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Abstract 

 To better understand the two-dimensional proppant transport problem in vertical 

fracture, we use the Method of Characteristics (MOC) to simulate one-dimensional 

sedimentation of suspensions by gravity. Literature survey and background about 

proppant transport are introduced first. The theory of sedimentation and MOC is then 

illustrated. The empirical Richardson & Zaki’s equation, modified with the discontinuous 

flux approximation, models the hindered sedimentation of uniform particles in a fluid. 

The characteristic velocity of concentration change is then calculated, and the distance-

time diagram is plotted for suspension sedimentation problems. Results are compared 

with existing experimental data to find the best-fit parameters of empirical exponent, n 

and maximum volume fraction, cm. The algorithm developed here provides a means for 

validating three-dimensional proppant transport simulators with literature results on 1-D 

gravity sedimentation of uniform, spherical particles in a Newtonian fluid under non-

Brownian conditions.  
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1. Literature survey and background 
1.1 Introduction 

Hydraulic fracturing has been widely used to stimulate oil recovery for many 

years. In this process, liquid is injected to a wellbore causing the pressure to be high 

enough to fracture the reservoir rocks. Fracturing fluid consists of base fluid, additives, 

and proppants. Water-based fluid is the most cost-effective choice for hydraulic 

fracturing. However, in some water sensitive reservoirs such as clay, “waterless” 

fracturing treatment such as CO2, LPG or high-quality foams are recommended to avoid 

swelling.[1] Proppants will remain inside fractures and can prevent fractures from 

closing after the treatment. 

1.2 Proppant transport 

How proppants are placed in fractures is an important problem to consider in 

hydraulic fracturing process. Proppants are injected together with fluid, and then left 

inside to help keep the fractures remaining open. Due to gravity and geometry of 

fractures, proppant sediments when injected. The carrier fluid leaks out into the matrix 

and if it is excessive, screen-out occurs and the flow of proppant into the fracture will 

stop. Roughness effects, wall effects and fracture network also have a great influence in 

proppant transport. Literature survey about these problems will be discussed in this 

section. 

1.2.1 Proppant sedimentation 

Proppant sedimentation is one of the most important problems to be considered 

in proppant transport. Sedimentation without pumping in nonflowing fluid happens 

during closure and during pumping, when there is a large fraction of proppant flowing in 

low shear rate fluid [2]. In our research, gravity sedimentation of proppant is the first 

step to study. It will be discussed in detail in section 3. 

Settling of proppant will have a great influence on propped dimensions of 

fractures [3]. After injected, settling velocity of proppant is influenced by fluid properties 

and surrounding conditions, which is a very complicated system to consider [4]. When 

the settling velocity is high, proppant tend to build up a bank at the bottom. When the 

settling velocity is low, it is likely to be suspending in the fluid [3], until the fluid leaks off 
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into the matrix. Effect of fluid properties such as viscosity, and surrounding conditions 

including roughness effects and wall effects will be discussed in detail in following 

section. 

1.2.2 Relative viscosity of suspensions 

Relative viscosity of suspensions is defined as the viscosity of the dispersion 

divided by the viscosity of the continuous phase. For hard sphere systems, it can be 

elaborated as a function of the volume fraction of particles. Several empirical equations 

are used to describe the relationship including Modified Quemada equation, Quemada 

equation, Krieger-Dougherty equation, and Mooney equation [5]. Plot of these empirical 

equations compared with experimental data is shown in Figure 1. 

 

Figure 1. Relative low shear limit viscosity variation with volume fraction from Laurier 

(1996) 

The most used equation is the Quemada equation [5], which is given as: 

2
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c
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η
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η : relative viscosity;
:  volume fraction of particles;

: maximum volume fraction of particles.
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For non-colloidal system we study, typical values of cm are usually set to be 

0.63±0.02 in Quemada equation [5], cm which will also be discussed in following section. 

1.2.3 Roughness effects 

Roughness of fractures can have a great influence on proppant transport 

problem. It changes the permeability of fractures and will lead to a less contact surface 

area [6]. Experimental research has been done to study the roughness effects 

quantitatively and visually in proppant transport. It is found that fluid transport and 

proppant placement can be affected by roughness, then further changing the 

permeability of fractures. Roughness is characterized by wavelengths. Porous and finer 

grains rock type results in smaller wavelengths, which leading to more proppant settling 

and decrease of permeability. On the contrary, coarse rock type will have bigger 

channels so that roughness is more like a “small scale”. In this case, roughness will not 

show greatly effects on permeability of fractures [7].  

Visualization of water flow in different type of rock type is shown in Figure 2 and 

Figure 3 from Raimby (2014). Water flows from left to right in both figures. Blue areas 

represent air and yellow represents dyed water. Figure 2 shows finer rock type, we see 

that less channels formed in this case. Figure 3 shows coarse rock type with more 

channels formed. 

 

Figure 2. Visualization of water flow in finer-coarse crystalline marble from Raimby 

(2014) 
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Figure 3. Visualization of water flow in coarse crystalline white marble from Raimby 

(2014) 

1.2.4 Wall effects 

Fracture wall tends to repulse proppant, thus leading to an accumulation near the 

center [8]. Particles tend to move to the center of fracture and to concentrate because of 

wall effects. Wall effects become more important when proppant concentration is high 

enough that more particles are affected by the wall. On the other hand, when proppant 

concentration is low, wall effects is taken as the secondary consideration [9]. Figure 4 

shows the influence of a wall on the settling velocity of a particle, data is from Zhu, 

Dissertation, University of Alamaba, 1999. 

 

Figure 4. The influence of a wall on the settling velocity of a particle in both Newtonian 

and non-Newtonian fluid (data from Zhu, Dissertation, University of Alamaba, 1999) 
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 Figure 4 represents how settling velocity of a particle is changing regarding the 

normalized distance changing from the centerline to the wall. Blue line represents non-

Newtonian fluids and red line represents Newtonian fluids. It is obvious that wall effects 

play a more important role in Newtonian fluids than in non-Newtonian fluids. 

1.2.5 Effects of fluid properties 

Fluid properties can have a great influence on proppant transport. Water-based 

fluid is the most used for fracture treatments. It is often added with friction-reducing 

additives, which is also called the slickwater. Slickwater is the most common used for 

unconventional hydraulic fracturing treatments. Composition of fluid includes water and 

sand, which accounts for more than 98%. Additives are used in addition to reduce 

friction, corrosion, and bacterial growth. Slickwater fluid is of less viscosity and thus has 

less capacity of carrying proppant. In this case, higher pumping rates is required to 

prevent proppant from settling. In general, low viscosity hydraulic fluid tends to create 

narrow but longer fractures, leading to a more complex fracture network. [1] 

Sometimes, higher viscosity and stronger capacity of carrying proppants are 

required for fracturing treatments. In this case, polymers are added to water, so gel-like 

fluid is created, which is of higher viscosity. This is called linear gel fracturing fluids. 

Linear fracturing fluids act differently in formations with different permeability. In lower-

permeability formations, gel-like fluid is more likely to form thick filter cakes on the 

surface of fractures thus causing fracture conductivity to decrease. On the contrary, gel-

like fluid will not form filter cakes anymore in high-permeability formations. without gel, 

excessive leak-off may result in screen-out. [1] 

We are particularly interested in “waterless” fracturing treatments in our research. 

In some formations like clay, water cannot be used as fracturing fluid because it will 

cause clay to swell. Liquid (or super-critical) CO2 can be used in these systems to avoid 

damage. In this case, no other carrier fluid or other chemicals will be added. [1] 

Liquid CO2 has already been used in industry commercially [1]. The concept of 

using 100% CO2 as fracturing fluids was first introduced in 1981. Liquid CO2 will not 

cause any damage to formations including relative permeability, capillary pressure, 
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swelling and migrating of clays, which is the primary advantage of liquid CO2 fracturing. 

Another advantage of using liquid CO2 is to reduce the cost of fracturing fluid clean-up. 

On the other hand, the main disadvantage of using liquid CO2 results from its low 

viscosity. CO2 must remain in liquid phase to be viscous enough to carry proppant. 

Proppant used needs to be low concentration and smaller size. Pumping velocity needs 

to be very high to reduce fluid leak-off. In addition, liquid CO2 cannot be used in high-

permeability reservoirs. [10] 

Using supercritical CO2 as fracturing fluid is still at concept stage. Supercritical 

CO2 is at a state where it is held above its critical temperature (31.1℃) and critical 

pressure (72.9 atm). Its unique physical and chemical properties can help to penetrate 

shale formation at a higher rate and cause no harm to the reservoir. [1] Potential 

advantage to use supercritical CO2 as fracturing liquid is the enhancement of fracture 

propagation, reduction of flow-blocking mechanisms, elimination of deep re-injection of 

flowback water and increased desorption of oil gas. Drawbacks includes high costs and 

safety issues while dealing with large amount of supercritical CO2. [11] 

1.2.6 Leak-off 

Leak-off represents the phenomenon of fracturing fluid being lost when flowing 

through permeable fracture faces [8]. It has a great influence on bulk mass balance and 

particle migration. It is observed that large fraction of injected fluid will be absorbed by 

the shale [12]. Carter’s formula is the most used model to calculate leak-off velocity, 

which is expressed as [13]: 

0

2 L
L

Cv
t t

=
−

 (2) 

0

: leakoff velocity;
: Carter's leakoff coeffeicient;

:  actual time;
: time it takes for element to get exposed to fluid.

L

L

v
C
t
t

 

Carter’s formula is based on the solution to 1-D fluid flow in a porous medium. 

1.2.7 Screen-out 
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Screen-out in hydraulic fracturing problem happens when the solid content 

increases until the solids no longer flow as a slurry.  This can happen due to gravity 

settling of the solids and/or leak-off of the liquid into the walls of the fracture. It will limit 

the radial distance that the fracture can propagate from the well.  The fracture will 

propagate vertically upward. It will also result in excessive pressure gradient which may 

exceeds the safe limitations of wellbore. It will severely interrupt fracturing operations 

and requires cessation of pumping and cleaning of the wellbore before back to normal 

operations [14]. Screen-out is caused by insufficient fluid or excessive leak-off. It occurs 

when dehydration of proppant slurry happens ahead of proppant bank. Proppant bank 

accumulates and then blockage forms, preventing fracturing fluid moving forward [15]. 

1.2.8 Fracture network 

Fractures caused by hydraulic fracturing will intersect with natural fractures, thus 

forming complex fracture networks. Figure 5 represents how a simple fracturing 

develops to complex fracture network. Complex fractures are jointed with pre-existing 

natural fractures or fissure opening. Micro seismic and tilt fracture mapping technologies 

have been widely used to characterize hydraulic fracturing, which turns out to be of 

great diversity and complexity. [15] 

 

Figure 5. Fracture growth and complexity from Cipolla (2008) 
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2. Theory of gravity sedimentation 
2.1 Assumptions 

In the sedimentation problem, we assume particles to be spherical and 

monodispersed in Newtonian fluid. Suspensions system is non-colloidal with low 

Reynolds number. In this case, Péclet Number (Pe) is large enough thus Brownian 

motion of particles will not be considered. Pe is given by [16]:  

4 80

0

advective transport rate / 6 10
mass diffusion rate 2

π ρ≡ = = ∆ >B
v dPe gd k T
D

 (3) 

0

0

2= Stokes velocity;

single sphere diffusivity;
:  the sph

.

ere diamete

1 ,
18

/ 6 ,

: Density difference between fluid and particles;
: gravity;
: viscosity of flu d

r

i

;
B

v g

D

d

k T d
d

g

ρ
η

πη

ρ

η

=

∆

∆

−

 

2.2 Sedimentation of a single particle – Stokes law 

Stokes’ velocity is the terminal velocity of a single particle falling in a fluid with 

small Reynolds number. By Stokes’ law [17], drag force on a sphere is expressed as: 

03dF dvπη=  (4) 

Force caused by gravity is expressed as: 

31
6gF g dρ π= ∆  (5) 

Let Fd = Fg, Stokes’ velocity is: 

 2
0

1
18

= ρ
η
∆ gdv   (6) 

2.3 Richardson & Zaki’s equation for suspension sedimentation  

Unlike a single particle falling in a fluid, in suspensions system, particles interact 

with each other thus hindered settling occurs. Richardson & Zaki’s equation [18] is an 

empirical equation which describes the relationship between volume fraction of particles 

and settling velocity. It is expressed as follows: 
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0

( ) (1- )nv c c
v

=  (7) 

0

: settling velocity;
: Stokes velocity;

c : volume fraction of particles;
: emperical parameter.

v
v

n

 

2.4 Method of Characteristics: Kynch theory 

Kynch theory [19] is a theory which first applies MOC to sedimentation problem. 

With diffusion and dispersion neglected, a hyperbolic partial differential equation is 

derived using mass balance to elaborate 1-D gravity sedimentation problem. The 

method of characteristics (MOC) is used to transform this partial differential equation to 

an ordinary differential equation. Distance – time diagram is plotted using MOC then. 

This method will be elaborated in detail later in section 3. 

2.5 The mass balance equation 
2.5.1 Hyperbolic partial differential equation 

Sedimentation of suspensions in one-dimensional can be derived by mass 

balance [18, 19]. When diffusion and dispersion are neglected, it would be a hyperbolic 

partial differential equation: 

 
 0c f

t z
∂ ∂

+ =
∂ ∂

 

( )  ( )f c cv c=  

(8) 

 (9) 

 :  volume fraction of particles
( ) :  mean velocity of particles

c
v c   

Where f is the volumetric flux of particles. Next, we introduce three dimensionless 

variables: 

0

0

( ), , ( )v t z f cT Z F c
h h v

= = =
 

Dimensionless form of hyperbolic partial differential equation is expressed as: 
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0c F
T Z
∂ ∂

+ =
∂ ∂

 

'( ) 0c cF c
T Z
∂ ∂

+ =
∂ ∂

 

(10) 

(11) 

Boundary conditions: 
0 0 & 1F at Z Z= = =  

 

2.5.2 Characteristic velocity 

Let the total differential be equal to zero: 

c cdc dZ dT
Z T
∂ ∂

= +
∂ ∂

 (12) 

Rearranging equation (11) and equation (12) then we have equation (13): 

0

'( ) ( )
dc

dZ F c c
dT

λ
=

  = = 
 

 (13) 

Where λ is defined as characteristic velocity at concentration c. Velocity of 
continuous waves will be calculated using equation (13). 

2.6 Mass balance and velocity of a composition discontinuity 

Mass balance across composition discontinuity can be derived as follows: 

Assuming A to be the cross-section area, then we have input minus output as

1 2[ ( ) ( )]AdT F c F c− . Accumulation in a step of distance dZ will be 1 2( )AdZ c c− . Let input 

minus output part be equal to accumulation: 

1 2 1 2( ( ) ( )) ( )AdT F c F c AdZ c c− = −  (14) 

Thus, velocity of a discontinuity front that jumps from concentration c1 to 

concentration c2 is expressed as: 

~
1 2

1 2
1 2

( ) ( ) ( , )
c

F c F cdZ F c c
dT c c c

λ
∆

− ∆  = = =  − ∆ 
 (15) 

3. Method of Characteristics 
3.1 Discontinuous model: Zero flux at maximum volume fraction cm 
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Method of Characteristics (MOC) is a method for solving first-order partial 

differential equation (PDE). Characteristic curves change the PDE to ordinary 

differential equation (ODE) in the distance-time space.  

MOC is used here to plot distance-time diagram. Distance-time diagram is the 

trajectories of top front and bottom front of suspension sedimentation as well as 

concentration values along time. 

Here we introduce the discontinuous flux model, where settling velocity or flux 

suddenly goes to zero at maximum volume fraction cm, instead of asymptotically 

approaching zero. When concentration is above cm, particles will move until contracting 

with each other such that suspensions stop to flow. Dimensionless velocity is expressed 

as: 

0

(1- )( )
0

n
m

m

c c cv c
v c c

 <
= 

≥
 (16) 

Dimensionless flux is expressed as: 

(1- )
( )

0

n
m

m

c c c c
F c

c c
 <

= 
≥  

(17) 

Velocity - concentration graph is in Figure 6. Flux – concentration graph is in 

Figure 7. n is set as 4.5 and cm is set as 0.64 in each graph. 

 

Figure 6. Dimensionless velocity 
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Figure 7. Dimensionless flux 

3.2 Preliminary results: One-dimensional gravity sedimentation of proppant 

 

Figure 8. Dimensionless velocity 

As shown in Figure 8, we can see there exist an inflection point in flux curve. 

Drawing tangent line from the maximum volume fraction point, it will intersect with the 

rest of flux curve at the intersection point.  

3.2.1 Changing initial concentration c0 
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First consider the case of the initial concentration between zero and the 

intersection point. 

(1) 0 < c0 < cintersection. 

 

         Figure 9. Dimensionless flux: c0 = 0.06 

In this case, there will be no continuous waves but only shocks from the top 

(black line) and the bottom (red line) shown in Figure 9. Velocity of shocks is calculated 

using equation (15). Distance – time diagram is shown in Figure 10. 
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         Figure 10. Distance – time diagram: c0 = 0.06 

We can see from Figure 10 that there is a shock from the top (black line) and a 

shock from the bottom (red line), then they combined to give a new shock (blue line). 

Next, we consider the case where initial concentration falls between intersection 

point and inflection point, that is: 

(2) cintersection < c0 < ctangent. 
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Figure 11. Dimensionless flux: c0 = 0.3 

In the dimensionless flux graph as shown in Figure 11, shocks are drawn in solid 

lines and continuous waves are drawn in dashed line. Black lines represent shocks from 

the top and red lines represent shocks from the bottom. 

Characteristic velocity of shocks is calculated using equation (15). Characteristic 

velocity of continuous waves is calculated using equation (13). Figure 12 is the distance 

– time diagram calculated using MOC. 
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Figure 12. Distance – time diagram: c0 = 0.3 

In Figure 12, we can see that the black line represents shock from the top, which 

corresponds to the first black line in Figure 11. In the bottom there will be a thick red line 

representing shock at the beginning. Then come the continuous waves. They 

correspond to thick red lines and dashed lines in Figure 11. Black lines in Figure 11 are 

shocks from the top which correspond to blue curve in Figure 12 and interact with 

continuous waves from the bottom. In the end the last shock from bottom will combine 

with shock from the top to give a final shock, which correspond to the blue horizontal 

straight line in Figure 12. Characteristic velocity of shocks and continuous waves are 

equal to slope of trajectories. 

The Distance – time diagram is completed as shown in Figure 12. Top region 

represents supernatant where volume fraction of particles is zero. The triangle region in 

Figure 12 represents uniform distributed suspensions, which is equal to initial 

concentration. The bottom area represents settled layer where concentrations are equal 

to maximum volume fraction of particles. The thick red lines represent the shock form 
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either the initial concentration or the maximum movable concentration. Thin red lines in 

between show the continuous waves, of which the concentrations are between that of 

the two tangent points.  

When initial concentrations are between inflection point and tangent point, that is: 

(3) cinflection < c0 < ctangent. 

 
Figure 13. Dimensionless flux: c0 = 0.4 

As shown in Figure 13, different from case (1), there will be no shock but only 

continuous waves (shown in red dashed lines) from the bottom at the beginning. Black 

lines represent shocks from the top. They combine with continuous waves and finally 

give a shock. Distance – time diagram is below in Figure 14: 
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Figure 14. Dimensionless flux: c0 = 0.4 

 (4) ctangent < c0 < cm 

We see that in case (4), occasionally will be the same with case (1) where there 

are only shocks without continuous waves. Shock from the top (shown in black line) will 

combine with shock from the bottom (shown in red line) and finally give a new shock 

(shown in blue) shown in Figure 15 and Figure 16. 
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Figure 15. Dimensionless flux: c0 = 0.55 

 

Figure 16. Dimensionless flux: c0 = 0.55 

Figure 17 is a summary of the distance-time diagrams as the initial 

concentrations are progressively increased. 
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Figure 17. Distance - time diagram: 

(a) c0 = 0.06, (b) c0 = 0.25, (c) c0 = 0.4, (d) c0 = 0.55 

As initial concentration is increasing, we can see that the distance – time diagram 

changes and undergoes four cases as discussed in 3.2.1. 

3.2.2 Changing exponent n 

Next, we consider changing exponent n, but with cm fixed. Settling velocity of 

shocks is calculated using equation (15). We also observe the rising velocity of first 

continuous waves which is calculated using equation (13). Below is velocity – 

concentration diagrams with changing n. 
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Figure 18. Velocity - concentration diagram: (a) n = 4.5, (b) n = 5 

As shown in Figure 18, when n increases from 4.5 to 5, continuous waves 

become more apparent. We can see it from Figure 18 (b) that with increasing in initial 

concentration, bottom front goes from (1) single shock, (2) two shocks with continuous 

waves in between, (3) first continuous waves and a final shock, and (4) single shock. 

3.2.3 Changing maximum volume fraction cm 

Next, we fix n and change maximum volume fraction cm to see how velocity – 

concentration diagram changes. 
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Figure 19. Velocity - concentration diagram: cm = 0.57 

We can see in Figure 19 that if maximum volume fraction is low enough, there 

will be no continuous waves in the whole range of initial concentration. 

 

Figure 20. Velocity - concentration diagram: cm = 0.6 
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Figure 21. Velocity - concentration diagram: cm = 0.64 

 As shown in Figure 21, with increasing initial concentration, continuous waves 

will occur. When cm increases from 0.6 in Figure 19 to 0.64 in Figure 21, continuous 

waves become more obvious. 

4. Comparison with experimental data: Estimation of parameters n, cm 

Next, we compare numerical results with experimental data to estimate the best 

fit parameters n and cm. 

4.1 Changing settling velocity to estimate n 

Settling velocity is expressed by using the discontinuous flux model. We first 

consider finding the best fit of the parameter n. As reported in Brzinski (2018) [4], n is 

suggested to be 4.5 for non-colloidal (non-Brownian) suspensions and 5.5 for colloidal 

suspensions shown in Figure 22. 
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Figure 22. Settling velocity - concentration diagram from Brzinski (2018) 

Experimental data for non-colloidal suspensions related are shown in detail in 

Figure 23. 

 

Figure 23. Settling velocity - concentration diagram from Brzinski (2018) 

We collected all the experimental data referred in Figure 23, the list of which is 

included in references. We also combined them with other two papers including Snabre 

(2009), Chang (1997) to plot velocity – concentration diagram.  

 Data are collected and shown in Table 1.  
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Table 1. Summary of experimental data of non-colloidal suspensions 

Article Pe Re n 

D. Chang et al. 

(1997) [21] 

non-colloidal 

system 
not mentioned 5 

Nicolai et al. 

(1995) [22] 
3.50E+11 1.20E-04 5 

Snabre et al. 

(2009) [23] 
not mentioned 1.60E-03 5 

Brzinski et al 

(2018) [20] 

8.34E+08 5.12E-05 4 

1.41E+10 4.27E-04 5 

5.59E+10 1.20E-03 4 

7.94E+11 8.79E-03 4.5 

Oliver et al. 

(1960) [24] 
8.10E+07 5.40E-02 5 

 

 Results are also plotted and shown in Figure 24. 
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Figure 24. Settling velocity of non-colloidal suspensions - concentration diagram 

 In Figure 24, the dashed line represents when n is equal to 4.5 and the solid line 

is when n equals to 5. We can see that n = 5 gives a better fit for experimental velocity 

data when compared with n = 4.5. Thus, we choose n = 5 instead of 4.5 suggested in 

Brzinski’s paper. 

4.2 Comparing rising velocity to estimate cm 

We first fix n to be 5 then calculate rising velocity and compare them with 

experimental data to find the best fit parameter value for cm. We calculated data from 

three papers which include rising velocity of bottom front.  

First paper comes from Brzinski (2018) [20]. Experiments are conducted in bottles 

shown in Figure 25. 
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Figure 25. Batch sedimentation from an initially well-mixed suspension from Brzinski 

(2018)  

 As shown in Figure 25, the bottle is initially filled with well-mixed suspensions. 

Camera records how suspensions are falling as time advances. According to the paper, 

samples are illuminated from both sides. When light is scattered at close to 90°, the 

suspensions will be brightly illuminated. Thus, bright region in the middle represents 

uniformly distributed suspensions. Top dark region represents supernatant and bottom 

dark region represents settled layer. 

 Experimental data of three different initial concentrations of c0 = 0.1, 0.21 and 

0.31 is shown in Figure 26.  

 

Figure 26. Experimental distance – time diagrams in Brzinski (2018) 

0 min 3 min 6 min 9 min 12 min 

2 cm 

1cm 
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First, we adjust both n and cm to find the best fit parameters for each of three 

concentrations. Results is in Figure 27. 

 

Figure 27. Solid line: Numerical results; dashed line: Experimental data. Accurate 

numerical results: Distance – time diagrams in Brzinski et al. (2018) 

 To minimize the average divergence between numerical results and experimental 

results for all three cases with one set of parameters, we choose n to be 5 and cm to be 

0.5. Figure 28 shows the numerical results compared with experimental results. 

 
Figure 28. Solid line: Numerical results; dashed line: Experimental data. Distance – time 

diagrams where n = 5, cm = 0.5 in Brzinski III et al. (2018) 

 Next, we examine data reported by Snabre et al. (2009) [21]. Figure 29 shows 

distance – time diagram when initial concentration is equal to 0.4. 

  



32 
 

Figure 29. Experimental data. Experimental distance – time diagram where c0 = 0.4 in 

Snabre (2009) 

 Setting n to be 5 and cm to be 0.57, we can get numerical result shown in Figure 

30. 

Figure 30. Numerical Distance – time diagrams where n = 5, cm = 0.57 from Snabre 

(2009) 
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 We can calculate velocities for different initial concentrations numerically and 

compare them with experimental results shown in Figure 31. 

 

Figure 31. Velocity - concentration diagram: n = 5, cm = 0.57 from Snabre (2009) 

In Figure 31, we can see that when n is set to be 5 and cm is set to be 0.57, 

simulated rising velocity and settling velocity can give a good fit for experimental data 

coming from Snabre (2009) (represented as dots). 

 The third experimental case we examine is shown in Figure 31 from Chang 

(1997). Lines in Figure 32 are calculated using the same MOC in this paper. It is 

repeated and results are shown in Figure 33. 
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Figure 32. Lines: velocity - concentration diagram where n = 5, cm = 0.60. Dots: 

experimental results in Chang (1997). 

Figure 33. Lines: Repeated velocity - concentration diagram where n = 5, cm = 0.60. 

Dots: experimental results in Chang (1997). 
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We summarize experimental results and parameters n, cm chosen, respectively. 

Results are shown in Table 2. 

Table 2. Summary of n & cm for non-colloidal suspensions experimental data 

Article Pe Re n cm 
cm calculation 

method: 

Deviation 

/Diameter 

D. Chang 

et al. 

(1997) 

non-

colloidal 

system 

not 

mentioned 
5 0.6 

concentration 

profiles 
11% 

Nicolai et 

al. (1995) 
3.50E+11 1.20E-04 5 0.6 

not 

mentioned 
4% 

Snabre et 

al. (2009) 

not 

mentioned 
1.60E-03 5 0.57 

final 

sediment 

height 

5% 

Brzinski 

et al 

(2018) 

8.34E+08 5.12E-05 4 0.54 
final 

sediment 

height 

17% 

1.41E+10 4.27E-04 5 0.54 
final 

sediment 

height 

18% 

5.59E+10 1.20E-03 4 0.54 
final 

sediment 

height 

17% 

7.94E+11 8.79E-03 4.5 0.54 
final 

sediment 

height 

20% 

Oliver et 

al. (1960) 
8.10E+07 5.40E-02 5 

not 

mentioned 

not 

mentioned 
3% 

 

As summarized in Table 2, results from Brzinski (2018) show a large deviation of 

particle diameter. Maximum volume fraction cm is 0.54, which is relatively small. Results 
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from both Chang (1997) and Nicolai (1995) set cm to be 0.6. However, deviation of 

particle diameter used in Chang (1997) is still large. In Nicolai (1995), the method used 

to examine cm is not described. Lastly, results from Snabre (2009) can serve as the best 

reference for estimating n & cm. When n = 5, cm = 0.57, numerical results can give a 

good fit for experimental results. In summary, cm = 0.57 is the best estimate of 

parameter. 

4.3 Best estimate of parameters 

As discussed in 4.1 and 4.2, we can summarize that the best estimate of 

parameter n is 5. The best estimate of parameter cm is 0.57. 

5. Conclusions 
5.1 Assumptions for 1-D sedimentation 

In this one-dimensional suspension sedimentation study, we have spherical, 

monodispersed particles in Newtonian fluid. The system is non-colloidal with low 

Reynolds number. 

5.2 Best fit model: Discontinuous flux model 

In our study, discontinuous flux model is chosen to describe the problem. Instead 

of the settling velocity asymptotically going to zero, we assume there exist a step 

change to zero flux at maximum volume fraction cm. Particles touch each other and 

suspensions stop flowing above cm. 

5.3 Best fit parameters: n & cm 

By comparing numerical results with experimental data, we find that the best 

values of the estimate parameters are n = 5, cm = 0.57. 
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