2s)1/4ρ sin ξ1 (5.26)

with ξ1 ≡ ξ(s1). The points (x1, x
′
1) again lie on an ellipse, whose equation is:





x1 −
√

s1/2

(2s1)−1/4





2

+

(

x′1 − 1/
√

8s1

(2s1)1/4

)2

= ρ2. (5.27)

As before, the action in this asymptote is the area inside this ellipse, that is:

J+
x = π(2s)−1/4(2s)1/4ρ2 = πρ2 (5.28)

The action in (q, q̇) space comes from expressions (5.14) and (5.13):

J+
q = 2επρ2 (5.29)

J−
q = επα2 (5.30)
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5.4 Connection formulae for the adiabatic invariant

5.4.1 Transition into the lobes

By means of the amplitude connection formula (5.8), we can construct a relation

between J+
x and J−

x . From the definition of p in (5.10):

1 + |p|2 = eπα
2

(5.31)

and

Im p =
(

eπα
2 − 1

)1/2
sin

[

3

2
α2 ln 2 − π

4
− arg Γ(iα2/2) − ϕ

]

(5.32)

Substitution into the connection equation (5.8) gives

ρ2 =
1

π
ln







eπα
2

2
∣

∣

∣(eπα2 − 1)
1/2

sin
[

3
2
α2 ln 2 − π

4
− arg (Γ(iα2/2)) − ϕ

]∣

∣

∣







(5.33)

Rearranging yields

ρ2 = α2 − 1

2π
ln
(

eπα
2 − 1

)

− 1

π
ln
∣

∣

∣

∣

2 sin
[

3

2
α2 ln 2 − π

4
− arg

(

Γ(iα2/2)
)

− ϕ
]∣

∣

∣

∣

(5.34)

Multiplying this expression by 2επ and using the formulae (5.29)-(5.30) for the adia-

batic invariant in the two extremes, we can relate the initial and final values of the

adiabatic invariant:

J+
q (J−

q , ϕ) = 2J−
q − ε ln

(

eJ
−
q /ε − 1

)

− 2ε ln

∣

∣

∣

∣

∣

2 sin

[

3 ln 2

2π

J−
q

ε
− π

4
− arg Γ

(

i
J−
q

2πε

)

− ϕ

]∣

∣

∣

∣

∣

(5.35)

This last expression is the analogue of 4.24 supplied by CET for the post-crossing

value of adiabatic invariant. Indeed, the last term is in the form 2 ln |2 sin(. . .)|, which
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is the form that we deduce from the application of CET theory to the quartic potential

with linearly increasing λ. The four-term argument of the sine function depends on

the initial parameters (J−
q , ϕ), and for a set of initial conditions that have a common

value of J−
q , the parameter ϕ plays the role of a crossing parameter.

The important difference lies in the second term. In the limit J−
q À ε, the second

term reduces to J−
q , and therefore, the whole expression reduces to the CET form.

However, when J−
q ∼ O(ε), the second term becomes significant. Consider a set

of initial conditions with constant J−
q and varying ϕ. (Figure 5.2 shows three such

ensembles.) The final value of the adiabatic invariant, averaged over this ensemble of

initial conditions, is
〈

J+
q

〉

= 2J−
q − ε ln

(

eJ
−
q /ε − 1

)

(5.36)

So we see that the ensemble-averaged change
〈

J+
q − J−

q

〉

does not vanish when

the initial value of the action is comparable to ε. The average change can be made

arbitrarily large by choosing J−
q /ε arbitrarily small. However, the root-mean-square

spread
〈

(

J+
q −

〈

J+
q

〉)2
〉1/2

= ε
π√
3

(5.37)

is still of order ε.

5.4.2 Transition out of the lobes

We now have an expression for the final adiabatic invariant for the c→a (viz. c→b)

transition into the lobes. In order to analyze multiple crossings, we need the inverse
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Figure 5.2 Comparison of theoretical adiabatic invariant jump (5.35) with numerical
results for three sets of initial conditions, each with different initial action and sampled over
ϕ. In each set, the theoretical estimate is the solid line. When J−

q becomes several ε, the
curve quickly approaches the CET prediction. The flat line is the minimum value predicted
by CET theory.
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expression, for the transition out of the lobes.

The expressions (5.8) and (5.9) give ρ2(p) and θ(p), respectively. Inverting them,

we can express p in terms of ρ2 and θ as follows [see Appendix (A.4)]:

p(ρ, θ) = i eπρ
2

+
(

e2πρ2 − 1
)1/2

exp i

{

θ − 7 ln 2

2
ρ2 +

3π

4
+ arg Γ(iρ2)

}

(5.38)

Also, from the definition (5.10) of p, it follows that

α2 =
1

π
ln
(

1 + |p|2
)

(5.39)

and

ϕ =
3 ln 2

2
α2 − π

4
− arg Γ(iα2/2) − arg p (5.40)

Substituting p by p(ρ, θ) from (5.38), we have the asymptotic solution to the inverse

problem, which starts in one of the lobes and ends in the outer region.

Relations (5.29) and (5.30), which give the adiabatic invariant in the asymptotes,

let us express the action in the negative asymptote in terms of the action and phase

in the positive asymptote:

α2 =
J−
q

πε
=

1

π
ln
(

1 + |p(J+
q , θ)|2

)

(5.41)

After substitution of p(J+
q , θ) from equation (5.38) and some algebraic manipulation,

we find:

J−
q (J+

q , θ) = J+
q + ε ln

(

2 + 2
√

1 − e−J
+
q /ε sinψ

)

(5.42)

where

ψ(J+
q , θ) ≡ θ − 7 ln 2

4πε
J+
q +

3π

4
+ arg Γ

(

i
J+
q

2πε

)

(5.43)
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We can again check whether this equation in the limit J+
q /ε À 1 reduces to the

expression (4.25) given by CET. In this limit, e−J
+
q /ε ≈ 0. Therefore:

J−
q

(

J+
q À ε, θ

)

≈ J+
q + ε ln (2 + 2 sinψ) (5.44)

We again see that in this limit, there is no change in the adiabatic invariant to zeroth

order, and there is a logarithmic O(ε)-correction, as the CET theory predicts. In

order to see that the correction term is in form 2 ln |2 sinM |, we need a few simple

manipulations. Rewriting the argument of the logarithm and using trigonometric

identities, we obtain:

2 + 2 sinψ = 2 + 2 cos
(

ψ − π

2

)

(5.45)

= 4 cos2

(

ψ

2
− π

4

)

(5.46)

= 4 sin2

(

ψ

2
− 3π

4

)

(5.47)

Therefore, in the limit of large initial action, J−
q becomes:

J−
q

(

J+
q À ε, θ

)

≈ J+
q + 2ε ln

∣

∣

∣

∣

∣

2 sin

(

ψ

2
− 3π

4

)∣

∣

∣

∣

∣

(5.48)

When we take the opposite limit of equation (5.42), we see that J−
q is finite

when J+
q /ε¿ 1:

lim
J+

q →0
J−
q = ε ln 2 (5.49)

This result is in contrast with the result of outside-to-lobe transition, where the final

action increases logarithmically with vanishing initial action. During the lobe-to-

outside transition, the system always stays at the bottom of the potential well, which
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Figure 5.3 Same as Figure 5.1, initialized with α = 10, ϕ = 0. The convergence of the
asymptotes (dashed black) and the numerical solution (solid gray) is slower in this case,
especially for positive-s (panel c).

is a stable point. In other words, the system follows the stable manifold. On the

other hand, during the bifurcation transit the system follows the unstable manifold,

which creates the exponential increase with shrinking initial action.

5.5 Are PII equations valid for general J ?

The relations (5.35) and (5.42) between adiabatic invariants are derived from

Painlevé equation (5.2); therefore, they are valid only to the extent that the equation

of motion can be represented by, or transformed into, the PII form. The use of PII

asymptotes allows us to overcome one limitation of CET theory by being applicable

to small values of the action, but it lacks the generality of the CET formulae.

Figure 5.1 shows that the asymptotic formulae are in good agreement with the
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actual solution everywhere except for a few cycles around s = 0. In order to check

the agreement at larger values of α, we repeat the comparison of the asymptotes and

the numerical solution, this time with α = 10 (corresponds to J = 100πε). The result

is shown in Figure 5.3. The main message of the figure is that with larger values of

the initial oscillation amplitude α, it takes a longer time for the actual solution and

the lowest-order expressions (5.6)-(5.7) to agree satisfactorily. It is no obstacle to the

applicability of the method: If we initiate the solution sufficiently far, and follow it

for sufficiently long times, the agreement can be made arbitrarily close. The question

is, does the investigated system have enough time for this?

The question becomes important in the presence of multiple crossings. To illus-

trate, let us consider the specific case in Section 4.5.1 where λ oscillates in time with

a triangle-wave shape (Figure 4.19). Because λ = ±εt, the results of this chapter

are directly applicable for the prediction of successive adiabatic invariant values, as

far as the equation of motion is concerned. Let the system be initialized with action

J ∼ O(1) such that the pseudo-crossing time λx is close to the maximum value λmax.

The lobes of the separatrix will start to shrink shortly after the trajectory has en-

tered them; consequently, the system will have spent a short time (compared to 1/ε)

in the lobe. It is quite likely that within this limited time interval the asymptotic

requirements are not met; the omitted terms in the asymptotic expressions will not

yet be negligible. In order to give the system enough time after crossing, so that it
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can exist in the lobe for long enough times to converge to the asymptote, we should

initialize it such that it has a small pseudo-crossing time, which means it should have

a small value of initial action.

Therefore, it is safe to apply the results of this chapter only to crossings with

J ∼ O(ε), and use CET theory for larger values.

Another reason for this limitation comes from the consideration of slightly more

sophisticated forms of λ(t), such as the sinusoidal form described in subsection 4.5.2.

The nonlinearity of λ prevents a direct application of the connection formulae for

general J . However, if we limit ourselves to the interval where λ can be approximated

as a linear function, the PII-asymptote approach can be employed again. This, again,

means that the initial adiabatic invariant must have a small value.

At the next level of sophistication, we could have a potential that is symmetric

in q, but not quartic. For large values of initial action, CET theory can be used;

otherwise, the amplitude of the motion will be small, so we can approximate the

potential with a Taylor series up to the fourth order, thereby reducing the problem

to PII for systems with small J .

5.6 Multiple crossings

The aim of this section is to derive a map of action values for successive crossings,

as in Section 4.5. The map relates the action Jn after the nth crossing to the previous

action value Jn−1, and it is stochastic in the sense that the crossing parameter is set
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randomly in each case.

Suppose we initiate the system before the separatrix comes into existence, with

an adiabatic invariant J0 and parameter ϕ. Then, after the crossing has taken place,

the new adiabatic invariant J1 can determined from equation (5.35):

J1 = f(J0) = 2J0 − ε ln
(

eJ0/ε − 1
)

− 2ε ln |2 sinψ0| (5.50)

where ψ0, the initial crossing parameter, is given as

ψ0 ≡
3 ln 2

2π

J0

ε
− π

4
− arg Γ

(

i
J0

2πε

)

− ϕ. (5.51)

If the system is set up such that the separatrix eventually shrinks, the trajectory

will cross the separatrix in the other direction, leaving the lobe it was confined to.

The value of the action after this crossing is given in equation (5.42):

J2 = g(J1) =
J1

2
+ ε ln

(

2eJ1/(2ε) + 2
√

eJ1/ε − 1 sinψ1

)

(5.52)

The crossing parameter ψ1 at step 1 is given by:

ψ1 = θ − 7 ln 2

4πε
J1 +

3π

4
+ arg Γ

(

i
J1

2πε

)

(5.53)

The relation between ψ1 and ψ0 depends on the details of the motion, but our aim

is to be able to understand the system without having to follow the motion. As

described in Section 4.4, the successive values of action become uncorrelated after a

few crossings. For that reason, we will set the crossing parameters randomly at each

evaluation of f and g, creating a random walk in J-space. With the functions f and

g defined as above, the general form of the map is:

Jn = f(Jn−1, ψn−1) , n odd (5.54)
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Figure 5.4 A representative time series of adiabatic invariant values for successive
crossings in either direction, which includes small values of the adiabatic invariant. The
parameter λ is a triangular wave (Figure 4.19) with ε = 10−3 and λmax = 1. System
is initialized outside the lobes with J0 = ε. The flat line near the bottom is the 10ε level
where the map switches from the fast-crossing case (5.54)-(5.55) to the slow-crossing (CET)
case (4.69).

Jn = g(Jn−1, ψn−1) , n even (5.55)

Even though ψn−1 is set randomly in each step, we retain it in the notation, to

emphasize the dependence of the map on it.

In applying this map, we should remember the limitations of the method used to

obtain the map, as outlined in the previous section. The difference between the jump

relations presented here and those given by CET formulae decreases exponentially

fast with increasing J/ε ratio; therefore, we will use a piecewise definition for the

map Jn(Jn−1): When J is sufficiently small (order of 10ε), the map will use the PII

asymptotic relations given above. For larger values, it will use the CET map given

in Section 4.5.

Figure 5.4 shows an example of how the time series of Jn would look like if ini-
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Figure 5.5 Examples of action time series starting with J0 = ε = 10−3, assuming
λ = sin(πεt). The dashed line is at level 30ε, which separates the ranges of fast-crossing
map and the slow-crossing map. The interesting feature of this case is that the action might
return to very low values even after reaching substantially high levels.

tialized at J0 = ε. The time series has the random-walk appearance observed before

in Figure 4.20, as expected. Above the 10ε level, the slow-crossing action map (4.69)

is in charge, where jumps in both directions are equally likely. Below that level, the

fast-crossing map given above ensures that the positive jumps are more probable, so

that the action value is not likely to become negative. Under this map, in which

the time dependence of λ is assumed to be linearly decreasing and increasing, the

stochastic action values occasionally come back to very low levels when they are not

too big, but then they level off with an ever-decreasing likelihood of becoming small.

The case where λ is sinusoidal includes further features. In the drift-shell bifur-

cation case, this kind of variation of λ is more likely to occur. As shown in sub-

section 4.5.2, the jump magnitudes are increasing with decreasing J0; therefore, the
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map of Jn should show more large-scale fluctuations. Two examples are given in

Figure 5.5, showing large fluctuations typical with a sinusoidally varying λ. A lin-

ear variation would cause smaller fluctuations, because a sinusoidal λ causes a jump

magnitude 2επλmax

√

1 − (J/Ymax)4/3 [cf. equation (4.78)], which is larger than the

jump magnitude 2ε with linear λ if

J <
(

1 − 1

π2λmax

)3/4

Ymax, (5.56)

With λmax = 1 and Ymax = 4/3, this gives approximately J < 1.231.



Chapter 6

Analysis of drift-shell bifurcation

This chapter develops an analysis of the phenomena described in Chapter 3, by

applying the theory of separatrix crossing described in Chapters 4 and 5. Our purpose

is to make some estimates about the effects of drift-shell bifurcation in the magne-

tosphere, especially about the magnitude of the radial diffusion that directly results

from the scattering of the adiabatic invariant.

Two cases should be separated: When the initial second invariant I is of the order

of the maximum value I (see Appendix A.1 for its definition), the results of CET

theory are applicable. Typically, this translates to particles with equatorial pitch

angles no more than ∼ 85◦, which are not necessarily equatorially trapped. This

analysis is presented in section 6.1.

The other case, investigated in Section 6.2, is when the ratio I/I is so small

that bifurcation occurs within the first bounce. This case corresponds to equatorial

particles with pitch angles nearly 90◦. Due to the smallness of I, CET theory is

inapplicable. Instead, the relevant potential is expanded in a Taylor series to fourth

order, and the longitudinal equation of motion is converted to the Painlevé-II equa-

tion. Then, using the methods described in Chapter 5, the asymptotic solutions are

matched to relate successive values of the second invariant.
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Antonova et al. [2003] presented, to our knowledge, the only study of drift-shell bi-

furcation in the framework of separatrix-crossing theory. They employ the equivalent

of CET theory and, similar to our approach here, derive the relevant coefficients as

functions of a particular magnetic field model. The general properties of the second

invariant jump, as reported by the authors, are in agreement with our results: The

jump amplitude is larger for more energetic particles and for particles that have a

smaller mirror field. However, Antonova et al. do not consider the equatorial and

nonequatorial cases separately. We believe that the treatment we present here is

versatile and well-defined so that it can be applied to any magnetospheric model for

precise results.

6.1 Non-equatorial particles

6.1.1 Drift-shell bifurcation as slow separatrix crossing

The motion of the guiding-center of a charged particle can be separated into two

components: The bounce motion, which is parallel to the field, and the drift motion,

which is perpendicular to the field and much slower than the parallel motion. If we

disregard the slow perpendicular drift, the guiding center simply goes up and down

along a field line, called the guiding line. Let s be the path length along the field line,

and let v‖ be the component of the particle’s velocity in the direction of the field.

The relativistic equations of bounce motion are given by Northrop [1963] as follows:

ds

dt
= v‖ (6.1)
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dv‖
dt

= − µ

mγ2

dB(s)

ds
(6.2)

Here, m is the rest mass of the bouncing particle, B(s) is the magnitude of the field

vector at point s, and

γ = 1/

√

1 − v2

c2
(6.3)

is the relativistic factor. The speed v of the particle does not change in a purely

magnetic field, therefore γ is a constant of the motion. The parameter

µ ≡ p2
⊥

2mB
=
mv2γ2 sin2 α(s)

2B(s)
(6.4)

is the first adiabatic invariant, described in earlier chapters. The pitch angle α(s)

changes over the field line in such a way that sin2 α(s)/B(s), hence µ, stays constant.

Therefore, we can evaluate µ at the mirror point for a simpler expression:

µ =
mv2γ2

2Bm

(6.5)

Equations (6.1) and (6.2) are given in terms of the dynamical variables s and v||,

under a given function B(s) which changes slowly as the guiding center migrates to

other guiding lines. Therefore, the drift motion provides the slow (adiabatic) change

to the bounce problem.

For our purposes, we assume that the guiding line has a local maximum of field

strength, so that B(s) has (at least) one peak. For large s, B(s) is monotonically

increasing, so there are (at least) two local minima of B(s) at the sides of the peak.
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Figure 6.1 Different possible motions on a schematic field line containing a local max-
imum of field strength. Path 1 has a mirror field Bm1 larger than the local maximum at
s = 0, and therefore spans both positive and negative s. Path 2 has a mirror field Bm2

smaller than the local maximum, therefore confined to either positive or negative s region.
On the right, the possible types of motions are shown on the phase space spanned by s and
v‖. The familiar figure-eight shaped curve is the separatrix, corresponding to the motion
with mirror field Bm = B(s = 0), with an infinitely long period.

Therefore, over a given guiding line, different types of bounce motion can exist, de-

pending on the mirror field value Bm, as shown in Figure 6.1. The origin of the

s-coordinate is set on the position of the local maximum.

In preparation for the applying the theory of Section 4.2, we need to express

the equations of motion in a dimensionless Hamiltonian form. First, we make the

equations dimensionless by scaling all lengths and distances by L, and time by τb.

Here, L is some length scale related to the bounce motion (it can be chosen to be

Re, or to be the total field line length), and τb is the bounce period far from the

separatrix. The main purpose of this scaling is to make λ and its rate of change ε
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dimensionless quantities. The final results will be independent of these scale factors.

The scale factor L must not be confused with the parameter known as McIlwain L,

which is commonly used to label drift shells near the Earth. Within this context, there

is little danger of confusion because we do not use McIlwain L in this study.

We define the dimensionless variables

S ≡ s

L
, T ≡ t

τb
, V|| ≡

v||
L/τb

(6.6)

In terms of these variables, the equations of motion are transformed into:

dS

dT
= V|| (6.7)

dV||
dT

= − v2

2Bm

τ 2
b

L2

dB(S)

dS
(6.8)

In the second equation we used (6.5) to substitute for µ. We need to determine the

hamiltonian associated with these equations. The hamiltonian is such a function that

the time derivatives of S and V‖ have the following symplectic structure:

dS

dT
=
∂H

∂V‖
,

dV‖
dT

= −∂H
∂S

(6.9)

One hamiltonian that satisfies this symplectic structure is

H(S, V‖) =
V 2
‖
2

+
v2

2Bm

τ 2
b

L2
[B(S) −B(0)] (6.10)

The constant term in the hamiltonian does not affect the equations of motion, but

ensures that the separatrix curve corresponds to the H = 0 contour. Also, the origin

is a saddle point, as assumed in the CET analysis.
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Figure 6.2 Illustration of the slow parameter λ, the distance along a given drift shell.

The hamiltonian (6.10) for the longitudinal motion does not include any explicit

drift motion. The drift motion is implicit in the function B(S), which depends on the

instantaneous guiding line. Because the drift is much slower than the longitudinal

motion, the slow time dependence of the problem is contained in the function of B(S).

We parameterize the slow change by λ, which changes on a time scale that is much

longer than the bounce period. In order to emphasize the slow time dependence, let

us rewrite the hamiltonian in a slightly enhanced notation:

H(S, V‖;λ) =
V 2
‖
2

+
v2

2Bm

τ 2
b

L2
[Bλ(s) −Bλ(0)] (6.11)

We can define λ to be the drift distance, in units of the length scale L:

λ ≡ τb
L

∫ T

0
|〈vD〉| dT ′ + λ0 (6.12)

where 〈vD〉 is the bounce-averaged drift velocity (both gradient and curvature drifts)

and λ0 is an arbitrary starting point. This definition allows us to specify a field line

uniquely on a given drift shell (Figure 6.2). The use of bounce-averaged velocity,

thereby eliminating the details of the bounce motion, is consistent with the spirit of
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the adiabatic invariants method. Earlier we commented about the relation between

averaging methods and adiabatic invariants. The details of the smaller scale motion

(here the bounce motion) is invisible on the large scale (here the drift scale). One

step lower in the ladder, one can see that the guiding-center approximation is also

based on that principle: The bounce motion is oblivious to the gyro-scale details.

The definition of the vector 〈vD〉 requires care; a good description of it is provided

by Roederer [1970]. The instantaneous values of λ are expensive to compute, due to

the complexity of 〈vD〉, but we will not need the actual values for further analysis.

The parameter λ serves only as a bookkeeping device.

On a given line labeled with λ, we define the action J and the lobe area Y in the

usual way:

J(Bm, λ) =
∮

V||(S;λ) dS = 2
vτb
L

∫ Sm2

Sm1

√

1 − Bλ(S)

Bm

dS (6.13)

Y (λ) = 4
vτb
L

∫ Sm

0

√

√

√

√1 − Bλ(S)

Bλ(0)
dS (6.14)

The integral for Y requires that the point S = 0 is a mirror point, and its upper

limit Sm is determined from B(Sm) = B(0). We note that J = 2 vτb
L2 I, where I is the

usual expression (2.58) for the second invariant.

As the particle drifts toward local noon, the initial action J0 (and I0) remains

constant within the adiabatic approximation. The lobe area Y (λ) increases, reaching

a maximum at local noon. If J0 is less than this maximum value, then crossing will
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take place at λx, defined by Y (λx) = J0. Thereafter, the particle adiabatically drifts

across the bifurcation region, and the branches join together as Y (λ) slowly decreases

to zero. The particle returns to the night side with a slightly different second invariant.

Later, it comes back to the day side and undergoes bifurcation again. We discussed

this kind of multiple crossing in section 4.5.

From the analysis in Chapter 4 we expect that after crossing the separatrix (equiv-

alently, the bifurcation line) the longitudinal invariant should change by:

∆J = − 1

2ω

dY

dT

∣

∣

∣

∣

∣

λx

ln |2 sin(πM)| (6.15)

All quantities need to be evaluated at the pseudo-crossing point λx. We leave the

crossing parameter M unspecified, as it depends on the details of the motion around

the crossing. We will assume that the initial conditions are uniformly distributed

in M .

We remember that ω is the exponentiation rate of trajectories near the origin

(S = 0, V|| = 0), defined by the equation (4.16). The expression for ω can be deter-

mined if we transform the hamiltonian (6.11) into the form (4.16). To this end, we

first need to expand B(S) in the hamiltonian around S = 0:

H(S, V||;λ) =
V 2
||
2

− v2τ 2
b

2BmL2

∣

∣

∣

∣

∣

d2B

dS2

∣

∣

∣

∣

∣

0

S2

2
+ O(S4) (6.16)

Here we assume that the separatrix exists so that d2B
dS2 is negative at S = 0. This
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hamiltonian can be trivially transformed into (4.16) by the scale transformation:

q =
vτb
L

√

√

√

√

1

2Bm

∣

∣

∣

∣

∣

d2B

dS2

∣

∣

∣

∣

∣

0

S , p = V|| (6.17)

so that the transformed hamiltonian is:

K(q, p;λ) =
vτb
L

√

√

√

√

1

2Bm

∣

∣

∣

∣

∣

d2B

dS2

∣

∣

∣

∣

∣

0

H(q, p;λ) (6.18)

where H(q, p;λ) denotes that S and V|| are expressed in terms of q and p, and sub-

stituted into H. After this substitution we obtain:

K(q, p;λ) =
vτb
L

√

√

√

√

1

2Bm

∣

∣

∣

∣

∣

d2B

dS2

∣

∣

∣

∣

∣

0

(

p2

2
− q2

2

)

(6.19)

Therefore we read that:

ω(λ) =
vτb
L

√

a(λ)

2Bm

(6.20)

where a(λ) ≡
∣

∣

∣

d2Bλ

dS2

∣

∣

∣

0
. Because the expression for ∆J is coordinate-independent, we

can use this ω with the original hamiltonian (6.11), although it was derived with the

transformed hamiltonian (6.18).

Substituting for ω, and using the chain rule, the jump in action can be expressed

as:

∆J = − L

τbv

√

Bm

2a(λx)
τb 〈vD〉 · ∇Y |λx

ln |2 sin(πM)| (6.21)

Here we used dY
dT

= dt
dT

dY
dt

= τb 〈vD〉 · ∇Y , which follows from the definition of λ.

We rewrite a in terms of the unscaled length s:

a =

∣

∣

∣

∣

∣

d2B

dS2

∣

∣

∣

∣

∣

0

= L2

∣

∣

∣

∣

∣

d2B

ds2

∣

∣

∣

∣

∣

0

(6.22)
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As noted, action J is related to the second invariant I by a constant factor (J =

2 τbv
L
I). In order to get the jump relation for the second invariant, we simply divide

the equation by this constant factor. Now we obtain an expression that depends on

the unscaled, dimensional quantities:

∆I = −1

v





∣

∣

∣

∣

∣

d2B

ds2

∣

∣

∣

∣

∣

λ=λx
s=0





−1/2√

Bm

2
〈vD〉 · ∇Υ|λx

ln |2 sin(πM)| (6.23)

Here Υ (capital letter upsilon) is defined as:

Υ(λ) ≡ 2
∫ sm

0

√

√

√

√1 − Bλ(s)

Bλ(0)
ds (6.24)

The upper limit of the integral is an off-equatorial mirror point. The directional

derivative of Υ must be taken in the drift direction, in the neigborhood of the bifur-

cation point.

6.1.2 Order-of-magnitude estimate

As it stands, (6.23) can be evaluated numerically for a given magnetic field model

and for a specified particle. However, the formula does not explicitly show the depen-

dency of ∆I on Bm, I0 and energy. In order to see those dependencies, we will simplify

∆I by making some approximations. Our purpose is to present an order-of-magnitude

estimate for ∆I.

To that end, we approximate the bounce-averaged drift speed by pure gradient-

drift speed [cf.equation(2.13)] at the bifurcation point:

|〈vD〉| ≈ vG(λx) =
γmv2

2|q|B2
m

|∇⊥B|λx
(6.25)
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In general, this approximation is only moderately well, but it will be sufficient for

an order-of-magnitude estimate. Substitution of vG for |〈vD〉| gives:

∆I = −




∣

∣

∣

∣

∣

d2B

ds2

∣

∣

∣

∣

∣

λ=λx
s=0





−1/2
γmv

23/2|q|B3/2
m

|∇⊥B|λx
v̂G · ∇Υ|λx

ln |2 sin(πM)| (6.26)

The factors ∇⊥B and d2B/ ds2 depend on the detailed field geometry. However, the

field magnitudes are of the same order as a dipolar field. Therefore, we can estimate

the factors by using a simple dipole model.

The perpendicular field gradient at the equator can be expressed as follows for a

dipolar field:
∣

∣

∣∇⊥B
dip
∣

∣

∣ =
dBdip

eq (R)

dR
(6.27)

where R is the radial distance on the equatorial plane. For the dipole field, it holds

that:

Bdip
eq (R) =

B0R
3
e

R3
(6.28)

Here B0 is the equatorial field strength at distance 1Re. Evaluating this factor at the

bifurcation point Rb gives:

|∇⊥B| ∼ 3Bm

Rb

(6.29)

The expressions that relate the field strength to the coordinate along the field

line can be found in Walt [1994]. Using those expressions, we determine the second

derivative of dipolar field Bdip(s) at the equator, and use it as an estimate for the

actual parameter:
∣

∣

∣

∣

∣

d2B

ds2

∣

∣

∣

∣

∣

λx

∼
∣

∣

∣

∣

∣

d2Bdip

ds2

∣

∣

∣

∣

∣

s=0

= 9
Bm

R2
b

(6.30)
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In the last step we replaced B with Bm because the parameter is evaluated at the

bifurcation point.

The factor v̂G · ∇Υ is the derivative of the lobe area Υ in the drift direction. The

lobe area Υ typically increases from zero to a few Re, over a drift distance of a few

Re, and we take this factor to be of order one. However, this factor depends on the

initial second invariant I0. When I0 is so large that it is close to the maximum value

I(Bm), this factor may be much less than unity. The reason for that variation with

I0 is that the function Υ(λ) has a local maximum at local noon (Figure 6.3). The

actual value of v̂G · ∇Υ is determined by evaluating the slope of the function Υ(λ)

where it has the value I0. When I0 is large, bifurcation occurs near local noon, where

the derivative can be smaller than order one.

Therefore, we estimate v̂G · ∇Υ ∼ O(1) with the caveat that it is valid for the

middle range of all possible I0 values: Too large I0 will change the order of magnitude

of v̂G · ∇Υ, and too small I0 will cause a breakdown of the slow crossing theory.

Bringing the estimates together, the order-of-magnitude of the second-invariant

jump turns out to be:

∆I ∼ − γmv

23/2|q|Bm

ln |2 sin(πM)| (6.31)

This expression verifies our results in Chapter 3: ∆I increases with increasing

speed (kinetic energy), and decreases with increasing mirror field. However, it does

not enlighten us about the dependence on I0. This dependence asserts itself in the
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Figure 6.3 Left: Three equatorial magnetic field contours, which are also paths of
gradient-drift. The thick line is the outer boundary of the bifurcation region. Right: Values
of Υ calculated at each point of the drift paths on the left, plotted as a function of the
equatorial drift distance. Bifurcation occurs when I0 = Υ.
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location of the bifurcation point by the relation Υ(λx) = I0. We discarded this infor-

mation by using dipolar estimates, and by setting v̂G · ∇Υ ∼ O(1). Still, consulting

Figure 6.3, we can see that the jump magnitude decreases with increasing I0, as

expected from simulations.

A slight rewriting reveals an interesting connection:

∆I ∼ − ρm

23/2
ln |2 sin(πM)| (6.32)

where ρm = γmv/|q|Bm is the gyroradius at the mirror point (its minimal value along

the bounce path). This somewhat surprising result shows that the root-mean-square

value of the second invariant jump (which has dimensions of length) is of the order

of the mirror gyroradius.

6.2 Equatorial particles

6.2.1 Fast-crossing with small second invariant

When the equatorial pitch angle of the particle is close to 90◦, the bounce motion

has a small amplitude, and the drift shell is confined to a narrow area around the

equatorial plane. The second invariant for such particles is close to zero, which brings

us to the limit of the applicability of CET theory. As pointed out before, in such

cases the theory of Chapter 5 must be used.

The basic point of Chapter 5 can be summarized as follows: Consider a system

that is evolving according to the modified Painlevé-II equation [cf. equation(5.5)]:

d2y(x)

dx2
= xy(x) − 2y(x)3 (6.33)
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where x > 0, and y(x) is a real function. When the system crosses the separatrix, the

action (adiabatic invariant) of the system acquires the value [cf. equation (5.35)]:

Jy = Jy0 −
1

2
ln
(

eJy0 − 1
)

− ln
∣

∣

∣

∣

2 sin
[

3Jy0
2π

ln 2 − π

4
− arg

(

Γ(
iJy0
2π

)
)

− ϕ
]∣

∣

∣

∣

(6.34)

where J0y is the initial value of the adiabatic invariant and ϕ is an angle-like initial

condition. The subscript ‘y’ denotes that the action is calculated in (x, y)-space.

Therefore, we need to transform the longitudinal equation of motion for the guidng

center into the Painlevé-II form (6.33). Afterwards, we use the transformation equa-

tions to determine how the second invariant is related to the action Jy in (x, y) space,

which will allow us to write down the expression for ∆I.

We start with the equations of motion (6.1)-(6.2), and scale them again, us-

ing (6.6). The second-order equation of bounce motion is then:

L

τ 2
b

d2S

dT 2
= − v2

2BmL

dB

dS
(6.35)

Because the bounce motion has a small amplitude so that S ¿ 1 (s¿ L), we can

approximate B(S), as a Taylor series around S = 0:

B(S) = B(0) +
1

2

d2B

dS2

∣

∣

∣

∣

∣

0

S2 +
1

24

d4B

dS4

∣

∣

∣

∣

∣

0

S4 + O(S6) (6.36)

With that approximation, the second-order equation of motion becomes:

d2S

dT 2
= a(εT )S − bS3 (6.37)

where the dimensionless parameters a and b are shorthands for:

a(εT ) ≡ − v2τ 2
b

2BmL2

d2B

dS2

∣

∣

∣

∣

∣

S=0

(6.38)



174

b ≡ v2τ 2
b

12BmL2

d4B

dS4

∣

∣

∣

∣

∣

S=0

(6.39)

As the notation suggests, we consider a to be a positive-valued function of slow time

λ ≡ εT (where ε is, trivially, the derivative of λ with respect to the scaled time).

On the other hand, we assume that b is a constant within the short time interval of

interest.

Noting that the crossing will take place at a small value of λ, due to the smallness

of initial adiabatic invariant, we can approximate a(εT ) ≈ αεT , where α ≡ da
dλ

∣

∣

∣

λ=0
.

We made the constant term vanish by choosing a(λ = 0) = 0, i.e., the origin of slow

time is set at the point where the separatrix comes into existence. With the double

approximation of small amplitude and small drift distance, the equation of motion

becomes:
d2S

dT 2
= αεTS − bS3 (6.40)

This equation can be transformed to the desired PII form (6.33) by means of the

transformation:

y = (αε)−1/3

√

b

2
S , x = (αε)1/3T (6.41)

In order to adapt the relation (6.34) to the second invariant I, we use the transfor-

mation equations to relate the phase space area element y′ dy in (y, y′) space to that

in the (s, ṡ) space.

First we remember that, in terms of S and T , the second invariant I is expressed
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as [cf. (6.13)]:

I =
L2

2vτb

∮ dS

dT
dS (6.42)

Furthermore, using the transformation equations given above:

dy

dx
dy =

b

2αε

dS

dT
dT (6.43)

Therefore, the action Jy is related to the second invariant I by

Jy =
bvτb
L2αε

I (6.44)

Substitution of this relation into (6.34) gives:

I = I0 − ζ
1

2
ln

[

exp

(

I0
ζ

)

− 1

]

− ζ ln |2 sin Φ| (6.45)

where ζ is defined as:

ζ ≡ εL2α

bvτb
(6.46)

The phase factor Φ is given by:

Φ ≡ 3

2π

I0
ζ

ln 2 − π

4
− arg

[

Γ

(

i

2π

I0
ζ

)]

− ϕ (6.47)

Note that (6.45) is in the same form as (5.35), and here ζ plays the role of ε

in (5.35). Therefore, the parameter ζ is a yardstick for the second invariant: If

I0 ∼ ζ, we expect an overall jump in I for all bounce phases.

We need to express the final second invariant in terms of the unscaled, more

physical quantities, by manipulating the factor ζ.

The parameter λ is defined the same way as (6.12). Then, ε = (τb/L)vG. In this

problem, curvature drift is negligible, so the motion is almost purely gradient drift.
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We also rewrite α as:

α =
da

dλ
= − v2τ 2

b

2BmL2

[

d

dλ

d2Bλ

dS2

∣

∣

∣

∣

∣

S=0

]

λ=0

(6.48)

=
v2τ 2

bL

2Bm

v̂G · ∇
[∣

∣

∣

∣

∣

d2Bλ

ds2

∣

∣

∣

∣

∣

s=0

]

λ=0

(6.49)

In the last step we have used S = s/L, and the fact that d2B/ ds2 is negative. The

directional derivative follows from the definition of λ. It holds that

d

dλ
= Lv̂D · ∇ (6.50)

where, in this case, the drift direction v̂D is the unit vector v̂G.

The parameter b can be rewritten as:

b =
v2τ 2

bL
2

12Bm

d4B

ds4

∣

∣

∣

∣

∣

s=0

(6.51)

by using S = s/L again. Bringing all those expressions together, and substituting for

the gradient drift speed, ζ can be written in terms of the usual variables:

ζ =
3γmv

|q|B2
m

[

|∇⊥B|
d4B/ ds4

v̂G · ∇
∣

∣

∣

∣

∣

d2Bλ

ds2

∣

∣

∣

∣

∣

]

λ=0

(6.52)

Here, all derivatives with respect to s are evaluated at s = 0. The gradients are

evaluated at λ = 0, which is the location where the drift path enters the bifurcation

region.

6.2.2 Order-of-magnitude estimate

We will now simplify ζ in order to obtain an order-of-magnitude estimate for

the change in I. To that end, we will approximate the field-dependent quantities
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(gradients and directional derivatives of B) by their dipolar equivalents, as we did in

the previous section.

First, we approximate

|∇⊥B| ∼ 3Bm

Rb

(6.53)

where Rb is the equatorial radial distance to the bifurcation point, labeled with λ = 0.

In order to estimate the directional derivative of B(2)(0), we assume that it changes

from zero to the dipolar value 9Bm/R
2
b over a distance of πRb. Then:

v̂G · ∇
∣

∣

∣

∣

∣

d2B

ds2

∣

∣

∣

∣

∣

s=0

∼ 9

π

Bm

R3
b

(6.54)

The fourth derivative of B(s), when calculated over a dipolar field line and eval-

uated at the equator, is estimated by:

d4Bdip(s)

ds4

∣

∣

∣

∣

∣

s=0

= 117
Bm

R4
b

(6.55)

Using the double-dipole model with various standoff distance values, we verified

that those estimates are indeed of the same order as the precisely calculated factors.

Substituting those dipolar estimates into (6.52) we get:

ζ ∼ 1

4

γmv

|q|Bm

=
1

4
ρm (6.56)

We substitute ζ back into (6.45) and calculate ∆I = I − I0/2:

∆I ∼ I0
2
− ρm

8
ln
(

e4I0/ρm − 1
)

− ρm

4
ln |2 sin Φ| (6.57)

Again, our order-of-magnitude analysis uncovered the mirror gyroradius ρm =

γmv
|q|Bm

as the small parameter of the problem: When the initial second invariant I0 is
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of the same order as the mirror gyroradius, the ensemble average of the final second

invariant is nonzero, by virtue of I0/2 and the exponential term. The combination

of those two terms becomes negligible if I0 is one order of magnitude larger than ρm,

and the expression reduces to (6.32) (in order of magnitude only).

We developed a similar expression (5.35) in the analysis based on the PII equation.

In that result, we showed that the average action is nonzero when the initial action

J0 was comparable to ε, the dimensionless rate of change of the slow parameter. In

this chapter, I is not dimensionless, but has dimensions of length; therefore it stands

to reason that the “small length scale” of the system would be the gyroradius.

6.2.3 Comparison with simulations

We can check the estimate (6.57) against the simulations presented in Chapter 3,

especially using the data given in Figure 3.9 and Figure 3.12.

The initial conditions of the simulation data have a common value of I0, and they

are uniformly distributed in bounce phase, represented by the term ϕ in Φ, which

is given by (6.47). Therefore, the initial conditions are uniform in Φ, too. So, the

ensemble average 〈∆I〉 and the mean-square spread 〈(∆I)2〉 can be expressed as:

〈∆I〉 =
1

π

∫ π

0
∆I dΦ ∼ I0

2
− ρm

8
ln
(

e4I0/ρm − 1
)

(6.58)

〈

(∆I)2
〉

=
1

π

∫ π

0
(∆I)2 dΦ (6.59)

∼ I2
0

4
− I0

ρm

8
ln
(

e4I0/ρm − 1
)

+
ρ2

m

64
ln2

(

e4I0/ρm − 1
)

+
βρ2

m

16
(6.60)
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where we have used ∫ π

0
ln |2 sin Φ| dΦ = 0 (6.61)

and

β ≡ 1

π

∫ π

0
ln2 |2 sin Φ| dΦ ≈ 0.822 (6.62)

The ensemble on Figure 3.9 has Bm = 37.22nT, and 175keV kinetic energy, cor-

responding to a mirror gyroradius of ρm ≈ 6.4 × 10−3Re. Given the initial second

invariant I0 = 4×10−3Re, we can predict that, after the first bifurcation the ensemble

average and standard deviation of the change in I will be about:

〈∆I〉est = 0.70 × 10−4Re (6.63)
〈

(∆I)2
〉1/2

est
= 1.5 × 10−3Re (6.64)

From the simulated data, we read that:

〈∆I〉sim = 5.1 × 10−4Re (6.65)
〈

(∆I)2
〉1/2

sim
= 2.7 × 10−3Re (6.66)

In the other case (Figure 3.12), the energy is increased to 7MeV, keeping Bm and

I0 at the same values, so that the mirror gyroradius is now ρm ≈ 0.1Re. With these

parameters, we estimate:

〈∆I〉est = 2.6 × 10−2Re (6.67)

〈

(∆I)2
〉1/2

est
= 3.5 × 10−2Re (6.68)

whereas the results from the ensemble data are:

〈∆I〉sim = 2.8 × 10−2Re (6.69)

〈

(∆I)2
〉1/2

sim
= 2.3 × 10−2Re (6.70)
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In both cases the values from formulae (6.58)-(6.59) are in the ballpark of the

simulated values, verifying our simplifying assumptions.

6.3 Radial diffusion induced by drift-shell bifurcation

The repeated crossings of a test particle through the bifurcation region causes

changes in its second invariant. Because the energy and the first invariant are constant

under the assumed conditions, a change in the second invariant is equivalent to a

migration to a new drift shell.

From the discussion of Section 4.4 we know that multiple crossings of the separa-

trix causes diffusion in the action variable. By direct analogy, we can assert that the

diffusion coefficient of the second invariant under drift-shell bifurcation will be:

DII =

〈

(∆I)2
〉

2(τd/2)
(6.71)

In this expression, we made several assumptions: First, we assumed that the

bounce phase at crossing the bifurcation line, upon which ∆I sensitively depends,

is not correlated to phases of previous crossings. Effectively, we consider the phase

(represented by the variable M) a random number for each crossing. We also assumed

that ∆I at the next bifurcation line, where the particle crosses into the night side, is

comparable to the ∆I-value of the first crossing. Therefore, there are two jumps per

drift period, and the time constant in the denominator of DII is set to τd/2.

The magnetospheric processes that preserve the first and the second invariants of a
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particle, but not the third, usually cause radial diffusion, where the particle migrates

from one drift shell to the next [Schulz and Lanzerotti, 1974]. However, association of

a drift shell with a single radial coordinate is not trivial. If the field is dipolar, than

the equatorial radial distance is always the same as the particle drifts around the

Earth. When the magnetic field deviates from a dipole, the equatorial distance varies

with local time. For that reason, the quantities known as the McIlwain L (LM) and

the Roederer L (L∗) are utilized to assign a radial distance to a drift shell specified by

(Bm, I), and the diffusion coefficient is expressed in terms of one of those variables.

A detailed description of each variable can be found in Roederer [1970].

In accordance with our approach so far, we will merely give an order-of-magnitude

estimate for the diffusion coefficient in the radial distance. When a more detailed

knowledge is desired, one needs to use a specific magnetospheric model to evaluate

the L-parameters and the more precise expressions (6.23) and( 6.45). Therefore,

we will estimate the relation between I and the radial distance by using a dipolar

magnetic field.

We start with the familiar definition of I:

Idip(L, Bm) =
∫ sm

−sm

√

1 − BL(s)

Bm

ds (6.72)

Here, L is the radial distance to the equatorial point of the field line, divided by Re.

We reparameterize the integral in terms of the latitude θ, and use the relations given
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by Walt [1994]:
ds

dθ
= LRe

√

1 + 3 sin2 θ cos θ (6.73)

BL(θ) =
B0

L3

√
1 + 3 sin2 θ

cos6 θ
(6.74)

where B0 = 31000nT is the field strength at equatorial distance 1Re. Then:

Idip(L, Bm) = 2LRe

∫ θm

0

√

√

√

√1 − B0

BmL3

√
1 + 3 sin2 θ

cos6 θ

√

1 + 3 sin2 θ cos θ dθ (6.75)

The function Idip(L, Bm) would be linear in L if it were not for the L−3 factor

in the integrand. However, either by a Taylor expansion or by numerical evaluation,

we can see that this nonlinear dependence does not have a dominant influence on

how Idip changes with L, especially in the narrow range L ∈ (8, 10). Therefore, we

approximate L by the nominal value of 10 inside the square root.

The change in Idip, keeping Bm constant, is then expressed by:

∆Idip = ∆LRe · f(Bm) (6.76)

where the function f(Bm) is given by:

f(Bm) ≡ 2
∫ θm

0

√

√

√

√1 − B0

Bm103

√
1 + 3 sin2 θ

cos6 θ

√

1 + 3 sin2 θ cos θ dθ (6.77)

In the limit Bm → ∞ (corresponding to an equatorial pitch angle of zero), the

first radical in the integrand of f will be one, and the mirror latitude θm will be π/2.

Then, the integral can be evaluated to find

lim
Bm→∞

f(Bm) ≈ 2.76 (6.78)
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In the other limit Bm → B0/L3 (corresponding to an equatorial pitch angle of 90◦),

θm goes to zero while the integrand remains finite, and therefore

lim
Bm→B0

L3

f(Bm) = 0 (6.79)

The plot of the function in Figure 6.4 shows that it is monotonic between these

limits. We also see that for the relevant values of Bm (30nT–70nT), f is in the

interval (0.1–0.5).

100 1000 10000
Bm @nTD0

0.5

1

1.5

2

fHBm L

Figure 6.4 The plot of the function f(Bm) = Idip/L. The function monotonically
increases from 0 to 2.76.

Approximating the actual second invariant with its dipolar form, we can write:

〈

(∆L)2
〉

=
1

R2
ef(Bm)2

〈

(∆I)2
〉

(6.80)

The radial diffusion coefficient can be expressed as:

DLL =
〈(∆L)2〉
2(τd/2)

(6.81)
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We remind the reader that there are two jumps in the radial distance per drift; hence

the factor τd/2. Substituting (6.80), we get:

DLL =
〈(∆I)2〉

R2
ef(Bm)2τd

(6.82)

We will evaluateDLL for drift shells with intermediate I-values. For that, we use (6.31)

to substitute 〈(∆I)2〉 ∼ β2

8
ρ2

m, where β ≈ 0.822 [cf. (6.62)].

There is a conceptual caveat in this substitution. The quantity 〈(∆I)2〉 is actually

the average for a single particle over many crossings, whereas (6.31) is an average for

one crossing over many particles. Assuming the equality of the two is tantamount to

the ergodic hypothesis, which is not strictly correct for this system (cf. Neishtadt et

al. [1997], Abdullaev [2000]), but can be accepted as an approximation.

Subsequent crossings change the second invariant of a particle by a small amount

that is O(ρm). The expression for DLL above disregards that dependence of ∆I on

I0. This omission does not introduce a large error because, over most of the range of

possible I values, ∆I only weakly depends on I0.

We substitute the drift period τd by its dipolar equivalent, given by Walt [1994]:

τd ∼ 2πqB0R
2
e

γmv2

1

L

[

1 − 1

3
(sinαeq)

0.62
]

(6.83)

The field strength at L is given by B0/L3, which we set to Bm within our assumptions.

The factor [1 − 1
3
(sinαeq)

0.62] can be well approximated by 2/3 for high-pitch-angle

particles. Then, the expression for the drift period reduces to:

τd ∼ 4πL2R2
e

3ρmv
(6.84)
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We also substitute f(Bm) = 0.2, and β2/8 = 0.008, thereby arriving at an estimate

for the diffusion coefficient due to bifurcation:

DB
LL ∼ ρ3

mv

2L2R4
e

(6.85)

From the more general CET theory, we expect that the diffusion coefficient for

the action J would be O(ε3), because
〈

(∆J)2
〉

∼ ε2 and diffusion time T ∼ ε−1. In

the bounce motion, ε is replaced by ρm and so we see that this expectation is fulfilled

by (6.85).

Figure 6.5 shows the diffusion coefficient DB
LL for an electron, against the kinetic

energy E = (γ−1)mec
2, where L set to 10 and Bm set to 20nT, 50nT and 80nT. This

selection of Bm values correspond to those required for bifurcation (whose contours

cross the bifurcation region). The different curves show a difference of about two

orders of magnitude in DLL, emphasizing the sensitive dependence on the mirror

field.

The mechanisms and effects of radial diffusion has been the subject of intense

research. Comprehensive introductions to this problem are provided by Schulz and

Lanzerotti [1974] and by Schulz [1975]. There are several causes of radial diffusion:

The magnetic field may fluctuate as a result of e.g. sudden changes in the solar wind,

which induce electromagnetic waves inside the magnetospheric cavity. Alternatively,

electrostatic fluctuations may cause diffusion. The time scale of these two types of

fluctuations are much larger than the bounce period, therefore they preserve the first
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Figure 6.5 Diffusion coefficient DB
LL as a function of the kinetic energy, evaluated for

an electron, with L = 10. Solid curve: Bm = 80nT; dashed curve: Bm = 50nT; dotted
curve: Bm = 20nT. The mirror field values span the bifurcation region for a double-dipole
model with 10Re standoff distance.

two invariants. There are also other processes where a wave resonates with the bounce

motion or the gyromotion, thereby destroying the second or the first invariant.

The common point of all those mechanisms is that they require a magnetosphere

that changes at the drift-period scale, if not faster. The bifurcation mechanism, in

contrast, also works when the magnetosphere is completely static, because its origin

is the magnetic geometry itself.

In order to compare the strength of the bifurcation diffusion to the familiar modes

of radial diffusion, we will use data presented in Brautigam and Albert [2000] (and

references within). The authors investigate radial diffusion under time-dependent

conditions, and for that purpose, express the diffusion coefficients as a function of the
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Kp index, which is a measure of the overall geomagnetic activity, ranging between 0

(no activity) and 9 (maximum activity) [Kivelson and Russell, 1995].

The diffusion coefficient due to magnetic fluctutations is denoted by DM
LL, and

that due to electrostatic ones by DE
LL. It holds that DE

LL ∝ L6 and DM
LL ∝ L10, with

proportionality constants depending on various factors like the drift period, amplitude

and frequency of fluctuations, and particle energy. Therefore, the logarithmic plots

of the diffusion coefficients against L (either Roederer or McIlwain definition) are

straight lines. Generally, the analysis and data about the coefficients are limited

to the inner magnetosphere (L < 7), and do not extend to the bifurcation region.

Therefore, for comparisons we will consider the DLL values that are given for the

largest L value for our comparisons.

The overall diffusion coefficient is given by the sum of coefficients due to different

mechanisms. In the tables of Brautigam and Albert [2000], DM
LL for L = 7 (the largest

L value in the data) is larger thanDE
LL by an order of magnitude, at the same location;

therefore a comparison with DM
LL will suffice.

Brautigam and Albert report that for Kp = 1, DM
LL ∼ 1/day and for Kp = 6,

DM
LL ∼ 100/day. Comparison with Figure 6.5 shows that these levels are not be-

yond the range of bifurcation diffusion. For electrons with MeV energies and with

small mirror fields, drift-shell bifurcation mechanism can create radial diffusion whose

strength is comparable to other mechanisms during moderate geomagnetic activity.



Chapter 7

Metastable trapping

The preceding chapter developed the quantitative aspect of the radial diffusion

induced by the second invariant violation. In this chapter we examine a qualitative

effect of drift-shell bifurcation on particle trapping. Our discussion will show that in

the case of static field, a new category of trapping occurs solely due to bifurcation.

Drift shells are generally categorized as either stably trapped or quasi-trapped (also

called pseudo-trapped) (Lyons and Williams [1984], Roederer [1970]). Stably-trapped

shells are closed around the Earth; the particle makes a full circuit and returns to its

initial local time. In the absence of any changes in the background field and collisions

with other particles, a stably trapped particle stays on the same drift shell eternally.

In contrast, particles on quasi-trapped shells do not complete a drift circuit. Their

drift motion carries them into the magnetopause, where the motion ceases to be

adiabatic and we consider the particle to be lost. A quasi-trapped particle sustains

its bounce motion for some time, so it is “trapped”, but not eternally; hence the

prefix “quasi-” or “pseudo-”.

Both types of motion are adiabatic in the sense that the first and second invariants

are defined. The third invariant is defined only for stable trapping, because in the

quasi-trapped case there is not a completed circuit over which we can take the relevant
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path integral.

As Lyons and Williams [1984] point out, in the case of near-equatorial particles

(α ≈ 90◦, I ≈ 0), it is simple to determine a priori whether a particle is stably- or

quasi-trapped. Such particles almost exactly follow equatorial contours B = Bm; the

particle hits the magnetopause if the contour crosses that surface. (Generalization

of stability conditions to nonequatorial (I 6= 0) particles is not complicated. See

Appendix A.1). Therefore, the condition for stable trapping is that the mirror field

satisfies Bm > Bs, where Bs is the field strength at the subsolar point. Particles with

Bm < Bs are quasi-trapped. There is not a third option.

However, the nonadiabatic effect of bifurcation is not included in that reasoning.

If the equatorial particle with Bm < Bs enters the bifurcation region, the drift shell

will bifurcate before the particle is carried into the magnetopause. So, a particle which

is presupposed to be quasi-trapped, will be diverted back into the magnetosphere by

virtue of bifurcation. Figure 7.1 shows the juxtaposition of a quasi-trapped orbit, a

bifurcating orbit, and a stably trapped orbit.

Therefore, drift-shell bifurcation enhances the trapping lifetime of some particles

(both electrons and ions) by feeding them back into the magnetosphere.

Note that the back-fed particle is not stably trapped for all drifts thereafter.The

particle completes its turn and its shell bifurcates again. at each bifurcation the

second invariant changes by a small amount. We have seen that, over many drifts,
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Figure 7.1 Three types of trapped drift shells.

the second invariant undergoes a random-walk in parameter space. Eventually, the

second invariant (and thus the radial distance) will rise to the value necessary to cross

the magnetopause. The particle will adiabatically drift into the magnetopause after

the bifurcation, as shown in Figure 7.2.

There is one important difference between bifurcating shells and the types of

trapping discussed above: In a static magnetic field, stably trapped particles drift

around the Earth an infinite number of times, whereas quasi-trapped particles leave

in less than one drift period. In contrast, bifurcating drift shells do neither. They

drift around the Earth a finite number of times, bifurcating each time, before finally

leaving the magnetosphere. Furthermore, due to sensitive dependence of the time

series of I on the initial bounce phase, there is no easy way of predicting how many

drifts it will take for a particle to leave the magnetosphere.

Therefore, in a static magnetic field, we see the existence of a third state in which

particles are trapped for an unknown, but finite, number of drifts. Because this



191

10

10.5

11

11.5

12

12.5 −14
−12

−10
−8

−6
−4

−2
0

−2

0

2

4

6

8

10

y
GSM

x
GSM

z G
S

M

Figure 7.2 Full-particle (not guiding-center) trajectory of an electron that starts with
a small mirror field (Bm < Bs) and undergoes bifurcation. Its second invariant happens
to grow large enough to carry it adiabatically to the magnetopause. Only one in ten data
points is shown.
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property is reminiscent of metastable states in atomic physics, we call such shells or

particles metastably trapped.

Appendix A.1 lists the conditions on I and Bm for the occurrence of metastable

shells, among other types of trapping. For better assessment, it is possible to convert

the ranges of I and Bm into ranges of equatorial pitch angle αe and equatorial radial

distance r0 at a given local time, e.g. local midnight. Figure 7.3 shows the resulting

map of trapping types, under the double-dipole model discussed in Section 3.2. We

see that the region occupied by metastable initial conditions is significantly large.

Two more instances of similar maps are given in Appendix A.1. One of them

(Figure A.5) uses the double-dipole model again, but this time with the magnetopause

at the more typical location of 10Re. Figure A.6 is produced with Rice Field Model,

which is a more realistic model of the magnetosphere. All maps show similar features.

Therefore, we can infer that drift-shell bifurcation is an important qualitative

effect which alters the trapping stability of plasma-sheet particles up to xGSM ' −20.

It may be necessary to incorporate this effect in the models of outer-magnetospheric

particles for an improved estimate of the particle populations in this region.

Field lines with three field minima

Here we discuss briefly another curious type of trapping that can effect stability

properties, trapping on field lines with three minima, as pointed out by Shaban-

sky [1971].
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Figure 7.3 Types of drift shells for particles initiated at equatorial plane, local mid-
night (negative xGSM axis). Double-dipole model is used, with dipoles 25Re apart. Blue:
Stably trapped, not bifurcating. Green: Stably trapped, bifurcating. Orange: Metastable
(bifurcating). Red: Quasi-trapped (not bifurcating).

Consider a field line whose equatorial footpoint is very close to the magnetopause,

but not inside the bifurcation region. Such a field line will pass close to the neutral

point located in the cusp. Then, in addition to the equatorial minimum, there will be

two more local minima of B(s) on this field line in the vicinity of the cusps. This holds

for all lines that are sufficiently close to the magnetopause, regardless of how far from

Earth they cross the equatorial plane. Figure 7.4 shows three such field lines. They

converge toward the neutral point before making a sharp turn toward the Earth. The
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Figure 7.4 Three field lines that come close to the magnetopause and the respective
field strength along them. Field line FL1 has an equatorial footpoint at (12.43, -15), FL2
at (12.43, -25) and FL3 at (12.43,-40). Symmetric double-dipole model is used; the magne-
topause is at xGSM = 12.5

field strength profiles along these lines indicates that the farther the footpoint of the

field line from the Earth is, the deeper and wider is the central minimum, whereas

the width and depth of the lateral minima do not change much.

Particles with small bounce amplitudes will not feel the off-equatorial minima, and

will remain on the central minimum. However, when a particle with a large bounce

amplitude (large I) drifts onto such a field line, it can be trapped in any of these

minima, depending on its bounce phase at the crossing point. This process, which

can be called trifurcation, can be analyzed by means of CET theory; but we do not

perform this analysis here.

Particles that are trapped in the equatorial minimum are quasi-trapped: They

drift into the magnetopause. The ones that are trapped in the off-equatorial minima

will drift across the cusps and remain in the magnetosphere for at least one more

drift. The trapping probability in a given minimum can be calculated as the ratio of

the time the electron spends in this minimum to the bounce period. The time the
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electron spends between two mirror points sm1 and sm2 is given by:

∫ sm2

sm1

ds

v||
=

√
Bm

v

∫ sm2

sm1

ds
√

Bm −B(s)
(7.1)

By calculating this ratio over a branching line (where the maximum of B(s) be-

comes equal to Bm) and assuming a uniform distribution of bounce phases, we can

get an idea about the fraction of electrons that are trapped in either (northern or

southern) cusp minimum and thus avoid getting lost. For a drift shell that triply

branches close to local noon, e.g., over curve B1(s) in Figure 7.4, this fraction is close

to 50%. The fraction decreases steadily but slowly as we consider drift shells that

triply branch farther away from the Earth, but close to the magnetopause. Assum-

ing branching at y = −40Re with curve B3(s) in the same figure, this probability is

approximately 35%. Thus, of an ensemble of particles on the same drift shell, more

than a third can be recycled back into the magnetosphere, effectively enhancing the

lifetime of quasi-trapped particle populations. Such particles constitute another case

of metastable trapping.



Chapter 8

Conclusion

Based on the investigation of drift-shell bifurcation under static magnetic fields,

we can draw two large-scale conclusions: (1) Repeated crossings of the bifurcation

region causes significant radial diffusion, especially for MeV-electrons drifting near

the magnetopause; (2) Drift-shell bifurcation creates a new type of particle trapping,

namely metastable trapping. These two points are the main original contributions of

this study.

Single crossing of the bifurcation line is a nonadiabatic process, and causes a

change in the second invariant, but not in the first. This change depends sensitively

on the bounce phase at the crossing of the bifurcation line via a factor − ln |2 sin πM |

(0 < M < 1), where M has a one-to-one correspondence with the bounce phase.

The jump magnitude (the factor that multiplies the phase-dependent factor) is solely

determined from the quantities (field geometry, particle speed) at the bifurcation line,

because the bounce motion is adiabatic everywhere except in the neighborhood of the

bifurcation line.

Replacing all model-specific factors with estimates based on dipole field, we see

that the jump magnitude of the second invariant is of the same order of magnitude

as the gyroradius ρm at the bifurcation point:

∆I ∼ − ρm

23/2
ln |2 sin πM | (8.1)
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Furthermore, when the initial second invariant I0 is small enough to be comparable

to this gyroradius, ∆I contains a term that is independent of the bounce phase:

∆I ∼ −ρm

8
ln
[

1 − e−4I0/ρm
]

− ρm

4
ln |2 sin πM | (8.2)

This last expression follows from equation (6.57). We see that this jump decreases

exponentially with I0/ρm, and equation (8.2) is reduced to (8.1) in order of magnitude

when I0 À ρm. The phase-independent term of equation (8.2) causes an increase in

the second invariant. Also by virtue of this term, equatorial particles that happen to

have very small I0 values experience a very large jump of the second invariant.

In the case of multiple crossings, we assume that the bounce phase at each bifur-

cation point is independent from the previous one, by virtue of phase mixing. Using

that assumption, we derived the approximate formula (6.85) for the coefficient of

radial diffusion due to drift-shell bifurcation:

DB
LL ∼ ρ3

mv

2L2R4
e

(8.3)

For practical use, the expression (8.3) can be rewritten as numerical formulas.

Ions generally have nonrelativistic speeds due to their large masses; then, using γ ≈ 1

and kinetic energy E ≈ mv2/2, the diffusion coefficient for an ion with charge Ze and

atomic mass A is:

DB
LL,i ∼

3.6 × 10−4

1day

A

|Z|3
(

E

1keV

)2 ( L

10

)7

(8.4)

where we also substituted Bm = B0/L
3. For ultrarelativistic electrons (kinetic energy
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of several MeV), it holds that v ≈ c, γ À 1 and E ≈ γmec
2. Then:

DB
LL,e ∼

0.1

1day

(

E

1MeV

)3 ( L

10

)7

(8.5)

Equation (8.3) does not include a dependence on the initial second invariant I0, as

a result of the simplification used to obtain it. This dependence is weak, and would

only be significant when I0 is close to the maximum value I (see Subsection 6.1.2).

This study has been purely theoretical, and its results should be verified by obser-

vational evidence. One possible way is to observe the diffusion coefficient of particles

at the outer magnetosphere, when the magnetosphere is very quiet so that other

disturbances are insignificant. Alternatively, one can observe the phase-space den-

sity f(µ, I, L) [Roederer, 1970], such that the drift-shell described by (µ, I, L) will

bifurcate. The quantity ∂f/∂L needs to be smaller than would be expected without

bifurcation, because the drift shell is free to diffuse over a range of L values consis-

tent with bifurcation. A third alternative would be to attempt to observe the effect of

metastability. The theory predicts that, drift-shell ensemble (uniformly distributed

over bounce phase) of energetic particles with sufficiently low Bm values may lose

a significant fraction upon crossing the bifurcation region. Comparison of particle

populations on either side of the bifurcation region should reveal a difference due to

this effect. such observations may provide evidence for the sensitive dependence on

bounce phase, as well as for the existence of metastable trapping.

While developing these results, we have made certain assumptions about the



199

physics of the system, which can be relaxed for future work. For example, we disre-

garded the effect of electric fields. As long as these fields allow for the existence of a

drift shell, the theory can be adapted to include them. The fact that electric fields

do not keep the particle speed constant will create significant differences in the theo-

retical treatment. Under these conditions, the mirror field Bm will not be a constant

of the motion, and I will not be an adiabatic invariant so that J , as given in (2.57),

needs to be used as the relevant invariant action.

Also, the drift paths will depend on particle energy. The analysis of Chapter 6

will have to be redone, removing all those assumptions. Roederer [1970] provides

information about definitions and conservation laws about drift shells in the presence

of electric fields.

Inclusion of time dependent magnetic fields, provided that the time dependence

is slower than the bounce motion, can be included in a similar fashion. The particle

is accelerated by the induced electric fields, so the analysis would require J instead

of I. The jump in the second invariant J occurs only over a single bounce period

while crossing the bifurcation line, and the external effect can be considered constant

during this interval. By the time of the next crossing, the relevant parameters of

the particle (energy, mirror field, second invariant) will be changed, and the diffusion

coefficient must be adjusted to accommodate this alteration.

Other assumptions relate to the symmetry of the field. The north-south symmetry
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we assumed is equivalent to zero dipole tilt angle, which does not generally hold in the

real magnetosphere. Without this symmetry, the separatrix lobes will not be equally

large. In such nonsymmetrical cases, we need to use the more general jump relations

given by Cary et al. [1986], which are more complicated than the relations (4.24)-

(4.25) employed here. However, it is likely that the jump magnitude of the second

invariant, and hence the diffusion coefficient, will turn out to be of the same order-

of-magnitude as the symmetric case.

The dawn-dusk symmetry can be broken when the field of the solar wind makes

a nonzero angle with the Earth’s dipole moment. Other factors being equal, the

diffusion coefficient in this case may also be of the same order of magnitude as the

symmetric result.

This study shows that the drift-shell bifurcation is an important effect that can

significantly modify the trajectories of energetic electrons in the outer dayside mag-

netosphere. It causes radial diffusion, and affects the trapping types. Once verified

by observations, drift-shell bifurcation is likely to be an integral part of radiation belt

models that play an important role in space-weather predictions.
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Appendix

A.1 Existence conditions for drift-shell bifurcation in double-
dipole model

This section describes the conditions for the bifurcation of a drift-shell character-

ized by mirror field Bm and initial second invariant I0, based solely on field geometry.

Using the results presented here, it is possible to predict whether a given drift shell

will bifurcate under a certain field geometry.

The geometric considerations of this section can be applied to any field geom-

etry, provided that adiabaticity conditions are satisfied, except at the bifurcation

line. However, for the purposes of clarity and ease of presentation, we will limit the

discussion to fields that (i) are purely magnetic, (ii) possess north-south symmetry

(zero tilt angle) and (iii) possess dawn-dusk symmetry. The double-dipole model

used in the simulations of Chapter 3 conforms to these hypotheses, as do many other

magnetospheric models.

Despite best efforts, the presentation of the geometrical arguments in this section

may appear convoluted. The existence conditions are easier to find out than to

describe. The reader is welcome to skim over the arguments and speedily move ahead

to Table A.1 which lists the conclusions. In that case, Figure A.1 should not be

skipped, as it describes the points and contours relevant to the table.
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When the field is purely magnetic and external forces (electric, gravitational) do

not exist or are negligible due to the high speed of the particle, the kinetic energy of

the particle does not change as it drifts. If the conditions of adiabaticity are satisfied,

the drift shell can be uniquely specified by mirror field and the second invariant, at

least until the bifurcation line. If the particle starts its motion at position r0 with

speed v and pitch angle α0, the mirror field is:

Bm =
B(r0)

sin2 α0

(A.1)

and the definition of the second invariant we are going to use is:

I =

sm2
∫

sm1

√

1 − B(s)

Bm

ds (A.2)

which is related to the formal definition of the second invariant by:

J =
∮

p‖ ds = 2pI (A.3)

Therefore, in order to keep the quantity I constant, not only J , but also p = γmv

must be constants of motion, which is realized in a purely magnetic field. Using I as

the second invariant has the advantage that we do not have to refer to the dynamics

of the particle; the integral can be evaluated by a knowledge of the field alone.

The basic reason for bifurcation is that the bouncing particle drifts onto a field

line that contains a local maximum of B(s). In the following discussion it should be

noted that this maximum is with respect to neighboring points on the same field line

only. More precisely, the conditions

(b · ∇)B = 0 and (b · ∇)(b · ∇)B < 0 (A.4)
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Figure A.1 Some example contours of double-dipole magnetic field strength on the
equatorial plane. The marked points and curves are discussed in the text.

are satisfied at a point on such a field line.

Because of the north-south symmetry, the points of maximum field strength will

reside on the equatorial plane. These points are shown as the shaded region in

Figure A.1, which was produced with the double-dipole model.

The equatorial points and contours indicated on Figure A.1 will be necessary for

further discussion: A is a point at local noon, inside the bifurcation region, and BeA is

the value of the magnetic field at A. The curve marked BeA is the locus of equatorial

points where the field strength is equal to that value.

A′ is another point at local noon, but outside the bifurcation region, therefore the

field line that goes through A′ does not have a maximum at that point. The curve
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BeA′ is defined as above for point A′.

The point P lies at the border of the bifurcation region, at local noon. At that

point, the second directional derivative of the field strength is zero. The point P is

specific to the field model, and can be determined without any reference to the drift

shell.

Points C, Q and C ′ reside right at the magnetopause, which, for the double-dipole

model, is the plane defined by xGSM = 12.5. The point C is inside the bifurcation

region, C ′ is outside of it, and Q is on the border of the bifurcation region. The point

Q is specific to the field geometry, independent of drift shell parameters. The curves

BeC and BeC′ are again defined as the contours of constant B that pass through those

points.

There is one important qualitative difference between contours BeA,BeA′ and con-

tours BeC ,BeC′ . The former pair are closed curves, while the latter are not. The two

types of contours are separated by the contour B = Bsubsolar, which passes through

the subsolar point (the point along the Sun-Earth line at the magnetopause). As

described in Chapter 7, this distinction is important in the context of metastable

drift shells. Contours that run into the magnetopause, like BeC and BeC′ , we call

open contours. If the mirror field Bm of a shell is such that the contour B = Bm is

open, we call such shells open-Bm shells. Open-Bm shells are either metastable or

quasi-trapped.
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Figure A.2 Bifurcating guiding center orbit superposed on the three-dimensional B =
Bm surface.

The values are ordered as BeA′ > BeA > Bsubsolar > BeC > BeC′ , because in our

double-dipole model, field strength decreases monotonically with the distance from

Earth. (Most models exhibit that monotonic decrease, except that some may contain

a narrow region just near the magnetopause where the field increases with distance.

We can exclude that region from our analysis.)

A three-dimensional, alternative view of drift-shell bifurcation is presented in Fig-

ure A.2. The drift shell’s edges are on the surface defined by B = Bm, because the

guiding center is reflected from this surface. In this view, we see that bifurcation oc-

curs when the equator-centered drift shell is intercepted by a protrusion of the mirror

surface, thus bifurcation will be absent if there is no such protrusion.

Consider a drift shell with Bm = BeA′ , with BeA′ defined as in Figure A.1, and
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non-zero I. The equatorial crossing points of the drift shell should remain outside

(that is, farther from Earth than) the equatorial curve B = BeA′ , because otherwise

the mirror field would not be constant. A larger value of I0 for the same mirror field

will result in a shell that is equatorially more distant from the B = BeA′-contour.

Inspection shows that when the mirror field is greater thanBP , the field strength at

point P (e.g., when Bm = BeA′), bifurcation does not occur, even when the drift shell

goes through the bifurcation region. The reason is that at any point, the equatorial

local maximum of B is smaller than Bm.

Similarly, when the mirror field is less than BQ (e.g., with the value of BeC′),

bifurcation does not take place because the drift shell does not enter the bifurcation

region.

At this point, we can state one more limit of this study: When the particle enters

the narrow magnetopause region, it goes beyond our scope. The dynamics of particles

which cross the magnetopause is complicated, and sensitively dependent on solar wind

properties and the detailed geometry of the magnetopause. Adiabatic motion does

not occur because the field varies at the gyroradius scale, and the resulting motion

is chaotic. The particle may skim along the magnetopause and later come back into

the magnetosphere, or it may leave the magnetosphere altogether, or do something

very different. This behavior requires a different study, which may introduce different

mechanisms that are related to particle trapping. Our analysis, and trapping classifi-
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cation, is limited to the region where the fields with small gradients at the gyroradius

level.

When the mirror field has a value between BQ and BP , the drift shell may or may

not enter the bifurcation region, and when it does, it may or may not bifurcate, all

depending on the value of I0.

First we consider closed-Bm shells, with mirror field values between BP and

Bsubsolar (e.g., with the value BeA). When initiated with small values of I0, the drift

shell is intercepted by the “protrusion” of the B = BeA-surface. As we increase I0,

keeping the mirror field constant, there comes a threshold when the large-I0 particle

just “hops over” the local maximum; the equatorial points of the drift shell never

cross the equatorial B = Bm curve.

Because of the dawn-dusk symmetry, the local maximum of B(s) is highest at

local noon. More precisely, y · ∇B(xGSM, yGSM, zGSM) = 0 at yGSM = 0, zGSM = 0.

Therefore, bifurcation does not occur if the drift shell crosses local noon at a point

farther than A (Figure A.3).

Consider the equatorial point A shown in Figures A.1, A.3. Let BA(s) be the field

strength function along the field line that passes through A, and let IA(Bm) be the

second invariant calculated over the same field line, with limits ±sm defined by the

mirror field Bm:

IA(Bm) ≡
sm
∫

−sm

√

1 − BA(s)

Bm

(A.5)
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Figure A.3 The solid curve, which goes through point A, represents the locus of point
where magnetic field strength equals BeA. The dashed curve (D1) represents the equatorial
map of the drift path with mirror field BeA and second invariant I0 > IA(BeA). The dotted
curve (D2) represents the drift path with the same mirror field, but smaller second invariant
I0 < IA(BeA). “BP” stands for “bifurcation point”.

Note that the line through A has exactly three mirror points: One on the equa-

torial plane (A itself), because at A it holds that B = Bm; and one each above and

below the plane. The line integral is taken over both hemispheres. If a given shell

has I0 greater than IA, then the shell will not bifurcate. Therefore, given a mirror

field Bm, IA is the upper limit of initial second invariant for bifurcation to exist. It

is trivial to calculate IA(Bm) for a given magnetic field: Find the point at local noon

(xGSM-axis) where B = Bm, follow the field line that passes through this point in

both directions until the mirror point, and integrate
√

1 −B(s)/Bm over this line.

Therefore, when Bsubsolar < Bm < BP , the drift shell bifurcates if and only if

I0 < IA(Bm).
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Figure A.4 A bifurcating guiding-center orbit where the contour surface B = Bm is
open.

For lower values of the mirror field, such that BQ < Bm < Bsubsolar, the mirror

surface B = Bm joins the magnetopause (Figure A.4). For such mirror surfaces, no

value of I0 will allow “jumping over” the field maximum. Of course, if the second

invariant is large, the drift motion will lead the particle out of the magnetosphere.

Referring to Figure A.1 we see that now the relevant reference point is C, which is

located on the equatorial plane, and at the intersection of the B = Bm with the

magnetopause. Similar to the the way we defined IA, let IC(Bm) be the second

invariant calculated over the field line that goes through C (just a little inside the

magnetopause surface). When I0 is larger than IC(Bm), there is no bifurcation.

Therefore, when BQ < Bm < Bsubsolar, bifurcation occurs for I0 < IC(Bm); at



210

Table A.1 Categories of drift shells

Condition on Bm Condition on I0 Bifurcates ? Type

Bm > BP None No Stably Trapped

Bsubsolar < Bm < BP I0 > IA(Bm) No Stably Trapped

Bsubsolar < Bm < BP I0 < IA(Bm) Yes Stably Trapped

BQ < Bm < Bsubsolar I0 > IC(Bm) No Quasi-trapped

BQ < Bm < Bsubsolar I0 < IC(Bm) Yes Metastably trapped

Bm < BQ None No Quasi-trapped

larger values of I0, the particle leaves the magnetosphere.

Table A.1 summarizes our results. In the table, “stably trapped” denotes a par-

ticle which, in a constant environment, will drift around the Earth indefinitely. In

contrast, “quasi-trapped” describes a particle that will cross the magnetopause with-

out completing even one drift. These definitions are commonly used in standard

references (e.g., Roederer [1970] and Lyons and Williams [1984]).

In addition to these standard categories, a third category we put forward in this

thesis is marked “metastable”. A detailed discussion of such shells is given in Chap-

ter 7. They are open-Bm shells which, due to bifurcation, leave the magnetosphere

only after a finite number of crossings.

The condition on triple bifurcation, which is briefly described in Chapter 7, is not

included in this table.
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Figure A.5 Types of drift shells for particles initiated at the equatorial plane, local
midnight (negative xGSM axis). Double-dipole model, with dipoles 20Re apart. Blue: Sta-
bly trapped, not bifurcating. Green: Stably trapped, bifurcating. Orange: Metastable
(bifurcating). Red: Quasi-trapped (not bifurcating).

For many researchers it is easier to think in terms of position and pitch angle

rather than Bm and I0. For this purpose, Figure A.5 provides a different type of

look-up table. For a particle initiated at the equator at local midnight, the figure

shows the type of the drift shell as a function of initial distance from Earth and

pitch angle. The figure is produced by applying Table A.1 to the double-dipole field,

without actually tracing any orbits.

The arguments of this section are widely applicable, as long as the initial symmetry



212

-20 -18 -16 -14 -12 -10 -8
initial distance x0

20

40

60

80

i
n
i
t
i
a
l

p
i
t
c
h
a
n
g
l
e

Α
e
q
,
i
n
i

Drift Shell Behavior near MP

Figure A.6 Types of drift shells for particles initiated at equatorial plane, local midnight
(negative xGSM axis). Produced with Rice Field Model with the following parameters: Solar
wind speed 400kms−1, solar wind density 6cm−3, IMF (0,0,-2)nT. The subsolar point is
at 10.55Re. Blue: Stably trapped, not bifurcating. Green: Stably trapped, bifurcating.
Orange: Metastable (bifurcating). Red: Quasi-trapped (not bifurcating).

axioms are met. In order to find out which initial conditions will lead to bifurcation,

one only needs to produce an equatorial view of the field geometry as in Figure A.1

and identify the points P and Q. For the conditions in Table A.1, only the information

along local noon or along the magnetopause are needed. Repeating this procedure

for the Rice Field Model, a realistic physics-based model of the magnetosphere, we

arrive at Figure A.6, which is constructed similarly to Figure A.5.
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A.2 The action and period of the plane pendulum

Here we derive equations (4.7)-(4.8) and (4.13)-(4.14) that express the action and

period of the plane pendulum in terms of elliptic integrals. The motion of the plane

pendulum is governed by:

H(q, p; `) =
p2

2m`2
− 2mg` cos2(q/2) (A.6)

The zero level of the potential is taken at q = π. We divide the hamiltonian by 2mg`

to obtain:

H(q, p; a) =
H(q, p; a)

2mg`
=
p2

a2
− cos2(q/2) (A.7)

where a ≡
√

4m2g`3. The value E of the hamiltonian is conserved along the motion;

then, the momentum p can be solved from H(q, p; a) = E , so that:

p(q; E , a) = a
√

E + 1 − sin2(q/2) (A.8)

A.2.1 Rotation (E > 0)

In the rotation case, the system is periodic in the variable q with period 2π for all

positive values of energy. Therefore, J , the path integral of p(q), is expressed as:

J(E > 0) = 2a

π
∫

−π

√

E + 1 − sin2(q/2) dq (A.9)

Using the fact that the integrand is even, and making a variable change x ≡ q/2,

we obtain:

J(E > 0) = 8a
√
E + 1

π/2
∫

0

√

1 − 1

1 + E sin2 x dx (A.10)
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Because 1/1 + E is always less than 1, we can identify this integral as the complete

elliptic integral of the second kind, defined as:

E(k) ≡
∫ π/2

0

√

1 − k2 sin2 x dx , k2 < 1 (A.11)

Therefore:

J(E > 0; a) = 8a
√
E + 1 E

(

1√
E + 1

)

(A.12)

The period T is defined as the derivative of J with respect to energy, or:

T (E > 0) =
dJ

dE
=

dE
dE

dJ

dE =
2a

2mg`

∂

∂E

π
∫

−π

√

E + 1 − sin2(q/2) dq (A.13)

After differentiating inside the integral sign, and changing the integration variable

to x ≡ q/2, the integral takes the form:

T (E > 0) =

√

`

g

4√
E + 1

π/2
∫

0

dx
√

1 − 1
E+1

sin2 x
(A.14)

We recognize that the integral conforms to the definition of the complete elliptic

integral of the first kind, defined as:

K(k) ≡
∫ π/2

0

dx√
1 − k2 sin2 x

, k2 < 1 (A.15)

Therefore:

T (E > 0) =

√

`

g

4√
E + 1

K

(

1√
E + 1

)

(A.16)

Alternatively, we can directly differentiate (A.12), for which we need the relation:

dE

dk
=

E(k) − K(k)

k
(A.17)

(Gradshteyn and Rhyzik [1994], section 8.123). We obtain the same result.
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A.2.2 Libration (−1 < E < 0)

In this case, the limits of the action and period integrals are not ±π, but the

turning points ±q0, which depend on the energy. The turning points are determined

by setting p(q0; E , a) = 0 and solving for q0. From (A.8), it follows that

sin2
(

q0
2

)

= E + 1 (A.18)

The action integral is:

J(E < 0) =
∮

H=E

p dq = 4a

q0
∫

0

√

E + 1 − sin2(q/2) dq (A.19)

By changing the variable to z ≡ sin(q/2), and setting k ≡
√
E + 1, the integral

transforms to:

J(E < 0) = 8a

k
∫

0

√
k2 − z2

√
1 − z2

(A.20)

Consulting integral tables (e.g., Gradshteyn and Rhyzik [1994], section 3.169, equation

10), and replacing back k =
√
E + 1, we see that this definite integral can be expressed

as:
J(E < 0) = 8a

[

E
(√

E + 1
)

+ EK
(√

E + 1
)]

(A.21)

To determine the period for negative E , we differentiate the J-integral with respect

to E. Here, we note that the integral limits themselves depend on the differentiation

variable. Therefore, to be rigorous, we must apply Leibniz’s theorem, which states:

d

dc

∫ b(c)

a(c)
f(x, c) dx =

∫ b(c)

a(c)

∂

∂c
f(x, c) dx+ f(b, c)

db

dc
− f(a, c)

da

dc
(A.22)

However, the limits of the integral are turning points, where the integrand p vanishes.

Therefore, the last two terms, in which the integrand is evaluated at the limits, will be



216

zero. Consequently, when differentiating J , it is enough to differentiate its integrand.

Then we have:

T (E < 0) =
a

2mg`
4

q0
∫

0

d

dE
√

E + 1 − sin2(q/2) dq (A.23)

Substituting for a and evaluating the derivative, we obtain:

T (E < 0) = 2

√

`

g

q0
∫

0

dq
√

E + 1 − sin2(q/2)
(A.24)

The integral can be transformed by changing the variable:

k ≡
√
E + 1, z ≡ sin(q/2)

k
, so that dz =

√
1 − k2z2

2k
dq (A.25)

Then:

T (E < 0) = 4

√

`

g

1
∫

0

dz√
1 − k2z2

√
1 − z2

(A.26)

Because k =
√
E + 1 is always less than 1, we identify the integral as the alternative

definition of the complete elliptic integral of first order, K(k). Therefore, substituting

k back, we arrive at our final result:

T (E < 0) = 4

√

`

g
K(

√
E + 1) (A.27)

Again, we can obtain the same result by directly differentiating (A.21), using (A.17)

and the following:
dK(k)

dk
=

E(k)

k(1 − k2)
− K(k)

k
(A.28)

A.3 The action and period under quartic potential

Given the quartic hamiltonian (4.33), and the definition of the action (4.36), we

can determine the action for the trajectories that are not trapped in either lobe. We
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are considering contours of the frozen hamiltonian given by H(q, p, λ) = E > 0, which

are paths for the action integral.

A.3.1 λ = 0

When λ is taken to be zero, the equation of the contour curve reduces to:

p2

2
+
q4

4
= E (A.29)

Also, let q0 be the point where the curve H = E meets the positive q-axis. Then it

holds that 4E = q4
0. Using the symmetry in q and in p, the action integral can be

written as

J0(E) = 4

q0
∫

0

√

2E − q4

2
dq (A.30)

= 4
√

2E

q0
∫

0

√

1 − q4

4E
dq (A.31)

where the subscript 0 of the action is a reminder that λ is set to zero. Using 4E = q4
0,

the integral becomes:

J0(E) = 4
√

2E q0

q0
∫

0

√

√

√

√1 −
(

q

q0

)4

d

(

q

q0

)

(A.32)

By means of a variable change u ≡ (q/q0)
4, the integral takes the form

J0(E) = 2E3/4

1
∫

0

√
1 − u u−3/4 dq (A.33)

This integral can be expressed in terms of the beta function [Francis and Young,

2003], defined as:

B(m,n) =

1
∫

0

tn−1(1 − t)m−1 dt (A.34)
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so that

J0(E) = 2B
(

3

2
,
1

4

)

E3/4 (A.35)

The value of 2B
(

3
2
, 1

4

)

is approximately 7.

Finally, the period T0(E) of the motion is given by

T0(E) =
dJ

dE
=

3

2
B
(

3

2
,
1

4

)

E−1/4 (A.36)

A.3.2 Arbitrary λ

For a general value of λ, the integrand p of the action integral becomes:

p =
√

2E + λq2 − q4/2 (A.37)

where E > 0 is the value of the hamiltonian for the chosen level curve. Also define

q0, the point where the level curve H = E crosses the positive-q axis, such that

E = −λq
2
0

2
+
q4
0

4
(A.38)

or, equivalently:

q0 =
√

λ+
√
λ2 + 4E (A.39)

Substituting the expression for E into the integrand p, the action integral becomes:

J(E;λ) = 2

q0
∫

−q0

√

−λq2
0 + q4

0/2 + λq2 − q4/2 dq (A.40)

After a few lines of manipulation, this integral becomes:

J(E;λ) = 2
√

2q3
0

∫ 1

0

√

√

√

√

(

x2 + 1 − 2λ

q2
0

)

(1 − x2) dx, x ≡ q/q0 (A.41)
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This integral is listed in the compendium by Gradshteyn and Ryzhik [1994] (section

3.155, equation 5), with the following result∗:

∫ 1

0

√

(1 − x2)(x2 + a2) dx =
1

3

√
a2 + 1

[

a2K

(

1√
1 + a2

)

+
(

1 − a2
)

E

(

1√
1 + a2

)]

(A.42)

Here, K(k) and E(k) are the first and second complete elliptic integrals, respec-

tively, defined by:

K(k) =
∫ 1

0

dx
√

(1 − x2)(1 − k2x2)
(A.43)

E(k) =
∫ 1

0

√
1 − k2x2

√
1 − x2

dx (A.44)

Substituting 1 − 2λ/q2
0 for a2, we see that the action integral for positive E has the

following formula:

J(E;λ) = 4q3
0

√

1 − λ

q2
0





(

1 − 2λ

q2
0

)

K





1
√

2 − 2λ/q2
0



+
2λ

q2
0

E





1
√

2 − 2λ/q2
0









(A.45)

where the energy dependence comes from q0.

A.4 The inverse connection formula for Painlevé-II

We will invert the connection formulae (5.8) and (5.9) to express p in terms of ρ

and θ. From (5.8) we get:
1 + |p|2
2|Imp| = eπρ

2 ≡ A(ρ). (A.46)

∗The formula given by Gradshteyn and Ryzhik [1994] contains a factor of 2 multiplying the
E term, but it is possibly a typographical mistake. The form given here agrees with the
numerical solution of this definite integral.
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Similarly, from (5.9) it follows that:

arg(1 + p2) =
7 ln 2

2
ρ2 − π

4
− arg Γ(iρ2) − θ ≡ B(ρ, θ) (A.47)

where A and B are intermediate parameters, introduced to simplify algebraic manip-

ulation. Let p ≡ pr + ipi. Then A can be rewritten as:

A =
1 + p2

r + p2
i

2|pi|
(A.48)

which leads to:

A2 − 1 =
1

4p2
i

(

1 + p4
r + p4

i + 2p2
r − 2p2

i + 2p2
rp

2
i

)

(A.49)

Using
1 + p2 = 1 + p2

r − p2
i + i2prpi (A.50)

we recognize that the second factor in A2 − 1 equals |1 + p2|2. Therefore:

√
A2 − 1 =

|1 + p2|
2|pi|

(A.51)

From (A.47), it follows that

sinB =
2prpi

|1 + p2| (A.52)

Substituting from above, we get

sinB =
prsgn(pi)√
A2 − 1

(A.53)

The sign of pi determines in which branch the solution lies. We choose pi > 0

(corresponding to the negative-x branch), and so the real part of p is:

pr =
√
A2 − 1 sinB (A.54)
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The imaginary part can be solved for by considering (A.46):

1 + p2
r + p2

i = 2A|pi| (A.55)

Substituting for pr, we get the quadratic equation:

p2
i − 2Api + (A2 − 1) sin2B + 1 = 0 (A.56)

with the solutions
pi = A±

√

A2 − (A2 − 1) sin2B − 1 (A.57)

After expanding the product inside the radical and using the identity cos2B = 1 − sin2B,

this expression becomes:
pi = A± | cosB|

√
A2 − 1 (A.58)

In the complex-p plane, this solution describes a circle centered at (0, A) with radius

√
A2 − 1. The imaginary part of pi can be rewritten as:

pi = A+ cos(B)
√
A2 − 1 (A.59)

The real and imaginary parts of p can be put into a more compact form by using the

identities sinB = cos(π/2 −B) and cosB = sin(π/2 −B):

pr =
√
A2 − 1 cos

(

π

2
−B

)

(A.60)

pi = A+
√
A2 − 1 sin

(

π

2
−B

)

(A.61)

and therefore
p = iA+

√
A2 − 1 ei(π/2−B) (A.62)

If we started at the positive-x branch, pi would be negative, and p would be:

p = −iA+
√
A2 − 1 ei(π/2−B) (A.63)
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Finally, substituting for A and B from their definitions (A.46)-(A.47), we obtain:

p(ρ, θ) = ±i eπρ
2

+ (e2πρ2 − 1)1/2 exp i

{

θ − 7 ln 2

2
ρ2 +

3π

4
+ arg Γ(iρ2)

}

(A.64)

The upper sign is taken when the initial point is in the negative-x branch.
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