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where i ,/ ?w ig the =»*" conversment ¢ (1 « Z). (Psrron 1, p. 238).
* See Szasz (1). This criterier was croved irdepencertl 5y wan Vleck (1) and
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Convergence theorems. In this section some general convergence re-

sults shall be given.

The nth convergent of the continued fraction

a Y . %,
(2‘1) 1 + alx I azx ‘e 0 aﬂx e o0
l e 1 — -~ l ~—
is Ap(x)/Bp(x) where
A (x) =1 B (x) =1
A(x) =1 +a,x" B,(x) =1
(2°2) Ap(x) = A, 1(x) + a,x A, o(x)

w

\
/

\ X
r(x Bpn-1(x) + a x"B,_o(x)
It can easily be established by induction from (2+2) that the rolynomials

An{x) and Ep(x) satisfy for all n and for all x,

" -
(2+3) An(x)Bp_q(x) - A 1(x)Bu(x) = (-l)n-l[l~a_x%'
Then
" ,
(2-4) An(x) . A, (x) - (_l\n-l j;l, &;X""
ENEIN EFCI ’ 3,., (x)E, (x)

If toth sides of this identity are 2xpanded in cower series,

\ ) . (r-y) . L
(25)  AwCx) | Eaa (X)) _ 5 oY )
- L F—
B“(x> :n-'(x) _:—.-’1
where
(2-6) SR D MR Te,oT 2w
o~ - o T

Then the power series excansion of Ap_l(x)/én_l(x) arrees with the power
series expansion of An(x)/én(x) up to.but mot including the g, tr power of x.

al

If the formal power series corresponding to (2+1) is

(2+7) B(x) = 1 + zc;x;

ez
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it is known [lLeichton 2] that when An(x)/_n(x) is expanded in formal power

series, the two pvower series are identical up to but not including the terms

in x ""'. Then formelly at least,

& (x) T
\ - 4] ’ b } h X .
(2+8) F(x) ENED —_-

If the power series (2+7) converges uniformly in some nei-hbtorhood of the

orizin, f(x) defined es tre enalvtic functiorn whose power seriss is B(x).

is

Theorem: Zvery infinite subsequence of convergzents of <he corresgondinc
A =

continuez “raction which converges uniformly in a neignborhcod T o the

orizin has the same limit “unction i -

Let § 4, (x,,u (x} { and VAL (x}/B,_ (x) ¢ be uniformly convergent
‘( 4 M -

Iy - ~ .
subsa2quences in 7 . Tha= is,

At
lim Aa(xl
~< =& = r o - taar T
'—-1.‘\:(,‘
" AY
lim A () . ©ix)
< zeg o) < = rom '
M ‘
where 7 (x) and ‘m(x) are anelvytic in + . low [ Perron 1, =c. 17]
\ . s \ A
N I R ¢ L L C.) A P O
F-0 L3 (x) wa(x) 4
.'/'
./(_‘ = ..
— ; (-1) Lo Vs
= lim - N N 2 ,(X) ]
. = PR
- B, (x)2_(x) <

where ., is the larger and Vi is tre smaller of my and n,, and where

(x) is tne denominator of the ( . -~ + )Xk convergent of

K ] —

1 o« By X 0T K, xH
l . l s & o0
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which is valid at least in the largest circle K about the origin and lving

in T . Also,

. . 2o} .
A (x) s ) L
B"(\ = 1+ * cx"+ Z_g;x
n X =, - CT T,

is valid in k, where the ¢, are the coefficients of the power series P(x).

Than \ ol

b (x) Aalx) = § N - -
. t ENED _’/__(dL‘-c:,x -;—_,_‘(d-_-gb- )x

LT $ =

ML T

is velid in ¥ and the limit functicn is identically zerc in K and hence in

"« It follows that, for any index i,, n can be teken large ernouch so that

d. = ¢; =0
for all i<« i:' end hence
=,
(p(x) =1 + z_ c.x’
is valid in K, or
I(x‘) = B(x)

in K. Eence F(x) is the rower series of an analytic funmction f{x), end it
follows zhat in Kand in T &s well

I (x) = £(x).

o

This complstes the proof of trne sufficiency of the condition for the

convergence of the continued fraction to f(x).

The necessity of the condition is easily established. If

: A (x
lim a{x) = f£(x)
L] Bﬂ(xs
uniformly for all x in ¢ , the limit function is analytic in | and bounded

-

in ¢ . For any given £ >Othere exists an integer n_, such that for n>= n

(o] o’
£(x) - Aalx) | o £

uniformly for ell x in « It follows thet

A(x) :
Eﬂ(x)l < M+ c

/ , .



2 n_, and hence the convergents are uniformly bounded

uniformly in T for all n

in ! for n =n,.

If the continued fraction

Corollary.

& x 8,Xx cee

[
+

-
I

T of the origin, it converges to

converges uniformly in some neizhtorhood

the analytic function rerreserted by the corresponding rower series, snd this

cle about the

t
(¢
[N
4 ]

power series converges uniformly at least in the lergss

orizin and lying in T .

12
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