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ABSTRACT: In this paper a novel approach is developed for the determination of evolutionary 

power spectra (EPS) of non-stationary random processes that can be used as models of 

earthquake accelerograms. Specifically, the spectra are estimated by considering the statistical 

moments of the energy of lightly damped linear systems (filters) excited by the stochastic 

seismic process. In this manner, an estimate of the EPS of the seismic input is derived by varying 

the frequency of the linear system. For this purpose, an appropriate smoothing procedure is also 

incorporated, relying on the use of the so-called Savitzky-Golay moving average filter. This is 

done for obtaining reliable spectra based on a relatively small number of available records. 

Further, a possible refinement of the approach is investigated introducing a polynomial 

representation for the mean energy of the filter output. Finally, several examples involving both 

simulated data with known target spectrum, and measured data are used to show the usefulness 

and reliability of the proposed approach. 
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1  INTRODUCTION 

Problems in vibration analysis often involve random 
processes with evident nonstationary features, such as 
seismic motions or transient loads on equipment and 
structures. In these cases, both the statistical moments 
and the frequency content of the process change in 
time. Earthquake records, for instance, decay in time 
and exhibit a time-dependent frequency composition 
due to the dispersion of the propagating seismic wave 
(Trifunac 1971, Harichandran & Vanmarcke 1986, 
Spanos & Failla 2004). In this regard, capturing these 
features becomes critical in correctly predicting the 
structural response (Deodatis & Shinozuka 1988, Yeh 
& Wen 1990, Deodatis 1996, Conte & Peng 1997). 

Clearly, the time-dependent frequency content of a 
signal cannot be captured by ordinary Fourier analysis, 
as the associated transform provides only the average 
spectral composition of a signal. Thus, several 
approaches have been developed for appropriately 
analyzing and estimating the power spectrum of a 
nonstationary process. Among others, the Wigner-
Ville method (WVM) (Martin & Flandrin, 1985), the 
so-called short-time Fourier transform (STFT) (Cohen 
1995), and a method based on autocorrelation 

functions (Benowitz et al., 2015, Xu et al., 2015) 
have been investigated. Note that, these procedures 
involve certain limitations, which have been 
recently overcome to a certain degree by the use of 
wavelet-based approaches (Iyama & Kuwamura 
1999, Basu & Gupta 2000, Spanos & Failla 2004, 
Huang & Chen 2009). In this regard, Spanos et al. 
(2005) have used the so-called harmonic wavelets 
for capturing the evolving spectral content of 
nonstationary processes.  

An alternative approach, however, could be also 
pursued, based on a technique first presented in 
Spanos et al. (1987). Specifically, it has been shown 
(Spanos et al., 1996) that an estimate of the 
evolutionary power spectrum (EPS) of a non-
stationary random process can be obtained by 
determining the first statistical moment of the 
energy of lightly damped single-degree-of-freedom 
(SDOF) linear systems excited by the stochastic 
process. In this manner, the SDOF acts as a 
bandpass filter, centered around its natural 
frequency, effectively resulting in a windowed-like 
Fourier transform of the nonstationary process 
around that frequency. Clearly, by appropriately 
varying this natural frequency, the complete 
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description of the EPS can be achieved. 
In this regard, in the paper this procedure is revised, 

and further extended. Specifically, a novel approach is 
discussed for appropriately smoothing the first 
statistical moment of the energy, relying on the use of 
the so-called Savitzky-Golay moving average filter 
(Savitzky & Golay, 1964). This is done to obtain 
reliable spectra based on a relatively small number of 
available records. Further, a possible refinement of the 
approach is investigated by capturing the main features 
of the mean energy function, involving an 
appropriately defined polynomial model. Several 
applications involving both simulated and measured 
earthquake data are used to show the accuracy of the 
proposed approach. 

 

2 MATHEMATICAL BACKGROUND 

Consider the response of a single-degree-of-freedom 

linear system described by the equation 

( )2

0 02x x x w t + + = , (1) 

where 1  is the critical damping ratio, 0  is the 

natural angular frequency of the system, and ( )w t  is a 

nonstationary broadband stochastic process. Further, it 

is assumed that ( )w t  admits an integral representation 

of the form 

( ) ( ) ( ) ( ), expw t A t i t dW  


−

=  , (2) 

in which ( ),A t  is a slowly varying deterministic 

function, and ( )W   is an orthogonal process with 

( ) ( )
2

WdW S d  = , (3) 

where the symbol   represents the operator of 

mathematical expectation. 

Then, the evolutionary power spectrum (EPS) of 

( )w t  can be defined as 

( ) ( ) ( )
2

, ,w WS t A t S  = . (4) 

Further, the total energy of the system can be 

expressed as 

( ) 2 2 2

0

1 1

2 2
E t x x= + , (5) 

and the phase of its response is defined by the equation 

( ) 1

0

0

tan
x

t t
x

 


−  
= − −  

 
. (6) 

Differentiating Eq. (5), taking into account Eq. 

(1) and (6), yields 

( ) ( ) ( ) ( ) ( )0 02 2 sinE t E t E t w t t  = − − +   (7) 

Notably, Eq. (7) can be further simplified 

resorting to a classical stochastic averaging 

procedure (Spanos 1978, Spanos 1980), leading to 

( ) ( ) ( )

( ) ( ) ( )

0 0

1 2

0

1
2 ,

2

2 ,

w

w

E t E t S t

S t E t t

  

  

= − +

+   

, (8) 

in which ( )t  is a zero mean delta correlated 

random process with unitary intensity. 

In this manner, a first-order stochastic 

differential equation is derived which governs the 

evolution in time of the energy of the system ( )E t , 

modeled as a one-dimensional Markov vector. 

The associated Fokker-Plank equation can be 

expressed as 

( ) ( )0 02 ,E E
E w

p p
Ep S t E

t E E E
  

    
= +  

    
 (9) 

where ( ),Ep e t  is the time dependent probability 

density function of the energy. Further, Eq. (9) can 

be used to derive a recursive relation for the 

calculation of the statistical moments of ( )E t . For 

instance, considering the mean value of the total 

energy of the system ( )E t , hereinafter denoted 

with the symbol ( )E t , the following relation can 

be obtained (Spanos 1980, Spanos et al. 1996) 

( ) ( ) ( )0 02 ,wE t E t S t  + =  (10) 

whose solution can be given as 

( ) ( ) ( )02

0 0

0

exp 2 ,

t

t

wE t e t S t dt
  −

=  . (11) 

Further, based on Eq. (10) the evolutionary 

spectrum ( )0,wS t  can be expressed as 

( ) ( ) ( )0 0

1
, 2wS t E t E t 


 = +
 

. (12) 

Note that, Eq. (12) provides an estimate of the 

evolutionary spectral density of the excitation ( )w t  

centered at the frequency 0 , based on the 

observations of the response to this process of a 

linear oscillator with natural frequency 0 . Clearly, 
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it is possible to sweep the frequency domain with a 

desired accuracy using Eq. (12) for various values of 

0 . It is emphasized, however, that Eq. (12) requires 

the estimation of both the mean energy ( )E t , and its 

temporal derivative, namely ( )E t . 

 
2.1 Smoothing the energy data 

As shown in some previous studies (Spanos et al., 

1987, 1996), good estimates of the spectral density 

functions of nonstationary processes have been 

obtained based on the aforementioned procedure. 

However, due to the generally limited number of 

available records from which spectra are determined, 

the time derivative ( )E t  may present an highly 

oscillatory trend, resulting, in some cases, in an 

unsatisfactory estimation of the corresponding spectral 

density ( )0,wS t . For this reason, in (Spanos et al., 

1992) a smoothing procedure has been proposed 

assuming that the spectral density can be captured by 

a linear variation over successive small time windows. 

This results in the approximation 

( ) ( ) ( )

( )

0 02 2

1 0 0 2 0 0

3 0 0 0 0

, ,

, ;
2 2

t t
E t e b t b t t e

t t
b t t t t

  



= +  

 
+ −   +

,     (13) 

where t  is the time interval, and 

( ) ( )0 0, 1,2,3jb t j =  are constants that can be 

determined by standard least square procedures. Thus, 

this procedure requires the determination of three 

different coefficients for each time interval, as well as 

the arbitrary choice of the time intervals themselves. 

In this regard, an alternative technique can be also 

adopted, based on a smoothing procedure through the 

so-called Savitzky-Golay filter (Savitzky & Golay, 

1964). This is a generalized moving average filter 

whose coefficients are determined by an unweighted 

linear least-squares regression of the data points with 

a polynomial model of specified degree (hereinafter 

assumed as two). Thus, successive sub-sets of adjacent 

data points are automatically fitted with a low-degree 

polynomial in a convolution operation by the method 

of linear least squares. 

In this manner, for each value of 0 , the Savitzky-

Golay filter could be applied to the pertinent numerical 

data of ( )E t  and its time derivative ( )E t , to obtain 

less oscillatory data. Note that, this procedure can 

be readily implemented, for instance, in a 

MATLAB environment directly using its function 

“smooth(x, y, span,’sgolay’)”. In this regard, x and 

y denote the time vector and the original energy 

vector data to be smoothed, respectively. Further, 

span denotes an arbitrarily chosen number of 

adjacent data points for calculating the smoothed 

value. An example of application of the this 

procedure is shown in Fig. 1(a), where the original 

numerical data of ( )E t  (black line) vis-à-vis the 

smoothed data (red dashed line) are shown. Further, 

analogous results in terms of time derivative ( )E t  

are reported in Fig. 1(b). 

 

 
(a) 

 
(b) 

Figure 1. Original and smoothed data. (a) ( )E t ; (b) ( )E t  

 
Note that, data have been obtained considering 

500 samples of the SDOF system in Eq. (1), with 

0 10 rad s = , and assuming a classical Kanai-

Tajimi excitation defined by a separable spectrum 

( ) ( ) ( )
2

,w wS t S g t =  as in (Spanos & Failla, 

2004). 
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3 APPROXIMATE POLYNOMIAL MODEL OF 

THE ENERGY FUNCTION 

Although the above-described procedure may 

increase the accuracy in the numerical evaluation of 

( )E t , in some circumstances the corresponding 

power spectrum estimated using Eq. (12) may still 

present unphysical negative values. 

In this regard, an alternative approach can be 

pursued by defining an appropriately chosen model of 

the mean energy ( )E t  to be fitted to the 

corresponding data, for each value of 0 . 

Specifically, a possible solution could be found 

resorting to the use of polynomial functions, such as 

those in (Di Matteo et al., 2014). 

In this regard, the mean energy function ( )E t  is 

defined in the interval 0, ft   , with boundary 

conditions given as 

( ) ( )

( ) ( ) ,

0 0 0

;f f f d f

E E

E t e E t e

= =

= =
, (14) 

where zero initial conditions have been assumed in 

the filters Eq. (1), and ( ),,f d fe e  are given by the data 

of ( )E t  evaluated from the numerical simulations of 

the SDOF filters for each value of 0 . 

Thus, an approximate model for ( )E t  can be 

expressed as a combination of shifted Legendre 

polynomials ( )pP t  of order p , orthogonal in the 

interval 0, ft   , and Hermite interpolating 

polynomials ( )H t  that conform with the boundary 

conditions of Eq. (14). In particular, the shifted 

Legendre polynomial of order p+1 can be evaluated 

via the recurrence formula 

( ) ( )

( )

1

1

22 1

1

, 2,3,
1

f

p p

f

p

t tp
P t P t

p t

p
P t p

p

+

−

 −+
=   +  

− =
+

, (15) 

where ( )0 1P t =  and ( ) ( )1 2 f fP t t t t= − . Further, in 

this case the Hermite interpolating polynomials ( )H t  

can be defined as 

( )
3

0

k

k

k

H t a t
=

= , (16) 

where the coefficients 
ka  are evaluated so as to 

satisfy the prescribed boundary conditions. 

Specifically, denote as ( )eH t  the Hermite 

interpolating polynomials of ( )E t . Then 

( ) ( )

( ) ( ) ,

0 0; 0 0

;

e e

e f f e f d f

H H

H t e H t e

= =

= =
 (17) 

In this manner, the mean energy function ( )E t  

can be approximated by the polynomial ( )E t , 

expressed as 

( ) ( ) ( ) ( )
1

2
2

0

N

j f j e

j

E t t t t P t H t
−

=

= − + , (18) 

where N is a suitable number of shifted Legendre 

polynomials, and j  are unknown real-valued 

coefficients. These coefficients can be determined 

applying a classical nonlinear least squares 

minimization procedure on the ( )E t  data. 

On this base, a simple scheme for the estimation 

of the evolutionary spectrum ( )0,wS t  in Eq. 

(12), is the following: 

I. For a specific value of 0 , find both the mean 

energy function ( )E t , taking into account Eqs. 

(1) and (5), and the Hermite interpolating 

polynomials ( )eH t , considering the boundary 

conditions in Eq. (17); 

II. Next, choose a suitable number N of shifted 

Legendre polynomials, for the approximating 

polynomials in Eq. (18), and find the 

coefficients j  applying a nonlinear least 

squares procedure using the model in Eqs. (18) 

to fit the numerical data of ( )E t ; 

III. Finally, substitute the computed coefficients in 

Eq. (18) to the determine the function ( )E t , 

and find the spectrum ( )0,wS t  using ( )E t  in 

Eq. (12). 

Clearly, applying this procedure for several 

values of 0 , the entire EPS of the stochastic 

process ( )w t  can be estimated. 
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4 NUMERICAL APPLICATIONS 

To assess the reliability of the preceding procedure, in 

this section several applications are presented. In each 

case, 500 samples of the univariate process ( )w t  

have been synthetized from the pertinent evolutionary 

power spectra (EPS) using the concept of spectral 

representation of stochastic processes 

(Kougioumtzoglou & Spanos, 2013). In this manner, 

for each value of 0 , the mean energy function ( )E t

has been computed by ensemble averaging over the 

500 samples of the processes ( )E t  in Eq. (5). This 

has been done once Eq. (1) has been numerically 

solved for each sample of the univariate process ( )w t

. Further, the computed data of ( )E t  and its time 

derivative have been appropriately smoothed using 

the Savitzky-Golay filter, and the approximating 

polynomial ( )E t  has been determined as in Eq. (18). 

Finally, note that in the following numerical 

applications a constant value of the linear damping 

coefficient ( )02 0.2 =  has been employed in Eq. 

(1). Thus, the critical damping ratio is given as 

( )00.1 = , and assuming 0  to vary in the range 

,i f     with ( )1i rad s = , the highest value of 

damping ratio is ( )0.1i = . The rationale behind this 

choice is related to the fact that, in this manner, the 

computed mean energy functions ( )E t  present a 

similar trend, with a characteristic smooth decay as 

time elapses (see Fig. 1), for all the values of 0 . This 

represents a beneficial feature that facilitates the 

procedure related to the application of Eq. (18). 
 
4.1 Uniformly modulated processes 

First, consider the case of a uniformly modulated 

process (Spanos & Failla, 2004), expressed as 

( ) ( ) ( )w t g t w t= , whose EPS is given by 

( ) ( ) ( )
2

,w wS t S g t =  (19) 

where ( )wS   is the two-sided power spectrum of the 

stationary process ( )w t , given as 

( )

2

0 2
2 2

2
1

2
1

g

g

w

g

g g

S S

 




 

 

 
+   
 =

    
 − +           

 (20) 

that corresponds to the classical Kanai-Tajimi 

spectrum, with the parameters 
2 3 1

0 0.025S m s rad− −= , 10g rad s = , and 

0.24g = . Further, ( )g t  is the amplitude 

modulating function, given as 

( ) ( ) ( )4 exp 4 exp 2g t t t= − − −   . (21) 

In the following, the proposed procedure based 

spectral estimates is compared versus the target 

EPS Eq. (19). Specifically, Figure 2 shows the 

contour plot of the target and estimated spectrum, 

while in Figure 3 comparisons in the frequency 

domain and time domain are reported. As it can be 

seen, the proposed procedure yields a satisfactory 

representation of the evolutionary spectrum of the 

process. 

Next, consider a uniformly modulated process, 

with the EPS as in Eq. (19), where ( )wS   is given 

by the Kanai-Tajimi spectrum with Clough-

Penzien correction (Clough & Penzien, 1975), as 

( ) ( )

2

, 2
2 2

2
1

f

w w K

f

f f

S S




 

 

 

 
  
 = 

    
 − +           

 (22) 

 

 
Figure 2. Contour plot of the Kanai-Tajimi EPS. 

 

where ( ),w KS   is given in Eq. (20), while 
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8g rad s = , 0.6g = , 0.1f g = , and f g = . 

In this regard, the proposed procedure based 

spectral estimates are juxtaposed with the target EPS 

Eq. (19). Specifically, Figure 4 shows the contour plot 

of the target spectrum vis-à-vis the estimated one, 

while in Figure 5 comparisons in the frequency 

domain and time domain are reported. 

 

 
(a) 

 
(b) 

Figure 3. Kanai-Tajimi EPS. (a) at different frequency 

values; (b) at different time instants. 

 

As it can be seen, again a satisfactory agreement is 

achieved between the proposed procedure-based EPS 

and the target one. 

 

 
Figure 4. Contour plot of the Clough-Penzien EPS. 

 

 
(a) 

 
(b) 

Figure 5. Clough-Penzien EPS. (a) at different frequency 

values; (b) at different time instants. 

 
4.2 Nonstationary process with evolutionary non-

separable power spectrum 

Further, to illustrate the capacity of the procedure 

to treat also nonstationary process with EPS of the 

non-separable form, considered the case of an EPS 

given as (Solomos & Spanos 1983, 

Kougioumtzoglou & Spanos 2013) 

( )

2
2

0.15 2 5

0, , 0
5

t
t

wS t S e t e t








 
− 

−   
=  

 
 (23) 

with 
2 3 1

0 0.5S m s rad− −= . Note that, this spectrum 

comprises some of the main characteristic of the 

seismic shaking, such as decreasing of the 

dominant frequency with time. 

In this regard, Figures 6 and 7 show the target 

EPS in Eq. (23) and its estimate based on the 

proposed procedure. 

As it can be seen in these figures, the proposed 

procedure yields a quite good estimate of the target 

evolutionary spectrum. 
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Figure 6. Contour plot of the Non-separable EPS. 

 

 
(a) 

 
(b) 

Figure 7. Non-separable EPS. (a) at different frequency 

values; (b) at different time instants. 

 

5 APPLICATION TO THE ESTIMATION OF 

SEISMIC SPECTRA 

Considering the highly non-stationary behavior of 

earthquake signals, the proposed procedure is next 

utilized in processing ground motions records from a 

particular seismic event. Specifically, in this case the 

strong motion data used are the acceleration records 

of the Kocaeli earthquake occurred in Turkey on 

08/17/1999. Records associated with this earthquake 

have been obtained from the PEER Strong Motion 

Database programmed and distributed by The 

National Information Service for Earthquake 

Engineering and sponsored by the National Science 

Foundation, USA. In this manner, the EPS of the 

0° ground accelerations, calculated using the 30 

records from the Kocaeli earthquake is shown in 

Figure 8, while Figure 9 shows the evolutionary 

spectrum in different time instants. 

As it can be seen, the proposed procedure yields 

result that conform with the physical attributes of 

the earthquake, closely following the trend of the 

EPS data in (Spanos et al. 2005) obtained using 

harmonic wavelets-based approach. 

 

 
Figure 8. EPS contour plot of the Kocaeli earthquake. 

 

 
Figure 9. EPS of the Kocaeli earthquake at different time 

instants. 

 

6 CONCLUDING REMARKS 
In this paper, the problem of estimating the 

evolutionary power spectrum of nonstationary 
stochastic processes, with emphasis on earthquake 
records, has been considered. For this purpose, a 
technique has been proposed based on calculating 
the statistical moments of the energy of lightly 
damped SDOF linear systems, that act as filters, 
subjected to the stochastic process. In this manner, 
appropriately varying the natural frequency of the 
system (filter), the time-dependent spectral content 
of the nonstationary process is determined along the 
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frequency dimension. Further, an extension of this 
technique has been pursued, related to the application 
of a smoothing procedure of the statistical moments of 
the energy. Further, a polynomial model of the energy 
function has been introduced for a more accurate 
estimation of the evolutionary power spectrum. 
Comparison of the results obtained using the proposed 
technique with several examples, with known exact 
solution, has shown the reliability and accuracy of the 
technique. Finally, records of the Kocaeli earthquake 
have been also used to point out the applicability of the 
proposed approach for real seismic events. 
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