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CHAPTER 1
INTRODUCTION AND BACKGROUND

The transfer of heat to or from flulds and the pres-
sure drop associlated with the flow of flulds through passage-
ways are two important factors in the design and performance
of heat exchangers. Heat transfer occurs as a result of a
temperature difference between a fluid and its surroundings,
whereas, the pressure drop 1s caused by the viscous shear act-
ing on the fluid as it moves through the passageway. The
shear stress 1s directly proportional to the viscosity for
Newtonian fluids, and for many fluids--liquids in particu-
lar--the viscosity is a function of temperature. Therefore,
for those liquids which exhibit a strong dependency of vis-
cosity on temperature, it is apparent that heat transfer may
significantly effect the pressure drop. It is also noted that
many of the other physical properties of a fluid may be tem-
perature dependent. However, they do not, in general, have
as great a dependency on the temperature as the viscosity.
Thus, the assumption that all properties except viscosity are
independent of temperature is reasonable for many cases.

Most of the investigations concerning heat transfer

1
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and pressure drop for the flow of a fluid through a tube have
considered that all of the properties were constant. However,
in recent years there has been increasing interest in studies
which consider temperature-dependent properties.

Preliminary célculations by Gi1lliam® have shown that
fluids with highly temperature dependent viscosities, flowing
in a tube of fixed length, may exhibit an unusual mass flow
rate-pressure drop characteristic when the flow is non-iso~
thermal, A typical plot of the characteristic curves for both
isothermal and non~isothermal flow is shown in Figure 1,
page 3. The mass flow rate 1s directly proportional to the
pressure drop for isothermal flow; however, for non-isother-
mal flow there is a double value of mass flow rate for each
pressure drop above the minimum pressure drop. It should be
noted that the double valued characteristic does not always
occur for non-isothermal flows.

The double valued characteristic occurs when a fluid
of highly temperature dependent viscosity is subjected to
high rates of cooling. For high flow rates the fluid does
not experience as great a temperature drop as it does for
lower flow rates since the fluid is exposed to the low tem-

perature environment for a shorter duration of time. Thus,
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for a small temperature change there is a correspondingly
small change in viscosity. Thus, the combination of high flow
rate and small viscosity may yield the same pressure drop
which results from a low flow rate and high viscosity.

This peculiar mass flow rate-préssure drop character-
istic leads to some interesting possibilities not only for
flow in single tubes but for parallel flow systems as well.
For example, if two or more tubes connected in parallel pos-
sed this double valued characteristic there would be many
possible flow distributions for any given pressure drop above
some minimum pressure drop, APnin-.

It should be remembered throughout the reading of the
text that the mass flow rate~pressure drop characteristic
for a specific fluid flowing through a given tube will be
different for different boundary conditions. Also, tubes of
different geometry will have different characteristic curves
although the boundary conditions may be the same. In addition,
fluids of different physical properties--primarily viscosity--
will possess different characteristic curves although all

other parameters are the same,

I. PURPOSE OF INVESTIGATION

The purpose of this investigation is to experimentally
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and analytically determine the existance of a double valued
mass flow rate~pressure arop”pharacteristic for laminar flow
of a fluid through a horizonial tube,

The analytical portion of the investigation will con-
sider the effect of heat transfer on the pressure drop for
laminar flow through a horizontal tube., The flow will be as~
sumed to be fully developed at the onset of cooling, and all
properties will be considered constant except for viscosity.
Criteria will be developed which demonstrates the conditions
under which the positive and negative slope region of the mass
flow rate~pressure drop characteristic occurs., The results
obtained for flow in a single tube will be extended to par-
allel flow networks, The problem of stability will be con-
sidered, and criteria for system stability will be developed.

The analytical results will be confirmed experimental-
ly. This will be done for both a single tube and a parallel
flow system., The experimental results will be obtained for

an ethylene glycol-water solution.
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CHAPTER II
REVIEW OF RELATED LITERATURE

A significant body of literature has been developed
during the past fifty years concerning the flow of fluids
through passages. The purpose of this section is to point
out only a few of these works which are related to the study
of heat transfer and pressure drop for flow through passages.

Probably the most widely used relation for isothermal
laminar flow in tubes is that given by Poiseuille?’ where:

dp_ _ 32 FVavg
dx 8oD5

This relation works well for determining the pressure drop
for flow in tubes where there is no heat transfer; however,
for flow with heat transfer the relation may not be exact
due to the variation of viscosity with temperature.

A method for handling the effects of heat transfer
for laminar flow of fluids through horizontal circular tubes
was introduced by Graetz10, His solution provided a means
of determining the fluid temperature distribution for flow
through a tube with constant wall temperature, and he con-

sidered the fluid properties to be constant. Jacob and Eck11

6
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improved the Graetz solution by more accurately determining
the constants of integration. A later work by Siegel, Sparrow
and Hallman3l extended the Graetz solution to solve the tem-
perature distribution for laminar flow through a tube with a
prescribed heat flux. More recently, Sellers, Tribus and
Klein32 presented a technique for obtaining terperature dis-
tributions for laminar flow in tubes which have either a con-
stant wall temperature, linearly varying wall temperature,mor
a constant wall heat flux, Their solution as well as the

Graetz type solutions is based on the assumption of a fully

20

developed velocity profile. Leveque“” proposed a slightly

different means of calculating the temperature distribution
by considering a linear velocity profile in the region near
the tube wall, A means of calculating the length of tube

required to establish a fully developed velocity profile is

given by Langhaarlg.

14 were among the earliest investi-

Keevil and McAdams
gators to point out the fact that the variation of viscosity
with temperature effected the velocity distribution for flow
in tubes. Operating on this premise, Seider and Tate30 later

developed relations for heat transfer and pressure drop uti-

lizing a viscosity ratio correction factor. Their results
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which were obtained largely from experimental data are widely
used today.

In more recent years, attempts have been made to obtain
solutions to the problem of non~isothermal flow in tubes where
the fluid properties are considered to be variable., These
investigations have been directed primarily toward determining

the velocity and temperature profiles; and, in general, a numer-

5

ical approach has been utilized, Deissler~ presented an anal~

ysis for fully developed laminar flow of gases and liquid
metals having temperature dependent properties. Pigford26~
obtained relations for temperature distributions and Nusselt
Numbers for fluids flowing in vertical tubes. His analysis
considered the effects of variable viscosity and density along
with the effects of axial body forces. Kay312 has presented
a numerical approach for predicting temperature and velocity
distributions for laminar flow of gases with temperature
dependent properties., Further analytical work was performed
by Yang37 for the case of a step change in the wall tempera-
ture and for the thermal development region of a tube having
a uniform heat flux. His method utilized an integral tech-

nique. A recent experimental and analytical investigation

concerned with the viscosity effects for flow in a tube with
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uniform wall temperature was performed by Test34. His analy-
sis was by finite difference techniques, and he explored the
significance of many of the assumptions which are usually
made in the solution of the energy and momentum equations.,

The only investigation relating to the double valued
mass flow rate-pressure drop characteristic which could be
found was that by Gilliam6. His analysis was of a numerical
nature, and his results were obtained for a particular fluid

exposed to a radiation type atmosphere, His investigation

did not consider any experimental confirmation of the results.



CHAPTER III
THEORY

The determination of the pressure drop for the flow
of a fluid through a tube in general requires a knowledge of
the fluid properties, the fluid temperature, the system geom-
etry, and the boundary conditions. The basic equations gov-
erning the relation between the pressure drop and the flow
rate for specific conditions will be presented in this chap-

ter, Also, stability criteria will be developed.
I. PRESSURE DROP

A relation for the pressure drop for fully developed,
laminar, isothermal flow of a fluid through a horizontal tube
may be found by solving the momentum and continuity equations
with the appropriate boundary conditions. This result, which
is derived in Appendix A, is:

AP - L P V2 (1)
Dy 2gc
where: AP = pressure drop

§ = friction factor, 64

ReH

10
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L = tube length
Dy = hydraulic diameter, 4 Ab.s.
w.p.
§ =density of fluid
V = fluild velocity
8c * dimensional constant

Now, for fluids which are subjected to heat transfer
during their passage through the tube, the friction factor
may be substantially altered provided the fluid has a highly
temperature dependent viscosity. The change in the friction
factor is, of course, dependent on the amount of temperature
change as the fluid passes through the tube. In general,
however, the friction factor for liquids decreases when sub-
jected to heating conditions and increases when subjected to
cooling conditionms.

If it is assumed that all of the physical properties
except viscosity are not dependent upon temperature then the
pressure drop for non-isothermal flow may be found by the

adoption of a viscosity correction factor. Thus, the pres-

sure drop becomes:

ar (2w \" g1 2V

D ~ 2g, (2)
avg
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where: jp = viscosity evaluated at a characteristic wall
w
temperature
My = viscosity evaluated at the average fluid bulk
avg
temperature
n = constant determined from experimental data

For isothermal flow, it may be seen from equation (1)

that the relation between the pressure drop and the velocity

is: AP = 32 E;V (3)

D
gc H

Equation (3) may be expressed in terms of the mass flow rate

as: AP = 128 ELZ (4)

gé“j’DH
It is apparent from equations (3) and (4) that the
pressure drop for fully developed isothermal laminar flow of
a liquid through a tube is linear with respect to velocity or
mass flow rate. This is true because the only variable term
is the velocity. Some typical data may be seen in Figure 22,

Appendix H.

For non-isothermal flow the pressure drop may be writ-

n l-n
ten: AP = 32 <§ﬂ"> <;$avg) LZ (5)

gc DH
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or in terms of mass flow rate:

n 1-n . :
128 6
pr e 22 (3, ) (Fopy) " i @

i ¢
8¢ 5 Dy,

See Appendix B for a derivation of the above relations.

Some interesting observations may be made regarding
equations (5) and (6). Considering the case for the fluid
temperature decreasing as it flows through the tube and noting
that the fluid viscosity increases with decreasing fluid tem-
perature, we see that equations (5) and (6) contain more than
one variable, If the characteristic wall temperature is not
a function of velocity, then the variable terms are the fluid
viscosity and the fluid velocity. Obviously, the pressure
drop does not decrease linearly with decreasing velocity as
it does for isothermal flow. The pressure drop does decrease
with decreasing velocity as long as the velocity decreases at
a faster rate than the viscosity increases; but if the vis-
cosity should begin to increase at a faster rate than the ve-
locity decreases, then the pressure drop will increase for
decreasing velocity.

-

This phenomenon leads tg*some interesting possibili-
¢ !
e
ties. For the sake of explanation consider the flow of a
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liquid ghrough a tube which has a constant wall temperature
less than the fluid inlet temperature. First, consider the
variation of the fluld outlet temperature with respect to
the fluid velocity. Figure 2 shows that the outlet temper-
ature asymtotically approaches the tube wall temperature as
the velocity approaches zero. For high velocities the out-
let temperature approaches the inlet temperature. These lim-
iting temperatures necessarily correspond to limiting viscos-
ities which in turn suggest limiting pressure drops. Figure
3 shows a plot of mass flow rate versus pressure drop. Line
A represents & limiting characteristic which would be obtained
for the given tube if the fluid temperature did not decrease
below the inlet temperature as it passed through the tube.
This would correspond to high velocity flows. Line B repre-
sents a limiting characteristic which would be obtained if
the inlet temperature were decreased to the wall temperature
before flowing through the tube. This condition would be ap-
proached with low velocity flows. Both limiting curves are
linear since they represent isothermal flows. The character-
istic curve for the case of the wall temperature being less
than the fluid inlet temperature will naturally lie within

or on these limiting curves unless freezing occurs. The
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shape of the characteristic curve depends upon the tube geom-
etry, the viscosity~temperature dependency and the imposed
boundary conditions, For example, the characteristic curve
might assume the form shown in Figure 4, This would be the
case for a flow in which the viscosity never increased faster
than the velocity decreased., Consequently, the pressure drop
always decreases with decreasing flow rate.

Another case might be that shown in Figure 5. The
first inflection point in the mass flow rate-pressure drop
characteristic occurs as the velocity 1s decreased to the
point where the viscosity effects are increasing faster than
the velocity decreases. Thus, the pressure drop increases
with decreasing flow rate. This phenomenon continues until
the flow rate has been reduced to a value low enough that
the bulk temperature of the fluid is essentially equal to
that of the wall along the whole tube length. Provided the
fluid does not form a sludge or freeze, a further reduction
in the flow rate produces a second transition in the char-
acteristic curve. Since the fluid can not be cooled to a
lower temperature than the wall temperature, the viscosity
can not be increased further, and the pressure drop becomes

a function of the velocity only. Thus the pressure drop de-
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creases as the flow rate goes to zero. This condition is
physically possible although a peculiar set of circumstances
would have to exist in order to establish this type of char-
acteristic curve,

Finally, Figure 6 demonstrates the double valued char-
acteristic with freezing, It is seen that the slope of the
characteristic curve changes from positive to negative as the
flow is decreased below some critical flow rate, ﬁc. As the
flow rate is decreased further, the pressure drop increases.
However, before the limiting pressure drop is reached, the
fluid begins to freeze and finally the flow stagnates. Note,
also, that an imposed pressure drop belowAij_n would not be
sufficient to move the fluid through the tube. The flow dur-
ing the initiation of freezing probably could not be described
by the Newtonian method and will not be considered here., The
fact that the flow may stagnate is important, however, and

will be discussed in a later section.
II. HEAT TRANSFER

The heat transfer occuring for laminar flow of a fluid
through a tube directly influences the pressure drop. This

is because of the temperature effects on the viscosity of the
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fluid in question., A general energy balance will give some
insight into the relation between the various parameters,
The heat transfer between the inlet and outlet sections of

a non-isothermal section of the tube is:

Q = e (A tb) 7
where: Q = heat transfer
m = mass flow rate
cp = fluid specific heat

Zktb = difference between the inlet and outlet bulk

temperature of the fluid

further,
me (At = UA t -t (8)
P< b) °(bavg '°>
where: U = overall heat transfer coefficient
A = outside surface area
o
t = average bulk temperature of the fluid
bavg
q” = ambient temperature

The overall heat transfer coefficient for a circular tube is:

1 9)

3, _F2 In(ry/ry) 1
h k YT
1y o

U=
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where: Ty = outside radius of the tube

inside radius of the tube

thermal conductivity of the tube

inside heat transfer coefficlent

=
[ |

i

h0 = outside heat transfer coefficient

Some simplification results if a characteristic wall temper-
ature is introduced in place of the ambient temperature. For

example, equation (8) becomes:
e (A cb) = b A (tbavg - tw> (10)

where: Ai = inside surface area

ty ™ wall temperature
The terms on the left hand side of equation (10) are
straight-forward, but the terms on the right require some

further elaboration. The average bulk temperature (tbavg)

obviously depends on the variation of the bulk temperature

along the axis of the tube., Thus, it may be defined as:
L

t _ 1 t, (x)dx (11)

b = e

avg L
(~)]
Two types of axial bulk temperature variation will be con-
sidered in this analysis--linear and exponential., A linear

axial bulk temperature results in:
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(t -t )x
tb(x) = o'd;_. n + t:l:»\ (12)

Integrating equation (12) as shown in equation (11), the

average bulk temperature is found to be:

(t t,)
t ouf i t 13
ban= 2 + iﬁ- ( )
Next, the inside heat transfer coefficient may be determined
32
by a method suggested by Sellars, Tribus, and Klein . Their

relations apply to laminar flows for a constant wall heat
flux where the velocity profile is fully developed before the

onset of cooling or heating. They found for small values

of (x/r )/Pe

W
-1/3
Nu = 1.639 x/rw> , 2T, <o0.01 (14)
Pe ’ Pe
For large values of (x/rw)/Pe
x/t
Nu = 4,364 ; W (15)
o >0.25

where: Nu = Nusselt number, (hD)/k

Pe = Peclet number, (Re)(Pr)
For the condition of a linearly varying wall temperature,
Sellars, Tribus, and Klein32 proposed that the Nusselt num-

ber be determined by:

-1/3
Nu = 2.035 (x/rw> : x/x, < 0.01 (16)

Pe Pe
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and for large values of (x/rw)
Pe

Nu = 4,364 x/ry, (17)
2 52 2 0.5

Equations (14) through (17) may be used to calculate the
value of the film coefficient, hi’ on the value of the param-
eter (x/rw)/Pe . Equation (10) may be rearranged in terms of
dimensionless groups utilizing equation (13) and the inside

film coefficient, Thus,

T
K<GZ> -1 42 X

T h, T,
i in

Tin [K (-—-ﬁf—-) - 1]

(18)

where: T = absolute temperature, °R
Gz = Graetz number, (Re)(Pr)
(L/Di)
K = constant, k
2D;

See Appendix C for derivation of equation (18). Equation
(18) represents the dimensionless temperature ratios as a
function of the fluid properties and the system geometry.
Figure 7 demonstrates the relation between these dimension-

less groups.
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A relation for the bulk fluid temperature for laminar

flow with a fully developed velocity profile and a constant
wall temperature is given by Jacobll and Sellars, Tribus, and

Klein32 to be:

(x) =
T, (x) - T - X
b . Tw - Z Bn exp n (19)
in
N=0

where: o, = Bnk

(L) (Gz)

B, ﬁn = constants

The bulk temperature may be written using only the first

three terms of the series as:

- O(OX - o(lx
'Fb(x) = (T, ,- T )I:B1 exp + B2 exp +*
- Ox .
B3 exp ]+ TW (19a)

Substituting equation (19a) into equation (11) and inte-
grating gives the average bulk temperature for the case of

constant wall temperature to be:

T _ (Tu-Ty | By - ol
bavg L | g 1 - exp *
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.._.__.T_W__._ L (20)
T, - T
in w

See appendix D for details. Equation (19a) may be expressed

in terms of dimensionless ratios as follows:

T T -of L -oX_L
(o) w B 0 B e 1
T - T 1 %P + Bp €XP 4

n
L
™y ] T (21)
By exp i
in

Again, it is seen that the temperature ratios are dependent
upon the fluid properties and the system geometry.
Sellars, Tribus, and Klein32 proposed the following

relations for the Nusselt number for the case of constant

wall temperature

-1/3
Nu = 1.357 =ty _f_/.fzf._ < 0.01  (22)
Pe 5 Pe
x/r

Nu= 3.656 ; W (22a)
’ Te > 0.25

It should be pointed out that equations (14)-(1l7) and

(22) hold only for constant property fluids. Thus, there
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will be some deviation in the value of the film coefficient
obtained using these equations from that which actually oc-
curs. The effect of variable propertles may be manifested
in two ways. In general, the velocity profile deviates from
the parabolic shape and becomes more blunt or more pointed
depending upon the manner in which the viscosity is affected
by temperature changes. Another important effect may be that
of natural convection. This effect results because of the
variation of the fluid density with temperature, and it is
most noticeable during laminar flow in vertical tuﬁesl7. In
horizontal tubes the effect of vagiable fluid density is to
create secondary flows which result in an increase in the
value of the Nussult number thereby increasing the heat trans-
fer., This investigation will not consider the effects of
variable fluid density since the effect of variable viscos-

ity has a greater influence on the pressure drop-mass flow

rate characteristic,

30

Seider and Tate™~ proposed a relation for the Nussult

number which accounts for the variable viscosity effects,

-1/3 0.14
Nu - 1.86 (xldW> _’.’_.b_> (23)
a,m, Pe ).1
.,‘ Yo W
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Oliver23 presented a relation which provided a means
of determining the Nusselt number when free convection ef-
fects are important.,

0.14
Nu = 1.75 (P;%?{)
3

2
where: Gr = Grashof number, _P BghtD
€P)

Matais and Eckert22 proposed some criteria for flow

75 13
Gz + 0.0083 (Grpr)o‘ ] (24)

- through horizontal tubes which allows one to determine wheth-
er the flow falls in a purely forced convection region or in
a mixed convection region. Thelr results are shown graphi-
cally in Figure 8. Except for a few cases, all of the ex-
perimental conditions which were utilized fell within the

purely forced convection region as described by Figure 8.

ITI. PRESSURE DROP MASS FLOW RATE CHARACTERISTIC

The existence of a double valued mass flow rate-
pressure drop characteristic is the basic phenomenon with
which this investigation is concerned. This section pre-

sents the criteria which are responsible for the occurrence

of this phenomenon.
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As demonstrated in section I, the pressure drop-mass
flow rate characteristic is linear for isothermal flow but
non-1linear for non-lsothermal flow, The non-linearity effect
was seen to have resulted from the viscosity dependence on
temperature, This investigation 1s concerned with fluids
which have a highly temperature dependent viscosity, and the
relation which best satisfies the viscosity-temperature de-

pendence for the fluid used in the experimental work is:

b3 (25)

where: bl 11.3

bulk viscosity

ét
'

T = absolute bulk temperature

The double valued pressure drop-mass flow rate char-
acteristic, shown in Figures 1 and 6, was discussed in sec~
tion I. It is now possible to develop criteria for which
the slope of the pressure drop-mass flow rate characteristic

changes from positive to negative. The slope of the curve
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may be represented by the derivative of equation (6). However,
it is more convenient to take the derivative of the pressure
drop with respect to the velocity. Thus, the slope is:

d(ap) _ d 32 n l-n LV (26)
= (p) ) -5
dv dv <gc Pw }‘bavg Dz >

It will be assumed that 2, # £(V), but obviously /Pb
avg

is dependent on the bulk temperature which in turn is a func-

tion of velocity. Therefore, equation (26) becomes:

d(AP

d 27
S " W[(Pbavg)p <v>] 27

where: c o 32 L
1 2
g D
¢ H
p = l-n
differentiating:

d(AP d 28
—'C(ITI—L = 2 l:(}‘bavép Wy v 57 (Pbavg)r] e

n
where: c =
9 cl(pw)

Now,






