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ABSTRACT

Modeling Disjunctive Constraints via Junction Trees

by

Bochuan Lyu

In this thesis, we study the independent-branching (IB) framework of disjunctive con-

straints and identify a class of pairwise IB-representable disjunctive constraints: disjunctive

constraints with junction trees. For this class of constraints, the existence of junction trees

can be recognized in polynomial time. We also present a polynomial-time heuristic algorithm

for the minimum biclique cover problem on the associated conflict graphs to build small and

strong mixed-integer programming (MIP) formulations. Additionally, we apply the heuristic

to find a smaller MIP formulation of generalized special ordered set with less variables and

constraints than Huchette and Vielma [2019]. In computational experiments, we compare

the proposed heuristic with other methods on a large set of artificially generated disjunctive

constraints with junction trees. The new method significantly reduces the numbers of bi-

nary variables and constraints required for the MIP formulations than those of vertex cover

approach.
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Chapter 1

Introduction

The concept of disjunctive constraints is first formalized by Balas [1979] and has soon became

prevalent in mixed-integer programming (MIP) with various real-world applications since

late 1970s. A disjunctive constraint consists of disjunctive sets with logic disjunction (or)

functions, which can be formulated as

x ∈
d⋃
i=1

P i, (1.1)

where x is a vector of variables and {P 1, P 2, . . . , P d} is a set of polyhedra (Balas [1979]). In

this thesis, we focus on the case that each of them is a bounded polyhedron, i.e., polytope.

By Minkowski-Weyl Theorem (Minkowski [1897] and Weyl [1934]), each polytope P i can

also be expressed as

P i = conv(X i) :=

{∑
v∈Xi

λvv : λ ∈ RXi

+ ,
∑
v∈Xi

λv = 1

}
,

where R+ represents a set of nonnegative real numbers and X i ⊆ Rn is the set of extreme

points of P i for i ∈ {1, . . . , d}. By relabeling each extreme point of P i with a positive
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number (index) and denoting Si be the collection of all indices of extreme points∗, X i, we

can model the continuous variables λ on a family of indices S: S := {Si}di=1. A combinatorial

disjunctive constraint (CDC) can be represented by the family of indices S as follows:

λ ∈ CDC(S) :=
⋃
S∈S

Q(S), (1.2)

where Q(S) :=
{
λ ∈ RJ

+ :
∑

v∈J λv = 1, λJ\S = 0
}

and J := ∪Ŝ∈S Ŝ.

A generic approach to build MIP formulations with a small amount of variables and

constraints for (1.2) is the independent branching (IB) framework introduced by Vielma and

Nemhauser [2011] and generalized by Huchette and Vielma [2019]. In this framework, we

can rewrite (1.2) into t intersections of k alternative indices, Lji :

CDC(S) =
t⋂

j=1

(
k⋃
i=1

Q(Lji )

)
. (1.3)

We are particularly interested in the combinatorial disjunctive constraints that can be

rewritten as the form in (1.3) when k = 2. In this case, we say that CDC(S) is pairwise IB-

representable, and Vielma and Nemhauser [2011] show that the numbers of additional binary

variables and constraints needed to model (1.3) are t and 2t, respectively. Furthermore, the

minimum value of the depth t can be determined by solving the minimum biclique cover

problem on the conflict graph†, associated with the constraint.

∗If two polytopes share a same extreme point, the corresponding sets of indices will also share the same

index.

†It is worth mentioning that any biclique cover of the conflict graph can provide a valid MIP formulation.
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S =


{1}
{2}
{3}
{4}

⇒
1

2 3

4 1

2 3

4

⇒



L1
1 = {1, 2}

L1
2 = {3, 4}

L2
1 = {1, 3}

L2
2 = {2, 4}

⇒

λ1 + λ2 ≤ z1

λ3 + λ4 ≤ 1− z1
λ1 + λ3 ≤ z2

λ2 + λ4 ≤ 1− z2∑4
i=1 λi = 1, λ ≥ 0

z1, z2 ∈ {0, 1}

Figure 1.1 : A visualization of rewriting a disjunctive constraint into a pairwise independent
branching form via solving the minimum biclique cover problem.

This introduction starts with a literature review on different types of disjunctive con-

straints with real-world applications and a background on the minimum biclique cover prob-

lem. Then, a summary of contributions and a thesis outline are presented.

1.1 Literature Review

1.1.1 Disjunctive Constraints

Disjunctive constraints have been applied in enormous applications. In chemical engineer-

ing, Raman and Grossmann [1994] study several disjunctive programming formulations for

process engineering models such as the synthesis of process flowsheets and modelling friction

factor with varied laminar and tubulent flow regimes. Karuppiah and Grossmann [2006]

study the synthesis of integrated water systems in chemical processes by solving a prob-

lem taking non-convex generalized disjunctive programming for choosing different pollutant

removal strategies.

In robotics, both Deits and Tedrake [2015] and Kuindersma et al. [2016] use disjunctive
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constraints to formulate the sets of obstacle-free regions for footstep planning of humanoid

robots. Dai et al. [2019] use special ordered set of type 2 (SOS2), a type of disjunctive

constraints, to tighten the convex relaxation of non-convex 3-dimensional rotation matrix in

the inverse kinematic problem.

In scheduling, Roy and Sussmann [1964] propose disjunctive graph and Balas [1969]

studies the machine sequencing formulation via disjunctive graph. Pinto and Grossmann

[1995] use special order set type 1 (SOS1) for different options in the assignment constraint

of a short term scheduling of batch plants.

In the following subsections, we review some well-structured types of disjunctive con-

straints, i.e., special order set and cardinality constraints, and a general independent branch-

ing framework to model disjunctive constraints.

Special Order Set First introduced by Beale and Tomlin [1970], there are two types

initially.

1. SOS 1: a constraint for a set of non-negative variables such that at most one variable

can be nonzero.

2. SOS 2: a constraint for a set of non-negative variables such that at most two consecutive

variables can be nonzero.

Formulations of SOS 1 and SOS 2 have been studied by many recent works: Adams and

Henry [2012], Muldoon et al. [2013], Vielma and Nemhauser [2011], Vielma et al. [2010].

They all show that those formulations can be modeled by logarithmic number of auxillary

binary variables. A generalization of special order set is SOS k, where at most k consecutive

variables in the set can be nonzero, which is first studied by Huchette and Vielma [2019].
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Cardinality Constraint A constraint allows up to (or equal to) a certain number of

variables in a set to be nonzero. It is frequently arised in quantitative finance, supply chain,

and statistics. Mansini and Speranza [1999], Jobst et al. [2001], Crama and Schyns [2003],

Ehrgott et al. [2004], and Moral-Escudero et al. [2006] in quantitative finance study the

Markowitz’ mean–variance model of portfolio selection problems with constraints such that

the size of the portfolio is small. In supply chain, cardinality constraints naturally occur in

the “p-median” problem where at most p facilities are chosen so as to minimize the total

weighted distance between the facilities and demands: Avella and Sassano [2001], de Farias Jr

[2001], Reese [2006], and Avella et al. [2007]. In statistics, a variant of principal component

analysis (PCA), sparse PCA, has been studied by Moghaddam et al. [2006], d’Aspremont

et al. [2007a,b], Mackey [2008] and cardinality constraints are usually used to restrict the

number of original variables involved in each component for a better interpretation.

Independent Branching Introduced by Vielma and Nemhauser [2011] and generalized

by Huchette and Vielma [2019], the independent branching scheme is a general framework

to study disjunctive constraints, especially hard constraints without organized structures

like special order sets. For instance, Huchette and Vielma [2019] studies discrezations of

the relaxation of nonseparable multilinear functions and polygonal partitions of the plane

in obstacle avoidance constraints arising in path planning problems. Huchette and Vielma

[2017] also develop a independent branching formulation for a grid triangulation in order to

model bivariate piecewise linear functions.
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1.1.2 Minimum Biclique Cover Problem

The minimum biclique (edge) cover problem (MBCP)‡ is referred to finding a set of complete

bipartite (biclique) subgraphs with the minimum cardinality that covers all the edges in a

graph. It is first proven to be NP-complete by Orlin [1977]. MBCP is not only complex on

the general graph but also intricate even on some special classes of graphs. Müller [1996]

proves that MBCP remains NP-complete on chordal bipartitie graphs. Several research

works focus on approximation algorithms for MBCP: Chalermsook et al. [2014], Gruber and

Holzer [2007], Simon [1990], but it turns out that there doesn’t exist an efficient algorithm

even for approximating MBCP. It cannot be approximated in polynomial time to less than

O(|V |1−ε) or O(|E|1/2−ε) factor for any ε > 0 unless P = NP shown by Chalermsook et al.

[2014].

Despite of the hardness of solving MBCP on general graphs, the biclique cover number

of some well-structured graphs are known, such as complete graphs and 2n-vertex crown

graphs (de Caen et al. [1981]), and grid graphs (Guo et al. [2018]) and there exists polynomial

time algorithm to solve the problem exactly on some special classes of graphs such as C4-free

graphs (Müller [1996]), and domino-free graphs (Amilhastre et al. [1998]).

One related problem to MBCP is boolean (binary) matrix factorization (k-BMF). The

goal of k-BMF is to factorize 0-1 matrix with size m×n into the boolean product of two 0-1

matrices with sizes m× k and k× n under some norm. The boolean rank of a 0-1 matrix is

the smallest number of k for the exact factorization (the boolean product of the two matrices

is exactly the orignal matrix). Monson et al. [1995] show that finding a boolean rank of a

0-1 matrix is equivalent to solve MBCP on a bipartite graph represented by the matrix.

‡In this thesis, a biclique cover is always in reference to covering the edges of a graph, not the vertices.
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Another variant problem of MBCP is finding maximal bicliques or maximal biclique

generation problem (MBGP) that can potentially act as a subroutine for the algorithms of

MBCP. Eppstein [1994] provides a linear-time algorithm to solve MBGP in graphs of bounded

arboricity. Alexe et al. [2004] develop a total polynomial algorithms, which is polynomial in

terms of both input and output, for listing all maximal biclique subgraphs. Eppstein et al.

[2010] develop a fixed-parameter tractable algorithm for MBGP in sparse graphs. Makino

and Uno [2004], Alzahrani and Horadam [2019], Qin et al. [2019], and Lu et al. [2020] derive

efficient algorithms for MBGP on biparitite graphs. However, on general graphs, we cannot

find all the maximal bicliques in polynomial time with respect to the input, since the number

of maximal biclique subgraphs can be exponential, for instance, complete graph.

In terms of applications, Günlük [2007] uses MBCP to provide an upper bound for min-

cut max-flow ratio for multicommodity flow problems. Epasto and Upfal [2018] study two

computational biology problems: human leukocyte antigen (HLA) serology with the mathe-

matical model by Nau et al. [1978], and Mod-Resc Parsimony Inference problem introduced

by Nor et al. [2012]. Huchette and Vielma [2019] solve MBCP in order to find small and

strong mixed-integer programming formulations of disjunctive constraints. In computer sys-

tems, Ene et al. [2008] study heuristic of MBCP on bipartite graphs to solve role mining

problem in role-based access control system. Another heuristic of MBCP on bipartite graphs

is also studied by Amilhastre et al. [1999] for a minimization of finite automata problem arised

in constraint satisfaction problems. Biclique edge cover graph is also studied by Hirsch et al.

[2006] for confluent drawings, which is a field studying how to draw nonplanar graphs on a

plane.
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1.2 Summary of Contributions

In our work, we will focus on disjunctive constraints admitting junction trees as defined in

Section 3.1:

1. This class of constraints is pairwise IB-representable.

2. We can check whether there exists a junction tree for a disjunctive constraint in poly-

nomial time.

3. We develop a heuristic to obtain a biclique cover with size of at most |S| − 1 on the

conflict graph associated with the disjunctive constraint CDC(S).

4. We study the minimum biclique cover problem on the conflict graphs of generalizations

of special ordered set, i.e. SOS k(N) and obtain a upper bound on that biclique

cover number: dlog2(N − k + 1)e + k − 2 with k ≥ 2, which improves the bound of

dlog2(dN/ke − 1)e + 3k by Huchette and Vielma [2019], where two positive integers

N > k.

5. We design computational experiments to assess the performance of the proposed heuris-

tic. In those experiments, the heuristic can find biclique covers with sizes only 1/30

to 1/10 times as large as those of the biclique covers constructed by vertex covers on

average. We also compare the performance of different lower bounds of the biclique

cover number, related to maximum matching and chromatic number, in the literature.
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1.3 Thesis Outline

Chapter 2 introduces the graph theory concepts and reviews of the pairwise independent

branching scheme for disjunctive constraints. We also present a connection between mini-

mum biclique cover problems and constructing small formulations of disjunctive constraints.

Chapter 3 proposes a new heuristic for disjunctive constraints with junction trees. We first

introduce the definition of intersection graph and junction trees. Then, we show that com-

binatorial disjunctive constraints admitting junction trees are always pairwise independent

branching representable. A polynomial-time algorithm is also proposed to check whether

constraints admit junction trees and obtain one if it exists. Then, we present a polynomial-

time heuristic for solving minimum biclique cover problems on the conflict graphs associated

with those constraints and we also derive a worst-case bound on the quality of the heuristic

solutions. In the last section of Chapter 3, we show that the generalized special ordered set

(SOS k(N)) is a special case of disjunctive constraints admitting junction trees and we use

the new heuristic to find a tighter upper bound of auxiliary binary variables and constraints

than Huchette and Vielma [2019]. In Chapter 4, we run computational experiments to assess

the performance of the proposed heuristic and compare it to known lower and upper bounds

in the literature. In Chapter 5, we summarize the content of the thesis and discusses future

directions.
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Chapter 2

Preliminaries

2.1 Basic Graph Notations

In this section, we start with some basic graph notations related to the thesis.

Definition 2.1.1 (graph and weighted graph). A (simple, i.e, undirected and loopless) graph

G := (V,E) is an ordered pair, where V is a set of vertices and E is a set of edges such that

E ⊆ V × V and vv 6∈ E for all v ∈ V . A weighted graph G := (V,E,w) is a graph with

weights w(e) on each edge of E.

Note that for the simplicity of the notation, all graphs are simple graphs in this thesis.

We will also sometimes use V (G) and E(G) for the vertices and edges in G.

Definition 2.1.2 (complement graph). Given a graph G := (V,E), Gc := (V, Ē) is the

complement graph of G where Ē := {uv ∈ V × V : uv 6∈ E, u 6= v}.

Definition 2.1.3 (subgraph). Given two graphs G1 := (V1, E1) and G2 := (V2, E2), G2 is a

subgraph of G1 if V2 ⊆ V1, E2 ⊆ E1 and E2 ⊆ V2 × V2.
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Definition 2.1.4 (path and cycle). A graph G := (V,E) is a path if the vertices and

edges are in the following form: V = {v1, v2, . . . , vn} and E = {v1v2, v2v3, . . . , vn−1vn}.

Similaryly, a graph G := (V,E) is a cycle if the vertices and edges: V = {v1, v2, . . . , vn} and

E = {v1v2, v2v3, . . . , vn−1vn, vnv1}.

1 2 3 4

1

2 3

4

Figure 2.1 : An example of a path (left) and a cycle (right).

Definition 2.1.5 (tree, spanning tree, and maximum spanning tree). A graph G := (V,E)

is a tree if G does not have any subgraphs that are cycles. A spanning tree is a tree subgraph

of a graph G := (V,E) containing all vertices of G. A maximum spanning tree is a spanning

tree of a weighted graph G with the maximum total weight.

Definition 2.1.6 (independent set and maximal independent set). Given a graph G :=

(V,E), an independent set is a set of vertices such that each pair of vertices in this set is

not adjacent in G. A maximal independent set is an independent set that is not a subset of

any other independent set.

Definition 2.1.7 (bipartite and biclique). A bipartite graph G := (A ∪ B,E) is a graph

where A and B are disjointed vertex sets and the edge set E ⊆ A×B. A biclique graph is a

complete biparitite graph G := (A ∪B,E) where E = A×B.

Note that, in this thesis, we denote a biclique graph as {A,B} for short. Also note that a

graph is a bipartite graph if and only if it does not have any odd cycle subgraphs, i.e. cycles

with an odd number of vertices.
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1

2

3

4

5

6

1

2

3

4

5

6

Figure 2.2 : An example of a biparitite (left, not biclique) and a biclique (right).

2.2 Biclique Cover and Other Characteristics of a Graph

The minimum biclique cover problem is to find a minimum-sized set of biclique subgraphs

of a given graph G that covers all the edges of G. We use biclique cover number to denote

the cardinality of that minimum-sized set.

Definition 2.2.1 (biclique cover and biclique cover number). Given a graph G, a biclique

(edge) cover of G is a set of biclique subgraphs of G covering all the edges. The biclique cover

number bc(G) is the minimum cardinality among all the biclique covers of G.

We take a complete graph with 5 vertices, K5, as an example to show biclique covers and

the biclique cover number.

Example 2.2.1. In Figure 2.3, we demonstrate a biclique cover with size 4 of a complete

graph K5. Another biclique cover with size 3 is in the Figure 2.4. Quadras and Vasanthika

[2011] provide a proof that the biclique cover number of complete graph with n vertices is

dlog2(n)e. By checking there does not exist a biclique cover of size 1 or 2, we can safely

claim that bc(K5) = 3. Note that in both Figures 2.3 and 2.4, black solid lines represent

uncovered edges, cyan dashed lines are edges covered by current biclique, and black dashed
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lines are edges already covered. For each biclique, red vertices are in the first disjoint set,

blue vertices are in the second disjoint set, and black vertices are not in the biclique.

1

2

3 4

5

1

2

3 4

5

1

2

3 4

5

1

2

3 4

5

Figure 2.3 : A biclique cover with size 4 of a complete graph K5.

1

2

3 4

5

1

2

3 4

5

1

2

3 4

5

Figure 2.4 : A minimum biclique cover with size 3 of a complete graph K5.

Let bc(n) = max{bc(G) : G = (V,E), |V | = n}. There exist bounds on bc(n) in the

literature. Bermond [1978] proves that bc(n) ≤ n − blog2(n)c for n ≤ 10 and Tuza [1984]

extends it to all positive integer n: bc(n) ≤ n− blog2(n)c+ 1. Chung [1980] also proves the

conjecture of Bermond [1978] that bc(n)/n→ 1 as n→∞.

Proposition 2.2.1 (Corollary 2 by Tuza [1984]). Given an arbitrary graph G := (V,E),

bc(G) ≤ |V | − blog2(|V |)c+ 1.

Other bounds are provided by the chromatic number and minimum vertex cover number

of graphs.
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Definition 2.2.2 (chromatic number). The chromatic number of a graph G, χ(G), is the

minimum number of colors used to color the vertices in G such that every pair of adjacent

vertices have different colors.

Definition 2.2.3 (vertex cover and vertex cover number). A vertex cover of a graph G is

a set of vertices such that each edge of G is incident to at least one vertices in the set. The

vertex cover number of G, τ(G), is the minimum cardinality among all the vertex covers of

G.

Proposition 2.2.2. Given a graph G, dlog2(χ(G))e ≤ bc(G) ≤ τ(G).

Proof. For the right inequality in Proposition 2.2.2, we can easily construct a biclique cover

from a vertex cover by building star graphs: Given a minimum vertex cover V ′ = {vi}τ(G)
i=1 ,

then {{{vi}, NG(vi)}}τ(G)
i=1 is a biclique cover of G, where NG(v) is the set of all vertices

adjacent to v.

The left inequality in Proposition 2.2.2 is first proved by Harary et al. [1977], where they

prove that the minimum number of bipartite (not necessary biclique) subgraphs to cover the

graph G is exactly equal to dlog2 χ(G)e. Hence, it requires at least dlog2 χ(G)e number of

biclique subgraphs to cover G.

We can also prove the left inequality in Proposition 2.2.2 by providing a coloring scheme

with 2bc(G) colors. Assume that {{Aj, Bj}}bc(G)
j=1 be a minimum biclique cover of G. Then,

we can offer a coloring scheme: for any v ∈ V (G),

f(v) :=

bc(G)∑
j=1

1(v ∈ Aj)2j−1,

where 1(·) is an indicator function return 1 when · is true and 0 otherwise. It is not hard to

see that f(v) ∈ {0, 1, . . . , 2bc(G) − 1} so there are at most 2bc(G) colors. Also, if u ∈ Aj and
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v ∈ Bj, then f(u) 6= f(v) for any j ∈ {1, . . . , bc(G)}. Hence, f(v) is a valid coloring for G

by the fact that {{Aj, Bj}}bc(G)
j=1 cover all the edges in G.

Example 2.2.2. Let G to be a 3 × 3 grid graph shown in Figure 2.5. An optimal vertex

coloring and a minimum vertex covering of G are demonstrated in Figure 2.5. Hence, χ(G) =

2 and τ(G) = 4. By Guo et al. [2018], the minimum biclique cover number of G is b3·3
2
c = 4.

In this case, we can see that τ(G) might provide a tight upper bound of bc(G) under some

circumstances.

1 2 3

4 5 6

7 8 9

1 2 3

4 5 6

7 8 9

Figure 2.5 : An optimal vertex coloring (left) and a minimum vertex cover with red vertices
(right) of a 3× 3 grid.

Another example for chromatic number providing a tight lower bound is a complete graph

with n vertices: Kn. Since every pair of vertices in a complete graph are adjacent, all vertices

have to be colored differently, which implies χ(Kn) = n. Proved by Quadras and Vasanthika

[2011], bc(Kn) = dlog2(n)e. In this case, dχ(Kn)e = bc(Kn).

Additionally, a combinatorial lower bound of bc(G) can be found by solving a maximum

matching problem in G.

Definition 2.2.4 (matching). Given a graph G := (V,E), a matching is a set of pairwise

non-adjacent edges in G, i.e. no two edges in the matching have common endpoints (vertices).
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Figure 2.6 : A demonstration of matching (cyan) in a cycle: left and middle are both
matchings but the right is not.

Proposition 2.2.3 (Theorem 1 by Jukna and Kulikov [2009]). For any G := (V,E) where

|E| 6= 0 and given a matching M of G, we have bc(G) ≥ |M |2
|E| .

2.3 Disjunctive Constraints and Independent Branch-

ing

In this thesis, we use notations similar to Huchette and Vielma [2019] for simplicity. Note that

RN
+ = {x ∈ RN : x ≥ 0}, JNK is short for {1, 2, . . . , N}, and JN1, N2K = {N1, . . . , N2}. Recall

the definition of combinatorial disjunctive constraint briefly mentioned in the introduction.

Definition 2.3.1 (combinatorial disjunctive constraint). A combinatorial disjunctive con-

straint (CDC) represented by the family of indices S can be written in the form:

λ ∈ CDC(S) :=
⋃
S∈S

Q(S) (2.1)

where Q(S) :=
{
λ ∈ RJ

+ :
∑

v∈J λv = 1, λJ\S = 0
}

and J := ∪Ŝ∈S Ŝ.

The CDC is very powerful and can be used to formulate many frequently used disjunctive

constraints.
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Example 2.3.1. Besides the demonstration of how to use CDC to represent a union of poly-

topes in Introduction, we can also use CDC for special order set constraints and cardinality

constraints.

1. (SOS 1) If we want to limit that only one of the entries in λ ∈ RN
+ can be nonzero and∑N

i=1 λi = 1, it can be transferred into CDC(S) with J = JNK and S = {{i}}Ni=1.

2. (SOS 2) Similarly, if we want to model a special order set type 2 constraint for λ ∈ RN
+

and
∑N

i=1 λi = 1, then in the notation of CDC(S), J = JNK and S = {{i, i+ 1}}N−1i=1 .

3. (cardinality) If we would like to restrict the number of nonzero entries of λ ∈ RN
+

to be at most C and
∑N

i=1 λi = 1, then a CDC(S) can be used with J = JNK and

S = {S ⊆ JNK : |S| = C}.

We formally define a generalization of special order set SOS k(N) with the variables

summing up to one in Definition 2.3.2, where at most k consecutive variables in the N

variables can be nonzero. We denote that ∆N := {λ ∈ RN
+ :

∑N
i=1 λi = 1} when N is a

positive integer and ∆J := {λ ∈ R|J |+ :
∑

j∈J λj = 1}, when J is a set.

Definition 2.3.2 (generalized special order set). A generalized special order set constraint

with two positive integers k ≤ N and variables summing up to 1:

λ ∈ SOS k(N) :=
⋃

i∈JN−k+1K

{
λ ∈ ∆N : λj = 0,∀j ∈ JNK \ Ji, i+ k − 1K

}
. (2.2)

Observation 2.3.1. Given two positive integers k ≤ N , CDC({Ji, i + k − 1K}N−k+1
i=1 ) =

SOS k(N).

Definition 2.3.3 (pairwise independent branching). Given the sets S and J = ∪S∈SS,

CDC(S) is pairwise independent branching (IB) representable or has a pairwise independent
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branching scheme if there exists a finite integer t, and sets {Lj}tj=1 and {Rj}tj=1 where

Lj, Rj ⊆ J such that

CDC(S) =
t⋂

j=1

(
Q(Lj)

⋃
Q(Rj)

)
.

Many combinatorial disjunctive constraints are pairwise IB-representable. In the later

section, we will prove that generalized special order set constraints are all pairwise IB-

representable. More pairwise IB-representable examples can be found in Section 6.4 of Huchette

and Vielma [2019]. However, not all CDCs are pairwise IB-representable, for instance, cardi-

nality constraints with the maximum cardinality no less than 2.∗ Our focus for the remainder

of the thesis is on pairwise IB-representability.

Before we can characterize which combinatorial disjunctive constraint with sets S has a

pairwise IB-scheme, we need to define infeasible sets and conflict graphs of CDCs.

Definition 2.3.4 (feasible set and infeasible set). A set S ⊆ J is a feasible set with respect to

CDC(S) if S ⊆ T for some T ∈ S. It is an infeasible set otherwise. The minimal infeasible

set is a infeasible set S ⊆ J such that any proper subset of S is a feasible set.

Definition 2.3.5 (conflict graph and coherent graph). A conflict graph for a CDC(S) is

denoted as Gc
S := (J, Ē), where Ē := {{u, v} ∈ J × J : u 6= v, {u, v} is an infeasible set}.

A coherent graph for a CDC(S) is a complement of Gc
S denoted as GS := (J,E), where

E := {{u, v} ⊆ S : ∃S ∈ S}.

∗See Corollary 1 in Huchette and Vielma [2019].
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Figure 2.7 : The conflict graph (left) and coherent graph (right) of SOS 3(6).

Proposition 2.3.1 (Theorem 1† by Huchette and Vielma [2019]). A pairwise IB-scheme

exists for CDC(S) if and only if all of the cardinalities of minimal infeasible sets are no

more than 2.

Then, Proposition 2.3.2 (Corollary 2 by Huchette and Vielma [2019]) tells us that checking

pairwise IB-representability of CDC(S) can be done by listing maximal independent sets of

Gc
S , where independent sets are sets of vertices not adjacent to each other in Gc

S and maximal

independent sets are independent sets not subsets of any other independent sets. However,

Huchette and Vielma [2019] has not shown whether there exists an efficient algorithm for

checking pairwise IB-representability.

Definition 2.3.6 (irredundant). A family of indices S is irredundant (or a combinatorial

disjunctive constraint CDC(S) is irredundant) if and only if S1 6⊆ S2 for any distinct S1, S2 ∈

S.

Proposition 2.3.2 (Corollary 2 by Huchette and Vielma [2019]). CDC(S) is irredundant

and pairwise IB-representable if and only if the family of indices S is exactly the collection

†We only consider the case when k = 2 and we use minimal infeasible sets directly without defining a

hypergraph as is done in Huchette and Vielma [2019].
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of all maximal independent sets of Gc
S .

If a CDC(S) is pairwise IB-representable and can be rewritten as CDC(S) =
⋂t
j=1 (Q(Lj)

⋃
Q(Rj)),

then an ideal formulation with t additional binary variables, 2t additional constraints, and

no additional continuous variables is given in Proposition 2.3.3. Note that a MIP formulation

is ideal if and only if the extreme points of its linear programming (LP) relaxation are also

valid in MIP.

Proposition 2.3.3 (Theorem 4 by Vielma and Nemhauser [2011], Proposition 2 by Huchette

and Vielma [2019]). Given an pairwise independent branching scheme {{Lj, Rj}}tj=1 for

CDC(S), the following is an ideal formulation for CDC(S):∑
v 6∈Lj

λv ≤ zj, ∀j ∈ JtK, (2.3a)

∑
v 6∈Rj

λv ≤ 1− zj, ∀j ∈ JtK, (2.3b)

λ ∈ ∆J , (2.3c)

zj ∈ {0, 1}, ∀j ∈ JtK, (2.3d)

where J :=
⋃
S∈S S.

Hence, the next natural question is how to obtain a pairwise IB-scheme with a smallest

depth t. Huchette and Vielma [2019] transfer this problem into a minimum biclique cover

problem in the associated conflict graph.

Proposition 2.3.4 (Theorem 3 by Huchette and Vielma [2019]). If {{Aj, Bj}}tj=1 is a bi-

clique cover of the conflict graph Gc
S for a pairwise IB-representable CDC(S), then a pairwise

IB-scheme or CDC(S) is given by

Lj = J \ Aj, Rj = J \Bj, ∀j ∈ JtK. (2.4)
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On the other hand, if {{Lj, Rj}}tj=1 is a pairwise IB-scheme for CDC(S), then a biclique

cover of the conflict graph Gc
S is given by

Aj = J \ Lj, Bj = J \Rj, ∀j ∈ JtK. (2.5)

By combining and Propositions 2.3.3 and 2.3.4, we can obtain a valid and ideal MIP

formulation directly from a biclique cover of the conflict graph of pairwise IB-representable

CDC(S).

Corollary 2.3.1. Given a biclique cover {(Aj, Bj)}tj=1 of the conflict graph Gc
S for a pair-

wise IB-representable CDC(S), the following is an ideal formulation for CDC(S) with J :=⋃
S∈S S:

∑
v∈Aj

λv ≤ zj, ∀j ∈ JtK, (2.6a)

∑
v∈Bj

λv ≤ 1− zj, ∀j ∈ JtK, (2.6b)

λ ∈ ∆J , (2.6c)

zj ∈ {0, 1}, ∀j ∈ JtK. (2.6d)

In Example 2.3.2, we will show how to use a biclique cover of the conflict graph of

SOS 3(6) to find one of its valid MIP formulations.

Example 2.3.2. By definition 2.3.2, we can write SOS 3(6) in the following form:

SOS 3(6) ={λ ∈ ∆6 : λ4 = λ5 = λ6 = 0} ∪ {λ ∈ ∆6 : λ1 = λ5 = λ6 = 0}

∪ {λ ∈ ∆6 : λ1 = λ2 = λ6 = 0} ∪ {λ ∈ ∆6 : λ1 = λ2 = λ3 = 0}

=Q({1, 2, 3}) ∪Q({2, 3, 4}) ∪Q({3, 4, 5}) ∪Q({4, 5, 6})
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= CDC({{1, 2, 3}, {2, 3, 4}, {3, 4, 5}, {4, 5, 6}}).
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Figure 2.8 : A biclique cover of the conflict graph of SOS 3(6).

Demonstrated in Figure 2.8, we know that bicliques: {{1, 2}, {5, 6}}, {{1}, {4}}, and

{{3}, {6}} forms a biclique cover of the conflict graph of SOS 3(6). By Corollary 2.3.1, a

MIP formulation for SOS 3(6) is

λ1 + λ2 ≤ z1, λ5 + λ6 ≤ 1− z1,

λ1 ≤ z2, λ4 ≤ 1− z2,

λ3 ≤ z3, λ6 ≤ 1− z3,

λ ∈ ∆6,

z1, z2, z3 ∈ {0, 1}.



23

Chapter 3

Combinatorial Disjunctive

Constraints with Junction Trees

3.1 Combinatorial Disjunctive Constraints with Junc-

tion Trees Are Pairwise IB-Representable

Pairwise IB-scheme is very powerful to model combinatorial disjunctive constraints such as

generalized special order sets, and piecewise linear functions (Huchette and Vielma [2019]).

However, not all disjunctive constraints have the pairwise IB-representability. In Exam-

ple 3.1.1, we will present an example of non-pairwise IB-representable disjunctive constraint

and show that in this case, we cannot use biclique cover of its conflict graph to build a valid

MIP formulation.

Example 3.1.1. Let CDC(S) represents a disjunctive constraint as a union of three polygons

demonstrated in Figure 3.1, where S = {{1, 4, 5}, {2, 4, 6}, {3, 5, 6}}. Thus, the combinatorial



3.1. COMBINATORIAL DISJUNCTIVE CONSTRAINTS WITH JUNCTION TREES
ARE PAIRWISE IB-REPRESENTABLE 24

disjunctive constraint CDC(S) is

{λ ∈ ∆6 : λ2 = λ3 = λ6 = 0} ∪ {λ ∈ ∆6 : λ1 = λ3 = λ5 = 0} ∪ {λ ∈ ∆6 : λ1 = λ2 = λ4 = 0}.

(3.1)

1

2 36

4 5

Figure 3.1 : A visualization of a disjunctive constraint as a union of three (unshaded)
polygons.

It is not hard to see that {4, 5, 6} is a minimal infeasible set, since {4, 5}, {4, 6}, and

{5, 6} are all feasible sets. We can also check the conflict graph of this disjunctive constraint,

as shown in Figure 3.2. {4, 5, 6} is a maximal independent set in the conflict graph but not

in S. Thus, this constraint is not pairwise IB-representable.

1

2 3

4

56

Figure 3.2 : The conflict graph of a disjunctive constraint shown in (3.1).
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By constructing a biclique cover with bicliques: {{1}, {2, 3, 6}}, {{2}, {3, 5}}, and {{3}, {4}},

we can build a MIP formulation as follows:

λ1 ≤ z1, λ2 + λ3 + λ6 ≤ 1− z1, (3.2a)

λ2 ≤ z2, λ3 + λ5 ≤ 1− z2, (3.2b)

λ3 ≤ z3, λ4 ≤ 1− z3, (3.2c)

λ ∈ ∆6, z1, z2, z3 ∈ {0, 1}, (3.2d)

We can see that (λ, z) = (0, 0, 0, 1/3, 1/3, 1/3, 0, 0, 0) is a feasible solution to (3.2) but

λ = (0, 0, 0, 1/3, 1/3, 1/3) is not a feasible solution to (3.1). Thus, (3.2) is not a valid

formulation for (3.1).

We would like to identify some characteristics of pairwise IB-representable disjunctive

constraint CDC(S) and realize that it is interesting to define the (complete) intersection

graph and junction tree of CDC(S) where the vertices of them are both S ∈ S.

Definition 3.1.1 ((complete) intersection graph). The (complete) intersection graph of

CDC(S) is denoted as KS = (S, E) where E = {S1S2 : S1, S2 ∈ S}. The middle set of the

edge S1S2 is defined as mid(S1S2) := S1 ∩ S2, and the weight is w(S1S2) := |mid(S1S2)|.

Note that for the simplicity, we will use intersection graph for short.

Definition 3.1.2 (junction tree). A junction tree of CDC(S) is denoted as TS = (S, E),

where E has no cycles and E ⊆ {S1S2 : S1, S2 ∈ S} with the following properties:

• If S1S2 ∈ E, the middle set of the edge S1S2 is defined as mid(S1S2) := S1 ∩ S2, and

the weight is w(S1S2) := |mid(S1S2)|.
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• For any S1, S2 ∈ S and any x ∈ (S1 ∩ S2), there exists a path P between S1 and S2 in

TS such that x ∈ S for any S ∈ V (P) and x ∈ mid(e) for any e ∈ E(P).

Note that a junction tree of CDC(S), TS , is a spanning tree subgraph of the intersection

graph, KS .

In addition, We realize that having a junction tree is a sufficient condition for CDC(S)

to be pairwise IB-representable.

Lemma 3.1.1 (folklore∗). Given arbitrary three vertices in a tree, the three paths between

each pair of them share exactly one vertex in common.

Theorem 3.1.1. If CDC(S) has a junction tree TS , then CDC(S) is pairwise IB-representable.

Proof. Assume that CDC(S) is not pairwise IB-representable. Then, there exists a minimum

infeasible set S ⊆ J with cardinality greater than 2. Without loss of generality, assume that

S = {x1, x2, . . . , xk} where k = |S| and k ≥ 3. Since S is a minimum infeasible set, then

S \ {x1}, S \ {x2} and S \ {x3} are not infeasible sets. Thus, there exists some Sx1 , Sx2 ,

Sx3 ∈ S such that (S\{xj}) ⊆ Sxj . By Lemma 3.1.1, there exists a vertex S0 in TS such that

it is on the paths between any two of Sx1 , Sx2 , Sx3 . By the existence of S0 and definition of

junction trees, S \ {xi, xj} ⊆ S0 for all i, j ∈ 1, 2, 3 such that i 6= j. Hence, S ⊆ S0, which is

a contradiction.

Note that by Theorem 3.1.1, we can easily prove that SOS k(N) can be modeled in the

pairwise IB framework by find a junction tree that is a path. Also, given a CDC(S) where

S1 ∩ S2 = ∅ for any distinct S1, S2 ∈ S, CDC(S) is pairwise IB-representable because any

spanning tree of KS is a junction tree of CDC(S).

∗Any tree is a median graph (Nebeskỳ [1971]).
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3.2 Determine Whether a Disjunctive Constraint Has

Junction Trees

By Theorem 3.1.1, we have identified CDC(S) admitting junction trees being pairwise IB-

representable so that we can construct a small MIP formulation by solving a minimum

biclique cover problem on its conflict graph CDC(S) (Proposition 2.3.4). The next natural

question is how to determine whether a disjunctive constraint has a junction tree. In this

section, we will show that this question can be answered by solving a maximum spanning

tree problem. We denote that w(G) =
∑

e∈E(G)w(e). We also define the distance between

two spanning tree subgraph T1, T2 of graph G to be dist(T1, T2) := |E(T1)\E(T2)| = |E(T2)\

E(T1)|.

Lemma 3.2.1 (Theorem 3-16 by Deo [2017]). A spanning tree T of a weighted graph G is a

maximum spanning tree if and only if there exists no other spanning tree of G whose weight

is larger than that of T at distance of one from T .

Proposition 3.2.1. Given CDC(S) and its intersection graph KS , any non-maximum span-

ning tree of KS cannot be a junction tree of CDC(S).

Proof. Let T be an arbitrary spanning tree subgraph of KS that is not maximum spanning

tree. By Lemma 3.2.1, we know that there exists T1 at distance of one from T such that

w(T1) > w(T ). Thus, let the edge e1 ∈ E(T1) \ E(T ) and the endpoints of e1 to be S1 and

S2. Since T is a tree, there exists a unique path subgraph, P , of T between S1 and S2.

Since the distance between T1 and T is one, then the edge e ∈ E(T ) \ E(T1) is in P . Since

w(T1) > w(T ), w(e1) > w(e). Then, there must exist x ∈ mid(e1) := (S1 ∩ S2) that is not

in mid(e), which implies that T is not a junction tree of CDC(S) by Definition 3.1.2.
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Lemma 3.2.2. Given CDC(S) and its intersection graph KS , let T1 and T2 be two maximum

spanning tree subgraphs of KS satisfying: the distance between T1 and T2 is one, i.e. |E(T1)\

E(T2)| = |E(T2) \E(T1)| = 1. If T1 is a junction tree of CDC(S), then T2 is a junction tree

of CDC(S) as well.

Proof. Let e1 and e2 be the edges in (E(T1) \ E(T2)) and (E(T2) \ E(T1)), respectively. By

adding e2 to T1, we can obtain a fundamental cycle C, which contains both edges e1 and e2.

Since T1 is a junction tree of CDC(S), then mid(e2) ⊆ mid(e) for any e ∈ (E(C) \ {e2}).

Since T2 is also a maximum spanning tree, then w(e2) ≥ w(e) for any e ∈ (E(C) \ {e2}).

(Otherwise, by removing e2 from and adding e to T2, we can obtain a new spanning tree with

larger weights which is a contradiction.) Hence, mid(e2) = mid(e) for any e ∈ (E(C) \ {e2}).

Since e1 ∈ C, mid(e1) = mid(e2) ⊆ S for any vertex S ∈ C.

By removing e1 from T1, we can partition the vertices into sets S1 and S2. For arbitrary

distinct vertices S and S ′ in S1, since the path between S and S ′ in T1 and the path between

those two vertices in T2 are identical, there exists a path between S and S ′ in T2 satisfying

the second property of the junction tree. It follows the same manner for arbitrary distinct

vertices S and S ′ in S2. For arbitrary S ∈ S1 and S ′ ∈ S2, let P1 be the unique path

between S and S ′ in T1. We construct the path P2 as follows: Let S1 and S2 be the closest

vertices to S and S ′ in P1 respectively such that S1 and S2 are in C. Then, we can construct

a path P2 from S to S1 along P1, S
1 to S2 along the arc of C containing e2, and then

S2 to S ′ along P1. Then, P2 is the unique path in T2 between S and S ′. Then, the edges

E(P2)\E(P1) ⊆ E(C). Thus, mid(e) = mid(e1) for any e ∈ E(P2)\E(P1). We can complete

the proof since e1 ∈ E(P1) and (S ∩ S ′) ⊆ mid(e1).

Lemma 3.2.3 (Corollary 1 by Kravitz [2007]). Take two distinct maximum spanning trees
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S and T of a connected graph G. Let s ∈ E(S) \ E(T ). Then, there exists an edge t ∈

E(T ) \ E(S) such that both S + t− s and T + s− t are maximum spanning trees.

Lemma 3.2.4. Given a simple graph G and two arbitrary maximum spanning tree subgraphs:

T and T ′, there exists a sequence of maximum spanning tree subgraphs {Ti}ki=0 such that

T0 = T , Tk = T ′, and the distance between Ti−1 and Ti is one for all i ∈ JkK.

Proof. It is a direct result from Lemma 3.2.3.

Note that k might be 0, in which case the statement in Lemma 3.2.4 is obviously correct.

Theorem 3.2.1. Given CDC(S) and its intersection graph KS , CDC(S) has a junction tree

if and only if all maximum spanning trees of KS are junctions trees of CDC(S).

Proof. The backward direction is trivial. If all maximum spanning trees of KS are junction

trees, then CDC(S) has a junction tree.

For the forward direction, suppose that CDC(S) has a junction tree. Then, by Proposi-

tion 3.2.1, we know that there exists a maximum spanning tree, T , of KS that is a junction

tree. Let T ′ be an arbitrary maximum spanning tree of KS . By Lemma 3.2.4, there exists

a sequence of maximum spanning tree subgraphs {Ti}ki=0 such that T0 = T , Tk = T ′, and

the distance between Ti−1 and Ti is one for all i ∈ JkK. Since T is a junction tree, Ti is a

junction tree for all i ∈ JkK by Lemma 3.2.2. Hence, T ′ is a junction tree of CDC(S) and all

maximum spanning trees of KS are junction trees of CDC(S).
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Algorithm 1 An algorithm for checking whether CDC(S) has a junction tree.

1: Input: A family of indices S.

2: Output: A boolean whether the disjunctive constraint CDC(S) has a junction tree. A

junction tree if existed.

3: Construct an intersection graph KS of the disjunctive constraint CDC(S).

4: Calculate a maximum spanning tree of KS , T .

5: for e ∈ E(T ) do

6: e is an edge cut of T and separate S into two sets S1 and S2.

7: if
⋃
S∈S1 S ∩

⋃
S∈S2 S 6⊆ mid(e) then

8: return False, ∅.

9: return True, T .

Proposition 3.2.2. A spanning tree T of KS is a junction tree of CDC(S) if and only if

each edge e in T separates vertices into S1 and S2 such that
(⋃

S∈S1 S
)
∩
(⋃

S∈S2 S
)
⊆ mid(e).

Proof. In the forward direction, let T be a junction tree. Given an edge e in T , the edge

e can separate the vertices into S1 and S2. For any S1 ∈ S1 and S2 ∈ S2, the edge e is

on the unique path between S1 and S2 in T . Thus, by the definition of junction tree in

Definition 3.1.2, S1 ∩ S2 ⊆ mid(e). Hence,
(⋃

S∈S1 S
)
∩
(⋃

S∈S2 S
)
⊆ mid(e) for any edge e

in T .

In the backward direction, we prove by the contrapositive statement. Assume that T is

not a junction tree of CDC(S). Then, there exists S1, S2 ∈ S and an edge e on the path

between them such that S1∩S2 6⊆ mid(e). Since TS is a tree, then e can separate the vertices

into S1 and S2 where S1 ∈ S1 and S2 ∈ S2. Hence,
(⋃

S∈S1 S
)
∩
(⋃

S∈S2 S
)
6⊆ mid(e).
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Theorem 3.2.2. Suppose d := |S| and n := |V (Gc
S)| = |

⋃
S∈S S|, Algorithm 1 can determine

the existence of junction tree of CDC(S) and return a junction tree if it exists in O(d2 log(d)+

d2n) time.

Proof. By Theorem 3.2.1, we can check whether CDC(S) has a junction tree by finding

a maximum spanning tree in KS and checking whether this maximum spanning tree is a

junction tree. In order to construct the intersection graph KS , we need to determine the

intersection between Si and Sj for any two distinct Si, Sj ∈ S, which can be done in O(d2n)

time.

Finding a maximum spanning tree can be done in O(d2 log(d)) time by algorithms, such

as Prim’s algorithm (Prim [1957]) or Kruskal’s algorithm (Kruskal [1956]).

By Proposition 3.2.2, we can check whether the maximum spanning tree is a junction

tree of CDC(S) by lines 5 to 8 in the Algorithm 1. In each iteration, checking whether(⋃
S∈S1 S

)
∩
(⋃

S∈S2 S
)

is in mid(e) takes O(dn) time. There are only d − 1 edges so the

operations from lines 5 to 8 in the Algorithm 1 can be done in O(d2n) time.

3.3 A Heuristic for Biclique Covers of Disjunctive Con-

straints with Junction Trees

In this section, we introduce a heuristic designed to produce small biclique covers of Gc
S . The

algorithm is composed by two parts: separation and merging. We focus on CDC(S) with a

given junction tree TS . In this way, CDC(S) is guaranteed to be pairwise IB-representable.

The motivation of designing a “divide and conquer” algorithm is originated from the essential

nature that any biclique can naturally divide the minimum biclique cover problem into two
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subproblems as shown in Proposition 3.3.1.

Proposition 3.3.1. Given a graph G := (V,E), let {A,B} be an arbitrary biclique subgraph

of G. Then, define GA to be the induced subgraph of G by vertex deletion of all vertices in A.

Similarly, GB is obtained by vertex deletion of B from G. Then, E = E({A,B})∪E(GA)∪

E(GB).

Proof. Since {A,B}, GA, GB are all subgraphs of G, then E({A,B})∪E(GA)∪E(GB) ⊆ E.

Given an arbitrary uv ∈ E. If u, v ∈ (V \ B), uv ∈ E(GB). Similarly, if u, v ∈ (V \ A),

uv ∈ E(GA). If u, v are in A and B, respectively, then uv ∈ E({A,B}). Thus, E ⊆

E({A,B}) ∪ E(GA) ∪ E(GB).

Then, we can show that any edge in the junction tree can help us to find a biclique in

the conflict graph of CDC(S).

Proposition 3.3.2. Given CDC(S) and one of its junction trees TS , any edge e of TS can

partition S into S1 and S2 such that {
⋃
S∈S1 S \mid(e),

⋃
S∈S2 S \mid(e)} is a biclique of the

conflict graph Gc
S .

Proof. Since every edge in a tree is a cut, e can partition S into two sets of vertices, S1

and S2, in TS . Given an arbitrary u ∈
⋃
S∈S1 S \mid(e) and v ∈

⋃
S∈S2 S \mid(e), we want

to prove that uv is an edge in the conflict graph Gc
S . Equivalently, we need to prove that

{u, v} 6⊆ S for any S ∈ S.

We know that v ∈ S2 for some S2 ∈ S2 and v 6∈ mid(e). Given an arbitrary S1 ∈ S1, since

there exists only one path between S1 and S2 in the junction tree TS , then (S1∩S2) ⊆ mid(e).

Since v 6∈ mid(e), then v 6∈ S1. Thus, v 6∈
⋃
S∈S1 S. Similarly, u 6∈

⋃
S∈S2 S, which implies

that there does not exist S ∈ S such that {u, v} ∈ S.
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In Proposition 3.3.3 and Proposition 3.3.4, we show that we only need to do the “divide

and conquer” on the junction tree so as to find a biclique cover of the conflict graph of

CDC(S), which leads us to a seperation subroutine in Algorithm 2.

Proposition 3.3.3. Given CDC(S) and one of its junction trees TS , any edge e of TS can

partition its vertices into S1 and S2. Let Gc
S1 be the conflict graph of CDC(S1) and Gc

S2 be

the conflict graph of CDC(S2). Then, the union of (
⋃
S∈S1 S \mid(e),

⋃
S∈S2 S \mid(e)) and

the biclique covers of Gc
S1 and Gc

S2 is a biclique cover of Gc
S .

Proof. Since TS is a tree, then each edge e of TS is an edge cut to partition the vertices into S1

and S2. By Proposition 3.3.2, we know that {A :=
⋃
S∈S1 S \mid(e), B :=

⋃
S∈S2 S \mid(e)}

is a biclique subgraph of conflict graph Gc
S . Let Gc

A be the induced subgraph of Gc
S by vertex

deletion of all vertices in A and Gc
B be the induced subgraph of Gc

S by vertex deletion of all

vertices in B. By Proposition 3.3.1, we know that E(Gc
S) = E({A,B}) ∪ E(Gc

A) ∪ E(Gc
B).

Hence, the union of {A,B} and any biclique covers of Gc
A and Gc

B is a biclique cover of Gc
S .

The rest of the proof will show that Gc
A is the conflict graph of CDC(S2), Gc

S2 . The proof

that Gc
B is the conflict graph of CDC(S1) follows the same manner.

Denote the vertices incident to e to be S1 ∈ S1 and S2 ∈ S2. Then, S1 ∩ S2 = mid(e) by

the definition of junction tree of CDC(S). Also, (
⋃
S∈S1 S)∩ (

⋃
S∈S2 S) = mid(e) because TS

is a tree. Hence, V (Gc
S) \ A =

⋃
S∈S2 S and V (Gc

A) = V (Gc
S2).

Since Gc
A is a subgraph of Gc

S , an edge uv is in Gc
A if and only if {u, v} 6∈ S for all S ∈ S.

Similarly, an edge uv is in Gc
S2 if and only if {u, v} 6⊆ S for all S ∈ S2. Thus, it is not hard

to see that E(Gc
A) ⊆ E(Gc

S2).

In the other direction, we know that {u, v} 6⊆ S for all S ∈ S2. We want to show that

{u, v} 6⊆ S for all S ∈ S by contradiction. Assume that {u, v} ∈ S0 for some S0 ∈ S1. Since
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u, v ∈
⋃
S∈S2 S, u and v must be in mid(e) by the definition of junction tree of CDC(S). By

the definition of mid(e), the vertex incident to e in S2 contains both u and v, which is a

contradiction. Hence, E(Gc
S2) ⊆ E(Gc

A).

Proposition 3.3.4. Given CDC(S) and its junction tree TS , any edge e of TS can parti-

tion the tree into two subtrees T1 and T2 where the vertices of two subtrees are S1 and S2,

respectively. Then, T1 is a junction tree of CDC(S1) and T2 is a junction tree of CDC(S2).

Proof. Given an arbitrary edge e in TS , since TS is a tree, edge e can partition the graph

into two subtrees T1 and T2 where the vertices of two subtrees are S1 and S2, respectively. It

is sufficient to prove that T1 is a junction tree of CDC(S1). The proof that T2 is a junction

tree of CDC(S2) follows the same manner.

For arbitrary distinct S, S ′ ∈ S1, there exists a unique path P between S and S ′ in TS .

Since TS is a junction tree of CDC(S), S ∩ S ′ ⊆ mid(e′) for any e′ ∈ E(P ) and S ∩ S ′ ⊆ S ′′

for any S ′′ ∈ V (P ). Because T1 is a subtree of TS , P is also a path in T1. Hence, according

to Definition 3.1.2 (junction tree), T1 is a junction tree of CDC(S1).
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Algorithm 2 A separation subroutine.

1: Input: A junction tree TS of CDC(S).

2: Output: A biclique cover bc := {{Ak, Bk}} of the conflict graph Gc
S CDC(S).

3: function Separation(TS)

4: if |V (TS)| ≤ 1 then

5: return ∅.

6: Find an edge e to cut TS into two components T1 and T2 such that |V (T1) − V (T2)|

is minimized.

7: A :=
⋃
S∈V (T1) S \mid(e); B :=

⋃
S∈V (T2) S \mid(e).

8: return {{A,B}} ∪ Separation(T1) ∪ Separation(T2).

Note that selecting edge e to cut TS almost balancely is based on the intuition that we

want the subproblems to have similar sizes in the “divide and conquer” approach. It might

not be the best strategy.

Theorem 3.3.1. Suppose that the input of Algorithm 2 is a junction tree of CDC(S), TS ,

then the output bc = Separation(TS) is a biclique cover of the conflict graph Gc
S with a

size of at most d− 1, where d := |S|.

Proof. If the junction tree only has one vertex, then there is not any edge in the correspond-

ing conflict graph. Thus, we do not need to add any biclique to the result. Implied by

Proposition 3.3.3 and Proposition 3.3.4, we know that the output bc is a biclique cover of

Gc
S . Since d = |S|, there are d − 1 edges in the junction tree TS . We only add one biclique

into the result when removing each edge in the junction tree. Thus, the size of bc is at most

d− 1.
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Algorithm 3 Find a small biclique cover of Gc
S in polynomial time.

1: Input: a junction tree TS of CDC(S) and conflict graph GcS of CDC(S).

2: Output: An biclique cover {{Ak, Bk}} of the conflict graph Gc
S CDC(S).

3: bc = Separation(TS).

4: For each biclique {A,B} in bc, check every biclique {A0, B0} prior to {A,B} in bc. If

{A,B} and {A0, B0} can be merged to form a larger biclique subgraph {A′, B′} of GcS ,

remove {A,B} and replace {A0, B0} by {A′, B′}.

5: return bc.

Theorem 3.3.2. Suppose d := |S|, n := |V (Gc
S)| = |

⋃
S∈S S|, and m := |E(Gc

S)|, Algo-

rithm 3 can return a biclique cover of the conflict graph Gc
S of CDC(S) with size at most

d− 1 in O(d3 + nd2 +md2) time.

Proof. Algorithm 2 returns a biclique cover of the conflict graph Gc
S . The operations from

line 4 of Algorithm 3 only merge bicliques when the biclique after merging is still a subgraph

of Gc
S . Hence, Algorithm 3 also returns a biclique cover with size at most d− 1.

Since each Separation function removes an edge in TS and there are only d − 1 edges

in TS , Separation function is called at most d − 1 times. Creating bicliques in line 7 of

Algorithm 2 requires O(dn) time. There are at most d−1 edges and checking the numbers of

vertices in two subtrees by each edge cut can be done in O(d) time. Thus, the computational

time for Separation(GS) is O(d2n+ d3).

Proved in Theorem 3.3.1, the number of biclique covers returned by Separation(TS) is

at most d−1. Then, the number of iterations in line 4 of Algorithm 3 is O(d2). Furthermore,

merging two bicliques requires O(n) time but checking whether a biclique is a subgraph of Gc
S

requires O(m) time. The total operation time in line 4 of Algorithm 3 is O(md2) time.
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3.4 A Better Upper Bound for the Depth of Combina-

torial Disjunctive Constraints of SOS k(N)

Huchette and Vielma [2019] have used the graph union construction to produce an IB-scheme

for SOS k(N) of depth dlog2(dN/ke−1)e+3k with two positive integers N > k. We derive a

better bound by apply Algorithm 3. Denote that diameter(S) = max{|s1− s2| : ∀s1, s2 ∈ S}

and dist(A,B) = min{|u− v| : ∀u ∈ A, v ∈ B}, where S,A,B are sets of indices. Note that

the conflict graph of SOS k(N) is a null graph when N = k, so its biclique cover number is

0. Without loss of generality, we can focus on the case that N > k.

Proposition 3.4.1. Suppose that three positive integers N1 ≥ N2 > k. Let J1 = JN1K and

J2 = JN2K. Take S1 and S2 to correspond to SOS k(N1) and SOS k(N2), respectively. Then,

the conflict graph Gc
S2 is an induced subgraph of Gc

S1 by vertex deletion of (J1 \ J2). In other

words, for any distinct vertices u, v ∈ J2, uv ∈ E(Gc
S1) if and only if uv ∈ E(Gc

S2).

Proof. In the forward direction, suppose that uv ∈ Gc
S1 . Then, {u, v} 6⊆ S for any S ∈ S1.

Since S2 ⊆ S1, then {u, v} 6⊆ S for all S ∈ S2. Hence, uv ∈ Gc
S2 .

In the backward direction, suppose that uv ∈ Gc
S2 . By the definition of SOS k(N),

S2 = {Ji, i+ k− 1K}N2−k+1
i=1 . Thus, {u, v} 6⊆ S for all S ∈ S1 because diameter(S) < k for all

S ∈ S1 and |u− v| ≥ k.

By Proposition 3.4.1, we know that if N1 ≥ N2, then the depth of the biclique cover

of the conflict graph of SOS k(N2) is no larger than the depth of the biclique cover of the

conflict graph of SOS k(N1): given a biclique cover of the conflict graph of SOS k(N1),

we can construct a biclique cover of the conflict graph of SOS k(N1) by vertex deletion of
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(JN1K \ JN2K) in all the bicliques. Then, it is sufficient for us to focus on the case where

N = 2b + k − 1, where b is a positive integer.

Proposition 3.4.2. Given two positive integers N > k, then the combinatorial disjunctive

constraint of SOS k(N), CDC(S) where S = {Ji, i + k − 1K}N−k+1
i=1 , admits a junction tree.

Therefore, SOS k(N) is pairwise IB-representable.

Proof. Let Si = Ji, i + k − 1K. It is not hard to see that we can construct a junction tree

TS := {S, E}, where E = {SiSi+1,∀i ∈ J1, N − kK}. The graph is visualized in Figure 3.3.

By Theorem 3.1.1, SOS k(N) is pairwise IB-representable.

S1 S2 . . . SN−k SN−k+1

Figure 3.3 : A junction tree of SOS k(N), where Si = Ji, i + k − 1K and mid(SiSi+1) =
Ji+ 1, i+ k − 1K.

Theorem 3.4.1. Assume N = 2b + k − 1, k ≥ 2, and b are positive integers. Let J = JNK,

S corresponds to the SOS k(N) constraint on J , i.e. S := {Ji, i+ k − 1K}2bi=1, and Gc
S be the

conflict graph. Then, we can find a biclique cover of the conflict graph Gc
S with size at most

b+ k − 2.

Proof. Denote that Si = Ji, i + k − 1K, then S = {Si}2bi=1. By Proposition 3.4.2, we know

that a junction tree of S, TS = (S, E) where E = {SiSi+1,∀i ∈ JN − kK}. By calling

Separation(TS) in Algorithm 2, we can obtain a biclique cover with the size of (2b − 1).

We first denote Ai,jpre and Bi,j
pre for i ∈ {0, . . . , b− 1} and j ∈ {0, . . . , 2i − 1} as

Ai,jpre :=

j2b−i+2b−i−1⋃
l=1+j2b−i

Sl = J1 + j2b−i, 2b−i−1 + j2b−i + k − 1K, (3.3a)
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Bi,j
pre :=

(j+1)2b−i⋃
l=j2b−i+2b−i−1+1

Sl = Jj2b−i + 2b−i−1 + 1, (j + 1)2b−i + k − 1K. (3.3b)

Each biclique {Ai,j, Bi,j} for i ∈ {0, . . . , b− 1} and j ∈ {0, . . . , 2i − 1} in Figure 3.4 can

be expressed as

Ai,j := Ai,jpre \Bi,j
pre = J1 + j2b−i, (2j + 1)2b−i−1K, (3.4a)

Bi,j := Bi,j
pre \ Ai,jpre = J(2j + 1)2b−i−1 + k, (j + 1)2b−i + k − 1K. (3.4b)

S1 . . . S2b−1
S2b−1+1 . . . S2b

A0,0 B0,0

S1 . . . S2b−2
S2b−2+1 . . . S2b−1

S2b−1+1 . . . S3·2b−2
S3·2b−2+1 . . . S2b

A1,0 B1,0 A1,1 B1,1

...

S1 S2 S3 S4 . . . . . . . . . . . . S2b−3 S2b−2 S2b−1 S2b

Ab−1,0 Bb−1,0 Ab−1,1 Bb−1,1 Ab−1,2
b−1−2 Bb−1,2b−1−2 Ab−1,2

b−1−1 Bb−1,2b−1−1

Figure 3.4 : Biclique covers of the conflict graph of SOS k(2b+k−1) returned by Algorithm 2.

Claim. For each i ∈ {0, . . . , b − 1}, the edges of bicliques {{Ai,j, Bi,j}}2i−1j=0 can be covered

by min{2i, dk−1+2b−i−1

2b−i e} biclique subgraphs of the conflict graph of SOS k(N).

Proof. Given a fixed i ∈ {0, . . . , b − 1}, we know that the bicliques are {{Ai,j, Bi,j}}2i−1j=0 .

Thus, there are only 2i totally even without any merging. Denote that α = dk−1+2b−i−1

2b−i e. It is
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sufficient for us to show that we can build larger bicliques {Ai,j, Bi,j} for all j ∈ {0, α, 2α, . . .}

into one biclique {A,B}, where

A = Ai,0 ∪Bi,α ∪ Ai,2α ∪ . . .

B = Bi,0 ∪ Ai,α ∪Bi,2α ∪ . . .

Then, we can get one biclique for each j ∈ {0, α + 1, 2α + 1, . . .}, . . . , j ∈ {α − 1, 2α −

1, 3α− 1, . . .}.

In order to check whether {A,B} is a biclique subgraph of the conflict graph of SOS k(N),

it is sufficient to show that dist(A,B) ≥ k. A fact is that all the indices in Ai,j are smaller

than Bi,j, which are smaller than Ai,j+1. Also note that dist(Ai,j, Bi,j) ≥ k. Hence, we only

need to prove dist(Ai,(l−1)α, Ai,lα) ≥ k and dist(Bi,(l−1)α, Bi,lα) ≥ k.

We start with a simple case. The indices in Ai,0 are J1, 2b−i−1K and indices in Bi,0 are

J2b−i−1 + k, 2b−i + k − 1K. The indices in Ai,α, Bi,α are J1 + α2b−i, (2α + 1)2b−i−1K and

J(2α + 1)2b−i−1 + k, (α + 1)2b−i + k − 1K, respectively. Since

α2b−i =

⌈
k − 1 + 2b−i−1

2b−i

⌉
2b−i ≥ k − 1 + 2b−i−1,

it is not hard to check that dist(Ai,0, Ai,α) ≥ k and dist(Bi,0, Bi,α) ≥ k. By shifting the

indices, we can get dist(Ai,(l−1)α, Ai,lα) ≥ k and dist(Bi,(l−1)α, Bi,lα) ≥ k for all positive

integer l.

Since k is a finite positive integer, then there exists an integer b′ such that k ≤ 2b
′
+ 1.

Thus, the total number of the bicliques is no larger than

b−1∑
i=0

min

{
2i,

⌈
k − 1 + 2b−i−1

2b−i

⌉}
≤

b−1∑
i=0

⌈
k − 1 + 2b−i−1

2b−i

⌉
(3.5a)
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=
b∑
i=1

⌈
k − 1 + 2i−1

2i

⌉
(3.5b)

= b+
b∑
i=1

⌈
k − 1− 2i−1

2i

⌉
(3.5c)

≤ b+
b′∑
i=1

⌈
k − 1− 2i−1

2i

⌉
(3.5d)

We switch the value of i to b− i in (3.5b). In order to obtain (3.5d), we prove it in two

cases. If b′ ≥ b, since
⌈
k−1−2i−1

2i

⌉
≥
⌈
−1

2

⌉
for all positive integer i, it is trivial to show the

correctness. If b′ < b,

b∑
i=1

⌈
k − 1− 2i−1

2i

⌉
=

b′∑
i=1

⌈
k − 1− 2i−1

2i

⌉
+

b∑
i=b′+1

⌈
k − 1− 2i−1

2i

⌉
(3.6a)

≤
b′∑
i=1

⌈
k − 1− 2i−1

2i

⌉
+

b∑
i=b′+1

⌈
k − 1

2b′+1
− 1

2

⌉
(3.6b)

=
b′∑
i=1

⌈
k − 1− 2i−1

2i

⌉
, (3.6c)

where (3.6c) is obtained by the fact that k ≤ 2b
′
+ 1.

Since k ≤ 2b
′
+ 1, then we can find aj ∈ {0, 1} for j ∈ {0, . . . , b′ − 1} such that k − 2 =∑b′−1

j=0 aj2
j. Then,

b′∑
i=1

⌈
k − 1− 2i−1

2i

⌉
=

b′∑
i=1


(∑b′−1

j=0 aj2
j
)

+ 1− 2i−1

2i

 (3.7a)

=
b′∑
i=1

⌈(
b′−1∑
j=0

aj2
j−i

)
+ 2−i − 1

2

⌉
(3.7b)

=
b′−1∑
i=1

b′−1∑
j=i

aj2
j−i +

b′∑
i=1

⌈(
i−1∑
j=0

aj2
j−i

)
+ 2−i − 1

2

⌉
(3.7c)

=
b′−1∑
i=1

b′−1∑
j=i

aj2
j−i +

b′∑
i=1

ai−1. (3.7d)
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We take out all the integer parts to get (3.7c). For (3.7d), we can show the correctness by

proving that
⌈(∑i−1

j=0 aj2
j−i
)

+ 2−i − 1
2

⌉
= ai−1. We prove it by cases. If ai−1 = 0,

−1

2
≤

(
i−1∑
j=0

aj2
j−i

)
+ 2−i − 1

2
≤

i−2∑
j=0

2j−i + 2−i − 1

2
= 0.

If ai−1 = 1, then

1 ≥

(
i−1∑
j=0

aj2
j−i

)
+ 2−i − 1

2
≥ 1

2
+ 2−i − 1

2
= 2−i > 0.

Then, by reordering the summation,

b′−1∑
i=1

b′−1∑
j=i

aj2
j−i +

b′∑
i=1

ai−1 =
b′−1∑
j=1

aj

j∑
i=1

2j−i +
b′−1∑
j=0

aj (3.8a)

= a0 +
b′−1∑
j=1

(
aj + aj

j−1∑
i=0

2i

)
(3.8b)

= a0 +
b′−1∑
j=1

aj2
j (3.8c)

= k − 2. (3.8d)

Note that the approach to construct the biclique cover of the conflict graph of SOS k(N)

whereN = 2b+k−1 andN, b, k are positive integers is provided in the proof of Theorem 3.4.1.

For general cases of SOS k(N), we can find a positive integer b′ such that N ≤ 2b
′
+ k − 1

and then build a biclique cover of SOS k(2b
′
+ k − 1). Then, the biclique cover of SOS k(N)

can be obtained by vertex deletion of all vertices in {N +1, . . . , 2b
′
+k−1} from the biclique

cover of SOS k(2b
′
+ k − 1).

Corollary 3.4.1. Assume N > k ≥ 2. Then, there exists a biclique cover of the conflict

graph of SOS k(N) with size at most dlog2(N − k + 1)e+ k − 2.
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Proof. Combining the statement of Proposition 3.4.1 and Theorem 3.4.1, we can obtain this

result directly.
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Chapter 4

Experiments

4.1 Generate Irredundant Combinatorial Disjunctive

Constraints

In this section, we will first provide a procedure to generate irredundant combinatorial

disjunctive constraint CDC(S) as shown below.

1: Input: Min and max cardinality of each index set, smin and smax.

2: Min and max ratio of the intersection between two index sets, tmin and tmax.

3: Number of indices set, d′.

4: Output: A family of indices S for a combinatorial disjunctive constraint.

5: Randomly select an integer s between smin and smax inclusively and construct S1 = JsK.

6: Initialize S := {S1} and c := s+ 1.

7: for i ∈ {2, . . . , d′} do

8: Select S in S arbitrarily.
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9: Randomly select an integer s between smin and smax inclusively.

10: Select an arbitrary real number t between ratio tmin and tmax.

11: Select s′ = dt ·min(|S| − 1, s− 1)e indices from S and add them into Si.

12: Add Jc, c+ s− s′K into Si and set c = c+ s− s′.

13: Add Si into S.

14: Remove all the “redundant” indices sets in S by Algorithm 4 in Appendix A.1.

15: Check whether S has a junction tree by Algorithm 1. If not, go to Line 5.

16: return S.

Note that the collection of indices, S, generated by the above procedure is both irredun-

dant and admits junction trees, which means its CDC is pairwise IB-representable. Huchette

and Vielma [2019] also give a theoretical lower bound on the biclique cover number of the

conflict graph Gc
S associated with the constraint.

Lemma 4.1.1 (Proposition 1 by Huchette and Vielma [2019]). Given an irredundant family

of indices S := {Si}di=1, any binary MIP formulation for CDC(S) must have at least dlog2(d)e

auxiliary binary variables.

Proposition 4.1.1. Given an irredundant family of indices S := {Si}di=1, the biclique cover

number of the conflict graph Gc
S associated with CDC(S) is at least dlog2(d)e.

Proof. We can prove the statement by contradiction. Assume that Gc
S has a biclique cover

{{Ak, Bk}}tk=1 where t is less than dlog2(d)e. Then, by Corollay 2.3.1, we can build a

binary MIP formulation for CDC(S) with t < dlog2(d)e auxiliary binary variables, which is

a contradiction.
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4.2 Computational Results

In this section, we perform computational experiments on the conflict graphs associated with

the combinatorial disjunctive constraints generated by the procedure in Section 4.1. In order

to assess the performance of our proposed heuristic, Algorithm 3, more comprehensively, we

vary the parameters of the generation algorithm of irredundant CDC(S) admitting junction

trees as follows. We alternate (smin, smax) between (5, 10) and (10, 20) so as to generate

CDCs with various-size index sets. We also change the value of (tmin, tmax) to control the

amount of shared indices among index sets. Furthermore, the total number of index sets,

d′, is varied among 20, 100, and 200 to test the performance of Algorithm 3 in larger scale.

Each set of parameters is used to generate 5 instances.

smin smax tmin tmax d′

10 20 0.2 0.3 20

10 20 0.5 0.8 20

5 10 0.2 0.3 100

10 20 0.5 0.8 100

5 10 0.2 0.3 200

10 20 0.5 0.8 200

A summary of generated CDC instances with the information of generation parameters

and associated conflict graphs is provided in Table 4.1. Since all the CDCs generated are

irredundant and admitting junction trees, they are also pairwise IB-representable. By Propo-

sition 2.3.2, the number of maximal independent sets of the conflict graph is equal to the

cardinality of the collection of indices, i.e. d.
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CDC Generation Parameters Conflict Graph Parameters

Instance smin smax tmin tmax d′ Nodes (n) Edges (m) MIS (d)

1 10 20 0.2 0.3 20 254 29937 20

2 10 20 0.2 0.3 20 248 28597 20

3 10 20 0.2 0.3 20 253 29687 20

4 10 20 0.2 0.3 20 275 35159 20

5 10 20 0.2 0.3 20 255 30167 20

6 10 20 0.5 0.8 20 161 11127 20

7 10 20 0.5 0.8 20 154 10176 20

8 10 20 0.5 0.8 20 159 10833 20

9 10 20 0.5 0.8 20 181 14253 20

10 10 20 0.5 0.8 20 159 10813 20

11 5 10 0.2 0.3 100 691 235746 100

12 5 10 0.2 0.3 100 693 237072 100

13 5 10 0.2 0.3 100 685 231619 100

14 5 10 0.2 0.3 100 677 226259 100

15 5 10 0.2 0.3 100 674 224292 100

16 10 20 0.5 0.8 100 774 290757 100

17 10 20 0.5 0.8 100 797 308436 100

18 10 20 0.5 0.8 100 810 318915 100

19 10 20 0.5 0.8 100 819 325737 100

20 10 20 0.5 0.8 100 786 299841 100

21 5 10 0.2 0.3 200 1389 958580 200

22 5 10 0.2 0.3 200 1373 936535 200

23 5 10 0.2 0.3 200 1359 917533 200

24 5 10 0.2 0.3 200 1342 894795 200

25 5 10 0.2 0.3 200 1333 882872 200

26 10 20 0.5 0.8 200 1539 1166716 200

27 10 20 0.5 0.8 200 1618 1290280 200

28 10 20 0.5 0.8 200 1585 1238238 200

29 10 20 0.5 0.8 200 1558 1195572 200

30 10 20 0.5 0.8 200 1596 1255447 200

Table 4.1 : An overview of generated irredundant combinatorial disjunctive constraints,
where MIS stands for maximal independent sets.

As mentioned in Section 2.2, chromatic number and maximum matching of a conflict
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graph can be computed to obtain the lower bound of the biclique cover number of the

graph, i.e. dlog2(χ(Gc
S))e ≤ bc(Gc

S) and
⌈
M2(Gc

S)

E(Gc
S)

⌉
≤ bc(Gc

S). However, because of the

computational difficulties for computing χ(Gc
S), we use the clique number ω(Gc

S) to get

the lower bound of chromatic number χ(Gc
S) in order to provide a looser lower bound

dlog2(ω(Gc
S))e ≤ bc(Gc

S). The upper bounds of the biclique cover number a conflict graph

can be obtained by the vertex cover number and Algorithm 3. Furthermore, Proposition 2.2.1

provides a upper bound of biclique cover number of a conflict graph only related to the total

number of vertices in the graph.

All of the computational experiments are performed on a server with 16 GB of RAM and

Intel(R) Xeon(R) W-2102 CPU with 4 cores @ 2.90GHz. Maximum clique and minimum

vertex cover problems, which formulated as in Appendices A.2 and A.3, are solved by Gurobi

9.0.0 as a MIP solver. The time limits for maximum clique and minimum vertex cover

problems are set to 60 seconds. The maximum matching is calculated by the Edmonds’

blossom algorithm (Edmonds [1965]).

The computational results of lower and upper bounds of conflict graphs corresponding

to the generated CDC instances are demonstrated in Table 4.2. The upper bounds provided

by vertex cover number are 10 to 30 times larger than those by Algorithm 3. It is also very

interesting to mention that the size of biclique cover found by Algorithm 3 is significantly

smaller than the total number of vertices in the conflict graph and even considerably smaller

than the cardinality of the collection of indices S, i.e. d. As for lower bounds, dlog2(ω)e

and dlog2(d)e provide much tighter bounds than d|M |2/me, where ω is the size of maximum

clique, |M | is the size of maximum matching and m is the number of edges in the conflict

graph.
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In Table 4.3, we show the computational time for maximum clique, maximum matching,

Algorithm 3, and minimum vertex cover on each conflict graph. Algorithm 3 can scale up to

larger-scale graphs successfully whereas MIP solver cannot solve the minimum vertex cover

problem in many instances because of its NP-complete nature (Karp [1972]).

Conflict Graph Lower Bounds Upper Bounds

Instance n m d ω |M | dlog2(ω)e d|M |2/me dlog2(d)e Algorithm 3 Vertex Cover n− blog2(n)c+ 1

1 254 29937 20 20 127 5 1 5 7 234 248

2 248 28597 20 20 124 5 1 5 6 228 242

3 253 29687 20 20 126 5 1 5 7 233 247

4 275 35159 20 20 137 5 1 5 7 255 268

5 255 30167 20 20 127 5 1 5 8 235 249

6 161 11127 20 19 80 5 1 5 13 141 155

7 154 10176 20 20 77 5 1 5 13 134 148

8 159 10833 20 18 79 5 1 5 14 139 153

9 181 14253 20 18 90 5 1 5 13 161 175

10 159 10813 20 17 79 5 1 5 11 139 153

11 691 235746 100 100 345 7 1 7 46 681 683

12 693 237072 100 100 346 7 1 7 41 683 685

13 685 231619 100 100 342 7 1 7 32 675 677

14 677 226259 100 100 338 7 1 7 37 667 669

15 674 224292 100 100 337 7 1 7 38 664 666

16 774 290757 100 93 387 7 1 7 38 754 766

17 797 308436 100 90 398 7 1 7 34 777 789

18 810 318915 100 94 405 7 1 7 35 790 802

19 819 325737 100 89 409 7 1 7 39 799 811

20 786 299841 100 92 393 7 1 7 38 766 778

21 1389 958580 200 200 694 8 1 8 80 1379 1380

22 1373 936535 200 200 686 8 1 8 73 1363 1364

23 1359 917533 200 200 679 8 1 8 59 1349 1350

24 1342 894795 200 200 671 8 1 8 73 1332 1333

25 1333 882872 200 200 666 8 1 8 79 1323 1324

26 1539 1166716 200 183 769 8 1 8 61 1524 1530

27 1618 1290280 200 180 809 8 1 8 68 1603 1609

28 1585 1238238 200 184 792 8 1 8 67 1567 1576

29 1558 1195572 200 178 779 8 1 8 67 1538 1549

30 1596 1255447 200 181 798 8 1 8 61 1576 1587

Table 4.2 : Lower bounds and upper bounds of the biclique cover number of conflict graphs,
where ω is the number of vertex in the maximum clique and M is the number of edges in
the maximum matching of the graph.
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Conflict Graph Clique Matching Algorithm 3 Vertex Cover

Instance n m d ω Time (s) |M | Time (s) bc Time (s) τ Time (s)

1 254 29937 20 20 0.21 127 0.19 7 0.05 234 0.78

2 248 28597 20 20 0.05 124 0.36 6 0.04 228 0.75

3 253 29687 20 20 0.04 126 1.25 7 0.05 233 0.88

4 275 35159 20 20 0.04 137 1.54 7 0.05 255 1.08

5 255 30167 20 20 0.04 127 1.44 8 0.05 235 0.91

6 161 11127 20 19 0.03 80 0.32 13 0.02 141 0.27

7 154 10176 20 20 0.03 77 0.12 13 0.02 134 0.26

8 159 10833 20 18 0.03 79 0.25 14 0.02 139 0.32

9 181 14253 20 18 0.03 90 0.37 13 0.02 161 0.40

10 159 10813 20 17 0.03 79 0.34 11 0.02 139 0.30

11 691 235746 100 100 0.06 345 19.45 46 0.91 681 35.58

12 693 237072 100 100 0.06 346 20.63 41 0.86 683 33.46

13 685 231619 100 100 0.06 342 18.60 32 0.90 675 36.48

14 677 226259 100 100 0.06 338 19.51 37 0.86 667 8.35

15 674 224292 100 100 0.06 337 2.72 38 0.87 664 33.49

16 774 290757 100 93 0.17 387 6.61 38 1.20 754 31.72

17 797 308436 100 90 0.16 398 31.94 34 1.35 777 47.64

18 810 318915 100 94 0.16 405 6.99 35 1.33 790 48.83

19 819 325737 100 89 0.17 409 37.00 39 1.18 799 56.04

20 786 299841 100 92 0.16 393 3.76 38 1.10 766 33.13

21 1389 958580 200 200 0.15 694 164.27 80 5.26 1379 TL

22 1373 936535 200 200 0.15 686 155.00 73 5.70 1363 TL

23 1359 917533 200 200 0.15 679 153.97 59 5.43 1349 51.35

24 1342 894795 200 200 0.22 671 3.22 73 4.70 1332 TL

25 1333 882872 200 200 0.14 666 136.78 79 5.14 1323 TL

26 1539 1166716 200 183 0.34 769 223.48 61 7.11 1524 TL

27 1618 1290280 200 180 0.48 809 14.46 68 9.26 1603 TL

28 1585 1238238 200 184 0.35 792 223.29 67 8.47 1567 TL

29 1558 1195572 200 178 0.36 779 13.04 67 7.58 1538 TL

30 1596 1255447 200 181 0.36 798 4.53 61 6.70 1576 TL

Table 4.3 : The computational time for methods obtaining lower bounds (clique and match-
ing) and upper bounds (heuristic and vertex cover) of the biclique cover numbers of conflict
graphs. TL stands for time limit.

Note that the computational time for Algorithm 3 in Table 4.3 includes the time for

construct junction trees.
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Chapter 5

Conclusions and Future Work

In this thesis, we first reviewed the connection between combinatorial disjunctive constraints

and minimum biclique cover problem: if a CDC is pairwise IB-representable, any biclique

cover of its conflict graph can be used to build an ideal MIP formulation. However, because

of the computational complexity of minimum biclique cover problem, we turned our attention

to a special case of CDCs. Then, we introduced a new concept of junction trees for CDCs

and showed that CDCs admitting junction trees are pairwise IB-representable. We proposed

an polynomial-time heuristic algorithm to obtain the minimum biclique cover on the conflict

graph of CDC with a theoretical upper bound . Additionally, we demonstrated a polynomial-

time algorithm to check the existence of junction trees given any CDC and obtain one if

existed. The new heuristic was applied to obtain a better upper bound of generalized special

ordered sets.

We also performed computational experiments on generated irredundant CDCs admitting

junction trees. The new heuristic could obtain much smaller biclique covers with sizes 1/30

to 1/10 as large as those of biclique covers constructed by vertex cover (“stars”). The
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computational result also showed that the new heuristic could scale up to larger problems

successfully.

For the future work, we would like to build connections between CDCs and existing cate-

gories of graphs, and develop heuristics to solve minimum biclique cover problem on a larger

class of graphs. We also hope to develop a software to formulate all pairwise IB-representable

CDCs in MIP and compare its computational performance with other disjunctive constraint

formulations. Moreover, methods to obtain exact solution of minimum biclique cover prob-

lem can be investigated. Another appealing direction is to combine heuristic algorithms with

machine learning techniques. It could be also very interesting to apply new algorithms to

solve the binarized matrix factorization problem, which is related to the minimum biclique

cover problem.



53

Appendix A

A.1 A Procedure to Guarantee Irredundant Property

of Combinatorial Disjunctive Constraints

Algorithm 4 Construct irredundant S.

1: Input: A family of indices S ′.

2: Output: Another family of indices S.

3: S := {}.

4: for S ′ ∈ S ′ do

5: flag := True.

6: for S ∈ S do

7: if S ′ ⊆ S then

8: flag = False and break.

9: if flag then

10: Add S ′ into S.

11: return S.
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A.2 An Integer Programming Formulation for Maxi-

mum Clique Problem

The goal of maximum clique problem is to find a clique subgraph of a graph G := (V,E)

with the largest number of vertices. A valid formulation for maximum clique problem on

graph G is

min
v∈V

∑
v∈V

xv

s.t. xu + xv ≤ 1, ∀{u, v} 6∈ E

xv ∈ {0, 1}, ∀v ∈ V.

A.3 An Integer Programming Formulation for Mini-

mum Vertex Cover Problem

Recall the definition of vertex cover of a graph G is a set of vertices such that all edges in

G is incident to at least one vertices in the set. The goal of minimum vertex cover problem

is to find a minimum vertex cover set. Given a graph G := (V,E), a valid formulation for

minimum vertex cover problem is

min
v∈V

∑
v∈V

xv

s.t. xu + xv ≥ 1, ∀{u, v} ∈ E

xv ∈ {0, 1}, ∀v ∈ V.

For any v ∈ V , xv = 1 if and only if v is in the vertex cover.
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Jérôme Amilhastre, Marie-Catherine Vilarem, and Philippe Janssen. Complexity of mini-

mum biclique cover and minimum biclique decomposition for bipartite domino-free graphs.

Discrete applied mathematics, 86(2-3):125–144, 1998.
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