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Abstract
Photometric stereo is an image processing technique for 2 ~ dimensional surface reconstruction from local shading. The classical theory of photometric stereo has
been developed only for surfaces that reflect in a Lambertian plus specular manner. However, there is plenty of experimental evidence that most real-world surfaces
are not Lambertian plus specular.
This thesis develops the theory of photometric stereo for non-Lambertian surfaces.
First, based on the physics of reflection and scattering, a general class of reflectance
maps is proposed. This class is shown to model real world data more accurately than
the Lambertian model. Then, the normalized photometric stereo equation using these
reflectance maps is analyzed and conditions for a globally unique solution for the
equation are obtained. Furthermore, the un-normalized photometric stereo equation
is studied and conditions for getting a globally unique solution using only three light
sources are identified. The problem of jointly estimating the reflectance map and the
surface normal is proposed and shown to be ill-posed. A regularized solution to the
problem is demonstrated. Finally, it is shown that extra light sources are needed to
obtain a complete reconstruction of the surface, and the number of new light sources
needed to achieve this is identified.
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Chapter 1
Introduction
"Now I say that whenever I conceive any material or corporeal substance, I immediately feel the need to think of it as bounded, and as having this or that shape;
. .. .. From these conditions I cannot separate such a substance by any stretch of my
imagination." - Gallileo Galilei. Letter to Don Virginia Cesarini.

1.1

2~ Dimensional Surface Reconstruction

Humans and robots need a three-dimensional representation of objects of the external
world in order to grasp and manipulate them effectively. For this purpose the visible
bounding surface of a solid object provides a natural representation. Vision yields
the most easily accessible sensory data that has information about the object surface
encoded in it. Consequently, algorithms that reconstruct object surfaces in three
dimensions from the observed scene have been the object of research for a long time [7].
Three-dimensional information is classically obtained from stereo vision [22]. However,
the stereo vision problem is complex in its full generality and is the subject of much
on going research [3]. Consequently, simpler versions of the three-dimensional vision
problem have been formulated. In assembly line operations, for example, reconstructing surfaces in three-dimensions is often simplified to estimating the surface normal at
all points on the surface. This is shown in figure 1.1. Estimating the surface normals
yields what Marr calls a 2~ dimensional surface representation 1 [38]. If we assume that
the surface being imaged is continuous with a well defined surface normal everywhere,
then from the estimate of the surface normal the relative depth z( x, y) of the surface
can be computed. The knowledge of the relative depth along with the knowledge of
the location of the base line (the assembly line in fig. 1.1) yields a description of the
surface in three dimensions.
1 This term underlines that fact that surface normals yield knowledge which is more than twodimensional but less than full three-dimensional.

1

2

Camera axis
Image plane

Relative depth z(x,y)

Base line

Absolute depth

Figure 1.1

1.2

t

2 Dimensional representation

Shading and Photometric Stereo

In this work, we will investigate a method called the Photometric Stereo Method for
dimensional surface reconstruction. Photometric stereo uses a single camera and
a number of simple light sources. As depicted in figure 1.2, the scene is illuminated
by one light source at a time and the resulting images are used to reconstruct the
surface normal at every point.
Photometric stereo is based on a paradigm that is illustrated in Figure 1.3, where
an image of a sphere illuminated by a single point light is shown. Note that the variation in the intensity from the brightest spot on the surface of the sphere to any of
its occluding boundaries provides a strong shape (relative depth) clue. The variation
in the intensity value due to change in surface normal is called shading. Photometric
stereo estimates surface normals from local shading. The relation between the surface normal and the image intensity at any point in the image is specified by the
Reflectance Map of the surface. Loosely speaking, a reflectance map is the non-linear
transfer function from the surface normal to the image intensity. The form of the
reflectance map depends on the nature of its two components: the manner in which
the underlying surface reflects light and the manner in which this reflected light is

2t

3

Multiple Light Sources.

Object.

Photometric stereo

Figure 1.3 Shading is a source of relative depth information

4

converted into an intensity value by the camera. Section 2.3 makes this relation
explicit.
Photometric stereo was developed by ·woodham [60) who reconstructed constant
albedo Lambertian surfaces (see section 2.3 for the definitions of these terms). Woodham
proved that three light sources are necessary and sufficient to get a globally unique
solution to the the normalized photometric stereo equation 2.8 in the case of a
Lambertian surface. Coleman and Jain [15] and Ray et al. [42) extended the analysis
to variable albedo Lambertian surfaces. Silver [47) used experimentally measured
reflectance maps in the normalized photometric stereo equation 2.8 (see section 2.4.)
Interestingly, he discovered that for the class of surfaces he was investigating, three
light sources were sufficient for a globally unique solution for the surface normal. This
was an experimental result and he did not provide any theoretical justification for
it. lkeuchi [27] used distributed light sources to reconstruct purely specular surfaces.
Nayar, Kanade and lkeuchi [39] have extended lkeuchi's results to reconstruct surfaces whose reflectance map can be modeled as a linear combination of a specular
and Lambertian term. Recently, there have been some attempts [59] to use polarized
light for photometric stereo.
Note that all of the work mentioned above, with the exception of Silver's thesis,
assumes that the diffuse part of the reflectance map is Lambertian. The reason for
the popularity of the specular-Lambertian model is the belief that reflection from a
surface goes from being specular to Lambertian as the surface becomes rougher.
Contrary to this belief, there is considerable evidence that real world surfaces do
not go from being highly specular to being Lambertian as they get rougher [8][52][55]
[54][53). As we shall demonstrate in chapter 3, diffuse reflection from most surfaces is
caused by more than one physical mechanism. Only one of these mechanisms yields a
Lambertian reflectance map. The others do not. Further, as shown in chapter 4, using
the Lambertian model yields poor results on non-Lambertian surfaces. The main
motivation for this research is the inclusion of non-Lambertian nature of reflection in
photometric stereo theory.
Horn [21] and Silver [47] have attempted to set up non-Lambertian reflectance
maps. However, their suggestions are heuristic in nature and are not based on any
physical considerations. Also, there has not been any serious attempt to use these
reflectance maps in photometric stereo.

5

1.3

The Scope of this Research

Once the non-Lambertian nature of diffuse reflection is fully acknowledged, the need
for a theory of non-Lambertian photometric stereo becomes apparent. In this research we will restrict ourselves to diffusely reflecting surfaces and develop a theory
of photometric stereo for such surfaces. Vole will address four of the most pressing
issues in developing such a theory:

• The Class of Reflectance Maps: The distribution of reflected light depends on
the physical mechanisms that cause it. \Vhat are the underlying mechanisms?
What class of BRDFs and reflectance maps arise from them? Is there an analytically simple way to express the reflectance maps?
Chapter 3 addresses this issue. We identify different mechanisms of reflection
from real world surfaces and derive useful reflectance maps from them.

• Inverting the Photometric Stereo Equation: How many light sources do we
need to invert the photometric stereo equations 2.8 and 2.7 (see section 2.4)?
Of course, we need a globally unique inversion.
Chapters 4 and 5 address these issues. Chapter 4 deals with the minimum
number of light sources necessary for inverting the normalized equation while
chapter 5 deals with the un-normalized equation.

• Joint Estimation of the Normal and the Reflectance Map: Can the reflectance
map of the surface be estimated along with the surface normal? How many
light sources do we need to do this?
Chapter 6 addresses the issue of joint estimation of the surface normal and the
reflectance map.

• Completeness of reconstruction: If k lights are needed to invert the photometric
stereo equation, then every point of the surface must be illuminated by k lights.
If only k lights are used and the surface is convex, it is easy to show that some
points on the surface lie in the shadow of at least one of the lights. We need k*
lights, ( k* > k) in order that at least k of them illuminate every point on the
surface. What is the precise relation between k and k*?
Chapter 7 deals with this issue.

6
Experimental evidence is provided for this theory in appropriate chapters. The
details of the conversion from surface normals to depth are given in appendix A. A
description of the apparatus and the detailed experimental procedure is in appendix
B.
Finally, note that competing methods to photometric stereo include structured
lighting [9], shape from texture [28], shape from contour [49] and laser ranging techniques. Each of these methods performs well in environments where its underlying
assumptions are best met. vVhen compared with these methods, photometric stereo
does seem to offer some inherent advantages. For example, it does not need the complex light sources that the structured lighting or laser ranging methods do, nor does
it need global information that shape from texture and shape from shading methods
(22] do. Since only local information is used, the technique is fast and is often implemented as a table look up. It also provides a unique reconstruction which shape
from texture and shading do not. Further, photometric stereo has been successfully
used in real-world situations as a visual front end for robotic manipulators [29].

Chapter 2
Background
2.1

Introduction

This chapter provides the background and definitions necessary to develop the theory
of photometric stereo presented here. Section 2.2 specifies the notation we will use
throughout this work. Section 2.3 contains the definitions that help identify the relation between the surface normal and intensities in an image. Section 2.4 develops the
normalized and the unnormalized photometric stereo equations. Section 2.5 briefly
introduces the use of extended light sources.

2.2

Notation

We will be dealing with quantities like surface normals, light source directions etc.
which are vectors in E 3 . These quantities are denoted by bold-face alphabets. Thus,
for example, the surface normal is denoted by n. We will also follow the convention
that the first component of a vector is the x-component, the second they-component
and the third the z-component. The inner product of any two vectors x and y is
denoted by xTy. Since the vectors belong to E 3 there is a well defined cross product
for them and if z is the result of the cross product of x and y, then this is denoted
by z = x * y. If x is a unit length vector then it can be represented with its zenith
and azimuth angles. The zenith and azimuth angles of a unit length vector, e.g. n,
will be denoted by On and <Pn, the subscript associating the angles with the vector.
In chapter 5 we will have occasion to use some differential geometry in an E 2
setting. We will follow the standard convention in doing this. A curve in E 2 is
denoted as a( s). Unless specified otherwise, we will assume that the curve is unit
speed. The tangent vector to the curve will be denoted by a'( s ).
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2.3

The Reflectance Map

The relation between surface normals and image intensities is understood by exploring
its two components: the manner in which the underlying surface reflects light and
the manner in which this reflected light is captured and converted to an intensity
value by a camera. The first is specified in terms of the Bi-directional Reflectance
Distribution Function of the surface and the second is given by Horn's Relationship.
The next two sub-sections define and illustrate these relations. For further details
the reader is referred to [22] [23].

The Bi-directional Reflectance Distribution Function
Let us use spherical co-ordinates as shown in figure 2.1. The zenith angle, (), is
positive down from the z-axis. The azimuth angle, </>, is positive anticlockwise from
the x-axis. The Principle Plane is defined as the plane containing the incident and
receiving directions. Monochromatic flux d<I> i is incident on an area dAi from the
direction </>i, ()i and a part of it, cF<I>n is reflected within a solid angle dwr in the
direction c/>n ()r· The Irradiance Ei on the surface is defined as

and the Radiance from the surface is defined as

The BRDF (Bi-directional Reflectance Distribution Function) 1 of the surface is
(2.1)
If the reflecting surface is isotropic, we can align the x-axis of our reference frame

with the incident azimuth direction cPi and drop the dependence of fr() on cPi· Then,
fr() has the form fr( ()i; ()r, cPr ).
All of the light incident on a perfect plane mirror from any direction () i, </>i, is
reflected in the direction ()r = -ei, c/>r = cPi· In this case, the BRDF consists of a
1 In general, A BSSRDF (Bi-directional Scattering Surface Reflectance Distribution Function) has to
be defined to describe reflection from translucent material [40]. For opaque surfaces, the definition
of BSSRDF reduces to that of the BRDF.
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z

Incident light

Reflected light

X

<l>r

Figure 2.1

The bi-directional reflectance distribution function

delta function which is zero everywhere except along Or = -Oi, </>r = </>i· In general,
the BRDF is a sum of delta functions and functions of bounded variation. The delta
functions are attributed to specular reflection and the rest to diffuse reflection. For a
large class of surfaces, the BRDF has only one specular term and its delta function
is non-zero along Or = -Oi, </>r = </>i, which is its specular direction.
The term "specular reflection" has not been used consistently in the literature.
Ikeuchi [27] uses the term in the sense that we have used it above. However, Horn (21]
and Healy [19] use it in a different sense. They use the term to denote the diffuse
reflection that is scattered around the specular direction. It is obvious from the form
of the specular term they use that it is a function of bounded variation and is non-zero
in a whole region of space. This confusion in the nomenclature can be avoided by
adopting the following convention : we reserve the term "specular reflection" for that
part of the BRDF which is denoted by delta functions. The diffuse lobe around the
specular direction (see chapter 3) is termed the "forescatter lobe".
Light is a form of energy and reflection is governed by the laws of thermodynamics. The second law of thermodynamics requires that the following relation, called

10
Helmholtz's reciprocity relation, hold for all BRDFs [22]:

(2.2)
The BRDF is often multiplied by an albedo term p and written as p.fr· Surfaces
differing in their albedos have the same profile of reflected light but differ in the net
amount of reflected light.
\Vhile comparing different BRDFs, it is necessary to account for albedo variations.
To do this, the BRDF is usually presented as a plot of the ratio 1/~;;.~r,1r as a function
r ' ' ,,11'"
of Or for different Oi. Thus, the BRDF curve is forced to have a value of 1 in the
specular direction. See figure 3.4. One of the older conventions for presenting BRDF
is to plot frO cos Or as a function of Or in a polar plot. Some of the data that we
present is plotted in this fashion.
Sometimes, it is convenient to express the BRDF in parameters other than 0 i, Or
and <Pr· Horn uses the gradient space [22]. Vve will use the unit norm vectors n, i, r
shown in figure 2.1. Here, n is the surface normal vector, i is the illumination direction,
and r is the receiving direction. Note that nTn = iTi = rTr = 1. Using the unit
norm vectors, the BRDF is written as fr(n, i, r). The angle between i and r is called
the phase angle.
Most surfaces reflect some of the incident light diffusely. It is commonly assumed
that diffuse reflection from any surface obeys Lambert's law.
Lambert's Law: Lambert's law states that diffuse reflection has a constant
BRDF, i.e.
hiJJ(i, n, r) =

.!...

(2.3)

7r

As yet, there is no mechanism that has been isolated which completely explains
this law. The usual "explanation " the law is [39]: Incident light penetrates in to the
bulk of the material. Inside, it undergoes repeated reflection causing the emergent
radiation to be uniformly distributed. The BRDF for uniformly emergent radiation
can be shown to obey Lambert's law.
Note that this is not really an explanation- it is simply a restatement of the law.
Any explanation of Lambert's law has to explain why the distribution of emergent
radiation is independent of the angle of incidence of the incident radiation. In fact, it
is possible to show (see section 3.6) that multiple reflection can cause non-Lambertian
diffuse reflection.
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Strictly speaking, within the bulk of an object, light does not reflect but is scattered. There is a strong connection between scattering and reflection, and as we shall
see in chapter 3, reflection is organized scattering. In the literature, the terms scattering and reflection are used interchangably and we will continue to do so in this
thesis.

Horn's Relation.
Figure 2.2 shows how image intensities are formed. Let us assume that the object is
far enough from the image plane to use parallel projections. Also assume that the
light source is far enough to be approximated as a point source at infinity. For this
geometry, as r lies along the z-a.xis, the principal plane always contains the z-axis.
Consider a. point on the surface of the object that has a surface normal n as shown.
The image of this point is formed at x,y in the image plane. Let dA be a small surface
patch around this point. Horn [22] proved that for this geometry, if the surface is
convex, the recorded intensity in the image, I(x,y), is proportional to the radiance
of dA along r. Thus, if L(x, y) is the radiance of the point x, y along r, then Horn's
relation states that

I(x,y) = o:L(x,y)
where, a: is the constant of proportionality in Horn's relation.
If E is the irradiance of the light source in the direction i, then the radiance of
dA along r is

L(x,y) = E p(x,y) fr(n(x,y),i,r) nT(x,y)i,
where, p( x, y) is the albedo on the surface at the point x,y.
From Horn's relation and the above equation we get the intensity at any point
x, y in the image as

I(x,y) = a R(i,n(x,y),r).

(2.4)

where a= Epa:, and R() is called the Reflectance Map.

(2.5)

R(i,n,r) = iTn fr(i,n,r).
For a unity albedo Lambertian surface,

R(i,n,r)

·2:_ iTn
7r

... 1'f 1·Tn

> 0,

12

Camera axis

Figure 2.2

Light source

Illustration for Horn's relation

0.

... otherwise.

For a unity albedo specular surface,

R(i, n, r) = ( 8(1- n 8 Tn) .
where, n 8 is called the specular direction and is the orientation of the surface at which
specular reflection from the surface reflects into the camera

lls

=

i+r

jji+rll

(2.6)

and, ( is a constant with respect to n. 8() is the Dirac delta function.
Note that if iT n :S 0 then n lies in its own shadow with respect to i. This condition
is termed as self-shadow.
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2.4

The Photometric Stereo Equations

The main idea behind photometric stereo is to invert equation (2.4) from a priori
knowledge of the reflectance map and measurement of the intensity in the image.
Note that n is constrained by nTn = 1. Thus, there are two unknowns inn and a
single equation of the type (2.4) cannot be used to obtain a unique n. More than one
intensity value is required and this is achieved by using more than one light source.
See figure 1.2.

If we keep the relative position between the camera and the object the same and
use k lights from the directions i1, l = 1, 2, .. , k to illuminate the surface, one light
source at a time, then the k different image intensities for any pixel are given by

If we assume that all the light sources have the same strength then, a 1 = a 2 = · · · =
ak = a and the above equation can be written as:

(2.7)

We call this equation the Un-normalized Photometric Stereo Equation.
Following Horn [22], if the maximum value of intensity in the jth image is I max, h
then defining 1?1( x, y)

= Ij{ x, y) I I max, h

(

gel (x, y) )

Ij/;(·~,y)

we get:

( R( h, n, r) )
=

R(i~:~,r)

(2.8)

.

vVe will call this the Normalized Photometric Stereo Equation.
For purely Lambertian surfaces, using three light sources from the directions

h,

band h, equation (2.7) reduces to (J1 J 2 J3 )T = a(ififif)Tn. This equation is usually
rewritten as (J1 J 2 J 3 )T = (ififif)TN, where, N = an. This is a linear equation and
can be solved for N. From N, we get a =

II N II and n = N I a.

Most of the theoretical

work in photometric stereo [60] [42] [15] has been done using this Lambertian model.
Before we proceed, we will define some more terminology.

Note that we are

interested in reconstructing only those surface normals that are visible i.e. we are
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interested in surface normals that lie in the set S,

S = {n:

nT z

> 0, z = [ 0 0 1 f}

Given any light sources h, i 2 , • • ·, h, in general not all elements of S are illuminated
by every light source. Let 0 be the set of normals that are illuminated by the k light
sources,

0 = {n: nTi1 > O,l = 1,·· · ,k}
We call 0 the set of reconstructible normals.
The photometric stereo equation has to be solved for each point on the surface,
and for each point we would like a unique solution. By, a Globally Unique Solution
of the photometric stereo stereo equation we mean that for any n 1 E 0, we cannot
find another n 2 E S, n 1 =I n 2 which yield the same vector for the left hand side
of equation 2. 7 and 2.8. We use the term globally unique solution to distinguish
it from the results of the type obtained by applying the inverse function theorem
which yield a Locally Unique Solution, i.e. which prove that given a solution n to
the photometric stereo equation, there is no other solution to the same equation
within some neighborhood of n in 0. Usually, the application of the inverse function
theorem yields a neighborhood which is a proper subset of S. In terms of practically
reconstructing a real-world surface such results are not strong enough. We have
to demand a globally unique reconstruction. Typically, we need more light sources
to obtain a globally unique solution as compared to a locally unique solution. As
Woodham [60] has shown, for the Lambertian case, a locally unique solution can be
obtained by using two light sources, but three light sources are needed for a globally
unique solution.
Once we obtain conditions under which a globally unique solution can be obtained
for elements of 0, we consider modifying the conditions such that the photometric
stereo equation can be solved for all elements of S, i.e. we will use k *, k* > k light
sources in such a fashion that any n E S, is contained in the set of reconstructible
surface normals of some k of these light sources. If we can find such conditions,
then the surface can be reconstructed completely, and we call such a reconstruction
a Complete Reconstruction.
Finally, it is worth mentioning that the benchmark test of any photometric stereo
method is the reconstruction of a spherical surface. Such a surface has normals in
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every direction and reconstructing such a surface demonstrates the fidelity of the
method over the entire range of surface normals.
Appendix A provides the details of converting surface normals into depth values.

2.5

Extended Light Sources

This work does not deal with extended light sources, but some of their properties are
of interest to us and in this section, we will very briefly consider them. Extended
light sources are light sources that are spread over an entire region of space, typically
the whole hemisphere above the object. Light from the sky is an excellent example of
this. \Vith respect to the object, extended light sources are specified in terms of the
radiance emmited by them per unit solid angle. The radiance per unit solid angle is
denoted by E(Oi, </>i).
Figure 2.3 shows a light source extended over a hemisphere on top of the surface
to be reconstructed. We assume as usual that the direction r is vertical. Following
Horn [22] let us consider a patch of the extended light source in the direction Oi, </>i·
It can be shown that the irradiance from this patch to a surface normal oriented along
On, </>n is

Hence, the contribution of this patch to the radiance along r is

where, J() is the BRDF of the surface which is assumed to be isotropic and Oi and
</>i are the zenith and azimuth angles of the extended light patch along the direction
Oi, </>i with respect to the surface normal.
cos 0~
sin</>~

cos Oi cos On + sin Oi sin On cos( </>i - </>n),
. O sin( </>i - </>n)
sm i
.
.
,
sm 0i

The net radiance along r is given as

f( 0~, </>~;On, O)E( Oi, </>i)
sin Oi( cos Oi cos On

+ sin Oi sin On cos( </>i -

</>n) )80i8</>i

Using Horn's relationship, we have the intensity I() as a function of n as

16

r

Figure 2.3

Extended light source

Extended light source

J( ()~, </>~; ()n, 0)
E( e;, ¢>i) sin();( cos Oi cos ()n +sin Oi sin ()n cos( </>i- </>n) )8~fP)

The integral on the right hand side yields the reflectance map [22].
At this point, we will summarize the literature on extended light sources [22] [27] [39]
with the following comments
1. Extended light sources were first used on purely specular surfaces [27]. When

rotationally symmetric extended light sources are used on a specular surface,
the resulting reflectance map looks like a diffuse reflecting map [39]. In fact,
the resulting map is very similar to the forescatter reflectance map that we will
propose for diffuse reflection from rough surfaces in chapter 3.
2. Note that for an extended light source, E(), the radiance per unit solid angle is
a non-negative finite quantity. Thus the integration in equation (2.9) "smooths
out" the BRDF f() to yield the net reflectance map. Extended light sources
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have been used explicitly for the purpose of low-pass filtering the reflectance
map, i.e., to reduce the frequency content of I() when viewed as a function of

Bn or <Pn [39].
3. Extended light sources can be moved just as point light sources can be and the
fact that they are extended makes the variation of I() with respect to a change
in their position a smoother (low pass) function [39] too. An example will make
this clear. Consider the difference in the illumination produced by the changing
position of the sun in a clear sky and in an overcast sky. The changing position
of the sun in an overcast sky effectively changes the pattern of the diffuse light
emmited by the sky, and this change has a far gentler effect in changing the
shading of objects on the earth as compared to the change in shading due to
sun in a clear sky where bulk of the radiation incident on earth is not diffuse.
We will refer to this smoothing property of diffuse surfaces in chapter 6.

Chapter 3
Reflection from Solids
3.1

Introduction

In this chapter, we will investigate the nature of reflection from real-world solid surfaces. The BRDF for most surfaces can be written as a linear combination of specular
and diffuse terms. Previous work [60] [42] [15] [39] had assumed that diffuse reflection occurs in a single lobe. In the present chapter we propose a theory, based on
experimental evidence, which assumes that diffuse reflection occurs in three lobes.
Each lobe gives rise to a term in the BRDF. We term the lobes: the Forescatter
Lobe, the Normal Lobe and the Backscatter Lobe. The main aim of this chapter is
to investigate the nature of the lobes: the mechanisms which cause them, the nature
of the terms that represent them in the BRDF, etc.
Before we proceed, some cautionary remarks are in order. Reflection from realworld surfaces is not a perfectly understood phenomenon and still the subject of
much research [1] [2]. Theories which explain the diffuse lobes are approximate. Of
the three lobes, the forescatter lobe has been the most widely studied, the normal
lobe a little less and the backscatter lobe scantly. In some cases, very little is known
about modeling the reflection mechanism, and we are forced to seek analogies and
postulate functional forms for BRDFs from empirical observations of published data
and theories. However, there are reasons to believe that the class of reflectance maps
proposed in this chapter model real data very well. First, the theories presented in
this chapter explain the experimental data from a wide range of publications - data
from metallic and dielectric rough surface reflection, atmospheric optics, backscattering from paints, etc. Second, the theories can explain the origin of Lambert's law.
Third, the reflectance maps that these theories predict, model actual image data very
well. Finally, the reflectance maps are intuitively plausible and have a nice geometric
interpretation.
This chapter is structured as follows. Section 3.2 contains a brief preview of our
model. It identifies the lobe structure of diffuse reflection. A physical explanation
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of the origin of the lobes follows in subsequent sections. As we shall see, these lobes
come about because of surface and bulk inhomogeneities of any solid. A perfect homogeneous solid reflects only in a specular fashion. Section 3.3 explains the origin
of specular reflection from a perfect solid. Sections 3.4 onward deal with inhomogeneous solids and how the inhomogeneity causes diffuse lobes. Section 3.5 explains
the forescatter lobe, section 3.6 the normal lobe and section 3.7 the backscatter lobe.
Section 3.8 combines the results of the previous sections and derives the reflectance
map for a surface that reflects in all the modes. Certain approximations can greatly
simplify the form of the reflectance map and section 3.8 uses these approximations.
As it turns out, the form of reflectance map that we present in section 3.8 has interesting mathematical properties that lead to a generalization of the map. This
generalization and the model that arises out of it is considered in section 3.9. Finally,
in section 3.10, we present brief experimental evidence that the reflectance map of
section 3.8 models actual image data better than the specular-Lambertian model.

3.2

Scattering Lobes and Rough Surfaces.

Figure 3.1 shows an incident ray being reflected off a surface. As shown in the
figure, part of the ray is specularly reflected and part of it is diffusely reflected. The
forescatter lobe of the diffuse reflection is the part which is spread around the specular
direction. The normal lobe is spread around the surface normal and the backscatter
lobe around the incidence direction. Mathematically, our proposed classification splits
the BRDF as:

!svec( Oi; On rPr)

+f!sc( Oi; On rPr) +!norm( Oi; Or, rPr) + !bsc( Oi; Or, rPr ).

(3.1)

where, !spec() is the specular term, fJsc() due to the forescatter lobe, !norm() due to
the normal lobe and fbscO due to the backscatter lobe.
Let us call the specular, normal and the incident directions as principal directions.
A principal direction is one around which a diffuse lobe is spread. In general, the
reflected light can spread around many principal directions. Beckmann (6) contains
evidence of this.
As we will see in section 2.5, the forescatter lobe is closely connected with specular
reflection. For ease of discussion, it is ·better to include specular reflection as a part
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Surface normal
Specular reflection

Reflecting surface

Figure 3.1

The structure of reflected light

of the forescatter lobe. We shall do this in section 2.5 and refer to it as the specular
part of the forescatter lobe.
Figure 3.2 shows the BRDF plotted radially for Zinc Oxide paint [10]. The three
lobes are easily identifiable. This shape of the BRDF curve occurs repeatedly in all
the available data (.54] [53] (52] [37] [36] (26].
Horn [21] and Silver [47] have suggested that realistic reflectance maps for diffuse
reflection can be constructed as the sum of a forescatter and a normal term.

R(i,n,r) = d Rnorm(i,n,r)

+ (1- d)

Rfsc(i,n,r),

(3.2)

where, dis a real number between 0 and 1. Silver's suggestion for the components is:

and,

Rspec(i,n,r)

=

S(i,n,r),

where, S() is an unspecified standard specular reflectance map.
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BRDF showing three diffuse lobes

Horn's suggestion is the same as above, except that he uses a specific function

S():
{3.3)
where, 1 is a positive real number and n 5 is given by equation {2.10).
Using this expression for the reflectance map, the BRDF is obtained as

.

fr{I,n,r)

=

d

+

{nsTn)~

{1-d) ("T).
1 11

Note that this BRDF does not obey Helmholtz's reciprocity. Thus Horn's reflectance
map cannot arise out of any physical model of reflection. One of the achievements
of the theories proposed in this chapter is to provide some justification for these
reflectance maps. As we will see in section 3.8, these reflectance maps are valid
because they are mathematical approximations to BRDFs that do obey Helmholtz's
reciprocity. Vl/e lose strict reciprocity in the process of approximation.
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3.3

The Basic Theories of Scattering and Specular Reflection

Perfect solids are composed of regular arrays of the constituent molecules or atoms.
An understanding of how such solids reflect is achieved by analyzing how individual
molecules or atoms scatter and how that behavior is modified by their being together
in a dense regular array.
Consider scattering from isolated particles. This was first studied by Rayleigh
and is called Rayleigh scattering. We refer the reader to [56] [34] [4] for a complete
treatment of single particle scattering. The distribution of light scattered from a point
scatterer is described by a Phase Function p( cos 0), where 8 is the phase angle. Two
common models of scattering from individual particles are that of isotropic scattering
and Rayleigh scattering. The phase function for the isotropic scatterer is

p(cos 0) = w
where w is a constant, 0 ::; w ::; 1.0. The phase function for a Rayleigh scatterer is

When identical scattering particles are put in a low density cluster, the net amount
of scattering increases but the scattering profile of the cluster remains the same as
that of the individual scatterer. As the cluster density increases, Multiple Scattering
occurs. Each scatterer is illuminated by the neighboring scattered radiation as well
as the incident light. The resulting scattering profile differs substantially from that
of the single particle. As the density of the cluster increases further and the distance
between any two scatterers becomes comparable to the wavelength of incident light,
the medium becomes Optically Dense. As the incoming wave propagates through
the dense medium, the scatterers in the medium get coupled by their oscillating
fields. This creates a secondary wave which interferes with the incident wave. This
theory was proposed by Ewald and Oseen and the reader is referred to [50] for a good
qualitative treatment. The Ewald-Oseen theory predicts that for a homogeneous
optically dense medium:
(1) In the medium, the incident and the secondary waves interfere to yield a wave
that propagates in a different direction than the incident wave. This new direction is
the same as that given by Snell's Law of refraction.
(2) Outside the medium, the interference causes specular reflection.
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Thus, perfect solids can only reflect specularly. Classically, the nature of this
reflection is obtained by solving Maxwell's equations with the appropriate boundary conditions. Such a treatment can be found in any good reference on optics,
e.g., [32] [50] [46].
The Fresnel Reflectivity F( 0 i; "') of a plane surface is defined as the ratio of the
reflected energy to the incident energy, where, "' is the Complex Index of Refraction of
the medium and Oi is the zenith angle of the incident direction. Analytic forms for the
Fresnel Reflectivity F( 0;, "') are available in [46]. Fresnel reflectivity is approximately
1 for most metals. For dielectrics, it starts at a low value and increases to 1 with
increasing 0;. The Fresnel reflectivities of metals and dielectrics are approximately
constant in the range 0 ::; 0; ::; 40°.

3.4

Inhomogeneous Solids

Real world solids are not perfect. At the scale of the wavelength of visible light their
surfaces are rough and their bulk is inhomogeneous. These imperfections cause light to
be reflected in non-specular directions. The geometric distribution of diffuse reflection
depends on the nature and distribution of surface roughness and bulk inhomogeneities.

If there is no pattern to the roughness of the surface and to the bulk inhomogeneities,
then there is no organized pattern to the reflected light - it is diffusely reflected in
all regions of space. The aim of this section is to investigate the nature of these
inhomogeneities.

Rough Surfaces
A rough surface can be mathematically described as a two dimensional stochastic
process z( x, y), where z is the height of the surface at any point x, y. The process z()
is usually assumed to have the following properties [6]:
1. It is stationary and has zero mean.
2. It is ergodic.
3. R(x, 1), the autocorrelation function of z(), is circularly symmetric i.e. R(x, 1)
is a function of r, r

= (x 2 + 1 2 ) t.

This requires the surface to be isotropic.

4. The autocorrelation function is a strictly decreasing function of r. Such surfaces
do not have height variations that persist in being similar over long distances.
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Most rough surface reflection theories further assume that the surface is Gaussian
and has a Gaussian autocorrelation [6] [54]. At any point x, y the height z is distributed according to
(3.4)
The autocorrelation function R(r) is assumed to have the form:

(3.5)
where p is called the correlation length of the surface. 1 For such surfaces, Beckmann [6]
has shown that the distribution of the angle of the slope of the surface is also approximately Gaussian. If 'ljJ is the local angle of inclination of the surface with the normal
to the mean surface , then,
P1/J( 'ljJ)
If p

p
plan 2 .p 2
-----,=---- e- 4.,.2

2cr.j7rcos 21p

> > 2cr then the distribution can be approximated as:
1

P1/J('lj;) = - - e

f3oVJr

-~
!3o

.

(3.6)

where, tan f3o = 2pu.
Before we pass on, let us briefly look at some of the experimental evidence that
supports this rough surface model. Funai and Rolling [17] studied various methods
such as rolling and shot blasting which are used to create surfaces in a machine
shop. They report that all techniques of surface formation do not give isotropic
surfaces. Rolled sheet metal, for example, has an r.m.s.roughness value between 0.05
and 0.125 micrometers in the direction normal to the roll marks and less than 0.025
micrometers in the direction parallel to them. The surfaces that best seem to fit the
isotropic random process assumption are shot-blasted and closely machined surfaces.
Varnier, Rasigni, et al. [57] investigated height and slope distributions of metallic
deposits. In figure 3.3 we show one of their experimental results for height and slope
distributions and the corresponding Gaussian fits. Note that the Gaussian model is
a fairly good assumption. Also note that the deviation of this surface from being
1 An

allied term is optical roughness Let monochromatic light of wavelength A be incident on a rough
surface whose height variance is u. The optical roughness of the surface is defined as the ratio f.
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Distribution of height from mean surface (A•).
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Figure 3.3

Height and slope distributions. Adapted from [57].
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a perfectly smooth surface is small. Most of the slope inclinations are concentrated
around the horizontal within 30° (0.5 in fig. 3.3). This is true of most surfaces and
this fact is often used in simplifying mathematical formulations of scattering.
In section 3.8, we shall refer to the "width of the slope distribution ." By this, we
mean the half range of the distribution within which the slopes are contained. For
the data in fig. 3.3 this is 30°.

Bulk Inhomogeneities
We have been unable to isolate any simple theory of bulk inhomogeneity and m
section 3.6, we will assume that the entire bulk can be modeled as a uniform medium
in which the inhomogeneities are random uniformly distributed point scatterers.

3.5

The Forescatter Lobe

Recall from figure 3.1 that the forescatter lobe is spread around the specular direction. There is a considerable amount of published data on the behavior of this
lobe [8] [54] [52] [53] [55] [26] [37]. Figure 3.4 [55] is representative of the available
data. The figure shows normalized BRDF curves for a rough surface. The BRDF is
plotted as a function of Or with Oi and optical roughness as parameters. From this
figure and other data, the following conclusions can be drawn:
1. Forescatter is a rough surface phenomenon and independent of the bulk inho-

mogeneities [8].
2. The forescatter lobe has a specular part and a diffuse part. The specular part
is the sharp triangular peak in the BRDF curves of fig. 3.4 (e.g. X" = 0.63,

oi =

75°).

3. Dielectric surfaces as well as metallic surfaces show forescatter [52].
4. Shadowing effects are observable at grazing angles. The curves in fig. 3.4 show
a very sharp cutoff at grazing angles. This is due to hi-static shadowing and is
explained below.
The forescatter lobe can be explained by geometric and field theories of reflection.
The geometric theories provide the best insight into the situation, and we will briefly
look at a qualitative explanation of forescatter based on a geometric theory before we
present mathematical details of the BRDF for the forescatter lobe.
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Origin of the Forescatter Lobe
The forescatter lobe arises from reflection of the incident ray from facets of the rough
surface. A facet is a locally plane approximation to the surface. The situation is
shown in figure 3.5. Rays are incident on the inclined facets and specularly reflected
from them. Since the facets are randomly inclined, the rays are reflected in random
directions around the specular direction and give rise to the forescatter lobe.
Figure 3.5 also illustrates how multiple reflection and hi-static shadowing occur
in rough surface reflection. The ray A is multiply reflected. Most rough surface scattering theories neglect multiple reflection. Consider the portion the surface marked
S in the figure. Because of the oblique incidence, this area lies in shadow, and of
the net area of the surface only a fraction is available for reflection. This reduces the
reflectance and the decrease in reflectance is said to be caused by shadowing.
Consider the receiver in the position as shown. The ray C, which would normally
have reached the receiver, is multiply reflected away. The area 0 in the figure is in
effect being occluded from the receiver. Occlusion also reduces the net received flux.
The combined effect of shadowing and occlusion is called bi-static shadowing.
Figure 3.5 also illustrates some of the terminology that we will use. The gross
angle of incidence, fh is the angle that the incident rays make with the mean surface
normal. The local angle of incidence, 1/J', is the angle between the incident ray and the
local normal. The local normal is tilted at an angle 1/J because the surface is rough.

Theories of Forescatter
Forescatter has been researched extensively and we will briefly consider three prominent theories:
1. Rice's Theory: Rice [44] developed a small perturbation theory for reflection
from rough surfaces. His theory yields a solution if the optical roughness of the

surface is much less than 1.0. This is too limiting for our use.
2. Beckmann's Theory: Beckmann and Spizzichino [6] used the physical optics
approximation. They start from the Helmholtz integral for computing thereflected field from a surface and apply the Kirchoff approximation to it. The
Kirchoff approximation requires that at every point the surface be locally approximated by a plane i.e. the local curvature of the surface is assumed to be
zero. Their other assumptions are:
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(a) The surface is perfectly reflecting;
(b) The incident wave is linearly polarized, but the polarization effects of the
reflected wave are neglected;
(c) The surface is isotropic and Gaussian.
The Beckrnann-Spizzichino expression for the BRDF due to forescatter is

where,
Specular part of the lobe
exp [_ ( 471" c~ llju )2]
_...;;....._,_;____,_,_____;.~

cos oi

8( Or- fh) 8( </>r - 7r ).

And,
Diffuse part of the lobe

f:

7rB(pj).)Z exp[-(~G?J
(Go-jJ..)I2m exp[- 7r2 {~}2H],
).
m=l
m m.
m ).

cos Or cos Oi

where,

H(Oi; On </>r) -

[1 +cos Oi cos Or + sin Oi sin Orcos</>r ]2.
cos Oi cos Or
2
2
sin Oi + sin Or+ 2 sin Oi sin Or cos <f>r·

G( Oi; On </>r) -

27r(cos0i+cos0r)·

B( Oi; On </>r)

_

And, u and p are the variance of the height distribution and the correlation
length as defined in equations (3.4) and (3.5).
The above expression is complex and Beckmann and Spizzichino offer approximations for small and large optical roughnesses. Houchens and Herring [26]
have found that the Beckmann and Spizzichino theory fits experimental data
very well.
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3. Torrance-Sparrow Theory: The Torrance-Sparrow theory [54] is based on geometric optics. The surface facet angles are assumed to have a Gaussian distribution as in equation (3.6). Given the incident and reflection angles, only those
facets which can reflect specularly from the incident direction into the reflected
direction are assumed to contribute to the flux. Multiple reflection is not taken
into account.

If we neglect hi-static shadowing, the Torrance and Sparrow expression for the
BRDF can be written as :
F (1/;', T}) exp( -1/; 2 c2 )
cos Oi cos Or

(3.7)

where, T} is the complex index of refraction of the surface, and F() the Fresnel
reflectivity. c is a constant depending on the optical roughness of the material.
1/J' is the local angle of incidence and 1/; is the inclination of the reflecting facet
normal to the surface normal.

1/J' -

The local angle of incidence,

~ cos- 1 [cos Bi cos Br +sin Bi sin Br cos cPr],
1/J
,81

cos- 1[cos ei cos 1/J' + sin ei sin 1/Y' cos ,81],
sin- 1[sin cPr sin Br/ sin 21/;'].

The angle 1/;, has the distribution of equation (3.6). In fact, the exponential term
in (3. 7) comes directly from equation (3.6), and assuming a different distribution
would change only the exponential term in the formula.
Torrance and Sparrow have conducted extensive experiments to validate their formula for metallic and dielectric surfaces and the reader is referred to [54] for details.
The assumption of geometric optics and single reflection is substantiated by Rense's
study [43] of the polarization of light reflected from rough surfaces. Rense reported
good agreement between the single reflection hypothesis and experimental data up to
angles of incidence of 45°.
We will use the Torrance-Sparrow theory in our formulation.
In terms of unit normal vectors, the above expression can be written as

!diJJ(i, n, r) =

F( cos- 1 n 8 Ti, T}) exp( -( cos- 1 n 8 Tn) 2 c2 )
(iTn)(rTn)

(3.8)
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where, n 8 is the specular direction given by (2.10).
Equation (3.8) can be generalized by assuming that the distribution of surface
slope angles is given by some general distribution p(n 8 Tn) instead of the Gaussian.
Equation (3.8) now becomes
hiJ ,(i, n, r)

F(cos- 1 n 8 Ti,7J)p(n 8 Tn)

(Fn)(rTn)

(3.9)

So far we have neglected hi-static shadowing. Let us now consider how hi-static
shadowing modifies the Torrance-Sparrow BRDF. Beckmann first proposed [5] that
the simplest way to take hi-static shadowing into account is to multiply the BRDF by
a hi-static shadowing function S( Oi; Or, <Pr ). The function S() has a range from 0 to 1
and is the fraction of the area of the surface that is neither shadowed nor occluded.
Subsequent to Beckmann's theory, other theories of shadowing have also been proposed (48] (58]. One alternative is the hi-static shadowing function R( Oi; Or, <Pr) [12].
R() also has a range from 0 to 1, but represents the percentage of slopes on the surface
that are oriented in the desired direction which are neither shadowed nor occluded.
Brockelman and Hagofers have argued (12] that R() is a more appropriate function
to use than S(). However, R() is difficult to evaluate analytically and we will useS()
here.
We will use the shadowing function proposed by Smith [48]. Smith's paper provides us with only the shadowing function. Wagner [58] shows how to calculate the
hi-static shadowing function from the shadowing function. If we use Smith's shadowing function in Wagner's theory we get the following hi-static shadowing function:.
~ er f(!li/ .J2 tan f3o) + er f (!lr / .J2 tan f3o)
2
1 + A(Jli) + A(!lr)

1-1/2erfc(Jli/V2tan/30 )
1 + A(!li)

.... for 0 < Oi < 1rj2,0 <Or< 1rj2.
7r

.... for 0 < Oi < 1rj2, -Oi <Or< 0, 2:<Pr < 1r

1 -1/2erfc(ll11rii/V2tanf3o)
7r
· .... 0 < Oi < 1rj2, -1rj2 <Or< -Oi, 2: < <Pr < 1r
1 + A(llllrii)

where,
/11

cotOi,

11 2

cot On
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Putting together the Torrance-Sparrow theory with hi-static shadowing we get

fspec(i,n,r)

+ fJsc(i,n,r)

=

fspec(i,n,r)

+ Pfsc

[S(i,n,r) fdiJJ(n,i,r)].(3.11)

where, PJsc is the forescatter albedo, S() is the hi-static shadowing function in equation (3.10), hiJJ() is given by equation (3.9). !spec() is the specular term:

!spec(i, n, r) = ( 8(1 - n.ns)·
The Gaussian is a useful expression for the p() in equation (3.11) and if this is
used, equation (3.6) should be substituted in it.

3.6

The Normal Lobe

A considerable fraction of reflected light from real world surfaces is symmetric about
the surface normal. This is the normal lobe of the BRDF. All of the reflected light
in this lobe is diffuse. A survey of the experimental data in the literature shows that
the normal lobe is very close to being Lambertian. There is extensive data in [35]
concerning the validity of Lambert's law. Kortum (35] concludes that Lambert's law
is strictly valid for angles of incidence less than 40° and angles of reflection less than
80° and is approximately valid for almost the entire range of incident and reflection
angles.
Any theory of the normal lobe should explain Lambert's law. Unfortunately,
a complete explanation of Lambert's law is still not available. However, there are
theories in the literature that come close to doing this and in this section we will
review some of them. The explanation of Lambert's law that we propose is based
on Chandrasekhar's radiative transfer theory. We will take the main results of that
theory and qualitatively demonstrate how Lambert's law comes about.
Perhaps the most remarkable fact about Lambert's law is that it is valid for a
large range of materials and seems to be independent of the type of the reflecting
material. One of the main achievements of radiative transfer theory is an explanation
of the independence of the law with respect to the object material.
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Theories about Lambert's law
Surface Models
Bouguer made the first attempts to explain Lambert's Law based on reflection from
rough surface facets. Subsequent research established that these models are unable to
explain the normal lobe. The reader is referred to [35) for details. Recently, theoretical
interest in surface models has resurfaced. This theory, [20) [31) [41 ], models rough
surfaces as random phase screens. The theory is still being developed [1) [2) and a
complete explanation of Lambert's law based on it is as yet unavailable.

Bulk Scatter Models
By far, bulk scatter theories have been more successful in explaining Lambert's law.
Bulk scatter theories assume that some of the incident radiation penetrates beneath
the surface. Inside the bulk of the matter, this radiation encounters inhomogeneities
and is repeatedly scattered by them. A part of the scattered radiation eventually finds
its way to the surface and is emitted out as the normal lobe. Early attempts to model
bulk scattering were made by Seeliger (see [35] for details). Seeliger's model consisted
of tiny volume scattering elements each of which received the incident radiation.
Incident radiation from neighboring volume elements was neglected. The BRDF
given by Seeliger's model is :
1

cos ei + cos er •

(3.12)

Kortum [35] notes that Seeliger's model does not fit experimental data as well as
Lambert's law does.
Subsequent to Seeliger's attempt, the problem of bulk scattering was formulated
as Radiative Transfer Theory [14] [46]. vVe will not get into the details of radiative
transfer theory as that would take us afield from our interest. We will state the main
assumptions of the theory and present some relevant results from Chandrasekhar [14].
Radiative transfer theory can be explained as follows. Incident light penetrates
into the bulk material, and as the incident ray progresses, it is multiply scattered.
The medium is not optically dense, so that each scattering is assumed to be due
to a single point scatterer. The incident rays are inclined at an arbitrary angle Oi.
The radiation emitted at a distance z inside the semi-infinite bulk in any direction
Or, cPr is given as a solution to an integra-differential equation. At z = 0 the solution
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gives the amount of reflected radiation. Chandrasekhar [14) obtained the complete
solution for a general phase function p( cos 8). The solution is very complex and
instead of presenting the general solution, we report the solutions calculated by him
for isotropic and Rayleigh scattering. These give a better insight into the effect of
multiple scattering.
For isotropic scatterers, the BRDF for bulk scattering is given by:

where,

And,

Here, tti's are the non-negative zeros of the Legendre polynomial P2 n(tt) of order 2n.
k/s are the non-negative roots of the equation

'lf(tt) is called the characteristic polynomial and for the isotropic case it is

The constants

a1

are given by

w0 is the constant in (4.1 ). Strictly speaking, the above solution is valid only when
n is infinity.

However, truncating n to a small finite number gives a very good
approximation.
We will not reproduce the analytical form of the solution for the Rayleigh scattering profile but show the results graphically. Figure 3.6 shows the reflected ra-

- - - - - Isotropic Scatterer.
---Rayleigh Scatterer.

Figure 3.6

Results of the radiative transfer theory
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diance for isotropic and Rayleigh scatterers. The quantity plotted in fig. 3.6 is
fr((}i; (}n cPr) cos (}r· The incidence angle (}i is -37° and only the principal plane
is shown. The top curve shows the exact solutions for the isotropic and Rayleigh
scatterers. There is a significant amount of backscatter from the Rayleigh scatterers.
The lower most curves are due to singly scattered light. The middle curves are the
difference between the two, i.e. these curves represent the distribution of the radiation
that has suffered scattering twice or more.
Two interesting facts emerge from fig. 3.6. First, the distribution due to multiple
scattering is symmetric about the normal. This distribution is a good approximation
to Lambert's law (14]. Second, this distribution is independent of the actual scattering
profile of the point scatterer- the Rayleigh multiple scattering distribution is almost
identical to the isotropic multiple scattering distribution. 2 This observation will lead
us to an explanation of the independence of Lambert's law to object material.
Before we proceed to apply the results of radiative transfer theory to solid objects,
one question needs answering. Radiative transfer theory assumes independent single
scattering for each scatterer. This is not a good assumption for the kind of optically
dense bulk media we are interested in. How does the scattering behavior change when
the independent scattering assumption is violated?
Volume scattering from densely packed scatterers has been studied in the context of radiative transfer from fluidized beds [11] [13] [25] [61] and reflection from
paints [24]. The experimental data gathered in these references indicates that the
main effect of dependent scattering is to change the albedo. The functional form of
the BRDF remains the same. Hence, we can use the results of independent scatter
radiative transfer theory to get the BRDF we need by incorporating an albedo into
the BRDF.

A Qualitative Explanation of Lambert's Law
The normal lobe can be modeled as that part of the BRDF which comes from radiation
that has undergone multiple scattering. As an approximation, this distribution is
Lambert ian.
Recall from fig. 3.6 that multiply scattered radiation seems to be distributed
independent of the scatterer phase function. Intuitively, and approximately, this can
This is not strictly true as shown by other plots in [14]. However, as an approximation, this is
valid.

2
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be explained as follows. Consider a medium made of Rayleigh scatterers. Deep
within the medium, the incident ray is weak. Most of the energy incident upon a
point scatterer (call it A) is radiation scattered by neighbors. This radiation does not
have an angular dependence as the scatterers are uniformly distributed. Clearly, at
A, after scattering once more, the independency from angular variation is preserved.
Thus multiple scattering for Rayleigh scatterers gives the same profile as multiple
scattering for isotropic scatterers.
For Rayleigh scatterers close to the surface, bulk of the incident energy comes from
the incident ray. For them, the scattered radiation will display a Rayleigh profile and
exhibit considerable backscatter.

3.7

The Backscatter Lobe

There are no significant theories in the literature about the backscatter lobe. In lieu
of theories, we present some experimental evidence on its behavior and propose a
mathematical expression for its shape.
Figure 3.7 shows data from [10] for reflection from Barium Sulphate paint. There
is clear evidence of a strong backscatter lobe. Evidence for this lobe can also be found
in the data for Magnesium Oxide coatings, Zinc Oxide paint [10] and the TorranceSparrow data [54].
It is possible to build a simple model for the backscatter lobe shape based on
the observation of radiative transfer theory that the backscatter lobe originates from
single scattering in the bulk medium. For these surfaces, backscatter is due to single
scattering close to the surface. Very small perturbations on the surface which cannot
be included in the Kirchoff approximation of section 3.5 will also act like point backscatterers on the surface. vVe can approximate the situation by saying that the
scatterers which give rise to backscatter are contained in a plane that lies parallel
to the mean surface boundary. We neglect interference effects but consider hi-static
shadowing of the surface scatterers. It is easy to show that the BRDF given by our
point scatterer model is

"') _
f scat (() ii 0r, o/r
-

W

S(O··O "') p(8i;8n</>r)
''

n 'fJr

COS ()i COS ()r

•

(3.13)

where, w is the scatterer density in the plane. p(8i; 8r, </>r) is the phase function for
each scatterer and S() is the hi-static shadowing function. If we knew the distribution
of the sizes of the scatterers, the phase function p() could be estimated. However, we
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Figure 3. 7

BRDF showing strong backscatter. Adapted from [10]
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have not been able to find any published literature on this, and are forced to keep its
exact form unspecified. We will assume that the phase function depends only on the
phase angle.
!scat() can now be written in terms of unit vectors as:

f scat (I,. n, r )

=

W

S("
) p(iTr)
1, n, r (iTn)(rTi).

(3.14)

The BRDF due to the backscatter lobe can be written as
Pbsc /bsc

=

where,

Pbsc

3.8

The Reflectance Map

Pbsc fscat(i,

n, r)

(3.15)

is the backscatter albedo.

We will now proceed to use the BRDF formulae from previous sections to obtain an
approximate reflectance map. We will demonstrate the process of approximation. As
explained below, the approximations are possible because of the nature of the imaging
geometry and are not specific to the BRDF we use.
Putting together equations (3.1 ), (3.11 ), (3.15) and using the Lambertian for the
normal lobe, we get the net BRDF as

/r(i, n, r)

+
+
+

(8(1 - n.n 8 )
S("
) F(cos- 1(nsTi),ry) exp{-[cos- 1(n 8 Tn))2c2}
Pfsc
I, n, r
(iTn)(rTn)
Pnorm

Pbsc

p(iT r)
S(i, n, r) (iTn)(rTn )"

(3.16)

We are not interested in pursuing specular reflection besides noting that it gives
an intensity spike at specular orientation. We will drop the specular term.
Dropping the specular term, the exact reflectance map is

R(i, n, r)

Pfsc

) F(cos- 1(nsTi),ry) exp{-[cos- 1(nsTn))2c2}
S( .
I, n, r
(rTn)
·T

+

Pnorm I

+

Pbsc

n

•
p(iT r)
S(1, n, r) (rTn).

(3.17)

There are two features of the geometry of fig. 2.2 that help us approximate equation (3.17):
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1. Recall that the camera and the light source are assumed to be infinitely far
away. The vectors i, rand n 8 are constant over the entire surface.

2. In most situations, the angle that the light source and the camera subtend at
the object is usually between 10° and 45°. The vectors i, r and 11 8 are close

together.
vVith this in mind, consider the forescatter term. From (1) above, it is clear
that n 8 Ti is independent of n. Thus the Fresnel factor F() in the forescatter term
is constant and can be absorbed in the factor Pfsc· Next, consider how the bi-static
shadowing term affects the forescatter expression. The value of the bi-static shadowing term as a function of On is shown in figure 3.8. The curves are plotted assuming
a phase angle of 30° and are parametrized by the width of the slope distribution of
the illuminated surface. Note that for widths around 30° the bi-static shadowing is
prominent when it is close to the ends of the range of On. Figure 3.9 shows overlaid
plots of the forescatter reflectance map in the principal plane with and without the
bi-static shadowing function. The phase angle is 30°, and the surface slope spread for
the bi-static shadowing function is assumed to be 50°. The curves are parametrized by
the factor c (see equation (3.18)). As c increases, the forescatter lobe width decreases
and the effect of the bi-static shadowing function is negligible. Realistic values of c
are in the neighborhood of 2.5 [54] and for these, hi-static shadowing does not have
a large effect on the reflectance map. It can be approximated by unity.
The forescatter part now becomes
Pfsc

exp{ -[cos- 1 (n 8 Tn)]2c 2 }
(rTn)
·

We replace the term rTn in the denominator with n 8 Tn. The observation (2) above
lends support for this. Now, the expression is
Pfsc

exp{ -[cos- 1 (n 8 Tn)]2c 2 }
(nsTn)
.

The denominator term in this expression becomes significant as n 8 Tn becomes
small. However, as this happens, the numerator term decreases and compensates for
the increase due to the denominator term. Hence, the denominator dynamics are not
effective and we can approximate the denominator term by unity. i.e. we use the
expressiOn

(3.18)
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Figure 3.10 shows overlayed plots of the exact forcscatter term (with hi-static
shadowing) and this approximation in the principal plane for a phase angle of 30°.
Figure 3.11 shows the contours of the error in the approximation for error less than
10 percent. The error in the approximation was computed as follows.
1. For a given value of c and the phase angle the exact forescatter term was com-

puted for densely sampled values of On and c/>n from the forescatter part of
equation (3.17).
2. For the same values of c and phase angle, the approximate forescatter expression (3.18) was used computed at the same points and the maximum absolute
difference in the two values over the entire set of On, c/>n points was chosen to
be the error.
3. This error was computed for the entire set of c and phase angle values and
fig 3.11 is the contour plot of this function.
The plot shows that the approximation is good for a wide range of forescatter lobe
widths if the phase angle is less than 30°.
If we use the general forescatter expression (3.9) instead of the Torrance-Sparrow
expression (3.8), then, in the spirit of the above argument, the sequence of approximations is valid if p(n 8 Tn), the slope distribution function, drops off sharply as n 8 Tn
decreases. After the approximations, the general forescatter map becomes
PJsc p(ns.n).

Using different p()'s gives us different forescatter expressions, e.g., using p(nsT n) = (nsTn)"Y,
I ~ 0 gives the forescatter part of Horn's map. Further, this interpretation of the
approximate forescatter reflectance map as the scaled slope distribution allows us
to judge the validity of any proposed forescatter term. We simply ask whether the
proposed term can also constitute a feasible slope distribution.
vVe will keep the normal term as it is.
Next, consider the backscatter term
.

Pbsc

p(iTr)

S(1, n, r) (rTn).

The term iTr is a constant and so p(F r) can be absorbed into the albedo. Figure 3.12
shows the backscatter term in the principal plane for a phase angle of 30°. Note

46

20.0

60.0

(c = 4.87)

(c = 1.72)
Lobe width.

Figure 3.11

100.0

(c= 1.432)
(degrees)

Contours of the error in the approximation

140.0

{c = 1.43)

47
10.0
10.0

6.0
width of slope distribution (degrees.)

20.0

30.0

40.0

50.0
0.0
-100.0

-50.0

0.0

50.0

On degrees
Figure 3.12

The backscatter reflectance map

100.0

48
that the term is approximately constant over the range of ()n from -50° to +50°.
Outside this range, the term increases briefly, and then decreases as the hi-static
shadowing becomes prominent. The increase is caused by the denominator in the
above expression.
We will approximate the entire backscatter term by a constant
Pbsc•

In support of our approximation, we note that for most surfaces, backscattering is
not very prominent and the above approximation will not cause serious errors.
Using these approximations the resulting reflectance map is

R(n,i,r)

3.9

Pfsc

exp{ -[cos- 1 (nsTi)) 2 c2 }

+

Pnorm (nTi)

+

Pbsc•

(3.19)

A General Model for Reflectance Maps

In this section, we will consider a mathematical generalization of equation (3.19). Our
aim is to construct a class of reflectance maps that we will call m-lobed reflectance
maps. This generalization is based on the following observations:
1. The normal lobe term of equation 3.19 can be written as Pnorml(iTn), where,
I() is the identity function, I(x) = x. The two functions exp{ -[cos- 1 ( )]2c2 }

and J() that occur in equation (3.19) have the following properties: they are
monotonic strictly increasing functions of their arguments, they are convex and
log-concave.
2. The arguments of the above two functions are inner products of the vector n
with n 8 and i. Both of these vectors are independent of n.
3. Both n 8 and i lie in the principal plane.
4. For the given viewing direction, the vector n 8 depends solely on i.
We generalize as follows: With each incident direction iz we associate a set of
principal directions Plh j = 1, · · ·, m- 1 in the principal plane, i.e. if
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then
Pli

= [sin(Ozj) cos(¢z) sin(Ozj) sin(¢z) cos(Oli)f,

(3.20)

where 0 < 811 < Bz 2 < · · · < Bz m- 1 < ~· See figure 3.13 for an illustration.
\Vith each direction Pli we associate ¢j{) 3 , a monotonic strictly increasing function and Ph an albedo. We also assume that <Pi() are convex and log-concave. Then,
m-1

R(iz, n, r) -

L

Pi<Pi(pf;n)

+ b,

(3.21)

j==1

where, b ~ 0 is a constant.
Before we proceed, we remark that the reflectance map proposed in equation
(3.21) is very general and includes iso-tropic and non-isotropic maps. For an isotropic
reflectance map, if the zenith angles of the light sources Bz were constant, the zenith
angles Bzj of the principal directions would be independent of the azimuth angles i.e.
Bzd = Bz 2i· When this is not true, the reflectance map is non-isotropic.
We will also assume that the term 2::~]. 1 Pi¢j{pfjn) goes to zero as iTn does.
Physically, this assumption means that the only lobe that contributes to the observed
intensity as we get closer to the self shadow region (iT n ~ 0) is the backscatter lobe.
Finally, let us agree on some nomenclature for the rest of the thesis. \Ve will refer
to the reflectance map model of equation (3.21) as them-lobed reflectance map. We
will not assume any specific form for the¢() functions and will only assume that they
have the properties listed above. The map of equation (3.19) will be referred to as
the physical reflectance map and in using it we will assume the explicit form of the
~() functions of equation (3.19).

3.10

Experimental Evidence

As a final demonstration of the utility of the physical reflectance map, we present
the intensity values recorded in an image and the fit of this model and a Lambertian
model to this data.
Figure 3.14 shows the image of a spherical surface. Figure 3.15 shows the intensity
data in the principal plane and a fit of equation (3.19) to the data. The parameters
3 Note

the potential confusion between the monotonic functions ¢() and the azimuth angle ¢. To
prevent this, we will indicate the function with a pair of empty brackets after it, i.e., as¢(), and the
angle without them, i.e., as ¢.
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X

Figure 3.13

Principle directions for the m-lobed map
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Figure 3.14

A spherical surface

used are
Pfsc

= 1.0,

Pnorm

= 0.5 Pbsc = 0.0 C = 2.578.

(3.22)

The phase angle is 33°. The figure also shows the intensity profile that would result from using only a Lambertian reflectance map. It is clear from the figure that
our proposed reflectance map models the intensity pattern more accurately than the
Lambertian model.
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Lambertian model

Data

Three-lobed model

Distance along the principle plane

Figure 3.15

Intensity in the principle plane

Chapter 4
The Normalized Photometric Stereo Equation
4.1

Introduction

In this chapter, we will investigate the normalized photometric stereo equation 2.8.
We will use the m-lobed reflectance map of equation 3.21. The main concern of
this chapter will be the number of light sources needed to achieve a globally unique
solution. i.e. we ask what is the minimum value of k, such that any two nt,n 2 ;
llt

=I n 2 imply

Recall that the normalized equation becomes linear if we assume that the surface
is Lambertian. vVoodham [60] proved that in this case, three sources were necessary
and sufficient to obtain a globally unique solution.
\Vhen we consider non-Lambertian surfaces we have a non-linear normalized photometric stereo equation. In this chapter, we derive three results about the solution
of the normalized photometric stereo equation. The results are expressed in theorems 4.1, 4.2 and 4.3 of this chapter. Informally, the results are
• It is possible to obtain a globally unique solution to the normalized photometric
stereo equation in the case of reflectance maps with m-lobes. Theorem 4.1 states
the conditions under which this can be done with only three light sources.

• Theorems 4.2 and 4.3 translate the condition of theorem 4.1 into constraints
on light source directions. As will become clear, these constraints are usually
met with in all photometric stereo reconstructions.
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If we assume k = 3, we can write the normalized photometric stereo equation 2.8
with the m-lobed map as

( 4.1)

Let us define matrices Hi as

Hi =

p?j)
(P~
.
P3i

If we assume that the light source directions

h, b, h are linearly independent then it

is easy to show that the matrices Hi are invertible.
If we assume that there exist n 1 and n 2, such that n 1 =I n 2 and

then
m-1

2:: PicPi(pJ;nt) -

PicPiPJ;n2) = 0.

l = 1, 2, 3.

( 4.2)

i=l

In order that equation 4.2 hold for all/, for every l there must be one term in the
equation that differs in sign from the other terms 1 .
Now,
sign [ Pi cPi(pl;ni) - Pi cPi(pljn2) ]
sign [ pfjn 1 - pJ;n 2 ]
-

· · · cPi is monotonically strictly increasing, pi

>0

sign [ pfjn ].

where, n = llt - n2

=I 0.

This leads us to the following lemma.
1 We

have to deal with the technicality of assigning a sign to zero. We deal with this as follows:
Note that we are interested in cases where m ~ 3 in equation 4.1. Hence, for every /, we have at
least two terms for equation 4.2. If there are more than two non-zero terms in equation 4.2, then
the zero terms are assigned any sign that we wish. If there is only one non-zero term, then the zero
terms are assigned the sign opposite to this term. If all the terms are zero, then we assign differing
sign two any two of the zeros and the rest are assigned in any manner whatsoever.
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Lemma 4.1

If the matrices Hj, j = 1, · · ·, m - 1 are such that V11,

11 # 0, there is at least one row of H1 11, H 211, · · ·, Hm- 1 11 with all entries
having the same sign, then equation 4.1 has a globally unique solution for
any set of monotonic, strictly increasing functions <Pi().
Proof Let the condition of the lemma be true. Then, given an 11 = 11 1 - 11 2
we can find a row j such that the signs of p'£11 are the same for all!. Since,

# 0,

the sum on the left hand side in equation 4.2 will not yield the right hand side and
we will have a unique solution to equation 4.1.
0

4.2

Inversion of three-lobed maps

For the time being, let us consider only three-lobed maps. We have,

Pu

H1 =

( p~T)
P3I

We will now investigate the manner in which H 1 and H 2 affect the sign of elements
of the rows of H 1 11 and H 2 11. This we do as follows:
• We first isolate those sets of E 3 , such that if 11 belongs to them, one row of H 1 11
and H 2 11 differs in sign. There are six such sets :
c1 = {11: sign of the 1st row of H 1 11 is +ve, sign of the 1st row of H 2 11 is -ve}-

{0},
{11: p[1 11?:: 0, p[2 11:::; 0}- {0}.

ct

{11: sign of the 1st row of H 1 11 is -ve, sign of the 1st row of H 2 11 is +ve}-

{0},
{11: p[1 11 < 0, p[2 11 > 0}.
c2

{0}.

{n: sign of the 2nd row of H 1 11 is +ve, sign of the 2nd row of H2n is -ve}-

56
c:;;

= {n: sign of the 2nd row of H 1 n is -ve, sign of the 2nd row of H 2 n is +ve}-

{0}.

{n:

pf1 n

< 0,

pf2 n

> 0}.

{n: sign of the 3rd row of H 1 n is +ve, sign of the 3rd row of H 2 n is -ve}-

c3

{0}.

- {n: pf1n 2: 0, pf2n

s; 0}- {0}.

{n: sign of the 3rd row of H 1 n is -ve, sign of the 3rd row of H 2 n is +ve}-

cj

{0}.

{n: pf1 n < 0, pf2n > 0}.
We will shortly establish that ell c 2, c3 do not intersect ci, c:;;, cj and that the
sets c1 + {0}, c2 + {0}, c3 + {0}, ci + {0}, c:;; + {0}, cj + {0} are convex cones.
• We can then define sets where two rows of H 1 n and H 2 n differ in sign.
cl

cl n c2

C2 -

c2

n c3

C3

C3

n C1

c;
ci n c:;;,
c; - c:;; n cj,

• We can finally define C and C* to be C = C1 n C 2 n C 3 and C* = c; n C2 n Cj.
Note that if either C or C* is not empty and if n E C or C*, then conditions of
Lemma 4.1 are violated. If the sets C and C* are empty, then it follows from
Lemma 4.1 that equation 4.1 has a globally unique solution.
Our task is now reduced to identifying the sets C and C*, and then checking to
see if they are empty. This can be simplified greatly by looking at only some of the
sets from which C and C* are made. The simplification is based on the the properties
of these sets as illustrated by the following lemmas:
Lemma 4.2 When point 0 (the origin of E 3 ) is added to the sets Cj, cj, Cj, c;' c, C*'
j = 1, 2, 3, the resulting sets are convex cones.
Proof

\Ve will prove this for c1 • The proof for other sets follows identical lines.

If XI, x 2 E c1 + {0}, then pf1X1 2: 0 p[2x1 s; 0, pf1X2 2: 0 p[2x2 s; 0. From the
linearity of the inner product, it follows that if x = ax 1 + (1- a)x 2, 0 s; as; 1, then

+ (1- a)pf1x2

2:0

and similarly pf2x = ap[2x1 + (1- a)p[2x2

s; 0

pftx = pfdaxl

+ (1- a)x2}

= apf1xl
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Thus, x E c1 + {0}, and c1 + {0} is a convex set.
Further, if x E c1 + {0}, then for a ~ 0, it is easy to see that axE c1 + {0}. Thus
c1 + {0} is a convex cone with 0 as an apex.
0
Lemma 4.3
sense that
X

E

cj iff

The sets

-X

Cj,

cj; Cj, Cj; C,C* are complementary in the

E

Cj,

X

E

c; iff

E

cj'

X

E

Cj

-X

E Cj,

X

E C* iff

c;'

X

E

-X

E

c.

If X~ 0,
X

E

Cj

iff -

X

Also, it follows that,

Cj

n c;

=

iff -

0

Cj

X

E

n c;

=

c iff

-X

E C*.

0 c n C* = 0.

Proof The proof follows from the definitions of the sets and the linearity of the
inner product.
0
Lemma 4.3 has an interesting consequence. If C is empty, then so is C*. Thus, it
is sufficient to check for the emptyness of C only. But, C is defined in terms of the
unstarred sets; and from this it follows that we need to identify the unstarred sets
only.
Let us proceed to identify the sets Ci.

The sets

Cj

Figure 4.1 provides some visual aid for subsequent theory. We begin with some
definitions. With each vector Plj let us associate a vector rrj defined by

e)

- cos ¢> cos
(
rrj = - si~ ¢>cos 0
smO

( cos ¢> sin e)
, if Plj =

sin¢> sin 0
cos e

.

We denote the principal plane<; by IIr. Clearly, IIr = span(pn, pr 2 ). Let us define
qr such that qr ~ 0 and qr..liir. Since IIr contains the z-axis, qr must lie in the x-y
plane. If we define planes '3rj =span (r1j, q 1), then, we can define vectors Vi, Ui and
Wi such that,
{av 1 : -oo :::;

a:::; +oo, z-component of v 1 > 0}
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z

y

Figure 4.1

Geometry for defining the sets Ci.
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3n n :=:22 :=:12 n :=:22
:=:12 n :=:21 :=:31 n :=:21
:=:31 n :=:22
:=:32 n :=:22
:=:32 n :=:21
3n n :=:31
3n n :=:32
:=:12 n :=:32
:=: 12 n :=:31

-oo:::; a:::; +oo, z-component of v 2 > 0}
{av3: -oo:::; a:::; +oo, z-component of v 3 > 0}
{av4: -oo:::; a:::; +oo, z-component of v 4 > 0}
{au1: -oo:::; a:::; +oo, z-component ofu 1 > 0}
{au 2 : -oo :::; a :::; +oo, z-component of u 2 > 0}
{au 3 : -oo:::; a:::; +oo, z-component of u 3 > 0}
{au 4 : -oo :::; a :::; +oo, z-component of u 4 > 0}
{aw1 : -oo:::; a:::; +oo, z-component of w 1 > 0}
{aw 2 : -oo :::; a:::; +oo, z-component of w 2 > 0}
{aw3 : -oo:::; a:::; +oo, z-component of w 3 > 0}
{aw 4 : -oo :::; a :::; +oo, z-component of w 4 > 0}
{av 2 :

We first establish that,
Lemma 4.4
vi,

Ui, wi =/:-

The vectors vi,

Ui

and

Wi

as defined above exist and

0. Further,

3n =span (vb v2) = span (w1, w 3),

:=:12 =span (v4,v3) = span (w3,w4),

:=:21 =span (v~, v4) = span (u 1, u 4),

:=:22 =span (v2, v3) = span (u2, u3),

331 =span (ut, u2) = span (w1, w4),

332 =span (u3, u4) = span (w2, w3).

Proof Consider existence first. We will prove this for v 1. The proof for other
vectors follows identical lines. Consider the set S = 3 11 n 3 21 . The set S has
dimension 1. Since, 3 11 = span (r11 , q 1) and 3 21 = span (r2t, q 2), if x E S, then
pf1x = 0 and pf1x = 0. The set S, therefore, consists of vectors orthogonal to
Pn and P2I· As we know that the vector p 11 * P21 satisfies this requirement, let
us consider p 11 * p 21 as a likely candidate for v 1. The z-component of this vector
is sin 011 sin 021 sin( </>i 2 - </>i1 ) =/= 0. Hence, the set S can be written as avt, where
v 1 = ±p 11 * p 21 , the sign being chosen to keep the z-component of v 1 strictly greater
than zero. This establishes that v 1 exists.
We will now show that 3 11 =span (v1, v 2). Note that by definition v~, v 2 E 3 11 •
Hence, the result follows if we can show that v 1 and v 2 are linearly independent. To
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do this, note that Vt E 3 21 and v 2 E 3 22 , so we have a representation for them of the
form

Since, r 21 and r 22 are linearly independent and orthogonal to q 2, the only way v 1
and v2 can be linearly depandant is if a 1 = a 2 = 0. But since the z-component of
q 2 is zero, that makes the z-component of v 1 and v 2 zero. This is a contradiction
with the defintions of the two vectors. Hence, v 1 and v 2 are linearly independent and

0

2n =span (vh v2).
From the proof of the above lemma we have that
Vt = ±pn
Wt = ±pn

* P12

* Pt3 ,

* P22 , V3 = ±P21 * P22 , V4 =
±pn * P23 , W3 = ±P21 * P23 , W4 =

, V2 = ±pn
W2 =

* P12
±P21 * Pt3
±p21

We now come to

Lemma 4.5

The sets Ct, C2, C3 are given by

cl -

{x:x=avt+f3v2+/v3+8v4;a,(3,,,8~0}-{0},

c2

{x: x = au1 + (3u2 + /U3 + 8u4;a,(3,,,8 ~ 0}- {0},
{x: x = aw 1 + (3w2 + 1w3 + 8w4; a,(3,,,8 ~ 0}- {0}.

Proof vVe will prove this for C1. The proofs for C2 and C3 follow identical lines.
LetS= {x: x = av 1 + (3v2 + 1v3 + 8v4 ;a,(3,,,8 ~ 0}. If xES and x =J 0
Pftx -

apftvl + f3pftv2 + /Pftv3 + 8pftv4
(3pf1V3 + /Pf1v 4·

... Since p [ 1v1 = pf1v2 = 0.

But note that since V3 E 2 12 and v 4 E 3 12 they can be written as

which gives us p~v3 > 0 and pf1v 4 > 0. Thus, p~x ~ 0. Using a similar argument,
it is possible to show that
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From the above inequalities we have X E cl.
Now consider the converse. We will prove this by a contradiction. Assume that
:Jx E c l such that X ¢:. s. Note that by definition s is a convex polyhedron. Since
x ¢:. S, x has a projection on S. Let y be the projection. We know from standard
convex set theory that y falls on the boundary of S. Consider the tangent plane to
S at y. Since S is a polyhedron, this plane must contain one of the faces of S. For
concreteness, let it be the face that contains v 1 and v 2 . Now 3 11 = span (v1 , v 2 ).
Hence, 3 11 is the tangent plane that seperates S from x. Since p 11 .1.3 11 , for all s E S,
sign [pf1 x] =I sign [pf1s].
Now, from the first half of this proof we know that if s E S, then s E C1 . Thus
pf1 s has the correct sign a term should if have if sis to be in C 1 . We also know that
since x E Ct, pf1 x has the correct sign too. Thus, sign [pf1 x] = sign [pf1 s], and we
get a contradiction.
0

The set C
Finally, we consider C. The test for the emptyness of C can be simplified by using
the following lemma:
Lemma 4.6

If any two sets of C1 , C2 and C3 are disjoint, then C =

0.

Proof The intersection of any two sets from C1 , C2 and C3 decides the signs of all
three rows of H 1 n and H 2 n as can be seen from the definitions of the sets. Thus, if any
two of the sets are disjoint, all of them are and the lemma follows as a consequence.

0
Now, putting everything together, we get
Theorem 4.1 If any two of the sets C1 , C2 and C3 as defined in
Lemma 4.5 are disjoint, then the normalized photometric stereo equation
has a globally unique solution.
Proof

The proof follows from Lemma 4.6 and Lemma 4.1.

0

To apply this theorem we need a test to check for the disjointedness of any two of

cl' c2

and

c3.
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The test for disjointedness of CI and C3
From lemma 4.5 it follows that CI + {0} and C3 + {0} are convex polyhedrons. Their
disjointedness can be checked by searching for a plane that separates all points of
CI + {0} and C3 + {0} except the point 0. To do this, it is sufficient to check whether
the planes spanned by the pairs wi,w2 and w 2 ,w3 and w 3 ,w 4 and w 4 ,wi separate the
vectors vi, v 2 , v 3 , and v 4 from WI, w 2 , w 3 , and w 4 . This is the test that shows
whether three light sources are sufficient for a globally unique inversion.

4.3

Three-lobed Isotropic Reflectance maps

Further analytical mileage can be obtained from the test, by restricting the three
lobed map to be isotropic and assuming a symmetrical placement of lights. We will
assume that

and,

( 4.3)
See figure 4.2 for an illustration.
We now get,
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z

X

Principal directions

Light source placement

Figure 4.2 Principal Directions and Light
Placement for Three Lobed map.
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Note that the signs of the x and z components are the same for all v and w. Since

01 < 02, tan 01 < tan 02, and the sign of the y component of v 1 , v 3 , and v 4 is negative,
while the sign of they component of WI, w 3 , and w 4 is positive. Clearly, if we make
the sign of they component of v2 negative and that of w2 positive then cl and c3 will
be disjoint. Hence, we have the condition cos¢>< tan OI/ tan 02. This easily translates
into
-+-

'f'

> cos _ 1 (tan0
--0-1 ) .
tan 2

( 4.4)

We have proved:

If an isotropic three-lobed reflectance map is used in the
normalized photometric stereo equation ( 4.1), and the lights are placed at
a constant zenith angle according to equation ( 4.3), then the photometric
stereo equation has a globally unique solution if the inequality ( 4.4) holds.

Theorem 4.2

Two observations about the inequality ( 4.4) are in order:
1. For the class of reflectance maps described by ( 3.19), we have 01 = 02/2. In
general, if we consider 01 = 02/ (3, where (3 > 0, then, we have
1/ (3 = 01
02

> tan 01 .
tan02

Thus, we can set¢>~ cos- 1 ~and always satisfy the inequality ( 4.4). For (3 = 2
we get ¢> ~ 60°. Hence, for the physical reflectance map, three light sources
placed at a constant zenith angle and according to equation ( 4.3) with the
azimuth angle between all consecutive light sources greater than or equal to
60° will cause a globally unique inversion of the normalized photometric stereo

equation. Silver [47] used this configuration with the azimuth angle separation
of 120° between any two lights. That is why he was able to reconstruct surfaces
using only three light sources.
2. Note that even as (3

-+

oo, if we keep ¢>

> 90° the inequality ( 4.4) will always

be satisfied.

4.4

Inversion of them-lobed map

The results for the three-lobed map can be extended very simply to them-lobed map.
Recall that for them-lobed map we have m-1 principal directions Pli associated with

65

every light source direction i1. All the principal directions lie in the principal plane II 1
and their zenith angles elj are strictly increasing with j' i.e., 0 < e lj < elj+l < 7r /2.
We now have m- 1 Hi matrices and in order to apply Lemma 3.1 to this case, we
have to find a condition where at least one of the rows of Hjn has the same sign in
all its entries. Considering the zth row of Hin we have,
Lemma 4.7 For any given n, the numbers pljn, j = 1, · · ·, m- 1 will
have the same sign iff

or

Proof
Then,

Consider the if part of the if and only if. Let n = (sin On cos <Pn sin On sin <Pn cos On?·

From pj1n ~ 0 we get tan elk :::; 1I tan On cos( <Pn - ¢1). Note that the right hand
side of this inequality is independent of k. Further, since tan01k is monotonically
increasing function of elk which is a monotonically increasing function of k, if the
above inequality of true for ell and elm-1' then it must be true for all elk such that
ell

<

elk

< 0/m-1·

The proof for the negative sign is similar.
The only if part of the proof follows from the definition. If all numbers, pljn are
non-negative, then any two of them are, and specifically Ph n ~ 0 and pfrn_ 1 n ~ 0.

0
Lemma 4. 7 assures us that we can check for the equality of signs of H1n by checking
for equality of signs of the rows of only two vectors H1 n and Hm_ 1 n. But this problem
is the same as the three-lobed problem where we use H 1 and Hm- 1 instead of Ht and
H 2 • This leads us to
Theorem 4.3

The conclusions of Theorems 4.2 and 3.2 are valid for the
m-lobed map if H 1 and Hm-l are used in those theorems instead of Ht
and H 2 •
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Turning our attention to the isotropic m-lobed map, let us assume that we have
three light sources placed at a constant zenith angle according to equation ( 4.3).
Since the map is isotropic, we know that 011 and fhm-l are independent of l, and in
fact 011/fhm-l = 1/ {3 where, {3 is a positive real number. This condition is the same
as the one in the remark following the inequality ( 4.4) and hence we know that the
normalized photometric stereo equation is globally uniquely invertible if the three
light sources are placed with </> > 90°.

4.5

Experimental Results.

We have managed to establish that under some rather mild conditions on light source
placements, it is possible to get a globally unique solution to the normalized photometric stereo equation with three light sources. In this section, we will experimentally
validate this result. Recall from chapter 2 that the benchmark exercise for photometric stereo is reconstruction of a spherical surface. \Ve will reconstruct two spherical
surfaces. The first spherical surface is Lambertian and we will reconstruct it using
a Lambertian reflectance map. The other surface is non-Lambertian and we will reconstruct it in two ways. First, we will use un-normalized Lambertian photometric
stereo which is the classical technique as suggested in (42] (15] (39] and then with the
normalized photometric stereo equation and the physical reflectance map of chapter 3. We will not only establish that three light sources are sufficient to get globally
unique reconstructions with the normalized photometric stereo, but will also establish
that using the physical reflectance map decreases the error in the reconstruction to
an order of magnitude lower than the classical technique. To be perfectly fair, we will
use the same three images while using the un-normalized Lambertian photometric
stereo and the normalized non-Lambertian photometric stereo.
If a photometric stereo technique reconstructs a sphere with good fidelty, we expect
it to reconstruct other surfaces with high fidelity too. To check this, we will use
the normalized photometric stereo equation with the physical reflectance map to
reconstruct two other surfaces.

Reconstruction of Spherical Surfaces.
Figure 4.3 shows the two spherical surfaces. The surface on the right is the same as
that of Fig. 3.14. vVe know from chapter 3 that this surface is non-Lambertian and
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Figure 4.3

Two spherical surfaces.

that its reflectance map is given by equation 3.19 with
PJsc

= 1.00

Pnorm

= 0.5

Pbsc

= 0.0

C

= 2.578.

Figure 4.4 shows the intensity recorded along the principal plane in the image
when the surface on the left was illuminated by a light source from a zenith angle
of 25°. Figure 4.4 also shows a fit of the Lan1bertian model to the data. From the
closeness of the fit it is clear that this surface is Lambertian.
Next, images of both surfaces were obtained by using three lights placed symmetrically at azimuth angles of 0°, 120° and -120° and at a zenith angle of 25°. Figure 4.5
shows the reconstruction of the non-Lambertian surface using a Lambertian model,
while figure 4.6 shows the reconstruction using the same three images and the above
non-Lambertian model. The reconstruction was obtained from the experimental data
by using a standard Levenberg-1\riarquardt algorithn1 [30] for solving the non-linear
normalized photometric stereo equation ( 4.1 ). Note that the Lambertian model yields
a distinctly peaky and non-spherical surface. Figure 4. 7 shows the depth profiles of
the reconstructions in the x-z plane. The distortion due to forcing a Lambertian
model on a non-Lan1bertian surface is clearly evident.
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Intensity data ------...

~

Lambertian model

Distance along the principle plane

Figure 4.4

Intensity in the principal plane for the Lambertian sphere.
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Figure 4.6

Reconstruction of the non-Lambertian surface
using the non-Lambertian model.
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Reconstntction with a non-Lambertian
Modd.

Reconstntction with a Lambertian

Mod/

Figure 4. 7

Depth profiles of reconstruction.
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\Ve present figure 4.8 for comparison with figure 4.6. Figure 4.8 shows the reconstruction of the Lambertian surface of figure 4.3 using a Lambertian model. A
comparison of figure 4.6, 4.8 and figure 4.5 shows distinctly that unless the correct
reflectance map is used, the reconstructions can be quite poor.
An error analysis of this data was conducted as follows. A spherical surface was
fit to each of the reconstructions and the r.m.s. error between the best fit sphere
surface normals and the reconstructed surface normals was computed. The various
formulae used in computing this are given below.

The Best Fit Sphere
After photometric stereo was used on each sphere, the results were stored as two
images - a </> image and a B image. The </> image stored the azimuth angles of the
reconstructed surface normals and the B image stored the zenith angles of the normal.
A third image was also created. This image, called the "Domain Image" contained
information about the spatial extent of the region that was reconstructed, i.e., the
image had 1 's in those pixels where the spherical surface was visible and O's in places
where it wasn't. This was done by simply thresholding the three images used for
reconstruction and "anding" the resulting images.
Let us denote the set of pixels in the "Domain Image" which have a value of 1 by !1.
Also, let </>( i, j) and B( i, j) denote the azimuth and zenith angles of the reconstructed
normals at the pixel i,j. Then, the reconstructed surface normal at the i,j th pixel
IS

n(i,j)

=

cos</>( i, j) sin B( i, j) )
( sin<j>(i,j)sinB(i,j)
cos B( i, j)

If we assume that the sphere had a center at x 0 , Yo and a radius of r then the surface
normal at the i, j th pixel should be
cos ¢(i,j) sinO(i,j))
(
fi(i,j) =
sin¢(i,j~sinO(i,j)
cos B( i, j)
~

where, <j>(i,j)

·
= arctan Yo-J
x -s
0

~

and B(i,j)

= arcsin r-y(xo-i)2+(Yo-i)
r

this model is
r(xo, Yo, r) =

~

2:: (n(i,j)- fi)T(n(i,j)- fi).
i,jErl

2

. The net error in
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where, N is the number of elements of n.
A gradient descent type algorithm was used to minimize f() with respect to
X 0 , y 0 , r. The resulting numbers were used as the best fit sphere. The r.m.s error
This number was converted into an angle value as follows
was computed as
(see figure 4.9 )

JfO.

~()err= 2 ~~err ~ 2

sin ~~err

~ JfO.

Table 4.5 shows the results of computing this for the surfaces of figures 4.5 4.6 4.8
Type of reconstruction

Xo

Yo

r

~()err

Lambertian surface, Lambertian reconstruction

28.18 21.71 20.75 4.787°

Non-Lambertian surface, Lambertian reconstruction

24.86 28.15 21.40 19.46°

Non-Lambertian surface, Non-Lambertian reconstruction 29.21 24.49 21.86

1.82°

Note that for the non-Lambertian surface, the error decreased by an order of
magnitude as the reconstruction technique was changed from Lambertian to nonLambertian.
When the right reflectance map is used, the r.m.s. error in the reconstruction is
1.82° for the non-Lambertian surface and 4. 787° for the Lambertian surface. These
numbers are comparable to previously reported values in the literature [42) [39).

Other Reconstructions
Figure 4.10 shows a bottle and Figure 4.11 an inverted spoon.

Figures 4.12 and 4.13

~
n

Figure 4.9

Error in the surface normal reconstruction.
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Figure 4.10

Figure 4.11

Image of a cylinder.

Image of a spoon.
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Figure 4.12

Reconstruction of the cylinder.
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show the reconstruction of these objects using three light sources placed at a constant
zenith angle of 25° and azimuth angles of 0°,120°,-120°. Only the front part of the
bottle was used in order to simulate the reconstruction of a cylinder.

Chapter 5
The Un-normalized Photometric Stereo Equation
5.1

Introduction

In this chapter, we will consider the un-normalized photometric stereo equation (2. 7).
We will assume that we are dealing with isotropic reflectance maps. The work in this
chapter is motivated by Coleman and Jain's [15] and Ray et. al.'s [42] work where
the un-normalized photometric stereo problem was formulated for the Lambertian
reflectance map. The main result of that work was that three light sources were
sufficient for a globally unique solution for the un-normalized equation. This result
is obvious since the un-normalized photometric stereo equation reduces to a linear
equation for a Lambertian reflectance map. This chapter explores the possibility of
inverting the un-normalized equation for non-Lambertian maps using only three light
sources. Note that the un-normalized equation has three unknowns - two unknowns
in n (n is constrained by nTn = 1), and the factor a in equation ( 2.7). Thus a
globally unique solution with three light sources is a possibility.
The normalized photometric stereo equation gives rise to a manifold structure
in the intensity space. Questions about inversion of the un-normalized photometric
stereo equation can be posed as questions of the geometry of this manifold. The manifold structure of the normalized equation is explained in section 5.2. In section 5.3, a
differential geometric approach is used to obtain a computationally inexpensive algorithm to check if a given reflectance map and light source placements yield a unique
solution. In section 5.4 we generalize Coleman and Jain [15] and Ray [42] et. al.'s
results and show that for a single-lobed non-Lambertian map, three light sources are
sufficient to obtain a globally unique solution.

5.2

The manifold structure

If the three light sources are placed such that the normalized photometric stereo
equation (2.8) has a globally unique solution then, it can be viewed as a mapping
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from E 3 to E 3 , i.e., from n to (I[e 1 1;e1 r;,e 1)T. The domain of this mapping is
the manifold nTn = 1 to which n belongs. If we assume a unique solution for the
normalized equation, the range of the mapping also becomes a manifold in E 3 • We
denote this manifold by S.

Example: The manifold S is best illustrated in the case of a Lambertian surface.
vVe have,
H -

~
( iiT)
iT
2

3

where, Jrel = Hn. Hence, n

'

rei -

( I~el
Jrel)
2

'

]Tel
3

= H- 1 Jrel and using nTn

= 1 we get

(5.1)
Thus, the manifold corresponding to a Lambertian reflectance map is a part of
the ellipsoid (5.1). In passing, note that equation (5.1) can be used as a test for the
Lambertian-ness of a surface.
~

Consider the shape of the manifoldS when we assume that the term Ei Pi<Pi(pfjn)
in them-lobed reflectance map of equation (3.21) goes to zero as iTn approaches zero.
As ifn --+ 0, I}e 1 --+ b, i.e., the edge of the manifold corresponding to if n --+ 0 is a
curve in the plane f[el = b. The edge of the manifold corresponding to ifn --+ 0 is a
curve in the plane f2el = b and the edge corresponding to if n --+ 0 is a curve in the
the plane r;,el = b. The manifold S can be visualized as in figure 5.1.
Note that given any two points x 1 and x 2 on S, the plane r defined by r =
span (xh x 2) will intersectS in such a fashion that it is possible to draw a continuous
curve a(s) (see figure 5.2) with a(O) = x 1 and a(1)

5.3

= x 2 and a(s) Ern S.

The geometry of the manifold S

It is easier to analyze the un-normalized equation in terms of zenith and azimuth
angles rather than in terms of unit vectors. Let the normal vector n be denoted
by the zenith and azimuth angle pair On, <Pn· Let the light source direction i1 be
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Curve correspond ng to irn=O

I~el =b
1 rel_b
1 -

Curve corresponding to iJn=O

nifold S.

Figure 5.1

The shape of the manifoldS
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The planer

Figure 5.2

The intersection of Sand

r
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denoted by Of, </>f in which the superscript i denotes that a light source is associated
with this direction. In terms of these angles, the inner product is given by iTn cos Of cos On + sin Of sin On cos( </>f - </>n)· Let us denote by C the region,

C =

{On, </>n : cos 0~ cos On +sin 0~ sin On cos(</>~ - </>n) > 0,
coso; cos On + sino; sin On cos(¢>; - </>n) > 0,
coso; cos On+ sinO;sinOncos(¢>;- </>n) > 0}.

Given a normal vector n whose representation is On, </>n E C, we can write the
normalized photometric stereo equation as

where,

Rt(On, </>n) -

R(h,n,r),

R2(0n, </>n)

R(b, n, r),

R3( On, </>n)

R(b, n,r).

If we assume that the three light source directions have been chosen such that the

normalized photometric stereo equation has a globally unique solution, then
rank (

&Bn
£&.

£&.) = 2.

8R3
&Bn

&R3
8¢n

&R2
8Bn

8¢n
&R2
8¢n

(5.2)

Now consider the un-normalized photometric stereo equation. If it is possible to
find two distinct pairs at, n 1 and a 2 , n 2 such that

then,

(5.3)
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where, f3 = atfa 2 > 0.
\Ve can interpret this condition in terms of the manifold S : if the un-normalized
photometric stereo equation does not have a globally unique solution then, there must
be two elements of S which are linearly dependent with a positive scaling factor.
Since S is a smooth manifold, the linearly dependency can be checked for by a local
condition as given in the following theorem.
Theorem 5.1 If equation (5.3) holds for some distinct On11 </>n1 E C,
Bn 21 </>n 2 E C, and f3 > 0, then there is at least one element ()~, ¢>~ E C
such that,
(5.4)

Proof Let us interpret equation (5.4) geometrically. Given On, <l>n E C, consider
the space E 3 from the point re 1(0n, <l>n) on S. The origin of the space E 3 with respect
to this point is given by -Jrel(()n, <l>n)· The tangent plane to Sat the point is spanned
by

(i) (i) ·
a~,

and

a8~,

Condition (5.4) states that the vector re 1 (0~, ¢>~),and consequently -Jrel(()~, ¢>~),lie
in the tangent plane of Sat Jrel(()~,¢>~). Thus, 5.4 states that there is at least one
point on the manifold Sat which the tangent plane includes the origin of E 3 .
Note that if equation (5.3) holds for some Bnu </>n1 and Bn 2 , </>n 2 , then there is at
least one Bn 3 ,</>n3 E C for which it does not, i.e., Jrel(On 3 ,</>n3 ) =J vfTel(()nl,</>n 1 ), for
any v > 0. If this were not so, all the points of S would lie along the vector Jrel( 011 ¢I)
and (5.2) would not hold. Given such a On 3 ,</>n 3 we can construct a plane (call it f)
which is the span of Jrel(()nn</>n 1 ) and Jrei(On3 ,</>n3 ). Note that since Jrel(On2 ,</>n2 ) =
f3Jrel(On 11 </>n1 ), re 1(0n 2 , </>n 2 ) E f. Hence, the points fTe 1(0nu </>n1 ) and fTe 1(Bn 2 , </>n 2 )
are contained both in s and r.
Consider the intersection of S and r. From our discussion in section 5.2 it is clear
this intersection will contain at least one continuous curve a( s ), such that a(O) =
Jrel(Onn</>n 1 ) and a(l) = re 1(0n 2 ,</>n2 ). Since the curve is continuous, it has well
defined tangent vectors a'( s) everywhere.
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We will now proceed to show that there is at least one point on the curve a( s ), at
which a'( s) becomes linearly dependent on a( s ). Since, -a( s) is in fact the origin of

E 3 and a'(s) is contained in the tangent space of S, at a(s) we have found the point
we are looking for and the theorem is proved.
As

r

is a plane, given any vector a( s) in it, we can construct another vector

at(s) E f such that lla(s)!i = 1, a[(s)a(s) = 0, and the functions
f(s) = a[(O)a(s), g(s) = a[{s)a'(s)
arewelldefinedandcontinuous(seefigure5.2). Now,J(O) = Oandf(1) = a[{O)a(1) =
,Baf(O)a(O) = 0. Since f'(s) = a[(O)a'(s ), we have the following possibilities for f'(s)
1. f'(O)

= 0.

In this case, we get a[(O)a'(O) = 0, and so a'(O) is linearly dependent

on a(O), which proves the theorem.
2. f'(O) =f. 0. Lets' be a point 0 < s' $ 1, such that f(s') = 0 and f(s) =f. 0 for all
s, 0 < s < s'. We know that there is at least one such point given by s' = 1 (see
figure 5.2). Since f(s') = a[(O)a(s') = 0, we have that a(s') has no component
along at(O), and hence, a(s') is linearly dependent on a(O). This implies that,
at(s') = at(O). At s' we have two possibilities
(a) f'(s') = 0. This again implies that the tangent vector a'(s') and the vector
a( s') are linearly dependent and the theorem follows.
Then, signf'(s') = -signf'(O). We have, g(s') = a[(s')a'(s') =
a[(O)a'(s') = f'(s'). Also, g(O) = af(O)a'(O) = f'(O). Thus, sign g(O) =

(b) f'(s')

=f. 0.

-sign g(1) and there must exist an s*, 0 $ s* $ 1, such that g(s*) = 0.
This implies that at s*, the vectors a(s*) and a'(s*) are linearly dependent
and the theorem follows.

D
Note that the result of this theorem reduces the computational complexity of
checking the global nature of the un-normalized photometric stereo equation. If the
property of equation (5.3) is checked for in a naive way, it has to be evaluated for
every pair of vectors nt, n 2 • Theorem 5.1 reduces this computation to finding a zero
crossing of a function of n. The complexity is reduced from O(n 2 ) to O(n).
Figure 5.3 shows a plot of J of equation (5.4) for the non-Lambertian model of
equation (3.22). The three light sources are placed at a constant zenith angle of 25°
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and azimuth angles of 0°,120°, and -120°. Note that the value of J does cross zero.
Hence, by theorem 5.1, we are faced with the possibility that the albedo and the
surface normal cannot be uniquely determined for this reflectance map. In fact, it is
very easy to find two surface normals that satisfy equation (5.3). Let Bn 1 = 50.0°,

Bn 2 = 20.83° and </>n1 = </>n2 = 0.0. Then, we have[ R1(Bt, </>1) R2(Bt, </>t) R3(Bt, </>t)JT =
[ 0.51117 0.21174 0.21174]T and [ R1(B2, </>2) R2(B2, </>2) R3(81, </>t)JT = [1.36762 0.56662 0.56662 f.
It is easy to very that this satisfies equation (5.3) with f3 ~ 2.6757. Thus, for this arrangement, we cannot estimate the albedo and the surface normal uniquely by using
three light sources.
At this time, it has not been possible to explore this manifold structure further.
The problem is two-fold:
1. The normalized photometric stereo equation can be viewed as an extrinsic specification of the manifoldS. In order to compute the properties of the manifold,
this extrinsic description has to be turned into an intrinsic one, so that the
resulting description of the manifold is independent of n. The only known
procedures for converting an extrinsic description to an intrinsic one are for
polynomial surfaces [45]. The Lambertian reflectance map is linear and for this
map, as we saw in the example above, it is possible to get an intrinsic description for the manifold fairly easily. In general, for non-polynomial surfaces this
cannot be done.
2. Increasing the number of light sources mcreases the dimension of the space
the manifold S is embedded in while retaining the locally E 2 structure of the
manifold. Now, we can no longer assert the property of section 5.2 that given
any two points xl and x2 on s, the hyperplane r defined by r = span (xt, x2)
will intersect S in such a fashion that it is possible to draw a continuous curve

a(s) with a(O)

= x 1 and a(1) = x 2 and a(s) Ern S.

However, as we shall in the next section, it is possible to investigate some reflectance maps without explicitly writing down the intrinsic equation for the manifold.

5.4

Single-lobed map

In this section, we investigate the behavior of the un-normalized photometric stereo
equation in the case of a single-lobed map. For the physical reflectance maps whose
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forescatter lobe width is small, it is possible to use a number of light sources such
that for any surface normal, at least three of the light sources reflect light into the
camera without a significant forescatter component [39]. The intensities due to these
light sources are used to estimate the Lambertian component which can be subtracted
out from all the intensity values. The remaining intensities can be used to estimate
the albedo of the forescatter lobe. Coleman and Jain [15] used this approach first
on surfaces that reflected purely in a Lambertian-specular manner. Nayar, Kanade
and Ikeuchi [39] extended the approach for a Lambertian-specular surface illuminated
with extended light sources. In their study, after estimating the Lambertian, they
estimate the albedo of the remaining single lobed map using a heuristic procedure.
They do not prove that the answer is unique or that the number of light sources they
use is minimum. Clearly, a theorem of uniqueness of solution to the un-normalized
photometric stereo equation for the single-lobed map would put such techniques on
firmer ground.
Consider the un-normalized photometric stereo equation for a single-lobed map
without backscatter. The un-normalized equation reduces to

where, 4>0 is a monotone, convex and log-concave function and Pll is the first principle
direction associated with the light source illuminating from the direction i1. If the
normalized equation does not have a globally unique solution, then, for some n 1 and

n2

and,

(5.5)

"70 =log</>().
"70· Let (() =

Let,
so is

Since log() and

4>0 are monotone strictly increasing functions,

77- 1 (). Then, (() is a monotone, strictly increasing function.

89
Also, since since ¢() is log-concave, 17() is concave and (() is convex. Let us denote
the manifold generated in E 3 by

as

sl.
If equation (5.5) holds, then the manifold

sl

has the property that the line

(5.6)
intersects

sl

at two different places for some positive values of,, 0 and

Now, consider the following mapping f(): E 3

~

€.

E3
(5.7)

where,(() is the function defined above. Since(() is 1 -1, the mapping f() maps 5 1
into another manifoldS and the line of equation (5.6) into a curve a(t), t > 0 given
by

((t+i))

a(t)

= ( ((t+b)

.

(5.8)

((t+t)
If the manifold 5 1 was such that the line of equation (5.6) intersected it twice, then
the curve of equation (5.8) would intersect the manifold S twice too. The following

theorem shows that for a symmetric light placement this cannot happen.

Theorem 5.2 If three light sources are placed at the same azimuth
angle O, (1r /2 > O, > 0) and at azimuth angles of 0°, 120° and -120°,
then the curve a(t) of equation (5.8) intersects the manifoldS (as defined
above) only once.
Proof Since the reflectance map is assumed to be isotropic, the principle directions
Pll associated with the light sources for the geometry of this theorem have a constant
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zenith angle (call it 0) and azimuth angles of 0°, 120° and -120°. The matrix H is
given by
sin 0

H = ( -tsinO
_!sinO
2

0
:Ll
sin 0
2

-:Llsin
0
2

cos())
cos 0
cos()

and the points on the manifoldS are given by Hn, where n is constrained as nTn = 1,
i.e. the manifold is an ellipsoid.
1. The structure of the ellipsoid S is given simply as follows. Let

vb v 2 , v 3

be

the eigenvectors of HT H and At, A2 , A3 be the corresponding eigenvalues. The
axis of the ellipsoid are along the vectors:

wa
and,

At -

3 cos 0

A2

3/2 sin 2 0

A3

3/2 sin 2 fJ.

-

Note that A2 = A3 • Further, let us define a vector

2. The ellipsoid induces a norm on the space. Given a vector x E E 3 , this norm is
2
)2
llxlls=
,12 (xT Wt) 2 + ,12 (xT w2 )2 + A12 (x TW3.

At

Note that if x E S, then llxll~ = 1.

A2

3
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Our proof consists of showing that !Ia( t) II~ is a strictly increasing function of t.
Hence, iia(t)ll~ can achieve equality with 1 only once and can intersectS only once.

Now, since(() is a monotone, strictly increasing function the first term in the above
expression is a strictly increasing function oft. Also, since (() is convex, the terms
(( t+1) -((t+b') and (( t+b') -(( t+E) are either non-increasing or non-decreasing [18].
Hence, the second term in the above expression is non-decreasing and the entire
0
expression is a strictly increasing function of t.
\Ve have established that for the single lobe map the un-normalized photometric
stereo equation can be solved in a globally unique fashion by using a symmetric
placement of lights.

Chapter 6
Joint estimation of surface normals and
reflectance map
6.1

Introduction

In this chapter, we will address the problem of joint estimation of surface normals and
some of the parameters of the reflectance map. Substituting the physical reflectance
map of equation (3.19) (without the backscatter term) into the un-normalized photometric stereo equation (2. 7) we have

J1(h~

(

n, r))

J1(h, n, r)

co~- 1 n 81 Tn) 2 )

exp( -c
-

apjsc

(

:

+ apnorm

~~~~~~~';s::,n;~ ~n))2

a1

(

:

exp( -c cos- 1 n 8 k n) 2

:

(h ~n) ii
+a2

T

(i~n)

:
• T

Ik

.

n

(6.1)

n

where, a1 = apfsc and a2 = apnorm· The problem we are interested in is the estimation
of the surface normal nand the "albedos" a 1 and a 2 in equation (6.1). vVe assume
that we know the value of c.
There has been very little published work on the problem of joint estimation for
diffusely reflecting surfaces. Since most of the work on diffusely reflecting surfaces
assumes that the reflection is Lambertian, the single lobed un-normalized equation is
most commonly used. Silver [4 7] did attempt to solve the problem of joint estimation,
but he did not verify his technique either experimentally or numerically. In fact, his
comment on his own technique is: "We must be careful to avoid being seduced by a
clever mathematical trick into believing that we have developed a practical method."
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For, specular-Lambertian surfaces, joint estimation of the surface normal and
the reflectance map has been attempted with extended light sources [39]. However,
as we mentioned in the previous chapter, this work assumes that one of the lobe
width is narrow enough so that for some directions of incidence, the most significant
contribution to the reflected light is from a single lobe. A separation of the data can
then be very easily achieved and the single lobed un-normalized photometric stereo
equation be used to obtain the surface normal and the albedo.
In this chapter, we will not assume that the lobe width of any of components
is small to affect such a separation. An exact solution to equation (6.1) is not yet
available. However, a good approximation can be obtained as shown in section 6.2.
That section also also obtains the number of light sources needed to solve equation
(6.1) in a globally unique fashion. Unfortunately, as we shall see in section 6.3 the
problem of solving for n, a 1 and a 2 can become ill-posed. In section 6.4 , we present a
Tikhonov regularization of the ill-posed problem. Section 6.5 contains experimental
results of applying the resulting regularized procedure to real-world images.

6.2

An Approximate Solution

In this section, we will solve the joint estimation problem in an approximate fashion.
We will do this by first demonstrating that <l>n the azimuth angle of the surface normal
can be estimated independently of the rest of the variables. In fact, an approximate
but closed form solution can be obtained for <l>n· We will then establish that the rest
of the variables can also be estimated in a globally unique fashion.
Let us make two approximations
1. We approximate cos() by its Taylor series expansion cos() "" 1 - () 2 /2. Then,
() 2

""2(1-cosB), i.e., (cos- 1 x) 2 ~2(1-x).

2. The second assumption involves approximating the function exp( -c cos- 1 n 8 T n) 2
as a band limited function of <l>i· The details are given below.
As before, let us assume that the light sources are placed at a constant zenith
angle ()i· Since we are using the physical model we have Bn. = Bi/2. Let us assume
that there is no backscatter and consider how the intensity I() varies as a function of

</>i for fixed Bi, </>n, Bn. We have
I( ¢>i)

=

a1 exp( -c cos- 1 cos Bi/2 cos

Bn +sin Bi/2 sin Bn cos( ¢>i- if>n)?
(6.2)
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Now, consider the function g() defined below

g(x) = exp(o:x)

0:

> 0.

The, g( cos </>i) = exp( o: cos cPi)· Consider the Fourier series expansion of g( cos </Ji)·
Since g( cos cPi) is an even function of </Ji, we have only the cosine terms in the expansion. Let,
00

g(cos</Ji) = ao

+ L:akcos(k</Ji)·
k=l

It can be shown that 1 [33]

ak+I = 1 f~t (1 - y2)k+l/2 g(k+t) (y )dy
ak
2k + 1 J~ 1 (1 - y2)k-t/2 g(k)(y )dy '
where, g(k) (y) denotes the kth derivative of g(). Note that g(k+I) = o:g(k) (y)
within the limits of integration 0
1

2k

<

1

(1 - y 2 )

1. Hence,

_ y2)k-1/2 9 (k+I>(y)dy
1 J~ 1 (1 _ y2)k-1/2 g(k) (y )dy 1

I

I I~~(l- y2)(1- y2)k-1/2 g(k)(y)dy I

+1
o:

:s;

I~~(l- y2)( 1

+1
o:

2k

:s;

> 0, and

1

f~ 1 (1

I I~~(l-

2k

+ 11 J~ 1 (1-

2k

+ 1.

_ y2)k-1/2 g(k)(y )dy
y2)k-1/2 g(k>(y)dy I
y2)k-1/2 g(k)(y)dy 1

1

(6.3)

Thus, fork~ 1/2(o: -1) the spectrum of g(cos</Ji) falls off rapidly. Our approximation consists of saying that g( cos cPi) is in fact bandlimited to some harmonic.
Therefore, we assume that we can sample g(cos cPi) at the Nyquist rate and retain all
the information in it.
Now, using the approximation (cos- 1 x) 2

I( cPi)

=

a1 exp( -c cos- 1 cos Bi/2 cos Bn

~

2(1- x) we can write

+ sin Bi/2 sin Bn cos( cPi -

cPn) ) 2

+a2 cos Bi cos Bn + a2 sin Bi sin Bn cos( cPi - cPn)
"' a1 exp(-2c2 + 2c2 cosBi/2cosBn + 2c2 sinBi/2sinBncos(</Ji- cPn))
1I

am indebted to Prof. Don. H. Johnson for providing this result.
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+a2 cos Oi cos On + a2 sin Oi sin On cos( cPi - cPn)
-

a 1 exp( -2c2

+ 2c2 cos Oi/2 cos On) exp(2c2 sin Oi/2 sin On cos( cPi- cf>n))

+a2 cos Oi cos On

+ a2 sin Oi sin On cos( cPi -

cPn)

+ 2c2 cos Oi/2 cos On)g( cos( cPi - cf>n))
+a2 cos Oi cos On + a2 sin Oi sin On cos( cPi - cPn)

a 1 exp( -2c2

where, we have set a = 2c2 sin Oi/2 sin On. Consider the case when cf>n = 0. When
viewed as a function of cPi, I() is simply the sum of g() , a d.c. term and a 1st harmonic
term. The low pass nature is preserved and we can sample I( cPi) at the same rate
as we sampled g( cos cf>i) to retain all the information in it. Sampling I( cPi) consists
of uniformly placing as many light sources as we need in one period at any constant
zenith angle. The intensities at any pixel obtained by imaging the surface with one
light source at a time gives the sample values of I( cPi) for that pixel. Further, note
that when cPn is zero, I( cPi) is an even function of cPn· The phases of all the DFT
terms of I( cPi) are zero. A non-zero cf>n corresponds to a circular shift of I( cPi) (see
equation (6.2)). From standard DFT theory we know that the phase of the non-de
terms will be different in this case. cf>n can be estimated by
"'
'f'n

= tan

_1

Im D FT(I( cPi), 1)
Real DFT(I( cPi), 1)

(6.4)

where, if N is the number of samples

DFT(I( cPi), k) =

L I( cPi)e-j21rki/N.
i

Thus, we can estimate cf>n in a non-parametric manner independent of the rest of
the parameters. The number of light sources needed to obtain the solution to cf>n is
given by the Nyquist sampling rate for g*( cf> ).
Central to this whole idea is the fact that g( cos cPi) can be approximated as a
bandlimited function. The harmonic at which its spectrum begins to drop off is given
by k*, which by the above analysis is

k*

-

[1/2(a-1)]
[1/2(2~2 sin0i/2sin0n -1))

< [1/2(2c2 sinOi/2- 1)),
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Figure 6.1

Amplitude spectrum of g( cos ¢>) for different c

where, [x] is the smallest integer greater than or equal to x. Thus, k* can be approximately evaluated by setting it to [1/2(2c2 sinOi/2 -1)]. For c = 2.578 and ()i = 40.0°,
this yields k* = 2. Hence, we expect the spectrum to fall off after the third harmonic.
However, the spectrum falls off much faster than this bound suggests. Figure 6.1
shows the amplitude spectrum of g( cos </>i) with ()i = 40°, On = 20° for different values of c. Note the sharp cutoff of the amplitude spectrum. In particular note that
for c = 2.578 the function g( cos </>i) is band limited to the fourth harmonic.

If c is large and the lobe width small, extended light sources can be used to
decrease the bandwidth of I( </>i) [39]. Since the reflectance map that we are using for
experimental purposes has c = 2.578, from figure 6.1 we note that the bandwidth of
this function is essentially k = 4 and we can use eight or more light sources in order
to obtain </>n from equation (6.4).
Having estimated cPn let us turn to the rest of the parameters. Let us rotate our
reference frame such that in the new frame we have cPn = 0 and the same On as before.
Let us use the approximation for cos- 1 and write the reflectance map as
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~

+

a 2 iT n

a1

exp -c 2 (2- n 8 T n)

a1

exp( -2c2 ) exp(2c2 cos Oi/2 cos On+ sin Oi/2 cos On cos</>;)

+ a2( cos Oi cos On + sin 0; sin On</>i)
-

a 1 exp( -2c2

+ 2c2 cos Oi/2 cos On) exp(2c2

+ a2 sin 0; sin On cos</>; +

sin Oi/2 cos On cos</>;)

a2 cos Oi cos On

(6.5)
where, ai = a1 exp( -2c2 + c2 cos Oi/2 cos On), a; = a2 sin 0; sin On, aj = a2 cos Oi sin On,
c* = 2c2 sin Oi/2 cos On, and Xi = cos <l>i· Note that we know the x; a priori and have
Ii as measurements.
\Ve ask: how many different Xi do we need so that the set of equations given by
(6.5) can be uniquely solved for ai, a;, and aj?
Lemma 6.1 Four distinct values of x; are necessary to solve equation
(6.5) for ai, a; and aj in a globally unique fashion.
Proof

To begin, note that the equation
(6.6)

can have at most three solutions for x given any values of 0'1, a 2 , /31, /3 2 and c1, c2 •
This is seen as follows: Let us denote the left hand side of equation (6.6) by f(x) and
rewrite it as

f(x)- f31x

+ (32

= 0.

(6.7)

If X1, x 2 , • • ·, Xn are the solutions of equation (6.6) placed in ascending order, then,
between any two consecutive solutions, the derivative of the left hand side of equation
(6.7) goes to zero at least once, i.e., if the number of solutions to

f' (X) - fJ1
ism, then n ~ m

+ 1.

= 0

(6.8)

Using the same argument on equation (6.8) we have that if

f"(x)

=0

(6.9)

has k solutions, then m ~ k + 1. Hence, n ~ k + 2. But equation (6.9) can be written
as a 1 ci exp( c1 x)

= a 2 c~ exp( c2 x ).

Taking logarithms we get, c1 x = c2x

+ log a2c~ -
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log a 1 c~ which is a linear equation and has a single solution. Hence k = 1 and n = 2.
Thus equation (6.6) has at most 3 roots. (It is easy to find a 1, a 2, Ct, c 2, /3t, (32 that
cause the equation (6.6) to actually have three roots.)
We will now prove the lemma with a contradiction. Suppose that for four different
values of Xi we can find two different sets (ai,a2,a3,c*) and (ai,a2,a3,c*) such that
for the values of Xi, we obtain identical values of !(xi)· Then, from equation (6.5) Vi

I.e.,

i=1, .. ·,4
This has the same form as equation (6.6) for which we know there cannot be more
that three solutions. Hence, we have a contradiction.
0
Before we proceed, note that we need four distinct values of Xi· This does not
mean that we can use four lights. The symmetry in the light placement that we
are using forces us to use twice as many light sources. This situation is shown in
figure 6.2. Note that if <Pn = </Ji1 (or any other <Pi) we get only 4 different cos <Pi for
eight light sources.
We conclude that the number of light sources that are sufficient to obtain a globally
unique solution to equation (6.1) is greater than or equal to eight. We will need more
than eight light sources if the bandwidth of I( <Pi) is large and <Pn cannot be estimated
via equation (6.4) with eight lights. Note that for the reflectance map of (3.19) with
c = 2.578 the bandwidth is limited in such a fashion that eight light sources are
sufficient to provide Nyquist sampling. Hence, eight light sources are sufficient to
obtain a solution for <Pn as well as On, a 1 and a2.

6.3

Ill-posed Nature of the Joint Estimate

The considerations of the previous section give a theoretical estimate of the number
of light sources necessary to solve (6.1) in a globally unique fashion. The answer rests
on the property that equation (6.6) has a limited number of solutions. However, if the
data is noisy, we can rewrite equation (6.6) as a 1 exp( c1x)- a2 exp( c2x)- f3tx- (32 =
n(x), where n(x) is a white, Gaussian noise process. The number of solutions of
this equation are now given by the number of crossings by the noise process to the
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Figure 6.2

Eight lights for 4 different

Xi.

curve o: 1 exp(c1 x)- o: 2 exp(c 2 x)- f3 1 x- (3 2 • It is well known [16] that this can be an
arbitrarily large number even for small amount of noise. Thus, we are faced with the
possibility that the problem of obtaining a unique solution to equation (6.6) may be
ill-posed [51] even if the number of light sources is large.
In this section, we will see that this is indeed so. Since equation (6.1) is highly
non-linear it is difficult to demonstrate this rigorously. We will demonstrate the illposed nature in two ways. First, we will set up an equivalent linear problem and
show that the linear problem is ill-posed. Besides establishing ground for belief in
the ill-posedness of equation (6.1) the linear analysis also gives us qualitative insight
into the origin of the ill-posed nature of the problem. Second, we will numerically
compute the right hand side of equation 6.1 and show that large changes inn cause
small changes to the intensity vector.
Linear Analysis
The function exp( -c cos- 1 () )2 can be approximated quite well as a linear function
over a large range of its domain. Figure 6.3 shows the function for c = 2.578 and
two linear fits over different ranges. Let us assume that for a particular surface
normal n and a set of light sources, the sequence of numbers n 8 1• T n lie in one of
these regions. Then, we can approximate the function ¢(x) = exp[-c 2 {cos- 1 (x)J2]
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Linear approximation to the forescatter lobe function.

as <f>(x) C::1 <f>(xo) + </>'(xo)(x- x 0 ), where X 0 is some number in the domain of</>() that
we are approximating within. Equation (6.1) now reduces to:

-

Pu.
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where,

and,
p

= (sinO;,/~ cos~''
Sill ()ij2 COS

</>ik

sin Bit /2 sin (Pit

cos ()it /2

sin Bit cos (h

sin ()it sin (Pit

cos ()it

sin Bi 1)2 sin (Pi,,

cos ()i,)2

sin ()ik cos </>ik

sin ()ik sin </>ik

cos ()ik

Note that the vector u has vertical dimension of 7.( Each n has a dimension of 3.)
Under the assumptions of chapter 3 that

()ik ::;

30°, we have the following

1. cos ()ik/2 and cos ()ik are close to 1. Thus columns 3,6 and 7 in the matrix above
are close to being linearly dependent.
2. sin ()ik /2 ~ 1/2 sin ()ik. Hence the pairs of columns 1,4 and 2,5 are close to being
linearly dependent.
Thus the matrix P has three linearly independent columns and hence only three
quantities in the vector u can be estimated with any accuracy at all. Since, our
ultimate goal is to estimate four quantities (a 1 , a 2 , Bn, ¢>n), the problem becomes
ill-posed. Note that the ill-posed nature of the problem is independent of the vertical
dimension of P and is hence independent of the number of light sources.
Qualitatively speaking, we state that the ill-posed nature comes about by
1. Remark (1] above implies that the part of observed intensity vector that lies
along (1 1 · · · 1]T cannot be easily decomposed into contributions due to the
forescatter and normal lobe, i.e., there is no way of telling how much of the
"constant" part of the intensity values was generated by either lobes.
2. Remark (2] implies that for the range of incidence angles we are interested in,
the variation in intensity due to the change in the zenith angle
be uniquely decomposed into contributions due to either lobes.

()ik

also cannot

Numerical Analysis
The major assumption of the foregoing analysis has been that the values of nsfn
we obtain for the light placements fall in a region such that ¢>(nsfn) is effectively a
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linear function. If the lobe width is narrow and ¢>() is not significantly linear over any
reasonable part of its domain, then this non-linearity can enhance the differences in
the columns of P, curing the problem of its ill-posedness. However, if the lobe-width
is significant, the problem can become ill-posed.
For the exact non-linear equation (6.2) the ill-posed nature is shown in figure 6.4.
The figure shows a plot of IIII(Oi, ¢>i)- I2(0i, ¢>i)ll for 0 :s; oi :s; 30° and 0 :s; ¢>i < 360°.
The functions I 1 () and I 2 () are specific cases of equation (6.2) where the following
parameters were used. For I 1 (), a 1 = 140.0, a 2 = 70.0, c = 2.578, On = 33.0°, ¢>n =
0.0°, and for I2(), a1 = 98.0, a2 = 0.0, c = 2.578, On= 10.32°, ¢>n = 0.0. Thus, I 1 ()
corresponds to a surface normal with an azimuth angle of zero degrees and a zenith
angle of 33.0° while I 2 () is the function for a surface normal with zenith angle of 10.32°
and the same azimuth angle. Note that the values of at, a 2 are different for both the
cases. The range of values we have used correspond to the actual grey level values
recorded by the camera in our experimental set up. In figure 6.4, note that while the
maximum difference between I 1 () and I 2 () is about 40 grey levels, the mean difference
is only 6.1 grey levels. Also, the maximum difference occurs at the Oi = 0.0°, a value
which is unlikely to occur in experiments. For non-zero Oi, the difference falls off of
quite rapidly. The mean difference of 6.1 grey levels is well within the range of noise
generated by most cameras. Hence, we conclude that it will be difficult to distinguish
between the two surface normals and the two "albedos" even by using a large number
of light sources in the region 0 :s; ¢>i < 360° and 0 :s; Oi :s; 30°. The problem is clearly
ill-posed.

6.4

Regularization of Joint Estimation

Ill-posed problems can be regularized using Tikhonov's method [51]. The regularization consists of converting the algebraic problem of equation (6.1) into an optimization
problem. Regularization terms are then added to the function being optimized. We
will regularize equation (6.1) by saying that our estimates of n, a 1 and a 2 are those
that minimize Q,
(6.10)
where,
I

vector of observed intensities
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>. 1 , >. 2 , >. 3 > 0 and

a 1 and a 2 are some a priori estimates of a 1 and a 2 • This is a

non-linear optimization problem in n, a 1 and a 2 and a closed form solution cannot
be obtained for it. We will use a standard non-linear, numerical optimization procedure [30] to achieve this.
The entire process of joint estimation for surfaces with reflectance map given by
equation (6.2) and c = 2.578 is
1. The surface is imaged with eight light sources placed at azimuth angles of

0°, ±45°, ±90°, ±135°, 180° and at a constant zenith angle of 25°.
2. We know from section 6.2 that these light sources are sufficient to obtain an
estimate of

rPn·

The estimate is obtained via equation (6.4).

3. The other parameters are obtained by solving the regularized problem of equation (6.10). The exact function used in doing this was a slight modification of

Q as defined in equation (6.10). The following function was minimized
(6.11)
where,
* (exp(-c

*

l=11.a
r
1

co~-l nfn)2)
8

··

exp(-c cos- 1
where,

J-L

nfn)2

*

+~~a
r
2

8

(i~n)
··

ifn

(6.12)

is a scaling factor explained below. The optimization was done using

two constraints

where, v

= [-sin rPn

angle of n to be

rPn·

cos rPn o]T. The constraint

yT n

= 0 forces

the azimuth

As mentioned before the IMSL package [30] was used to

obtain the optimization.
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6.5

Experimental Results

Figure 6.5 shows the reconstruction of the spherical surface which had the reflectance map of equation (3.22). It was easily determined that for the illumination conditions of this experiment, the reflectance map for the surface would
be best described by J1 = 140.0, ai = 1.0 and a;= 0.5. The value of J1 = 140.0
was used in equation (6.12) while ai and a;, the a priori guesses in equation
(6.11) were set to 1.1 and 0.45 respectively. Thus, we did not assume exact
knowledge of the albedos.
The constants in the minimization function of (6.11) were >. 1 = 100, >. 2 = 1600,
and ). 3 = 900. As we shall see, this is not an excessive amount of regularization.
The initial values for the optimization procedure were n = [0 0 1JT and ai = 1.2
and

a;= 0.8.

The mean square deviation of the reconstructed surface normals from the best
fit spherical surface was calculated as before and a value of !:::.Oerror = 5.21°
was obtained. From the results of section 4.5 note that this is worse than the
un-normalized reconstruction results but not as bad as the results obtained by
using the Lambertian model.
Figures 6.6 and 6.7 show the histograms of the values of ai and a; as returned by
the optimization procedure for the entire surface. The peaks in the distribution
occur for a 1 at 1.04 and a 2 at 0.34. From the distribution, note that spread of
the values is fairly large and this corresponds to a mild amount of regularization.
Finally, figures 6.8 and 6.9 show reconstructions for the cylinder and spoon of
figures 4.10 and 4.11. The exact same procedure as used in these reconstructions
as for the spherical surface.
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Figure 6.8

Regularized reconstruction of the cylinder.
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Chapter 7
Completeness of Photometric Inversion
7.1

Introduction

In this chapter, we will consider the completeness problem. Suppose that for a
given reflectance map we have determined that k light sources are necessary for
a globally unique solution of the surface normal and other parameters. If we use
only k light sources, then it is possible that parts of the surface will lie in shadow
of one of the lights. These portions of the surface cannot be reconstructed. In
order to completely reconstruct the surface, more than k light sources may be
needed so that at least k of these illuminate every point on the object surface.
vVe will call the problem of finding the exact number of light sources so that
a given surface is illuminated at every point by a certain number of them, the
completeness problem.
The completeness problem is best illustrated by the 2-dimensional example of
figure 7.1 . The figure shows a curve for which it has been a priori determined
that two light sources are sufficient to obtain a globally unique solution for the
surface normal. If only two light sources are used from the directions it and h
as shown, note that the regions S1 and S2 lie in the shadow of one of the light
sources and cannot be reconstructed. Since the camera is positioned along the
vertical, we are constrained to position light sources in non-vertical directions.
It is obvious that in this case we need at least four light sources - two on each
side of the vertical- in order that every point on the curve be illuminated by
at least two light sources.
The answer to the completeness problem is not independent of the shape of
surface. If the surface is sufficiently contorted even a very large number light
sources will not illuminate it completely. In this chapter, we will restrict ourselves to convex surfaces.
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Figure 7.1

7.2

1

2 Light sources do not yield a complete reconstruction.

Convex Surfaces

If the surface is convex and a surface normal is not illuminated by a light source,
then it lies in self-shadow with respect to that light source. The self-shadowing
condition provides us the way to obtain an answer for the completeness problem.

The terminology we will use is as follows. A vector i "illuminates" a vector n
iff iT n > 0. A vector n is "k-illuminated" if there are k i1's which illuminate
n. The problem of completeness of photometric stereo can be stated as follows:
How many vectors it, l = 1, 2, .... , k* are required so that all vectors n are killuminated (k 2:: 3)? We are concerned with only those vectors n that have
azimuth angles less than 1r /2, i.e., the z-component of n is strictly greater than
zero. The light source direction vectors are constrained to be non-vertical, i.e.,
to have their zenith angles strictly greater than 0.
As a first step in solving the completeness problem, we establish that constraining the position of light sources does not change k*. This we do as follows: Given
a vector n, suppose that i~, 1 = 1, · · ·, k* lights k-illuminate n. We now move
the lights keeping their azimuth angles the same, but decreasing their zenith
angles till they all have zenith angles equal to the smallest zenith angle of the
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initial configuration. Let us denote the new light sources by i/, l = 1, · ·., k*.
We will establish that if all of i1 k-illuminate n , then so do all of i/.
Lemma 7.1 If a vector n is illuminated by a given light source i,
then it is also illuminated by the light source i' which is given by

0')

cos <P sin
i' = ( sin <P sin 0'
cosO'

,

where, 0 < 0' < 0, and

1

= (

:~~: :::: ) .
cosO

Proof

Let us define two vectors u and z as

Then, we have i' = sin O'u +cos O'z and i = sin Ou + cos Oz. If we assume that
iTn > 0, then we have iT n = sin OuT n +cos OzT n > 0. Since we know that
zT n > 0, we have from the above inequality the following relation,

uTn
tanO >- zTn ·
1

But we know that 0' ~ 0, hence ta!e, ;;::: t~B
Thus i' also illuminates n.

> - ~;~, which leads us to

jtT

> 0.
D

It now follows that if all i/ have zenith angles less than or equal to the minimum

zenith angle of i1, then, i/ will k-illuminate any vector which is k-illuminated
by i1. We will now consider solving the completeness problem in a simplified
setting: we will assume that all the light sources i1 have been moved so that
they have the same zenith angle.
Let k* > 3. Given any k* light sources with the same zenith angle, we can
number them by going around them in a counter clock wise manner. We assume
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that this is in fact the numbering i 1• As k* 2: 3, there is unique way of defining
the difference in azimuth angles between any two consecutive light sources iq
and iq+l· This is done by measuring in an anti-clock wise manner the change
in the azimuth angle from </>q to </>q+b i.e., we define 6.</>q = </>q - </>q+l· As a
special case 6.</>k• is defined as 6.</>k• = 211" + </>1 - </>k•. Of course, Ll 6.</>1 = 211".
See figure 7.2 for an illustration.
We now establish an inequality that will lead us directly to the solution of our
problem.
Lemma 7.2 Assume that k* 2: 3. For any p, 1 :::; p :::; k*, if
6.</>p > 11", then there is at least one vector n which is zero-covered by
the given set of k* lights.

Proof For any two consecutive lights ip and iP+b we rotate the x-y axis of
our reference frame about the z-axis such that the positive x-axis bisects the
azimuth angle between the two lights. In this frame, we have

ip

=

sin a cos</> )
( - sin a sin </>
cos 0:

ip+l

=

sin a cos </> )
( sin a sin</> ,
cos 0:

where, a is the zenith angle as before, and </> = 6.</>p/2 is strictly greater than
11"/2. (i.e. cos</>< 0).
Now consider any vector u, given by u
0

< ( < -tan a cos</>.

We can construct n such that n =
nTip+l -

= (1 0 (f, where,

ll~ll
1

11 u 11

u/llull. We have,

[sin a cos</>+ (cos a]
[sin a cos </>(1

+ tan a(cos </>)]

It is easy to show that the term 1 + t ana cos </> in the above expression is positive.
However, cos</> is negative. Hence, i ~tl n < 0. Using the exact same argument,
it is possible to show that i~n < 0.
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Figure 7.2

Configuration for Complete Reconstruction.

If we select any other light source iq, then we know that its zenith angle is a and

that its azimuth angle </>q is constrained by 211" - </> < </>q < </>. Since, -cos</> <
- cos </>q we get - tan a cos </> < - tan a cos </>q. This leads us to 1 + t ana cos <I> q > 0
as before. Also, cos </>q < 0 as before, and using the same argument as above,
we get i;n < 0.
Hence, any vector n of the form u/llull is zero-illuminated.

0

We will now proceed to establish the exact value of k*.
Theorem 7.1 k* = 2k lights are necessary and sufficient to killuminate all vectors n that have a zenith angle strictly less than 1r /2.
These lights can be placed at an constant zenith angle a, 0 < a < 1r /2.
The differences in the azimuth angles .6.</>j, j = 1, ... , k* have to be
constrained such that .6.</>j ~ 1r.
Proof The constraint on .6.</>j follows from a straight application of Lemma 7.2
to every consecutive pair of i's.
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However, applying Lemma 7.2 to pairs of i's is not sufficient. A more global
constraint is required. This can be obtained as follows. Consider, the light
sources h, b, · · ·, h. If we remove all of these lights, we have the lights ik+b
ik+ 2, · · ·, h•, it left. We now show by contradiction that the difference between
the azimuth angle between i 1 and ik+I must be less than or equal to 1r.
If this were not so, by application of Lemma 7.2 we see that there will exist
vectors n that are zero-illuminated by these light sources. Re-introducing the

lights b, · · ·, h can, at the most, k - 1 illuminate the n vectors, and we will
not have a k-illumination. Hence, the difference between the azimuth angles
between i 1 and
11¢>k < 'lr.

ik+I

must be less than or equal to 1r. This is, /1¢> 1 + /1¢> 2 + · · ·+

Similar inequalities can be written by starting with i 3, i 4, · · · instead of i 2. This
leads us to the following:

+ /1¢>3 + · · · + f1¢>k+I
11¢>3 + 11¢>4 + ... + 11¢>k+2
/1</>2

::; 7r
::; 7r

Note that we have a net of k* inequalities, and that any particular term 11</>i occurs in exactly k of them. Adding all the inequalities, we get: k L:i 11</>i ::; k*1r.
But, we know that L:j 11</>i = 27r. This leads us to k* 2:: 2k, which establishes
the necessary part of the theorem.
We now establish that k* = 2k lights are sufficient to k-illuminate all n. Let
the light sources ij, j = 1, · · ·, 2k have the same zenith angle a, 0 < a < 1r /2;
and be uniformly placed in their azimuth angle, i.e., the azimuth angle of ij is
<Pi = ;; (j - 1). Given any n and ij we consider their projections nxy and ixy,j
on the x-y plane. If
n=

coo ~· sin

9' )
sin</>' sin(}'
cos(}'

lj

=

coo~;sinn)
sin <Pi sin a
cos a

,

then,
llxy

=

(cos </>'sin(}')
sin</>' sin(}'

.

lxy,j

= (

c~s <Pi s~na).
sm <Pi sma
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Note that since cos a, cos 0' > 0, i;y,jllxy ~ 0 implies if n > 0. The tips of the
vectors ixy,j are uniformly distributed in a circle around the origin of the x-y
plane with an angle of;~ between any two consecutive vectors. It is easy to see
that given any vector llxy in this plane, there are at least k vectors (amongst
that fall within ±rr/2 of llxy· Hence, there are at least k vectors ixy,j such
that i;y,jllxy ~ 0. It thereby follows that there are at least k vectors ij such

ixy,j)

thatifn>O.

D

Note that from the later half of the proof it follows that no three of the light
sources are linearly dependent.

7.3

Discussion

The considerations of this chapter merit some discussion. Adding extra light
sources is a feasible way to reconstruct a surface completely. However, there
are limitations to the number of light sources that can be realistically added in
any photometric stereo system. Adding extra light sources forces neighboring
light source directions to be more aligned. Thus the variation in image intensity
due to alternate switching of lights is reduced and the reconstruction is in the
danger of being sensitive to noise in the data.

Chapter 8
Conclusions
In conclusion, then, we have established several facts. Perhaps the most central
result to emerge from this work is that diffuse reflection from real-world surfaces
can be significantly non-Lambertian and that this non-Lambertian nature has
to be taken into account for a good reconstruction. Diffuse reflection has a lobe
structure and we have been able to analyze the origin of the lobes from the
physics of light scattering. The lobe-like structure has an especially pleasing
mathematical form for phase angles less that 30°. We were able to exploit
this structure in this work. The assumption about the phase angle is the most
restrictive of all the assumptions made here and while most photometric stereo
experiments do fall close to this range, it would be nice to extend the theory to
wider phase angles. To do this, we will have to explicitly take the shadowing
function and the Fresnel reflectivities of equation (3.11) into account instead of
approximating them as unity. An expression for both of them which is simpler
than equation (3.11) would go a long way towards achieving this, but currently
such an expression is unavailable. An empirical fit of some "nice" function to
the exact expression seems like the best way to proceed, but such a fit would
have to be experimentally justified for a large class of surfaces. At the present,
this falls out of the scope of current work.
On the other hand, as we saw in chapters 3 and 4 the reflectance maps proposed here give about an order of magnitude increased accuracy in modeling
and reconstructing real-world surfaces when compared with classical techniques.
Also, we were able to establish several theoretical results which put the technique on a firmer foundation. In particular, the establishment of the number of
light sources needed to obtain unique solutions is a useful result. In all of the
previous work, either significant sections of the work were devoted to analytic
proofs of uniqueness for explicit forms of reflectance maps, or failing this, to
qualitative and graphical "proofs" for special cases. We have been able to es-
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tablish uniqueness for entire families of reflectance maps and demonstrate that
the theoretical results do yield useful reconstructions in practice.
For un-normalized photometric stereo, we were able to formulate a framework
within which questions about the problem could be posed as questions about the
geometry of a manifold. \Ve were able to establish several ground results using
this framework. Currently, our inability to express the manifold implicitly holds
us back from investigating this approach further. It is likely that an implicit
expression for the manifold will be fairly complex. (The implicit expression
for a hi-cubic surface, for example, is an 18th degree polynomial in x, y and z
having over a thousand terms.) Again, some simple empirical formulation of
the implicit form which would work for the physical reflectance map of equation
(3.19) would be useful and will certainly be the goal of future research.
This frame work also provides a basis to reason about other aspects of photometric stereo. About the effect of noise, for example. The solution to the
problem of normalized photometric stereo with noise can be seen to be the
problem of projecting a data point on to the manifold. In the Lambertian case,
the manifold is an ellipsoid and hence convex. A unique solution can therefore be obtained for the noisy case. For a non-Lambertian reflectance map, the
manifold is no longer convex and any single data point could generate multiple solutions. Also if the manifold is appropriately shaped, small changes in
data point could cause large changes in the solutions, once again raising the
possibility of ill-posedness. Clearly, this is a subject for future study too.
Besides the results we obtained, the fact that we can reason about a large
number of previously unaddressed issues within our framework demonstrates
the utility of our approach.
We were also able to formulate the problem of joint estimation. As we saw
in chapter 6 this problem is ill-posed and has to be regularized. However, the
extent of regularization used in this work was not excessive and we were able
to get reasonable reconstructions using it.
Finally, we looked at the geometric problem of completeness of reconstruction
and were able to establish that we need twice the number of light sources for a
complete reconstruction as we need for a unique reconstruction.

Appendix A
Surface Normal to Depth Conversion.
In this appendix we will state the details of the algorithm that converts the
surface normals into depth information. From the surface normal n(i,j) at any
point, the surface slopes p(i,j) = dz!~j) and q(i,j) = dzJ~j) are calculated as
follows:

nx(i,j))
lfn(i,j) = ( ny(i,j) ,
nz( i, j)
then,

nx( i, j)
nz(i,j)'
ny( i, j)
nz(i,j) ·

p( i, j)

q(i,j) -

The algorithm proposed by Silver (47] was used to calculate the depth from p
and q. Silver's algorithm assumes the depth at some point io, j 0 and iteratively
calculates the depth at every other point on the surface according to:
100,

z(i 0 ,j ± 1)
z(i±1,j+1)

± l,j
( .. ) ± p(i,j + q(i
2
'
( . ") ± p( i j) + q( i j ± 1)
0 )

z(i±1,j0 )

0 )

ZZ,Jo

0 ,

-

Z Zo,

J

~ ( (. .
2 z z,J

+ 1) ±

2

0 ,

'

p( i' j + 1) + p( i ± 1' j + 1) )
2

("±1 ") q(i±1,j)+q(i±1,j+1))
+~(
2 z z
,J +
2
'
z(i±1,j-1)

~ (z(i,j _ 1) ± p(i,j -1) + ~(i ± 1,j- 1))

+~ (z(i ± 1,j) _ q(i ± 1,j) + ;(i ± 1,j- 1)).
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Appendix B
Apparatus and Experimental Procedure
This appendix contains details of the apparatus and the experimental procedure
for the reconstructions of this thesis. The apparatus is shown in figure B. A
bi-cycle wheel with a radius of about 1 ft was mounted on a vertical stand
which was firmly fixed to a table. The camera was mounted along the axis of
the wheel. A light bulb was fixed on the rim of the wheel and served as the light
source. The wheel could be rotated to move the bulb around the camera. When
the apparatus was properly aligned and the object placed on the table under
the camera, rotating the wheel caused the azimuth angle of the light source
to change while keeping its zenith angle constant. The wheel assembly could
be tilted to achieve vertical orientation of the camera axis. An indicator along
with a protractor was also fixed on the wheel. Together they provided a direct
read-off of the azimuth angle of the light source.
The apparatus was calibrated in the following way
(a) The light bulb was chosen with some care. After working with a number
of bulbs it was discovered that there was significant undesirable variation
in the amount of irradiation on the object as the azimuth angle of the bulb
was changed. The structure of the bulb filament appeared to be the cause
of of this variation. After trying out different bulbs, an ordinary 40 watt
clear bulb was chosen for the rest of the experimentation. Over a change
in the azimuth angle of 360° it was observed that the variation of incident
irradiation over the area of the object was about 5%. (The irradiation was
measured with an Ealing Optics Photometer model 2907 4.)
(b) Next, the camera response was calibrated using the photometer. Under
the condition of pitch darkness, the camera yielded a grey level value of
33. This value was subtracted from all subsequent grey level values. It was
then found that the response of the camera, when calibrated against the
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The Experimental Apparatus.
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response of the photometer, was linear with a maximum deviation from
linearity of about 2% of its full scale response (the full scale response being
255 - 33 = 223). The camera was assumed to be linear from this point
onwards.
(c) Next, the geometry of the apparatus was calibrated. A known Lambertian
sphere was imaged with the light bulb and the intensity in the principal
plane of the image was obtained. A model of a Lambertian surface illuminated at a variable incidence angle was fit to these set of intensities. The
incidence angle at which the best fit was obtained was assumed to be the
actual angle of incidence. The vertical height and the tilt of the bi-cycle
wheel was adjusted such that the best fit incidence angle over the range
of azimuth angles of interest was 25° to within ±2°. The vertical distance
from the support table to the center of the wheel was about 3 ft.
After calibration, the reconstruction experiments were conducted in a straight
forward manner by positioning the light source at any azimuth angle and obtaining the image. For every position of the light source, 20 images were obtained
and averaged to reduce noise. The value of 33 was subtracted as before from
every grey level and the resulting images were used in the reconstruction.
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