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Abstract

We make connections between complexity of training of physics–informed neural networks (PINNs) and Kolmogorov
n–width of the solution. Leveraging this connection, we then propose Lagrangian PINNs (LPINNs) as a partial
differential equation (PDE)–informed solution for convection–dominated problems. PINNs employ neural–networks
to find the solutions of PDE–constrained optimization problems with initial conditions and boundary conditions as
soft or hard constraints. These soft constraints are often blamed to be the sources of the complexity in the training
phase of PINNs. Here, we demonstrate that the complexity of training i) is closely related to the Kolmogorov n–
width associated with problems demonstrating transport, convection, traveling waves, or moving fronts, and therefore
becomes apparent in convection–dominated flows, and ii) persists even when the boundary conditions are strictly
enforced. Given this realization, we describe the mechanism underlying the training schemes such as those used in
eXtended PINNs (XPINN), curriculum learning, and sequence–to–sequence learning. For an important category of
PDEs, i.e., governed by non–linear convection–diffusion equation, we propose reformulating PINNs on a Lagrangian
frame of reference, i.e., LPINNs, as a PDE–informed solution. A parallel architecture with two branches is proposed.
One branch solves for the state variables on the characteristics, and the second branch solves for the low–dimensional
characteristics curves. The proposed architecture conforms to the causality innate to the convection, and leverages the
direction of travel of the information in the domain, i.e., on the characteristics. This approach is unique as it reduces the
complexity of convection–dominated PINNs at the PDE level, instead of optimization strategies and/or schedulers.
Finally, we demonstrate that the loss landscapes of LPINNs are less sensitive to the so–called “complexity” of the
problems, i.e., convection, compared to those in the traditional PINNs in the Eulerian framework.

Keywords: Deep learning, Kolmogorov n–width, Partial differential equations, Method of characteristics,
Lagrangian frame of reference

1. Introduction1

The evolution of many physical phenomena and engineering systems can be derived from first principles leading2

to governing equations in the form of partial differential equations (PDEs). Although analytical solutions of many3

of non–linear PDEs are seldom known, development of numerical methods has made approximation of the solution4

possible. One of the paradigms of solving for a state of the system is through optimization. Consider a PDE5

R (w (x, t)) = 0, (1)

where R () is a differential operator representing the residual of the PDE, w (x, t) is the state parameter on a spatial6

domain of x ∈ Ω and t ∈ [0,T ] with appropriate boundary and initial conditions. Therefore, solving the PDE of7

Eq. (1), is equivalent to finding a minimizer, w∗, in8

w∗ = argmin
w

R (w (x, t)) , (2)
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subject to boundary and initial conditions as constraints. Iterative methods are classically used to find minimizers of9

high–dimensional non–linear residual equations.10

In the absence of the governing equations, where the phenomena/task cannot be described using first principles,11

machine learning (ML) methods such as artificial neural networks (ANNs) have been revolutionary. Moreover, the12

application of ANNs to solve the systems with known or partially known governing equations, inverse problems and13

data assimilation (DA) shows great promise [1, 2]. While the compromise between incorporating a priori knowledge14

of the system and learning from data (experimental or observation) remains a problem dependent endeavor, setting the15

known governing equations as a loss component in ANNs nudges the network to a solution informed by the physics.16

This paradigm is matured in physics–informed neural networks (PINNs) [2], such that ANNs are trained to find the17

minimizer of (2), as well as the observational/experimental data to estimate the state parameter (direct problem) or the18

unknown parameters (inverse problem).19

Although many of the traditional numerical solvers outperform PINNs in well–posed forward problems without20

DA, there are many critical applications where the use of PINNs is particularly advantageous [3]. PINNs provide21

flexible and scalable implementations [4], and readily provide adjoints via automatic differentiation. The low infer-22

ence cost of PINNs and simultaneous estimation of the state parameters and independent parameters are particularly23

appealing. These advantages leads to successful use PINNs, especially in inverse problems and inverse design [5],24

ill–posed/conditioned problems [6], and control [7].25

However, the training phase of PINNs, which is equivalent to solving ordinary differential equations (ODEs)26

or PDEs, faces some practical challenges [8, 9, 10, 11, 12, 13, 14, 15, 16]. The innovations and attempts to improve27

the accuracy of the PINNs can be classified into two categories. In the first category, the ANN architecture and loss28

are targeted to improve the training behavior. In [10], it is shown that the eigenvalues of the Neural Tangent Kernels29

(NTKs) of different loss components explains the training behavior. Accordingly, penalty weights in the loss function30

are adaptability determined at each iteration of the training. Similarly in [11], the unbalanced gradients of the compo-31

nents of the loss is associated with training failure, and annealing the learning rate is proposed. It is also demonstrated32

that the architecture of the network can meaningfully change the stiffness of the gradients in the learning phase, and33

therefore it is suggested that a specialized architecture can be beneficial to specific problems [11]. Subsequently,34

reformulating the constraints using Augmented Lagrangian method (ALM) [17] demonstrates a flatter/smoother loss35

landscape, and therefore leads to a more favorable training behavior [15], compared to the originally proposed penalty36

terms [2]. Notably, the loss landscape of PINNs are less smooth compared to purely data–driven ANNs [12, 15]. The37

raggedness of loss landscape explains why PINNs are more prone to converge to an unfavorable local minima. Such38

challenge depends on both the governing equations, and system parameters [8, 12, 15].39

In the second category, prior knowledge/property of the system is leveraged. For instance, in hyperbolic sys-40

tems, e.g., inviscid Burgers’ equation, total variation diminishing (TVD), and entropy inequalities can be imposed41

in addition to artificial viscosity [18]. In [8], the flux term of non–linear convection diffusion had to be modified to42

help with the accuracy of the solution. Both of these remedies violate the consistency between the solution and the43

governing equations. However, such solutions are PDE specific, and are not applicable to all the challenging test44

cases. Approaches such as curriculum learning (training on a simple problem and transferring the learned weights45

to the harder problems) [12], adaptive sampling (in both space and time) [16], parallel in time decomposition [13]46

or the very similar sequence–to–sequence learning1 (decomposing the temporal domain) [12] can be applied to a47

wider range of problems without any prior assumptions. Note that sequence–to–sequence learning [12] or parallel in48

time decomposition [13] here refer to the same method and should not be confused with PPINNs [20]. In many of49

the aforementioned studies, the same network is shown to be capable of expressing a more accurate solution, given50

additional attention is paid in defining the loss and the training phase. Such experiments demonstrate that the used51

architectures are expressive enough, and therefore, the challenge lies in the training. Unfortunately, many of the reme-52

dies require solving many intermediate subproblems [12], or training multiple networks [13]. It is argued that all such53

challenges can be more naturally overcome by respecting the underlying spatio–temporal causality [14]. One pro-54

posed approach is to impose such causality is by prioritizing the earlier time steps in the training phase by addition of55

temporal weights[14]. Causality training of [14] is successfully applied to Allen–Cahn equation and as an additional56

component of temporal decomposition to Kuramoto–Sivashinsky and Navier–Stokes equation (Re = 100). However,57

the proposed approach does not take into account the direction of travel of information.58

1Different than the seminal work of Venugopalan et al. [19] in the context of video to text caption generation.
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While chaotic systems, e.g., turbulent flow, and Lorenz 63, and higher order derivatives in governing equations,59

has been recognized to be challenging since the earliest formulation of PINNs [14], they merely cannot explain the dif-60

ficulty in training of regular/non–chaotic systems, e.g., advection/convection, reaction, reaction-diffusion, Poisson’s,61

or wave equations. Table 1 summarizes challenging test cases for training of accurate PINNs, the proposed remedies62

and their advantages and shortcomings. There main aspects of these methods are compared, i.e.,63

1. Is the method applicable in a no–data regime? That is, can the method be applied to PINN when no training64

data is available?65

2. Can a single ANN deliver a global solution in the full training regime, and without requiring to solve for66

intermediate problems, i.e., in one shot?67

3. Does the solution of the PINN satisfy the governing equation of interest, i.e., does the method preserve consis-68

tency between the equations and the model?69

Moreover, the type of the differential operators, i.e., parabolic, hyperbolic, or elliptic, is believed to describe70

the difficulty in discovery of the minima. In the case of elliptic and parabolic PDEs, the generalization error, i.e.,71

the difference between a global minimizer of the loss and the solution to the PDEs, converges to zero under certain72

conditions, given enough number of data points [25]. However, similar results are lacking for hyperbolic equations.73

More importantly, the optimization error, i.e., the difference between the global and local minima given some data74

points, is poorly understood. This is especially important as many of the non–chaotic, yet challenging cases in Table 175

are either hyperbolic or hyperbolic–parabolic (where hyperbolic traits are dominant), the main focus of the present76

paper.77

Although the previous studies have described some of the difficulties and dynamics of the training phase, there is78

no universal theory on convergence rate or a priori measure of success of the training [26]. In this paper, we provide79

some evidence that connects the dimensionality of solution, in the Kolmogorov n–width sense, to the difficulties in the80

training phase. Moreover, we explain how the previous remedies connects to the presented description of complexity.81

Subsequently, we add an unrecognized complex test case, to the existing list of Table 1, i.e., the Burgers’ equation in82

the presence of a shock sweeping the domain (traveling shock). Specifically, we demonstrate that in the cases where83

the shock sweeps long distances, the training phase has a similar complexity of training as in convection equation.84

We emphasize that PINNs can easily solve the viscous Burgers’ equation with stationary shocks [2]. Finally, we85

emphasize that most of the methods in Table 1, e.g., [12, 13, 23, 24], are not demonstrated for the problem of our86

interest, i.e., convection–dominated problems. Moreover, the proposed methods are algorithmically more complex87

than the original PINN [2], and require multiple ANNs or training passes (solution of subproblems). We propose an88

approach that can reach the solution in one shot of training and without requiring solutions of intermediate problems.89

In this paper, we focus on an important category of the recognized challenging cases, i.e., convection–diffusion90

problems. We propose Lagrangian physics–informed neural networks (LPINNs) which conforms to the “causality”91

in the system. LPINNs’ architecture is informed by the direction of travel of information in the domain, i.e., along92

the characteristic curves. In this architecture the solution is to be learned with an inherently reduced dimensionality,93

a simpler task for any of ML architectures. The proposed approach successfully learns the solution with a single94

ANN, in a no–data regime, in one shot and without requiring to learn any intermediate solutions. The solution is95

consistent with the governing PDEs on the Eulerian frame, giving PINNs an advantage over methods introducing96

artificial viscosity.97

The paper is organized as follows. We first summarize PINNs in Section 2. In Section 3, some of the challenging98

cases of training of PINNs are discussed. More importantly, we for the first time, explain and demonstrate the mech-99

anism leading to the complexity in training through the lens of approximation theory. Our explanation motivates the100

proposed LPINNs in Section 4, where we focus on an important canonical set of problems governed by non–linear101

convection–diffusion equation, in one–dimensional (1D) and two–dimensional (2D) domains. The proposed approach102

is numerically investigated in Section 5. The properties and possible foreseeable challenges of the proposed LPINNs103

are discussed in Section 6, followed by our conclusions in Section 7.104

2. PINNs105

A PINN architecture is composed of a densely connected ANN that minimizes a composite loss comprised of the106

PDE of Eq. (1) evaluated at the spatiotemporal collocation points, data, and the initial and boundary points [2]. The107
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Table 1: Challenging problems in the training of PINNs and the suggested remedies. Only some of these methods have been demonstrated to
improve the training of convection–dominated problems (marked by ‡).

Study PDEs Domain Test case Proposed remedy N
o–
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C
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si
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t?

[8] Convection–diffusion 1D Buckley–Leverett Introducing viscosity X 7 7

[16]

Reaction–diffusion
Adsorption/

desorption –
surface diffusion

1D
2D
3D

Allen-Cahn
Cahn-Hilliard

Time adaptive
(sampling/marching),
and mini–batching,
and regularizing the

loss components

7
X
X

7
X
X

X
X
X

[9] Euler 1D Sod’s shock tube
Characteristic form,

Oversampling the shock
X
7

X
X

X
X

[21] Convection–diffusion 1D Buckley–Leverett Tuning the flux term X 7 7

[11]
Helmholtz

Klein–Gordon
Navier– Stokes

2D
1D
2D

N/A
N/A

Lid–driven cavity
(Re = 100)

Annealing
the learning rate X X X

[13]‡
Advection

Shallow-water Spherical Traveling feature Parallel in
time decomposition X 7 X

[12]‡
Convection

Reaction
Reaction-diffusion

1D Moving interfaces,
traveling features

Curriculum
learning,

Sequence–to–sequence
learning

X
X

7
7

X
X

[22]
Inviscid Burgers’

Convection–diffusion 1D
Shock

Rarefaction and
shock

Enriching the data–set,
artificial viscosity

7
X

X
7

X
7

[10] Wave 1D Traveling wave Adaptive penalty X X X

[14]

Chaotic ODE
Reaction–diffusion

Kuramoto–Sivashinsky
Navier–Stokes

R3

1D
2D

Lorenz 63
Allen–Cahn

Decaying turb-
ulence (Re = 100)

Causal training of loss,
and/or transformer

architecture
X X X

[15] Poisson’s 1D
2D

High wave–number
forcing

Enforcing the
constraints by ALM X X X

[18]
Euler

Convection–diffusion 1D Sod’s shock tube
Buckley–Leverett

TVD, and
entropy inequalities X X X

[23]‡
Convection

Reaction
Reaction-diffusion

1D Moving interfaces,
traveling features Ensemble training X 7 X

[24]‡
Convection

Reaction–diffusion 1D Traveling features,
Allen Cahn

Evolutionary sampling
(Evo) X 7 X

Ours‡
Convection–diffusion

Viscous Burgers’
1D
2D

Traveling feature,
Traveling shock Lagrangian PINN X X X

output of the ANN given ith coordinate of a spatiotemporal grid,N (u), is the local and instantaneous state parameter,108

w(xi, ti), i.e.,109

w(xi, ti) = N (u) = φm (Wmφm−1 (Wm−1 · · · φ1 (W1u + b1) · · · + bm−1) + bm) , (3)

where the input vector is the concatenation of the spatial and temporal location, i.e., u = [xi, ti]> ∈ Rd+1, d is110

the dimension of physical space, φi (.) is the activation function at the ith-layer, W1 ∈ Rw×(d+1), Wi ∈ Rw×w,∀i ∈111

{2, · · · ,m − 1}, and Ww ∈ Rd×w are the weights, and bi ∈ Rw,∀i ∈ {1, · · · ,m − 1}, and bm ∈ Rd are biases. The112

weights and biases are learned to minimize the physics–informed loss, minimizing the governing equation and the113

appropriate boundary and initial conditions, i.e.,114

L = Lr +Lbc +Lic, (4)
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γ(x)

R(xi, ti) Lr + Lic

N (.)
Automatic
Differentiation

L (.)

xi

ti

wi

Figure 1: The traditional PINNs architecture with periodic boundary condition satisfied via a custom layer (hard constraint).

where

Lr = λr
1
Nr

Nr∑
i=1

|R (xi, ti)|2 , (5a)

Lbc = λbc
1

Nbc

Nbc∑
i=1

∣∣∣∣B [w]
(
xi

bc, t
i
bc

)∣∣∣∣
2
, (5b)

Lic = λic
1

Nic

Nic∑
i=1

∣∣∣∣w (x, 0) − g
(
xi

ic

)∣∣∣∣
2
, (5c)

and {ti
r ,xi

r}
Nr
i=1 is the set of temporal and spatial coordinates of the collocation points where the residual is evaluated,115

{ti
bc,x

i
bc}

Nbc
i=1 is a set of temporal and spatial coordinates of the boundary points (B [w]

(
xi

bc, t
i
bc

)
), and {xi

ic}
Nic
i=1 , is the set of116

coordinates where the initial condition is known (g
(
xi

ic

)
at t = 0). The partial derivatives in the residual operator,117

R (xi, ti), are calculated using automatic differentiation (AD). The hyper–parameters λr, λbc, and λic are scalars tuned118

to improve the convergence. Augmenting the loss using more data points leads to faster convergence, especially in119

convection–dominated problems [22]. However, we intentionally refrain from using any data points to evaluate the120

convergence of PINNs as a solver (no–data regime).121

In this paper, without loss in generality, we limit the spatial domain to 1D and 2D problems. The periodic boundary122

condition is strictly enforced using a custom layer [13], i.e., hard constraint, and therefore λbc = 0. The custom layer123

in x ∈ [0, 2π] transforms the domain to a polar coordinate, i.e.,124

γ (x) = [cos (x) , sin (x)]>, (6)

and for 2D domains, i.e., (x1, x2) ∈ [0, 2π] × [0, 2π] transforms the domain to a doubly periodic polar coordinate, i.e.,125

γ (x1, x2) = [cos (x1) , sin (x1) , cos (x2) , sin (x2)]>, (7)

and out–put of this layer is fed into the traditional ANN as described in Eq. (3) with appropriate adjustment of the126

dimension of the weight of the first layer, i.e., W1 ∈ Rw×(2d+1), increasing the number of network variables by only127

w×d. Further discussion of strictly enforcing the boundary conditions can be found in [27]. The described architecture128

is illustrated in Fig. 1.129

3. Kolmogorov n–width and convergence of PINNs130

In this section, we connect the dimensionality of the problem to the training difficulties in PINNs. Specifically,131

we provide numerical evidence to connect the decay of singular values of the snapshots to the difficulties in the132

training phase, where the slow decay of singular values corresponds to transport phenomena, convection, traveling133

waves, and moving fronts. Although limited attempts were made to quantify connection of dimensionality and slow134
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convergence of some specific classes of ML architectures [28, 29], many of the questions regarding the choice of135

activation functions, norms, and architecture remains open [28]. Formal investigations of such questions are out of136

the scope of the present paper.137

In approximation theory, Kolmogorov n–width is a measure of how close n–dimensional subspaces can approxi-138

mate the solution manifold,M [30]. The following definitions briefly explains this measure [31].139

Definition: Let M be a normed linear space and M̃n any n-dimensional subspace of M. For each x ∈ M,140

δ
(
x,M̃n

)
shall denote the distance of the n-dimensional subspace M̃n from x, defined by141

δ
(
x;M̃n

)
= inf

{
‖x − y‖X : y ∈ M̃n

}
, (8)

where ‖.‖X denotes any arbitrary choice of norms. If there exists a y∗ ∈ M̃n for which δ
(
x,M̃n

)
= ‖x − y∗‖, then y∗ is142

the best approximation of x from M̃n. Extending the concept from a single element of x to S, a given subset ofM,143

the deviation of S from M̃n is defined as144

δ
(
S;M̃n

)
= sup

x∈S
inf

y∈M̃n

‖x − y‖, (9)

representing the worst element of x ∈ S approximated in M̃n.145

Definition: Kolmogorov n–width ofM, dn (M), is defined as146

dn (S;M) := inf
M̃n

δ
(
S;M̃n

)
, (10)

where the infimum is taken over all n–dimensional subspaces (M̃n) of the state space,M.147

In the context of Petrov–Galerkin projection schemes, n–width correlates with the best achievable rate of conver-148

gence for a given set of snapshots [32]. The connection of rate of decay of singular values of the snapshots to accuracy149

of approximation in linear subspaces are established [33, 34, 35]. The extension of such results to non–linear mani-150

folds, such as those discovered through training of PINNs, has not been identified yet. Here, we numerically evaluate151

whether the rate of decay of singular values could be used as a simple a priori guideline to the complexity of the152

training phase of PINNs.153

Krishnapriyan et al. [12] have characterized complexities of training of PINNs for some canonical problems.154

They argue that the condition number of the governing equation as the regularization term is one of the origins of the155

difficulties in the training of PINNs in specific regimes. 2 Here, we revisit these cases and introduce the rate of decay156

of singular values of the solution as a robust and predictive indicator of difficulties in training of PINNs. Based on our157

findings, we predict Burgers’ equation, in convection–dominated regimes, as an additional challenging test case for158

PINNs.159

In Figs. 2 to 5, the snapshots of the solution and the corresponding singular value decays are plotted for given160

snapshots of convection equation, reaction equation, reaction–diffusion equation, and Burgers’ equation where the161

state variable w = w(x, t) is in the domain (x, t) ∈ [0, 2π] × [0, 1], and the PDEs are equipped with initial conditions162

w(x, 0) = w0(x), and periodic boundary conditions, as summarized in Table 2. Convection speed, viscosity, and163

reaction coefficient are denoted by c, ν, and ρ, respectively. Note that to introduce traveling shocks in the Burgers’164

equation, the initial condition is offset by c.165

In each of these experiments, the solution of the governing equation is depicted in the space–time domain, and166

the corresponding singular value spectra are also compared, where σi is the ith singular value of the snapshots of the167

solution.168

Krishnapriyan et al. [12] showed that PINNs are harder to train for higher convection speeds (so–called “failure169

modes”). Subsequently, the cases with c = 0 and c = 50 are compared in Fig. 2. It is clear that σ2/σ1 increases170

2We show that the so–called “failure modes” are more probable for optimization using Limited-memory BFGS (L-BFGS) and are less frequent
with Adam optimizer. Regardless of the choice of optimizer, it is harder to train PINNs for higher convection speeds. A detailed and probabilistic
investigation of convergence of PINNs for convection and its sensitivity to optimization scheme, sampling of collocation points, hyper-parameters
of the composite loss, and soft versus hard enforcing of the periodic boundary condition is presented in Appendix A. Subsequently, we demonstrate
that traditional PINNs are slower to train in the presence of high convection, moving features, and surfaces.
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Table 2: Canonical problems with high Kolmogorov n–width complexity. In all cases, the domain is defined on [0, 2π] × [0, 1]. F (.), F −1(.), and
κ respectively denote Fourier transform, its inverse, and wave number in the Fourier space.

Canonical problem PDE Initial condition, w (x, 0) Boundary condition Solution, w (x, t)

1
Convection

(Introduced in [12])
∂w
∂t

+ c
∂w
∂x

= 0 sin (x) w (0, t) = w (2π, t) F −1
(
F (w (x, 0)) e−icκt

)
[12]

2
Reaction

(Introduced in [12])
∂w
∂t
− ρw (1 − w) = 0 exp

(
−

(x − π)2

2 (π/4)2

)
w (0, t) = w (2π, t)

w (x, 0) eρt

w (x, 0) eρt + 1 − w (x, 0)
[12]

3
Reaction–diffusion
(Introduced in [12])

∂w
∂t
− ν

∂2w
∂x2 − ρw(1 − w) = 0 exp

(
−

(x − π)2

2 (π/4)2

)
w (0, t) = w (2π, t)

Strang splitting [12], i.e.,

i.
w(x, 0)eρt

w(x, 0)eρt + 1 − w(x, 0)
ii. F −1

(
F (w (x, 0)) e−νκ

2t
)

4
Convection–diffusion

(Similar to 1)
∂w
∂t

+ c
∂w
∂x

= ν
∂2w
∂x2 sin (x) w (0, t) = w (2π, t) F −1

(
F (w (x, 0)) e−νκ

2te−icκt
)

5
Burgers’

(Our contribution)
∂w
∂t

+ w
∂w
∂x

= ν
∂2w
∂x2 sin (x) + c w (0, t) = w (2π, t) Fourier Pseudo–Spectral
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(c) Singular value spectra

Figure 2: Convection equation. In 2a and 2b, dark red and dark blue represent +1 and −1, respectively. In 2c, the black triangle and blue rectangle
markers represent c = 0 (fast convergence), and c = 50 (slow convergence), respectively.

quickly as c increases. For the reaction equation, the decay of singular values becomes slower as ρ increases, in a171

similar trend, the PINNs become more difficult to train. For the cases of reaction–diffusion in [12], all cases show172

similar slow rate of decay of singular values, and in a similar trend, training in all the cases encounters difficulties.173

Finally, we consider Burgers’ equation, a case successfully solved in early studies of PINNs [2]. However, in that174

case, a viscous shock forms and collapses on its place, without traveling in the domain. In this paper, to impose the175

shock moving through the domain, the initial condition is offset from zero. Similar to the convection case, the rate176

of decay of singular values decreases as the speed of the shock is increased. In such cases, the shock sweeps the177

domain before collapsing/diffusing. Subsequently, similar challenges in training of PINNs for Burgers’ equation in178

convection–dominated regimes is observed.179

These experiments suggest that although ANNs can express any solutions on non–linear manifolds, the dimen-180

sionality of the solution on the linear optimal subspace of singular vectors can still inform the convergence behavior181

of PINNs, for the same system of governing equations. However, the singular value spectra between two different182

governing equations do not explain difficulty of the training, e.g., collapsing shock has a slower rate of decay of sin-183

gular values compared to convection with high speed and yet the training phase is well–behaved. Nevertheless, in all184

cases the network is hard to train at the presence of traveling features, such as shock, fronts, and gradients.185

Although the connection of Kolmogorov n–width and training of PINNs is lacking from the literature, some of the186

successful remedies in training of PINNs [9, 12, 13] can be explained by reducing the Kolmogorov n–width, an active187

research subject in finite element method of solving PDEs [36, 37], DA [38], neural networks (NNs)–based reduced188

order models (ROMs) [39, 40, 41], projection–based ROMs [42, 43, 44, 45, 46, 47, 37, 48, 49, 50], flexDeepONet189
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Figure 3: Reaction equation. In 3a and 3b, dark red and white represent +1 and 0, respectively. In 3c, the black triangle and blue rectangle markers
represent ρ = 1 (fast convergence), and ρ = 10 (slow convergence),, respectively.
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Figure 4: Reaction–diffusion equation. In 4a and 4b, dark red and white represent +1 and 0, respectively. In 4c, the black triangle and blue rectangle
markers represent (ν, ρ) = (5, 2) (slow convergence), and (ν, ρ) = (6, 5) (slow convergence), respectively.

[51], Gaussian Process Hydrodynamics [52], and projection–based ROMs on NN–based manifolds [53, 54].190

Here, we apply some of the proposed remedies to enhance convergence of traditional PINNs [4, 12, 13] to synthetic191

snapshots, and demonstrate the connection between the proposed remedies and the rate of decay of (normalized)192

singular values. We compare i) random and uniformly sampling of the domain, ii) random but weighted sampling193

of the domain similar to [9], and iii) decomposition of the temporal domain similar to [13, 12]. Some of the194

aforementioned methods in training of PINNs for convection equation are compared with our proposed LPINNs in195

Appendix B. In this section, we focus on a representative problem to evaluate such remedies through the lens of196

Kolmogorov n–width. Consider a synthetic traveling shock/interface (Fig. 6a). The snapshot is constructed on197

Nx = 256 spatial grid points and Nt = 500 time steps. The spectra of singular values of the full data, in Fig. 6b, shows198

that O
(
102

)
bases are required to reconstruct the data to the error of O

(
10−2

)
on the subspace spanned by singular199

vectors.200

Firstly, at each time level 25 data points are sampled randomly and uniformly. As in Fig. 6b, the sampled data201

has a lower rank compared to the full data, demonstrating the distance in accuracy of approximation of the full data.202

However, the leading singular values remains unchanged (a property used in randomized singular value decomposi-203

tion).204

Secondly, the data points are selected randomly but weighted such that the probability of sampling is proportional205

to the absolute value of the gradient of the data. Specifically, randsample function in MATLAB [55] is used, where206

the weight vector is the absolute value of the difference between two consecutive data points. In this case, the rate of207

decay of singular values is increased, reducing the approximation error given the same number of singular vectors.208

Thirdly, the temporal domain is decomposed by selecting 25 consecutive time steps (i.e., the domain is divided209
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Figure 5: Burgers’ equation. In 5a and 5b, dark red and dark blue represent c + 1 and c− 1, respectively. In 2c, the black triangle and blue rectangle
markers represent c = 0 (fast convergence), and c = 50 (slow convergence), respectively. In all cases, ν = 0.01

into 20 consecutive subdomains, Fig. 6g), significantly increasing the rate of decay of singular values as in Fig. 6h.210

This strategy is effectively equivalent to parallel–in–time decomposition [13] and sequence-to-sequence learning [12],211

where the temporal domain is decomposed into short time intervals. For an effective reduction in the Kolmogorov212

n–width, the subdomains’ time horizon are very limited, leading to an inefficient and repeated training in PINNs.213

For example in the case of our synthetic data, 20 different networks/training passes are required to cover the full214

temporal domain. This strategy is similar to principal interval decomposition (PID) (in linear subspace), applied to215

ROMs [47] and Long short–term memory (LSTM) networks [40], and reduces the Kolmogorov n–width of the data216

at the cost of localizing of the solution. Subsequently, increasing the temporal domain, decreases the rate of decay.217

Decomposition of the computational domain, in both space and time, is possible using eXtended PINNs (XPINNs),218

originally developed to tackle the scalibility of PINNs [4].219

Given the numerical evidence in this section, one paradigm to tame the training of PINNs is to reformulate the220

problem on a manifold such that Kolmogorov n–width is decreased, or equivalently, the rate of decay of the singular221

values is increased. For non–linear convection–diffusion flows, where convection dominates diffusion, such goal is222

achievable by reformulating the governing equations on the characteristics curves [56]. Accordingly, we expect a223

similar strategy, when applicable, can reduce the challenges in training of PINNs. We reconsider the synthetic data in224

Fig. 6. When the characteristics are followed or the observer is re-framed on the traveling shock the traveling shock225

of Fig. 6a is transformed into a stationary shock of Fig. 6i. Consequently, the rank of the transformed snapshots is226

exactly equal to 1, Fig. 6j. In the cases where the transformed state parameter does not remain constant, e.g., in the227

presence of non–linear convection, or diffusion, the rank of the transformed snapshots is greater than 1, nevertheless,228

it is significantly smaller compared to the snapshots in the original, Eulerian frame of reference. See [56] for a more229

detailed discussion.230

4. Proposed Lagrangian PINNs for Non–linear Convection–Diffusion231

Consider the following scalar, one–dimensional convection–diffusion equation232

R :=
∂w(x, t)
∂t

+ f1(x, t,w)
∂w(x, t)
∂x

− f2(x, t,w)
∂2w(x, t)
∂x2 = 0, (11)

in the domain (x, t) ∈ [xa, xb] × [0,T ], with initial conditions w(x, 0) = w0(x), and appropriate boundary conditions at233

xa and xb.234

As motivated in Section 3, to address the complexity of the training, the governing equation Eq. (11) is reformu-
lated in the Lagrangian frame of reference, i.e.,

Rχ :=
dχ (t)

dt
− f1 (w (χ(t), t)) = 0, (12a)

Rw :=
∂w (x, t)
∂t

|x=χ(t) − f2(x, t,w)
∂2w (x, t)
∂x2 |x=χ(t) = 0. (12b)
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Figure 6: A comparison of different methods reducing the Kolmogorov n–width. The synthetic data depicts a traveling shock, Fig. 6a, and Fig. 6b
is the corresponding singular value spectra. Figures 6c to 6d represent uniform sampling (black triangles), and Figures 6e to 6f represent weighted
sampling (red circles), Figures 6g to 6h represent the effect of domain decomposition sampling (red circles), b. The corresponding singular value
spectra of the uniformly sampled data (black triangles), the weighted sampled data (blue squares and shaded subdomain). Finally, Fig. 6g depicts
the data represented on a frame following the traveling shock (i.e., Lagrangian frame), and Fig. 6h shows the optimal reduction of rank to 1.

where χ denotes the characteristics, and w is the state variable on the characteristics.235

Here, we describe the additional changes to the architecture of the traditional PINNs to conform with the La-236

grangian formulation to satisfy Eq. (12). We propose a parallel architecture comprised of two branches, corresponding237

to the trajectory of the characteristics and the state parameter on the characteristics, respectively denoted by Nχ (u)238

and Nw (u). The output of the first branch is the trajectory of the characteristic curves, i.e.,239

χ(xi, ti) = Nχ (u) = φm (Wmφm−1 (Wm−1 · · · φ1 (W1u + b1) · · · + bm−1) + bm) , (13)

and the second branch outputs the state parameter on the characteristics curves, i.e.,240

w(xi, ti) = Nw (u) = φm (Wmφm−1 (Wm−1 · · · φ1 (W1u + b1) · · · + bm−1) + bm) , (14)

where all the parameters are defined similar to the network in Section 2. The two branches can be of different width,241

and depth. The output of the network is the state parameter on the characteristics curves minimizing the loss, i.e.,242

L = Lrχ +Lrw +Lic, (15)
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Figure 7: The proposed LPINNs architecture with periodic boundary condition.

where Lrχ , and Lrχ are the loss associated with the residuals in Eq. (12), i.e.,

Lrχ = λrχ
1
Nr

Nr∑
i=1

∣∣∣Rχ (xi, ti)
∣∣∣
2 , (16a)

Lrw = λrw

1
Nr

Nr∑
i=1

|Rw (xi, ti)|2 , (16b)

and Lic is the loss associated with initial condition of both the state and grid, i.e.,243

Lic = λic
1

Nic

Nic∑
i=1

(∣∣∣∣w (x, 0) − gw

(
xi

ic

)∣∣∣∣
2

+
∣∣∣∣χ (x, 0) − gχ

(
xi

ic

)∣∣∣∣
2

)
, (17)

where gw

(
xi

ic

)
and gχ

(
xi

ic

)
are the known initial conditions for the state and grid, respectively. The proposed architec-244

ture is depicted in Fig. 7.245

The output of the proposed network is the state variable on the Lagrangian frame, i.e., w (χ (t) , t). The solution on246

the Lagrangian frame of reference is consistent with the solution on the Eulerian frame. Finally, one can interpolate247

the states from the Lagrangian to the Eulerian frame of reference.248

We recognize the residual equations in Eq. (12) can also be solved in an architecture similar to that of the tra-249

ditional PINNs. However, the proposed two–branch architecture leverages the inherent low–dimensionality of the250

characteristics [56], and employ a shallow and compact network to solve Eq. (12a).251

In the cases where the characteristics are independent of the state variable, e.g, linear convection where dχ (t)/dt =252

c in Eq. (12a), the equations for state and characteristics are decoupled. Subsequently, the two branches of LPINNs253

can be trained separately. In this paper, we use the same coupled architecture of Fig. 7 for all discussed problems.254

The proposed LPINNs reformulation and architecture is causality conforming. Characteristics are curves on which255

the state variables are governed by ordinary differential equations. Therefore, the evolution of the state variable is256

only “influenced” or “caused” by the state on the corresponding characteristics curve. In other words, the evolution257

of the state variables in time is only influenced/caused by their history and on the corresponding characteristics, i.e.,258
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the domain of dependence. Similarly, the current state can only influence/cause the future state on the corresponding259

characteristic curve, i.e., the region of influence. Therefore, by redefining the state variable on the curves, the direction260

of travel of information is by construction enforced.261

5. Numerical Experiments262

In this section, the traditional PINN and the proposed LPINN are compared. The equidistant collocation points in263

the spatio–temporal are of size (Nx,Nt) = (256, 100) for (x, t) ∈ [0, 2π] × [0, 1]. In the convection and convection–264

diffusion cases, the initial condition is w0 = sin (x), and the solutions in Table 2 are considered as the truth. In the the265

Burgers’ case, the initial condition is w0 = sin (x) + c.266

In all cases, the PINNs have 4 hidden-layers, and the LPINNs have an additional shallow branch with 2 hidden–267

layers. All the hidden layers have 50 neurons. All activation functions are φ(.) = tanh(.), except those of the last268

layer, where activation is linear (identity). The hyper–parameters in Eq. (4) of PINNs are [λr, λic, λbc] = [1, 15, 0]269

(hard constraint for the periodic boundary), and are chosen via the explorations described in Appendix A. Similarly,270

the hyper–parameters in Eq. (15) of LPINNs are
[
λrw , λrχ , λic, λbc

]
= [1, 10, 1000, 0] (hard constraint for the periodic271

boundary), unless otherwise stated. Adam optimizer [57] with 2 × 104 iterations and learning rate of 0.01 are used272

for all the cases, as we observe more consistent converged solutions of PINNs using Adam (see Appendix A).273

As described in Appendix A, an ensemble of 10 random seeds are trained for both PINNs and LPINNs, and the274

probability distribution and lowest values of the error are compared.275

The relative error is defined as,276

Error =
‖w − w∗‖2
‖w‖2

, (18)

where w is the truth, and w∗ is the output of the network (interpolated) on the Eulerian grid, both after removing the277

boundary condition, to remove synthetic deflation of the reported error due to c in the cases of Burgers’ equation. A278

quadratic scheme is used to interpolate the output of LPINN to the Eulerian grid.279

5.1. Convection280

Consider the inviscid convection equation,281

∂w(x, t)
∂t

+ c
∂w(x, t)
∂x

= 0, (19)

and its reformulation in the Lagrangian frame of reference,

dχ
dt

= c, (20a)

∂w
∂t

= 0. (20b)

The solution to Eq. (20) is straightforward. Equation (20b) dictates the grid points to move with the constant convec-282

tion velocity, c, while the state variable remains constant along the moving points, Eq. (20b). The accuracy of PINN283

and LPINN are compared for different convection velocity in Fig. 8. Similar to [12], the error of PINN increases for284

larger values of c, such that for c = 20 many of the random initialization seeds do not converge to an accurate solution.285

For c ≥ 30, none of the ensemble members are converged to a small error. In case of the proposed LPINN, where the286

problem is simply reformulated on the Lagrangian frame of reference, the minimum error for all cases remains below287

5%. Note that the reported error is also comprised of the error originating from interpolating the predicted state from288

the moving grid of the Lagrangian frame to the stationary grid of the Eulerian frame, and in its current implementation289

has lead to a limit in the accuracy of the proposed LPINNs.290

To evaluate the optimality of the trained network, the loss landscape of the network at the end of the training phase291

is often used as a qualitative measure [8, 12, 58, 15]. To compute the loss landscape, the two dominant eigenvectors292

of the Hessian of the loss with respect to the trainable parameters of the networks, δ and η, are computed using293
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Figure 8: Comparison of the error in PINN (with hard constraint) vs. the proposed LPINNs (with hard constraint) for the convection equation,
Eq. (19).

an efficient approximation [59]. Subsequently, the network is perturbed along the eigenvectors and its loss, L′, is294

evaluated, i.e.,295

L′ (α, β) = L
(
θ + αδ + βη

)
, (21)

where (α, β) ∈ [−α0, α0]×
[
−β0, β0

]
. Finally, log (L′ (α, β)) is visualized in Fig. 9, for c = {0, 30, 50} and in both PINN296

and LPINN architectures. In Fig. 9a, we recover the saddle shape of the loss landscape for small convection speed as297

reported for PINN in [12]. Similarly, by increasing c, the landscape becomes less smooth (sharper, or more rugged),298

implying the trained network is not at a minimizer (Figs. 9b to 9c). In the case of LPINN (Figs. 9d to 9f), the loss299

landscapes are significantly smoother compared to their PINN counterparts (Figs. 9a to 9c). Moreover, the landscape300

is smooth (flat), even at high c, increasing the confidence that the obtained minimizer is a global one. In LPINNs,301

explaining why the landscape for c = 50 (Fig. 9f) is smoother compared to c = 30 (Fig. 9e) or c = 0 (Fig. 9d) requires302

further investigations.303

5.2. Convection-diffusion304

Consider the viscous convection–diffusion equation,305

∂w(x, t)
∂t

+c
∂w(x, t)
∂x

= ν
∂2w(x, t)
∂x2 , (22)

and its reformulation in the Lagrangian frame of reference,

dχ
dt

= c, (23a)

∂w
∂t

= ν
∂2w
∂x2 . (23b)

Figure 10 compares the accuracy of PINN and the proposed LPINNs. Similar to the inviscid case discussed in306

Section 5.1, the error in PINNs increases by increasing c. However, the minimum error in LPINNs is relatively307

insensitive with respect to c, and the error remains below 10% in all of the cases.308

5.3. Burgers’ equation309

Consider the viscous Burgers’ equation,310

∂w(x, t)
∂t

+w(x, t)
∂w(x, t)
∂x

= ν
∂2w(x, t)
∂x2 , (24)
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(a) PINN, c = 0 (b) PINN, c = 30 (c) PINN, c = 50

(d) LPINN, c = 0 (e) LPINN, c = 30 (f) LPINN, c = 50

Figure 9: The (log of) loss landscape of convection equation given different convection speeds, c ∈ {0, 30, 50}. a-c. PINN, d-e. LPINN.

and its representation on the Lagrangian frame,

dχ
dt

= w(x, t), (25a)

∂w
∂t

= ν
∂2w
∂x2 . (25b)

While the traditional formulation of PINN is successfully demonstrated for Burgers’ equation [2], the examined311

problem lacks the main property of challenging cases for training, i.e., the large Kolmogorov n–width associated312

with the travel of the shock as in Fig. 5. In Burgers’ equation, similar to convection–diffusion equation, the PINN is313

slower to train for larger c, while the LPINN is trained for all cases (Fig. 11). The higher error in this case compared314

to the convection–diffusion equation is due to the higher interpolation error close to the shock. Note that in these315

cases the viscosity, ν, is small enough to form the high gradient shock and is large enough to avoid the intersecting316

characteristics. Fig. 12 shows the accuracy of the proposed LPINN compared to the numerical solver at different317

simulation times.318

5.4. 2D convection–diffusion319

Consider the 2D viscous convection–diffusion equation,320

∂w(x1, x2, t)
∂t

+ c1
∂w(x1, x2, t)

∂x1
+ c2

∂w(x1, x2, t)
∂x2

= ν

∂2w(x1, x2, t)
∂x2

1

+
∂2w(x1, x2, t)

∂x2
2

 , (26)
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(c) Probability distribution of error, ν = 0.1
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(e) Probability distribution of error, ν = 1.0
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Figure 10: Comparison of the (probability distribution and minimum) error in PINN vs. the proposed LPINNs for the convection–diffusion equation
Eq. (22) for ν ∈ {0.01, 0.1, 1.0}. For the probabilistic plots, PINNs are denoted by blue (left) and LPINNs are denoted by red (right).

and its representation on the Lagrangian frame
dχ1

dt
= c1, (27a)

dχ2

dt
= c2, (27b)

∂w
∂t

= ν

∂2w(x1, x2, t)
∂x2

1

+
∂2w(x1, x2, t)

∂x2
2

 , (27c)
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10 20 30 40 50 60
10−2

10−1

100

c

E
rr
o
r

PINN

LPINN

(b) Minimum error, ν = 0.01

(c) Probability distribution of error, ν = 0.1

10 20 30 40 50 60
10−2

10−1

100

c

E
rr
o
r

PINN

LPINN

(d) Minimum error, ν = 0.1
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10 20 30 40 50 60
10−2

10−1

100

c

E
rr
o
r

PINN

LPINN

(f) Minimum error, ν = 1.0

Figure 11: Comparison of the (probability distribution and minimum) error in PINN vs. the proposed LPINNs for the Burgers’ equation Eq. (22)
for ν ∈ {0.01, 0.1, 1.0}. For the probabilistic plots, PINNs are denoted by blue (left) and LPINNs are denoted by red (right).

where χ1 and χ2 are the characteristics path on horizontal and vertical directions. The difficulty in training of PINNs321

for this case is reported in [60].322

In the Eulerian frame, the domain is (x1, x2, t) ∈ [0, 2π] × [0, 2π] × [0, 1] and doubly periodic boundary conditions323

are imposed. The initial condition is set to w (x1, x2, 0) = exp
(
−

(x1−π)2+(x2−π)2

1.52

)
and ν = 0.01. The network is similar to324

that of the 1D case, and the hyper–parameters are set to λbc = 0, λic = 1, and λr = 1. The equidistant collocation points325

in the spatio–temporal are of size (N1,N2,Nt) = (128, 128, 100). The Adam optimizer [57] with 104 iterations and326

learning rate of 0.01 are used for all the cases. The exact solution, i.e., F −1
(
F (w (x1, x2, 0)) e−ν(κ

2
1+κ2

2)te−ic1κ1te−ic2κ2t
)
,327
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Figure 12: Comparison of the proposed LPINN with pseudo–spectral solver for the viscous Burgers’ equation of Eq. (24) (ν = 0.01) at t ∈
{0, 1/3, 2/3, 1} (black circle, blue square, red triangle, blue diamond) for c = {30, 50}. PINN are not converged to a low error in both regimes.

the solution of PINN, and LPINN at t = 1 are compared for different cases of c1 = c2 ∈ {0.5, 0.75, 2.0} in Fig. 13.328

While the PINNs is hard to train for convection speed higher than ≈ 0.5, our proposed LPINN is easily trained329

independent of the convection speed. Note that the solution of LPINNs is on a translating grid, χ1 and χ2. The330

periodic boundary condition, by definition, is easily imposed by removing the whole period of the domain.331

6. Potentials, challenges, and limitations332

In the previous sections, we motivated reformulating convection–dominated problems on a Lagrangian frame of333

reference. While sequence–to-sequence learning [12] and in parallel in time decomposition [13] require decompo-334

sition of time in training and training/inference regimes, LPINNs provides the solution independent of the temporal335

domain length and in a global time-continuous domain. Moreover, LPINNs do not require solution of intermediate336

problems (in contrast to [12]). LPINN is also independent of data sampling and therefore can be applied in a no–data337

regime, where the network is used as a forward solver. This independence is particularly important since one does338

not necessarily have access to location of the provided data and refinement/adaptation the location of data/collocation339

points requires some a priori knowledge of the solution or repeating the experiment, where sampling methods such340

as those in [9, 22] might not be practically efficient. The change of frame of reference is mathematically consistent341

with the initial problem and does not require ad–hoc engineering of the problem [21] or tuning of the of the system342

parameters [22].343

In summary, the inherent reduced dimension of the solution on a frame of reference following the traveling features344

is consistent with the original problem in the Eulerian frame and enables training of a single network (one set of345

weights and biases), and in a global time continuous domain without requiring solutions intermediate problems.346

While the discussed advantages make LPINNs a promising method for highly convection–dominated problems and,347

in principle, can be extended to high dimensional multi–scale problems, there are additional practical challenges that348

have to be considered. In the following subsections, the challenge of grid management and interpolation is discussed.349

350

6.1. Grid management351

Grid management is one of the well–known challenges of solvers in traditional numerical Lagrangian solvers,352

where the grid points, by definition, convect with the local flow velocity. Depending on the local velocity the adjacent353

grid points can depart and depreciate the accuracy of local gradients or they can move towards each other and eventu-354

ally cross such that the grid volume becomes negative, i.e., grid tanglement (mesh imprinting), or small enough to lead355

to unacceptably small time–steps (due to the Courant–Friedrichs–Lewy (CFL) limit) [61]. The challenge of accurate356

and strictly positve grid volume has been recognized since the early days of Lagrangian solvers [62] and has been357

continually an active topic of research [63, 64, 65]. Despite these challenges, the Lagrangian solvers are extended to358

three–dimensional (3D) flows with highly complicated shocks [66].359
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(a) Exact, c1 = c2 = 0.50 (b) Exact, c1 = c2 = 0.75 (c) Exact, c1 = c2 = 2.00

(d) PINN, c1 = c2 = 0.50 (e) PINN, c1 = c2 = 0.75 (f) PINN, c1 = c2 = 2.00

(g) LPINN, c1 = c2 = 0.50 (h) LPINN, c1 = c2 = 0.75 (i) LPINN, c1 = c2 = 2.00

Figure 13: Comparison of the exact solution of 2D convection-diffusion equation with convection speed of c1 = c2 ∈ {0.5, 0.75, 2.0} and ν = 0.01
at T = 1 (Figs. 13a to 13c) with output of PINN (Figs. 13d to 13f), and our proposed LPINNs (Figs. 13g to 13i) .

To examine the capabilities of LPINNs for a case where the characteristics intersect, i.e., grid tanglement, we
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Figure 14: Solution of LPINN for inviscid Burgers’ equation on a 2D infinite domain, showing formation of a strong solution and grid tanglement.

consider Lagrangian representation of inviscid Burgers’ equation in an unbounded 2D domain,

dχ1

dt
= w(x1, x2, t), (28a)

dχ2

dt
= w(x1, x2, t), (28b)

∂w
∂t

= 0, (28c)

with the initial condition of w (x1, x2, 0) = c + exp
(
−

(x1−π)2+(x2−π)2

1.52

)
, where c is set to 1.0 to induce a traveling shock.360

The LPINN architecture is similar to that of 2D convection–diffusion problem presented in Section 5.4. The LPINN361

is trained for a long time horizon of T = 5, and the solution in the last time step is shown in Fig. 14. The grids in this362

case simply intersect and pass, but such grid tanglement does not lead to any instabilities or challenge in the training363

phase. However, the output is the strong solution of inviscid Burgers’ equation, and to obtain physical weak solution364

of the Burgers’ the so called entropy condition must be introduced.365

Another classical approach to avoid the challenges associated with grid tanglement is to relax the assumption366

of the Lagrangian frame. In the arbitrary Lagrangian–Eulerian (ALE) frame, the grid can move in an arbitrary and367

prescribed manner [67]. Therefore, the grid velocity can be set to be independent of flow velocity. The governing368

equations have to be adjusted to account for convective velocity, i.e., the difference between the grid velocity and the369

local velocity, e.g, [68]. Such a generalization can alleviate the challenge of grid tanglement. The optimality and370

effectiveness of an arbitrary grid for reducing the Kolmogorov n–width of convection–dominated problems are shown371

in [39], where an optimization problem is solved to discover a grid trajectory such that the rank of the mapped solution372

is small. The application of a similar strategy in the context of PINNs remains a topic for future work.373

Moreover, the PINN formulation provides unique opportunities to address the aforementioned challenges. Firstly,374

the accuracy of derivatives calculated via AD, in contrast to traditional methods, does not degrade with what tradi-375

tionally is defined as the grid quality measures, e.g. skewness, and aspect ratio. Accordingly, the inviscid Burgers’376

problem discussed above and the developments of Neural Particle Methods (NPMs) [69, 70] show that a PINN–based377

implementations remain stable even when the collaboration points become highly irregular. Secondly, the stability378

in PINNs seems not to be restricted by the CFL condition, therefore small grid volumes do not restrict the choice of379

refinement of collocation points in time. Finally, an arbitrary grid trajectory can directly be learned by simple addition380

of constraints to the NN.381

6.2. Interpolation error382

The immediate consequence of reformulating the problem on the Lagrangian frame is detachment of the solution383

from the (stationary) Eulerian grid/collocation points. While the choice of a frame of reference is arbitrary, there384

are cases where the solution is sought on a stationary frame, e.g., coupling with other Eulerian solvers, or a quantity385

of interest (QoI) is defined in the Eulerian frame. In such cases, an additional post–processing step is necessary386
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to map the solution from the Lagrangian to the Eulerian grid. Although the interpolation step can introduce error,387

its convergence and error bounds are well studied, and typically negligible. There is no one correct choice of an388

interpolation scheme, an appropriate scheme is a delicate compromise between tolerable error, cost of search for the389

neighboring grid points, dimension, the scale of the problem, and the assigned computational budget. This can be390

more pronounced in presence of high gradient features in the solution, e.g., shocks.391

7. Conclusions392

In this paper, we explored the slow convergence of PINN for convection-dominated problems. It is demonstrated393

that regardless of the choice of commonly used optimization schemes (Adam or L-BFGS) or distribution of the394

collocation points (equidistant or uniform), convergence of PINN is significantly more challenging as convection395

dominates. Our contributions are threefold.396

1. We described the challenges of training traditional PINNs through the lens of approximation theory using Kol-397

mogorov n–width and the rate of decay of singular values of the solution. Accordingly, we explained many398

of the successful remedies in training of PINNs. Moreover, this lens can lead to identifying new challenging399

problems and novel methods to address them.400

2. We identified Burgers’ equation in the presence of traveling shocks as another challenging case. The complexity401

of training is explained based on our discussion of the irreducibly on a linear space, i.e., large Kolmogorov n–402

width.403

3. Finally, we demonstrated our proposed architecture, i.e., LPINNs for linear and non–linear convection–diffusion404

equations. The reformulation of the equations on the characteristics automatically conforms to the direction405

of travel of information in the domain, and satisfies the expected causality. More importantly, the solution406

on the manifold is of lower dimension, i.e., low Kolmogorov n–width, and is less sensitive to the system407

parameters. Using the inherent low–dimensionality of the characteristics [56], only a shallow branch is added408

to the traditional PINN to minimize the composite loss comprised of residual equations of characteristics, and409

the state variable on the characteristics. While it is suggested that the condition number of the loss is a probable410

source of complexity in training of PINNs [12], the proposed LPINN architecture is robust with respect to the411

condition number and good convergence is demonstrated regardless.412

The advantage of LPINN is most highly evident in very strongly convection–dominated problems, where traveling413

features dominates the solution. Such problems often surface additional challenges that should be taken into account414

when developing the proposed approach. For example, in the nonlinear equations governing compressible fluid flows,415

multiple features may from a single point, e.g., Sod’s shock tube problem [71], where the shock and expansion waves416

are initiated instantly, from a single point and are emanated in different directions.417

So far we have only discussed time dependent problems where the solution depicts convection with respect to418

time. Another category of problems with large Kolmogorov n–width occurs in steady state parametric systems, where419

different system parameters lead to snapshots depicting similar features at different spatial locations [72]. In practice,420

the number of such parameters is often fewer than the number of time steps in unsteady problems, however, we predict421

a similar challenge in training of PINNs. The proposed Lagrangian approach is not applicable to such cases, however,422

a similar idea can be beneficial, i.e., to learn a mapping that reduces the Kolmogorov n–width of the problem by423

removing traveling features between the cases, e.g., [39, 72].424

We have demonstrated viability of LPINN for inviscid Burgers’ equation where the characteristics intersect. The425

strong solution is found without any challenge in training or additional considerations of grid tanglement. In such426

cases, a vanishing viscosity approach or removing the triple point value using Rankine–Hugoniot condition (entropy427

condition) seem to be straightforward to solve for the weak solutions [73]. Similar strategies are applied to PINNs428

in Eulerian frame and in the presence of shocks in [21, 22]. An extension of the proposed LPINN to higher spatial429

dimensions is possible using the Radon transform [74]. In cases where characteristics curves are not real, e.g., wave430

equation, a manifold can be identified by registration–based or feature tracking approaches, e.g., [46, 75, 39, 76, 37],431

and in particle method formulation of PINNs [69]. Specifically, an optimal and low–rank manifold can be constructed432

offline by identifying an optimally morphing grid [39]. Subsequently, PINNs’ architecture provides an opportunity433

for one–shot discovery of an optimal manifold defined on an ALE grid.434
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Appendix A. Convergence of PINNs for convection equation442

In this section, convergence behavior of traditional PINNs with respect to choice of hyper–parameters, optimiza-443

tion schemes, distribution of the collocation points, and types of enforcing of periodic boundary conditions (soft444

versus hard enforcement) are investigated. Specifically, we compare training dynamics of PINNs using two com-445

monly used optimization schemes [2], i.e., Adam [57] and L-BFGS [77], sweeping a range of hyper–parameters of446

the composite loss, i.e., λ := λbc = λic ∈ {0.01, 0.1, 1.0, 10, 15, 20, 25, 50, 100}, and λr = 1. The search for an optimal447

hyper–parameter is carried out with the soft enforcement of the boundary conditions, as the most common architecture448

of PINNs in Appendix A.1 and Appendix A.2. A comparison of soft versus hard imposing of the boundary con-449

ditions is made in Appendix A.3. Each instance is repeated for 10 different random seeds to study the probabilistic450

behavior in training with respect to random initialization of the networks, i.e., a multi–start global search commonly451

used in non–convex optimization problems, e.g., for control [78]. As the metric of comparison, relative error (ε) of the452

solution of the trained PINNs is compared with the exact solution (see Table 2). The maximum number of iterations is453

2×104, unless otherwise stated. The probability distribution of the error over the random seeds are approximated with454

kernel density estimations (KDEs), and are plotted between the minima and maxima of the occurrences of the error.455

The effect of two different distribution of collocation points are also compared. The equidistant collocation points456

are of (Nx,Nt) = (45, 45) (total of 2025 points). The random collocation points are sampled from a Latin hypercube457

distribution [79] (total of 2000 points). The domain is (x, t) ∈ [0, 2π] × [0, 1].458

Appendix A.1. Choice of hyper–parameters459

In Fig. A.1 the error of the trained PINNs using the different optimization schemes and grids are compared for460

c = 30. In all cases, it is observed that the accuracy of the converged solution is sensitive to the choice of the461

hyper–parameters used to scale the loss components, see Eq. (5) in Section 2.462

A bifurcation in the accuracy is apparent in PINNs trained using L-BFGS regardless of the type of the grid, i.e.,463

one branch of the trained networks is stuck in local minima with high error (around 100%), while the other branch464

is converged to error of approximately 3%. The type of the grid affects the probability of occurrence of each these465

branches. Random collocation points are more likely to lead to inaccurate solutions, meaning that, for an accurate466

solution of a PINN on random collocation points, a large ensemble of networks must be trained. However, on the467

uniform collocation points, the chances of accurate solution and high error are almost equal (given an acceptable λ).468

This bifurcated behavior is less pronounced using the Adam optimizer, however, it similarly suffers from large469

variance in accuracy and sensitivity to the hyper–parameter (e.g., while ε ∈ [3%, 7%] with λ = 15, with λ = 10, ε ∈470

[3%, 25%]).471

Similar experiments for c = 50 are shown in Fig. A.2. In this case, regardless of the grid type or the optimization472

scheme, the error remains consistently high over the range of hyper–parameters.473

A commonly used strategy in training of PINNs, starting an optimization using Adam followed by L-BFGS is474

shown in Fig. A.3 and Fig. A.4. In the case of c = 30, the addition of L-BFGS reduces the error in most cases (in the475

range of acceptable hyper–parameters), however, there are still rare incidences of poor convergence. Moreover, for476

c = 50, such a strategy does not effectively reduce the error.477

Note that given these experiments, one cannot claim that accurate PINNs are unattainable in such regimes. The478

expressivity of the network is shown by training the same architecture with different optimization and scheduling479

(see Appendix B). However, it is clear that convergence of PINNs becomes slower as c increases. Clearly, this480

complexity is not due to higher order derivatives or chaos in the solution, as they are simply absent from the showcased481

convection equation. This realization motivates our proposed architecture, i.e., LPINNs, where the complexity due482
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(a) Random grid, comparison of optimizers (b) Uniform grid, comparison of optimizers

Figure A.1: The stability map of convergence of training of PINNs to solve convection equation with c = 30.

(a) Random grid, comparison of optimizers (b) Uniform grid, comparison of optimizers

Figure A.2: The stability map of convergence of training of PINNs to solve convection equation with c = 50.

(a) Random grid, comparison of optimizers, c = 30 (b) Uniform grid, comparison of optimizers, c = 50

Figure A.3: The stability map of convergence of training of PINNs to solve convection equation. The results are shown for Adam versus Adam
followed by L-BFGS (Adam+L-BFGS).

to the convection is reduced by transformation of convection–dominated problems to diffusion–dominated ones. The483

details of our proposed approach is presented in Section 4.484
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Figure A.4: The stability map of convergence of training of PINNs using Adam followed by L-BFGS to solve convection equation with c = 30
(blue, left), and c = 50 (red, right).

(a) Adam optimizer, comparison of collocation points (b) L-BFGS optimizer, comparison of collocation points

Figure A.5: The effect of collocation points and optimization scheme. Uniform and random distributions are designated with blue (left) and red
(right), respectively. The stability map of convergence of training of PINNs to solve convection equation with c = 30.

Appendix A.2. Choice of collocation distribution485

In this section, the effect of collocation point strategies are compared for convection problems of c = 30 and486

c = 50 in Fig. A.5 and Fig. A.5, respectively. For the case of c = 30, the L-BFGS scheme is more sensitive to the487

distribution of collocation points, where higher accuracy is more probable on a uniform grid. However, the Adam488

optimizer reaches acceptable error range more frequently. For the case of c = 50, all approaches fail to converge.489

Appendix A.3. Choice of constraints490

In Section 2 two approaches of enforcing periodic boundary conditions of PINNs are discussed, i) adding period-491

icity of the state at the boundaries in the loss function (soft constraint and λbc , 0), and ii) addition of a non-trainable492

periodic layer to the architecture of PINNs (hard constraint and λbc = 0). In Fig. A.7, the effect of this choice on493

accuracy of PINNs is compared for a range of c of the convection equation. The hyper–parameters are λic = 15494

(both cases) and λbc = 15 (soft constraint) and the results are shown for Adam optimizer with uniform collocation495

points. Hard constraints increase solution accuracy for small c, however, as c is increased both methods go through a496

transition phase, where accurate and inaccurate solutions are similarly probable. This transition occurs in c ∈ [10, 20]497

and c ∈ [30, 40] for hard and soft constraints, respectively. For c larger than of the transition value, the PINNs show498

high error, regardless of the type of enforcing of the periodic boundary conditions.499
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(a) Adam optimizer, comparison of collocation points (b) L-BFGS optimizer, comparison of collocation points

Figure A.6: The effect of collocation points and optimization scheme. Uniform and random distributions are designated with blue (left) and red
(right), respectively. The stability map of convergence of training of PINNs to solve convection equation with c = 50.

Figure A.7: The effect of soft (left, blue) and hard (red, right) enforcing of periodic boundary conditions on accuracy of PINNs of convection
equation for a range of c.

Appendix B. Remedies to train PINNs for convection500

In this section, several approaches for improving training performance are compared. Specifically, we focus on501

methods that i) are demonstrated or claimed to be applicable to convection–dominated problems, ii) are independent of502

sampling strategies, and iii) can be implemented using commonly used and off–the–shelf numerical libraries. Finally,503

the existing methods are compared with our proposed LPINNs.504

Appendix B.1. Sequence–to–sequence learning [12]505

In sequence–to–sequence [12] (or sometimes referred to parallel in time decomposition [13], the temporal do-506

main is decomposed into shorter non-overlapping subdomains, i.e., each subdomain is Ti = [(i − 1) ∆t, i∆t] such that507

∪τi=1Ti = [0,T ] with no overlapping subdomains, Ti ∩T j = ∅,∀i , j, where τ is the number of subdomains, ∆t is the508

length of each subdomain, and T = τ∆t. Subsequently, a PINN is trained on each subdomain such that it satisfies the509

solution of the PINN in the previous subdomain as the initial condition. This procedure is repeated so as to cover the510

full temporal domain. Generally, this method does not guarantee smoothness of the solution and its derivatives across511

the subdomains. For this purpose, XPINNs can be employed to impose smoothness across the subdomains [4].512

Appendix B.1.1. Sequence–to–sequence learning with warm initialization513

In the previously discussed seq–to–seq learning, the network is initialized with random weights in the beginning of514

training for each of the subdomains (cold initialization). However, a warm initialization strategy [80] can be used, i.e.,515
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the weights in the subsequent networks can be initialized from the previous subdomain. Note that warm initialization516

is not equivalent to transfer learning, where often the deepest layers are retrained. However, recent studies claim such517

a choice might not be optimal for physical systems [81]. In our comparison, we simply retrain the same network with518

newly introduced initial conditions, i.e., warm initialization.519

Appendix B.1.2. Curriculum learning [12]520

In curriculum learning or curriculum regularization [12], a network is trained to solve the PDE at various different521

levels of modeling complexity, i.e., the trained weights and biases are transferred (used in warm initialization, to be522

precise) from simpler regimes to progressively harder regimes [12]. In the case of convection equation, the network523

is first trained to model small convection speed and then, training is progressed towards the target problem with high524

convection speed.525

Appendix B.1.3. Extended sequence–to–sequence learning526

We introduce a natural extension to the seq–to–seq method discussed above. In this method, the temporal domain527

is decomposed to subdomains, however, each subdomain is an extension of all the previous subdomains, i.e., Ti =528

[0, i∆t] such that ∪τi=1T j = [0,T ] with overlapping subdomains of Ti ∩Ti+1 = [0, i∆t] ,∀i ∈ {1, τ − 1}. In this method,529

by progressively extending the length of the initial subdomain (instead of progressing to the next subdomain), the530

boundary of subdomains become interior points in the subsequent training of the subdomains and the smoothness531

considerations become irrelevant.532

Remark: The extended sequence–to–sequence learning approach becomes progressively more expensive to train533

as extending the temporal domain also increases the number of collocation points. This backward-compatible PINN534

(bc–PINN) method [82] is expected to have a more favorable scalability by removing some portion of collocation535

points from previously learned subdomains. More specifically, at each subsequent subdomain, bc–PINN minimizes536

the difference between the prediction of the previously trained PINN with the current network at fraction of the initial537

collocation points. Although this strategy reduces the number of function evaluations, we note that the extended538

sequence–to–sequence learning proposed above is at most as large as training a network in the full spatiotemporal539

domain and is still is affordable in our experiments. We expect bc–PINN to be beneficial for larger problems with540

hardware limitations.541

Appendix B.2. Comparison542

In this section, the aforementioned approaches are compared. The boundary conditions are imposed through the543

composite loss (soft constraint) for sequence–to–sequence, extended sequence–to–sequence, and curriculum learning.544

For the traditional PINNs on Eulerian frame, both soft and hard constraints (using the custom layer described in Sec-545

tion 2) enforcing of the the periodic boundary condition are compared. Hard constraint periodic boundary condition546

is always imposed on LPINNs.547

In Fig. B.8 the results for c = 30 are summarized. The collocation points are random and the optimizer is L-BFGS.548

In Fig. B.8a, the effect of warm initialization on the seq–to–seq approach is compared. Both approaches reduces the549

error compared to direct optimization on the full temporal domain (compare to Fig. A.1a). Moreover, the warm initial-550

ization leads to more consistent convergence, while the variance of the error without the warm initialization strategy551

remains high. In Fig. B.8b the seq–to–seq approach (with warm initialization) is compared to our proposed extended552

seq–to–seq approach. Both the overall error and sensitivity to the hyper–parameters are decreased in our proposed553

approach. This can be explained by the smoothness on the boundary of domains and avoiding error accumulations554

over the subdomains. In Fig. B.8c the curriculum learning approach is studied, where a total of 20× 103 iterations are555

budgeted in τ = 10 and τ = 20. In this case, the τ = 10 shows lower error compared to τ = 10 and τ = 1 (Fig. A.1a),556

suggesting balancing the number of subdomains and iterations per subdomain is a necessary task.557

Similar experiments are carried out for c = 50 in Fig. B.9. The seq–to-seq with warm initialization may reach 10%558

error in some instances, but with high uncertainty and less probability (Fig. B.9a). The extended seq–to-seq approach559

also suffers from slower convergence and requires more iterations Fig. B.9b, compared to Fig. B.8b. The curriculum560

learning approach reaches more accurate solutions and is less sensitive to the hyper-parameters Fig. B.9c, compared561

to extended seq–to–seq (Fig. B.9b).562

Finally, in Fig. B.10 the methods discussed in the Appendix B are compared with our proposed LPINNs. The563

budget for each of the methods is set to 2 × 104. In the case of c = 30, the traditional formulation of PINNs with soft564

25



(a) Seq–to-seq with cold and warm initlization (5× 103 iterations per subdomain,
τ = 10 subdomains)

(b) Seq–to-seq with warm initlization compared to extended seq–to-seq (2 × 103

iterations, τ = 10 subdomains)

(c) Curriculum learning, τ = 10 and τ = 20 subdomains with total budget of
20 × 103 iterations

Figure B.8: Comparison of different strategies of training of PINNs for convection equation (c = 30).

constraint has the lowest error compared to all other formulations. However, in the case of enforcing the boundary565

condition with hard constraint, LPINN outperforms PINN. Moreover, the accuracy of the best solution of LPINNs is566

close to that of seq–to-seq learning, while extended and seq–to–seq and curriculum reaches more accurate solutions.567

However, given the high variance in the accuracy, it is also probable for those methods to show poor convergence568

within the assigned budget. For the higher convection speed of c = 50, LPINNs is shown to be more accurate than all569

other methods and achieves this accuracy for the majority of random seeds.570

To summarize, although many of the remedies proposed in the literature provide some improvements in training571

convergence, these methods remain highly sensitive to additional hyper–parameters (e.g., number of sub–problems572

such as subdomains in seq–to–seq training or intermediate problems in curriculum learning). More importantly, in573

the aforementioned methods, the probability of achieving an accurate solution is reduced at higher convection speed,574

such that large ensemble of training over randomized seeds has to be generated to achieve an accurate enough solution.575

This is in contrast to our proposed method, LPINNs, where the accuracy shows small variance across a broad range576

of convection speeds.577
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