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ABSTRACT 

A variety of quantum mechanical methods have been developed and applied to 

the study of highly energized "pre-reactive" species involved in chemical reactions. 

We have examined the character of transition states for both unimolecular systems 

and bimolecular collisions. For unimolecular reactions, we have studied vibrational 

predissociation of hydrogen peroxide. The nodal lines of the predissociative resonance 

states are found to bend toward the dissociative side. This character should be 

largely responsible for the dissociation of the molecule. To compute the dissociation 

rates, we have combined the complex coordinate method and the Lanczos algorithm. 

The complex Lanczos recursion method is found to be insufficient to produce well 

converged resonance widths for this large system due to round-off errors. 

For bimolecular collisions, we have computed the absorption spectra of the tran

sition states of the reaction K+NaCl+hv---+KCl+Na*. The absorption probabilities 

show a strong dependence on laser frequency. This dependence is well explained by 

Franck-Condon calculations. By contrast, a linear curve crossing model is quantita

tively incorrect. After carefully examining the excited wave packet dynamics and the 

time evolution of the transition probabilities, we believe the excitation process is not 

localized to the crossings of the field-dressed potential curves. 

We have also studied the effects of overall molecular rotation on the vibrational 



dynamics and unimolecular reaction rates. For a simple collinear triatomic model, 

the dissociation rates are uniformly increased as a function of angular momentum J, 

generally in a manner close to J2. The reaction rates could be changed by a factor of 

three for some predissociative states, while remain almost unchanged for some other 

ones. The differences in the J-dependency correlate well with the existence of Fermi 

resonance conditions. The rotational effects are further investigated using a more 

realistic three dimensional model for HCN/HNC isomerization. We have developed a 

parameter dependent basis set for the study of this particular system. The importance 

of overall molecular rotation is confirmed in this study. However, the overall rotation 

is found to have non-uniform effects for different initial states. 
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Chapter 1 
Introduction 

Chemical reactions involving highly energized molecular systems have been the 

subject of numerous investigations. The huge variety and the fascinating nature of 

chemical changes of various species have attracted our attention, starting from nearly 

the very beginning of science. Besides their practical importance, these chemical 

processes always keep us wondering what factors are responsible for the reactions: 

what is behind the scene of these "magic" changes. The very early studies on chem

ical reactions largely concentrated on the formation of products and consumption 

of reagents. During the transformation from reactants to products, some transient 

species are formed in the middle of a chemical reaction. Unlike the reactants and 

products, the formation and characteristic of these transient species are the reflection 

of the intermediate region of the reaction. As experimental techniques advanced, 

we gradually made progress on the understanding of the intermediate regions, which 

potentially carry crucial information about chemical reactions. In crossed molecular 

beam experiments, the reactants could be prepared with different excitations for vi

brational, rotational and translational degrees of freedom, and the energy and spatial 

distributions of products could be carefully monitored. These studies have provided 

a large amount of valuable information about the nature of interaction in the inter

mediate region of a reactive process. For example, from the anisotropy of the angular 

distribution of products, it is possible to infer whether the reaction takes place by a 

"direct-mode" (subpicosecond interaction time) or a "long-lived" (several rotational 

periods) collision complex. Some of these studies have directly led to the computation 

of potential energy surfaces, which in turn enhanced our knowledge about chemical 

reactions. 

1 
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Nowadays the intermediate region is more commonly referred as transition state, 

and the importance of this intermediate state to a chemical reaction has been well 

understood. A complete understanding of these transition states have been the dream 

of chemists for a very long period of time. However, the traditional studies on either 

reactants or products can only provide indirect information about these transition 

states, and thus it is generally impossible to get a good understanding of the interme

diate regions of chemical reactions from these studies. A direct probe of the transition 

states is therefore required. On the other hand, the study of the transition states is 

very difficult since they are usually energized, active, unstable and short-lived. De

spite these difficulties, a large number of experimental studies have been performed 

in the past decade. The active research in this field is partly due to the fundamental 

importance of the subject and partly because of the rapid advancement of laser tech

nology. The experimental studies have been performed on both isolated molecules 

and bimolecular collisions. We will give a brief review on these experiments. 

Conceptually the simplest system of chemical interest is an isolated molecule which 

is highly excited and is free from collision. In these systems, the energy deposited 

into the molecule will eventually be transferred to the reaction coordinates via in

tramolecular energy transfer and induce chemical reaction such as dissociation or 

isomerization. The intermediate regions in these systems are the unbound states 

that possess high energy and have a wide-range distribution over the reaction coordi

nates. The experimental studies of isolated molecular systems are pioneered by Berry 

and coworkers.l-3 In their study of one-photon overtone excitation of C-H mode in 

gas phase polyatomic molecules, they observed a series of vibrational bands, whose 

spacings can be well fit by Morse oscillators. This fact led them to conclude that 

the excitation process occurs predominantly within the C-H stretching mode, which 

carries the oscillator stretch. They therefore proposed that by selectively exciting a 
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particular portion of a molecule using laser radiation, a new reactive center would be 

produced and thus the reaction could be changed to a path unfavored under normal 

circumstances. 1 By doing so, one might be able to observe mode-specific chemistry: 

one particular mode or the modes nearby may get activated for reaction by selectively 

placing energy into a certain portion of the molecule. In a sense, one could view the 

laser field in this proposed picture as a "scissor" which might make a cut through the 

molecule to introduce a totally new reactive center. Such a promise of "mode selectiv

ity" has stimulated numerous other investigations on isolated molecular systems.4-11 

However, it is important to note that, there often exist large vibrational couplings in 

high energy regions. The picture proposed above is counter-intuitive since it implies 

the energy deposited into the molecule largely remains in the excitation mode. In 

reality, this usually does not happen. For example, in Berry's experiments, besides 

the regular spectral line spacings mentioned above, it was also found that the indi

vidual absorption bands demonstrated increasing overall broadening as the molecule 

is excited to higher overtones: the band width of the fundamental excitation was 

30 em-\ while a width of 110 cm-1 was observed for the fifth overtone (v=6) ex

citation. It seems the "scissor" is blunted before it is ready to make a cut. The 

energy initially deposited into the molecule is quickly dissipated into other modes of 

the molecule due to the large couplings. Thus the desire of mode specificity is often 

hard to be achieved: if one tries to prepare an excitation localized in a C-H mode in 

the molecules studied by Berry et al., the energy will be relaxed to other modes on 

an ultrafast timescale of 50-100 femtoseconds. 

Due to the ultrafast energy relaxation, the search for the mode-specific behavior 

in reactivity has not been very successful, although many molecules demonstrate the 

local oscillator behavior in excitation spectra. In a few cases, the reaction rates were 

indeed observed to be a nonmonotonic function of the total energy.2 However, this 
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non-statistical effect is usually quite smalL12 In fact, the statistical theory is found to 

be able to give satisfactory predictions on reaction rates for many studies using laser 

fields as the excitation source. 4-11 The success of the statistical theory is another 

indication that the energy deposited into the molecular system is most likely to be 

quickly redistributed into other modes of the molecule. This process is so rapid that 

the molecule eventually reaches a state which is almost the same as one prepared from 

thermal-excitation. Since in most cases we cannot keep the promise of mode-specific 

chemistry, the study and understanding of the molecular systems in their highly 

excited states become more important. As mentioned before, these highly excited 

states serve as the "transition states" of the unimolecular reactions, and a complete 

understanding will undoubtly enhance our knowledge about the crucial factors in 

chemical reactions. 

Perhaps the more interesting investigation of the transition states is the direct 

spectroscopic observation of the intermediate regions of chemical reactions during a 

bimolecular collision process. The collision-complexes should not be much different 

from ordinary molecules, except that they usually have very low density and extremely 

short lifetimes. These two points pose great difficulties for experimental studies of 

these transient species. First, the duration time of the reactive collision is comparable 

to or less than the time required for these collision-complexes to absorb a photon.13 

Second, even if the complexes live long enough for experimental detection, their low 

density makes it very hard to observe them spectroscopically.14 Despite these diffi

culties, a number of experiments have been conducted to investigate the transition 

states of some carefully selected chemical systems, which are usually small in size 

in order to provide a fundamental understanding on chemical reactions. Polanyi and 

coworkers15-17 studied the (F,Na2) reaction and reported broad wings to both sides of 

the sodium D-line by monitoring the emission spectrum of the reactive system. They 
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described these wings as the emission spectrum of the transition state [FNaNa]* dur

ing the separation to products. Brooks' group18-21 performed experimental studies on 

the (K,HgBr2 ) and (K,NaCl) reactions. At the crossing point of the molecular beams 

of the two reactants, a laser beam was introduced as an excitation source. The laser 

frequency was tuned to excite the intermediate region of the reactive system, and the 

fluorescence of the energized product was monitored. The fluorescence observed in 

their experiments had different intensities at different laser frequencies, an indication 

of laser absorption by the transition states and its importance on reaction rates. A 

similar approach was used by Kleiber et az.22, 23 in the study of (Mg,H2) reaction. 

They also reported evidence of absorption by the transition states [MgH2] for this 

system. A variety of other reaction systems has also been studied24-26 and these 

studies all demonstrated that excitation of transition states could significantly affect 

the reaction rates. 

More recently developments of laser technology makes it possible to generate ul

trashort laser pulses with duration times of subpicoseconds.27 As the time period for 

molecular vibration is usually in the order of 10 to 100 femtoseconds,28 the use of 

these ultrashort pulses should be sufficient to resolve the vibrational motions of the 

molecule. During the past few years, Zewail and coworkers29-32 have applied fem

tosecond laser pulses to reactive systems. They used one pulse to excite the reactant 

to an excited electronic state, which usually has a repulsive potential curve. A sec

ond pulse was then used to probe the photofragmentation process at regular time 

intervals. In this way, they were able to obtain a "moving picture" of the motion of 

molecular fragments. This technique was successfully applied to both unimolecular 

photodissociations29-31 and bimolecular collisions. 32 Their results based on both time 

and frequency resolved measurements provided direct information about the nature 

of the reactive region and the timescale for the energy redistribution and subsequent 
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dissociation of the reaction complexes. 

These experimental results on both unimolecular reactions and bimolecular colli

sions are of fundamental importance to the understanding of chemical reactions, since 

the reactive regions are the direct focus in the studies. However, due to the extreme 

difficulties involved in these experiments, an exact interpretation of the experimental 

results is often not obvious. For example, in the study of unimolecular reactions, 

the exact nature of the initially prepared state has to be carefully examined. The 

absorption peaks observed in the experiments are certainly not reflections of local

mode excitation, since large couplings in the high energy region will quickly dissipate 

energy into other modes of the molecule. Theoretical modelings are thus required for 

the understanding of such subjects. In the study of transition regions of bimolecu

lar collisions, the extreme low density and short lifetime also require the theoretical 

calculations in the interpretation of the experimental results. For those experiments 

using ultrashort laser pulses, theoretical predictions may be more important since 

in such short duration time, quantum effects such as uncertainty relations become 

increasingly significant. 

A large number of theoretical investigations have also been conducted to under

stand the character of highly energized "pre-reactive" states for both unimolecular 

reactions33-39 and bimolecular collisions. 40--43 Most of the studies for the transition 

states of bimolecular collisions are performed using classical trajectory calculations. 

As mentioned before, when dealing with the highly energized species with very short 

lifetimes, quantum effects might become significant. The classical treatments may 

therefore introduce poor approximations in the computations. One good example is 

the classical treatment of the electronic excitations of the transition states during 

a bimolecular collisions. In classical calculations, the excitation process is generally 

assumed to be an instantaneous process, involving "hopping" from the ground po-
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tential energy surface to the excited one. The absorption intensity is then taken as 

proportional to the density of classical trajectories on the ground surface, where the 

energy separation of the two potential surfaces is in resonance with the laser fre

quency. Since the transition states are very short lived, the energy uncertainty is 

very large. This classical treatment therefore poorly represents the physical reality,44 

and a more accurate quantum treatment is required. 

For the unimolecular reactions, there exist numerous quantum studies dealing 

with intramolecular vibrational energy redistribution (IVR) and the subsequent re

action process. In these quantum treatments, however, the overall rotation is usually 

not included. This is partly due to the complexity of the kinetic energy operator 

introduced by overall rotation. In reality, however, overall rotations could be one of 

the most important factors which affect the vibrational dynamics of the molecules in 

high energy region. It is well understood that separating the rotation from vibration 

is generally a good approximation in the low energy region, since the displacements 

of bond distances are often very small. With this approximation, the moments of 

inertia for the overall rotation can be regarded as independent of vibrations and the 

quantum treatments of the molecular system can be largely simplified, as the case 

in the assignments of spectral lines. However, great complexity arises if a molecule 

absorbs more and more energy for chemical reactions. In the high energy region, large 

scale vibrations are involved which eventually result in dissociation or isomerization. 

When the molecule vibrates in such a large amplitude, the moments of inertia will 

be changed constantly, and a separation of rotation and vibration is no longer pos

sible. As a result, non-separable couplings will be introduced to the vibrations and 

rotations. It is therefore not hard to predict that the dynamics of vibrational energy 

transfer and the consequent reaction will be greatly affected by overall rotations of 

the system. 
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In fact, a number of experimental studies have revealed the importance of over

all rotations on molecular vibrations. In the spectroscopic study of formaldehyde, 

Kinsey and coworkers45, 46 found that with moderate rotational excitations, the spec

trum became more complex and the observed level density was much higher than the 

known total density of vibrational levels. These changes in the molecular spectrum 

were attributed to the rotation-dependent vibrational mixing, arising from the Cori

olis interactions. More recently, Thoman et a[.41 measured the lifetimes of individual 

rovibronic levels of SiH2 • The photodissociation rates were found to be strongly de

pendent on the rotational excitation levels. As the traditional perturbative treatment 

of rotation-vibration interactions is not able to give a good approximation in such 

high energy regions, these observations require more theoretical investigations on the 

role of overall rotation on the vibrational dynamics. 

In this dissertation, quantum mechanical methods are applied to the character

ization and analysis of the transition states for both unimolecular dissociation and 

bimolecular collision. New methods and models are also developed to investigate the 

effects of overall molecular rotation on vibrational dynamics quantum mechanically. 

The outline of this thesis is as follows. In Chapter 2, the analysis of the predisso

ciative resonance states is performed for a three-dimensional model H-0-0, chosen 

based on the experiments performed by Crim et az.48-50 A combination of complex 

coordinate method and Lanczos algorithm is used to compute the eigenenergies and 

lifetimes of the resonance states. We present a quantum mechanical analysis of these 

states and the important factors for the dissociation process. 

In Chapter 3, the absorption spectroscopy of the transition state of the (K,NaCl) 

reaction system 19-21 will be examined using a one-dimensional model. The potential 

curves for the ground and excited electronic states will be represented by Eckart 

functions, which are chosen to have the basic features of the real system. A Gaussian 
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minimum wave packet is then propagated on the the two potential curves coupled 

by an intense laser field. As the wave packet approaches the interactive region, we 

should see that an excited packet is produced inside the upper level potential well. 

The transition probabilities show a strong dependence on laser frequencies. 

In Chapter 4, we study the effect of overall molecular rotation on the vibrational 

predissociation rates, based on a simple triatomic collinear rotating model. The 

rotation-vibration interaction in this model is solely centrifugal, which nonetheless 

introduces additional couplings to the two stretching modes. For a large range of 

angular momenta J, vibrational predissociation rates are computed quantum me

chanically using the complex coordinate method. The dissociation rates are found to 

be substantially dependent on J. We also carry out classical trajectory calculations, 

and the results show the J -dependence of the dissociation rates is a purely quantum 

effect for this system. 

In Chapter 5, the effect of overall rotation on the vibrational dynamics is fur

ther investigated for a more realistic three-dimensional system. The model is built 

based on the HCN/HNC isomerization. We first develop a new effective method 

for the computation of eigenfunctions of this "floppy" system. In this method, the 

parameter-dependent oscillator wave functions are used as the basis to best represent 

the Hamiltonian. The isomerization probabilities are then calculated by propagating 

an initial wave packet using the eigenvectors of the Hamiltonian matrix. We find 

that the reaction probabilities are again dependent on J, and the dependence is not 

uniform for different initial states. 



Chapter 2 
Vibrational Predissociation of Hydrogen Peroxide 

2.1 Motivation 

Over the past decade, there has been increased interest in the study of highly 

vibrationally energized molecular species. The main focus of these studies is often the 

possibility of mode specific chemistry and a thorough understanding of the dynamics 

of chemical reactions. Although it is generally hard to get an exact control over 

the outcome of chemical reactions, these studies have substantially enhanced our 

understanding on these subjects. At least three different procedures are involved 

in these studies: excitation, intramolecular vibrational energy redistribution (IVR) 

and chemical reaction. There always exist competitions among these procedures: 

sometimes they could happen simultaneously. As such, it is generally impossible to 

define a time sequence according to which the three procedures occur. However, they 

have specific roles in the studies of unimolecular reaction dynamics. The excitation 

step deposits a large amount of energy into the molecular system. This energy is 

dissipated into various modes of the molecule via IVR. Eventually during the reaction 

step, the energy is transferred to the reaction coordinate and a chemical reaction takes 

place. 

Among these studies, isolated molecular systems are of particular interest with the 

use of laser field as an excitation source. The simplicity of these molecular systems 

allows a comparison with theoretical investigations. Besides, the initial excitation 

can be aimed at a specific site of the molecule, thus making it possible to observe 

the IVR and reaction dynamics. The research in this field was pioneered by Berry 

and coworkersl-3 in their study of high resolution spectroscopy of CH overtones in 

benzene. Their results indicate that the spectral positions can be well fit by a Morse 

10 
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oscillator, indicating the initial excitation process occurs mainly within the local mode 

CH which carries the oscillator strength. They also observed that as the molecule is 

excited to high overtone states, the typical sharp rotational structure for the low over

tones gradually disappears and a broad overall spectral line shape starts to emerge. 

This broadening is believed to be caused by the ultrafast relaxation during the excita

tion process. The relaxation process dissipates the initial energy into the bath modes 

of the molecule and therefore causes the decay of initially prepared state. Following 

their study, a variety of molecular systems have been investigated7,48-58 and similar 

conclusions can be drawn from these experimental results. 

The initial states prepared in these experiments are certainly very different from 

those produced by thermal excitations. It is very plausible to assume that a molecular 

system will follow different reaction mechanisms when different sites of the molecule 

are excited. As such, traditional statistical theories of unimolecular reactions, which 

regard the total energy as the only important quantity, may not be sufficient to un

derstand these photochemical processes. The possibility of observations for mode 

specific chemistry has stimulated a tremendous amount of research on overtone in

duced unimolecular reactions. 

In the past few years, Crim and coworkers11,48-50,57, 58 have conducted a detailed 

study on the overtone induced photodissociation of hydrogen peroxide. The hydrogen 

peroxide molecule has a dissociation barrier of about 49.6 kcal/mol for the 0-0 

bond. This barrier is low enough for overtone induced vibrational predissociation 

studies. The relatively small size of this system also makes it possible for theoretical 

investigations. Different experimental techniques were used in their studies. They 

first performed single-photon overtone excitation on 0-H (4voH, 5voH and 6voH).48 

The line shapes of the dissociation fragments are then carefully probed and analyzed 

to yield the rate of dissociation with different initial excitation. Following this study, 
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they later applied a method of two photon excitation in their experiments to deposit 

energy into the molecule.50 In this scheme, a first photon excites the 0-H bond to 

its third or fourth overtone state, which then absorbs an additional photon to initiate 

photofragmentation process. With comparable energy, the fraction of vibrationally 

excited OH fragments formed in this two-photon excitation method was observed to 

be much larger than that in single photon dissociation process. They have also used 

supersonic expansion to cool the hydrogen peroxide to get a better resolved spectra. 49 

The spectral line width for the bound state 4voH was between 0.08 to 0.13 cm-1 . For 

the predissociative state 6voH, this width is observed to be 1.5±0.3 cm-t, which was 

taken as a reflections of the coupling between the 6voH overtone with the dissociative 

continuum. 

More recently the development in laser technology makes it possible to prepare 

the local mode excitation using ultrashort laser pulses. The duration time of these 

pulses is only on the order of picoseconds or less and thus the molecular motion 

can be better resolved. Zewail's group29-32,59 has used this technique to study the 

photofragmentation of H20 2 ~2QH29, 30 and of ICN ~ I+CN.31 They have estab

lished the technique to perform both time and frequency resolved measurements of 

the photofragments, which provides direct information about the nature and time 

scale of the IVR process and subsequent dissociation. This technique has also been 

successfully applied to the real-time probing of transition states of chemical reactions 

during a bimolecular collision. 32 

These fascinating experimental results pose a great challenge to the current theory 

of chemical reactions. One of the most ambiguous questions is the exact character 

of the initially prepared state, when competition processes such as IVR and chem

ical reaction occur at the same time during excitation. Although the term "local 

mode excitation" is usually used when referring to site-selective energy deposition, 
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the prepared state obviously can not be truly localized because of the large couplings 

in the high energy region. In addition, for a pulse length with the duration time of 

femtoseconds, there exist only less than one hundred cycles of radiation. For such a 

short activation source, the uncertainty relation will be very important and the exact 

nature of pulse excitation requires a thorough theoretical investigation. 

Previously, Marshall and Hutchinson60 investigated the dependence of the molec

ular absorption spectrum on laser pulse lengths. They used a quasi-continuum model 

which contains 10000 states, and found that the spectra show very different features 

when the laser pulse length changes. Hutchinson61 performed an exact quantum me

chanical calculation on a model triatomic. His study reveals detailed dynamics of 

photochemical processes and their competition. His results also demonstrate that, 

for ultra-short laser pulses, the high energy vibrational absorption and dissociation 

dynamics of a molecule are strongly dependent on the laser pulse length. As the 

usual picture of laser excitation mainly focuses on resonance conditions of photon en

ergy with energy separations of quantum levels, the observation of strong laser pulse 

length dependency of absorption and dissociation dynamics puts a new emphasis on 

the time domain of laser radiation field. The limitation of Hutchinson's study is that 

the calculations are performed in two degrees of freedom (the bending mode in the 

triatomic is frozen), and consequently the density of states in this model is much 

lower than a realistic molecular system. 

We pursue a quantum mechanical study in this chapter for a three dimensional 

model system, chosen based on hydrogen peroxide molecule. This system has been 

studied intensively experimentally but its quantum dynamics has not been well un

derstood theoretically. The major interest in this study is to investigate the exact 

character of the overtone states prepared by ultra-short laser pulses, and the dynamics 

of the successive photofragmentation process. The predissociative resonance states 
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will be calculated first. Quantum mechanically a resonance is a nonstationary (quasi

bound) state which will eventually decay to the continuum region. It has a lifetime 

which is long enough to be well characterized both theoretically and experimentally. 

As mentioned in Chapter 1, the study of these resonances is very important since an 

intermediate state of a chemical process can basically be regard as a resonance. For 

unimolecular photofragmentation process, the predissociative resonance states serve 

as the transition states of the reaction. The characterization of these resonances can 

thus provide crucial information about reaction dynamics and the potential energy 

surface in the reactive region. After we obtained these states, the absorption and 

dissociation dynamics of the system can be studied relatively easily. 

In the reminder of this chapter, we will first give a brief description of the model 

system and the computational techniques used for the calculations in section 2.2. In 

section 2.3, we will show the characters of the eigenstates for this system and their 

implications for the decay process. Then the difficulty of converging the resonance 

widths will be discussed, specifically we will present the failure of complex Lanczos 

algorithm in calculations of resonance parameters. We will conclude this chapter by 

a brief summary and some future directions. 

2.2 Computational Method 

2.2.1 Model System 

Classical studies of intramolecular energy transfer and overtone induced dissoci

ation for this system have been performed by Uzer, Hynes and Reinhardt (UHR).62 

Even for this relatively small molecule, there exist six vibrational modes and exact 

quantum mechanical computation is very hard to perform. To simplify the problem, 

we notice from the study of UHR 62 that the torsional degree of freedom for hydrogen 
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peroxide molecule HOOH is inactive in the energy redistribution process. In addition, 

the molecule is symmetric and photofragmentation process occurs only for the 0-0 

bond. We thus choose the following fragment as our model 

H 

~0 R 

S1 = Llr 
s2 = LlR 
s3 = Ll/3 

As illustrated in the figure, r and R are the H-0 and 0-0 bond lengths, and (3 is 

the bond angle. sl and s2 denote the two stretching modes and the bending mode 

of this system is represented by s3. 
The G-matrix elements63, 64 and the Hamiltonian for hydrogen peroxide are well 

presented in Uzer's paper of classical trajectory calculations. Our three mode system 

is just a fraction of hydrogen peroxide, and the classical Hamiltonian of this system 

is in the following form 

~ ~ * where S = (St,S2,S3), P = (Pt,P2,P3), and Gij is the G-matrix elements. The 

potential energy function is defined as 

V(S) = Dt(l- e-a1S1 ) 2 + D2(l- e-a2S2)2 + ~h3r; S32 

+ !12 S1S2 C(S2) + ft3re StS3 + h3re S2S3 C(S2) (2.2) 

where C(S2 ) = 1- tanh(')'S2 (S2 - <S)B) is a cutoff function to prevent the coupling 

terms from growing unrealistically big for large values of s2 during a dissociation 

process. Most of the parameters appeared above are already defined by UHR62 in 

their classical studies. 

*Refer to reference 64 for the graphic representation and detail explanation of G-matrix ele
ments notations. 
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A proper Hamiltonian has to be obtained in order to perform quantum studies, 

since the classical Hamiltonian given by equation 2.1 can not be directly used in quan

tum mechanical computations. In a curvilinear coordinate system, as the bond-mode 

coordinates we have here, it is usually not a trivial task to transform a Hamiltonian 

from its classical form to the quantum form. The quantum kinetic energy operator 

in a curvilinear coordinate is much more complicated than its corresponding classical 

expression and takes the following form65, 66 

- !!__ E 8Gij 8G - !!__ E Gij 82G 
4G ij asi asj 4G ij asiasj (2.3) 

where G is the determinant of the G-matrix. The last three terms in equation 2.3 

simply introduce some modifications to the effective potential energy surface. For 

molecular systems involving heavy mass atoms, these modifications are usually very 

small and therefore can be ignored. The remaining extra terms are also relatively 

small compared with the usual kinetic coupling terms. It is believed to be a good 

approximation to neglect these terms in the limit of small vibrations. 65 In this study, 

however, large amplitude vibrations (eventually dissociations) are involved. It turns 

out that this term can introduce substantially amount of couplings between the quan

tum states. More importantly, it can be proven that the Hermiticity of the kinetic 

operator is not preserved if one simply neglects these terms. We thus retain them in 

the Hamiltonian operator, which can now be expressed as 

1i(S, P) = 
1 3 .... 

2 ~ Gi/P/Pi + V(S) 
'3 

in cos j3 p in cos j3 p2 - in sin j3 p3 
+ 2moR 1 + 2mor 2morR 

(2.4) 

where Pi = -in a~; is the momentum operators. 

I 
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We will use a matrix diagonalization approach to find the resonance states of this 

system. Therefore, it will be helpful if the Hamiltonian operator given by equation 2.4 

can be divided into "zeroth order" and coupling terms. In this way, we can construct 

the Hamiltonian matrix in the "zeroth order" basis and get a meaningful understand

ing about the character of the calculated resonance states. For the two stretching 

modes, the choice for the zeroth order Hamiltonians is very straightforward and they 

are simply taken as Morse oscillators 

p2 
_I_+ DI(l- e-cqSl )2 
2f-ll 

(2.5) 

Pz2 + Dz(l _ e-a2S2 )2 
2f-l2 

(2.6) 

The potential energy has a quadratic term for S3 , and it seems to be a natural 

choice to use a harmonic oscillator as the zeroth order term for the bending mode. 

However, the definition of the effective mass for this oscillator is not so obvious since 

G~3 depends on all the three vibrational coordinates (S1 ,S2 ,S3 ). Conceptually, one 

may choose any values of S to define the effective mass: no matter what effective mass 

is used, the eigenstates of the harmonic oscillator always form a complete basis which 

covers the entire S3 coordinate space. Practically, however, it is definitely impossible 

to implement a complete basis for any numerical calculations, since the computing 

resource rules out any attempt to use a very large number (infinite) of basis functions. 

Therefore, the primary goal of choosing a zeroth order basis is to make it resemble 

the real Hamiltonian as closely as possible. This way, the difficulty in dealing with 

the coupling terms can be greatly reduced. In addition, the computation results can 

be best understood in terms of the well selected zeroth order eigenfunctions. In this 

study, we are interested in resonance states, which are mainly localized around the 

equilibrium region of the molecule. vVe thus choose the effective mass f-L3 = ljG~3,eq' 

where G~3,eq means the G-matrix element is evaluated at the equilibrium geometry. 



18 

The zeroth order Hamiltonian for the bending mode can then be expressed as 

-.JO P32 1 2 2 
n.3(S3, P3) = 2113 + 2/33re S3 (2.7) 

The total Hamiltonian operator for this system can now be rewritten as the sum of 

these zeroth order Hamiltonians and a coupling term 

rt(s, P) 

1-lcuv(S, P) 

(2.8) 

(2.9) 

The zeroth order Hamiltonians so chosen are just Morse oscillators for the two stretch

ing modes, and a harmonic oscillator for the bending vibration. These oscillators have 

exact solutions for their eigenfunctions and eigenenergies,67-69 and the computation 

of the coupling matrix elements is relatively easy. 

The harmonic frequencies for the three vibrational modes in their ground states 

are: 3791.5 cm-1 for H-0 stretch, 1000 cm-1 for 0-0 stretch, and 1374.5 cm-1 for 

the bending. We notice that, compared with the 0-0 stretching mode, the harmonic 

frequency of the bending mode is closer to the H-0 frequency. This suggests that the 

vibrational energy transfer between the two stretching modes might follow an indirect 

path involving the bending motion. As we expect, this point is demonstrated in Uzer's 

classical trajectory calculations of hydrogen peroxide. 62 We have also carried out 

matrix diagonalization for the Hamiltonian constructed using only one basis function 

for the bending mode, and the results indicate very small mixing between the two 

stretching modes. Therefore a full three dimensional calculation has to be performed 

for this model system in order to obtain meaningful analysis of the energy transfer 

process and photofragmentation dynamics. 
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2.2.2 The Transformation Method 

Although we are quite careful in choosing the zeroth order terms, the total Hamil

tonian given by equation 2.8 is still very complicated. As one might expect, 1-lcup 

contains a lot of complex multivariable coupling terms. The kinetic coupling terms 

involving the bending motion even contain non-hermitian terms like :F(S3)'P3 and 

:F(S3)P;. The transformation method will be used in this study to evaluate the cou

pling matrix elements. This method was developed in 1960s by Harris, Engerholm 

and Gwinn (HEG) 70, 71 to compute one-dimensional anharmonic oscillator matrix ele

ments. This technique can also be applied to evaluate multi-dimensional integrals72-75 

and has proven to be a powerful method to compute Hamiltonian matrices. For this 

particular system, the coupling terms can all be expressed as products of one dimen

sional functions of the three vibrational coordinates. As such, the transformation 

method will be used here in one dimension only, and the total three-dimensional 

Hamiltonian matrix can be constructed using the required one-dimensional matrices. 

We will use the transformation method to evaluate the matrices for the bending mode 

and H-0 vibration. For the 0-0 stretch, S2 will be complex rotated which gener

ates complex symmetric matrices for this mode. A special treatment is required to 

compute these complex matrices. We will discuss this in more detail in section 2.2.3. 

The essential idea of the transformation method is to evaluate integrals in the 

coordinate vector basis. Denoting the coordinate as X, we know that quantum me

chanically operator X has a complete set of eigenfunctions, which are 8-functions 

with eigenvalues covering the entire coordinate space. Once again, this complete set 

of 8-functions are not very useful for practical numerical calculations. For bound 

systems as those we deal with here, generally one will be only interested in a small 

section of the whole coordinate space, where the most significant features are defined. 
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The most important step in the transformation method is to find a good matrix rep

resentation Xn of coordinate X in a primitive basis ii over this small region. The 

matrix Xn will then be diagonalized to yield a new basis t 

(2.10) 

where the eigenvector matrix Tis the transformation matrix from basis ii to basis t. 

Notice that and the eigenvalue matrix D is actually the representation for operator 

X in the new t basis (also known as the X-vector basis), so X has a diagonal ma

trix representation in the new basis. This concept is essential to the transformation 

method: X is diagonal and therefore X k is diagonal, consequently the matrix of any 

function of X also takes a diagonal form (which can be proven simply by taking the 

Taylor expansion of the function). The matrix representation of a function F(X) in 

the t basis can then be expressed as a matrix function 

( 

.1"( dn) 0 

ft = F(D) = ~ .1"~~~2 ) 
0 ... 

(2.11) 

0 

where dii is the diagonal element of matrix D and N is the order of the matrix. The 

desired matrix elements of function .1"( X) in the original basis ii may be calculated 

by a back transformation through matrix T 

(2.12) 

It should be noted that in the entire process of calculating the Fn matrix, no numer

ical integration is explicitly involved. This does not mean, however, that we do not 

have to carry out any integration at all. In fact, the integrations are already done 

implicitly when one uses matrix Xn to construct the t basis. Therefore, in applying 

the transformation method, one would usually choose the primitive basis ii in such a 
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way that matrix Xn can be obtained easily. In addition, the matrices for momentum 

operators are also required in order to construct a Hamiltonian matrix. Therefore, 

one should also be able to obtain the momentum matrices Pn and P~ quickly in the 

original ii basis. 

There is one more important concern about the choice of the primitive basis 

ii. Essentially, we are using some linear combinations of a limited number of basis 

functions to approximate 8-functions. We have plotted several (basis functions, and 

as expected, they are indeed very similar to 8-functions. However, we can never get an 

exact representation of 8-functions no matter how big the basis is. The incompleteness 

of the basis set will always introduce truncation errors to the final results. One of the 

primary goals in choosing the primitive basis ii is to reduce this error to the lowest 

possible level. In order to achieve this, the elements of matrix Xn should not be 

uniformly distributed. Otherwise, all the states are coupled together through X and 

any basis truncation will introduce intolerable errors to even the lowest levels. The Xn 

matrix in the square well sine function basis serves as a good example for such a case, 

since this matrix does not have a band structure. Thus, the basis set of square well 

eigenfunctions is not a good choice to compute integrals for the the transformation 

method. For an ideal choice of basis ii, Xn should have a tridiagonal structure. The 

matrix of X in the harmonic oscillator eigenfunction basis has a tridiagonal form, 

and therefore harmonic oscillator is an excellent basis for the transformation method. 

Generally, matrix Xn should have a band structure to keep the basis truncation errors 

at the minimum level. In some cases, as we will show later for the Laguerre basis, it 

is possible to find a function B(X), whose matrix in the primitive basis has a band 

structure. Then the matrix for this function Bn should be used instead to construct 

the (basis. The D matrix (equivalent to the matrix of coordinate X in the (basis) 

can be obtained from matrix Bt, the eigenvalues of Bn, through the inverse function 
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of B(X) as 

(2.13) 

where the matrix function s-1(Bt) has the same definition given by equation 2.11. 

After matrix D is obtained, the rest of the calculations can be carried out by equa

tion 2.12 again. 

Although the matrices discussed so far all have the same size, care must be taken 

about the convergence of matrix Fn. As mentioned before, truncation errors will be 

introduced because of the incompleteness of the basis set. If N is the size for the t 
basis, one should never expect good convergence for the matrix elements on the lower 

right corner of matrix Fn. As a simple example, let us try to apply the transformation 

method to compute the matrix for :F = X 2 in a harmonic basis. In this case, matrix 

Xn has a tridiagonal form and the transformation method is equivalent to matrix 

multiplication Fn = Xn Xn. We know that the resulting element Fn(N, N) will not 

be correct because it needs at least one more state in Xn to get a converged value. 

Therefore if one wants to converge F n to size M, a bigger size N for the t basis 

should be used. In other words, matrix transformations must be performed first at a 

larger size, and then cut the size down to get converged results. 

We have frequently mentioned the term "t basis" in the preceding discussions. 

However, one should be aware that it might be misleading to regard it as a real 

physical basis, since it can never be a true representation of the X eigenfunctions. For 

the procedures discussed above, this basis can only be regarded as an intermediate 

for computing numerical integrals. On the other hand, the overall convergence of 

the matrices so calculated is often very good. Therefore in some studies,74 the t 

basis is used as a new physical basis for the Hamiltonian matrix construction and 

diagonalization. In this case, the square momentum matrix has to be transformed to 
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the t basis and the Hamiltonian matrix constructed this way has the same size as the 

( basis ( M = N). Thus large errors might be expected for the matrix elements near 

Ht(N, N), but if ~ne is only interested in the lower states, the resulting eigenfunctions 

for these levels are usually converged very well. The advantage of using the lbasis for 

diagonalization is that all the eigenfunctions are expressed as linear combination of 

the t basis functions and consequently all the integrals involving the eigenstates can 

be done very easily. This makes the eigenfunction analysis and dynamics calculation 

extremely simple. 76 

In this study, ii basis will be used to construct the Hamiltonian matrices. For 

the bending mode, the same harmonic oscillator as defined in equation 2. 7 will be 

used as basis ii. The harmonic oscillator is a well known system and we will not give 

any detailed discussion here. However, as mentioned before, some coupling terms 

contain functions of the bending coordinate in the form of :F(S3 )P3 . The matrices 

for these functions can hardly be calculated directly from the transformation method, 

because for an operator like :F(S3 )P3 , it is difficult to predict its matrix structure 

in basis t. To solve this problem, one could calculate the matrix Fn first and then 

multiply the matrix Fn and Pn to get the desired matrix (the matrix multiplication 

must be performed in a bigger size though). Alternatively, one might recall that 

momentum operators in harmonic oscillator basis can be expressed in terms of the 

lowering and raising operators. 77 The effect of applying a momentum operator to 

a harmonic eigenstate is just to raise and lower the state by one quanta, thus the 

following simple relation might be used (similar expression also exists for :F(S3)P~) 

For H-0 stretch, the Laguerre basis78-80 will be used as the primitive basis ii. 

Corresponding to the Morse oscillator defined in equation 2.5, the associated Laguerre 
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basis can be written as 

(2.15) 

where 

(2.16) 

and L~(Z) is a Laguerre polynomialS! with order p > -1. It can be proven that the 

Laguerre functions so defined form an orthonormal basis in which the matrix elements 

for Z take a tridiagonal form 

Zn(k, l) = 8k,k (2k + p + 1)- 8k,k+l -jk(k + p)- 8k,k-l -j(k + 1)(k + p + 1) (2.17) 

As mentioned before, this Zn matrix should be used to construct the l basis. The 

D matrix (eigenvalues of the matrix S1 n) can then be found from matrix Zt using 

equations 2.16 and 2.13 as 

(2.18) 

The matrices for any functions of S 1 can now be calculated easily using this D matrix. 

The matrices for momentum operators P 1 and Pi are also required in order to 

build a Hamiltonian matrix in the Laguerre basis. These matrices can also be found 

analytically and they have the same structure as the corresponding momentum ma

trices in harmonic oscillator basis: matrix P1 n has a tridiagonal form and P~n has 

a band structure with band width 5 (a tridiagonal matrix is a special band matrix 

with band width 3). 

{t;n ( 8k,k+l -jk(k + p)- 8k,k-l -j(k + 1)(k + P + 1)) (2.19) 

P~n(k, l) 
a2fi2 ( + 8k,k (2k2 + (2k + 1)(p + 1)) 

8k,k+2 Jk(k- 1)(k + p- 1)(k + p) 

Dk,k-2 V(k + 1)(k + 2)(k + p + 1)(k + p + 2) ) (2.20) 
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It turns out that the matrix elements of the Morse oscillator 1-i~ are also known exactly 

in its associated Laguerre basis and the matrix H~ n has an interesting diagonal form 

H~n(k, l) - 8k,k ( ~~ (8k2 + (Sk + p + 3)(p + 1))- f: (2k + p + 1)) 

Dt _ 1 ( 2k + p + 2 ) + sk,k-1 ~v (k + 1)(k + P + 1) 1- 2.x1 

Dt_ 1 ( 2k + p) + 8k,k+t ~V k(k + p) 1- 2.X1 
(2.21) 

Notice that if we choose p = 2(.Xt - M) and M < kmax, where kmax is the quantum 

number for the highest bound level of the Morse oscillator, then matrix H~ n becomes 

block-diagonalized. In this case, the first M Laguerre basis functions can be expressed 

as linear combinations of Morse eigenfunctions. 80 Therefore the Laguerre functions 

are more general, and usually a relatively small number of Laguerre functions can 

well converge the bound states of the associated Morse oscillator. Thus the Laguerre 

basis is ideal for the study of Morse oscillators. 

2.2.3 Complex Coordinate Method 

There are basically two major techniques available for the resonance state calcula

tions: multichannel scattering theory82-84 and the complex coordinate method (also 

known as complex scaling, dilatation transformation, analytic continuation, etc).85-94 

We have shown that the two approaches agree quite well (see reference 95 and Chap

ter 4). The scattering theory basically tries to solve the problem using a close-coupling 

approach: the scattering wave functions are integrated with correct boundary con

ditions at a number energies in the vicinity of the resonance energy, and then the 

resonance parameters (position and width) are extracted by either the Argand di

agram analysis of the scattering matrix or an eigenphase analysis using the Breit

Wigner relation. 96 This technique will be discussed in more detail in Chapter 4. In 
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this chapter, the complex coordinate method will be used. 

Quantum mechanically, the simplest mathematical description of a resonance is a 

stationary state with complex energy97 

'l!(t) = W(O) e-iEtfn E =Eo- if/2 (2.22) 

where Eo is called the resonance position and fl,O is the resonance width. Notice 

that the time dependence of this expression is the same as for ordinary stationary 

states, except the imaginary part of the energy forces W ( t) to decay exponentially. 

However, quantum mechanical Hamiltonian operators are Hermitian, and Hermitian 

matrices have only real eigenvalues. How could we get complex eigenenergies from 

these matrices? The answer to this question lies in the Balslev-Combes theorem,98 

which forms the basis of complex coordinate method. This theorem indicates that we 

can destroy the Hermiticity of a Hamiltonian operator by analytically continuing the 

coordinate into the complex plane: X -+X ei6• Under this transformation (which will 

usually be performed for the dissociative coordinates only), the wave functions for the 

resonance states will vanish asymptotically under certain conditions and can therefore 

be represented correctly by L2 functions. Therefore we are permitted to perform 

calculations in the L2 basis for the complex rotated Hamiltonian operator 1i(O) based 

on the complex variational principle. 86 Basically, a complex symmetric Hamiltonian 

matrix H( 0) (non-Hermitian) is constructed and diagonalized in the L2 basis. The 

behavior of the resulting complex eigenenergies can be classified into three categories 

based on their dependence on the complex scaling angle 0. First, the eigenenergies of 

bound states remain the same as those of the corresponding real Hamiltonian. Second, 

the resonances have discrete complex eigenvalues Eo- if /2 which are almost invariant 

upon the changes of 0. Third, the eigenenergies of continuum states are rotated into 

the lower half of complex plane and the rotation angle is strongly dependent of the 

il 

! 
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scaling angle 0. To illustrate the behavior of these complex eigenenergies, we take 

Hutchinson's two dimensional model H-C-C61 as an example. A complex symmetric 

Hamiltonian matrix has been constructed and diagonalized at 0=6°. Figure 2.1 gives 

a plot of the imaginary part of the complex eigenenergies (-r /2) versus the real part 

E0 • The circled points represent 25 identified resonant states, whose r values are 

usually much much smaller (in other words, much longer lifetime) than the nearby 

continuum states. From the figure, one might clearly identify the seven rays formed by 

the continuum states; each ray should correspond to a different dissociation threshold. 

More specifically, seven Morse oscillator wave functions are used for the C-H mode. 

After dissociation of the C-C bond, there will be energy residue on the C-H mode. 

The amount of energy remained inC-H vibration after dissociation should correspond 

to different dissociation threshold for C-C bond. 

In the complex variational principle, the scaling angle () also serves as a non-linear 

variational parameter. The resonance states usually will show slight dependence on 

this parameter due to either incompleteness of the L2 basis set or the symmetry 

constraint imposed on the wave functions.99 The best () value may be determined 

using a 0-trajectory, 100 which is basically a plot of resonance eigenenergies at different 

values of (). The stationary points can usually be located on these {}-trajectories as 

cusps where a£;ao = 0. 

For this particular system, the 0-0 bond is the dissociative coordinate. We will 

therefore apply complex scaling to this mode S 2 ---+ S2 ei8 • As mentioned before, a 

primitive basis is required to construct the zeroth order basis functions. We will use 

the piece-wise cubic spline functions101-103 as the primitive basis ii. There are several 

reasons for the choice of simple non-orthonormal splines instead of more physically 

meaningful functions as the basis for this system. First the integration of any function 

with splines can be done very quickly and accurately through Gaussian quadratures,81 



28 

200 

0 - • 8 8 .88 88 •• 88 •• ••• •• • f) • 8 8 .. • • . . . . 
• • . • • • • • 

• • • • • 
-200 - • 

• • • • • • 
• 

• • • • • 
-400 - • 

• 
• • "" • -T"" 

I 

E -600 • • • • ,_ 
0 - • 

C\1 • 
~ -800 r- • • • • • 

• • • • • 
-1000 1-

• • • 
• 

• .. 
• • • -1200 r- • • 

• • • 
-1400 r- • .. 

• • • • . • •• • • 

-1600 I I I I •I 

0 5000 10000 15000 20000 25000 30000 

E0 {cm-1} 

Figure 2.1 Plot of the imaginary part versus real part of the eigenenergies for a 
complex scaled Hamiltonian 1i(0).61 The circled points represent 25 identified reso
nances. 0=6° for this plot. 
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and the routines to apply the spline basis have already been well established. Second 

and more importantly, we believe the use of spline functions could reduce the risk of 

basis truncation errors when the complex scaling angle () changes. In a cubic spline 

basis, any function of s2 will always have a band structure with band width 7, no 

matter whether this function is complex or real. On the other hand, the same function 

in an oscillator basis will change its matrix structure when the coordinate is complex 

rotated. Take the matrix of Z in the Laguerre basis as an example: Zn given by 

equation 2.17 has a tridiagonal form for real coordinate. When the coordinate is 

rotated into the complex plane, however, the elements of this matrix will get more 

and more diffused to the off-diagonal region and thus a larger truncation error will be 

introduced. This error can not be easily controlled since it will change as a function 

of 0. Therefore unlike the splines which treat functions equally for various values of 

(), an oscillator basis will usually generate slight different results. As we will show 

later in section 2.3, there are many factors which could influence the convergence of 

resonance parameters for this three dimensional system. We wish to eliminate these 

factors to the lowest possible level, therefore the spline functions are used here. 

2.2.4 The Lanczos Algorithm 

As discussed above, the complex coordinate method is based on the construction 

and diagonalization of complex symmetric Hamiltonian matrices in £ 2 basis. How

ever, standard matrix diagonalization methods104 are roughly N 3 algorithms, that 

is, the CPU time required for diagonalizing a matrix is proportional to N 3 , where 

N is the size of the matrix. In addition, these algorithms usually require the entire 

matrix to be stored in the computer core memory, and this number increases as N 2 • 

The basis size N can easily become unmanageably large even for middle size systems. 

For example, a typical basis size for this calculation will be 8 functions for the H-0 

I 
.I 



30 

vibration, 60 for the 0-0 stretch and 20 for the bending mode, which makes the 

total basis size N =9600. This is about one order of magnitude larger than the size 

manageable using current supercomputers. Therefore, it is very hard to directly ap

ply the complex coordinate method to big system, in spite of its ability to produce 

reliable results for resonance computations. It should be noted, however, that for a 

certain eigenstate of the system, usually only a small number of basis functions have 

important contributions and the remaining ones can be neglected without significant 

effect on the final results. So if the zeroth order functions can be chosen cleverly, we 

should be able to get accurate results with a much smaller basis size. The Lanczos 

algorithm105, 106 provides a systematic way to select the important basis functions. 

The Lanczos algorithm was developed several decades ago for large sparse matri

ces. It has been successfully applied to problems of finding selected eigenenergies and 

eigenfunctions of large Hamiltonian matrices for a variety of physical systems.107-110 

Recently Milfeld and Moiseyevlll have implemented this method to compute reso

nances from a complex Hamiltonian generated by the complex coordinate method. 

Although their matrix was not sparse, they found that the resonance parameters can 

be well determined by the Lanczos recursion method, with appropriate initial Lanc

zos vectors. These applications are indeed very encouraging for the study of large 

systems since the computational effort can be greatly reduced (Lanczos recursion is 

a N 2 x M, where M is the number of recursions). 

The essential idea of this algorithm is to recursively construct a new orthonormal 

basis it = [ut, u 2 , •.. , uM] from the given Hamiltonian matrix H and initial vector 

u 1 . In this basis, the Hamiltonian matrix Hu becomes tridiagonal 

bl 0 
... ) 

a2 b2 ... 
b2 a3 

(2.23) 
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where the superscript "t" means transpose (no complex conjugation is made when 

transforming a complex symmetric Hamiltonian matrix built from the complex co

ordinate method). The above equation can be rewritten more explicitly into the 

following recursive form 

(2.24) 

Considering the fact that the basis i1 is an orthonormal set, ak can be obtained by 

multiplying ut to both sides of the equation; and a new basis vector Uk+l can be 

obtained by rearrangement 

Vk+I/bk = ( H Uk- bk-1Uk-1 - akuk)/bk 

( t )1/2 
vk+l Vk+l 

(2.25) 

(2.26) 

(2.27) 

where the value for bk is so chosen to keep vector uk+l normalized. The eigenvalues of 

the original matrix H can then be computed by diagonalizing the tridiagonal matrix 

Hu. In the whole process, one only has to provide a initial vector u 1 and decide the 

number of recursions to be performed. 

2.2.5 Selection of the Basis Functions 

Although the complex Lanczos algorithm is quite effective in reducing the Hamil

tonian matrix size, its disadvantage is the build-up of round-off errors during the 

recursive process. As we will show later, these errors could be large enough to affect 

the determination of resonance widths. Therefore we wish to define a state selection 

scheme based on our physical intuition. The Lanczos method will then be applied to 

a much smaller matrix built from these selected functions. 
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In the low coupling limit, the eigenfunctions of a system can be found through 

the first order perturbation theory 

(2.28) 

The dominant component of an eigenstate in this limit will be its corresponding zeroth 

order function '1/J?, and other significant corrections to this eigenstate comes from the 

basis functions which have large couplings and small energy separations with '1/J?. If 

we could select these important basis functions cleverly, a much smaller basis size 

would be sufficient to converge WI· 

In order to include all the significant contributions to a given state, we will use two 

procedures here. The first procedure tries to search for the important basis functions 

by following a path of a tree structure. The path starts from the specified zeroth 

order state '1/J?; a set of functions are then selected based on a reasonable "selection 

rule", whose role is to indicate the basis functions which might have large couplings 

with '1/J?. For this set of selected functions, we compute the first order perturbative 

coupling ( '1/JZ 11-tcup 1'1/J?) / ( E? - EZ) and pick up the two '1/JZ with largest values. Then 

the same treatment is applied to these two new functions. In this way, each state 

opens two new branches in the search path and eventually a tree structure of coupled 

states emerges. In this procedure, the "selection rule" does not have to be defined 

in any exact form, but it should carry the information about the favorable coupling 

schemes for the system. Generally, the mode with the highest harmonic frequency 

may be allowed to change one quanta each time, and those with lower frequencies 

might be allowed to change more quanta to make sure that the near degenerate states 

are also included. This basis selection procedure might miss some important functions 

because it follows a specific path. Therefore, we apply the second procedure for the 

remaining basis functions. This time the selection is performed based solely on the 
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relative magnitude of the first order perturbative couplings of the remaining functions 

with '1/Jf. The number of functions chosen by each of the two procedures may vary, in 

this study we use each of them to select half of the basis set. 

To check the accuracy of this basis selection process, we apply it again to Hutchin

son's model.61 A complex symmetric Hamiltonian matrix is constructed and diago

nalized at 0=6° using 420 zeroth order basis functions. The eigenenergies for the 

identified resonances are listed in table 2.1. Then the basis selection procedure is 

applied to choose a sub-basis from these 420 functions. The starting point for the 

selection path is the dominant zeroth order function for each resonance state. Ta

ble 2.1lists the resulting eigenenergies for sub-basis size M =210. From the table, one 

might see that the resonance positions are almost the same with those from full-size 

diagonalization, even though only one half of the original basis functions are used. 

The resonance widths, however, are much more difficult to converge especially for 

the narrow ones. Fortunately, the resonances with very narrow widths have long life 

times and behave more like bound states. For this study we are more interested in the 

the resonances with widths in the range of 0.1-10 cm-1 (corresponding to life time 

of about 500 fs to 50 ps ). Within this range, the resonance widths are reasonably 

converged, as shown in the table. We thus believe this basis selection scheme should 

also work for the H-0-0 system in this study. 

2.3 Results and Discussion 

2.3.1 Calculation in Real Coordinates 

Before the computation of resonance parameters, we wish to analyze the characters 

of the resonance states in real coordinates. In this case, the resonances are computed 

at 0=0 in L2 basis, and therefore will look more like bound states. The purpose of 



Table 2.1 A comparison of the exact eigenenergies with those from the 
basis selection procedure for a complex Hamiltonian matrix61 

Resonant Basis size M 

states 420 210 

lly 5511.66, -9.84( -6) 5511.66, -2.41( -4) 
2vy 8569.08, -1.69( -4) 8569.08, -1.35( -3) 
3vy 11497.8, -3.82( -4) 11497.8, -8.42( -4) 
4vy 14298.8, -8.33( -4) 14298.8, -8.68( -4) 
5vy 16978.7, -2.83( -1) 16978.8, -3.33( -1) 
6vy 19534.4, -2.54 19534.5, -2.49 

llx 3685.78, -8.18( -6) 3685.79, -1.78( -2) 
llx + lly 6867.22, -1.21( -3) 6867.23, -1.12( -2) 

llx + 2vy 9918.67, -1.29( -3) 9918.70, -8.10( -3) 
llx + 3vy 12840.7, -4.89( -3) 12840.8, -7.97( -3) 
llx + 4vy 15636.5, -7.53( -2) 15636.5, -4.84( -2) 
llx + 5vy 18326.1,-1.16 18326.7,-0.94 
llx + 6vy 21160.1, -2.37 21160.2, -2.20 

2vx 5029.68, -4.82( -3) 5029.79, -7.32( -2) 
2vx + lly 8204.22, -8.85( -3) 8204.31, -5.27( -2) 

2llx + 2vy 11248.3, -9.03( -2) 11248.5, -4.09( -2) 
2llx + 3vy 14163.1, -5.81( -1) 14163.7, -5.83( -1) 
2vx + 4vy 16951.7,-2.26 16951.7,-2.29 
2llx + 5vy 19687.6, -6.19 19687.5, -5.68 
2vx + 6vy 22656.2, -1.62(+1) 22656.5, -1.58( +1) 

3vx 6323.45, -9.78( -1) 6323.47, -9.72( -1) 
3llx + lly 9486.76,-1.68 9486.68,-1.88 

3vx + 2vy 12518.4, -3.37 12517.0,-3.44 
3vx + 3vy 15418.6, -7.33 15413.8, -8.50 

The eigenenergies are listed in the unit of cm-1. 
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this analysis is to check the convergence of the eigenenergies and the performance 

of the zeroth order basis functions in representing the eigenfunctions. As mentioned 

before, the zeroth order basis is composed of Morse oscillator wave functions for H-0 

and 0-0 stretch, and harmonic eigenfunctions for the bending mode. The Morse 

functions for the 0-0 bond are found by pre-diagonalization of the Hg matrix in 300 

splines covering the range from R=0.6 A to R=5.5 A. 

As one might expect, the bound character of the resonance states can be reason

ably represented by a relatively small number of basis functions. As such, it will be 

sufficient to use a small basis size to get a qualitative understanding of the system. 

This preliminary understanding is very important since the matrix size will later be

come extremely large and direct diagonalization is impossible to conduct. We have 

constructed real Hamiltonian matrices with different number of basis functions for the 

three vibrational modes. We denote the basis size for H-0 stretch, 0-0 stretch and 

the bending mode as N1 , N2 and N3 respectively, and the three dimensional zeroth 

order basis set as (NllN2,N3). In the entire small-basis diagonalization processes, N1 

is set to 9, and N2 and N3 varies from 6 to 9. Table 2.2 lists several selected eigenen

ergies from the diagonalization of these Hamiltonian matrices. One may notice that 

the eigenenergies are reasonably converged even though we only include such a small 

number of basis functions. This clearly indicates the zeroth order basis is well selected 

for the study of this system. 

The dissociation barrier for the 0-0 bond is about 17300 cm-1 . Therefore the 

states which have this amount of energy above the zero point can be regarded as res

onances since eventually the excessive energy may transfer to the reaction coordinate 

S2 , which might in turn result in dissociation. The states whose energies are below 

this threshold, on the other hand, are bound because of the particular shape of the 

potential surface (no tunnelling will be possible for this system). More basis functions 



Table 2.2 Eigenenergies of the H-0-0 system 
with different basis size in real coordinate 

Basis size (Nt,N2,N3) 

Eigenstates (9,6,6) (9,8,8) (9,9,9) 

3v2 5696.41 5695.67 5695.65 
3v3 7010.44 7009.08 7009.07 

Vt + 2v2 + 2v3 11056.1 11052.4 11052.3 
2Vt + V2 + V3 12265.7 12265.6 12265.5 

3Vt 13287.6 13287.6 13287.6 
2Vt + 3v2 + V3 14009.6 14004.0 14004.8 
3Vt + V2 + V3 15492.5 15491.7 15491.7 

3vt + 2v2 + V3 16379.6 16377.1 16376.8 
4vt + v2 17272.1 17271.7 17271.7 
4vt + 2v3 18871.5 18882.2 18884.6 

5Vt 19238.7 19239.0 19239.1 
4vt + v2 + 2v3 19783.5 19795.1 19797.9 

5vt + v2 20156.3 20156.1 20156.1 
5vt + 3v2 21908.5 21901.0 21904.1 

6Vt 21958.6 21965.1 21964.0 
5vt + v2 + 2v3 22618.2 22652.0 22659.8 

6v1 + v2 22871.7 22877.3 22874.4 
6v1 + 3v2 24612.1 24613.7 24609.4 

The eigenenergies are listed in the unit of cm-1 . 
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are definitely required to converge the resonance states than bound ones, so it is not 

surprising to notice that bound eigenenergies have better convergence in table 2.2. 

The analysis of bound characters of eigenstates is usually based on contour plots, 

which are unfortunately impossible to do for the eigenfunctions of this three dimen

sional system. There is no easy way to illustrate three dimensional functions since 

we can only use two coordinates in a figure. The approach we use to solve this prob

lem here is via "slice plots". The basic idea is to fix one of the three vibrational 
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coordinates and then make contour maps of the eigenstates as the function of the 

remaining two modes. The overall picture of the eigenstates can then be obtained 

by making a number of slices through the fixed coordinate. For this system, we are 

most interested in states with high energy in the H-0 stretch; this energy can then be 

redistributed into the 0-0 stretch so that the 0-0 bond will eventually be broken. 

Thus, we mainly focus on the behavior of the eigenfunctions along the two stretch 

modes. When making the contour plots, the bending coordinate will then be fixed 

to a constant. Obviously, a large number of plots will be generated this way, and a 

careful analysis of these figures can be very helpful in understanding this system. 

We have examined many slice contour plots of the eigenfunctions computed using 

the basis set (9,8,8). The plots are all made with bond angle fixed at its equilibrium 

position ,8=100°. For most of the bound states whose energies are below the disso

ciation threshold, the nodal structure is similar to that of the corresponding zeroth 

order states. This point is well demonstrated in figures 2.2, which is the slice plot 

of eigenstate eigenstate 4v1 +2v2 • As energy increases, however, the nodal lines are 

no longer parallel to the coordinate axes and tend to "bend" toward the dissociative 

side of the system, as illustrated by the slice plot of eigenstate 7v1 in figure 2.3. This 

structure explains why the resonance states will eventually dissipate its probability 

distribution into the continuum region: as the wave functions bend toward the disso

ciative side, they will have large overlap with the continuum states, which serve as a 

pipeline in the process of probability dissipation. 

We mentioned before that the bending mode is important in mixing the two 

stretching modes. This fact is partially demonstrated in figure 2.4, which has the 

same node structure as figure 2.2 along the the stretching coordinates. However, the 

bending mode for eigenstate 4v1 +2v2 +2v2 is excited. Comparing the two figures, 

it is easy to realize the mixing of the two stretching modes is much larger for the 
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Figure 2.2 Contour plot of eigenstate 4v1 +2v2 for H-0-0 with bending angle fixed 
at its equilibrium position ,8=100.0°. The eigenenergy of this state is 18158.0 cm-1 . 
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Figure 2.3 Contour plot of eigenstate 7v1 for H-0-0 with bending angle 
fixed at its equilibrium position ,8=100.0°. The eigenenergy of this state is 
24395.7 em -l. 
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Figure 2.4 Contour plot of eigenstate 4v1 +2v2+2v3 for H-0-0 with bending an
gle fixed at its equilibrium position ,8=100.0°. The eigenenergy of this state is 
20676.3 cm-1. 
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state 4vt +2v2+2v2 than for 4v1 +2v2. We have also performed calculations with only 

one basis function for the bending mode; as expected, the eigenstates in this case 

are all very close to their corresponding zeroth order basis function. For example, 

the expansion coefficient for the largest component for 6v1 state is 0.996 when the 

diagonalization is performed in basis set (9,8,1 ). When the basis set is changed 

to (9,8,8), this number decreases to 0.553. This is a very strong indication of the 

significance of the bending mode for this system. 

2.3.2 Computation of Resonance Parameters 

In this section, we combine the complex coordinate method and the Lanczos algo

rithm to compute the resonance parameters for this system. The dissociative coordi

nate S 2 is first complex rotated into the complex plane to destroy the Hermiticity of 

the Hamiltonian operator. A complex symmetric Hamiltonian matrix is constructed 

on the real basis functions for the three vibrational modes. The Lanczos recursion 

method is then applied to the complex matrix to compute the resonance parameters. 

The initial "guess" vector for the recursion process is provided by diagonalizing the 

Hamiltonian matrix in a much smaller size. The initial vector generated this way is 

believed to be more effective in converging the eigenvalues.lll 

The basis set we use to build the Hamiltonian matrices is (9,80,25), which con

sists of 18000 zeroth order basis functions. This huge basis is impossible to handle 

even with a supercomputer since it will require more than 5 gigabytes to store the 

complex Hamiltonian matrix elements. To reduce the basis size, we will follow two 

procedures here. The first method is solely based on the zero order eigenenergies of 

the basis functions, and the second procedure is the basis selection scheme described 

in section 2.2.5. 

Crim and coworkers49 reported a spectral line width of 1.5±0.3 cm-1 for the fifth 
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Table 2.3 Lanczos eigenvalues with different scaling angle 0 for 6v1 state using 
7000 basis functions selected based on zeroth order energy separations. The number 
of recursions for the Lanczos algorithm is M =500. 

0 Eigenvalue (cm-1 ) 0 Eigenvalue (cm-1 ) 

5.0° 21963.7769, -9.997( -3) 11.3° 21963.7442, -2.181( -2) 
8.0° 21963.7618, -4.087( -4) 11.5° 21963.7348, -2.457( -2) 
9.0° 21963.7637, -3.492(-3) 11.8° 21963.7326, -3.292( -2) 
10.0° 21963.7649, -8.599( -3) 11.9° 21963.7448, -3.289( -2) 
10.5° 21963.7645, -2.471( -2) 12.0° 21963.7400, -3.957( -2) 
11.0° 21963.7340, -2.599( -2) 12.1° 21963.8071, -3.889( -2) 
11.1° 21963.7440, -2.051( -2) 12.2° 21963.6306, -3.086( -2) 
11.2° 21963.7347, -1.655( -2) 12.5° 21963.6851, -3.042( -2) 

overtone state (6voa) in their study of jet-cooled hydrogen peroxide. The correspond

ing 6v1 state will therefore be computed first in this study. We first select 7000 

functions based on energy separations to the zeroth order state 16, 0, 0), which should 

be the largest component of eigenstate 6v1 . The initial guess vector u 1 for Lanczos 

recursion is taken to be the 6v1 eigenstate of the real Hamiltonian matrix using 1500 

basis functions, selected in the same way. We have applied the Lanczos algorithm 

with 500 recursions to the complex Hamiltonian matrix at a number of 0 values, 

with the hope to extract the resonance parameters from a cusp of the 0-trajectory. 

The eigenenergies for the 6v1 states thus obtained are listed in table 2.3. There are 

several points worth noting here. First of all, the real part of the eigenenergies are 

converged very well and their values are not much different from those listed in ta

ble 2.2. Second, the resonance widths are about two orders of magnitude smaller 

than the experimental results. Last and more important, the resonance widths are 

not converged at all. In fact if one tries to plot a 0-trajectory, the points will be 
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Table 2.4 Lanczos eigenvalues with different number of recursions for 6v1 state 
using 7000 basis functions selected based on zeroth order energy separations. The 
scaling angle for the Hamiltonian is 0=10°. 

Number of recursions 

350 
425 
500 
650 
800 
950 
1200 

Lanczos eigenvalue (cm-1 ) 

21963.7451, +3.200( -3) 
29163.7417, -1.376( -2) 
21963.6626, -8.599( -3) 
21963.7597' -5.430( -3) 
21963.7532, -2.331( -3) 
21963.7560, -3.400( -3) 
21963.7524, -3.493( -2) 

distributed in a random fashion and it is impossible to find the cusp where resonance 

parameters can be extracted. This is illustrated in figure 2.5(a), which is plotted 

based on the data listed in table 2.3. If we want to add more points to the figure, 

they will most likely appear at unexpected positions. 

The convergence of the Lanczos eigenvalues must also be checked with respect to 

the number of recursions. If the algorithm is able to give converged results, the eigen

value should be a constant after a certain number of recursions. For the Hamiltonian 

matrices constructed using the 7000 basis functions, however, we can not find this 

convergence. Table 2.4 lists the 6v1 eigenvalues with different number of recursions 

M for the Hamiltonian matrix evaluated at 0=10°. The eigenenergies do not seem to 

spiral into a fixed point. 

So far, all the resonance widths computed are too small compared with the ex

perimental values. This fact suggests that either the molecular model or the basis set 

used to construct the Hamiltonian matrix is inaccurate. The basis selection scheme 

based on zeroth order energy separations is not very effective because it will miss 
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Figure 2.5 0-trajectories for two Hamiltonian matrices based on Lanczos eigenval
ues. (a) For 500 recursions and 7000 basis functions selected by zeroth order energy 
separations. (b) For 300 recursions and 4000 basis functions selected based on the 
scheme described in section 2.2.5. 
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those states which have large coupling with the target state but are far separated 

in energy. We thus use the second basis selection scheme, which is described in sec

tion 2.2.5. This scheme uses a tree structure to choose the basis functions and the 

first order perturbative coupling is taken as the criteria in the selection process. Thus 

the shortcoming of underestimate the importance of strongly coupled states is over

come. Starting from zeroth order state j6, 0, 0), 4000 functions are selected from basis 

set (9, 80, 25). We then follow a similar procedure to construct the Hamiltonian ma

trix and apply the Lanczos algorithm at different 0 values. With 300 recursions, the 

eigenenergies again show a random distribution pattern, as illustrated in figure 2.5(b ). 

The resonance widths are in the right order of magnitude compared with experimen

tal results. From this figure, one might think that 0=9. 7° could be taken as a stable 

point. However, this pattern will definitely be changed if we try to add more points 

around 9. 7°. The change of basis functions does not seem to bring better convergence 

to the Lanczos eigenvalues. 

We have tried to lower down the 0-0 bond dissociation barrier, with the hope 

of getting a better convergence by reducing the matrix size. However, the complex 

Lanczos eigenvalues again display a random pattern as the values of M and 0 are 

changed. The ill performance of the Lanczos algorithm here is mainly due to the 

round-off errors accumulated during the recursion process. We will discuss this point 

in more detail in the next section. 

2.3.3 Failure of Complex Lanczos Recursion Method 

Upon the observation of the non-regular convergence behavior for the resonance 

widths, we begin to doubt the performance of the Lanczos recursion algorithm. In 

this section, we wish to demonstrate by a test study that it indeed fails to generate 

reliable resonance parameters. Hutchinson's system61 will again be used here as the 
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test model since this system has been well studied and its resonance states have been 

well characterized. We construct a complex Hamiltonian matrix using 350 zeroth 

order basis functions with complex scaling angle 0=5°, and the Lanczos recursion 

algorithm is then applied to this matrix. The Lanczos eigenvalues with different 

number of recursions are listed in table 2.5. 

From the table, one might clearly see that the real parts Eo are reasonably calcu

lated, but the convergence for the more interesting imaginary parts (resonance widths 

r) is hard to achieve. From our experiences in computing the resonance parameters, 

it appears that Eo has to be computed virtually exactly to converge r even approxi

mately. More specifically, Eo must be calculated to the accuracy of at least the same 

order of magnitude as r. For example, if r=0.1 cm-I, Eo must be computed to the 

accuracy of at least 0.1 cm-1 to produce reliable resonance widths. The difficulty 

here arises from the relative magnitudes of the real and imaginary parts of the com

plex eigenenergies. Although a 0.1% error in converging spectral band positions is 

usually quite acceptable, the corresponding absolute error introduced to resonance 

widths will be too large. It has been well known that Lanczos recursion could result 

in round-off error, which may become more profound for non-sparse matrices. The 

accumulation of this error will eventually destroy the othonormality of transformation 

in equation 2.23. The difficulty in applying Lanczos algorithm to the calculation of 

resonance parameters lies in the relative small magnitude of resonance widths: the 

round-off error could easily build up to the same order of magnitude of r and thus 

makes it very hard to get converged results. 

The convergence pattern of the complex eigenenergies is generally getting better 

when more recursions are carried out. It appears that for this Hamiltonian matrix, 

the Lanczos algorithm with 200 recursions gives reasonably converged results, ex

cept the two cases where positive imaginary eigenenergies are produced. One should 



Table 2.5 Complex eigenenergies from direct 
diagonalization and Lanczos recursions 

Diagonalization Lanczos eigenenergies with different number of recursions 

results (N=350) M=100 M=150 M=200 

14298.8, -8.3( -4) 14299.6, +9.0( -1) 14298.7, -5.4( -2) 14298.8, -7.1( -3) 
9918.67' -1.3( -3) 9918.71, -6.9( -2) 9918.66, +9.8( -4) 9918.67, -1.3( -3) 
12840.8, -4.9( -3) 12840.5, -2.3( -1) 12840.8, -1.4( -1) 12840.8, -8.4( -3) 
15636.5, -7.5( -2) 15637.0, -4.5 15636.4, + 7.4( -1) 15636.5, -9.1( -2) 
11248.4, -9.0( -2) 11248.6, -7.4( -1) 11248.4, -7.1( -2) 11248.3, -9.0( -2) 
16978.7, -2.8( -1) 16973.6, -4.2( -1) 16974.2, -3.3( -1) 16977.6, +1.3 
14163.1, -5.8( -1) 14161.8, -2.2 14162.8, -5.8( -1) 14163.1, -6.4( -1) 
6323.45, -1.0 6323.44, -9.7( -1) 6323.45, -9.8( -1) 6323.45, -9.8( -1) 
18326.1,-1.2 18316.2, -9.0 18352.4, -6.3 - 1) 18325.3, +6.8( -1) 
9486.76, -1.7 9485.20, -1.4 9486.63, -1.5 9486.76, -1.7 
16951.7,-2.3 16953.6, -4.7 16952.9, -3.8 16954.9,-3.7 
12518.4, -3.4 12507.9, -1.2( -1) 12518.0, -4.0 12518.4, -3.4 
19687.6, -6.2 19676.1, -1.2( +1) 19677.4,-8.6 19693.6, -1.1( +1) 
15418.6, -7.3 15415.6, -2.5( +1) 15417.5, -1.2( +1) 15420.5,-7.0 

The eigenenergies are listed in the unit of em -I. 
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remember, however, the original matrix size is 350, so there has not been a signifi

cant reduction in the effective matrix order. For a large Hamiltonian system as we 

discussed in section 2.3.2, it is certainly not possible to perform this number of recur

sions. First, the ubiquitous round-off error will accumulate enormously after carrying 

out large number of recursions. Second, the cost and feasibility of computation will 

not be reasonably reduced if the number of recursions is so close to the size of the 

original matrix. 
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In combination of this test study and the frustrating results presented in sec

tion 2.3.2, we believe that, despite its wide application to the computation of real 

eigenenergies for various Hamiltonian systems, the Lanczos algorithm is not very 

suitable to calculate resonance widths. At this point, we are not optimistic about 

combining the Lanczos algorithm with the complex coordinate method for large sys

tems. 

2.3.4 Summary and Future Directions 

We have found in this study that although the resonance positions of this three 

dimensional system can be converged easily, the resonance widths are very hard to 

calculate. The difficulty lies in the relative small magnitude of the resonance widths. 

Even if the main features of a resonance state is well represented, we might still get 

a wrong resonance width since it is the remaining un-represented character (such as 

overlaps with continuum states) that determines the life time of the resonance. The 

same problem also arises in the Lanczos algorithm. It might be safe to use it to 

compute energy spectra of a Hermitian matrix since the real eigenvalues are usually 

far apart and the round-off error does not dominate the recursion process. For the 

resonance widths, however, the round-off error may be comparable with or even larger 

than the quantity to be computed, thus making it impossible to get converged results. 

The major difficulty with the complex coordinate method is the large scale matrix 

diagonalization. It is possible to use other approaches in which only small matrices are 

involved. The scattering theory calculations such as R-matrix propagation method 

would be one natural choice. Considering the fact that resonance energies are easy 

to converge for this system, the complex stabilization method might also be a good 

approach to use. 



Chapter 3 
Transition State Spectroscopy 

3.1 Motivation 

An accurate interpretation of the spectra of short-lived species requires a careful 

analysis of the detailed dynamics of the absorption of radiation by the molecular 

system. The usual picture of instantaneous photon absorption is misleading when

ever there are molecular processes to compete on the same time scale with the initial 

excitation process. For example, if intramolecular relaxation or vibrational predisso

ciation are fast compared to the time required to prepare the initial excitation, then 

the initially prepared state might be poorly characterized; interpretation of the associ

ated spectrum is thus clouded.61, 112 In particular, the precise nature of the transition 

which produces the absorption or photochemical event is no longer obvious. 

With this point in mind, we begin in this chapter an analysis of the dynamics of 

laser radiation absorption by a reaction complex. The chemical species in this case 

are very, very short-lived, and the dynamics of the chemical reaction should compete 

on the same time scale with the excitation of the chemical transition state to an upper 

electronic surface. We will demonstrate that the common notion of an instantaneous 

electronic excitation, involving "hopping" from one field-dressed electronic surface to 

another, is quantitatively inaccurate and qualitatively misleading in the interpretation 

of the transition state absorption spectrum. 

The continuum absorption or emission spectra of collision complexes for atomic 

systems have been studied for many years, and it is well known that the far wing 

region of broadened atomic spectral lines can provide detailed information about 

the potential curves governing the collision processes.113, 114 Only recently have at

tempts been made to extend these studies to observation of atom-molecule collision 
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complexes; 15, 115 as the conventional study of reaction product distributions (either 

state-to-state or spatial) can only give indirect information about the reaction com

plex, this concept is quite interesting. Several groups have been investigating the 

possibility of direct spectroscopic observation of reaction complexes of chemical re

actions experimentally. Arrowsmith et a[)6, 17 studied the (F ,N a2 ) reaction and re

ported broad wings to either side of the sodium D-line. They described these wings 

as the emission spectrum of the transition state [FNaNa]* during the separation to 

products. Brooks et az.18-21 have reported evidence of absorption by the transition 

states of the (K,HgBr2 ) and (K,NaCl) reactions using an elegant crossed beam appa

ratus. More recently the far wing absorption profiles of the reaction complex [MgH2] 

were reported by Kleiber et az.22, 23 in the study of (Mg,H2 ) reaction. Instead of mon

itoring the emission spectrum of the transition states, the latter two groups measured 

the emission wing spectrum by introducing a laser field into the collision systems. 

The frequencies of the laser fields were tuned off resonance from the excitation of 

one particular reagent (Na/Na* or Mg/Mg*), and the fluorescence was monitored of 

the energized product (Na* or Mg*, MgH*) formed from the laser excited collision 

complex. 

In these atom-molecular systems, however, the reaction potentials are multidi

mensional, and there are usually many points corresponding to a particular energy 

surface splitting. Therefore, unlike the atomic systems, it is generally impossible to 

obtain these potentials from spectral line shapes. Moreover, the duration time of 

the reactive collision is comparable to the time required for the system to absorb a 

photon even in the presence of a very intense laser field. 13 In addition to making the 

experimental preparation and detection of the excited transition states very difficult, 

this latter point raises several theoretical questions: can one actually get the bound 

excited transition states which would be experimentally possible to observe? Can 
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theoretical calculations predict strong features in the spectrum of these states? Is 

spectroscopic analysis possible for these extremely short lived species? If possible, 

what will such an analysis reveal about the dynamics of the excited states? Most 

importantly, if these data can be obtained, how can we relate the spectra to the re

active potential surface (if such a relation exists) and will it be possible to get some 

direct information about the arrangement of the transition complexes from the study 

of these spectra? 

Several theoretical studies have shown that the spectral profile can indeed yield 

some qualitative information about the interaction region and the collision complex. 

For the reactive system (F,Na2), Polanyi and coworkers40 calculated classical tra

jectories and the transition state emission spectrum, assisting interpretation of their 

experimental results. Following this preliminary work, they applied a trajectory cal

culation to the simple (H,H2) reaction and computed the absorption spectrum of the 

intermediate states (H3]* on the accurate Siebbahn-Liu-Truhlar-Horowitz (SLTH) ab 

initio ground potential energy surface.41,42 Later, Agrawal et az.43 examined a time

dependent quantum mechanical treatment for this system by propagating a Gaussian 

wave packet multiplied by a Morse oscillator wave function on the ground SLTH po

tential surface for the collinear configuration. In both of these studies, the classical 

Franck-Condon principle was used, and it was assumed that the absorption intensity 

of the collision complexes is proportional to the probability of finding the system on 

the ground surface where the vertical energy difference between the lower and upper 

potential surfaces was equal to the photon energy 1iw. The two calculations both 

gave absorption spectra with several peaks, although they were not exactly consis

tent with one another. A different approach was employed by Engel et al. 116 , who 

assumed weak laser fields and consequently used time-independent perturbation the

ory (the Golden Rule) to calculate the [H3]* absorption spectrum. The absorption 
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spectra they obtained showed the same trends as that of Polanyi; however the spectra 

were basically discrete spectral lines with different intensities, counter to intuition. 

Substantially more work has been done to examine the similar phenomenon of laser 

induced chemical reactions, for which the same questions may be asked.117-121 

In this chapter, we address the above questions by examining model calculations 

in one dimension. We propagate a Gaussian wave packet on two Eckart potentials, 

which have the basic features of the reaction path potentials for the (K,NaCl) reac

tion. The upper potential well used in the computation is solved exactly, and the 

continuum-bound radiative transitions are calculated based on the time-dependent 

perturbation theory. In the presence of an intense laser field, a strongly frequency 

dependent transition probability spectrum is obtained. A detailed and physically 

clear picture of the spectroscopic process emerges in the time-dependent framework. 

Although the calculation is one dimensional, we believe the theoretical description of 

the excitation dynamics presented here still provide valuable insight for interpretation 

of spectroscopic studies of transition states. 

3.2 Description of the Model System 

3.2.1 Potential Curves 

Our system consists of two one-dimensional electronic potential energy curves 

coupled by a radiation field. The potential curves for both ground and excited levels 

used here are the well known Eckart potentials, 122 and are chosen to have the basic 

features of the potential surfaces for the (K,NaCl) reaction along the reaction coordi

nate. Potential surfaces for this system have been calculated by Child and Roach.123 

We choose to use Eckart potentials, rather than more accurate fits to the Child-Roach 

potential, for several reasons. First, the calculation is only one dimensional, which 
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is a greater deviation from reality than the simplicity of the potential. Second, the 

Eckart potential functions give satisfactory fits to the Child-Roach potentials in terms 

of the energy differences, well depths and widths, and the relative position of the two 

curves. In addition, we shall see that the potentials are exactly soluble. 

For the same reason, the reduced mass of the system along the reaction coordinate 

need not be defined exactly. The mass of the system is taken to be the reduced mass 

of the (K,NaCl) three particle system given by 

(3.1) 

where m1 , m2 and m3 are the masses forK, Cl, and Na atoms respectively. The mass 

m has a value of 10.28 amu and is used throughout the entire calculations. 

The Eckart potential is first introduced to study the penetration of a potential 

barrier by electrons, 122 but the form of the function has often been applied to chemical 

systems124 as well. The potential is defined by 

(3.2) 

where 

(3.3) 

and X denotes the reaction coordinate. Among the five parameters appearing in 

the expression, A gives the asymptotic energy difference of the curve, B governs the 

actual shape of the potential in the interactive region, l is the half width of this region, 

and VE and XE are introduced to shift the curve to fit the real system. The shape 

of the potential can be easily adjusted by varying these parameters. We perform our 

calculations for several systems. In all of these systems, the excited potentials remain 

the same while the ground potentials are changed in terms of the well depth, width 

and relative position to the upper minimum. The ground potential curve (I), shown 



54 

50 

40 

30 

-0 20 
.E 
ca 
0 

:::::.:::: -X 10 
> 

0 

-10 

-20 

-6 -4 -2 0 2 4 6 

X (angstrom) 

Figure 3.1 Eckart potential functions used in the calculation. The lower two curves 
are for the ground electronic state Ia) and the upper one represents the excited state 
I,B). Curve (I) is the best fit to the collinear configuration of (K,NaCl) reaction, and 
(II) is to the configuration of KN aCl of 90°. 



Table 3.1 Parameters for the ground and excited 
Eckart potential curves of the two systems 

A B VE l 
(kcal/mol) (kcal/mol) (kcal/mol) (A) 

Ground level (I) -4 -15 4 2 
(II) -4 -55 4 3.3 

Excited level 5 -165 45 4.5 
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XE 
(A) 

-0.9 
0.3 
0 

in figure 3.1, is the best fit to the collinear configuration, while curve (II) is the best fit 

to the configuration for KNaCl angle of 90°.18-21,123 The parameters used to obtain 

these curves are listed in table 3.1. 

3.2.2 Eigenfunctions of the Potential Curves 

The eigenfunctions for both ground and excited levels must be found before calcu

lations of the dynamics using the formalism described in Section 3.2.4. We will focus 

on the continuum-bound transitions, and thus the bound eigenfunctions of the upper 

level and the continuum states of the lower level are required. 

We have tried to apply the diagonalization approach to calculate the eigenfunc

tions of the potential curves. The piecewise cubic spline functions101-103 are used as 

the basis set. After diagonalizing the Hamiltonian matrix in this L 2 basis, the eigen

functions could be expressed as the linear combinations of the cubic splines. However, 

this approach fails for the ground level Ia). The reason is that all the eigenfunctions 

calculated this way vanish at the boundaries of the L2 basis, and consequently the 

ground wave packet will be bounced back whenever it reaches the boundaries. This 

un-physical "imaginary wall" is of course an artificial effect of the L 2 basis, and it 
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can hardly be removed as long as the diagonalization procedure is employed. For 

the upper level 1,8), the "imaginary wall" problem does not exist because we are only 

interested in the bound states of the potential well. However, as we will see later, 

the deep well on the upper level (approximately 40 kcal/mol) supports more than 

one hundred bound states for the mass of 10.28 amu. It is thus very hard to get well 

converged eigenfunctions for all these states, unless a very large number of basis func

tions are used. We have constructed and diagonalized a Hamiltonian matrix using 

250 splines which cover the range from -6.0 A to 4.5 A. The resulting eigenenergies 

Etag are listed in table 3.2. In some cases, the eigenstates are so badly converged 

that nearly degenerate eigenenergies are generated (for example, Eg;ao and Eg;ao are 

extremely close to one another). 

Fortunately, these bound states can be found exactly. The problem of a Eckart 

potential barrier was solved analytically by Eckart in order to obtain a simple model 

for the transmission and reflection coefficients of electron scattering.122 Following 

his treatment, we have obtained the analytic solution of the potential well. The 

procedure is well described in his paper, but it is a little different here because now 

we are interested in the bound states. We will give a brief discussion for completeness. 

The Schrodinger equation for the Eckart potential can be written as 

d?~ 1 d~ ( A B VE-E 2mZ2) 
de2 + e de + e(l- e) + e(l- eF - e h2 ~ = 0 (3.4) 

where e is defined in equation 3.3. 

In the following discussions, we will assume B is negative so that the potential 

is insured to have a well. Equation 3.4 can be changed into the normal form of 

hypergeometric equations125 by the following transformations 

R 

(3.5) 

(3.6) 
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Table 3.2 Eigenenergies of the upper level Eckart potential well 

J Ef!na 
3 

E~iag 
3 

j EC!na 
3 

E~iag 
3 J Ef!na 

3 
E~iag 

3 

0 6.518 6.518 37 25.990 26.244 74 39.122 39.936 
1 7.127 7.127 38 26.429 26.702 75 39.387 40.295 
2 7.731 7.731 39 26.863 27.156 76 39.647 40.411 
3 8.331 8.331 40 27.293 27.605 77 39.901 40.862 
4 8.926 8.926 41 27.718 28.050 78 40.151 40.981 
5 9.516 9.516 42 28.138 28.489 79 40.396 41.288 
6 10.102 10.102 43 28.554 28.923 80 40.636 41.643 
7 10.684 10.684 44 28.965 29.350 81 40.871 41.690 
8 11.261 11.261 45 29.371 29.774 82 41.101 42.067 
9 11.833 11.834 46 29.773 30.189 83 41.325 42.281 
10 12.400 12.402 47 30.170 30.599 84 41.545 42.420 
11 12.963 12.966 48 30.563 31.003 85 41.759 42.749 
12 13.522 13.525 49 30.951 31.392 86 41.968 42.893 
13 14.076 14.080 50 31.334 31.795 87 42.171 43.054 
14 14.625 14.631 51 31.712 32.137 88 42.370 43.335 
15 15.170 15.178 52 32.086 32.571 89 42.562 43.480 
16 15.710 15.720 53 32.456 32.820 90 42.749 43.592 
17 16.245 16.259 54 32.820 33.332 91 42.931 43.827 
18 16.776 16.794 55 33.180 33.474 92 43.106 44.039* 
19 17.303 17.324 56 33.536 34.033 93 43.276 44.040* 
20 17.824 17.851 57 33.886 34.195 94 43.440 44.229 
21 18.341 18.374 58 34.232 34.692 95 43.597 44.396 
22 18.854 18.894 59 34.573 34.978 96 43.748 44.542 
23 19.362 19.409 60 34.910 35.342 97 43.893 44.573 
24 19.865 19.921 61 35.242 35.771 98 44.030 44.668 
25 20.364 20.430 62 35.569 35.981 99 44.161 44.772 
26 20.858 20.935 63 35.891 36.561 100 44.284 44.857 
27 21.348 21.436 64 36.209 36.606 101 44.400 44.922 
28 21.833 21.934 65 36.521 37.214 102 44.507 44.978 
29 22.313 22.428 66 36.830 37.341 103 44.606 45.042 
30 22.789 22.918 67 37.133 37.802 104 44.696 45.079 
31 23.260 23.405 68 37.432 38.107 105 44.776 45.116 
32 23.726 23.888 69 37.725 38.369 106 44.846 45.201 
33 24.188 24.367 70 38.014 38.856 107 44.904 45.294 
34 24.646 24.843 71 38.299 38.915 108 44.950 45.395 
35 25.098 25.314 72 38.578 39.437 109 44.981 45.503 
36 25.546 25.781 73 38.852 39.586 110 44.998 45.559 

All the eigenenergies are listed in the units of kcal/mol. 
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(3.7) 

(3.8) 

(3.9) 

where a, band care the parameters for the hypergeometric series. U(O and therefore 

<I>(e) can then be expressed in terms of the series. Considering its convergence for 

large e values, only eight of the twenty-four forms are suitable to represent the wave 

functions of this system. Notice that choices of the values for a, b and c defined in 

equations 3. 7 to 3.9 are somehow arbitrary because the signs in these equations are 

not defined at all. For a particular form of the series, only one choice will provide 

physically acceptable eigenenergies and eigenfunctions. In addition, it can be proven 

that the eight forms will give exactly the same results. Therefore it is sufficient to 

deal with any one of them; we single out the following one 

<I>( e) = N ( -e)(l-c)/2 (1- e)(a-b+c-t)/2 F(b- c + 1,1- a, 2- c, e ~ 1) (3.10) 

where N is the normalization constant. 

The series generally includes an infinite number of terms but it should be finite 

for this system in order that the (bound) wave functions reduce to zero for large e 
values. Therefore either b- c + 1 or 1 -a must be a negative integer or zero. This 

quantizes the eigenenergies 

where 

E· J VE- +(Qi- A/Qi)2 

JR- B- (2j + 1)vR 

j = 0,1,2, ... ,Nmax 

2Nmax < V1- B/R - VIAI/R -1 

(3.11) 

(3.12) 

(3.13) 
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Nmax is the nearest integer to the expression, and it gives the quantum number for 

the highest bound state of the well. The eigenfunction of the jth state can now be 

re-formulated as 

<I>j(O = Nj ( -owj;2 (1- oQj/VR F( -j, -i + )1- B; R, 1 + wj, e ~ 1) (3.14) 

where Wj = j(VE- Ei)/R. 

Using equation 3.13, one can easily figure out that there exist 111 bound states 

for the upper level potential well of this system. Table 3.2 gives a list of all these 

analytic eigenenergies E;na. A comparison with the diagonalization results indicates 

that the two eigenenergies are in good agreement for lower states. For states with 

high quantum numbers, discrepancy occurs because of the incompleteness of the spline 

basis. 

The analytic expression for the bound Eckart eigenfunctions given by equation 3.14 

is composed of hypergeometric polynomials.125 So it seems that one should be able to 

compute these eigenfunctions by directly taking a summation. Unfortunately, as the 

quantum number increases, the round-off error in the summation process becomes 

very large. Actually, only the lowest thirteen states were indeed correctly calculated 

by the direct summation of equation 3.14. For the remaining states with higher quan

tum numbers, it is generally impossible to get a reasonably behaved summation. As 

such, the eigenfunctions are computed by numerically integrating the Schrodinger 

equation at each of the known eigenenergies. The eigenfunctions so calculated are 

not exactly orthogonal to one another: a typical overlap between the normalized 

eigenfunctions is about 0.0005. We believe that this will not significantly affect the 

dynamics calculations. For computational convenience in evaluating overlap ma

trix elements, we expand the numerical eigenfunctions over a primitive basis of 4 75 

piecewise cubic spline functions. This is accomplished by calculating the projection 
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integrals of the known eigenfunctions to the spline basis using five-point Gaussian 

quadratures. 

For the ground level, the wave functions of interest are those with high energies in 

the continuum spectrum. Although exact solutions are also available for these states 

in terms of the hypergeometric series, the direct summation is again very difficult. For 

our calculation, we employ WKB wave functions126 as the approximate eigenfunctions 

in the propagation of the ground wave packet. Successful application of the WKB 

approximation requires that the wavelength of a particle must change only slightly 

over one wavelength. Intuitively, we expect this criterion will be satisfied since we 

consider high energies and because the ground KN aCl potential curve varies very 

slowly. The WKB wave function126 for the Ja) electronic state takes the form 

Nk ( i lx ) lka) = V a exp -;;- dX P(X) 
P(X) n Xr 

(3.15) 

where Xr is far away from the interactive region and serves as the reference point 

for integration, P(X) is the momentum corresponding to energy Eka and Nka is the 

normalization constant. We have checked a few selected WKB states by comparison 

to "exact" numerical integration of the eigenstate, and have found good agreement. 

3.2.3 Initial Wave Packet and Propagation 

The initial wave packet w(X, 0) is taken to be a minimum uncertainty Gaussian 

packet 77 defined by 

(b) 1/4 ( b 2 i ) w(X,O) = ; exp - 2 (X- Xo) + h PoX (3.16) 

where P0 , X 0 are initial momentum and position of the wave packet and b governs 

the initial width. The velocity corresponding to Po (group velocity v0 ) is chosen to be 

in a range which is comparable to the mean velocity of particles at the experimental 
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temperature. For example, a typical velocity 1350 m/s used in the calculation corre

sponds to the mean velocity of a particle with mass 10.28 amu at the temperature of 

about 1100 K. The initial width is assigned arbitrarily to 1.0 A. 

We will first calculate the wave packet dynamics in the field-free case, since we will 

later show that the wave packet propagation on the ground potential curve is basically 

unaffected by the field. The wave packet will start to propagate from a point that 

is far from the interactive region. In the vicinity of this point, the potential curve 

is virtually flat and the WKB wave functions reduce to plane waves. The expansion 

coefficients of the wave packet over the WKB eigenfunctions at t = 0 can then be 

evaluated analytically as 

(3.17) 

where Pa = JEka - VE is the asymptotic value of P(X) at large negative X, where 

V(X) equals VE. In evaluating aka(O) in equation 3.17, we have assumed that domi

nant contribution to the projection integrals comes from the region where the initial 

wave packet is non-trivial (in other words, initially the wave packet will have no 

knowledge about the existence of the far away potential well). This assumption is 

obviously valid because of the shape of the Gaussian wave packet. 

Knowing the projection coefficients aka (0) of the Gaussian wave packet onto the 

WKB eigenfunctions, the time evolution of the packet in the field-free case can be 

obtained easily as 

(3.18) 

At a certain X point, the integral in equation 3.18 can be evaluated trough the fast 

Fourier transform (FFT) algorithm. Notice that the dominant contribution to the 

wave packet comes from those states whose energies are close to the average energy 
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of the packet. Therefore the transform is applied only over a relatively small energy 

window while the remaining lower and higher energy components are ignored. The 

Fourier transform is applied to 256 evenly spaced WKB energy eigenfunctions calcu

lated from equation 3.15. Figure 3.2 shows the propagation of the wave packet with 

initial group velocity v0=2500 m/s on the potential curve (I) shown in figure 3.1. The 

normalization constant of the ground wave packet is checked until it had completely 

passed through the interactive region. The wave packet remains normalized for the 

entire period, and we thus believe that our method of combining the WKB wave 

functions with the FFT propagation is accurate for this system. 

3.2.4 Laser Excitation Dynamics 

We next consider the description of the absorption of radiation by the wave packet 

as it passes through the interaction region. The time-independent Hamiltonian of a 

molecular system coupled with a laser field can be expressed as follows: 

(3.19) 

where 1-lez is the Hamiltonian for the electronic motion, 'In is the nuclear kinetic 

energy operator and 1i1 is the Hamiltonian of the laser. Hint is the field-molecule 

interaction term, given within the dipole approximation127 by 

(3.20) 

where r and X are the electronic and nuclear coordinates respectively. Since the 

duration time of the collision is of the order of a picosecond, we assume that the 

laser field is monochromatic and of constant intensity in the calculation; thus, 1i1 is 

a harmonic oscillator. 
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We denote the Born-Oppenheimer electronic states at a fixed nuclear coordinates 

X as Ia) and I,B), the nuclear wave functions corresponding to electronic state Ia) as 

lka) and I,B) as lj,a), and the laser field states as lnJ) 

1-le/ Ia) 

(~+ lfa(X)) lka) 

1-lf In!) 

lfa(X) Ia) 

Eka lka) 

n1 hw lnJ) 

(3.21) 

(3.22) 

(3.23) 

Assume that the frequency w and intensity I of the laser field is such that only the 

electronic transition occurs and that multi-photon processes are not important. Then 

the state of the full field-molecule system can be expressed as a superposition of the 

eigenfunctions of the "zeroth order" Hamiltonian ~ + 1-le/ + 1-£1 

W(r,X,t) - J dEka aka(t) lka)la)lnJ) e-i(Eka+n,nw)tfn 

+ L aj~(t) lj,a)I,B)InJ- 1) e-i(Ej~+(n,-l)nw)t/n 
j 

(3.24) 

To find the time-dependent expansion coefficients aka ( t) and ajp ( t), we insert the 

wave packet W(r, X, t) into the time-dependent Schrodinger equation 1-lW = in~. 

After standard derivations and cancellation of equal terms, we have the following 

expressiOn 

p,(r, X) ( 2~c) 112 
[ j dEka aka(t) lka)la) (In!+ 1) +In!- 1)) e-iEkatfn 

+ ~ aj~(t) lj,a)I,B) (In!)+ In!- 2)) e-i(Eirnw)t/n] 
J 

n j dEka aka(t) lka)la)lnJ) e-iEkatfn 

+ h L Ctjp(t) lj,a)I,B)InJ- 1) e-i(Ej~-nw)tfn (3.25) 
j 

We then project both sides of equation 3.25 onto (nJ - 1l(j,ai(,BI to get the time 



dependence of the expansion coefficients aj13 (t) 

where 

Ei13 - (Eka + nw) 

(a(r) ltL(r, X)I;J(r )) 

Following a similar procedure, we may get the expression for aka(t) 
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(3.26) 

(3.27) 

(3.28) 

(3.29) 

Equations 3.26 and 3.29 provide the exact dynamics of the spectroscopic absorp

tion but are very hard to solve even numerically. The primary difficulty for this 

system lies in the continuum spectrum of the ground electronic level, because the 

continuum spectrum requires an extremely large number of aka(t) to be evaluated 

in order to represent the wave packet \II(X, t) accurately. So it will be exceedingly 

time consuming to compute the expansion coefficients aj13 (t) and aka(t) by directly 

integrating equations 3.26 and 3.29. To simplify the problem, we note that, for a 

real laser assisted reactive collision, the system is initially on the ground electronic 

state Ia) and the nuclear configuration is far from the interactive region. As the wave 

packet \II(X, t) moves, it will be excited to the upper level I!J) when it reaches the 

region where the energy differences between the two potential curves are nearly in 

resonance with the photon energy. However, as we will see from the calculation results 

in the next section, the transition probability will be extremely small: the duration 

of the collision is too short for the system to absorb a photon fully for a reasonable 

laser intensity (we used 1.0 MW jcm 2 throughout this computation). Therefore we 

assume that the profile of the ground wave packet is not changed by interaction with 
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the radiation field. In other words, the excitation is assumed to have the same effect 

on different energy components for the ground wave packet; consequently, the only 

change in the ground wave packet is a normalization factor N(t), which is independent 

of Eka 

(3.30) 

With this approximation, equations 3.26 and 3.29 and the initial conditions for 

integration can be expressed as follows 

(3.31) 

(3.32) 

(3.33) 

These equations are solved numerically by direct integration with a variable step 

size predictor-corrector routine. Notice that in equation 3.31, Eka can be arbitrarily 

chosen. The energy value we use in integration corresponds to the eigenstate which 

has the maximum contribution to the selected initial wave packet. The integration 

results show that the normalization factor N(t) is very close to 1 (larger than 0.999) 

over the whole process. This indicates that this approximation is reasonable and 

encourages us to make a further assumption that for all time steps 

N(t) = 1 (3.34) 

With this approximation, equation 3.32 becomes decoupled and can be integrated 

exactly. The expansion coefficients for the upper level are given by results similar to 

the time-dependent perturbation theory 

(3.35) 
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This suggests that one can just perform FFT in order to compute the excited level 

expansion coefficients. The direct integration and the FFT results are compared with 

one another for different systems and are found to agree extremely well. As mentioned 

earlier, the ground level expansion coefficients are basically not affected by the laser 

field. This result is plausible if one recalls the small field-dipole coupling and the short 

duration time of the collision.13 The equations also indicate that the laser absorption 

can be simply viewed as the transition between the field dressed potentials. 

The calculation of transition probabilities P(t) and excited wave packet Wex(X, t) 

are very straightforward after these expansion coefficients are obtained. The transi

tion probabilities are taken to be the summation of the squares of the coefficients. The 

wave packet Wex(X, t) is just the linear combination of the excited level eigenfunctions 

with the coefficients aj13 (t). 

3.3 Results and Discussion 

3.3.1 Absorption Spectra 

We wish to demonstrate first that absorption of radiation by the transition state 

is expected and that, even for this simple system in one degree of freedom, a spectrum 

with partially resolvable maxima and minima is observed. The absorption spectra are 

calculated for several systems which differ only in the ground potential curves. For the 

Gaussian wave packet displayed in figure 3.2 with initial group velocity v0=2500 m/s, 

figure 3.3 shows the absorption probability for system (I) as a function of laser fre

quency at three different time steps. At the first time shown, the wave packet just 

starts to enter the interactive region. The absorption occurs first for high laser fre

quencies and the spectrum at this time is very broad and featureless. The second 

curve illustrates that as the wave packet approaches more closely to the transition 
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state, the lower frequency absorption becomes increasingly more pronounced, and 

the spectral peaks begin to resolve. This oscillating feature continues to build up 

and the spectrum becomes time-independent after the wave packet has totally passed 

the transition state. This asymptotic spectrum is shown for the third time step in 

the figure. Figure 3.4 gives the same spectrum for system (II) with v0=1350 m/s. 

Comparing the two figures, we find that both spectra illustrate an interesting asymp

totic oscillating behavior over a large frequency range. We have done calculations for 

several variations of this reaction system and we are convinced that these oscillating 

spectra are the basic features of unbound-bound excitation of transition states for 

this system. The calculations also indicate that the spectra are not very sensitive 

to the changes on the potential curves; we believe that similar absorption pattern 

should be obtained even with the exact reaction path potential functions. It should 

be noted that these prominent spectral features differ significantly from the exper

imental results for the transition state of the reaction (K,NaCl)_l8-21 However, the 

frequency region investigated in the experiment is very different: the absorption in 

that region is due mainly to free-free transitions instead of the free-bound transitions 

we are observing. Experimental signals also average over a relatively wide energy 

range. 

In the discussion which follows, we will interpret these data in terms of two phys

ical models for the absorption process, and we will compare the calculated results 

with predictions from these models. In the first model, the absorption of laser radia

tion is considered as a transition between two "laser dressed" electronic states. The 

absorption then occurs basically due to the crossings of the photon dressed potential 

energy curves: the lower surface is elevated at all values of the reaction coordinate by 

a constant amount nw.13 As a rough approximation, the relative intensity of absorp

tion for a particular laser frequency can be estimated by applying the widely used 
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Landau-Zener model128-130 to these field-dressed potentials. In the second model, 

we assume that a single ground state eigenfunction contributes to the wave packet 

on the lower surface. In this case, the absorption is simply due to the transition 

moments between this single state and the eigenstates of the upper potential. In 

the usual Franck-Condon approximation, the relative intensities at the various laser 

frequencies are given by the overlap integrals between the ground and excited state 

eigenfunctions. In combination, these two models can well explain the time and fre

quency dependence of the transition state spectrum, but we shall see that only the 

Franck-Condon model is quantitatively accurate in its predictions. 

Initially, we can account for the threshold of laser absorption in terms of potential 

curve crossings. In the Landau-Zener model, the differences between the first deriva

tives of the crossing curves play an important role in the determination of relative 

transition probabilities. The dominant peak in the low frequency region for system (I) 

indicates that the transition more likely occurs when the dressed potentials just begin 

to cross, where the slopes of the curves at the crossing point are similar. For larger 

frequencies, the curves cross in such a way that the differences in their derivatives 

are relatively large. This will certainly mean either the interactive region on the 

two potential curves does not coincide or the interactions are totally different. For 

system (II), the magnitudes of the peaks in the spectrum are comparable, indicating 

that the two curves are closer in shape to one another. 

As mentioned before, the time-dependence of the absorption spectrum in fig

ures 3.3 and 3.4 illustrate that the absorption for the high laser frequencies takes 

place earlier than for low ones. This fact can also be understood by the curve cross

ing model. Because of the shape of the upper potential, the left crossing points at 

higher frequencies lie more to the left in figure 3.1 (earlier in the reaction) than for 

lower frequencies. The wave packet propagates from left to right, reaching the crossing 
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point for the higher frequencies first, so that the excitation begins earlier. 

Early in reaction, when the ground wave packet is just about to reach the in

teractive region, the spectra show no detailed structure. As the wave packet passes 

through the transition state, the oscillating feature of excitation probability with laser 

frequency gradually builds up. The explanation to this fact lies in the Franck-Condon 

model: to a particular wave packet, some of the excited level bound states are "bright" 

(meaning only that the transition moment to these states is bigger) while the others 

are dark. The dark states eventually have no important contributions to the exci

tation process, but early in the dynamics, the system responds almost equally well 

to all laser frequencies due to uncertainty broadening. The bright states then have 

significant contribution to the absorption at frequencies corresponding to neighbor

ing dark states, and the wave packet is excited almost uniformly for all frequencies. 

Consequently the structure does not appear. As time passes, however, the absorption 

probabilities at the bright frequencies increase while those for the dark frequencies 

decrease. This may be correlated directly to the Rabi detuning frequency for exciting 

the bright states off resonance. As a result, a structured spectrum emerged and freezes 

after the wave packet completely passes through the interactive region. The evolu

tion of the absorption probabilities with time are more clearly displayed in figure 3.5, 

which carries the same information as figure 3.3 but is plotted for two particular laser 

frequencies (corresponding to the first minimum and the second maximum absorp

tion respectively) versus time. We note that the probability for absorption near the 

local minimum in the spectrum rises with the same profile as for absorption at the 

maximum. The maximum and minimum start to diverge only at a later time, as seen 

in figure 3.5, when the detuning from the bright state becomes important. 

We may quantify this discussion by a calculation of the Franck-Condon factors 

for the excitation. The complexity in analyzing absorption spectra in this way is 
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that the ground wave packet is composed of many eigenstates (WKB wave functions) 

of the lower potential. To simplify the problem, we select one eigenfunction which 

has the maximum contribution to the ground wave packet. In a sense, this wave 

function can be viewed as a very diffuse packet over the reaction coordinate space. 

We have calculated the absorption dynamics for this delocalized state; it turns out 

that, at some particular time steps, the pattern of the absorption spectra is very 

close to that of the localized packet. In fact, if one looks at equation 3.35 derived 

from the assumption that N(t)=l, one may immediately realize that the absorption 

probability in this case clearly reduces to the summation of the Franck-Condon factors 

multiplied by a time-dependent factor. This indicates that the spectrum is basically 

of Franck-Condon type. 

Figure 3.6 displays the Franck-Condon factors for various excited bound states 

with the diffuse wave function for system (I). The profiles of this figure and figure 3.3 

is very similar: they both have the interesting oscillating features. The similarity 

of the absorption spectra and the Franck-Condon factors is is expected because the 

absorption spectra are not very sensitive to the velocities of the initial wave packet 

(as we discuss below). One may alternatively argue that the wave packet is not very 

diffuse in energy space so that all the components will have either relatively large or 

small contributions to the absorption process for a particular laser frequency. 

This result indicates that for this system, one may propagate a wave packet on 

the ground energy surface to find the absorption pattern corresponding to a par

ticular collision energy. In multi-dimensional cases, the calculation of stationary 

states is very difficult, but a wave packet can be propagated semiclassically with 

high accuracy_l31-133 The computation would thus be greatly simplified. 

Different group velocities for the initial wave packet are used in the calculations 

of absorption spectra. The oscillating behavior of the spectra remains unchanged. 
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However, as the velocities increase, the width of the absorption peaks become larger, 

the threshold of absorption decreases and the magnitude of the peaks become smaller. 

These changes are obviously expected from simple uncertainty considerations. 

3.3.2 Excited Wave Packet Dynamics 

In most previous theoretical calculations of the transition state spectra of chem

ical reactions, a Franck-Condon assumption is applied. The upper level potential to 

which the systems are excited serve only as references to evaluate energy separations 

between the electronic surfaces (and therefore the absorbed laser frequency) for each 

configuration.40-43 As a result, the wave packet dynamics of the system can be ob

tained only for the ground potential surface. The model we used here allows us to 

get information for the dynamics on both ground and excited potential curves. We 

believe this additional view is critical in understanding the spectroscopic absorption 

process. 

Figures 3. 7 and 3.8 display the excited wave packet at different time steps for two 

laser frequencies corresponding to the first absorption probability peak and valley in 

figure 3.3. One can see from figures 3.7(a) and 3.8(a) that the two packets are very 

similar at first when the ground wave packet just reaches the crossing points of the 

dressed potentials (note the different scales used in the figures). As the wave packet 

passes through the interactive region, the excited packet for the peak frequency grows 

up gradually and moves forwards. The excited packet for the valley frequency moves 

in a similar manner, but its magnitude does not build up as much. These results 

corroborate the existence of the dark and bright states for the laser absorption on the 

excited potential curve. 

After the ground wave packet left the interactive region, the excited packet os

cillates inside the upper level potential well as shown in figures 3. 7 and 3.8. This 
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behavior cannot continue indefinitely in a realistic system, since secondary process 

such as emission (stimulated or spontaneous) would occur. Nevertheless, a bound 

excited wave packet is certainly produced after applying an infrared laser field to the 

system. 

Our interest here is in the nature of the transition: in particular, it does not ap

pear from figures 3. 7 and 3.8 that a localized model of excitation is even qualitatively 

accurate. Specifically, semi-classical calculations have been presented in which the 

excitation is assumed to occur only at the location of the dressed potential surface 

crossing point. Our results point away from such a model in at least two ways. First, 

the early dynamics of excitation shows that the initial excited state is significantly 

delocalized when the lower surface wave packet is near the left crossing point. Al

though the excited state at later times does become a localized packet, it is clear that 

this packet does not emanate from the crossing point. Second, the early dynamics of 

excitation does not appear to be significantly sensitive to laser frequencies: the wave 

packet arises almost in the same way in figures 3.7(a) and 3.8(a). This is in accord 

with our model discussed above that excitation at the absorption minima is actually 

the off-resonance excitation of the nearby bright eigenstates. In these terms, it is 

not so surprising that the dynamics in figures 3.7(a) and 3.8(a) appear so similar. 

On the other hand, however, the slight shift in the left crossing point due to the 

changes in laser frequencies does not in any way carry the information on the relative 

"brightness" of nearby eigenstates. 

Despite the non-sensitivity of the early excitation on laser frequencies, it is inter

esting to notice that the excited wave packet around the right crossing point appears 

to be strongly frequency dependent, as illustrated in figures 3. 7(b) and 3.8(b ). This 

fact can be explained again by the Frank-Condon principle. When the ground wave 

packet reaches the vicinity of the right crossing point, a small fraction will once again 
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be excited to the upper level electronic state. For the "bright" frequencies, the newly 

excited portion of the wave packet and the existing one are nearly in phase, but for 

the "dark" frequencies, the two packets are not in phase at all. Therefore at the 

right crossing point, the magnitudes of the wave packets prepared from the bright 

frequencies keep increasing, while those from the dark frequencies decrease. 

In some sense, it is comforting to find that the prepared state on the upper surface 

is eventually localized. Our primary concern is that a localized curve-crossing model 

does not indicate just what this state or its magnitude might be. We will quantify 

this in the next section. 

3.3.3 Linear Curve Crossing Model 

As mentioned above, a common view of laser absorption is basically a curve cross

ing problem of field dressed potentials, with Landau-Zener theory being widely used 

to predict the transition probabilities. In this section, we will try to apply this model 

to explain the spectra presented in section 3.3.1. The linear curve crossing model is 

based on the idea that transitions occur so close to the crossing points that in the 

vicinity of these points, one may neglect high order terms and use straight lines in 

the calculation of transition probabilities 

-Ft(X- Xc) 

-F2(X- Xc) (3.36) 

where Xc is the crossing point of the two field-dressed electronic state potential func

tions Vp(X) and Va(X) + hw. F1 and F2 are the force constant of the two curves 

at the crossing point Xc. The Schrodinger equations for the linear potentials can be 

solved exactly, 134, 135 and the wave functions are defined in terms of Airy functions8 1 

(3.37) 



where 

and E is the energy measuring from the crossing point. 

ifF;> 0 
ifF; < 0 
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(3.38) 

We again use one diffuse ground eigenfunction as the wave packet in the calcu

lations here. The transition probability may be calculated from the distorted wave 

approximation 

[ 2m ( I )1/2 j ] 2 P = V 2Eoc dX 1/JJ(X)J-lo:f3(X)'lj;2(X) (3.39) 

Assuming constant dipole moment, the overlap integral between the two wave func

tions can be analytically expressed in another Airy function, and the transition prob

ability then becomes 

(3.40) 

The transition probabilities in this linear curve crossing model can be easily calcu

lated from equation 3.40. The oscillating behavior appears in the spectrum because 

different laser frequencies shift the ground potential curve to different crossing points, 

generating different force constants for the two curves. Notice that since there are 

two crossing points for each frequency, there might be some interactions between the 

two portions of the excited wave packets resulting from transitions at the two points. 

However, the transition probabilities are very small and the interaction, if it exists, 

will be also small compared to the interaction with the ground packet. Therefore, we 

compute the transition probabilities using equation 3.40 at the two points separately 

and the total probabilities are simply taken as the summation. 

The transition probability spectra calculated in this model are displayed in fig

ure 3.9 for system (II). Compared with the exact results shown in figure 3.4, we find 

that the model is qualitatively correct but quantitatively rather poor. The absorption 
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threshold and the general trend of relative magnitudes of absorption probabilities can 

be roughly predicted by this model, but most of the spectral details of the Franck

Condon spectra are absent. A Landau-Zener model will therefore be useful if one 

wants to get a rough estimation of the absorption threshold and the "bright" laser 

frequency regions. The exact computation and explanation of a spectrum, however, is 

unlikely to be sufficiently accurate using this simple model for the free-bound transi

tions. The reason is that, in most cases the potential curves for free-bound transitions 

will be far from linear, and the linear approximation will no longer be valid. For the 

systems where the crossing curves are close to straight lines, the model will give ac

ceptable, nearly quantitative results. A good example of such accuracy can be found 

in Child's work,136 where different approaches were used to calculate the overlap in

tegrals with a constant coupling. We have performed calculations with more linear 

potential curves, and as expected, better agreement was achieved in this case. 

3.3.4 The Effect of the Transition Dipole Moment 

The results presented above are based on the assumption that the transition dipole 

moment Jl.af3( X) is a constant (set to 1) over the whole process. While this is obviously 

not valid for real systems, we have assumed that the overall pattern of the calculated 

spectra would not be substantially affected. A more exact calculation including the 

nuclear dependence of the transition moment would require the knowledge of ground 

and excited level electronic wave functions. For our simple model, this complex 

computation is certainly not necessary. However, as a check on this assumption, we 

choose a reasonable function Jl.af3(X) to use in equation 3.35. The function is in a 

similar form of the corresponding ground Eckart potentials except parameter B is set 
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to zero here 

-~ 
f.la/3( X) = (f.lKcl + f.lNa.Cl) 1 _ ~ - f.lNa.Cl (3.41) 

where~ is defined in equation 3.3. The values of f.lKci and f.lNa.ci are set to be 10.2688 D 

and 9.002 D respectively, which are the dipole moments of KCl and NaCl in their 

gaseous state. 137 This definition of f.laf3(X) gives f.la/3( -oo) = -f.lNa.ci and f.la/3( oo) = 

f.lKci· The sign changes because the dipole moment will change its direction during the 

course of collision for a collinear exchange reaction. With the new transition dipole 

moment function, we have repeated the computation of the absorption probability 

for system (I) and the results are displayed in figure 3.10. Compared with figure 3.3, 

one might find the changes in the absorption threshold and the width of absorption 

peaks. However, the overall pattern and the oscillating feature of the spectra still 

remain unaffected. This independence adds a degree of confidence to our previous 

conclusions. 

3.4 Discussion 

In this chapter, we have pursued a detailed exact answer to a simple yet subtle 

question: what happens when the transition state of a chemical reaction interacts 

with a laser field? In previous studies on systems of two or more degrees of freedom, 

the answer to the question has been assumed to follow one of several simple models. 

In the simplest, most physical model, the wave packet is assumed to follow the path of 

a classical trajectory on the ground electronic surface. When this trajectory crosses a 

point where the separation of the upper and lower potential surfaces matches the laser 

frequency, the trajectory is assumed to hop in a localized, instantaneous ("vertical") 

transition to the upper surface with a probability given by a quantum theory, such 

as the Landau-Zener formula. 

Our concern has been that the electronic excitation is in fact not at all instanta-
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neous. With this in mind, we must not take too literally the idea of a vertical electronic 

excitation or, correspondingly, the assumption that the excitation occurs locally at 

the crossings of the dressed potential energy surfaces. We have demonstrated in the 

present study that, although a strongly frequency dependent absorption probability 

is expected for the transition state, this dependence bears little correspondence to the 

energy dependent curve crossings. Furthermore, the initially prepared wave packet on 

the upper surface is initially significantly delocalized, and the subsequent dynamics 

can hardly be explained by localized curve crossing considerations. However, all of 

these results can be accurately accounted for via a Franck-Condon calculation, which 

we believe is also consonant with a delocalized excitation. 

We conclude this chapter by summarizing what we have learned in this study. 

We have found that, in an essentially exact quantum calculation in one dimension, a 

frequency dependent absorption spectrum arises from unbound to bound excitations 

of the chemical transition state. The calculations reveal the detailed dynamics by 

which a wave packet is partially excited to an upper electronic surface, eventually 

preparing a new wave packet that oscillates in the potential well on the upper surface. 

However, the excitation is not vertical, does not appear to be localized to dressed 

potential curve crossings, and is inaccurately predicted by Landau-Zener calculations. 



Chapter 4 
Effect of Overall Rotation on Vibrational 

Predissociation of H-C-C 

4.1 Motivation 

The intramolecular transfer of energy and subsequent unimolecular reaction of an 

isolated molecule have been and are currently the focus of numerous experimental 

and theoretical studies. The results of these studies have begun to provide insight 

into the mechanisms by which a highly vibrationally excited molecule redistributes 

energy into a unimolecular reaction coordinate, eventually leading to reaction. One 

of the fundamental goals in all these investigations is an understanding of the most 

important factors which govern the unimolecular reaction rates. 

In conventional quantum studies of polyatomic unimolecular reactions, the vibra

tional and rotational degrees of freedom are usually separated for simplicity, as for 

example, in the assignment of a spectrum, where the displacements of bond distances 

are typically assumed to be small so that vibrationally independent moments of in

ertia are obtained for overall rotation. While valid at low energy, this separation is 

certainly inaccurate if the molecule has sufficient energy to induce a chemical reac

tion, such as fragmentation or isomerization. In this case, large amplitude motions 

will greatly change the moments of inertia for overall rotation, and thus introduce 

non-separable couplings to the vibration and rotation. Thus, it is not hard to predict 

that overall rotation should play a very important role in the behavior of vibrational 

modes in highly excited molecules. 

The importance of vibrational-rotational interactions is shown by a number of 

experimental results. Among those, Kinsey and coworkers45, 46 have observed the 

vibrational mode-mode couplings arising from Coriolis interactions. More recently, 
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Steinfeld and Knight47 have found that photodissociation of SiH2 is significantly fa

cilitated at high J quantum numbers. The effects of overall rotation on molecular 

vibrations have also been studied in a variety of theoretical calculations using classi

cal trajectories, beginning with the pioneering works of Bunker,138-140 and of Huang 

and Wilson141 in the early 1960s. Recent classical studies142-148 have implied the 

importance of Coriolis interactions in IVR processes, and a few have revealed that 

rotational energy can substantially alter unimolecular reaction rates. 

Despite the role that overall rotation can play in intramolecular energy transfers 

and unimolecular reactions, such effects are seldom included in quantum mechanical 

studies of these processes. Interestingly, although there are many calculations on the 

vibration-rotation spectra for polyatomics149-151, these interactions do not receive 

much attention for unimolecular reactions, where the molecular species are much 

more energetic. A significant reason for this is that, when overall rotation is taken 

into consideration, the kinetic energy operator of the system is very complicated in 

form. Taken together with the large amplitude vibrations at high energy, this makes 

quantum treatment extremely difficult. Shirts152 has attacked this problem in his 

recent quantum study on a model for an H20 molecule rotating in the molecular 

plane. Although the bending motion is frozen in his study, the overall rotation of the 

molecule was shown to have significant influence on the stretching motion. In fact, it 

was shown that this influence could be sufficient to turn off the mode-mode energy 

flow for certain specific values of the rotational quasi-quantum number J. 

In this chapter, we present a quantum mechanical study on a model triatomic, 

focusing on the effects of overall rotation on the vibrational predissociation rates. The 

model we used here is a rotating linear H-C-C, and the vibration-rotation interaction 

in this simple model is solely a centrifugal barrier. Obviously, this model by no means 

resembles any real physical system, and as such, the purpose of these calculations is to 
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discuss some general questions concerning the role of overall rotation on dissociation 

rates. The complex coordinate method is employed to compute various resonances 

(both positions and widths) of the molecule for a large range of angular momentum 

J. Some of the resonance widths (which are proportional to the dissociation rates) 

are found to be strongly ]-dependent, whereas others have only slight dependence. 

An explanation of these dependencies is pursued via classical and quantum analyses 

of the character of the resonance states and vibrational dynamics at these energies. 

The remainder of this chapter is organized as follows: In section 4.2, we present the 

]-dependence of the resonance widths after a brief description of the model system. 

Section 4.3 contains a detailed analysis of these results, based on both quantum and 

classical mechanics. We give a comparison between the complex coordinate method 

and the R-matrix propagation method in section 4.4, which is commentary to the 

previous sections. Finally, all the results are summarized in section 4.5, together with 

discussions on future works. 

4.2 Calculation of Resonance Widths 

4.2.1 Description of the Model System 

Previously, Hutchinson61 performed a detailed study of overtone induced pho

todissociation process based on a simple collinear triatomic model system. In the 

present study, we use the same model, except that the linear triatomic is allowed 

to rotate. This simple model H-C-C is composed of two coupled stretching modes: 

a prototypical CH bond and a weak dissociative CC bond; the bending motion is 

frozen in a collinear configuration. The CH bond is taken to be a Morse oscillator 

with D=0.1879 au and a=l.006 au. The CC bond is described by the potential func

tion of the following form: Yx( x) = ~ k x2 e-f3x3
, where k=0.45 au and /3=5.8 au. This 
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potential has a dissociation barrier height of about 6000 cm-1 , and it is this barrier 

that provides the weak binding force for the CC bond. 

When the triatomic system is allowed to rotate with total angular momentum J1i 

(a conserved quantity) while keeping the collinear configuration, the rotational energy 

Erot is given by 

(rna+ 2me)J21i,2 
Erot(J, Rce, ReB)= 2 2 (4.1) 

4mameReH + 2me( rna + me)Ree + 4mameRcHRce 

Throughout this and the next section, the system will be represented in bond mode 

coordinates. Thus there exist both kinetic couplings and potential coupling for the 

two modes. The total Hamiltonian of this rotating model triatomic is then given by 

'l.J( ) p; p; P:c'Py D(1 -Oty)2 1 k 2 -f3:c3 "'x,y = -- + ----- + - e +- x e 
2J.LeH 2J.Lee me 2 

2 1-tanh('Y(X-Xc)) 
+ Erot(J,Rce,Rca) + (/:c11 Xy + f:c:cyX y) 2 (4.2) 

where x any y are respectively the displacements of CC and CH bond distances from 

their equilibrium positions: x=Rce-R~e and y=Rea-R~a· The equilibrium bond 

lengths used are 1.08 A for Rca, and 1.51 A for Rce. The potential coupling 

coefficients have the values f:c 11=-0.02 au and f:c:cy=-0.005 au. The hyperbolic tan

gent "cutoff function" is included to prevent the potential coupling from becoming 

unrealistically large in the dissociative region of large Rce; {=2.0 au and Xc=0.6 au. 

The rotational energy given by equation 4.1 is basically a "centrifugal" term. 

There are no kinetic couplings between the rotation and vibrations for this particular 

system, but the rotation does couple the two vibrations together in a non-separable 

manner. Moreover, we should expect and we shall see that this centrifugal term alone 

is large enough to greatly affect the rate of predissociation. 

To study the Hamiltonian in equation 4.2 containing Erot directly as given by 

equation 4.1, we must compute a large number of two-dimensional integrals before 
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applying the variational principle. Fortunately, a highly accurate time-saving approx

imation has been found. To show this, we note that the mass of hydrogen is much 

lighter than that of carbon, and the amplitude of vibration for the CH bond is rela

tively small. Because of these, Erot changes only slightly as a function of CH bond 

length when keeping the CC bond constant, whereas it varies greatly as the CC bond 

length changes. Therefore, in this study, Erot is Taylor expanded over y (displacement 

of the CH bond) around y=O. A comparison was made between equation 4.1 and its 

Taylor expansion, and the differences were found to be extremely small if we keep the 

expansion up to the y4 term. Throughout the following calculations, we will use this 

Taylor expansion to approximate the rotational energy Erot( J, Rcc, RcH)· 

In order to characterize the predissociative resonance states of the Hamiltonian in 

equation 4.2, it is desirable to calculate these states in terms of a suitable zeroth order 

basis. The zeroth order Hamiltonian for the CH stretch is just the Morse oscillator. 

For the CC stretch, we choose the following zeroth order Hamiltonian 

'1J() = p; 1 k 2 -f3xa E (J R Re ) 
fl-3; 2 + -2 X e + rot ' CC, CH 

J.lcc 
(4.3) 

The last term is actually the y0 term in the Taylor expansion for Erot· This term is 

the total rotational energy evaluated at the equilibrium CH bond length R(;H, and 

contains the dominant part of the total rotational energy. By including this term in 

the zeroth order Hamiltonian, the mode-mode couplings are reduced, which allows us 

to achieve improved convergence with a smaller basis size. 

The quasi-bound zeroth order eigenstates of 1-f!; are computed in a basis of piece

wise cubic spline functions.61.101-103 The Hamiltonian matrix elements in this non

orthonormal basis are evaluated accurately by nine-point Gaussian quadrature. We 

used 300 spline functions for the diagonalization of 1{~, covering the range from 

-0.8 au to 2.5 au. Although this range includes all the strong features of the poten-
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tial energy surface, it can not represent well the "long range" terms due to overall 

rotation. However, these terms vary only slightly for x>2.5 au, so that any errors 

introduced by restricting the spatial limit of the basis will be reasonably small. After 

the diagonalization, a two-dimensional zeroth order basis is formed from the product 

states of the lowest seven Morse oscillator wave functions in y with the lowest 50 

quasi-bound states in x. 

4.2.2 J-Dependence of the Resonance Widths 

With the two-dimensional zeroth order basis, we apply the complex coordinate 

method to compute variationally the quasi-bound states (predissociative resonances) 

of the total molecular Hamiltonian given in equation 4.2. We have given a description 

of this method in Chapter 2. Briefly, as known from quantum scattering theory, the 

scattering matrix has poles in the lower half of the complex energy plane, correspond

ing to the resonances of the system. In conventional studies using real coordinates, 

the Hamiltonian is hermitian and permits only real eigenenergies; the resonances are 

therefore hidden. The complex coordinate method provides a way to "expose" these 

poles. In this theory, the Hermiticity of the Hamiltonian is destroyed by analytically 

transforming the coordinates into the complex plane. By doing so, the scattering 

wave functions for the quasi-bound states vanish asymptotically along the complex 

rotated coordinate, thus allowing the use of an L2-basis for the variational calculation. 

of resonances. 

For this particular study, the complex scaling is applied to the coordinate x for 

the dissociative CC bond: x -+ xei9• The resulting complex symmetric Hamiltonian 

matrix is then diagonalized to yield the eigenvalues with the form E = Eo - if /2. 

The behavior of the complex eigenenergies for this system can be classified into two 

groups based on their dependence on the complex scaling angle 0. Those being 
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strongly dependent on () correspond to pure continuum states, while those with very 

slight dependence correspond to the quasi-bound resonance states. For a quasi-bound 

state, the 0-trajectorylOO is plotted to determine the optimal values of E0 and r, which 

are identified respectively as the position and width of the resonance state. In this 

study, the diagonalization is performed at 0=1.0°,3.0°,5.0°, 7.0°, and 9.0°, and the 

complex eigenenergies for resonance states are found to be stable in this range. 

To determine the dependence on overall rotation of the resonance widths (or equiv

alently, the state-specific dissociation rates or inverse of lifetimes) , we perform the 

diagonalization for a variety of angular momenta from J =0 up to J =35. Because of 

the overall rotational energy, the position of a particular resonance state moves as a 

function of J, making it nontrivial to keep track of all the resonance. To identify the 

character of resonances, diagonalizations are also done for the hermitian Hamiltonian 

matrices with real coordinates at each J. The resonance positions are virtually unaf

fected by the complex scaling, and it is this fact that helps us to assign the character 

for different resonances. We examine the expansion coefficients of the eigenvectors 

over the zeroth order basis functions, to pick out the largest component to assign the 

resonance. Although this assignment scheme has problems with the states in strong 

Fermi resonance, it does allow us to follow the same quasi-bound resonance state as J 

changes. This point is further confirmed by contour maps of the real eigenfunctions, 

obtained from diagonalizing the hermitian Hamiltonian matrices. We will discuss this 

in more detail in section 4.3. 

Using this procedure, a number of resonance states are identified. In table 4.1, 

we illustrate our approach of identifying and assigning these resonances by listing 

the resonance positions Eo, resonance widths r, and the largest component of the 

expansion coefficients Cmax(lnx)lny)), for several selected states. According to the 

assignment scheme we described earlier, the resonance state with the largest compo-



Table 4.1 Resonance assignment and resonance parameters for 
several resonance states with different angular momentum J 

J 0 10 15 20 25 30 

Eo (cm-1 ) 8204.2 8300.4 8420.5 8588.5 8804.3 9067.7 
rj2 (cm-1 ) 0.0088 0.0095 0.0106 0.0122 0.0148 0.0188 
Cmax(l2)11)) 0.92284 0.92292 0.92283 0.92183 0.92170 0.92358 

Eo (cm-1 ) 11248.3 11342.7 11460.5 11625.4 11836.1 12095.5 
rj2 (cm-1 ) 0.09025 0.09307 0.09676 0.1023 0.1093 0.1202 
Cmax( 12) 12)) 0.85498 0.85525 0.82242 0.84072 0.84879 0.85330 

Eo (cm-1 ) 16951.7 17041.8 17154.4 13311.9 17514.0 17760.7 
rj2 (cm-1 ) 2.25 2.28 2.32 2.37 2.42 2.46 
Cmax(l2)14)) 0.61995 0.52971 0.61137 0.61461 0.50993 0.58351 

Eo (cm-1 ) 19687.6 19775.8 19886.1 20040.5 20238.8 20481.0 
rj2 (cm-1 ) 6.18 6.29 6.42 6.58 6.80 7.04 
Cmax(l2) 15)) 0.52163 0.43638 0.50886 0.55241 0.55093 0.53129 

94 

35 

9378.5 
0.0251 

0.92384 

12400.4 
0.1355 

0.85561 

18051.7 
2.48 

0.54615 

20767.9 
7.32 

0.50303 

nent of lnx)lny)=l2)11) is assigned as 2vx+vy, following the spectroscopic notations. 

All the resonance states we identified have been assigned in this way. 

The resonance widths of all the assigned quasi-bound states are listed in table 4.2. 

The resonance states in the table are grouped according to the quantum number in the 

x-mode. Although the r values differ significantly for different resonance states (from 

10-4 cm-1 to about 10 cm-1), their dependencies on the overall rotational angular 

momentum J show a similar trend. To see this, we plot r(J)jr(J=O) versus J in 

figure 4.1, based on the data listed in table 4.2. Clearly, for a particular resonance 

state, this ratio will have a larger value if the overall rotation has more profound 
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2vy 
3vy 
4vy 
5vy 

Vx+Vy 
Vx + 2vy 
Vx + 3vy 
Vx + 4vy 
Vx + 5vy 

2vx 
2vx + Vy 

2vx + 2vy 
2vx + 3vy 
2vx + 4vy 
2vx + 5vy 

3vx 
3vx + Vy 

3vx + 2vy 
3vx + 3vy 

Table 4.2 A list of resonance widths r /2 for all identified 
resonance states at different values of angular momentum J 

0 10 15 20 25 30 

1.69( -4) 1.74( -4) 1.79( -4) 1.88( -4) 2.01(-4) 2.18(-4) 
3.80(-4) 3.91( -4) 4.05(-4) 4.24(-4) 4.49( -4) 4.79( -4) 
0.83(-3) 0.89(-3) 0.97(-3) 1.08( -3) 1.25( -3) 1.49( -3) 
0.283 3.14(-1) 3.57(-1) 4.24(-1) 5.25( -1) 6.73(-1) 

1.21( -3) 1.33( -3) 1.49( -3) 1.75( -3) 2.13( -3) 2.69(-3) 
1.29( -3) 1.36( -3) 1.46( -3) 1.60( -3) 1.80( -3) 2.06(-3) 
4.71(-3) 4.84(-3) 5.00( -3) 5.26( -3) 5.65( -3) 6.22(-3) 
0.75(-1) 0.79( -1) 0.82(-1) 0.90(-1) 1.00(-1) 1.14( -1) 
1.15 1.20 1.25 1.33 1.45 1.60 

0.47( -2) 0.53(-2) 0.60(-2) 0.72(-2) 0.90(-2) 1.18( -2) 
0.88(-2) 0.95(-2) 1.06( -2) 1.22( -2) 1.48( -2) 1.88( -2) 
0.90(-1) 0.93(-1) 0.97(-1) 1.02(-1) 1.09(-1) 1.20(-1) 
5.80(-1) 5.97( -1) 6.18(-1) 6.48(-1) 6.88(-1) 7.38( -1) 
2.25 2.28 2.32 2.37 2.42 2.46 
6.18 6.29 6.42 6.58 6.80 7.04 

0.977 1.06 1.18 1.36 1.63 2.03 
1.68 1.80 1.96 2.20 2.57 3.12 
3.36 3.53 3.77 4.12 4.64 5.39 
7.33 7.58 7.90 8.42 9.17 10.2 

35 

2.40(-4) 
5.17(-4) 
1.82( -3) 
8.79(-1) 

3.50(-3) 
2.40( -3) 
7.08(-3) 
1.34(-1) 
1.80 

1.61( -2) 
2.51( -2) 
1.36( -1) 
8.05(-1) 
2.48 
7.32 

2.61 
3.90 
6.46 
11.7 

All the resonance widths are listed in the unit of cm-1. 
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influence on the lifetime of this state, and vice versa. From figure 4.1, we see that the 

resonance widths for all states increase as a function of J, generally in a manner close 

to J 2 • In fact, this result is not surprising, given the form of the rotational coupling 

terms for this particular Hamiltonian ( cf. equation 4.1 ). 

However, there are also some unexpected and interesting features. First, the 

magnitude of the effect of overall rotation on the predissociation rate is quite different 

for different resonance states. For example, the width for the 2vx resonance changes by 



96 

It) 

'"' (a) (b) 

0 

'"' 
5 

I 
I 1 

It) 

C\i 

I I I 
I 

5 

0 
C\i 

~ 
~ 

-0 C! II ~ 

I 4 1 

I ~ I I ~ 
~ 

5 ~ 2 , 4 
/1 •• -;:;4 / , 

/ 
, , 

1 .... :;; ~ ~= ~ 5 4 
/ .,." § / ·1"·~/ / 4" ~~ ...... ·:,.. ~-..,.s_,," ~ 1 .., • , 

...... _.4 a-• .......-- ····::.1~· 
I 

.,. ,........:-=: I::;__ a -
I 

---=i~i~ 
"'"') -~ It) - '"' -"'"') -~ 0 

'"' 
It) 

C\i 

0 
C\i 

~ 
~ 

C! 
~ 

(c) 0 (d) ;, 
0 

j/ l 
/0/ /.>·/ ... 2 

1 • 
~ . , 

/.0 •. ••• 2, 3 
0 ..... 2 1 , / 

/. 1 •• § :::::. 3 
.,." / ,-::::-0···· .2 _.3 /::'0 .......... -:::;..:: ...... __ .. ~ :: ... 3, 

~ ••• 1 1 _....a_~-5 .~~==-- 3 I 
~ ;_.. I :::=:: ......, ' ...... . ..... 4 

I - ==---

0 10 20 30 0 10 20 30 

Angular Momentum J 

Figure 4.1 Ratio of resonance widths f(J)/f(J=O) for all identified resonances. 
The numbers labeling the lines in the figure are the quanta in y-mode. (a) nyvy series. 
(b) vx+nyvy series. (c) 2vx+nyvy series. (d) 3vx+nyvy series. 
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a factor of more than three as J increases from J =0 to J =35, whereas for the vx+4vy 

resonance, r remains almost constant. Second, there is an "inversion" of the effect 

of rotation on different families of resonance states. More specifically, figure 4.1(a) 

shows that for the nyvy series (ny=2, 3, 4, 5), the overall rotation has the strongest 

effect for the resonance with highest quanta in they-mode, namely, the 5vy resonance. 

For other series of resonance states (vx+nyvy, 2vx+nyvy, and 3vx+nyvy), however, the 

strongest effect appears to be for those with lowest quanta in the y-mode, as shown 

in figures 4.1(b), 4.1(c) and 4.1(d). An analysis of these data and an explanation of 

this inversion phenomenon will be developed in the next section. 

4.3 Analysis and Discussion of the Results 

In this section, we seek an explanation for the interesting and unexpected results 

presented in section 4.2. First we demonstrate that vibrational predissociation in 

this system cannot be understood from classical dynamics. A quantum analysis is 

presented based on analysis of contour maps of the quasi-bound eigenstates of the 

system at different rotational angular momentum J. We will show that a Fermi 

resonance effect is strongly responsible for the differences in the ]-dependencies of the 

lifetimes of the eigenstates. Finally we consider a time-dependent quantum analysis, 

and discuss the implications to experimental state preparation. 

4.3.1 Classical Trajectory Analysis 

We performed a trajectory study on this system, with the expectation that the 

classical dynamics would provide a simple understanding of the predissociation pro

cess. In order to compare these classical calculations with the quantum results, the 

initial energy distributions were carefully selected according to the eigenenergies of 

the quantum calculations. More specifically, the initial energy along the dissociative 
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CC mode is chosen to be equal to the CC mode zeroth order energy of a particular 

eigenstate, according to its assignment. The initial values for x(O) and y(O) are ran

domly generated, then the initial value for Px(O) is determined by equation 4.3 with 

a random direction. The initial value for 'Py(O) is finally calculated from equation 4.2, 

so that the total energy of the system is exactly equal to the quantum eigenenergy. 

The initial conditions selected by this procedure provide a microcanonical ensemble 

with which it is possible to compare the quantum eigenstates. 

For each selected quantum state, 100 trajectories are integrated with a variable 

step-size predictor-corrector routine to a maximum time limit of 5 ps, and the number 

of dissociative trajectories are then counted as a function of time. Figure 4.2 shows 

the percentage of the non-reactive trajectories at several ]-values, corresponding to 

the quantum vx+5vy resonance. The curves in the figure clearly indicate an uniform 

exponential decay, and the lifetimes calculated from these curves agree roughly with 

the quantum results. Furthermore, the decay rates do not show strong ]-dependence 

for this particular energy distribution, just as in the quantum calculations. 

However, as one might expect, such a direct correspondence between the classical 

and quantum calculations does not appear for every energy distribution. In fact, 

the classical trajectories are more commonly found not to lead to dissociation at all, 

especially if the initial energy for either one of the two modes is set to the ground 

quantum level. For example, using the initial energy distribution corresponding to 

the 3vx resonance at ]=30, none of the 100 trajectories dissociates within 5 ps. By 

contrast in the quantum calculations ( cf. table 4.2), the 3vx state is shorter-lived than 

the vx+5vy state. Such stark inaccuracies in the classical predictions are obviously 

due to the role of purely quantum effects in the vibrational predissociation, including 

both tunnelling through the potential barrier and dynamic tunnelling in the mode

mode energy transfer. We will discuss each of these in the quantum analysis of the 



99 

100 

(fJ 
80 Q) 

·;:: 
0 
(.) 
Q) 

"Cij' .._ -Q) 
(.) 

-.:::; 

~ 
Q) .._ 

60 I 

c:: 
0 c:: -0 
Q) 

g> -c:: 
Q) 

~ 
Q) 40 a.. 

35 

20 

0 1 2 3 4 5 

time (ps) 
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next subsection. 

As we have shown in figure 4.1, the most strongly ]-dependent resonance states 

all involve low quanta in either x or y-mode. It is thus impossible to understand 

the ]-dependencies by counting the number of reactive trajectories in the classical 

studies, since these are the classical energy distributions which do not readily react. 

We therefore turn our attention to the structure of the corresponding classical phase 

space. In figure 4.3, we show a typical reactive trajectory at J =10 for the time period 

just prior to dissociation, starting with the energy distribution of the quantum vx+5vy 

state. The corresponding phase space surface of section (defined by the y=O plane 

with Py>O) is also presented. The same plots for a non-reactive trajectory of the 5vy 

state initial energy distribution are shown in figure 4.4. 

One would expect that there would exist some transition in the structures of these 

plots as J is varied, given that the quantum calculations reveal strong ]-dependence 

for some resonances, including in particular the 5vy state. In reality, however, the 

structures of the trajectories and the corresponding sections of phase space are found 

to be very insensitive to the variation of J. (These plots at other J values are not 

shown, because the differences are so slight.) All the basic structures found at this 

J =10 case are also found at other J values. It is clear that whatever dynamic factor is 

responsible for the dependence of the quantum mechanical vibrational predissociation 

rate on J is not fully reflected by a classical analysis. However, there does exist 

evidence from the classical analysis of the critical underlying factor. It should be 

noted that the structures of the classical trajectories and the phase space surfaces 

of section clearly indicate the existence of a zone of 2:1 resonances. It turns out 

that these resonances are crucial to the understanding of the J -dependence of the 

predissociation rates of this system, as is demonstrated quantum mechanically in the 

following subsection. 
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4.3.2 Quantum Analysis 

Quantum mechanically, the relevant information of the system is contained in the 

eigenfunctions. We therefore analyze the character of these eigenfunctions at different 

angular momentum J, as determined from diagonalization of the real Hamiltonian 

matrices (i.e. without the complex scaling). 

By inspection of contour maps of the eigenfunctions, the predissociative resonances 

can be classified into two groups for this system. Those in the first group display very 

regular nodal structures and can be easily assigned quantum numbers by counting the 

nodes along each coordinate. The states in the second group, however, have highly 

irregular nodal structures and are thus difficult to assign properly. In figure 4.5, 

we show the contour plot of the 2vx+2vy state at J=O, which is typical for all the 

eigenstates in the first group for all J values. Figures 4.6 and 4. 7 are the plots for 

the 5vy and 2vx+4vy states at J =0 and J =35. From these figures, it is clear that the 

two states are in Fermi resonance. In fact, the eigenenergy differences between the 

two states are very small, ranging from about 22 cm-1 at J=35 to 27 cm-1 at J=O. 

Compared with their true eigenvalues of about 18000 cm-1 at J=35 and 17000 cm-1 

at J =0, these differences are very tiny and thus introduce strong mixing between the 

two states. 

The assignments for these two mixed states are still made according to the largest 

component of the expansion coefficients over the zeroth order states. As shown in 

the figures, this scheme fails to give the proper assignments for the mixed states, 

although it works well for the rest of states. In spite of this difficulty in assignment, 

we note that the character of the two states shown in figures 4.6 and 4. 7 are similar 

at J =35 and J =0. It is thus confirmed that the same resonance states are followed 

as J varies, as we mentioned in section 4.2. 
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The Fermi resonance between the 5vy and 2vx+4vy correlates very well with the 

2:1 resonance demonstrated by the classical trajectory calculations. We believe that 

the occurrence of this resonance is very important to the understanding of the ab

normally strong J-dependence of the 5vy state (cf. figure 4.1). To show this, we 

notice that, although overall rotation of the system changes the relative positions of 

the vibrational energy levels, these variations are usually very small. Generally the 

eigenenergies for all states are elevated nearly equally due to overall rotation, and 

the tiny changes in the relative positions of the resonances will not have significant 

influence on the dynamics of the system. If the two states are in close resonance, 

however, the difference in the eigenenergies is also very tiny. For example, as we 

mentioned earlier, the difference of the eigenenergies between the 5vy and 2vx+4vy 

states is only 22 cm-1 at J=35. In this case, the small changes due to the overall 

rotation might cause significant changes in the dynamics of the intramolecular energy 

transfer and thus the rate for predissociation. This is exactly what happens in this 

system. The Fermi resonance between the 5vy and 2vx+4vy states leads to the strong 

J -dependence of the dissociation rate for 5vy state. For other similar states such as 

v.x+5vy and 3vx+4vy, there also exist some nearby resonance conditions, but these 

states lie just outside the resonance zone. Therefore they can not feel the tiny change 

caused by the overall rotation, and the overall rotation does not affect the dissociation 

rates very much. 

We have shown from the study of this model triatomic that a major effect of 

overall rotation on vibrational predissociation arises from the presence of resonance 

conditions relating the predissociating state to other states of the system. This ob

servation should have significant implications for realistic molecules. For example, 

in this study, we have frozen the bending degree of freedom (or internal rotation 

after dissociation); in a real molecule, the bending motion will further enhance the 
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vibration-rotation interactions. In addition, the density of states for a real molecular 

system will be much higher than for this model, and the total energy of the system 

will have to be distributed in more ways among different modes of the molecule. 

Therefore, more Fermi resonances will occur among the eigenstates, and these reso

nances will provide more possibility of observing strong effects of overall rotation. We 

conclude that, for a molecular system undergoing large enough amplitude vibrations 

to react, it is insufficient to specify only the vibrational energy levels. 

In order to get a more detailed understanding of these Fermi resonances, we have 

also carried out time-dependent calculations for the 5vy state for the system with 

angular momentum J =35. We prepare an initial state and then propagate this wave 

packet using the eigenfunctions of the system. The quantities monitored are the time

dependent probabilities I at( nx, ny) 12 of finding the system in the zeroth order state 

lnx)lny), where at(nx,ny) is the expansion coefficients of the wave function over the 

zeroth order basis function. It should be noted that the eigenfunctions used in the 

propagation are found in the £ 2-basis, so the wave packet will be bounced back when 

reaching the boundary of the basis. However, if the wave packet is propagated for only 

a short period of time, this unrealistic reflection will not affect our interpretations. 

We first start with a initial state composed of a pure IO) 15) state (i.e. a0 (0, 5)=1 

and all the other coefficients are set to zero). In figure 4.8, lat(0,5)I2 and lat(2,4)12 

are plotted as functions of time. The figures clearly illustrate that the probability of 

the system gradually transfers from the IO) 15) state to its resonance parter, the 12) 14) 

state. Probability also enters other states, including the continuum ones, but it seems 

that 12) 14) is the most important intermediate state for this relaxation process. 

The high frequency oscillations in the probability curves in figure 4.8 indicate that 

one could not (without ultrashort laser pulses) in reality prepare the pure IO)I5) initial 

state. To reduce these oscillations and thus to identify a physically more realistic ini-
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tial state, we include the two most important components of the 5vy eigenstate. After 

renormalization, this "new" initial state has the form 0.9041 IO)I5) + 0.4274 11)14). 

This state is then propagated, and the corresponding plots of lat(0,5)I 2 and lat(2,4)1 2 

are presented in figure 4.9. As expected, the high frequency oscillations are greatly 

reduced now. Actually if we look back at the contour maps of the wave functions 

in figures 4.5, 4.6 and 4.7, it is clear that the nodal lines are rotated away from the 

coordinate axes. Preparing a pure zeroth order state IO) 15) is equivalent to distribute 

the initial probability along the y-axis on these maps. Obviously the system can not 

be well represented this way, and therefore generating rapid oscillations in figure 4.8. 

We can infer several conclusions. First, the high frequency oscillations of figure 4.8 

are not physically significant, in that the zeroth order state IO) 15) defined here would 

not be prepared in a photochemical experiment. It is clear that the initial state 

should be better described via a more optimal zeroth order partitioning of the Hamil

tonian, as discussed by Fleming and Hutchinson.153 Second, therefore, the dominant 

contributions to vibrational predissociation, as observed spectroscopically, must be 

determined from the dynamics of the more realistic initial state in figure 4.9(a). Fi

nally, third, the importance of the resonance condition to vibrational predissociation 

is confirmed by the probability transfer dynamics in figure 4.9(b ). 

4.4 Comparison with the R-Matrix Method 

The complex coordinates method has been widely used in various calculations 

for different processes. 85,86 Many of these applications reach far beyond the mathe

matical basis (e.g. in terms of contour integrations, dilatation transformations, etc.) 

from which the method is originally derived. As a result, the physical or "intuitive" 

rationale for the complex scaling procedure is sometimes unclear. In this section, we 

compare the resonance calculations between the complex coordinate method and the 
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R-matrix method. We will show that the two methods agree quite well. This compari

son thus provides both confidence about the application and a physical understanding 

of the complex coordinates method. 

The R-matrix theory was first introduced in the 1940s by Wigner and Eisenbud, 154 

and has been applied to a variety of atomic and molecular processes.155, 156 In a series 

of articles in the 1970s, Light, Walker and coworkers157-159 extended the theory to 

both reactive and inelastic scattering of chemical reactions. They developed a formal

ism, termed as the R-matrix propagation method, for atom-molecule systems based 

on the propagation of the R-matrix along the scattering coordinate. The method was 

found to be fast, stable and accurate. 

In order to apply the R-matrix propagation method, the Hamiltonian has to be 

separable in the asymptotic region. This requirement is obviously not satisfied by 

the Hamiltonian of equation 4.2 expressed in bond coordinates, since the kinetic 

coupling term does not vanish for large values of x. In order to eliminate the kinetic 

coupling, we transfer to the Jacobian coordinates (Sh S2 ), which, for this simple 

collinear triatomic model, are defined as 

( 4.4) 

Although the kinetic coupling is eliminated in these coordinates, the potential 

energy function now has several rather complicated and inseparable terms. This 

complexity is revealed simply by looking at equations 4.4 and 4.2. Given that our 

interest in this section is only to make a comparison between the two methods, we 

opt to simplify the model by removing all terms containing e5152 in the potential 

function. In addition, the overall rotation is also not included in this calculation ( J 

is set to zero). Finally, we obtain the following expression for the total Hamiltonian 
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in the Jacobian coordinates 

1-ls 

+ ( 4.5) 

where flcHc = mc(mH + flc)/(mH + 2mc) is the reduced mass of the three particle 

system, C(S2 ) = [1-tanh('Y(S2 -xc))]/2 is the cutoff function and all other parameters 

are as previously defined. Although the changes in the Hamiltonian are very slight, 

this system is not the same as the one in section 4.2. Therefore, the resonance 

positions and widths calculated here cannot be directly compared with those listed 

before. 

4.4.1 1-D Case: Shape Resonance 

To apply the complex coordinates method, we again choose a zeroth order Hamil

tonian. ForSt, the Morse oscillator is chosen. For S2 , we choose 

(4.6) 

The barrier in the potential in equation 4.6 will support several quasi-bound states 

(shape resonances), and their resonance positions and widths can be found by the 

complex coordinate method with complex rotated S2 • Therefore, we first consider a 

comparison of these resonances with an R-matrix calculation in one dimension. For 

the complex scaling calculation, the same spline functions ( cf. section 4.2.1) are used 

to construct the complex symmetric Hamiltonian matrix. The values of the resonance 

positions and widths from the diagonalization are listed in table 4.3. 

The resonances can also be found by the R-matrix propagation method. In fact, 

this simple one-dimensional system provides a good example to illustrate how the 
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Table 4.3 Comparison between the complex coordinate method and the R-matrix 
propagation method for the resonance parameters of the 1-D shape resonance states 

Complex Coordinate method 

Eo f/2 

689.691846 "' 5( -8) 
2065.87590 "' 6( -6) 
3425.56290 4.13(-3) 
4734.82361 8.96(-1) 
5901.69385 49.68 

R-matrix propagation method 

Eo f/2 

689.69229 
2065.8763 
3425.5610 

4734.61 
5901 

2.06(-9) 
6.49( -6) 
3.72(-3) 
8.43( -1) 

44 

All the values are listed in the unit of cm-1. 

method works. Consider a step-potential function 

V(S,) = { F s2 :::; ao 
aj-1 < s2 :::; aj 

S2 >aM 

(4.7) 

Effectively, the eigenfunctions '1/JE for this step-potential can be found analytically. 

Straightforward derivations provide the following recursive formula for the logarithmic 

derivative of the wave function at s2 = aj 

R·- '1/J(ai) 
3 - '1/J'(aj) 

__ 1_ e2ikjdj(1 + ikiRi_1)- (1- ikiRi-1) 

iki e2ikjdj(1 + ikiRi_1) + (1- ikiRi-d 

(1 :::; j :::; M, Ro = 0, 

where dj = ai- aj-1 and 1ikj = )21-LcHc(E- Vj) . 

kj =f. 0) (4.8) 

Asymptotically the potential function vanishes and the wave function takes the 

following form 

for S2 >aM (4.9) 

where 1ik = v'21LcHcE and 8 is denoted as the phase shift. The continuity of the wave 

function and its first derivative at S2=aM then immediately leads to the following 
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relation for the phase shift 

tan(k(aM- ao) + o) = kRM (4.10) 

We can obtain the phase shift from RM, which is given recursively by equation 4.8. 

The resonance position and width can be extracted from the phase shift based on the 

well known Breit-Wigner formula (cf. equation 4.11). 

The essential idea of the R-matrix propagation method is to divide the scattering 

coordinate into a number of sectors. Within each tiny sector, the original potential 

function is replaced by a constant. In this way, the original scattering problem is 

approximated by an analytically soluble step-potential scattering. The phase shift 

can then be evaluated from equations 4.10 and 4.8. Obviously, these approximated 

values will approach the true ones as the scattering coordinate is divided finer. For 

the Hamiltonian system given by equation 4.6, we choose a0=-0.8 au, aM=2.5 au 

and divide this range equally into 10000 sectors. The resonance structure of the phase 

shift is found for all the resonance states identified by the complex coordinate method. 

The Breit-Wigner formula relates the phase shift and the resonance position and 

width via 

e2i6(E) = e2i6o E- Eo- ir/2 
E- Eo+ ir/2 

(4.11) 

where 80 is the background (i.e., nonresonant) component of the phase shift and it 

can usually be taken as a constant around a narrow resonance. In principle, one can 

get Eo and r from 8(E) using this relation, but it is difficult in reality. We derived 

another relation, based on equation 4.11, from which a linear regression analysis can 

be performed to extract the resonance positions and widths 

E _Eo= !r (E- E2) cot(o- 82)- (E- EI) cot(o- 81 ) 

2 E2- Et 
(4.12) 
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where (Ell Dt) and (E2, 62) are two different reference points for the analysis. There 

are a large number of different choices for the two points, and it is not surprising that 

Eo and r are slightly dependent on these choices. However, as long as E 1 and E2 are 

chosen to be close to E0 , then Eo and r are almost independent on the choice. The 

linearity of the fit is usually extremely good. 

The resonance positions and widths extracted using this procedure are listed in 

table 4.3. One may find the good agreement between the complex coordinate method 

and the R-matrix propagation method. For the very narrow resonances, the resonance 

widths are not very consistent, because of convergence problems with the splines. 

4.4.2 2-D Case: Predissociative Resonance 

For the complex coordinate calculations, the two-dimensional zeroth order basis 

for constructing the Hamiltonian matrix is formed following the same procedure as 

described in section 4.2. The resonance positions and widths from the diagonalizations 

are listed in table 4.4. 

For the R-matrix propagation method, we follow the procedure proposed by 

Stechel, Walker and Light for inelastic scattering.157-159 In forming the close-coupled 

differential equations, we again use seven Morse eigenfunctions for the S1 mode. 

The close-coupled equations are then solved using the R-matrix propagation method. 

Briefly, the scattering coordinate S2 is divided into a number of sectors, and within 

each small sector both potential functions and couplings are approximated by con

stants. Then analytic expressions can be used for the integration of the differential 

equations. The R-matrix is propagated recursively in this way to the asymptotic 

limit, where the R-matrix is converted into the S-matrix. The initial condition we 

used here for the R-matrix propagation procedure is a little different from the one 

used by Stechel, Walker and Light. (compare the following formula with equation 14 
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Table 4.4 Comparison between the complex coordinate method and the R-matrix 
propagation method for the resonance parameters of the 2-D predissociative resonance 
states 

Complex Coordinate method R-matrix propagation method 

Eo f/2 Eo f/2 

3684.4366 1.27( -5) 3684.4801 1.12( -5) 
5025.2953 6.63( -3) 5025.3322 6.32( -3) 
5511.0264 1.08( -5) 5511.0707 1.06( -5) 
6311.6569 1.31 6311.4 1.24 
6863.3954 2.60( -3) 6863.4361 2.47( -3) 
8191.9515 4.24( -2) 8191.966 3.99( -2) 
8568.0727 1.18( -4) 8568.1166 1.12( -4) 
9456.2881 2.54 9455.8 2.25 
9912.1234 6.63( -3) 9912.1618 6.26( -3) 
11226.892 5.44( -2) 11226.9 4.8( -2) 
11496.408 4.04( -4) 11496.452 3.6( -4) 
12465.679 4.95 12464 4.3 
12830.688 1.01( -2) 12830.716 0.96( -2) 
14129.909 7.59( -2) 14129.926 7.21( -2) 
14296.612 7.57( -4) 14296.654 7.13( -4) 
15338.685 9.75 15337 7.8 
15619.333 6.94( -3) 15619.367 6.52( -3) 
16901.213 2.81(-1) 16901.1 2.46(-1) 
16970.928 1.36( -3) 16970.970 1.28( -3) 
18281.013 2.09( -2) 18281.032 1.99( -2) 
19552.789 6.41(-1) 19552.3 5.0(-1) 

All the values are listed in the unit of cm-1 . 
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in their paper) 
_x(l)dl -.x(l)dl 

() 1 e1 -e 1 

(R 1 )3·k = 83·k - (4 13) 
,\. _x(l)dl _ _x(l)dl • 

J e1 +e 1 

For this study, the R-matrix propagation procedure is carried out from S2=-0.8 au 

to S2=2.5 au, and this integration range is equally divided into 1000 sectors. After 

obtaining the S matrix, the eigenphases can be obtained by diagonalizing the S matrix 

corresponding to the open channels.82, 160 The eigenphase sum are then fitted into 

equation 4.12 to extract the resonance positions and widths, which are also listed in 

table 4.4. The good agreement with the complex coordinate method can be easily 

found in the table, for all the resonance states identified. 

This good comparison between the two methods not only gives us a clear physical 

picture for the complex coordinate calculations, but also provides an efficient proce

dure to compute quasi-bound resonance states for large systems. As we mentioned 

before, the complex coordinate method can hardly be applied to big systems because 

large scale matrix diagonalization is almost impossible. The R-matrix propagation 

method, on the other hand, only deals with matrices of much smaller sizes, thus 

making it possible to compute the resonances for these systems. The difficulty is 

that one can not know before hand where the resonances are located, which makes 

the computation expensive. However, this difficulty can be reduced by using the 

L2-diagonalizations. The resonance positions can be roughly estimated with a small 

basis, even though this basis is not big enough to determine the resonance widths. 

4.5 Conclusion 

We have, in this study, examined the impact of molecular rotation on vibrational 

predissociation in a simple model system. Calculations of predissociative resonance 

widths indicate that this impact can be very substantial. Furthermore, the results also 

show that different vibrational predissociative states can be affected by the rotation in 
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very different patterns. The predissociation rates are changed by more than a factor of 

three for some states, but remain basically unchanged for the others. Both quantum 

mechanical and classical analysis have been carried out. The results indicate that 

classical dynamics is incapable of explaining the changes in the resonance widths 

caused by rotation for this system. The effect here is purely quantal, and Fermi 

resonances are found to be essential to the understanding of the different patterns. 

We conclude that overall rotation may have significant influence on the vibrations 

for highly energetic molecular systems. Neglecting this effect might result in over

simplification or even misunderstanding. 

The natural extension of this work would be to investigate the effect of overall 

rotation on vibrations for a more realistic molecular systems. Although the complex 

coordinates method has been proven ineffective for large systems due to round-off 

errors, as we have discussed in Chapter 2, the R-matrix propagation method can be 

used to estimate the resonance positions and widths. We believe the effect of overall 

rotation on a large system will be much more profound than what we have shown for 

this simple model. 



Chapter 5 
Isomerization of Hydrogen Cyanide 

We have shown in the preceding chapter that overall molecular rotation can sub

stantially change the dynamics of the vibrational predissociation process. With the 

simple rotating collinear triatomic model, it has been demonstrated that the overall 

rotation has very different effect on different resonance states. These differences were 

well explained by the existence of Fermi resonance conditions. However, there were 

several limitations of this simple model. First, the computations were conducted in 

two dimensions, which means the density of states in the calculations was much lower 

than that for a real system. Second, one can hardly find any realistic system which 

can be properly represented by a rotating collinear model. In addition, we have shown 

in Chapter 2 that a bending mode could be very important in mixing two stretching 

modes, and therefore ignoring the bending vibration might underestimate the cou

plings responsible for IVR and reaction dynamics. For example, without the bending 

mode, the rotational-vibrational interaction was represented by a single "centrifugal" 

term. Although extra couplings of the two vibrational modes were still introduced by 

rotation of the model system and the vibrational dynamics was shown to be greatly 

affected by these couplings, the changes in the lifetimes of all the identified resonance 

states followed an obvious uniform pattern: all the resonance widths increase roughly 

as functions of J 2 , as displayed in figure 4.1. 

Classical analysis has also been performed for this simple system and a comparison 

was made with the corresponding quantum results. One of the fundamental goals of 

this comparison was actually an understanding of the "impulsive energy transfer" ob

served in the classical trajectory calculations of unimolecular reactions. 38, 39, 62,161-163 

These studies have revealed that the amount of energy transferred via nonlinear res-

120 
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onances is usually not sufficient to induce chemical reactions since the resonances are 

often detuned during the process of energy transfer. The reactions occur instead due 

to a sudden impulsive energy transfer which deposits enough energy into the reaction 

coordinates to overcome the reaction barrier in just a few vibrational periods prior to 

reaction. Classically, it seems these impulsive processes are usually related to either 

unique molecular geometries or unique phase relations. 164 Quantum mechanically, the 

state of a molecular system is defined by a wave function, and the classical concepts of 

molecular geometry and phase relation do not have exact corresponding definitions. 

As such, one of the expectations in the quantum and classical studies in Chapter 4 

was to find a quantum analog to the classical impulsive energy transfer process. How

ever, the classical trajectories for the simple collinear system were often found to be 

much more stable than expected from the quantum results, partly because of the low 

density of states and partly due to the particular form of the potential energy surface. 

With these questions in mind, we begin in this chapter a more realistic three 

dimensional study. The model used in this chapter is chosen based on HCN/HNC 

isomerization process. We wish to clarify the questions unanswered by the study using 

the rotating collinear model system in Chapter 4. More specifically, the calculations 

will be performed here with the focus on the general role of overall rotation on molec

ular vibrations and reactions in a more realistic system. We predicted in Chapter 4 

that the rotational effect might be more significant for a real system because of the 

possible appearance of more Fermi resonance conditions. We will investigate whether 

this really happens for this three dimensional model system. We will also study the 

pattern of the rotational effects, since the uniform changes displayed in figure 4.1 seem 

to be too simple. In addition, we will continue to explore the possibility of a quantum 

analog to the classical impulsive energy transfer process. We believe a comparison 

between classical trajectory calculations and quantum results for this system will be 
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more meaningful in the understanding of this phenomenon. 

The simplicity of the HCN/HNC isomerization system has attracted a number 

of theoretical studies based on both classical and quantum mechanics. A review 

of the classical studies on this system has been given by Wyatt and coworkers.165 

Thorough quantum mechanical studies of this system were pioneered by Batie and 

Light.166, 167 The potential energy surface for this molecular system has two minima, 

corresponding to the two isomers HCN and HNC in their equilibrium configurations. 

Quantum dynamics computations for such systems with isomers (other examples 

are LiCN/LiNC166,168 and HCO/HOC169) pose a great challenge to conventional 

variational calculations, which usually use a product basis constructed from one

dimensional single-variable wave functions to build the Hamiltonian matrix. Actually, 

if a general formalism is to be established to study high amplitude vibrations, one 

definitely has to deal with the "floppy" degrees of freedom. For systems involving 

floppy coordinates such as HCN /HNC, the traditional variational calculations are 

not very effective in converging the eigenfunctions. As pointed out by Batie and 

Light, 166 one often has to use a basis size which is 10 to 40 times the expected number 

of converged eigenstates. Such a large ratio makes it very hard to get converged 

eigenstates with high vibrational energies, and thus it is difficult to perform dynamics 

computations for these systems using the conventional variational diagonalization 

method. 

To overcome this slow convergence problem, Batie and Light166, 167,170 developed 

a numerical procedure named the DVR-DGB method. This method abandoned the 

use of single-variable oscillator wave functions as the basis. Instead, Gaussian basis 

functions are distributed (DGB) at different migration angles determined by the dis

crete variable representation (DVR), which principally has the same foundation as the 

transformation method. The advantage of using DVR is that the potential function 
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matrix is block diagonalized on the migration angle {3 (see the figure on page 124 for 

the definition of {3). In addition, since specific points are given along {3, the Gaussian 

basis functions for the remaining stretching coordinates can be distributed differently 

at each point. These /3-dependent distributions of the Gaussian basis functions cer

tainly give a better representation of the system since they take the changes of the 

potentials along f3 into account. Baeic and Light have applied this DVR-DGB method 

to calculate the vibrational states ofthe LiCN/LiNC and HCN/HNC system. In both 

cases, it was found that, if the desired number of converged eigenstates is denoted 

as N, one has to use a basis size of only 3N to 6N to get the convergence. This 

is indeed a big improvement over the traditional variational calculations. Following 

these successful applications, this method has been applied to a three dimensional 

H20 system in Radau coordinate system.171 Wyatt and coworkers have even com

bined the DVR-DGB method with the recursive residue generation method (RRGM) 

to compute theIR absorption spectrum172 and the stimulated emission spectrum165 

for the H CN system. 

Although the DVR-DGB method has been well demonstrated to be much more 

effective in converging the calculations, the analysis of the final results become difficult 

since the basis functions in this method do not bear any physical meaning. Besides, 

the Gaussian basis functions are not orthogonal to one another. Therefore, unlike the 

traditional variational calculations where the basis is formed from single-variable wave 

functions, it is very hard in this method to extract the characters of eigenfunctions 

from the eigenvector matrix. 

In this chapter, we will develop and test a new procedure for the computation 

of isomerization dynamics of HCN/HNC system including overall rotations. This 

new method will incorporate the /3-dependence of the oscillator wave functions in a 

different way. The three dimensional basis will still be constructed as a product of 
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the three vibrational zeroth order basis functions. However, the wave functions for 

the two stretching modes will be chosen as ,8-dependent to best represent the system. 

We believe this method is also very general and effective for quantum mechanical 

computations of three particle systems. This method will be described in detail 

in section 5.1, after the introduction of the model system. In section 5.2, we will 

first show the convergence of the eigenenergies of the ,8-dependent basis, then the 

isomerization probabilities for different initial states at different angular momenta 

will be presented. Finally we present a preliminary analysis of these results, together 

with a short summary and the discussion on future works. 

5.1 Model System and Computational Details 

5.1.1 Description of the Model System 

The molecular vibrations of the HCN/HNC system are defined in Jacobian coor

dinates as shown in the figure below. In this coordinate system the kinetic couplings 

for the three vibrational modes are eliminated. The three modes for this molecule are 

defined as follows: R is the distance between the hydrogen atom to the center of mass 

(C.M.) of the CN bond, r is the CN bond length, and ,8 is the angle between the two 

vectors R and ¥. Obviously ,8 is the reaction coordinate for the isomerization reac

tion. When ,8 changes its value from 0 to ±1r, the molecule undergoes isomerization 

from H-C=N to C=N-H. 

H 
Jacobian coordinates 
for HCN /HNC isomerization 
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As mentioned before, overall rotations will be included for this study. For this 

preliminary study, we are not trying to mimic the true molecular system of HCN 

isomerization. The main focus of this work is to investigate the general role of overall 

molecular rotation on the vibrational energy transfer and reaction dynamics. The 

Hamiltonian operator should therefore be as simple as possible to reduce the com

putational efforts and clarify the analysis. For a given total angular momentum J, 

which is a conserved quantity, there exist many different combinations between its 

x, y and z components, Jx, Jy and Jz. It is always possible to set Jz to its highest 

value ±J and leave Jx and Jy with very tiny rotational quanta. In this case the rota

tional energy for moderate J values will be carried largely by the rotation about the 

z-axis, which is chosen as the inertia axis perpendicular to the molecular plane. For 

simplicity, we will assume throughout this study that Jz is dominant and the effects 

due to rotations about x and y-axis can be neglected. With this assumption, the 

most significant contributions of the rotational effects will still appear in the Hamil

tonian operator, which will be greatly simplified since we do not have to consider 

the different combinations of Jx, Jy and Jz. One could view this Hamiltonian as a 

representation for a system whose motion is confined in the molecular plane. Since we 

do not consider changes in Jx and Jy, we will use J to label the angular momentum 

along z-axis in the following discussions. 

For a three particle system confined in the molecular plane, the classical kinetic 

energy operator in the Jacobian coordinates can be derived as 

(5.1) 

where JleN = memNj(me + mN) and JlHeN = mH(me + mN)/(mH +me+ mN) are the 

reduced mass for the CN bond and the entire three particle system. The last term in 

the Hamiltonian apparently arises from the overall rotation. From equation 5.1, one 
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might immediately realize the potential changes due to vibration-rotation interaction 

for the vibrational energy transfer and reaction dynamics: the energy spectra for 

the R-mode could be changed by the centrifugal term; and the coupling between 

the R-mode and ,8-mode would be greatly affected. The latter effect might be more 

important than the former one because for this system, the energy will be initially 

deposited into the R-mode and eventually isomerization takes place in the ,8-mode. 

The Jacobian coordinate for this system is curvilinear and therefore the corre

sponding quantum mechanical kinetic energy operator cannot be obtained by directly 

replacing the momenta in equation 5.1, as discussed in Chapter 2. In order to derive 

the quantum expression, we have to follow the standard procedure involving deriva

tives of the G-matrix elements. After some straightforward derivations, the kinetic 

energy operator takes the following form 

(5.2) 

The wave functions in this Jacobian coordinate system have to be normalized 

according to the following condition fffil>*(r,R,,B)il>(r,R,,B) rR drdRd,B = 1. It is 

much more convenient to work with wave functions with the conventional form of 

normalization condition fff W*W drdRd,B = 1. In order to achieve this, we apply the 

following transformation to the wave function 

1 
w(r, R, ,8) = rr> il>(r, R, ,8) 

vrR 
(5.3) 

With this transformation, the Schrodinger equation for this system can be written as 

1 1 
v;:Jf 1-l(r, R, ,8)\ll(r, R, ,8) = Vrlf Ew(r, R, ,8). (5.4) 
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The Hamiltonian operator 1-t(r, R, !3) takes the following form 

where the momentum operators for the three vibrational modes are defined in the 

usual way as Px = -in :x for x = r, R, and /3. Two extra terms h2 /8J.LHcNR2 and 

n2 /8J.LcNr2 are introduced becaUSe of the transformation. 

For this study, we will use the potential energy function formulated by Holme 

and Hutchinson163 in their classical studies for HCN isomerization without overall 

rotation. The potential energy was defined using /3-dependent Morse and harmonic 

potentials for the two stretching modes, based on the empirical analytic expression 

in bond mode coordinates by Murrell et az.173 The isomerization barrier along the 

reaction path is about 12200 cm-1 above the HCN minimum. This high barrier 

demands a large amount of computational effort to converge the results of dynamics 

calculations. The main purpose of this study is to investigate the general role of overall 

rotation on the molecular dynamics. As such, we have to perform many calculations 

with different J values. To make the computations practical, we artificially cut down 

the reaction barrier to about 4100 cm-I, one third of its real value, to speed up the 

convergence of the calculation. In doing so, the original coupling term also has to be 

modified since it will now be used for a different energy region. The potential energy 

function used for this study is expressed as follows 

V(r,R,/3) D(/3) (1- e-a(t3)(R-Re(t3))) 2 + ~k(/3) (r- re(/3)) 2 + Vmin(/3) 

+ I< 1/31(71" -1/31) (r- re(/3)) (R- Re(f3)) C(R) 

( -71" < f3:::; 7r) (5.6) 
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where C(R) = H1-tanh(!(R-Rc))] is a cutoff function to give the correct asymptotic 

behavior of the coupling term. The values for the parameters in the potential energy 

functions are: I< =-0.11533 au, 1=6.0 au and Rc=6.8 au. This potential energy 

surface is illustrated in figure 5.1. The plot is made in the polar coordinate of (R, /3) 

with CN bond length fixed at 1.15 A. 

As mentioned before, we will again use a diagonalization approach based on the 

Variational Principle to compute the eigenfunctions of this system. Therefore, a 

zeroth order basis is required to construct the Hamiltonian matrix. With the Hamil

tonian operator defined in equations 5.5 and 5.6, it is obvious that Morse and har

monic oscillators could be the best choice for the zeroth order Hamiltonian of the two 

stretching modes. However, the parameters of the Morse and harmonic potentials 

are strongly dependent on f3. For example, the equilibrium distance Re between the 

hydrogen atom and the C.M. of the CN bond changes from 1.68 A at /3=0° to 1.02 A 

at /3=94°. With the changes of the potential parameters of such a large extent, it is 

obviously impossible to use a small number of single-variable oscillator wave functions 

at any particular f3 point to represent well the wave functions at other values of f3. 

Therefore we can not follow the conventional approach of choosing the zeroth order 

Hamiltonian which is dependent on only one coordinate for each mode. The natural 

choice of the zeroth order Hamiltonian for the two stretching modes in this system is 

the /3-dependent Morse and harmonic oscillators 

p2 2 
_.!..::._R_ + D(/3) ( 1 - e-o:((J)(R-Re(/J))) 

2f-lHCN 
'H~(R; /3) (5.7) 

p2 1 2 

2 r + -2k(f3)(r- re(/3)) 
!-leN 

'H~(r; /3) (5.8) 

It should be noted here that, despite their ;3-dependency, f3 appears in the two Hamil

tonians as a parameter. At a particular f3 point, analytic solutions are still available 

for these parameter-dependent oscillators and their eigenfunctions also form a com-
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Figure 5.1 Contour map of the potential energy function defined in equation 5.6. 
The plot is made in the polar coordinate of (R, ;3), and the CN bond length is set to 
1.15 A. The axis is for R with unit in A and the dotted line is equilibrium positions 
of R at different j3 points. 
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plete orthonormal basis set. Of course, the eigenenergies and eigenfunctions will vary 

smoothly as f3 changes its value 

'H~(R; f3) inR(R; f3)) 

H~(r; f3) lnr(r; f3)) 

EnR(f3) inR(R; f3)) 

En.(f3) inr(r;f3)) 

(5.9) 

(5.10) 

For the reaction coordinate f3, a zeroth order Hamiltonian will also be selected 

in order to simplify the characterization and analysis of the final three-dimensional 

eigenfunctions 

(5.11) 

where 

1 1 1 
(5.12) -- - ---R--,"1,2- + --2:-

flf3 f-tHCN "'"0 flcN ro 

and R0 , r0 are some reasonably selected values of r, R in the range of interest to this 

study. Since we are investigating the HCN isomerization and the system is initially 

located at the HCN site with f3=0, we choose Ro=Re(O) and ro=re(O). For this 

particular choice, the effective "mass" flf3 has a value of 13596.65 au and this value is 

used throughout the entire calculations. 

The eigenfunctions of 1{~ are found using piece-wise spline functionslOl-103 as the 

primitive basis. We have developed a routine to distribute the splines over a ring to 

incorporate the periodic boundary conditions of this Hamiltonian. This routine has 

been tested for a free-rotor Hamiltonian and excellent agreement is found with the 

analytic expressions. For this calculation, we use 300 spline basis functions. After 

diagonalizing the Hamiltonian matrix, the eigenfunctions are just linear combinations 

of the splines 

(5.13) 
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With the zeroth order Hamiltonians defined in equations 5.7, 5.8 and 5.11, the 

three dimensional total Hamiltonian operator can now be rewritten as 

1{ = H~(R; (3) + H~(r; (3) + 1i~((3) + ( 21i2 - 2 1i2 R2 
f.l/3 f-lHCN 

1i2 82 

- 2JlcNr2 ) 8(32 

+ i J1i2 ~ + 1i2 ( J2- ~) - 1i2 
JlHcNR2 8(3 2JlHcNR2 4 8JlcNr2 

+ ~J{ lf31(11" -lf31) (r- re(f3)) (R- Re(f3)) C(R) 

( -11" < (3 ::::; 11") (5.14) 

5.1.2 Calculation of the Hamiltonian Matrix Elements 

Although the parameter-dependent oscillators give the best description of this sys

tem, the use of their wave functions as the zeroth order basis causes great difficulties 

in the numerical calculation of the three dimensional Hamiltonian matrix elements. 

Now the derivatives with respect to (3 have to be applied to the basis functions of all 

three modes, because they are all {3-dependent. The three dimensional basis is a set 

of product functions expressed as follows 

ln(r, R, (3)) = lnr(r; (3)) lnR(R; (3)) lnp((3)) (5.15) 

These functions certainly form a orthonormal basis set, because in evaluating an 

overlap integral of two basis functions, one could perform the integration over r, R 

first and then over (3, with no effect on the final results. The zeroth order wave 

functions for the r and R modes form orthonormal sets at any specific (3 point, and 

therefore the three dimensional product functions also have to be orthonormal to each 

other. 

These parameter-dependent oscillator basis functions are not commonly used in 

calculations of intramolecular dynamics, largely because most of the molecular sys

tems involved are initially located near the equilibrium geometry and the potentials 
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do not show any strong cross dependence on the coordinates. However, the use of 

parameter-dependent wave functions is a common practice for the computation of 

reactive scattering during a collision process.174 Although the mathematics might 

become quite complicated in the process of evaluating the matrix elements, the phys

ical idea is rather simple. For this study, the quantity we want to compute is just 

the integral of (m(r, R, ,8)11-tln(r, R, ,8)), which can be expressed in the following form 

after some very long but straightforward mathematical derivations 

(mp(,B)I (mr(r;,B)I (mR(R;,B)Irt(r,R,,B) lnR(R;,B))R lnr(r;,B))r lnp(,B))11 

En~ 8m~n~Dmrnr8mRnR + ( mp(,B)Irto~:::r))(,B) lnp(,B)) 11 

+ ( mp(,B) lrt1 ~::~))(,B) ln/J(,B)) 11 + ( mp(,B) 11{2~::~)) (,B) ln~(,B)) 11 (5.16) 

where the superscript prime means partial derivatives with respect to ,8, and the 

subscript of r, R and ,8 indicates over which coordinate the integration should be 

performed. 1{0 , 1{1 and 1{2 are the Hamiltonian operators integrated over the r and 

R mode wave functions. Therefore they are dependent on both ,8 and the quantum 

numbers of the r and R mode basis functions 

1-to~:::~)(,B) (EnR(,B) + Enr(,B))DmrnrDmRnR- (~ rmrnr(,B) + r~rnr(,B))omRnR 
+ ( (J2 - ~ )RmRnR(,B) + 2iJ R~RnR(,B)- R~RnR(,B) )omrnr 

+ 2iJ RmRnR (,B)Q~rnr (,B) - RmRnR (,B)Q~rnr (,B) - r mrnr (,B)Q~RnR (,8) 

2R~RnR (,B)Q~rnr (,B) - 2Q~RnR (,B)r'mrnr (,B) 

+ ~ K I,BI ( 7r - I,BI) ~rmrnr (,8) ~RmRnR(,B) 

- 2 ( iJ RmRnR (,B) - R~RnR (,B)) Dmrnr - 2r~rnr (,B)DmRnR 

2RmRnR(,B)Q~rnr(,B)- 2Q~RnR(,B)rmrnr(,B) 

(5.17) 

(5.18) 
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Table 5.1 A list of notations used in the expression of 
Hamiltonian matrix elements for HCN/HNC system 

Matrix Notation 

o~rnr(/3) 

o~rnr(f3) 

fmrnr((3) 

r~rnr (!3) 

r'~rnr (/3) 

~rmrnr((3) 

Q~RnR((3) 

o~RnR(f3) 

R~RnR((3) 

R~RnR((3) 

~RmRnR((3) 

Expression 

( mr(r; f3)jn~(r; (3)) r 

(mr(r; f3)jn~(r; (3)) r 

( mr( r; (3) j 2/)~:r2lnr( r; /3)) r 

( mr(r; (3) j 2/)~:r2jn~(r; /3)) r 

( mr(r; (3) j 2/)~:r2jn~(r; (3)) r 

( mr(r; f3)j(r- re(f3))jnr(r; /3)) r 

( mR(R; f3)jnk(R; (3)) R 

( mR(R; f3)jnR(R; (3)) R 

( mR(R; f3)j 2/)Hn:NR2,nR(R; (3)) R 

( m R( R; (3) 12/JH~NR2 j nk ( R; f3)) R 

( mR(R; f3)j 21JHn:NR2,nR(R; f3)) R 

( mR(R; f3)1(R- Re(f3)) C(R)InR(R; (3)) R 

133 

(5.19) 

The meaning of all the matrix notations appeared in these equations are summarized 

in table 5.1. The calculation of fmrnr(/3), ~rmrnr((3), RmRnR((3) and ~RmRnR((3) is 

easy, since they can be evaluated by standard method of integration at any specific 

(3 point. The terms involving partial derivatives with respect to (3 are a little hard 

to calculate since generally there is no analytic solution available for ln~(x; (3)) and 
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ln~(x; (3)), where x=r or R. Here we will use numerical differences to approximate 

the differentiations of the (3-dependent oscillator wave functions 

jn~(x; (3)) - 2~(3 (jnx(x; (3 + ~(3) )-jnx(x; (3- ~(3))) (5.20) 

jn~(x; (3)) - ~~2 (jnx(x; (3 + ~(3))- 2jnx(x; (3) )+lnx(x; (3- ~(3))) (5.21) 

where ~(3 is a small value to converge the differentiation. We have checked several 

values of ~(3 and for this study we set ~(3 = 0.1°. 

In this way, o~RnR ((3), o~RnR ((3), R~RnR ((3) and R~RnR ((3) can be computed 

as 1-D integrals at each fixed (3 points, for every combination of (mR, nR)· The 

same procedure can also be applied to the corresponding matrices for the r-mode. 

We have performed integrations for all these matrices at each degree from (3=0° 

to 360°. For each matrix element computed, a plot is made to check the relative 

errors of integration. In most cases, the integration is well converged and the plots 

change smoothly as a function of (3. To determine the values of the matrices in the 

intermediate (3 points, we apply the seventh order Lagrangian interpolation method 

using the values computed at every degree. 

The three dimensional Hamiltonian matrix elements are computed based on equa

tion 5.16 using ?-£0 , ?-£1 and ?-£2 . The integration over the {3-mode eigenfunctions, 

which are expressed as linear combinations of splines, are evaluated effectively using 

a nine-point Gaussian quadrature. The Hamiltonian matrix should be hermitian, but 

some non-hermitian factors will arise due to the errors introduced by the numeri

cal treatments (integration, differentiation and interpolation). The largest deviation 

from hermiticity is usually of the order of 10-1 cm-1 and this small deviation is an 

indication that the parameter-dependent basis works very well for this system. The 

Hamiltonian matrix will be forced to be hermitian before diagonalization by simply 

removing the non-hermitian factor. This process will not significantly affect the final 
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results because the maximum coupling term is usually of the order of 103 cm-1, four 

orders of magnitude greater than the non-hermitian factors. 

5.1.3 Wave Packet Propagation 

One of our major interests in this study is to investigate the effects of overall 

rotation on the isomerization dynamics. Therefore a scheme has to be developed 

for the computation and analysis of the isomerization probabilities of this system. 

As mentioned before, initially the energy will be deposited in the R-mode, and the 

system will start from the H CN configuration. In order to calculate the isomerization 

probabilities, first of all, the configuration space has to be divided into product (HNC) 

region and reactant (HCN) region. The division between the two regions are usually 

taken to be the saddle point along the reaction path. For this system, the potential 

barriers for isomerization along the f3 coordinate are located at /3=±67°. Therefore 

the system will be regarded as HCN if f3 is within ( -67°, 67°). If f3 falls outside 

this range, we will assume that isomerization has occurred and the system is in the 

product region. 

The reaction dynamics will be calculated and analyzed by propagating a three 

dimensional wave packet in the eigenvector basis of this system. After the construction 

of the Hamiltonian matrix in the zeroth order basis ii(r,R,/3) and the treatment of 

removing the non-hermitian factors, the matrix will then be diagonalized to yield 

the three dimensional eigenenergies and eigenvectors ;fi(r,R,/3). The new eigenvector 

basis '¢ is related to the original basis ii by the unitary eigenvector matrix U through 

the relation'¢ = ii U. In the eigenvector basis'¢, the time evolution of a wave packet 

can be easily written as 

w(r, R, /3, t) = L aj(O)e-iEjt/n j¢j(r, R, !3)) 
j 

(5.22) 
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where Ej is the eigenenergy for state l¢i) and aj(O) is the expansion coefficient over 

l¢i) at i=O. On the other hand, the wave packet can also be represented in the 

original zeroth order basis ii 

W(r, R, {3, t) = 2:: bn(t)Jn(r, R, {3) J (5.23) 
n 

Denote aj(t) = aj(O)e-iEjt/li; then the following relation between the two expansion 

coefficient vectors a( t) and b( t) can be derived from the above two equations 

b'(t) = u a(t) (5.24) 

Based on these relations, the wave packet propagation is carried out using the scheme 

outlined a.s follows. First, select a.n initial packet in the zeroth order basis ii, which 

gives a. set of expansion coefficients b(O). Second, compute a(O) from the relation 

a(O) = utb(O). Third, obtain b(t) from equation 5.24, and the wave packet is given 

by equation 5.23. 

In order to compute the isomerization probabilities, we define a new function 

P(/3, t), which is the probability density of the wave packet integrated over r and R 

P(f3,t) = (w(r,R,{3,t)lw(r,R,{3,t)JrR = jj drdR \ll*\ll (5.25) 

The expression for this function can be derived using equation 5.23 and the orthonor

mal relation of the zeroth order basis functions 

P(/3, t) = 2:: II: b(mrmRn{3)(t) h3(fJ) J 12 

(mrmR) n{3 
(5.26) 

One could view this function a.s the probability density of finding the system a.t the 

particular time around {3. The probability flow from the reactant region to product 

region can be clearly illustrated by plotting this function a.t different time steps. 

After P(/3, t) is obtained, the calculation of isomerization probability is simply the 

integration of P(/3, t) over the product region. The analysis of this function will be 

discussed in more detail in the next section. 
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5.2 Results and Discussion 

5.2.1 Convergence of the Basis 

Due to the complexity of the basis functions and the numerical procedures used in 

this calculation, it is crucial to be sure that the final results are well converged. We 

will denote Nr, N R and Nf3 as the number of basis functions used for the three vibra

tional modes r, R and {3. The size for the final three dimensional zeroth order product 

basis is denoted as (Nr, NR, Nf3)· We have performed diagonalizations on the Hamil

tonian matrix at J =0 with different basis sizes. Table 5.2 gives a list of the resulting 

eigenenergies for several selected eigenstates lnr, nR, nf3) and the largest component 

of the expansion coefficients over the zeroth order basis functions Cmax( inr) inR) inf3) ). 

The eigenstates listed in the table are those of most interest to this study since ini

tially the molecular system will be excited along the R-mode. It can be seen that 

the convergence for the eigenenergies are generally very good. Even for eigenstate 

IO, 4, 0), which is about 12700 cm-1 above the ground level IO, 0, 0), the discrepancy 

of the eigenenergy is within several wave numbers for basis set ( 4, 6, 35), ( 4, 7, 35) and 

(5, 6, 35). The largest expansion coefficients listed in the table indicate that the eigen

vectors are also reasonably converged. The good convergence of the eigenenergies and 

eigenvectors suggests that the zeroth order basis is well selected for this system. We 

have checked the convergence for other states and it seems that basis set ( 4, 7, 35) is 

sufficient to converge most of them. This basis size will be used throughout the rest 

of the computations. 

It should be noted that the dominant expansion coefficient for state IO, 3, 0) is 

smaller than that for states IO, 4, 0) and IO, 4, 0), although the latter ones have higher 

energy. One would therefore expect state IO, 3, 0) to be more reactive. From our 

study with H-C-C collinear system in Chapter 4, it is quite plausible to speculate 
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Table 5.2 Eigenenergies and the largest expansion coefficients for several 
selected eigenstates of the three dimensional H CN system at J =0 with different 
basis set 

Basis size (NnNR,N/3) 

Eigenstates (3,5,35) (3,5,40) (4,6,35) (4,7,35) (5,6,35) 

10,0,0} En (cm-1 ) -106823 -106823 -106823 -106823 -106823 
Cmax(IO}IO}IO}) 0.9997 0.9997 0.9997 0.9997 0.9997 

IO, 1,0} En(cm-1 ) -103442 -103442 -103442 -103442 -103442 
Cmax(IO}I1}IO}) 0.9840 0.9840 0.9841 0.9841 0.9841 

10,2,0} En (cm-1 ) -100183 -100183 -100184 -100184 -100184 
Cmax(IO}I2} IO}) 0.9225 0.9225 0.9208 0.9208 0.9200 

10,3,0} En (cm-1 ) -97021.3 -97022.0 -97017.0 -97017.1 -97019.3 
Cmax(IO}I3}IO}) 0.6755 0.7115 0.6677 0.6708 0.6736 

10,4,0} En(cm-1 ) -94144.8 -94145.7 -94155.0 -94155.8 -94153.1 
Cmax(IO}I4}IO)) 0.8160 0.8483 0.8308 0.8341 0.8323 

10,5,0} En(cm-1 ) -91289.7 -91317.7 -91289.3 
Cmax(IO}I5)IO)) 0.8372 0.7664 0.8485 

that state jO, 3, 0) is very close in energy with some other states and therefore Fermi 

resonance occurs. We will present an analysis in more detail in section 5.2.3. 

5.2.2 Calculation of Isomerization Probability 

In this section, we use the method described in section 5.1.3 to compute the iso

merization probabilities of this system. As mentioned before, a wave packet is prop

agated starting from HCN configuration, and the isomerization probability is then 

computed by integrating P(/3, t) over the product region. In reality, the preparation 
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of this initial wave packet can be achieved by overtone excitation of the R-mode. If 

the excitation pulse is short enough, the prepared state will be like a Gaussian wave 

packet with its initial energy mainly concentrated in the R-mode. This wave packet 

could be represented by linear combinations of the zeroth order basis functions. For 

simplicity, the initial packet for this calculation is taken as a single zeroth order basis 

function lnr)lnR)In.e), where lnr) and ln.e) is usually set to the ground level and lnR) 

an overtone state for R-mode. The normalization constant in the propagation process 

is monitored and the wave packet is always found to be normalized properly. 

We have performed calculations for several J values with different initial wave 

packet. In figure 5.2, the isomerization probabilities are illustrated at J =0 for initial 

states IO) 13) IO) and IO) 14) IO). We want to make several observations from the two plots 

in the figure. First, one may notice that the isomerization probability at first rises as 

a function of time, but it takes a time period on the order of several picoseconds for 

the probability to build up to its maximum value. This time period should correlate 

to the time required for the system to react. The reaction barrier is cut down for 

this model, therefore for the real HCN system, it might take even longer to observe 

isomerization reactions. Second, as we predicted in section 5.2.1, the isomerization 

probability for initial packet IO) 13) IO) is greater than that for packet IO) 14) IO), even 

though the latter one has higher energy. The highest reaction probability for packet 

IO)I3)IO) reaches more than 20%, about twice the value for packet 10)14)10). This is 

contrary to intuition since the state with higher energy would usually be expected to 

react more rapidly. Third, the isomerization probabilities do not stabilize at a certain 

value. The oscillating features of the two plots indicate the existence of wave packet 

recurrence for this system due to periodicity of the potential function along reaction 

coordinate f3. 

The isomerization probabilities are also calculated for J=lO, and figure 5.3 illus-
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Figure 5.2 Isomerization probability as a function of time at J =0 for two wave 
packets, starting from HCN configuration. Initially the packets are prepared as 
one zeroth order basis function lnr)lnR)In~). (a) lnr)lnR)In~) = IO)I3)IO). (b) 
lnr)lnR)In~) = 10)14)10). 
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Figure 5.3 Isomerization probability as a function of time at 1=10 for two wave 
packets, starting from HCN configuration. Initially the packets are prepared as 
one zeroth order basis function lnr)lnR)In!3)· (a) lnr)lnR)In!3) = 10)13)10). (b) 
lnr) lnR) In f)) = IO) 14) IO). 
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trates the reaction probabilities for initial wave packet IO) 13) IO) and IO) 14) IO). Com

paring with figure 5.2, it is easy to see that the overall rotation has strong effects 

on the reaction probabilities. However, the changes for different initial states do not 

seem to follow an obvious wa.y. Generally the isomerization is enhanced with larger 

values of J. As demonstrated in the figures, the reaction probability for initial packet 

IO) 14) IO) changes from about 10% at J =0 to 40% at J =10. This increase is observed 

for most of the wave packets propagated, which are not shown in the figures. How

ever, initial packet IO) 13) IO) is one exception: the reaction probability for this packet 

decreases from about 20% at J=O to 10% at J=10. A preliminary analysis for this 

abnormal high reaction probability of wave packet IO) 13) IO) will be presented in the 

next section based on the eigenfunctions. 

5.2.3 Quantum and Classical Analysis 

To get a preliminary understanding of this system, we have presented in figure 5.4 

the contour maps for several eigenfunctions. As discussed in Chapter 2, it is impos

sible to plot three dimensional functions. Thus the contour maps are made again as 

"slice plots" in the polar coordinates of (R,/3) with CN bond length fixed at 1.15 A. 

The nodal structure of the eigenfunctions can be clearly identified for states 10, 2, 0) 

and IO, 4, 0). For state IO, 5, 0), the inner peak of the wave function splits into two 

parts along the f3 coordinate, which might be an indication of the occurrence of a 

Fermi resonance. The high and low wings in the contour of state IO, 3, 0) might 

be partially responsible for the abnormal large reaction probabilities of initial wave 

packet IO) 13) IO). 

We have also identified one state which might be very significant in the isomer

ization process of packet IO) 13) IO). The contour maps of this eigenstate are plotted 

in figure 5.5 at two different CN bond lengths r=l.15 A and r=l.10 A. There is 
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Figure 5.4 Contour maps of several 3-D eigenfunctions for HCN/HNC system at 
J=O with CN bond length fixed at r=1.15 A. The plots are made in the polar coor
dinate of (R,/3) for the following eigenstates: (a) 10,2,0), (b) 10,3,0), (c) 10,4,0) and 
(d) 10, 5, 0). The dotted lines are equilibrium positions of R at different (3 points. 
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Figure 5.5 Contour maps of the HCN eigenfunction responsible for the abnormal 
high isomerization probability of the initial wave packet IO) 13) IO). The plots are made 
in the polar coordinate of ( R,/3) with CN bond length fixed at: (a) 1.15 A and (b) 
1.10 A. The dotted lines are equilibrium positions of Rat different f3 points. 
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no obvious assignment for this state, we will tentatively assign it as 11, 2, 2) since it 

has the largest expansion coefficients over the zeroth order basis function 11)12)12). 

The energy difference between this states 11, 2, 2) and 10, 3, 0) is about 168 cm-1 . It 

seems that this energy difference may be too big to have a Fermi resonance; however, 

the expansion coefficient over zeroth order state IO) 13) IO) is 0.54 73 for state 11, 2, 2). 

The same coefficient for state IO, 3, 0) is 0.6708 (refer to table 5.2). When we start 

to propagate the wave packet IO)I3)IO), these two states initially carry about 75% of 

the total probability. As time evolves, a large portion of the wave packet will thus 

move to the product region, mainly through state 12, 2, 1). For wave packets prepared 

with other overtone R-mode states, there exists only one dominant eigenstate and 

therefore the reaction probability is smaller than that for packet IO) 13) IO). 

Classical trajectory programs have also been developed to carry out classical cal

culations in order to compare with the quantum results, as promised in the beginning 

of this chapter. The Hamiltonian in this case is the sum of the classical kinetic energy 

Tc given by equation 5.1 and the potential function of equation 5.6. In order to make 

comparisons with quantum results, we again use the procedure developed in the pre

ceding chapter to assign the initial energy distributions of the classical trajectories. 

More specifically, we first find the classical turning points for the ,8-mode based on 

the zeroth order energy of this mode, according to the assignment of the particular 

eigenstate to be studied. The initial values for ,8 are then randomly generated within 

the range of the two turning points. The initial values for r and R are also selected 

randomly in the same way. Then PR and Pr are determined from the zeroth order 

energy requirements using equations 5. 7 and 5.8 with random assigned directions. 

Finally, the initial value for P13 is computed using the total Hamiltonian based on 

the total energy of the corresponding eigenstate. As indicated in the preceding chap

ter, the initial conditions selected this way provide a microcanonical ensemble which 
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enables us to make direct comparisons with quantum calculations. 

We have integrated 100 trajectories with a variable step-size predictor-corrector 

routine for eigenstate jO, 3, 0) at 1=0. The integrations are performed to a maximum 

time limit of 2 ps. If a trajectory reaches the point where /3=±7r, we will consider 

that the isomerization has taken place, and the integration is terminated. We have 

counted the number of reactive trajectories as a function of time, which is displayed 

in figure 5.6. Unlike the oscillating features we observed in the isomerization proba

bilities of quantum calculations, the curve in the figure shows an uniform exponential 

decay since we have not considered the recurrences of the trajectories. As a result, 

about 40% of the trajectories have reacted by the time of 2 ps, which is too high 

compared with the value presented in figure 5.2(a). 

It should be noted here that a classical trajectory starts from a specific point in 

the phase space, where all the coordinates and momenta are well defined. Quantum 

mechanically such a description does not exit because it violates the uncertainty prin

ciple. A quantum eigenstate might be too diffuse over the coordinate space that a 

classical correspondence is very hard to find. Therefore, it might be more helpful to 

use a localized wave packet in the quantum analysis. The initial values for positions 

and momenta can be set to be the same as the starting point of a classical trajectory. 

Although eventually the wave packet will again get diffused over the entire config

uration space, we might still be able to identify the important factors which affect 

the probability flow from reactant region to product region, at least during the initial 

steps of the propagation process. However, to accurately represent a localized wave 

packet which is initially highly energized along the R-mode, we have to use a much 

bigger basis size for the calculation. 

To conclude this chapter, we have developed a new method which involves the 

use of parameter-dependent basis functions. This method has been applied to the 
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HCN /HNC system, and the results indicate that this method is very effective. We 

have also investigated the effects of overall rotation on the reaction probabilities. 

Although a more complete analysis is required to get the full understanding of this 

system, our preliminary results indicate that the overall rotation could significantly 

affect the isomerization of this system, and the effects for different states do not 

follow an uniform pattern. It seems that the effects of overall rotation for this system 

are also related to some resonance conditions. Future works for this study should 

concentrate on the investigation of the factors which cause the differences of the 

isomerization probabilities at different J values. These investigations will eventually 

provide valuable information about the reaction dynamics of this system. Classical 

calculations should also be pursued in future studies, together with the propagation 

of a localized wave packet. A careful comparison between this localized wave packet 

propagation and classical trajectory calculation should lead to a better understanding 

of this system and the general concept of impulsive energy transfer. 



Bibliography 

1. R. G. Bray and M. J. Berry, J. Chem. Phys. 71, 4909 (1979). 

2. K. V. Reddy and M. J. Berry, Chem. Phys. Lett. 52, 111 (1977). 

3. K. V. Reddy and M. J. Berry, Chem. Phys. Lett. 66, 223 (1979). 

4. J. M. Jasinski, J. K. Frisoli, and C. B. Moore, J. Chem. Phys. 79, 1312 (1982). 

5. J. M. Jasinski, J. K. Frisoli, and C. B. Moore, J. Phys. Chem. 87, 2209 (1983). 

6. J. M. Jasinski, J. K. Frisoli, and C. B. Moore, Faraday Discuss. Chem. Soc. 75, 
289 (1983). 

7. J. M. Jasinski, Chem. Phys. Lett. 109(5), 462 (1984). 

8. T. R. Rizzo, C. C. Hayden, and F. F. Crim, Faraday Discuss. Chem. Soc. 75, 
223 (1983). 

9. B. D. Cannon and F. F. Crim, J. Chem. Phys. 75, 1752 (1981). 

10. T. R. Rizzo and F. F. Crim, J. Chem. Phys. 76, 2756 (1982). 

11. F. F. Crim, Ann. Rev. Phys. Chem. 35, 657 (1984). 

12. D. W. Chandler, W. E. Farneth, and R. N. Zare, J. Chem. Phys. 77, 4447 
(1982). 

13. T. F. George, J. Chem. Phys. 86, 10 (1982) and references therein. 

14. P. R. Brooks, Chem. Rev. 88, 407 (1988) and references therein. 

15. J. C. Polanyi, Faraday Discuss. Chem. Soc. 67, 129 (1979). 

16. P. Arrowsmith, P. E. Bartoszek, S. H. P. Bly, T. Carrington, Jr., P. E. Charters, 
and J. C. Polanyi, J. Chem. Phys. 73, 5895 (1980). 

17. P. Arrowsmith, S. H. P. Bly, P. E. Charters, and J. C. Polanyi, J. Chem. Phys. 
79, 283 (1983). 

18. P. Hering, P. R. Brooks, R. F. Curl, Jr., R. S. Judsonand, and R. S. Lowe, 
Phys. Rev. Lett. 44, 687 (1980). 

19. T. C. Maguire, P. R. Brooks, and R. F. Curl, Phys. Rev. Lett. 50, 1918 (1983). 

149 



150 

20. T. C. Maguire, P.R. Brooks, R. F. Curl, J. H. Spence, and S. Ulvick, J. Chem. 
Phys. 85, 844 (1986). 

21. S. Kaesdrof, P. R. Brooks, R. F. Curl, J. H. Spence, and S. J. Ulvick, Phys. 
Rev. A 34, 4418 (1986). 

22. P. D. Kleiber, A.M. Lyyra, K. M. Sando, S. P. Heneghan, and W. C. Stwalley, 
Phys. Rev. Lett. 54, 2003 (1985). 

23. P. D. Kleiber, A.M. Lyyra, K. M. Sando, V. Zafiropulos, and W. C. Stwalley, 
J. Chem. Phys. 85, 5493 (1986). 

24. D. Imre, J. L. Kinsey, A. Sinha, and J. Krenos, J. Phys. Chem. 88, 3956 (1984). 

25. M. 0. Hale, G. E. Galica, S. G. Glogover, and J. L. Kinsey, J. Phys. Chem 90, 
4997 (1986). 

26. G. Inoue, J. K. Ku, and D. W. Setster, J. Chem. Phys. 80, 6006 (1984). 

27. J. 0. Hirschfelder, Adv. Chem. Phys. 73, 1 (1989). 

28. G. R. Fleming, Chemical Applications of Ultrafast Spectroscopy, Oxford Uni
versity Press, New York, 1986. 

29. N. F. Scherer, F. E. Doany, A. H. Zewail, and J. W. Perry, J. Chem. Phys. 84, 
1932 (1986). 

30. N. F. Scherer, J. L. Knee, D. D. Smith, and A. H. Zewail, J. Chem. Phys. 89, 
5141 (1985). 

31. M. Dantus, M. J. Rosker, and A. H. Zewail, J. Chem. Phys. 87, 2395 (1987). 

32. N. F. Scherer, L. R. Khundkar, R. B. Bernstein, and A. H. Zewail, J. Chem. 
Phys. 87, 1451 (1987). 

33. D. F. Heller and S. Mukamel, J. Chem. Phys. 70(1), 463 (1979). 

34. E. L. Sibert, III, W. P. Reinhardt, and J. T. Hynes, J. Chem. Phys. 77(7), 3583 
(1982). 

35. J. S. Hutchinson, E. L Sibert, III, and J. T. Hynes, J. Chem. Phys. 81(3), 1314 
(1984). 

36. J. S. Hutchinson, J. T. Hynes, and W. P. Reinhardt, J. Phys. Chem. 90(16), 
3528 (1986). 



151 

37. J. S. Hutchinson, J. T. Hynes, and W. P. Reinhardt, Chem. Phys. Lett. 108(4), 
353 (1984). 

38. L. G. Spears, Jr. and J. S. Hutchinson, J. Chem. Phys. 88, 240 (1988). 

39. L. G. Spears, Jr. and J. S. Hutchinson, J. Chem. Phys. 88, 250 (1988). 

40. J. C. Polanyi and R. J. Wolf, J. Chem. Phys. 75, 5951 (1981). 

41. H. R. Mayne, R. A. Poirier, and J. C. Polanyi, J. Chem. Phys. 80, 4025 (1984). 

42. T. Carrington, Jr., J. C. Polanyi, and R. J. Wolf, in Physics of Electronic and 
Atomic Collisions, S. Datz, Ed., p. 393, Amsterdam, North Holland, 1982. 

43. P.M. Agrawal, V. Mohan, and N. Sathyamurphy, Chem. Phys. Lett. 114, 343 
(1985). 

44. J. Jiang and J. S. Hutchinson, J. Chem. Phys. 87, 6973 (1987). 

45. H. L. Dai, C. L. Korpa, J. L. Kinsey, and R. W. Field, J. Chem. Phys. 82, 1688 
(1985). 

46. H. L. Dai, R. W. Field, and J. L. Kinsey, J. Chem. Phys. 82, 2161 (1985). 

47. J. W. Thoman, J. I. Steinfeld, R. I. Mckay, and A. E. W. Knight, J. Chem. 
Phys. 86, 5909 (1987). 

48. H.-R. Diibal and F. F. Crim, J. Chem. Phys. 83, 3863 (1985). 

49. L. J. Butler, T. M. Ticich, M.D. Likar, and F. F. Crim, J. Chem. Phys. 85, 
2331 (1986). 

50. T. M. Ticich, M.D. Likar, H.-R. Diibal, L. J. Butler, and F. F. Crim, J. Chem. 
Phys. 87, 5820 (1987). 

51. K. V. Reddy, D. F. Heller, and Michael J. Berry, J. Chem. Phys. 76(6) (1982). 

52. J. S. Wong and C. B. Moore, J. Chem. Phys. 77, 603 (1982). 

53. J. W. Perry and A. H. Zewail, J. Chem. Phys. 80(10), 5333 (1984). 

54. R. A. Bernheim, F. W. Lampe, J. F. O'Keefe, and J. R. Qualey, Chem. Phys. 
Lett. 100, 45 (1983). 

55. H. L. Fang and R. L. Swofford, Chem. Phys. Lett. 105(1), 5 (1984). 



152 

56. H. L. Fang, R. L. Swofford, and D. A. C. Compton, Chem. Phys. Lett. 108, 
539 (1984). 

57. T. R. Rizzo, C. C. Hayden, and F. F. Crim, J. Chem. Phys. 81, 4501 (1984). 

58. T. M. Ticich, T. R. Rizzo, H-R. Diibal, and F. F. Crim, J. Chem. Phys. 84, 
1508 (1986). 

59. N. F. Scherer and A. H. Zewail, J. Chem. Phys. 87, 97 (1987). 

60. K. T. Marshall, Theoretical Investigation of the Vibrational Behavior of Large 
Molecular Systems, PhD thesis, Rice University, 1988. 

61. J. S. Hutchinson, J. Chem. Phys. 85, 7087 (1986). 

62. T. Uzer, J. T. Hynes, and W. P. Reinhardt, J. Chem. Phys. 85(10), 5791 (1986). 

63. E. B. Wilson, Jr., J. C. Decius, and P. C. Cross, Molecular Vibrations: The 
Theory of Infrared and Raman Vibrational Spectra, Dover Publications, Inc., 
New York, 1955. 

64. J. C. Decius, J. Chem. Phys. 16, 1025 (1948). 

65. E. L. Sibert, III, J. T. Hynes, and W. P. Reinhardt, J. Phys. Chem. 87(12), 
2032 (1983). 

66. E. C. Kemble, The Fundamental Principles of Quantum Mechanics, Dover, New 
York, 1958. 

67. P. M. Morse, Phys. Rev. 34, 57 (1929). 

68. R. Wallace, Chem. Phys. Lett. 37(1), 115 (1976). 

69. J. P. Dahl and M. Springborg, J. Chem. Phys. 88, 4535 (1988). 

70. D. 0. Harris, G. G. Engerholm, and W. D. Gwinn, J. Chem. Phys. 43, 1515 
(1965). 

71. D. 0. Harris, H. W. Harrington, A. L. Luntz, and W. P. Gwinn, J. Chem. Phys. 
44, 3467 (1966). 

72. P. F. Endres, J. Chem. Phys. 47, 798 (1967). 

73. D. Huber, Mol. Phys. 59, 1007 (1986). 

74. P. R. Fleming and J. S. Hutchinson, Comp. Phys. Commun. 51, 59 (1988). 



153 

75. P. R. Fleming, Vibrational Coordinate Transformation and Optimization, PhD 
thesis, Rice University, 1988. 

76. J. S. Hutchinson, J. Jiang, and P. R. Fleming, private communication. 

77. C. Cohen-Tannoudji, B. Diu, and Franck Laloe, Quantum Mechanics, Vol. 1, 
Wiley, New York, 1977. 

78. E. M. Greenawalt and A. S. Dickinson, J. ~Mol. Spectrosc. 30, 427 (1969). 

79. J. T. Broad, Phys. Rev. A26, 3078 (1982). 

80. B. R. Johnson and W. P. Reinhardt, J. Chem. Phys. 85, 4538 (1986). 

81. M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, Dover, 
New York, 1965. 

82. K. N. Swamy, W. L. Rase, B. C. Garrett, C. W. McCurdy, and J. R. McNutt, 
J. Phys. Chem. 90, 3517 (1986). 

83. S. N. Rai and K. G. Kay, J. Chem. Phys. 80, 4961 (1984). 

84. P. Brumer and M. Shapiro, Adv. Chem. Phys. 60, 371 (1985). 

85. W. P. Reinhardt, Ann. Rev. Phys. Chem. 33, 223 (1982) and references therein. 

86. C. W. McCurdy, in Autoionization Recent Developments and Applications, 
A. Temkin, Ed., Chap. 5, p. 135, Plenum, New York, 1985, and references 
therein. 

87. K. K. Datta and S. I. Chu, Chem. Phys. Lett. 87, 357 (1982). 

88. K. K. Datta and S. I. Chu, J. Chem. Phys. 76, 5307 (1982). 

89. N. Moiseyev and P. R. Certain, J. Phys. Chem. 89, 3853 (1985). 

90. N. Moiseyev and R. Bar-Adon, J. Chem. Phys. 80, 1917 (1984). 

91. N. Moiseyev, Mol. Phys. 47, 585 (1982). 

92. N. Moiseyev, Int. J. Quantum Chem. 20, 835 (1981). 

93. R. M. Hedges, Jr. and W. P. Reinhardt, J. Chem. Phys. 78, 3964 (1983). 

94. K. M. Christoffel and J. W. Bowman, J. Phys. Chem. 85, 2159 (1981). 

95. J. Jiang and J. S. Hutchinson, J. Chem. Phys. (1990) in press. 



154 

96. A. Kuppermann, in Potential Energy Surfaces and Dynamics Calculations for 
Chemical Reactions and Molecular Energy Transfer, D. G. Truhlar, Ed., p. 375, 
Plenum, New York, 1981. 

97. A. J. F. Siegert, Phys. Rev. 56, 750 (1939). 

98. E. Balslev and J. M. Combes, Commun. Math. Phys. 22, 280 (1971). 

99. B. R. Junker, "Complex Stabilization Method", in Autoionization Recent De
velopments and Applications, A. Temkin, Ed., Chap. 4, pp. 103-132, Plenum, 
New York, 1985. 

100. N. Moiseyev, S. Friedland, and P.R. Certain, J. Chem. Phys. 74, 4739 (1981). 

101. B. W. Shore, J. Chem. Phys. 58, 3855 (1973). 

102. B. W. Shore, J. Chem. Phys. 59, 6450 (1973). 

103. B. W. Shore, J. Phys. B 6, 1923 (1973). 

104. B. N. Parlett, The Symmetric Eigenvalue Problem, Pretice-Hall, Englewood 
Cliffs, 1980. 

105. C. Lanczos, J. Res. Natl. Bur. Stand. 45, 255 (1950). 

106. J. K. Cullum and R. A. Willoughby, Lanczos Algorithms for Large Symmetric 
Eigenvalue Computations, Birkhaiiser, Boston, 1985. 

107. J. S. Hutchinson and K. T. Marshall, in Atomic and Molecular Processes with 
Short Intense Laser Pulses, A. D. Bandrauk, Ed., Plenum, New York, 1988. 

108. R. E. Wyatt and D. S. Scott, in Large Scale Eigenvalue Problems, J. Cullum 
and R. A. Willoughby, Eds., p. 67, Amsterdam, North-Holland, 1986. 

109. J. E. Castillo and R. E. Wyatt, J. Camp. Phys. 59, 120 (1985). 

110. A. Nauts and R. E. Wyatt, Phys. Rev. Lett. 51, 2238 (1983). 

111. K. F. Milfeld and N. Moiseyev, Chem. Phys. Lett. 130, 145 (1986). 

112. J. S. Hutchinson, Adv. Chem. Phys. 73, 637 (1989). 

113. R. E. M. Hedges, D. L. Drummondand, and A. Gallagher, Phys. Rev. A 6, 1519 
(1972). 

114. N. Allard and J. Kielkopf, Rev. Mod. Phys. 54, 1103 (1982). 



155 

115. W. Kamke, B. Kamke, I. Herteland, and A. Gallagher, J. Chem. Phys. 80,4879 
(1984). 

116. V. Engel, Z. Baeic, and R. Schinke, J. Chem. Phys. 82, 4844 (1985). 

117. J. C. Light and A. Altenberger-siczek, J. Chem. Phys. 70, 4018 (1979). 

118. A. E. Oreland W. H. Miller, J. Chem. Phys. 70, 4393 (1979). 

119. A. E. Oreland W. H. Miller, J. Chem. Phys. 72, 5139 (1980). 

120. A. E. Oreland W. H. Miller, J. Chem. Phys. 73, 241 (1980). 

121. K. C. Kulander and A. E. Orel, J. Chem. Phys. 75, 675 (1981 ). 

122. C. Eckart, Phys. Rev. 35, 1303 (1930). 

123. A. C. Roach and M. S. Child, Mol. Phys. 14, 1 (1968). 

124. M. Baer, Adv. Chem. Phys. 49, 191 (1982) and references therein. 

125. A. R. Forsythe, A Treatise on Differential Equations, Chap. VI, Macmillan, 
New York, 5th ed., 1921. 

126. E. Merzbacher, Quantum Mechanics, Chap. 7, Wiley, New York, 1970. 

127. R. Loudon, The Quantum Theory of Light, Chap. 4, Oxford, Oxford University, 
1983. 

128. E. E. Nikitin, in Chemische Elementarprozesse, H. Hartmann, Ed., p. 53, 
Springer, Berlin, 1968. 

129. L. D. Landau, Phys. Z. Sowjetunion 2, 46 (1932). 

130. C. Zener, Proc. R. Soc. London Ser. A 137, 692 (1932). 

131. E. J. Heller, J. Chem. Phys. 65, 4979 (1976). 

132. E. J. Heller, Ace. Chem. Res. 14, 368 (1981). 

133. D. Huber and E. J. Heller, J. Chem. Phys. 87, 5302 (1987). 

134. L. D. Landau and E. M. Lifshitz, Quantum Mechanics, Non-Relativistic Theory, 
Addison-Wesley, London, 1958. 

135. M. S. Child, Mol. Phys. 23, 469 (1972). 



156 

136. M. Baer and M. S. Child, Mol. Phys. 36, 1449 (1978). 

137. R. D. Nelson, Jr., D. R. Lide, Jr., and A. A. Maryott, "Selected Values of 
Electric Dipole Moments for Molecules in the Gas Phase", in National Stan
dard Reference Data Series, National Bureau of Standard, Washington, D.C., 
September 1967. 

138. D. L. Bunker, J. Chem. Phys. 40, 1946 (1964). 

139. D. L. Bunker, J. Chem. Phys. 40, 3911 (1964). 

140. D. L. Bunker, J. Chem. Phys. 57, 332 (1972). 

141. N. C. Huang and D. J. Wilson, J. Chem. Phys. 38, 828 (1963). 

142. C. A. Parr, A. Kupperman, and R. N. Porter, J. Chem. Phys. 66, 2914 (1977). 

143. J. H. Frederick and G. M. McClelland, J. Chem. Phys. 84, 4347 (1986). 

144. J. H. Frederick, G. M. McClelland, and P. Brumer, J. Chem. Phys. 83, 190 
(1985). 

145. J. A. Miller and N.J. Brown, J. Phys. Chem. 86, 772 (1982). 

146. T. Uzer, G. Natanson, and J. T. Hynes, Chem. Phys. Lett. 122, 12 (1985). 

147. R. Viswanathan, L. M. Raff, and D. L. Thompson, J. Chem. Phys. 82, 3083 
(1985). 

148. W. B. Clodius and R. B. Shirts, J. Chem. Phys. 81, 6224 (1984). 

149. J. Tennyson, S. Miller, and B. T. Sutcliffe, J. Chem. Soc. Faraday Trans. 2 84, 
1295 (1988). 

150. J. Tennyson and B. T. Sutcliffe, J. Chem. Phys. 77, 4061 (1982). 

151. G. D. Carney, L. L. Sprandel, and C. vV. Kern, Adv. Chem. Phys. 42, 353 
(1980). 

152. R. B. Shirts, J. Chem. Phys. 85, 4949 (1986). 

153. P. R. Fleming and J. S. Hutchinson, J. Chem. Phys. 90, 1735 (1989). 

154. E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 

155. P. G. Burke, C. J. Noble, and P. Scott, Proc. R. Soc. Lond. A 410, 289 (1987) 
and references therein. 



157 

156. A. M. Lane and R. G. Thomas, Rev. A1od. Phys. 30, 257 (1958). 

157. J. Z. David and J. C. Light, Chem. Phys. 12, 237 (1976). 

158. J. C. Light and R. B. Walker, J. Chem. Phys. 65, 4272 (1976). 

159. E. B. Stechel, R. B. Walker, and J. C. Light, J. Chem. Phys. 69, 3518 (1978). 

160. A. U. Hazi, Phys. Rev. A 19, 920 (1979). 

161. R. P. Muller, J. S. Hutchinson, and T. A. Holme, J. Chem. Phys. 90, 4582 
(1989). 

162. Y. Guan, G. C. Lynch, and D. L. Thompson, J. Chem. Phys. 87, 6957 (1987). 

163. T. A. Holme and J. S. Hutchinson, J. Chem. Phys. 83, 2860 (1985). 

164. J. S. Hutchinson, "The Role of Mode-Mode Energy Transfer in Unimolecular 
Reactions", in Intramolecular and Nonlinear Dynamics, W. H. Rase, Ed., 1990, 
m press. 

165. J. A. Bentley, J.-P. Brunet, R. E. Wyatt, R. A. Friesner, and C. Leforestier, 
Chem. Phys. Lett. 161, 393 (1989) and references therein. 

166. z. Baeic and J. C. Light, J. Chem. Phys. 85, 4594 (1986). 

167. Z. Baeic and J. C. Light, J. Chem. Phys. 86, 3065 (1987). 

168. S. C. Farantos and J. Tennyson, J. Chem. Phys. 82, 800 (1985). 

169. J. M. Bowman, J. S. Bittman, and L. B. Harding, J. Chem. Phys. 85, 911 
(1986). 

170. J. C. Light and Z. Baeic, J. Chem. Phys. 87, 4008 (1987). 

171. Z. Baeic, D. Watt, and J. C. Light, J. Chem. Phys. 89, 947 (1988). 

172. J.-P. Brunet, R. A. Friesner, R. E. Wyatt, and C. Leforestier, Chem. Phys. Lett. 
153, 425 (1988). 

173. J. N. Murrell, S. Carter, and L. 0. Halonen, J. Mol. Spectrosc. 93, 307 (1982). 

174. M. Baer, "The General Theory of Reactive Scattering: the Differential Equation 
Approach", in Theory of Chemical Reaction Dynamics, M. Baer, Ed., CRC 
press, 1985, and references therein. 


