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Abstract 

CONE MANIFOLDS IN 3-DIMENSIONAL TOPOLOGY 
APPLICATIONS TO BRANCHED COVERS 

KERRY NELSON JONES 

Cone manifolds are defined and several standard geometric techniques for Riemannian man-

ifolds are generalized to this setting. 

Smoothing techniques for approximating cone manifolds by smooth Riemannian manifolds 

with bounded sectional curvature are discussed. This involves some quite explicit curvature com-

putations. 

The connection is then made between branched covers and cone manifolds by showing that 

cone manifold structures lift to a branched cover. Topological results concerning existence of 

incompressible tori and Seifert-fibered spaces in branched covers are then obtained by lifting cone 

manifold structures to a branched cover, smoothing the cone manifold structure to a bounded 

curvature metric, then using differential-geometric techniques on the smooth manifold. 

These results are then used in several explicit examples. 
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Preface 

In recent years, the importance of geometric techniques in the topology of 3-manifolds has 

become quite apparent (witness the work of Thurston, Scott, Culler and Shalen, and many others). 

More explicitly, it has become apparent just how important the existence of a homogeneous metric 

(that is, a metric with transitive isometry groups) on a given manifold is in determining the 

topology of the underlying manifold. 

Another recent development in 3-manifold topology is a resurgence of interest in the repre

sentation of 3-manifolds as branched covers over S 3 coming from the notion of a universal link, 

that is, a link in S 3 having the property that all closed 3-manifolds are representable as branched 

covers, branched over the fixed link (the older branched cover representation involves a different 

knot or link for each manifold, but does have the advantage of being a much lower degree map -

it can be taken to be a 3-fold branched cover). These universal links (and knots) have been shown 

to exist in abundance by Hilden, Lozano and Montesinos. 

At the same time, it is becoming apparent in geometry that useful information can be gleaned 

not only from smooth geometric structures but also from singular geometric structures with certain 

restricted types of singularities (the entire field of geometric measure theory might be considered 

an example of this). 

This thesis pulls together these three threads in the following way: a 3-manifold is represented 

as a branched cover over S3 , branched over a universal link, and then a singular geometric structure 

with restricted singularity type (a cone metric) is inherited in a natural way from this branched 

cover representation, which is then deformed to a smooth metric from which topological information 

may be extracted. 

This method is applicable to a wide variety of topological problems, from existence of incom

pressible surfaces to finding hyperbolic structures. In some cases, full solutions are given; in others, 

techniques are described which have thus far yielded only partial results - there is still much work 

to be done using this general method and some of these future directions are described in the last 

chapter of this thesis. 
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Chapter 1 - Cone Manifolds 

As mentioned in the preface, we will be making extensive use of the notion of a cone manifold, 

a certain type of geometric object which we shall define momentarily. This notion is a generalization 

of an orbifold (a metric space locally modeled on Rn modulo the action of a finite group -see [Thl]). 

One advantage of cone manifolds over orbifolds is the fact that one can continuously deform cone 

manifolds and stay inside the category, whereas orbifolds are discrete (the local pictures have an 

integer invariant associated to them, namely the order of the isotropy group of a point). Another 

advantage is that a branched cover over a cone manifold is still a cone manifold, whereas this is only 

generally true for unbranched covers in the orbifold category. As is generally the case, however, 

nothing comes for free: most orbifolds (Thurston's "good" orbifolds) are the quotient of a simply 

connected smooth manifold by a properly discontinuous (but not necessarily fixed-point-free) group 

action, whereas this is not the case with cone manifolds. 

The notion of a cone manifold was mentioned by Thurston ([Thl]) in connection with his 

discussion of the Dehn surgery space of a hyperbolic manifold M with aM consisting entirely 

of n tori. This is the space of conjugacy classes of non-parabolic representations of 1r1(M) into 

PSL2(C) (corresponding therefore to incomplete hyperbolic metrics) and may be coordinatized by 

R2n by fixing generators p;, A; ( i = 1, ... , n) of H 1 (aM; R) and mapping a given representation 

p : 1r1(M) __. PSL2(C) to (a1, b1, ... , an, bn) where a;p(p;) + b;p(A;) is a rotation by 271" (since 

p; and A; are non-parabolic isometries which commute, they have a common invariant axis). 

Thurston mentions that if (a;,b;) = a:(k;,l;) where (k;,l;) is a primitive element of Z EB Z, then 

this corresponds to what we shall define as a hyperbolic cone manifold structure on the manifold 

obtained by gluing a solid torus to the ith boundary component in such a way that k;p; + /;A; 

bounds a meridional disk. 

We now give the promised definition of a cone manifold: 

DEFINITION. A hyperbolic cone manifold is a metric space obtained as the quotient space of a 

disjoint union of a collection of geodesic n-simplices in Hn by an isometric pairing of codimension

one faces in such a combinatorial fashion that the underlying topological space is a manifold and 

that the induced triangulation on the underlying space is uniformly locally finite. 
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Euclidean and spherical cone manifolds are defined similarly. 

Here uniformly locally finite means that there exists a global e > 0 such that every ball of 

radius e intersects only finitely many of the simplices. 

It should be noted that this is probably more restrictive than absolutely necessary - the 

underlying space could probably be taken to be a rational homology manifold - but this definition 

is sufficiently broad for the purposes of this paper. 

An orbifold is simply a cone manifold in which all cone angles are of the form 27r / k for some 

integer k. 

Note that the metric is induced on the quotient by path length: a path may be divided up 

into subpaths, each of which lies in some simplex. If each subpath is rectifiable, then the length 

of the overall path is determined by adding up the lengths of the subpaths. The fact that the 

face-pairings are isometric implies that this length does not depend on the particular subpaths 

chosen. The distance between any two points is then defined to be the infimum of the lengths of 

all rectifiable paths between them. See [CEG) for a treatment of such "path spaces." 

Such a metric space admits a smooth Riemannian metric of constant curvature on the union 

of the top-dimensional cells and the codimension-1 cells. On each codimension-2 cell, the structure 

is completely described by an angle, which is the sum of the dihedral angles around all of the 

codimension-2 simplicial faces which are identified to give the cell. The cone locus of a cone 

manifold is the closure of all the codimension-2 cells for which this angle is not 21r (the Riemannian 

metric may be extended smoothly over all cells whose angle is 27r). 

In order to describe the structure on the lower dimensional cells, we need the following 

DEFINITION. a metric cone is a path space whose underlying topological space is a topological cone 

Con a path spaceS in such a way that the copies of S which canonically foliate the complement 

of the cone point in C are all homothetic (in the induced path metric). 

The structure on the lower dimensional cells of·a cone manifold may now be described by 

observing that each point of a cone manifold has a closed neighborhood isometric to a metric cone 
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of constant curvature (I<= +1, 0, or -1) on a spherical cone manifold of dimension n- 1 where 

the foliating spheres are equidistant from the cone point. 

The curvature of such a metric cone is determined by the function K( d) measuring the induced 

(constant) sectional curvature on the boundary of the metric ball of radius d. For hyperbolic 

manifolds, K(d) = csch2(d), for Euclidean cone manifolds, K(d) = lfd2 and for spherical manifolds, 

K(d) = csc2(d). Non-singular points are the points for which the spherical cone metric on its link 

has no cone points (i.e. it is sn-1 ). 

For technical reasons, it is sometimes convenient to allow some cone manifolds to have vertices 

at infinity and beyond. This is accomplished by allowing infinite and hyperinfinite vertices on the 

simplices which make up the cone manifold (infinite vertices are possible in the Euclidean and 

hyperbolic cases, while hyperinfinite vertices are possible only in the hyperbolic case). Infinite and 

hyperinfinite vertices have closed "neighborhoods" isometric to metric cones (with the cone point 

deleted) of constant curvature on Euclidean and hyperbolic (n- I)-dimensional cone manifolds, 

respectively. Hyperbolic cone manifolds with hyperinfinite vertices and Euclidean cone manifolds 

with infinite vertices necessarily have infinite volume, and will be of rather limited use in the 

present context. 

Before we discuss a few of the basic properties of cone manifolds, we need a few definitions 

and technical lemmas: 

LEMMA 1.1. A cone manifold is a complete metric space. 

PROOF: Let {:r:;} be a Cauchy-convergent sequence. Let f be the constant of uniform local finite

ness. Let N be sufficiently large so that d(xi, Xj) < f for i, j ~ N. Then, by uniform local 

finiteness, all of the Xi, i ~ N are contained in finitely many of the simplices of the cone man

ifold, and thus infinitely many of them are contained in at least one of the simplices. But the 

simplices are compact, so that there is a convergent subsequence. Since the original sequence was 

Cauchy-convergent, it must be in fact convergent. I 

DEFINITION. a minimal geodesic st;gment in a cone manifold is a path which is globally length

minimizing (that is, it realizes the distance between any two points on it). A geodesic segment is a 
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path which is locally length-minimizing (that is, for any point on the path, there is a neighborhood 

such that the path is a minimal geodesic segment when restricted to that neighborhood). 

LEMMA 1.2. Let M be an n-dimensional cone manifold. A geodesic segment 1 from p to q 

(p, q E M ), which intersects the complement of the cone locus, admits a unique extension past q 

unless q is a point of the cone locus. Furthermore, if q is in the (n- 2)-skeleton of the cone locus, 

it admits no extension past q if the cone angle at q is less than 27r but admits an infinite number 

of distinct extensions if the cone angle at q is greater than 27r. 

PROOF: First, suppose that q is not in the cone locus. Then, there exists a neighborhood U of q 

which inherits a smooth Riemannian metric from the cone manifold. When restricted to U, the 

geodesic segment 1 satisfies the geodesic differential equation (otherwise it's not geodesic in M) 

and thus admits an extension in U past q. 

For simplicity in visualizing the situation near the cone locus, only the 2-dimensional case 

is illustrated in the accompanying figures. The higher dimensional cases really involve nothing 

essentially new, since the constant curvature models allow us to locally project to a 2-disk normal 

to the cone locus and deduce existence or non-existence of geodesic extensions there (the projection 

is not conformal, but it does preserve collinearity, which is essentially all we are using). 

Now, suppose that q is in the (n- 2)-skeleton of the cone locus and that the cone angle at 

q is less than 27r. Working locally again, we see that there is a neighborhood, U, of q which is 

isometric to the subset of a cone manifold pictured in Figure l.la. Clearly, in order for 1 to be 

continued as a geodesic segment, the continuation must make an angle of at least 1r with/, when 

measured in any plane or in any orientation. This is clearly not possible in this case: any geodesic 

arc leaving q must make an angle of less than 1r on one side or the other! 

Now assume that q is in the ( n- 2)-skeleton of the cone locus and that the cone angle at q 

is greater than 21r. Here the situation is quite different (see Figure l.lb). There are two distinct 

geodesic segments, <p1 and <p2, leaving q which make an angle of 1r with 1 (one to the left and one 

to the right). The directions between these two may be considered to be "hidden" from p behind 
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y glued 

q 

Figure l.la Figure l.lb 

the singular locus in the sense that a viewer at p would not be able to see them - all geodesics from 

this region go through q as we will see momentarily. 1 may be continued in any of these "hidden'' 

directions, since any of the "hidden" directions make an angle with 1 that is greater than 1r on 

both sides. I 

Life in a cone manifold is interesting to contemplate: someone could walk behind a component 

of the cone locus with cone angle greater than 27r and disappear for a while before emerging on 

the other side; one could walk into a component of the cone locus and the view from behind would 

be quite odd- if the cone angle were less than 21r, the image would spread out, then split into two 

images, while if the cone angle were greater than 21r, the sides of the image would turn inward, 

and the image would gradually disappear! 

It should be noted that, in the preceding lemma, the hypothesis that 1 intersect the com

plement of the cone locus is necessary, since, regardless of cone angle, there are geodesics entirely 

contained in the cone locus (in dimensions ~ 3). 

The preceding allows us to define an exponential map for cone manifolds. It differs from the 

usual exponential map for Riemannian manifolds in that the domain is not all of R n. Rather, it 

is R" - C where C is a collection of "generalized half-planes" in the following sense: let 1 be a 

codimension 2 hypersurface in R" which is the inverse image under the exponential map of a totally 

geodesic ( n- 2)-simplex in Hn, En, or sn. Then the generali::ed half-plane above 1 is the set of all 

points (tx1, tx2, ... , txn) where t ~ 1, and (x 1, x2, ... , Xn) E I· Note that for the Euclidean model, 

1 is an actual codimension 2 simplex in Rn, whereas for the hyperbolic and spherical models, it is 

a portion of a hyperboloid of revolution or sphere, respectively. 



6 

Now, given p EM where M is a cone manifold and pis not in the cone locus of M, let us 

define the exponential map based at p: Since a geodesic segment may be extended uniquely until 

it hits the cone locus, if we let C be the collection of all generalized half-planes over pre-images of 

all of the ( n - 2)-simplices of the cone locus of M, (pulling them back over all distinct geodesic 

segments from p to the cone locus), then expp : (Rn -C) -+ i'vf is well-defined. It is moreover 

easily seen to be a local homeomorphism (it is, in fact, the restriction to an open subset of Rn of 

the exponential map of an incomplete Riemannian manifold, namely M- {cone locus}). 

We can, in fact, extend expP a bit further, by allowing it to map onto the cone locus: we can 

define the open generalized half-plane above 1 just as above but with a strict inequality on t (note 

that this in not just the interior of a generalized half-plane). The exponential map can in fact be 

extended to Rn - C where C is the cnllection of open generalized half-planes corresponding to the 

collection C above. This extended exponential map, which we will denote by expP is no longer a 

local homeomorphism. 

PROPOSITION 1.3. Let M be a cone manifold with all cone angles < 27r. Then, for any p E M 

which is not on the cone locus, expP is surjective. 

PROOF: The key observation is that a cone manifold is a complete, locally compact path space, 

(definition and Lemma 1.1) and thus we may apply the generalization of the Hopf-Rinow theorem 

to path spaces proven in [ CEG]. The upshot of this is that, given any two points p, q E M, there is 

a minimal geodesic segment between them. But, since all cone angles are < 21r, a minimal geodesic 

segment that intersects the complement of the cone locus can only intersect the cone locus at one 

of its endpoints, and thus all points are "geodesically accessible" from p. I 

It is important to realize that a precise description of the domain of the exponential map in 

any given case is quite difficult. It is quite tempting to think of the domain as the complement of 

a set of half-planes, and, in certain very special cases, this is true. But in general it is quite false: 

components of the singular locus, just like any other geodesics in the cone manifold, can exhibit 

fairly counterintuitive behavior, as viewed from a point not on the geodesic. For example, when, 
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from the point of view of a fixed observer, a geodesic passes behind a singular line with angle 

greater than 371", it never emerges from behind the singular line (see Figure 1.2 for a 2-dimensional 

example). Even in less drastic cases with smaller cone angles, the geodesic emerges bent from its 

original direction so that the continuation of the half-plane behind the original piece of the singular 

locus is in fact contained in the domain of the exponential map. This is a source of great subtlety 

and technical difficulty in problems involving cone manifolds. 

Figure 1.2 

One important way of representing cone manifolds is by the use of a fundamental polyhedron, 

that is, a polyhedron in Hn, En, or sn. together with isometric face-pairings which produce the 

given cone manifold. Note that in the cone manifold case, unlike the analogous smooth case 

(or, in fact, the orbifold case), there does not in general exist a tiling of Hn,En, or sn by these 

fundamental polyhedra. In fact, fundamental polyhedra need not exist at all where the cone angles 

are > 271" - note the difficulty of depicting a cone manifold with cone angle > 271" in 1.2! One can, 

perhaps, speak of immersed fundamental polyhedra here. but they cannot be imbedded in the 

constant curvature model space. However, one does have the following result: 

PROPOSITION 1.4. Let M be a compact hyperbolic or Euclidean cone manifold with all cone 

angles< 271". Then M admits a fundamental polyhedron. 

PROOF: In fact, properly interpreted, this proposition is true in the spherical case also, but con

jugate points cause a problem (Sn itself does not really admit a fundamental polyhedron). It is 

also true in the noncompact case if one allows ''infinite polyhedra." 
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We use the usual method of constructing a Dirichlet fundamental domain (centered at a point 

off of the cone locus)- see [BC, Chapter 11]. 

Let p be a point of M that is not in the cone locus. We will mimic the usual proof of the 

existence of a fundamental polyhedron in the manifold case. Define the cut locus, C, to be the 

set of all points q EM such that there exists a (not necessarily unique) minimal geodesic segment 

from p to q, but that any such geodesic cannot be extended to a longer minimal geodesic segment 

(past q). It should be noted that this is not quite adequate in the spherical case, in which This 

minimal extension may fail to exist for two distinct reasons: there might be multiple minimal 

geodesic segments from p to q (causing any extension to fail to be minimal) or q might be in the 

cone locus (so that no extension is possible). 

I claim first of all that the map from the unit tangent space at p to the cut locus given by 

extending the geodesic in a given direction as until it hits the cone locus is defined everywhere and 

continuous. This follows just as in the manifold case (see [BC] -it is essentially a path space and 

exponential map argument and we have both of those tools available in this context). Denote this 

map by f : sn- 1 -+ C and let p : sn- 1 -+ R+ be the distance from p to the cut locus in a given 

geodesic direction (this is continuous also, since the distance function is continuous). 

Now, let B be the cell in Hn or En which is bounded by the sn-1 which is the image under 

the exponential map of the sphere ·yp("y) where ; is a unit vector in R'. Clearly, B is isometric 

to M -C. Note that we are using the fact that the cone locus is contained in the cut locus and 

thus there are no exponential map problems in M - C. It now merely remains to show that the 

boundary of B is a polyhedron in Hn or En. 

The points of C are canonically stratified by the number of minimal geodesics from p to the 

point. I claim that the points of C that are not in the cone locus and admit exactly two minimal 

geodesics from p form an open subset of C which corresponds to a collection of open codimension-

1 polyhedra in the boundary of B. This is because the two geodesics must not intersect the 

cone locus, and hence there is a tubular neighborhood of the union of the two geodesics which is 

isometric to a tubular neighborhood of the union of two intersecting geodesics in Hn or En. The 
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known geometry of the model space then yields the claim. In fact, this same argument applies to 

any points of C that are not on the cone locus. But we know that the cone locus consists of the 

closure of a set of codimension-2 totally geodesic simplices, so the closure of the non-cone points 

in the boundary of B must be all of the boundary of B and the cone locus portions are totally 

geodesic, soB must be a fundamental polyhedron forM. I 

Let us also describe another way of looking at a cone manifold which will also be quite useful. 

It was remarked earlier that an orbifold 0 is generally (always for geometric orbifolds) the quotient 

of simply-connected manifolds by a properly discontinuous, but not necessarily fixed-point free, 

group action. This group, which is a discrete subgroup of the isometry group of the model space 

(Hn,En,sn) and is often denoted 1r~rb(O). Although this statement is false for cone manifolds in 

general, there is a related notion of holonomy for cone manifolds. 

DEFINITION. Let C be a hyperbolic cone manifold with cone locus I; and basepoint x 0 E C- E. 

Let a be a loop in C- I; based at x 0 transverse to the codimension-1 faces of the triangulation of 

C. Let ft, h, ... , fk be the successive faces of the triangulation intersected by a. For each fi, letT; 

be the top-dimensional simplex being entered by a at f; and let g; be the isometry ofHn that takes 

f; in T; to f; in T;-1· Then, the holonomy ofC is the representation TJ: 1r1(C- E)---+ lsom(Hn) 

that takes [a] to Pk o Pk-1 o · · · o P1· 

The holonomy of Euclidean and spherical cone manifolds is defined similarly. 

It is perhaps not immediately obvious that this is well-defined (i.e. that it TJ([a]) really only 

depends on the homotopy class of a) but this is forced by the fact that all edges not in I; have cone 

angle 21r and thus the holonomy around any nonsingular edge is trivial. Thus, we may homotope 

across any codimension-2 faces in the complement of I; without changing the homotopy. General 

position arguments then yield the invariance under any homotopy in C- E. 

It should be noted that if C is an orbifold, then the image of the holonomy will be discrete 

and will in fact be 7r~rb( C). This is, of course, not a faithful representation of 1r1 ( C- E) since, for 

example, 1r1 ( C- E) will in general be torsion-free, but 7rfrb( C) will have nontrivial torsion. The 



10 

holonomy of a cone manifold with nonempty cone locus is never a discrete, faithful representation 

since the holonomy around an edge with cone angle rationally related to 1r will fail to be faithful 

and the holonomy around an edge with cone angle irrationally related to 1r will fail to be discrete. 

Another useful differential-geometric notion which we may generalize is the notion of the 

injectivity radius. While we will not in fact need this notion in the present work, we will define 

it and make a few observations which do not seem to be present in the literature. As mentioned 

earlier, the two main advantages held by cone manifolds over their orbifold cousins are preservation 

under branched covers (which is the principal concern in the present work) and their deformability 

(for treatments of this aspect of cone manifolds, see [CS],[Hol],[Ho2], [L], [Thl], [Th2], [Grl]). 

The notion of injectivity radius is crucial in treating the deformation theory of cone manifolds. 

Following Hodgson [Ho2], we make the following 

DEFINITioN. The injectivity radius at a point x in a cone manifold M (denoted inj(x)) is 

sup{r- d(z, xo)IBr(xo) is a metric cone and x E Br(zo)} 

Another equivalent definition is the radius of the largest neighborhood of z which is contained 

in some metric cone (possibly centered at some other point). Note that this is not the radius of 

the largest metric cone centered at x. We will, however, have occasion to refer to this radius as 

well, so we will define it formally: 

DEFINITioN. The cone radius at a point x in a cone manifold M (denoted rad(x)) is 

sup{riBr(x) is a metric cone} 

Pictorial "definitions" of both of these radii are given in Figure 1.3 

The reason for preferring inj( x) to rad( x) as the definition of the injectivity radius is that 

rad is not continuous, as the following argument shows: consider a sequence of nonsingular points 

{zi} converging to a singular point x. Then rad(x;)-+ 0 "I rad(z). 

However, for inj(x) we have the following 
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Figure 1.3 

PROPOSITION 1.5. Let },[ be a cone manifold. Then, inj: A!-+ R+ is continuous. 

PROOF: Let x; -+ x. Let y be a point in M such that x E Br(Y) and Br(Y) IS a metric cone. 

Choose f > 0 and observe that for i sufficiently large, d(x, x;) < f and x; E Br(Y)- Thus, 

inj( x;) 2: inj( x) - t. Now, let f -+ 0 to obtain lim inf inj( x;) 2: inj( x). 

Now, let {x;} be a subsequence of our original sequence such that inj(xi) - R. We need 

to show that inj(x) 2: R. Choose f > 0. We will show that there exists a y E M such that 

BR-<+d(x,y)(Y) is a metric cone (and thus that inj(x) 2: R). Fori sufficiently large, we can insure 

that R- £/3 < inj(xi) < R+ </3 and d(x;,x) < f/3. Fix one such x;. Then, by the definition of 

inj, there exists y E Af such that BR_ 2,/3+d(x.,y)(Y) is a metric cone. Then, BR-<+d(x,y)(Y) is also 

a metric cone. 

Thus, liminfinj(x;) 2: inj(x) 2: limsupinj(x;), implying that inj is continuous. 1 

Let us conclude this chapter with some examples of cone manifolds in two and three dimen-

SlOBS. 

Example 1.6: There exists a Euclidean cone manifold structure on 52 with any number of 

cone points and any pattern of angles whatsoever as long as the total angle is 2( n - 2)7r where 

n is the number of cone points. To see this, consider an arbitrary polygonal path in E2 which 

takes turns of half the prescribed angles (measure the angles on the right side ofthe path). Adjust 

the lengths of the geodesic subpaths of this path so that it closes up. There will be an immersed 

polygon which is bounded by this path. Glue two copies of this complex together isometrically 

along the boundary to yield a topological 5 2 with a the desired cone metric (see Figure 1.4). This 
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Figure 1.6 

apex at the center of the cube, and then gluing these pyramids onto the faces of the other cube. 

The tesselation is then clear - take the usual tesselation of E3 by cubes, color them red and blue 

alternately, and dissect all the blue cubes, attaching the pyramids to the adjacent red cubes. Next, 

consider the Euclidean 3-manifold whose gluing diagram is given by Figure 1.7. In this diagram, 

we have stereographically projected the boundary of the rhombic dodecahedron to the plane (and 

then straightened the edges). Glue faces A- F to the corresponding A'- F' in such a way that 

edges with the same numbers are identified - all identifications are isometric since all faces of a 

rhombic dodecahedron are congruent). 

5 

Figure 1.7 

We assert that this manifold is the 3-fold cyclic branched cover of 53 branched over the 

figure-eight knot. To see this, observe that the edges labeled 3 and 6. together with an arc from 
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the vertex at the center of the diagram to the vertex at infinity (this arc is in the interior of 

the rhombic dodecahedron and is therefore not in the diagram in Figure 1.7) are identified into 

a closed loop. Furthermore, observe that rotation through 27r/3 about the arc gives a Z3 action 

on the manifold with fixed-point set equal to the loop just described (one needs merely to check 

that this rotation commutes with the identifications on the polyhedron). It should be observed 

that, due to the identifications on the polyhedron, this rotation is in fact the same as a rotation 

about edge 3 or edge 6 (which is as it should be since they are in the same component of the fixed 

point set as the axis of rotation). The quotient of the Euclidean manifold by this group action 

gives a Euclidean cone manifold (actually a Euclidean orbifold) whose fundamental domain and 

identifications are given, along with some fundamental group calculations, in Figure 1.8. 

Figure 1.8 

II = cone locus 

a= loop through A, 

back through A 1 • 

Similarly forb, c, d. 

11'1 (!If - cone locus) 

= (a,b,c,d: d-1b-1c, 

b- 1 aba- 1 c, a-1 d-1 c) 

To see that this manifold is topologically 5 3 and that the cone locus is the figure-eight knot. 

observe the topological realization of this diagram in Figure 1.9. 

Furthermore, this same fundamental domain can be used to construct hyperbolic cone metrics 

with any angle less than 27r /3 and spherical metrics with any angle greater than 27r /3 and less 

than 47r/3 (at 47r/3, the cone locus bumps into itself- see [Ho2]) 

We will describe in detail the process of constructing the hyperbolic cone manifolds - the 

spherical ones are analogous. We will use the notion of the holonomy of a cone manifold. \Ve need 



all identifications 
are on 8B3 . 

Heavy solid arcs are 
in the interior. c' 

Figure 1.9 

c' 

glue C, C' 
to yield 5 3 . 
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to concoct a representation of 11'1( 53 - J() (where J( is the figure-eight knot) into Isom(l-f3) in 

which the holonomy of each meridian is a rotation of a fixed angle(}< 211'/3. Recall that Isom(H 3 ) 

is naturally isomorphic to PSL 2 (C) and that the group in question is generated by two elements 

(referred to above as a and c). Let a= ei6/ 2 and 

Where, for definiteness, the sign is chosen so that Im (3 > 0. 

Then, define our representation by 

C ,..._.. ( c)~ 1 1 + a2
8
_1 ) 

0!2 2 0!2 

-(a2-1J(t.o-l) 0' - 1aL1)(8-1) 

A tedious but not difficult calculation verifies that the relation is indeed satisfied by these 

matrices and, since all meridians of the figure-eight knot are conjugates of a, they are all rotations 

by 8. 
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Now, to realize this geometrically by a polyhedron in H3 , one calculates the geodesics left 

invariant by a, b and d, chooses vertices on these geodesics and verifies that one indeed gets a 

legitimate polyhedron for some choice of vertices. In reality, the problem is simpler than that: 

one chooses a basepoint on the "a" geodesic and picks two other points on the figure-eight knot 

and all vertices of the alleged polyhedron are then "nailed down" by relations among the vertices 

(that is, all of the vertices are images of these 3 under various elements of the group). There 

are however, two possible problems with the polyhedron so obtained - Some of the faces might 

be oriented improperly and the quadrilateral faces might not be planar. The first problem only 

happens when the 3 base vertices on the figure-eight knot are chosen in the wrong order and is 

easily rectified. The second one is harder to do. In fact, having chosen one of the vertices, there 

is a unique choice for where to put the others to make the "A" and "B" faces planar (each planar 

quadrilateral corresponds to an equation in our 2 unknowns- the distances along the figure-eight 

knot from the base vertex to the other two). It should be noted that it is quite simple to calculate 

the total length of the figure-eight knot in this metric, namely, cosh -l (2 cos2 ()- cos() - 2). 

Example 1.9 S3 admits cone metrics with cone locus the Borromean rings with the following 

cone angles: 

0<0<11': 

() = 71': 

71' < () ~ 271': 

hyperbolic 

Euclidean 

spherical 

The polyhedron with 12 pentagonal faces in Figure 1.10 may be identified as shown to yield 

S 3 and the cone locus (the edges between two faces which are identified to each other) is the 

Borromean rings (also pictured). The pentagons are a bit difficult to pick out in the Euclidean 

case pictured because one of the angles is 71'. This fundamental domain is in fact combinatorially 

equivalent to a regular dodecahedron. 

All of the faces may be chosen to be congruent to each other and to be pentagons with four 

right angles and all sides congruent except the side opposite the "odd" angle. These may then be 
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z 

Figure 1.10 

glued to form a polyhedron in such a way that all the dihedral angles are also right angles except 

for the edges in the cone locus which will have a dihedral angle equal to the "odd" angle of the 

faces. Since each non-singular edge has three other edges identified to it by the gluing, they do 

get a total dihedral angle of 27T. The only obstruction to doing this construction consists in being 

able to build the faces in the various geometries. This corresponds to the indicated cone angle 

restrictions. 

In the orbifold case, there are many sources for good examples of these objects. See, for 

example, Dunbar ([Du]) who gives a complete census of all non-hyperbolic geometric orbifolds 

with underlying space homeomorphic to S3 . 
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Chapter 2 - Smoothing of Cone Manifolds 

In this chapter, we consider the problem of smoothing a cone manifold. That is, constructing 

a smooth Riemannian metric on the underlying manifold of a cone manifold which is in some sense 

"close" to the metric on the cone manifold. We will restrict ourselves to the 3-dimensional case. 

Our basic method will be to remove a metrically regular neighborhood of the cone locus (a disjoint 

collection handlebodies), and then construct a metric on this regular neighborhood such that the 

induced metric and second fundamental form on the boundary match. In fact, we will be able 

to match any number of derivatives of the metric on the two sides of the boundary to insure the 

existence of metric of any desired degree of smoothness. We will do this in such a way as to be 

able to retain tight bounds on the sectional curvature of the metric. 

We will restrict ourselves to the case in which the cone locus is a link. In this case, we may 

construct disjoint metrically regular neighborhoods (solid tori) of each component of the link (note 

that the uniform local finiteness condition rules out any tameness problems). In this solid torus, 

we will use Fermi coordinates, relative to which the metric which exists in the complement of the 

cone locus becomes ds2 = f 2 ( r )dt2 + dr2 + g2 ( r )dB2 , where 0 < r < r0 and 

f(r) ~ l cos(r), spherical; 

1, Euclidean; 

cosh(r), hyperbolic. 

g(r) ~ l * sin(r), spherical; 

*r, Euclidean; 

* sinh(r), hyperbolic. 

and r.p is the cone angle on the given component of the singular locus. 

Now, let us consider all metrics of the given rotationally symmetric form and decide when 

one of these metrics on I x ( D2 - {pt}) extends to a metric on I x D2 . Clearly, a necessary 

and sufficient condition is that when one pulls the metric back along the map from rectangular to 

cylindrical coordinates, the limit inner product as r _. 0 is nondegenerate and independent of B. 
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The pulled-back metric (still written in terms oft, r, and 0) is 

g2(r) g2(r) g2(r) 
ds 2 = (1+(-2--1) sin2 O)dx2 +(1+(-.,- -1) cos 2 O)dy2 +2 sin 0 cos 0(1--2-)dx dy+ f 2(r)dz 2 

r r- r 

Clearly, for this inner product to be nondegenerate and independent of 0 as r --+ 0 it is both 

necessary and sufficient that f(O) :/: 0, g(O) = 0, g'(O) = 1. In fact, it can be shown that if, in 

addition, all the even derivatives of g vanish at 0 (i.e., g admits a smooth extension to an odd 

function) then the resulting Riemannian metric is also smooth to some degree depending on the 

degree of smoothness of g. In particular, if g is coo, and odd and g'(O) = 1, then the Riemannian 

metric is also coo. 

Considering all Riemannian metrics of the given form (for any f, g), a straightforward but 

tedious calculation shows that the principal curvatures are _f;{;p, - g;'c~/, and - 1;(~)!(~) (for 

i'i!2 future reference, we note here that --ucrT is the curvature of the (r, 0) plane). Thus, we may insure 

negative sectional curvature by having f, g both increasing convex and we may insure positive 

sectional curvature by having f decreasing concave and g increasing concave (flatness is much 

more restrictive- f must be constant and g must be r). 

Note also that if we remove a solid torus which is metrically of the given form (with f, g, 0 < 

r < ro) and replace it with another solid torus of the given form (with j, g, 0 < r < r0 ) then the 

two may be patched together smoothly as long as f(r0 ),j(r0 ) and g(r0),g(r0) agree to whatever 

degree of smoothness is desired (i.e. the values and derivatives agree). 

Now, we have all the pieces in place for the following results: 

THEOREM 2.1. Let M be a spherical (resp. Euclidean) cone manifold with cone locus a link and 

all cone angles< 271". Then Af admits a smooth metric of positive (resp. nonnegative) sectional 

curvature. 

PROOF: We merely need to observe that in this case g may be chosen to be any smooth odd 

function such that g'(O) = 1, g at fo (which will be greater than r 0 ) matches g at r0 and g is 

increasing concave. Such a function exists because the derivative which it is supposed to match at 

fo is less than its derivative at 0. In fact, one can construct such a function quite explicitly with 

coo bump functions. 
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j is in fact much easier. Let a be any increasing convex coo function such that a( 0) = 0, 

a(fo) = r0 and a'(fo) = 1. Then, let j = f o a. Note that in the Euclidean case, j is in fact 

constant, and thus two of the three principal curvatures are zero (the one that is positive is the 

curvature of the (r, 0) plane) I 

THEOREM 2.2. Let M be a hyperbolic (resp. Euclidean) cone manifold with cone locus a link and 

all cone angles > 271'. Then M admits a smooth metric of negative (resp. nonpositive) sectional 

curvature. 

PROOF: The proof is similar to the preceding theorem. In this case, we must choose g to be 

increasing convex. Existence is guaranteed here by the fact that the derivative at the "match 

point" is greater than 1. j is chosen exactly the same as in the preceding theorem and one gets 

the same result that in the Euclidean case two of the three principal curvatures vanish (and again 

the one that does not vanish is the curvature of the (r, 0) plane). I 

For another example of this technique, see [Br] in which metrics of bounded Ricci curvature 

are constructed similarly. 

For convenience, we collect here some standard results which deduce topological information 

from the existence of metrics of bounded sectional curvature. 

THEOREM 2.3. Let M be a closed Riemannian 3-manifold. 

(i). If M admits a metric ofnonpositive sectional curvature, then M is irreducible and 

its universal cover is R3 . 

(ii). If M admits a metric of negative sectional curvature, then M is atoroidal (has no 

incompressible tori). 

(iii). If M admits a metric of positive sectional curvature, then 71' 1(M) is finite. 

PROOF: Part (i) is simply the Cartan-Hadamard theorem (see, for example [BC, Section 9.5]) 

that, in the absence of positive curvature, the exponential map of a simply-connected space is a 

diffeomorphism. Irreducibility follows from this, since ahy 2-spheres lift to the universal cover (R3 ) 

where they bound a 3-ball, which pushes down homeomorphically to a 3-ball in M 
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Part (ii) is a consequence of the Gauss equation for a codimension-1 hypersurface (see, for 

example, [BC, Section 10.5]): 

"( ) ~( ) II(u, u)II(v, v)- (II(u, v)) 2 

A u, v = A U, v + ( ) ( ) - (( ) )2 u,u v,v u,v 

where J( ( u, v) is the sectional curvature of the tangent plane spanned by the vectors u, v measured 

in the induced metric on the hypersurface, K(u,v) is the sectional curvature of the tangent plane 

spanned by u, v, measured in the metric of the ambient manifold, and II is the second fundamental 

form of the hypersurface. Suppose that M is a 3-manifold with negative sectional curvature which 

has an incompressible torus S. Then, Sis homotopic to a minimal torus S (see, for example, [SY]). 

For this minimal torus, the trace of the second fundamental form is 0, thus the second term in the 

Gauss equation is negative (choose u, v to diagonalize the second fundamental form- trace 0 forces 

II(u, u) = -II(v, v)). But, the first term is also negative since M has negative sectional curvature 

everywhere. Thus, the sectional curvature of the metric on S is negative everywhere. However, 

the Gauss-Bonnet theorem asserts that the sectional curvature integrates to 0 with respect to the 

induced area form. We will later refine this argument in the case of nonpositive curvature. 

Part (iii) is a consequence of Meyers' theorem on complete Riemannian manifolds with pos-

itive mean curvature (see, for example, [BC, Section 11.10]). I 

It should be noted that part (ii) rules out not only incompressible tori but also injectively 

immersed tori (that is, immersions of the torus into M which are injective at the fundamental 

group level) since the quoted minimal surface theorem of Schoen and Yau applies to them also. 
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Chapter 3 - Branched Covers and Cone Manifolds 

There is a strong relationship between cone manifolds on the one hand and branched covers 

on the other. Specifically, if p: M-+ N is a branched covering map, branched over L C N (to be 

defined presently), then any cone manifold structure on N with the cone locus contained in L lifts 

to a cone manifold structure on M with the cone locus contained in p- 1(L). 

Let us begin by defining and discussing the notion of a branched cover. Let N be a compact, 

orientable n-manifold and L a link in N with trivial normal bundle (that is, L is a codimension 

two submanifold homeomorphic to a disjoint union of spheres of the appropriate dimension). Let 

U be an open regular neighborhood of L in N. Then, aU is homeomorphic to a disjoint union of 

copies of sn-2 X S 1 . Let p : M -+ N- u be a finite-sheeted covering map. Then, the components 

of oM that cover the components of aU are also homeomorphic to sn-2 X S 1 . Furthermore, each 

of these components of oM has associated to it an integer invariant, called its branching index 

which is the degree of p restricted to that component. Now, let us glue copies of S'-2 x D 2 to 

each of these components of oM in the obvious (but not necessarily the only possible) way, that 

is, in such a way that the gluing reflects the product structure lifted from the components of aU. 

Then, we may extend p over this new manifold, M, by extending over each 2-disk slice uniformly, 

using the map <pm : D 2 -+ D 2 defined by z ~--+ zm in the unit disk in C. Here, m is the branching 

index of the component of oM whose corresponding filling we are extending over. Note that the 

resulting map is a covering map everywhere but on a link I< in M. Furthermore, the restriction of 

the map to K is a covering map to L (in fact, it is a homeomorphism for n > 3). Also note that, 

if J1- is a meridional curve for a component C of L (that is, a curve which is a generator for the 

kernel of 1r1(8U(C)) <----> 1r1(U(C)) where U(C) is the component of U containing C), then any lift 

of a power of J1- that lifts to a loop in M is some power of a meridional curve of some component 

of K. Motivated by this construction, we make the following 

DEFINITION. Let M, N be two n-manifolds and let L C N be a link. Then, a map p : M -+ N 

is said to be a branched covering map branched over L if pi(M- p- 1 L) -+ N- L is a finite-
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sheeted covering map and pj(p- 1(L))--+ Lis a finite-sheeted covering map and all lifts of powers 

of meridians of L that lift to loops are homotopically trivial. 

The connection between cone manifolds and branched coverings is made precise in the fol

lowing 

THEOREM 3.1. Let L C N be a link contained in an n-dimensional manifold whose components 

are L 1 , L 2 , ... Lq. Suppose N admits a cone manifold structure with cone locus contained in L 

and cone angle 8; at L; (some of the 8; may be 27r ). Let p : M --+ N be a branched covering map 

with p- 1 (L) = L whose components are L1 , L2 , .. . LP. Denote by mk the branching index of pat 

Lk and by n(k) the index of the component of L covered by the kth component of L. Then, M 

admits a cone manifold structure with cone locus contained in L and cone angle mk8n(k) 

PROOF: We are given a triangulation of N in which the singular components of L are in the 

codimension-2 skeleton. Subdivide this triangulation so that the same is true for the nonsingular 

components of L. Since each simplex is simply connected, each simplex in N - L lifts to d 

homeomorphic simplices in M- L, where dis the degree of pj(M - L). The same (but with a 

different degree) is true of each simplex in L. Thus, we get a triangulation of M with L contained 

in the codimension-2 skeleton. Now, add some geometric structure by declaring that each top

dimensional simplex of this triangulation is isometric to the simplex in N that its interior covers. 

The face-pairings are still isometric and uniform local finiteness still holds (since the covering map 

has finite degree), and so we obtain a cone manifold structure on M with cone locus contained in 

L. The cone angle computation is clear, since the angle at any Lk is the sum of the dihedral angles 

of all the simplices identified to a simplex of Lk, which is the product of the branching index at 

Lk and the cone angle at Ln(k) = 8n(k)· I 

We are principally interested in branched covers in the 3-dimensional case in which N = E?. 

The reason for this interest is that all closed orientable 3-manifolds are obtainable as branched 

covers over S3 . In fact, there are two essentially distinct results in this direction. The older of 

the two (1974- see [Ro],[Hi],[Mol]) asserts that every closed orientable 3-manifold is a branched 
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covering space over S3 with the degree of the covering being at most 3. In fact, more recently 

(1976, see [Mo2]) this was sharpened so that L may be taken to be a knot (that is, to have one 

component). In this setting, the branched covering is quite simple (the associated covering map is 

a 3-fold irregular covering) but one has no control whatever over what the knot might be. Thus, 

one has no way of using this result to concoct cone manifold structures on arbitrary manifolds. 

Another, more recent, result (1985, see [HLM]) is that there exist fixed knots and links 

(called universal knots and links) which have the property that every closed, orient able 3-manifold 

is a branched cover of S 3 , branched over the fixed link. For our purposes, this result is much more 

important, since, once we have concocted a cone manifold structure on SS with cone locus contained 

in the fixed link, Theorem 3.1 allows us to lift this structure to any closed, orientable 3-manifold 

(although, in general, the cone angles might be huge!). It should be noted that these universal 

knots and links are not as rare as one might think, judging from the recent date of their discovery. 

In their original paper, Hilden, Lozano and Montesinos showed that all hyperbolic 2-bridge links 

are universal (in fact, at this writing, no hyperbolic links are known to be not universal!). 

For the purposes of this thesis, it is particularly important to note that the figure-eight knot 

and the Borromean rings are both known to be universal. Thus, every closed, orientable 3-manifold 

admits all 3 types of cone manifold structures (with various cone angles). This will enable us to 

deduce topological information from the branching indices of a branched cover. For example, we 

have the following 

PROPOSITION 3.2. Let p : M __,. S 3 be a branched covering, branched over the figure-eight knot. 

Then, 

(i) If all branching indices are greater than 2, then M admits a metric of non positive 

sectional curvature and thus is irreducible and its universal cover is W. 

(ii) If all branching indices are greater than 3, then M admits a metric of negative 

sectional curvature and thus, in addition, is atoroidal. 

(iii) If all branching indices are less than 3, then M admits a metric of positive sectional 

curvature and thus has finite fundamental group. 
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PROOF: Use Theorems 2.1, 2.2, 2.3 and 3.1, together with the examples given earlier which show 

that S3 admits spherical, Euclidean, and hyperbolic cone manifold structures with cone locus the 

figure-eight knot and cone angles 1r, 271' /3, and 1r /2, respectively. I 

Similarly, we have 

PROPOSITION 3.3. Let p : M --+ S 3 be a branched covering, branched over the Borromean rings. 

Then, 

(i) If all branching indices are greater than 1, then M admits a metric of non positive 

sectional curvature and thus is irreducible and its universal cover of lf3. 

(ii) If all branching indices are greater than 2, then M admits a metric of negative 

sectional curvature and thus is atoroidal. 

Let us introduce some terminology that will be useful to us subsequently: 

DEFINITION. Let p : M --+ N be a branched covering over a cone manifold N branched over the 

cone locus of N. We say that M is sufficiently branched over N if the lifted cone metric on M 

has all angles> 271'. In particular, if N is an orbifold, M is sufficiently branched over N if all of 

the branching indices over a given component of the cone locus are greater than the order of the 

isotropy group of that component. 

Let us also introduce some terminology which will be useful in dealing with specific branched 

coverings. If p : M --+ N is a branched covering map, branched over L C N, then we say that piM

p- 1 (L) is the associated unbranched covering map top. We will frequently describe a branched 

covering map in terms of the monodromy of its associated unbranched cover. The monodromy of 

ad-sheeted covering map 'lj; : (M, xl)--+ (N, X!) is the homomorphism i.p: 11'1(N, xl)-;. sd defined 

as follows: let a be a loop in N based at x 1 and let x1, ... , x d be the d pre-images of the basepoint 

x1 of N. Then, t.p([a]) is the permutation that takes ito j where Xj is the terminal point of a path 

in M which is a lift ofa- 1 starting at x;. The subgroup of1r1(N,x 1) corresponding to 1r1(M,x1) 

is t.p- 1 (Stab(1)). This makes a 1-1 correspondence between connected based d-sheeted covers of N 

and homomorphisms from 1r1(N, xl) __.. Sd with image that acts transitively on {1, 2, ... , d}. 
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There is a curious and confusing aspect to this monodromy formulation of a covering map, 

as one would expect to lift a itself in defining <p((a]). But if one does that, the result is an anti

homomorphism instead of a homomorphism. Probably the best way to look at this is that the 

covering transformation associated to a is not the transformation that "translates along a" but 

rather the transformation that moves you back to the fundamental domain after you have travelled 

along a. At any rate, the reader should be warned to beware of this anti-isomorphism which can 

easily creep into covering and branched covering arguments and calculations. 
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Chapter 4 - Incompressible Surfaces in Cone Manifolds 

One of the most important characteristics of a 3-manifold (at least one with infinite funda

mental group) is the presence or absence of incompressible surfaces, that is, imbedded (usually 

two-sided) surfaces which are injective at the fundamental group level. Incompressible tori are 

particularly important in light of the following (see [JS] and [Jh] - we are not stating this result 

in its full generality) 

THEOREM 4.1. (Jaco/Shalen, Johansson) Let M be a closed, irreducible 3-manifold which admits 

an incompressible surface. Then there exists a two-sided, incompressible 2-manifold W, unique up 

to ambient isotopy, having the following properties: 

(i) the components of W are tori 

(ii) each component of M-ar is either Seifert-fibered or atoroidal (in the sense that 

any incompressible tori are boundary parallel- ar is an open regular neighborhood 

ofW) 

(iii) W is minimal with respect to inclusion among all two-sided 2-manifolds in M 

having properties (i) and (ii). 

This (and other stronger results) was proved simultaneously in 1979 by J aco and Shalen 

(jointly) and Johansson (independently). 

Seifert-fibered spaces will be discussed in much more detail later in this paper. For the 

moment, it will suffice to observe that all Seifert-fibered spaces admit a homogeneous geometric 

structure (see [Scl]) and all atoroidal manifolds with nonempty boundary admit hyperbolic struc

tures (see [Th2]). Thus, the presence or absence of incompressible tori is a key factor in Thurston's 

conjectured Geometrization Decomposition (again, see [Th2]). 

Failing the existence of incompressible surfaces, the next logical question is the existence of 

injectively immersed surfaces, which often lift to incompressible surfaces in some finite cover of the 

3-manifold. lnjectively immersed tori are again of particular importance in light of results like the 

following (see [Sc2]) 
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THEOREM 4.2. (Scott) Let M be an irreducible 3-manifold which has no incompressible surfaces, 

but does admit an injectively immersed torus which has no triple points. Then, M is Seifert-fibered. 

Let us therefore consider the question of existence of injectively immersed tori in cone man

ifolds. In the proof of Theorem 2.3, we gave a Gauss equation argument which stated that the 

sectional curvature of a minimal surface is less than or equal to the sectional curvature of the am

bient 3-manifold. We used this to deduce the nonexistence of incompressible tori in a 3-manifold 

of negative sectional curvature since the integral of the sectional curvature of a torus must be zero. 

We now extend this argument to a Euclidean cone manifold with all cone angles greater than 27r. 

For simplicity, we assume throughout this chapter that there are no vertices in the singular locus 

(this is the only case we will actually use subsequently) 

THEOREM 4.3. Let M be a 3-dimensional Euclidean cone manifold with cone locus a link and all 

cone angles > 27r. Let S be an injectively immersed torus in M (that is, an immersed torus which 

is injective at the fundamental group level). Then, Sis homotopic to a totally geodesic torus which 

does not intersect the cone locus of M transversely. 

PROOF: Smooth the cone manifold structure on M to a Riemannian metric ofnonpositive sectional 

curvature via Theorem 2.2. Recall that in the Euclidean case of that proposition, the resulting 

metric was flat everywhere but in a tubular neighborhood of the (former) cone locus and that two 

of the three principal directions have zero sectional curvature even inside this neighborhood. Note 

in particular that, inside this tubular neighborhood, any plane whose normal does not lie in the 

( r, 0) plane (Fermi coordinates) has negative sectional curvature. 

Now, let S be a minimal (with respect to the smoothed metric) torus homotopic to S. The 

Gauss equation argument used in the proof of Theorem 2.3 implies that this torus has non positive 

sectional curvature everywhere. The Gauss-Bonnet theorem then implies that it must have zero 

sectional curvature everywhere, and thus it must be totally geodesic (in the smoothed metric) and 

its tangent plane must never have negative sectional curvature when measured in the curvature 

of the ambient manifold (smoothed) metric (both terms in the Gauss equation must vanish since 
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both are nonpositive). The latter condition implies that either the torus is disjoint from the 

tubular neighborhood of the cone locus used in the smoothing process or that it only intersects 

the neighborhood in such a way that the normal stays in the (r, B) plane. In either case, it does 

not intersect the (former) cone locus transversely. 

Finally, note that the symmetry of the smoothed metric implies that if such a torus is totally 

geodesic with respect to the smoothed metric then it is also totally geodesic with respect to the 

original cone metric. I 

It should be noted that, although such a minimal torus might intersect the cone locus non

transversely, we have a rigidity at the point of such an intersection forced by the fact that the torus 

is totally geodesic in the smoothed metric. The minimal torus consists of planar sections glued 

with a crease at a component of the cone locus, but the symmetry of the smoothed metric forces 

the dihedral angle of this crease (measured on either side) to be half of the cone angle at that 

geodesic. Recall that when a geodesic encounters a component of the cone locus with cone angle 

> 211" there is a range of possible geodesic extensions. The same is true of totally geodesic planes 

which intersect nontransversely a component of the cone locus. The totally geodesic surfaces (in 

the cone metric) which are totally geodesic in the smoothed metric are those that, whenever the 

cone locus is encountered, continue in a direction that bisects the range of possible extensions. 

For notational convenience, let us make the following 

DEFINITION. a totally geodesic surface in a cone manifold is said to properly intersect the cone 

locus if it never intersects the cone locus transversely and at an intersection with the cone locus, 

the dihedral angles (of the surface with itself) on each side are eq(J.al (see Figure 4.1). 

Note that if a totally geodesic torus in a cone manifold properly intersects the cone locus, it 

is either disjoint from the cone locus or is cut up by the cone locus into annuli (since there are no 

vertices in the cone locus). 

Another way of viewing this situation is the following: let M be a Euclidean cone manifold 

with all cone angles > 211", and let M be its universal covering space, endowed with the lifted cone 
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Figure 4.1 

manifold structure (let p : 111 -+ !11 be the covering map). A totally geodesic torus S in M lifts 

to a totally geodesic plane S in Af which also contains any components of the cone locus that it 

intersects. 

Using this proposition, we will derive another somewhat more tractable condition for deter

mining whether or not a given Euclidean cone manifold with all cone angles > 27T contains any 

injectively immersed tori. To do this, we will observe that any injectively immersed minimal torus 

S lifts to a totally geodesic plane S in the universal cover of M (call it 111 and let p : !If _... M be 

the covering map) which also inherits a Euclidean cone manifold structure from M (M happens 

to be R3 , but we do not need this at present). 

Now, choose a point pin if which is on S but not 111 the cone locus of !If. Consider 

expP : R3 - Cp -+ !If where Cp is the union of a collection of generalized half-planes in R3 . More 

specifically, consider P = expp- 1 (S) in R3 . P n (R3 - Cp) must be either 

(a) all of P or 

(b) an infinite strip bounded by parallel lines in Cp. 

In case (b) it is also necessary that exPp(P) admit a continuation in A1 which properly intersects 

the cone locus (information about what happens ''beyond'' an intersection with the cone locus is 

not available in the domain of expp -it is necessary that, if one chooses another basepoint on the 

other side of the intersection that this piece is also of type (b)). 

Is this condition also sufficient? The answer, unfortunately, is no. It is also clearly necessary 

that expp(P) (extended if necessary) have compact image under p. Furthermore, the case where 
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there is no cone locus at all clearly shows that this compactness condition is not implied by the 

first condition (E3 itself contains no injectively immersed tori!). 

These two conditions together are sufficient. More precisely, 

THEOREM 4.4. Let M be a closed 3-dimensional Euclidean cone manifold with cone locus a link 

and all cone angles > 271" and let M be its universal cover (endowed with the lifted cone metric) 

with p : M--+ M the covering projection. If p E M, let Cp be the complement of the domain of 

expP. Then, M contains an injectively immersed torus if and only if there exists p E M and a 

2-plane P C R3 such that 

(i) expp(P) can be extended to a totally geodesic 2-plane S in M which properly 

intersects the cone locus of M and 

(ii) p(S) is compact. 

PROOF: Note that for (i) it is sufficient, but not necessary, that P n Cp = 0 

:::}: Suppose there exists an injectively immersed torus S in M. Using Theorem 4.3, we 

may assume that S is totally geodesic (with respect to the smoothed metric on M) and does not 

intersect the cone locus transversely. Lift S to S C }.f and let p be any point of S not contained 

in the cone locus of M. Then, P = expp- 1(S) is a plane satisfying (i) and (ii). 

{::: S = p(S) is clearly an immersed closed surface. Furthermore, the induced metric on 

S from the smoothed metric in M is flat. Thus, S must be a torus. It is injectively immersed, 

since it is totally geodesic in a metric of nonpositive sectional curvature (the Cartan-Hadamard 

theorem implies that homotopically trivial closed geodesics do not exist in manifolds of non positive 

sectional curvature). I 

As we will see subsequently, in the important special case of cone manifolds which come 

from sufficiently branched covers over compact Euclidean orbifolds, condition (ii) is easy to check. 

Furthermore, in these cone manifolds, for any particular point in M and plane P in R3 , condition 

(i) is fairly easy to check. Unfortunately, however, the·space of planes in R3 is 3-dimensional, and 

condition (ii) (which is the easiest to check a priori) only reduces the search space to a countably 
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infinite number of possibilities. We will give an algorithm for finding such tori, if they exist, but 

it does not terminate if none exist. We will, however, be able to reduce the space we must search 

using the following 

LEMMA 4.5. Let M,M,p, P be as in Theorem 4.4. Suppose that each segment in the boundary of 

Cp is parallel to one of a finite number of lines £1 , ... , f.k and that the cone locus of M is nonempty. 

If Pis a plane satisfying (i), then it contains the direction vector of a generating segment ofCp. 

PROOF: First, note that the existence of cone locus implies that the domain of expP for any p is 

not all of R3 (i.e., Cp =f:. 0). 

Thus, let P be a plane through the origin satisfying (i). Denote by v1 , ... , Vk the direction 

vectors of £1 , ... , f.k and suppose that P does not contain any of these. Let us define a piecewise 

continuous path 1 : R+ - Cp as follows: let 1(0) be any point on some generating segment So of 

Cp. Since P does not contain the direction vector of S0 , there is a well-defined direction in this 

segment in which the distance to P is decreasing. Let 1 proceed in this direction as long as .% is 

extendible (parameterized by arc length in R3 ). If So actually contains a ray in that direction, we 

have defined 1. Otherwise, let t0 be the upper bound of the domain of definition of 1 so far. If this 

segment ends, it does so because it passed behind (from the point of view of the origin) another 

generating segment S1 ofCp. Set !(to) to be the point on S1 that hides limt-to 1(t). Since P does 

not contain the direction vector of sl' there is a unique direction in sl in which the distance to 

P decreases. Extend 1 in this direction as far as S1 is extendible in that direction. Again, if S1 

contains a ray in that direction, we're done. Otherwise, let t 1 be the upper bound of the domain 

of definition of 1 so far. Continue in this way to define 1 on all of R+. Note that the fact that P 

satisfies (i) implies that 1 never intersects P. 

Now, let c5(t) =distance from 1(t) toP. As a result of the way we defined/, c5 is a piecewise 

linear (but not necessarily continuous) real function which is strictly decreasing on every interval on 

which it is continuous. Furthermore, each jump discontinuity is a decrease since the discontinuities 

of 1 move toward the origin which decreases the distance to P. Thus, c5 is a strictly decreasing 



33 

function. Furthermore, if we denote by 8; the angle between v; and P (0 < 8; < 1r), the derivative 

of 6 (where defined) is at most - sin(min(8i)). Thus, 6(t) $ 6(0)- t sin(min(8;)). In particular, 6 

cannot be everywhere positive. Thus we have a contradiction and P must contain one of the v;. I 

It should be noted that this technique can also be used to construct injectively immersed 

surfaces other than tori, although there is no guarantee of getting all of the homotopy classes in 

this case. One simply relaxes condition (i) to allow planes to also intersect the singular locus 

orthogonally. This allows totally geodesic cone submanifolds to be constructed. By the same 

reasoning as in Theorem 4.4, we conclude that these are injectively immersed. Note that if we 

allow surfaces to intersect the cone locus transversely but non-orthogonally, we introduce branch 

points into the picture, although the maps are still homotopically injective. The reason that we 

are not guaranteed to get all of the surfaces in this case is that there could be minimal surfaces of 

negative Euler characteristic that are not totally geodesic. 
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Chapter 5 - Seifert-Fibered Spaces in Cone Manifolds 

Another geometrically and topologically important category of manifolds is that ofthe Seifert

fibered spaces. There are many excellent expositions of this subject in the literature, and the reader 

is referred specifically to [Hel],[Ja), and [Scl) as well as the origin of this notion, Seifert's beautiful 

paper [Se). We will give a brief outline of the subject, generally following [Scl) as the approach 

there is quite directly related to some of the geometric notions we have already discussed. 

A Seifert-fibered space is a compact 3-manifold which admits a foliation by circles. This is 

not Seifert's original definition, but is the definition in current use and is equivalent to his definition 

in the orientable case (although this is not easy to prove). For the remainder of this discussion, we 

will assume that our Seifert-fibered spaces are orientable, since this is the only case we will need 

and it simplifies the discussion somewhat. Seifert's original definition involves a decomposition into 

fibers, each of which has a neighborhood homeomorphic under a fiber-preserving homeomorphism 

to a fibered solid torus, which is allowed to have an exceptional fiber around which the other fibers 

wrap as (p, q)-curves. Thus, not all the fibers are homotopic, but it can be easily seen that all fibers 

are homotopic to some power of a generic fiber. Furthermore, the subgroup of the fundamental 

group generated by a generic fiber is normal. It is also true that if the fundamental group is 

infinite, then this subgroup is infinite cyclic. 

Such a 3-manifold may be considered as a circle bundle over a 2-dimensional orbifold, where 

the exceptional fibers correspond to cone points of the orbifold. It should be noted that even 

though the Seifert-fibered space itself is orientable, the base orbifold need not be - the bundle 

may be twisted. Seifert-fibered spaces are completely classified by·the base orbifold together with 

a rational number which is the analogue of the Euler class of an ordinary fibration. The bundle 

admits a cross section if and only if this number vanishes. Just as in the ordinary fibration case, 

if the Seifert-fibered space has nonempty boundary the Euler class always vanishes. 

Every Seifert-fibered space admits a unique homogeneous (pointwise transitive isometry 

group) geometric structure modeled on one of the following six geometries: S3 ' S 2 X R, Nil, 
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E3 , SL2 (R), H2 x R (see [Scl]). Most ofthese geometries are quite familiar, but two of them (Nil 

and SL2 (R)) are not, so we will give a brief description of these two. 

Nil (also referred to as the Heisenberg group) is the three-dimensional Lie group of matrices 

of the form 

(
1 X y) 
0 1 z 

0 0 1 

with its unique left-invariant metric 

Its isometry group is 4-dimensional (each point has a distinguished plane which must be preserved) 

and Nil is homeomorphic to R3 . The principal sectional curvatures are { -3/4,1/4, 1/4} and the 

volume form with respect to these coordinates is dx dy dz. 

SL2 (R) is the universal cover of the three-dimensional Lie group SL2 (R) again equipped 

with its unique left-invariant metric. It is also homeomorphic to R3 and has a 4-dimensional 

isometry group. There are a number of ways to realize this group, most of which are fairly messy 

to do explicitly. One way is to observe that PSL2(R) is IsomH2 and may be identified with 

the unit tangent bundle of H2 . Fix a global trivialization of this bundle, i.e., a homeomorphism 

cp: 8 1 x R2 __. PSL2 (R), and use the group operation in PSL2 (R), conjugated by cp to give a group 

operation in 8 1 X R2 and then calculate the left-invariant metric on 8 1 X R2 with respect to this 

group operation and lift this metric to R3 . Another way, much more computationally tractable, is to 

observe that ip gives rise to another homeomorphism rp : 8 1 X R2 -> s L2 (R)' namely, the equivariant 

homeomorphism between the double covers of 8 1 x R2 and PSL2 (R) covering cp. Calculate the 

left-invariant metric on GL2(R) and pull it back to 8 1 X R2 via the composition of rp with the 

imbedding of SL2(R) into GL2(R). Lifting this metric to SL2(R) produces the same result, but 

without the necessity to actually construct the group operation in PS~(R) with respect to the 

8 1 X R2 coordinates. Using this method, we calculate the matrix form of the metric (relative to 
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( x, y, z) coordinates) as 

1 _£ ~ ) 

L:.. .:!+') ( .. ::::~~:::~, 
y y2 y2 

The principal sectional curvatures of this metric are { -3/2,-3/2, 1/2} and the volume form relative 

to these coordinates is dx dy dz /2y4 . 

Which geometry a given Seifert-fibered space admits is determined by the Euler class and 

the orbifold Euler characteristic of the base orbifold. This latter number is also rational and is 

given by 

1 
x 0 (S) = x(S)- ""'(1- -) LJ q; 

where x(S) denotes the Euler characteristic of the underlying manifold of the orbifold S and qi 

denotes the order of the isotropy group of the zth cone point of S. If the Euler class of a Seifert-

fibered space vanishes, then it admits one of the product geometries (fi2 x R, E3 , H2 x R). Otherwise, 

it admits one of the non-product geometries (S3 , Nil, SL2 (R)). If the orbifold Euler characteristic 

of the base orbifold is positive, it admits one of the spherical geometries (S3 ' S2 X R). If the orbifold 

Euler characteristic of the base orbifold is zero, it admits one of the ''flat" geometries (Nil, E3). 

Here ''flat" is in quotes because Nil is not flat. However, it has both positive and negative principal 

curvatures (1/4, 1/4, and - 3/4) so in a sense it is flat "on the average." If the orbifold Euler 

characteristic is negative, it admits one of the "negatively curved" geometries (SL2 (R), H2 x R). 

Again, SL2 (R) is not negatively curved, but it clearly has intimate connections with a negatively 

curved geometry (H2). Again, the reader is referred to [Scl] for more details. 

Now we consider the question of which geometries can be present for submanifolds of a 

Euclidean cone manifold with all cone angles greater than 271'. 

PROPOSITION 5.1. Let M be a closed Euclidean cone manifold with nonempty cone locus and all 

cone angles greater than 271'. If M is Seifert-fibered, then it admits a geometry modeled on either 

Nil, SL2(R), or H2 x R. 

PROOF: The two spherical geometries can be readily ruled out by Theorem 2.3, since the universal 

cover of any manifolds admitting the spherical geometries is not R3 . It merely remains to rule out 
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the possibility that a Euclidean manifold could also admit a Euclidean cone manifold structure 

with cone angles greater than 211". 

The first observation we will use is the fact that any closed Euclidean manifold is finitely 

covered by the 3-torus. This is a consequence of the Bieberbach theorem which states that any 

discrete subgroup of lsom(E3 ) has a free abelian finite-index subgroup which is either a subgroup 

of translations or an infinite cyclic subgroup generated by a screw-motion. Since M is compact, the 

cover corresponding to this subgroup is compact and hence there must be 3 linearly independent 

translations which generate the subgroup and thus the cover must be the 3-torus. Thus, it suffices 

to prove that the 3-torus does not admit a Euclidean cone metric with cone angles greater than 

211" (since any cone metric on another closed Euclidean manifold would lift to one on the 3-torus). 

The next observation we will need is the fact that for any 1 E Z EB Z EB Z = 1r1(M), there 

exists an incompressible torus T('Y) which cannot be homotoped off of any curve representing 'Y· 

Namely, let T(1) be the incompressible torus in the homology class dual to the cohomology class 

given by algebraic intersection with 1 (since 1r1(M) is abelian, we lose no information in passing 

to homology). 

Now, suppose that M admits a Euclidean cone manifold structure with cone angles > 211". 

Then, M admits a smooth Riemannian metric with nonpositive sectional curvature such that any 

plane transverse to a finite collection of geodesics has negative sectional curvature. Let 1 be the 

homotopy class of one of those geodesics. Let S be a minimal (relative to this smooth metric) 

torus homotopic to T('Y). Then, S must intersect the geodesic transversely, and thus must locally 

inherit a metric of negative sectional curvature in a neighborhood of that intersection. But S must 

be flat (see Theorem 4.3). I 

Next, we will consider the question of which geometries can arise from Seifert-fibered pieces of 

a Euclidean cone manifold with all cone angles greater than 211" which are cut off by incompressible 

tori. 

PROPOSITION 5.2. Let M be a Euclidean cone manifold with all cone angles greater than 211". 

Let N be a codimension-0 submanifold whose boundary consists of totally geodesic tori properly 



intersecting the cone locus of M. Suppose N is Seifert-fibered. Then 

(i) if N is disjoint from the cone locus of M then N has E3 geometry. 

(ii) if N intersects the cone locus of M, then N has H2 x R geometry. 
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PROOF: First of all, we again rule out the spherical geometries just as in Proposition 5.1. Then, 

we rule out Nil and SL2 (R) geometries because aN =f 0- recall that Nil and SL2 (R) need the euler 

class of the orbifold fiber bundle to be nonzero and that this never happens when the boundary is 

nonempty. 

Now, suppose that N is disjoint from the cone locus of M. Clearly N has E3 geometry since 

it admits a flat metric with respect to which it has totally geodesic boundary. 

Next, suppose that N intersects the cone locus of M. We need only to rule out the possibility 

that N has E3 geometry to prove the proposition. Suppose that it did have E3 geometry. Then, 

its double would be a closed Euclidean manifold which also admits a Euclidean cone manifold 

structure with nonempty cone locus and all cone angles greater than 21r, contradicting Proposition 

5.1 (note that the cone angles of the double are the same as the cone angles of M because the 

torus boundary is assumed to properly intersect the cone locus of M). I 

We will conclude this chapter with three more propositions which clarify which of the geome

tries can occur under various cone angle/curvature combinations. 

First, an easily deducible corollary from our previous results: 

PROPOSITION 5.3. Let M be a spherical cone manifold with all cone angles less than 21r. If M is 

Seifert-tibered, then it must have S3 geometry. 

PROOF: By Theorem 2.1, M admits a metric of positive sectional curvature and thus (Theorem 

2.3) has finite fundamental group. In particular, its universal cover is compact. But the only 

homogeneous geometry with a compact model space is S3 . 1 

For our final two results of this chapter, we will need some new machinery. The first notion 

we will need is the concept of the word metric of a group. 
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DEFINITION. Let G be a group and S = {g;} be a generating set for G (not necessarily finite). 

Then, we may define a metric on G by setting d(x, y) = the minimum length of a word in the 

generators ofG and their inverses which represents :r'J[" 1 . This metric is called the word metric on 

G with respect to S. 

Clearly, the actual distances in the word metric depend strongly on the choice of the gener

ating set S. However, there are certain properties which the word metric has which are invariant 

under change of generating set. The most important for our purposes here is the growth rate of 

the metric. 

DEFINITION. Let G be a group, S a finite generating set for G and d the word metric on G relative 

to S. Let n(r) be the number of elements ;r E G such that d(x, 1) :5 r. Then, if there exists a 

polynomial p(r) such that n(r) :5 p(r), then G is said to have polynomial growth. Otherwise, G is 

said to have exponential growth. 

It is not immediately obvious (although it is not hard to prove directly) that this definition 

is independent of the choice of the generating setS. Perhaps the best way to see this, though, is in 

terms of a much deeper and more general result concerning geometric actions of groups on metric 

spaces (for another striking application of this type of argument, see [Gr2]). We will develop 

enough of this machinery to state the result which we will need, which is due to J. W. Cannon 

(see [Ca]). We will be essentially following his development. 

DEFINITION. Let G be a group and M a metric space with metric induced from path length such 

that closed metric balls in M are compact. Suppose we have a homomorphism r.p: G-+ Isom(M). 

Then, we will say that G acts geometrically on M if 

(i) whenever K C M is compact, {g E Gl0 =f. K n(r.p(g))K} is finite. 

(ii) the orbit space M/G is compact. 

Given any finitely generated group G, it is easy to construct a space M on which G acts 

geometrically. In fact, such a space can be constructed from any generating set S by simply 
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building the Cayley graph corresponding to the generating set and declaring that all edges are 

isometric to the unit interval. Furthermore, this path metric gives the word metric on the group 

when restricted to the vertices of the Cayley graph. 

It is natural to ask how two spaces must be related if they are acted on geometrically by the 

same group G. For the answer, we need the notion of a quasi-isometry. 

DEFINITION. Two metric spaces X and Y are said to be quasi-isometric if there exists relations 

(set-valued functions) R: X-+ Y and S: Y-+ X which are everywhere defined (i.e., R(x) # 0 for 

any x EX) such that for some constants K1, I<2, L1, L2, M we have 

diamR(A) ~ I<1 diamA + L1 

diamS(B) ~ K2 diamB + L2 

diamS(R(x)) ~ M 

diamR(S(y)) ~ M 

for all x EX 

for ally E Y 

for all A C X 

for all B C Y 

If these hold, we say that (R, S) is a (K1 , K 2, L 1 , L 2, M)-quasi-isometry between X andY. 

Then, we have the following 

THEOREM 5.4. (Cannon) ifG acts geometrically on X andY, then X andY are quasi-isometric. 

PROOF: First, we claim that there exists a connected bounded open set Uo whose G-translates 

cover X. This is true since X/G inherits a natural metric from X and is compact, hence bounded 

in this metric. Let x E X be arbitrary and Uo = B2 ctiamx;a(x). This is clearly a connected 

(since X is a path space) bounded open set and its translates cover X since for any y E X, 

there exist 91 , 92 E G such that d(91 x, 92Y) ~ diam X/ G and thus since G acts isometrically, 

d(92 191x, y) ~ diamX/G and thus y E 92 191 U0 . Similarly, there exists a connected bounded 

open set V0 whose G-translates cover Y. 

Fix f > 0 and let U, V be the f neighborhoods of U0 , Vo respectively. Define R: X-+ Y and 

S: Y-+ X by 

R(x) = {9YI9 E G,x E 9U,y E V} 

S(y) = {9xj9 E G, y E 9V, x E U} 
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R, S are clearly everywhere defined. We will show that (R,S) is a quasi-isometry between X 

andY. 

Let H1 = {g E GjgU n U #0} and H 2 = {g E GjgV n V #0}. Both of these are finite sets. 

Let a 1 = diamUueH, gV and a2 = diamUueH, gU. Then, let 

K; =a; 
f 

L; =a; 

(i=1,2) 

(i=1,2) 

We claim that (R,S) is a (J<1 ,I<2,L1 ,L2,M)-quasi-isometry between X andY. Since these 

definitions are all clearly symmetric, we need only show that two of the four conditions are satisfied. 

Let x EX. Then, S(R(x)) = {zjg,h E G,x E gU,gVnhV =f0,z E hU}. Let z E S(R(x)) 

and let x' = g- 1x,z' = h- 1z with x',z' E U and gV n hV =f 0 (note that this implies that 

So that diamS(R(x))::; M. 

Let x, y EX. Since the metric on X is induced by path length, there is a path P from x toy 

with length less than d( x, y) +f. This path may be partitioned into subpaths P 1 , ... , Pk, of length 

less than f where d(x,y)jf < k::; 1 + d(x,y)jf. Then, 

k 

d(x, y)::; L length P; < kf::; d(x, y) + f 
i=l 

let x = xo, x 1 , ... , Xk = y be the endpoints of the P;. Let g0 , g1 , ... , Uk be elements of G such that 

x; E g;Uo. Since each P; has length less than f, we have P; C g;U n g;_ 1U. 

Then, if x' E R(x), y' E R(y), choose x~ E R(xi). Note that x~-l and xi are both in R(g;U) 

which has diameter at most a 1 . Thus, d(xi_ 1 ,xi) < a 1 and hence 

d(x', y')::; ka1 

< at(1 + d(x, y)) 
- f 

al = -d(x, y) + a1 
f 
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Since x,y were arbitrary and x',y' were arbitrary in R(x),R(y) we have exhibited a quasi-

isometry between X and Y. I 

DEFINITION. Let G be a group acting geometrically on a space X. We say that X admits a 

G-invariant volume function if there is a function volx which assigns to each compact set A a 

nonnegative number volx(A) in such a way that volx(AU B) = volx(A) + volx(B)- volx(A n B) 

and volx(gA) = volx(A) for all g E G. We say that X has polynomial ball growth (with respect 

to volx) if there exists a polynomial p( r) such that vol( Br ( x)) :5 p( r) for all x E X, r 2: 0. 

PROPOSITION 5.5. Let G act geometrically on X, Y and let X, Y have G-invariant volume func-

tions volx and voly, respectively. Then, X has polynomial ball growth if and only if Y has 

polynomial ball growth. 

PROOF: Let U, V be bounded, open sets whose G-translates cover X, Y respectively. Let A be a 

compact subset of X. Denote by nx(A) the number of g E G such that gUn A f. 0 and by mx(A) 

the number of g E G such that gU CA. Let ny(B) and my(B) be defined similarly for compact 

B C Y. Then, for any compact A C X, B C Y we have 

volx~~~;;(A) :5 volx(A) :5 volx(U)nx(A) 

voly~:~~~(B) :5 voly{B) :5 voly(V)ny(B) 

The right-hand inequalities are obvious and the left-hand inequalities follow from the fact that 

mx(A)/nx(U) is bounded above by the maximal number of disjoint gU that are contained in A 

(similarly for Y). 

Now, let R, S be the quasi-isometries defined in the proof above with constants !{1 , J(2 , L1 ,L2 , 

M and suppose that X has polynomial ball growth. Then, let y E Y, x E S(y), C = diam U. By 



the definitions of S, nx and mx, we have 

vol(Br(Y)) :S ny(Br(Y)) vol(V) 

:S nx(S(Br(Y))) vol(V) 

:S mx(B2K,r+L 2 +c(x)) vol(V) 

- nx(U) -
:S volx ( B 2K 2 r+£2 +C ( x)) vol( U) vol( V) 

:S p(2l{2r + L2 +C) nx(U) vol(V) 
vol(U) 

Thus, Y has polynomial growth, also. I 
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REMARK: The preceding proposition seems to underly much of the literature concerning growth 

of groups, but I have never seen it explicitly stated or proven. I make no claim of originality for it 

(although the proof is mine) but neither do I know to whom it should be attributed. 

CoROLLARY 5.6. Let G be a finitely generated group. Then the property of having polynomial 

or exponential growth is independent of the choice of generating set for the word metric of G. 

PROOF: Let sl and s2 be two generating sets for G. Let X; be the Cayley graph of G with 

respect to S;, endowed with the word metric. If A; C X; is compact, let volx, (A) be the number 

of vertices of X; in A;. 

Then, G has polynomial growth with respect to S1 if and only if X 1 has polynomial ball 

growth if and only if X 2 has polynomial ball growth (preceding proposition and Theorem 5.4) if 

and only if G has polynomial growth with respect to S 2 I 

CoROLLARY 5.7. Suppose G is a finitely generated group acting geometrically on a Lie group X. 

Then, G has polynomial growth if and only ifvol(Br(x))::; p(r) for.some polynomial p (the volume 

is measured by using the invariant volume form). 

PROOF: Apply Theorem 5.4 and Proposition 5.5 to X andY =the Cayley graph of G with respect 

to some generating set S with the G-invariant volume function defined in the preceding corollary. 

Then, G has polynomial growth if and only if Y has polynomial ball growth if and only if X has 

polynomial ball growth. I 
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PROPOSITION 5.8. Let M be a Euclidean cone manifold with all cone angles less than 271". Then, 

if M is Seifert-fibered, it must have sa, 5 2 X R, Nil, or Ea geometry. Furthermore, even if A1 is not 

Seifert-fibered, it is not hyperbolic. 

PROOF: The fundamental group of M must have polynomial growth since the volume of balls in 

the universal cover of M with the induced cone metric is bounded above by the volume of balls in 

Euclidean space and 7r1 (M) acts geometrically on this space by covering transformations. 

However, the volume of balls in Ha and H2 x R grow exponentially with the radius, so any 

3-manifold with either of these geometries must have exponential growth in its fundamental group. 

It is somewhat less obviously true that any SL2(R)-manifold must have exponential growth in its 

fundamental group also- there is no nice formula to help you out. However, one can make the 

following observation: the fundamental group of a closed, hyperbolic surface acts geometrically on 

H2 and on PSL2(R) = Isom(H2 ). Thus, H2 and PSL2(R) are quasi-isometric and thus the volume 

of balls in PSL 2 (R) grow exponentially with the radius. SL2 (R) is the universal cover of PSL2(R) 

and thus the balls in SL2 (R) grow at least as fast as the balls in PSL2(R). It does not follow 

from this that SL2 (R) and H2 are quasi-isometric. The reason for this situation is that PSL 2 (R) 

is homeomorphic to S 1 X R2 and the length of the S1 is uniformly bounded. So, the S 1 factor may 

effectively be ignored by a quasi-isometry by making the "L" terms sufficiently large. 

The other four geometries all have polynomial growth, so they cannot be ruled out for these 

cone manifolds. It is clear that the sa, S2 X R, and Ea geometries have polynomial growth (again, 

we have a straightforward formula bounding ball volume as a function of radius) but not so clear 

for Nil. We will make an explicit computation for Nil. 

First, we will try to get some idea of what the geodesics in Nil look like. If we solve the 

differential equation V' v V = 0 to find vector fields which integrate to geodesics, we find the 

following family of solutions (k, r > 0 are arbitrary, <pis an arbitrary angle): 

( Jr2 cos2 <p- k2x2- 2rkx sin <p, kx + rsin <p, kx 2 + rx sin <p + k) 

Integrating these vector fields, we see that there are really two separate cases (at least in this 

coordinatization): k = 0 and k =f. 0. In the k =f. 0 case, the number k may be taken to be 1 without 
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loss of generality. Then, integrating yields the following families of geodesic curves (parametrized 

by t, normalized to be at the origin at t = 0): 

. r2t 2 sin tp cos tp 
(rtcostp,rtsmtp, 2 ) 

and 

(r(sin(tp + t)- sin tp ), -r( cos( tp+t)- cos tp ), r2(t- (sin( tp+t)- sin tp )( cos(tp+t)- cos tp)- sin t) +t) 

In the first case, all the points lie on the surface 2z = xy and the distance to the indicated 

point along the geodesic is tr 

In the second case, we must evaluate the integral 

to Jo yl(x'(t))2 + (1 + x(t)2)(y'(t))2 + (z'(t))2- 2x(t)y'(t)z'(t) dt 

where x(t), y(t), z(t) are the coordinates of the curve given above. Fortunately, a miracle happens 

and the integral simplifies to t 0v'l + r2 (!) 

Next, note that we have the following relations among the ( x, y, z) coordinates and the ( r, tp, t) 

coordinates: 

xy- 2z = r2(sint- t)- 2t 

Thus, points (x, y, z) which are at a distance from the origin of at most R have 

and 

_ xy (R2 l)(t- sint). Z-T- t2- 2 +t 

_ xy (R2 2 )(t-sint) 
Z--- -t +t 

2 2t2 

R 
lzl :::; 2 + R2 M + R 

where M is the global maximum value of I t-;~ir t I· 
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Thus the ball of radius R in Nil is contained in a right circular cylinder of radius .J<iR and 

height R + 2R2 M + 2R. Since the volume form of Nil in the indicated coordinates is dx dy dz, the 

volume of the ball of radius R about the origin is at most 1r( 4R3 M + 6R2) and thus any manifold 

modeled on Nil has a fundamental group of polynomial growth. I 

PROPOSITION 5.9. Let M be a hyperbolic cone manifold with all cone angles greater than 271". 

Then, M cannot be Seifert-fibered. 

PROOF: Since M admits a metric of negative sectional curvature (Theorem 2.2), 1r1 (M) has ex

ponential growth. As above, this rules out all the geometries except H2 x R and SL2 (R). In 

particular, either the base orbifold is not simply connected or it has at least 3 cone points. A 

standard result in the theory of Seifert-fibered spaces (see [Scl]) is that a solid torus can only be 

fibered in such a way as to have at most one exceptional fiber. Thus, we can always construct a 

(possibly immersed) loop in the base orbifold whose saturation in M (the collection of fibers over 

the loop) is a torus which is either imbedded and does not bound a solid torus (and so must be 

incompressible) or is immersed, but lifts to a finite-sheeted covering space to be an incompressible 

torus (see Figure 5.1). In either case, we have an injectively immersed torus in M, contradicting 

Theorem 2.3. I 

Figure 5.1 
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Chapter 6 - Applications of Cone Manifold Theory to 

Branched Covers 

Now, let us apply the results of the previous two chapters to the important special case of 

a branched cover over an orbifold. We have already discussed some of the ramifications here in 

our discussion of the connection between branched covers and cone manifolds (see Propositions 

3.2 and 3.3) We will now give similar interpretations of Propositions 5.1, 5.2, and 5.8 in terms of 

branched covers over the figure-eight knot and the Borromean rings. 

PROPOSITION 6.1. Let M be a branched cover of sa, branched over the figure-eight knot. 

(i) if all branching indices are 1, 2 or 3 then M is not hyperbolic, and if M is Seifert

fibered, it must have sa, S2 X R, Nil or Ea geometry. 

(ii) if all branching indices are 3 or greater but not all equal to 3 and M is Seifert

fibered, it must have Nil, SL2 (R), or H2 x R geometry. 

(iii) if all branching indices are 3 or greater then any proper Seifert-fibered submani

folds of M must have Ea or H2 x R geometry as they are disjoint from or contain, 

respectively, some component of the branching locus with branching index> 3. 

PROOF: Follows from Propositions 5.1, 5.2, and 5.8, using the Euclidean cone manifold structure 

on sa with cone locus the figure-eight knot and cone angle 27r/3. Recall that the cone angles of 

the lifted cone metric on the branched cover are less than, greater than, or equal to 21r as the 

branching indices are less than, greater than, or equal to 3, respectively. 1 

PROPOSITION 6.2. Let M be a branched cover of sa, branched over the Borromean rings. 

(i) if all branching indices are 1 or 2, then M is not hyperbolic and if M is Seifert

fibered, it must have sa' S2 X R, Nil or Ea geometry. 

(ii) if all branching indices are 2 or greater but not all equal to 2 and M is Seifert

fibered, it must have Nil, SL2 (R), or H2 x R geometry. 

(iii) if all branching indices are 2 or greater then any proper Seifert-fibered submani

folds of M must have Ea or H2 x R geometry as they are disjoint from or contain, 

respectively, some component of the branching locus with branching index > 2. 
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PROOF: Follows from Propositions 5.1, 5.2, and 5.8, using the Euclidean cone manifold structure 

on S3 with cone locus the Borromean rings and cone angle 1r. I 

One may readily see from this that of all the four cases in which we obtain sign bounds on the 

sectional curvature (low branching indices over spherical, low indices over Euclidean, high indices 

over Euclidean, and high indices over hyperbolic) that the most varied and subtle behavior arises in 

the Euclidean case. This is not to say that the hyperbolic or spherical cases are uninteresting. On 

the contrary, the geometric behavior in these two cases form some of the most difficult problems 

in 3-dimensional topology. However, the techniques developed in this paper are more applicable 

to the Euclidean case (for example, neither the hyperbolic nor the spherical case admits any 

injectively immersed tori). For the remainder of this chapter, we will concentrate our attention on 

the Euclidean case and on one particular problem in the Euclidean case: the problem of finding 

injectively immersed tori in sufficiently branched covers over compact Euclidean orbifolds. We will 

return to consideration of some of these other questions in the final chapter. 

Let us fix some notation: let 0 be a compact Euclidean orbifold with cone locus a link 

E and 'lj! : M -+ 0 a branched covering map of degree d, branched over a subset of E with 

monodromy r.p : 7r 1(0- E) -+ Sd (we will write all permutations as acting on the right). Let 

7J: 11"1(0- E)-+ Isom(E3 ) be the holonomy representation for 0. Let p: M-+ M be the universal 

covering map over M. Let v1 , v2 , v3 be three vectors that generate the translation subgroup lattice 

of the image of 7J ( 7r?rb( 0) ). Let ]{ be a polyhedral fundamental domain for 0 in which all the edges 

corresponding to the cone locus have the property that the faces of which they are the intersection 

are identified by the holonomy around that edge (Dirichlet domains are almost always of this form 

- the only time they are not is when the base point admits two shortest paths to a component 

of the singular locus, and a slight movement of the base point will fix this). For p E M, we will 

assume that the domain is coordinatized in such a way that the differential of 'lj! o p o expP : R3 -+ f{ 

at the origin is the identity. 

Recall that there are two considerations in finding injectively immersed tori in a Euclidean 

cone manifold with all cone angles greater than 271": compactness and proper intersection with the 

cone locus. Let us take up compactness first: 
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PROPOSITION 6.3. Let p EM, P a plane through the origin in R3 . Then, p(expp(P)) is compact 

if and only if P admits a normal vector with rational coordinates relative to the basis { v 1, v2, v3}. 

PROOF: As previously noted, all discrete subgroups of Isom(E3 ) with compact quotient contain a 

finite-index normal subgroup consisting entirely of translations. Thus, the subgroup generated by 

translations in the v1 , v2 , v3 directions is a finite-index normal subgroup of 7r~rb( 0) which represents 

the 3-torus as a branched cover of 0. Let us denote the 3-torus by Q, the branched covering map 

by~: Q-.. 0 and the universal covering map of Q by (: R3 -.. Q. 

Since branched covering maps are proper, we have p(expp(P)) is compact if and only if 

~- 1 ( 1/;(p( expp ( P)))) is compact. But this latter set is the image under ( of a finite number of 

planes in R3 (take a small patch in P, map it to 0, lift it to all possible basepoints in Q, lift each 

patch to R3 , then extend each patch to a plane). A plane in R3 clearly has compact image in Q 

if and only if it admits a rational normal relative to the basis { v 1 , v2 , v3 }. Further, if one of these 

planes has a rational normal then they all do, since they differ from each other by the action of 

coset representatives of ~rb(O) by 1r1(Q) and 1r1(Q) is normal in 7r~rb(O) I 

The other consideration in finding these injectively immersed tori, proper intersection with 

the cone locus, is considerably more subtle. we will give two formulations of a solution to this 

problem, one in terms of a group action on the set of planes intersecting I< (which is a polyhedron 

in RP3 ) and another in terms of an explicit algorithm for finding such tori when they exist. This 

algorithm is, unfortunately, nonterminating. That is, it has no way of detecting when a branched 

cover is atoroidal. 

We will describe the group-theoretic formulation first. Let us fix some more notation. Let 

{II, ... ,f n ,ff, ... ,f~} be the faces of I< (where /; is glued to fi) and { e1, ... , em} be the edges 

of I< with dihedral angles B( ei). Denote by e; the edge class (equivalence class under the gluing) 

of e; and let B(e;) = I:eiEe; B(ej)· Assume that the edges are coherently oriented with respect to 

the gluing equivalence relation and that the e1 through ep correspond to edge classes in E. Let 

f< denote I< with the edges e1 through ep deleted (the faces incident on these edges are no longer 

closed polygons, etc.). Fix a basepoint for 1r1(0- E) in the interior of K. Let J..L{fi)-.. 1r1(0- E) 
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be the map taking a face /; to the homotopy class of a loop that leaves I< by way of/; and returns 

by way of If Note that TJ(J.t(/i)) is an isometry of E3 taking/; to ff and that J.t(/f) = J.t(f;)- 1 . Let 

e(e1)-+ 1r1(0-E) be the map that takes an edge to its meridian (well-defined since we oriented the 

edges). Note that e(e;) is nontrivial if and only if i ~ p. In fact, the words in the/; corresponding 

to the edges e; for i > p are a set of relations for a presentation of 11'1 ( 0 - E) with generators 

J.t(/i). Note that the genericity condition on I< ensures that each e(es) is in fact one of the J.t(/j). 

Let ,.(e;,j) be the size of the orbit of <p({(e;)) containingj. Let P = {planes intersecting k}. 

We wish to define a group action on the set of all possible lifts of planes in P (that is, { 1 ,~.~d}}) 

such that the orbit of any P x j is the set of all intersections of lifts of I< with the totally geodesic 

surface constructed by extending P X j in all directions. 

We will do this as follows: define an action of 1r1(0- E) on P as follows: let S E P. If 

(/; u /l) n S # 0, then J.t(/;)(S) = TJ(J.t(/;))(S). Otherwise, J.t(/;)(S) = S. Since {J.t(.fi)} generates 

11'1 ( 0- E), this defines an action of 11'1 ( 0- E) on P (relations are readily verified). We can extend 

this to an action of 11'1(0- E) on P x {1, ... d} by "twisting by the monodromy." However, we wish 

to do this only when the earlier action is nontrivial. That is, J.t(/;)(S x j) = (J.t(fi)(S) x j<p(J.t(/l)) 

when S n (!, U /[) is nonempty (note carefully that in this expression one fi is primed and one 

is not - this is a result of the anti-isomorphism situation with monodromy mentioned earlier). 

Otherwise, J.t(/i)(S x j) = S x j. 

For each of thee, (i = 1, ... ,p) edges of I<, we can define an involution Ti on P x {1, ... , d} 

as follows: If S does not contain e, let r;(S x j) = S x j. Otherwise, if ,.(e;,j) is even, Ti(S x j) = 

Sx j<p({( ei))-~<(e;,j)/2 • If,.( e;' j) is odd, T;(S xj) = ( TJ({( e;))±li2 (S)) Xj<p(e( e; n-(l<(e; ,j)::fl)/ 2 where 

the sign is chosen to be the unique sign that makes the plane intersect I<. Now we have defined 

an action of G = 1r1(0- E)* (Z2)P (exponent represents repeated free product) on P x {1, ... , d} 

which completely encodes the totally geodesic surfaces in M. That is, if we start with a local 

planar patch S in one of the d fundamental domains of M, then the totally geodesic extension of 

S consists of the orbit of S under G. This will be an immersion if and only if none of the planar 

patches in the orbit of S under G intersect the singular locus of M transversely. Thus, if we let 
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B C P x {1, ... , d} be those planar patches which do intersect the singular locus transversely, then 

M is a toroidal if and only if the orbit of B under G is all of P x { 1, ... , d}. 

We will now describe an algorithm for finding injectively immersed tori in a sufficiently 

branched cover over a Euclidean orbifold. After the algorithm is described, we will give the 

justification for certain finiteness assertions made in the description. 

Let u1, ... , Um be the direction vectors for the lines in the branching locus of E:3 (as a 

branched cover of 0). For each Ui, let w;; be the Ph vector in an enumeration of the vectors 

with relatively prime integer coordinates (relative to Vt, v2, va) perpendicular to u;. Such an 

enumeration may be constructed, for example, by picking two vectors which generate the integer 

lattice of the perpendicular subspace to Ui, enumerating them in a spiral fashion and throwing 

away those that are multiples of a vector previously enumerated. Given a plane P in E3 , let us 

say that its combinatorial type is the set of maximal sets of vertices of K which are all on the 

same side of P. The combinatorial type of a plane consists of between one and three subsets of 

the vertex set of K (one set if it misses K, two sets if it is tangent to K or intersects the interior 

of K but hits no vertices of K and three sets if it intersects the interior and the vertex set of K). 

For each Wij, let llij be a finite set of planes normal to Wij representing all of the (non-vacuous) 

combinatorial types of planes normal to Wij (the finiteness will be discussed later). 

Now, let us define an action of 1r~rb(O) * Z~ on P, the set of planes intersecting Jt. We will 

generate it by the canonical action of the 7r~rb(O) on such planes and the involutions Tk (one for 

each singular edge of K) defined as follows: If P does not contain ek, then Tk(P) = P. If P does 

contain ek, let i' be the angle it makes with the left face of ek (recall that our edges are oriented). 

Then, Tk(P) =the unique plane containing ek that makes an angle of i' + Ok/2 (mod Ok)· This 

group action is not really as complicated as it sounds. In particular, one may efficiently compute 

the closure of a set under this group action as follows: Keep an ordered list of planes in the closure 

so far. Walk through this list, and for each plane, compute its images under the 7r~rb(O) action 

for each face it intersects, and its images under the 7'k for each singular edge it intersects. If these 

are not already in the list, add them to the end. When the end of the list is reached, the closure 
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is calculated (assuming that it is, in fact, finite). Note: if a plane contains a singular edge, it is 

declared to not intersect the faces of that edge unless it also intersects a non-singular edge of that 

face (i.e. it contains the face). This was the reason behind defining the non-closed polyhedron Jt 

in our previous discussion. 

Next, note that we can extend this group action to an action of 7rt ( 0-E)* Z~ on P x { 1, ... d} 

as discussed earlier. Closures with respect to this action can also be rapidly computed. 

Let IT;j be the 7r~rb(O) * Z~-closure of II;j. fid is still a finite set of planes. Now, let 

B;j C fiij x { 1, ... , d} be the subset consisting of P x f where P intersects some singular edge ek 

transversely and the length of the cycle of If'(~( ek)) containing f is not equal to 27r /fh. Let B;j be 

the 1r1(0- E)* Z~-closure of B;j and see if there is anything in IT;j- B;j. If there is, we have 

found an injectively immersed torus. If not, we go on the the next (i,j) in our enumeration. 

We claim that this algorithm will eventually find an injectively immersed torus if one exists. 

The reasoning is as follows: Let S be an injectively immersed torus in 111. Using Theorem 4.4, 

we may assume without loss of generality that S is covered by a 2-plane S C M which properly 

intersects the cone locus of M. Let p be any point on S and let P = expp- 1 (S). Combining 

Lemma 4.5 with Proposition 6.3, we see that P admits a unit normal with integer coordinates 

relative to { v1 , v2 , v3 } and that Pis parallel to one of the singular lines in the tiling of E 3 by copies 

of I<. Furthermore, P may be freely replaced by a nearby parallel copy of itself as long as the 

combinatorial type of P (or some extension of P into some other fundamental domain) does not 

change. In particular, we can choose P (possibly changing the base point p also) to be one of the 

combinatorial type representatives enumerated in the algorithm, so that S (or a parallel copy of 

S) will be found by the algorithm. 

There are several claims of finiteness which were made at various points in the algorithm 

description. Most of these are fairly clear. The only one which might not be is the claim that 

llij is finite. This is because we are only considering planes which admit a rational normal in the 

v1 , v2, va coordinates and thus (Proposition 6.3) the plane in E3 covering these planar patches in 

0 has compact image in 0. In particular, its geodesic extension only intersects K finitely many 

times. 
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Having defined the algorithm now, it is clear that there are a number of improvements that 

one can make to enhance its efficiency. For example, if His the rotation quotient of 7r~rh(O) (that 

is, the quotient of 7r~rh(O) by its translation subgroup- a subgroup of S0(3)), one can calculate a 

fundamental domain in RP 2 for the action of H on RP 2 and only consider w;i which intersect that 

fundamental domain. One then needs to enlarge the definition of II;j to include all planes normal 

to some vector in the H -orbit of W;j. The improvement in efficiency comes because generically, 

most of these planes are in ll;j anyway and this insures that we only check them once. Another 

improvement can be made by combining the last two steps into one as follows: associate to each 

element of II;j d flags that indicate whether or not each of the d lifts of]{ into M is "permissible" 

for that plane (that is, whether or not that plane is in B;j ). Then, as the closure is calculated, 

this information can be propagated throughout ll;j. It will not in general be complete (one still 

needs to make a separate pass to calculate B;i) but judicious use of this data can greatly reduce 

the effort required in this final pass. 
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Chapter 7 - Examples 

We will conclude with a few examples of the application of these results to some specific 

branched covers of S3 , branched over a few special links (principally the figure-eight knot). 

First, let us note that there is a particular class of tori that we can always find (in "closed 

form") if they exist. Namely, those that are parallel to two of the "bad line" direction vectors. 

The reason that we are able to do this is that there are only a finite number of planes through 

the origin parallel to a pair of these lines and thus, we can, for a given orbifold 0, perform the 

preceding algorithm on just those planes and give a quick check which will determine presence 

or absence of these "doubly parallel" tori. If there are any tori at all, there tend to be "doubly 

parallel" tori, for the following reason: there exists a tubular neighborhood of the cone locus in a 

sufficiently branched cover M over a Euclidean orbifold 0 such that if any minimal torus intersects 

that neighborhood, it must be parallel to that line. 

To see this, we merely make the neighborhood small enough that there are no other singular 

lines of 0 in it. Recall that the only way that singular geodesics "disappear" from the viewpoint 

of an observer in a cone manifold is for it to pass behind another singular line. So, if a torus is 

in this neighborhood of a singular line, no other singular lines can possibly come between them, 

so the only way it can avoid a transverse intersection is to be parallel to it. Now, note that the 

only tori that can intersect the pairwise intersection of these neighborhoods of singular lines are 

the "doubly parallel" ones. 

Furthermore, there are cases in which these neighborhoods actually occupy quite a sizable 

portion of the cone manifold (consider the figure-eight knot and how large the neighborhood can 

be and what the intersections of two of them are). So, although finding that there are no doubly 

parallel tori is no guarantee of atoroidality, it is certainly a substantial first step. 

Let us give a "closed form" solution for the problem of finding all doubly parallel injectively 

immersed tori in a sufficiently branched cover over the figure-eight knot. For simplicity, we will 

restrict our attention to the tori that do not intersect the cone locus at all (the others are not hard 

to find, but the description of the condition is a bit messy). 
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Figure 7.1 

Let M be a d-sheeted branched cover over f:f3, branched over the figure-eight knot with 

monodromy <p : 1r1 (S3 - K) - Sd. There are ten combinatorially distinct ways that one of the 

six doubly parallel planes can intersect the fundamental domain (excluding the ones that contain 

a singular line). These are enumerated in Figure 7 .1. 

These ten fundamental regions glue together as described in Figure 7.1 to give two homo-

topically distinct four-punctured tori, T1 and T2 in S 3 - K. 

I} 
~ 

~~~~~~~~~~ 

* denotes a transverse intersection with the singular locus 
-x denotes face x with an opposite orientation 

Figure 7.2 

At this point, we are in a position to use the monodromy of the cover to compute whether or 
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not doubly parallel tori exist in a given sufficiently branched cover of the figure eight knot. Denote 

by fix(u) the fixed points of a permutation u. Then, let us first consider the problem of whether 

or not a given Ti lifts to a parallelogram patch that does not intersect the "bad" lines (we call this 

having an acceptablelift). Let us denote by :co the base point of S3 - K and by x0 , x1, ... x(d- 1) the 

various preimages of :co. Then, using Figures 7.1 and 7.2, we compute that T1 has an acceptable 

lift at Xi if and only if (again, writing permutation action on the right) 

i E F1 = /ix(<p(cf3))<p(c- 2 ) n fix(<p(cf3))<p(a- 1b- 1d- 1) 

n fix(<p(a3 ))<p(b-1c-1 ) n /ix(<p(a3 ))<p(b- 1d- 1) 

Similarly, T2 has an acceptable lift at Xi if and only if 

i E F2 = fix(<p(b3 ))<p(a- 1b) n fix(<p(b3 ))<p(abc) 

Now, the only remaining requirement is that a component of the preimage ofT; be con

structible from these acceptable lifts. Using Figure 7.2 again, we see that T1 has a preimage 

component that is a torus in M passing through Xi if and only if 

Similarly, T2 has a preimage component that is a torus in M passing through Xi if and only if 

Thus, we have 

PROPOSITION 7.1. If M is a branched cover of Sd, branched over the figure eight knot, with all 

branching indices ? 3, then M admits a doubly parallel injectivel;r immersed torus disjoint from 

the cone locus of Mifand only ifG1 UG2 =F 0 (G1 and G2 defined above in terms of the monodromy 

ofthe branched cover). 

We will conclude with two examples of covers to which this method is applicable, taken from 

the list (exhaustive up to degree ten) in [He]. Hempel's presentation of the figure eight knot group, 

( p, x, y: pxp-1 = xy-1 , /JY!J- 1 = y2x- 1 }, is quite similar to the one obtained in the first chapter, 
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the isomorphism being given by 

Ct-+X 

Our two examples are numbers 43 and 37 in [He2] which have branching indices (3,3,4) and (3,7) 

respectively. The monodromy homomorphisms are as follows (the group is generated by x and tt): 

IPl : x 1-+ (0 52 4 9 7)(1)(3)(6 8) ftt-+ (0 21)(3 4 7)(5 6 9 8) 

IP2 : x 1-+ (0 3 5 6)(1)(2 4 8 7)(9) ftt-+ (0 21)(3 7 58 49 6) 

Using our criteria, we compute that the first example has an doubly parallel injectively immersed 

torus which is made up of acceptable lifts of T1 at ;b and x9 , while the second has none. By 

doing a bit more work with Figure 7.2, one can show that the torus in the first example is actually 

a double cover of an imbedded, one-sided Klein bottle, so the manifold is Haken (irreducibility 

comes from Proposition 3.2). Hempel asserts that its fundamental group is isomorphic to that of 

the union of a trefoil complement and a twisted !-bundle over the Klein bottle glued along their 

boundary, thus (since Haken manifolds of the same homotopy type are homeomorphic [Wa]) this 

manifold is homeomorphic to the union of two Seifert-fibered spaces glued along an incompressible 

torus. The second is believed (but not asserted) to be hyperbolic. 

Two observations should be made about the first example. Since there is only one component 

of cone locus, our earlier results predicted that any nontrivial torus decomposition into Seifert-

fibered pieces would have to involve an E3 and a H2 x R piece (unless the split were along a torus 

containing the cone locus, in which case it would have to be two H2 x R pieces). This is clearly 

borne out in this example. Another observation is that this situation of a minimal torus being a 

double cover of an imbedded, one-sided Klein bottle and thus being homotopic to an imbedded 

torus that bounds a twisted !-bundle is, in some sense, to be expected. Scott shows ([Sc2]) that 

any imbedded incompressible surface is homotopic to a minimal surface which is either imbedded 

or is a double cover of an imbedded surface of which the original torus was the boundary of a 

regular neighborhood, which must therefore be a twisted !-bundle. 
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There are a number of directions in which this research may be continued. One of the most 

important is to study further the deformability of hyperbolic cone manifolds. For example, we 

have shown that all branched covers over the figure-eight knot with all branching indices at least 4 

admit metrics of negative curvature. It may in fact be possible to deform the complete hyperbolic 

metric on the complement of the branching locus (lifted from the hyperbolic metric on the figure

eight knot complement) to an incomplete metric on the same space whose metric completion is 

a smooth hyperbolic metric on the branched cover. It is beyond the scope of this chapter to 

discuss the obstructions to such a deformation, but it should be mentioned that only one known 

obstruction cannot at present be ruled out for all of these branched covers. If this obstruction could 

be ruled out, it would provide a proof of a special case of the longstanding differential geometry 

conjecture that all 3-manifolds admitting metrics of negative curvature are in fact hyperbolic. 

Another direction is the continued refinement of the torus location algorithm. In particular, 

it would be of considerable interest to be able to confirm the atoroidality of a given branched cover. 

One of the more interesting and promising approaches to this problem involves the use of fractals: 

the projection of the complement of the domain of the exponential map of a cone manifold to 

the sphere at infinity is the type of self-similar set to which fractal techniques have been fruitfully 

applied. 

Another potentially fruitful line of research is to consider minimal non-geodesic surfaces in 

E3 which have sufficient symmetry to admit an isometric quotient which is compact. This would 

enable one to find injectively immersed surfaces of higher genus in Euclidean cone manifolds with 

cone angles greater than 211" as well as injectively immersed surfaces of all genera in Euclidean cone 

manifolds with cone angles less than 211". 

The actual Seifert fibrations involved in these branched covers also remain somewhat myste

rious. While we have been able to in some cases identify which geometry is present, the fibrations 

themselves remain a relative enigma. The problem is that the fibration apparently has little to 
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do with the branched covering itself. In particular, the cone locus does not consist of fibers, since 

the complement of the cone locus is not Seifert-fibered (since no universal knot complements are 

Seifert-fibered). 

The use of cone manifolds in 3-dimensional topology is only in its infancy. It clearly shows 

some promise in solving some longstanding problems, but, perhaps more importantly, it opens up 

some tantalizing new problems which may in turn provide significant insight into the structure of 

3-manifolds. 
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