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Abstract
In standard design practice, it is often necessary to assemble engineered structures
from individually manufactured parts. Ideally, the assembled system should perform as
if the connections between the components were perfect, that is, as if the system were
a single monolithic piece. However, the fasteners used in those connections, such as
mechanical lap joints, are imperfect and highly nonlinear. In particular, these jointed
connections dissipate energy, often through friction over highly localized microscale regions near connection points, and are known to exhibit history dependent, or hysteretic
behavior. As a result, while mechanical joints are one of the most common elements
in structural dynamics problems, their presence implies that assembled structural systems are difficult to model and analyze. Through rigorous experimental, analytical,
and numerical work over the past century, researchers from several different disciplines
have developed numerous damping models that give rise to the dynamical behavior
attributed to joints. The present work seeks to review, compare, and contrast several linear and nonlinear damping models that are known to be relevant to modeling
assembled structural systems. These models are presented and categorized to place
them in the proper historical and mathematical context as well as presenting numerous examples of their applications. General properties of hysteretic friction damping
models are also studied and compared analytically. Connections are drawn between
the different models so as to not only identify differences between models, but also
highlight commonalities not normally seen to be in association.
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1

Introduction

For most applications, the design complexity of standard engineering structures is limited
by manufacturing techniques. Even in light of the tremendous promise held by additive
manufacturing, there will always be a need for interfaces to join multiple parts to allow for
relative motion/rotation and to aid repair and replacement of worn or damaged subcomponents. Furthermore, it can often be advantageous from a business perspective to parallelize
design projects by allocating the design and manufacture of individual complex parts (e.g.,
transmissions, engines, landing gears) and then integrating those systems together. Thus,
large structures are often built up from individual components and are frequently joined
together with connections that rely on frictional contact. Common examples of such connections include dovetail joints, tape joints, spline shafts, and bolted interfaces.
Structural systems composed of multiple joined components can be contrasted with socalled monolithic systems, representing an idealized system in which the structure is made
of a single uninterrupted component. With proper design of the connections the response of
the jointed structure should be similar to that of the corresponding monolithic system. In
particular the joints are designed so that the load carrying capability and overall performance
of the two systems is nearly identical. However, the presence of the frictional interface in the
jointed structure leads to increased dissipation as compared to the monolithic system. This
dissipation arises from microslip, defined as a localized region of relative motion between
two components that occurs over a partial interval of the frictional connection. This is
in contrast with macroslip, whereby the relative motion between components spans the
the entire interface. Microslip typically occurs near the edges of the joints and is often
associated with wear between the components. Moreover, the presence of the interface leads
to an observed loss of stiffness as the response amplitude increases and the load across the
frictional interfaces increases. The canonical example of microslip is illustrated in Figure 1a,
where an elastic bar rests on a rough rigid foundation with Coulomb friction, subject to
an axial load F [1–3]. As the load is increased from zero, an interval of slip initiates at
the loaded edge and propagates into the bar leading to deformation u of the edge. Beyond
this interval the bar is undeformed and there is no relative displacement between it and
the rigid surface. However, once the slip interval extends through the entirety of the bar,
macroslip occurs and the whole bar begins to move relative to the surface. In Figure 1b the
force–displacement curve is illustrated when the bar is loaded for its undeformed state.
Computational analysis of the response of jointed structures requires resolution of the
length scales associated with microslip to adequately capture the dissipation associated with
5
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Figure 1: Microslip; (a) elastic bar (undeformed length ℓ) exhibits microslip as it is initially
loaded, before transitioning to macroslip at F = Fmax , (b) Force F as a function of end
displacement u.
the interfaces. The length scales of the resulting model must therefore span several orders
of magnitude, leading to significant computational challenges. In contrast, the monolithic
system is easier to model and computationally solve. In the absence of the joints, the
smallest length scales associated with the interface need not be resolved, at the penalty of
the missing physics that are necessary to describe the dissipation and nonlinear behavior
observed in physical systems, which arise precisely from the presence of the joints
Experimental researchers have identified several characteristic properties of certain jointed
connections, such as power-law relationships between energy dissipation and forcing [4, 5],
hysteretic behavior [6, 7], and differences among the linear, microslip, and macroslip regimes
[8–12]. Depending on their excitation within a larger structure, the behaviour of jointed
structures can be characterized as linearly, weakly nonlinearly, or even strongly nonlinearly.
Rather than attempt to resolve the interface in the jointed structure, researchers often
represent the observed effects of the joint within a larger structural model either with the
introduction of simplified models for the interface or by augmenting the monolithic model
to account for the missing physics associated with the interface. Based on empirical observations, as well as other physical and mathematical motivations, researchers have developed
and adopted numerous nonlinear damping models to describe frictional damping in mechanical joints [13–15].
In realizing a computational model of an interface, the modeler deals with two major
stages: (a) representing the forces that arise from the interface within a model for the
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structural response, and (b) determining what those forces are with an appropriate contact
model. Choosing an appropriate interfacial representation is crucial in order to be able
to make meaningful predictions. The main approaches for this are “patched” whole-joint
approaches [16], node-to-node contact [17], and segment-to-segment contact [18]. Once an
appropriate representation is chosen, the normal and tangential behavior of the interface
must be represented through an appropriate contact models. There are numerous normal
contact models in the literature starting as far back as Hertz [19]. However, the scope of the
current review and the accompanying discussion herein focuses on the tangential behaviour
of an interface, and in particular the representation of the energy dissipation that arises in
the joint.
For the tangential behavior, there are several broad categories of contact models that
researchers frequently use to distinguish models with different characteristics. One of the
most common distinctions discussed in the joints community is between phenomenological
models and constitutive models, as discussed by Gaul and Nitsche [20]. In this context,
a phenomenological model is defined pointwise, based on experimental observations and
relating the output tangential force F in the frictional interface with the relative tangential
displacements and velocities, u and u̇, and potentially other state variables z. Note that
¯
such a relationship is by definition coarse-grained. Moreover, these can be written in terms
of algebraic or differential relations. An oft-encountered example would be the original
Coulomb’s model of sliding friction, which defines F in terms of a coefficient of friction µ
and the applied normal force N, so that F = µ N sgn(u̇) (see Section 5.1 for additional
discussion). In this example, there is only one displacement (u) and one internal variable
(N), but in principle there can be any number of each (see for instance Afzal et al. [21]
wherein a coupled-planar generalization of elastic dry friction is presented). For simplicity
however, this work primarily considers single degree-of-freedom systems.
By contrast, constitutive models are local in nature, defining the tangential friction in
the form of a contact stress σ as a function of strain ǫ, as
σ = f (ǫ) .

(1)

In the most general case, σ and ǫ are second-order tensors, and f is some appropriate
functional relation based in some fashion on the underlying interface physics. Although
the majority of the current joints literature pertains to what have been defined here as
phenomenological models, certain simplifications allow one to choose constitutive models
similar or even identical in form to phenomenological models (see, for instance the ones used
in Mayer and Gaul [18]). Hence, phenomenological models will be the primary focus of this
7

work. Nevertheless, several important and related constitutive models are also discussed.
Both classifications can be either linear or nonlinear, and while the majority of the focus in
current research is on nonlinear models, several canonical linear damping models are also of
interest and are discussed in the present work.
Experimental observations have shown that mechanical joints typically exhibit hysteretic
behavior. In the present work, hysteresis is taken to mean that the restoring force, and
hence the resulting dissipation, is history dependent. Many different mathematical models
of hysteresis are available in the current literature and hysteretic restoring forces frequently
exhibit both nonlinear stiffness and nonlinear damping properties, are often non-smooth,
and sometimes even discontinuous [12, 22–24].
An important class of hysteretic models was identified from the theoretical and experimental work of Georg Masing [25] to describe plasticity. The Masing hypothesis [26–28]
assumes that the restoring force can be constructed in a piecewise manner by algebraically
scaling an appropriate unidirectional force–displacement curve, known as the backbone curve.
From a graphical perspective, the hysteresis curve for a system undergoing steady-state periodic displacements, an interface model that obeys the Masing hypothesis will lead to periodic
frictional forces. The mathematical framework of the Masing hypothesis is that a model with
a backbone curve of the form
F = g(u),

(2)

adjusts upon reversal to become
F − F⋆
=g
2



u − u⋆
2



,

(3)

where (F ⋆ , u⋆ ) are the values of the force and displacement upon reversal. Using the Masing hypothesis, the force is computed algebraically using the above transformations and the
values of F ⋆ and u⋆ are each updated upon reversal. Figure 2 gives an illustration of the
resulting hysteresis curve for such a model under periodic excitation, which is independent
from the rate at which the excitation occurs. Moreover, the area enclosed by the resulting force–displacement curve observed in the figure represents the energy dissipated over
one cycle of motion. While frequently discussed in the joints community, not every nonlinear hysteretic damping model obeys the Masing hypothesis, which provides an important
classification among hysteresis models.
Beyond the Masing hypothesis, joint models can be either rate-independent or ratedependent, which provides another important delineation, particularly when discussing phenomenological models. A rate-independent phenomenological model is any model that can
8
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Figure 2: Hysteresis Curve for a generic model following the Masing hypothesis. The
backbone curve g(u) is shown dashed and initiates from the origin, while reversals are
marked and occur at (F ⋆ , u⋆) and (−F ⋆ , −u⋆ ).
be written in a form that is not explicitly a function of the tangential velocity magnitude,
whereas rate-dependent hysteretic models, also referred to as “fading” models [29], do not
have this restriction. The difference between rate-dependent and rate-independent phenomena is central to the derivation of many of the most pertinent nonlinear damping models
utilized in the community.
The present work seeks to review, compare, and contrast several linear and nonlinear
damping models that are known to be relevant to modeling assembled structural systems
and are of interest to the mechanical joints community. These models are presented and
categorized, giving them proper historical and mathematical context as well as presenting
numerous examples of their applications. General properties of hysteretic friction damping
models are also studied and compared analytically to uncover differences between models.
In addition, connections are drawn between the different models so as to highlight commonalities between models not normally seen to be in association.
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Figure 3: Experimental Transfer Function (TF) amplitude of the Brake-Reuß Beam (BRB)
Benchmark from force-controlled stepped-sine testing. Different colors denote different
forcing amplitudes. Data courtesy of experiments done as part of the studies for Dossogne
et al. [33].

2

Experimental Trends in the Dynamics of Jointed
Structures

The current section is a brief description of trends typically encountered in the dynamics of
jointed structures. Rather than being an exhaustive exposition of experimental trends, this
is merely intended to serve as a motivation for the rest of the paper.
Figure 3 depicts the response of a three-bolted lap-joint structure (referred to as the
Brake-Reuß Beam [30] (BRB)) operating under a force-controlled stepped sine excitation
leading to a transverse bending-like deflection response (see inset in figure). The figure plots
the amplitude of the ratio between the steady state response acceleration and forcing for
different input excitation levels. Two aspects are readily apparent from the figure: (i) there
is a strong amplitude dependence for the dissipation in the system (evidenced by the initial
drop and eventual increase of the Transfer Function peaks); and (ii) the peaks gradually tend
toward lower frequencies as the amplitude increases. The first is referred to as the non-linear
dissipative characteristics and the second, the non-linear softening behavior of the jointed
system. Such a frequency response is characteristic of systems with frictional contact and
can be seen in several experimental studies of jointed systems [31, 32].
In order to model such a joint using non-linear friction models (such as the ones the
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current paper deals with), it is necessary to obtain a sense of the internal joint forces exerted
by the joint and its relationship to the kinematics of the joint, often obtained through measured hysteresis curves. Several authors have considered the longitudinal Gaul resonator,
whereby two masses, assumed to be rigid, are connected by a simple lap joint [34, 35]. Experimental hysteresis curves are shown in Figure 4, plotting the transmitted force between
the two masses, F against the relative displacements in the tangential direction from cyclical operation. As illustrated in Figure 4a, the secant slope of the hystereses loop, ksecant ,
is a commonly encountered measure of the stiffness inherent to the joint (translates to the
resonant frequency on the frequency response). Also, the area within each “loop” is the
total integral of the force over the displacement profile per cycle, providing an experimental estimate of the total dissipation across the joint. In the data shown in Figure 4b the
bolt clamping force is held constant at N = 1.5 kN and the excitation amplitude is varied. Note that the maximum force across the joint remains approximately constant, as the
total dissipation per cycle increases with increasing excitation amplitude. Furthermore, as
the excitation amplitude increases the secant slope decreases, thereby indicating a lowered
stiffness provided by the joint. In contrast, as shown in Figure 4c for constant excitation
amplitude Fex = 50 N, as the bolt clamping force N is varied the maximum force transmitted
across the joint increases with increasing N as does the secant slope indicating an increase in
the joint stiffness. However, the total dissipation per cycle remains approximately constant.
Although these are observations made on an isolated joint, these are regarded as standard
trends exhibited by structures with frictional dissipative components [36, 37]; they are representative of the observations made for assembled structures undergoing more complicated
loading paths (such as the BRB in Figure 3).
The softening phenomenon is often interpreted as the loss of integrity of the joint, i.e.,
at the amplitude limit when the joint transmits zero stiffness, its integrity is said to be
compromised. Practical applications often involve secondary sources of stiffness that are
activated as the integrity of the primary joint is lost. In such applications, there would be a
threshold amplitude beyond which the non-linear phenomena across the joint becomes very
small (in an order of magnitude sense) and the joint behaves as if only the secondary source
was present. In bolted joints, bolt-pinning usually serves as this secondary source—when
amplitudes are large enough to make the bolt act as a pin across the two components, this
will contribute more significantly towards the system level response than the nonlinearities
due to contact.
Figure 5 schematically illustrates the frequency response of a system whose secondary
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Figure 4: Measured hysteresis curves, transmitted joint force F versus joint relative
displacement u; (data provided courtesy of K. Willner, also see [36, 37] for similar results).
Fex denotes the excitation amplitude across the joint while N is the bolt clamping force.
For reference the case with Fex = 50 N and N = 1.5 kN is shown in each plot.
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Figure 5: Illustration of frequency response of system with “fully stuck” and “fully
slipped” limits.
source is a nominally linear spring. In this case, the stiffer and the softer regimes are
referred to as the “fully stuck” and the “fully slipped” regimes respectively. For bolted joint
applications however, practical interest is restricted to amplitude regimes much below those
needed to significantly activate the secondary source (bolt-pinning). Therefore frequency
responses such as the one in Figure 3 are the most commonly encountered for these. However
in a practical setting, there are additional sources of nonlinearity to consider, such as local
kinematics and clapping behavior [38], damage due to wear [39], etc. These phenomena,
however, are outside of the scope of the present review.
Although there are other behaviors and trends that can be observed in experimental
systems, such as the power-law trend between dissipation and amplitude for bolted joints
[4], the current section concludes with the remark that accurately modeling the non-linear
dissipation and non-linear softening behavior observed in a jointed structure is the objective
of any hysteretic damping model of an interface. For more experimental research on jointed
systems, the interested reader is directed to [4, 30, 40–44] and related literature.
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3

Linear Damping Models

Arguably the simplest of all possible dissipation models developed for engineering applications are linear, and while it is generally accepted in the literature that joints introduce
nonlinear damping into a structures, at low displacement amplitudes jointed structures frequently exhibit nominally linear behavior. When discussing phenomenological and constitutive linear models it is often convenient to include elastic effects as well.

3.1

Linear Phenomenological Model

Linear viscous damping is one of the oldest and perhaps most popular methods of modeling
dissipation [45]. The force F of a linear viscoelastic phenomenological model is simply stated
as
F = c u̇ + k u,

(4)

where c and k are linear damping and stiffness coefficients, respectively. In Single-Degree-ofFreedom (SDOF) systems, this type of damping model is commonly used in classical solutions
of transient and harmonic motion. These solutions give rise to standard ideas in vibrations
such as linear damping ratios, damped natural frequencies, etc., and are discussed in a variety
of undergraduate vibrations texts such as Rao [46] or Kelly [47]. In this model the elastic and
dissipative effects are separated; the c u̇ term is the only source of dissipation in the model
and k u is non-dissipative. For harmonic operation (say u(t) = u0 cos(ωt)), the c u̇ forcing
is orthogonal with the displacement (c u̇(t) = −c u0 ω sin(ωt)). Geometrically, this forms an
elliptical hysteresis loop with axes u0 and c u0 ω in the force-displacement coordinate space
with area π c u20 ω representing the associated cyclic dissipation. The elastic term merely
rotates this ellipse on the hysteretic force–displacement plane.
In the context of SDOF linear second order dynamical systems, it is common practice to
represent the viscous coefficient c in terms of the damping ratio ζ and natural frequency ωn ,
so that c = (2 ζ ωn ) m, where m is the mass of the system. If the total dissipation per cycle
can be measured as D, this allows for a direct relationship between cyclic dissipation and
ζeff , an “effective viscous damping ratio” that is useful in system identification, given as
ζeff =

D
,
2 π u20 ω ωn

(5)

where u0 is the amplitude of the cyclic displacement and ω is the frequency of oscillation.
Although the viscous dissipation model in itself is not suitable for representing frictional
14

phenomena, Eq. (5) is often used to make comparisons between the effective damping of
different models. Additional investigations in this direction are provided in Section 6.1. In
multi-degree of freedom systems, application of this model leads to the well-studied areas
in structural dynamics of proportional and non-proportional damping, complex modes, and
linear mode-coupling; however these topics are extensive and are outside the scope of the
present work [48, 49].
The plot in Figure 6 shows the effect of linear viscous damping strength on the resonant
peak of a SDOF oscillator with unit mass and stiffness. For undamped systems (c = 0), the
FRF peak at the resonance is unbounded, and considered the limiting case for structural
analysis. For realistic damping levels of mechanical structures (i.e. below critical damping),
increasing the damping coefficient causes the resonant peak to decrease in amplitude. Thus
the introduction of damping is beneficial to engineering designs as this reduces the response
level of the structure at resonance, typically the most damaging condition, and serves as a
passive mechanism to control vibration levels. The features in Figure 6 are in contrast to
those in the experimentally measured forced response curves of structures with nonlinear
joints in Figure 3. The linear viscous damping model produces a constant FRF for all force
amplitudes, whereas nonlinear forced response of jointed structures produces different curves
depending on force level. While adjusting the linear viscous damping can increase or decrease
the resonant peak, the presence of linear damping cannot shift the peak to lower frequencies
as the excitation increases, as observed in jointed systems. At best, a linear viscous damping
model can capture the linearized state of a jointed structure at a prescribed level of response,
but its usefulness is be limited for predictive modeling of engineering applications.
While not sufficient for the complete study of damping in mechanical joints, linear phenomenological models are important for several reasons. At small amplitudes, the behavior
of joints is often nominally linear, and it is assumed that the principles of linear modal analysis can be applied, i.e., that the modes can be isolated and are independent. Thus, linear
experimental and analytical techniques are typically used to characterize jointed structures
in these regimes to identify linear mode shapes, natural frequencies, and linear damping
properties (see Eq. (5)). In the nonlinear regimes, these linear properties are an important reference for understanding nonlinear effects introduced by the joints [30, 50] and often
serve as useful starting points for system identification, as in the above identification of the
effective damping ratio [51–60].
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Figure 6: Effect of linear viscous damping on SDOF resonant peak in FRF (ωn = 1.00).

3.2

Viscoelastic Constitutive Models

In addition to the phenomenological interpretation of linear damping models, there also exists a class of viscous constitutive models in the continuum mechanics literature. In those
models, combinations of viscous and elastic elements are used to represent realistic viscoelastic properties of continua, and their behavior is governed by systems of differential equations
(see Zbiciak and Kozyra [61], Petrone et al. [62], Komperod [63]). Frequently, these models
are described in one-dimensional terms for simplicity. For example the Kelvin-Voigt model,
is a simple parallel arrangement of a spring and damper, as shown in Figure 7a. A series
arrangement of these elements is referred to as a generalized Kelvin-Voigt model, Figure 7b.
Complementary series arrangements of springs and dampers are often referred to as Maxwell
models, as illustrated in Figure 7c [64, 65]. Both the Kelvin-Voigt and Maxwell element models are incapable of modeling both creep and relaxation, and hence the standard linear model,
or Zener model [66, 67], was developed to simultaneously model both, as shown in Figure 7d.
Maxwell and Standard models are typically used in the context of relaxation modeling and
are thus outside the scope of this work. While viscoelastic constitutive models are not frequently used in joint mechanics, the concept of using parallel and/or series arrangements of
elastic and dissipative elements of various kinds is a frequently encountered theme in the
literature reviewed in this work.
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Figure 7: Linear Viscoelastic constitutive models.

3.3

Integral Damping Models

Another form of linear viscous damping can also be formulated by describing the damping
force as a function of the cumulative history of the system, i.e. memory effects. Woodhouse
[68] points out that the most general linear viscous damping model is defined as,
Z t
F =
G(t − τ ) u̇(τ ) dτ.

(6)

0

Including this form into the equation of motion for a SDOF linear oscillator results in an
integro-differential equation, and the convolution integral of Eq. (6) captures the history
dependence of the general damping model. For physically realizable damping, the candidate
kernel function, G(t − τ ), must produce a negative rate of energy dissipation to remove

energy from the system as it oscillates. Damping can come from a variety of sources, including material damping, frictional damping at joints, and acoustic/fluid damping. Since the
mechanisms of damping are not well understood, a variety of mathematical forms have been
proposed for various cases.
A special case of Eq. (6) can be derived using the kernel
G(t − τ ) = c δ(t − τ ),

(7)

where δ(·) is the Dirac delta function. Evaluating Eq. (6) using Eq. (7) yields the usual
viscous damping damping model,
F = c u̇.
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(8)

More complicated kernel functions can be chosen to yield desired behaviors. For example,
the kernel function of the Standard model shown in Figure 7d is given as
−

G(t − τ ) = E1 + E2 e

(t−τ )
τR

(9)

where τR is the relaxation time. Substituting this form into Eq. (6) produces an elastic force
along with a history dependent convolution term that dissipates energy.
While viscoelastic constitutive models are not frequently used in joint mechanics to model
friction, several articles have been published to capture material dissipation at junctures
between structures. For example, de Lima et al. [69] proposed a modeling approach to
capture energy dissipation at mount locations due to viscoelastic material damping from
the connection. Likewise, Hammami et al. [56] propose a viscoelastic damping treatment
within a mechanical joint to optimize and design the structural damping by utilizing a
material damping mechanism over the typical frictional damping. Viscoelastic constitutive
models within mechanical joint models can lead to phenomena such as frequency [70] and
temperature [71, 72] dependent stiffness/damping.
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4

Rate-Independent Models

Rate-independent models, those that can be written in a form that is independent of the
magnitude of the velocity, are the foundation for the understanding of mathematical models of hysteresis. This is primarily due to the fact the dissipation (or expended work) is
the cyclic integral of the inner product between force and displacement, but these models
also offer conveniences in interpreting existing experimental methods for studying frictional
systems (see Section 7 for a discussion). This group encompasses many of the most popular models relevant to the joints community, and many common rate-dependent models are
constructed directly from rate-independent counterparts, as discussed in Section 5. Duhem
models encompass a broad mathematical class of hysteretic representations and provide a
useful starting point for the discussion of rate-independent models.

4.1

Duhem Models

In 1897, P. Duhem proposed a general model for the evolution of rate-independent hysteretic
internal variables of the form [29, 73]
ż = g1 (u, z) (u̇)+ − g2 (u, z) (u̇)− ,

(10)

where
(u̇)+ ≡

|u̇| + u̇
,
2

(u̇)− ≡

|u̇| − u̇
,
2

(11)

which are equivalent to



g (u, z) , if u̇ > 0,

 1
ż = g2 (u, z) , if u̇ < 0,



0
if u̇ = 0.

(12)

This general form is notably used in electrical engineering to describe electromagnetic phenomena, as electromagnetic constitutive models often incorporate hysteresis (see [74–76] for
elementary discussions of the Duhem model or [77–80] for deeper theoretical results).
One interesting characteristic of this form of the Duhem model is that g1 (u, z) and
g2 (u, z) need not be identical, i.e. this frictional model could be designed to behave differently
in different directions; however, this asymmetric form is not usually employed in the joints
literature. The Duhem models can be recast as a single differential equation by introducing
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g (u, z, sgn (u̇)) such that
g (u, z, 1) ≡ g1 (u, z) ,

(13a)

g (u, z, −1) ≡ g2 (u, z) ,

(13b)

ż = g (u, z, sgn (u̇)) u̇.

(14)

and Eq. (10) can be expressed as

Rate-independence of the Duhem model can be mathematically expressed through the chain
rule of elementary calculus. Given an algebraic relationship, z = z(u), differentiation by
time gives
dz
=
dt



dz
du



du
.
dt

(15)

From Eq. (15) it can be concluded that for this class of Duhem models
dz
= g (u, z, sgn (u̇)) .
du

(16)

A rate-independent form can also be constructed for the form of the Duhem model given in
Eq. (10) as
dz = g1 (u, z) (du)+ − g2 (u, z) (du)− .

(17)

This rate-independent form of the Duhem model is pertinent in the solution of special cases
of certain models, such as the Bouc–Wen model discussed below.

4.2

Bouc Model

Bouc [81] investigated the mathematical theory of hysteresis in the late 1960s and early
1970s, which led to the study of the class of functional operators
F = [B (u)] (t) ≡ ku(t) + z(t),

(18)

where
z≡

Zt

G (v (t, s)) φ(u(s)) u̇(s) ds,

0
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(19)

is the hysteretic portion of the response, and
v (t, s) ≡

Zt

|u̇ (τ )| dτ ,

(20)

s

is the total variation of the input u(t) over the domain interval [s, t]. If G(v) is chosen as
G(v) = A e−αv ,

(21)

the integral equation given by Eq. (19) can be converted to a differential form
ż = (A − α sgn (u̇) z) u̇,

(22)

dz
= A − α sgn (u̇) z.
du

(23)

or into its rate-independent form,

Eq. (23) can be written in terms of the sign of u̇ as
dz
= A + ηz,
du

(24)

where

−α, if u̇ > 0,
η≡
α,
if u̇ < 0.

(25)

The governing equation for z is piecewise linear depending on the direction of the velocity
u̇, that is, each of these cases is a linear ODE for z. The solution to this ODE is separable,
Z
Z
dz
= du,
(26)
A+ηz
and for α 6= 0 this form leads to the solution

− 1 (c+ e−αu − A) , if u̇ > 0,
α
z(u) =
 1 (c− eαu − A) ,
if u̇ < 0.
α

(27)

The constant terms c+ and c− must be calculated piecewise as the solution evolves to en-

sure continuity and they are the mathematical source of the hysteresis in this model. See
references such as the book by Leine and Nijmeijer [82] for the conditions for the existence
and uniqueness of solutions for such systems. They are treated using differential inclusions
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Figure 8: Hysteresis Curve for a Bouc Model (A = 1, α = 0.75); u̇ > 0:

, u̇ < 0:

.

or set valued generalizations for the u̇ = 0 case. Figure 8 shows the response over one and a
quarter periods for the case where A = 1 with an input given by
u(t) = sin (t) ,

(28)

and homogeneous initial conditions. When the system is displaced from a zero state, so that
z(0) = 0, the corresponding unidirectional response is known as the backbone curve. For
u̇ > 0 the backbone curve of the Bouc model reduces to
Fb (u) = k u +


A
1 − e−α u ,
α

(29)

so that the hysteretic component decays exponentially with increasing displacement.

4.3

Bouc–Wen Model

In the context of mechanics and structural dynamics, the Bouc–Wen model is a class of semiphysical phenomenological models that captures both the linear-elastic and elasto-plastic
restoring forces in systems that exhibit hysteretic phenomena. Similar to the Bouc model,
the Bouc–Wen model linearly superimposes the elastic and inelastic contributions of the
restoring force via
F (u, z) = kf u + f (z),
22

(30)

where kf is the post-yield linear stiffness. The hysteretic force f (z) is usually written in
terms of the pre-yield stiffness kj by
f (z) = (kj − kf ) z.

(31)

In the context of friction mechanics, “yield” can be interpreted as “slip”. Frequently, Eq. (30)
is written in terms of the ratio a ≡ kf /kj , the post-yield stiffness to the pre-yield stiffnesses,

so that

F (u, z) = akj u + (1 − a) kj z.

(32)

In the original Bouc model the backbone curve is constrained to be an exponential function.
The Bouc–Wen model extends the form given by the Bouc model, introducing polynomial
dependence on z and a second parameter β to the coefficient of this term [83]. The resulting
model was originally posed as
ż = −α |u̇| z n − β u̇ |z n | + Au̇,

for odd n,

ż = −α |u̇| z n−1 |z| − β u̇z n + Au̇,

for even n,

(33a)
(33b)

or combined with the common notation using the signum function [84]
ż = {A − [α sgn(z u̇) − β] |z|n } u̇.

(34)

Equations (32) and (34), along with appropriate initial conditions, form a complete set of
governing equations to describe the evolution of a Bouc–Wen model restoring force [85, 86].
Figure 9 gives an example of the response of a Bouc–Wen Model due to a sinusoidal input
over several periods of oscillation.
Similar to the analysis of the Bouc Model shown previously, the rate-independent form
of the Bouc–Wen model is given by
dz
= A − [α sgn(z u̇) − β] |z|n .
du

(35)

For the special case of β = 0 and n = 1, Eq. (35) reduces to Eq. (23), the rate-independent
form of the Bouc model. Thus, in terms of categorization, the Bouc Model is a special case
of the Bouc–Wen Model, which is a special case of the Duhem model. From the figures
presented it is also clear that the Bouc–Wen and its special case of the Bouc model do not
necessarily lead to closed hysteretic force–displacement curves for periodic displacements,
and therefore do not generally satisfy the Masing hypothesis.
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Figure 9: Hysteresis Curve for a Generic Bouc–Wen Model (n = 2, A = 1, α = 0.75,
β = −0.25).
The Bouc–Wen model is among one of the most popular hysteresis models studied and
utilized due to its straight-forward mathematical structure. Ismail et al. [85] provides an
extensive survey of this specific model, and there are numerous applications for the Bouc–
Wen model in a wide variety of fields [87–97]. However, the Bouc–Wen model has not been
widely adopted within the joint mechanics community due to the non-physical aspect of
the model parameters, which makes model calibration more difficult [98, 99]. Moreover,
the Bouc–Wen model often suffers from displacement drift and the non-closure of minor
loops, thus violating common assumptions regarding plasticity [100] and several studies have
proposed remedies to these deficiencies [101–103].
Researchers have shown from thermodynamic analysis that only α ≥ 0 and β ∈ [−α, α]

are valid parameter choices [85, 104]. Additionally, n need not be restricted to integer values,

the form given in Eq. (35) allows for any value of the exponent. In practice, a non-integer n
is favorable for model tuning; the advantage of the Bouc–Wen model over the Bouc Model is
that the addition of the exponent n and the term proportional to β provide more parameters
to adjust the shape of the hysteresis curve. Generally, for any model discussed in this paper,
having more parameters aids the model calibration process; this, however, has the risk of
over-fitting the available data resulting in widely spaced non-unique parameter values.
Unfortunately solving the Bouc–Wen model in closed form is not always possible, in
contrast to the Bouc Model, as given in Eq. (27). To find the solutions that do exist,
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Eq. (35) can be reformulated as

η 
dz
zn ,
=A 1+
du
A
where η depends on the signs of u̇ and z as well as the value of n. For odd n



− (α − β) , if (u̇ > 0) ∧ (z > 0),




(α + β) ,
if (u̇ < 0) ∧ (z > 0),
η≡


(α − β) ,
if (u̇ < 0) ∧ (z < 0),




− (α + β) , if (u̇ > 0) ∧ (z < 0),

and for even n, η reduces to only two cases

− (α − β) , if z u̇ > 0,
η≡
(α + β) ,
if z u̇ < 0.

(36)

(37)

(38)

For non-integer n, no such simplification can be made. While the Bouc–Wen model is always

nonlinear, using the above reformulation Eq. (36) can be recast as a separable first-order
ordinary differential equation for a particular path line with integral form
Z
Z
dz

= Adu.
1 + Aη z n

(39)

The difficulty in solving for z(u) explicitly is that the integral with respect to z only has
rudimentary closed-form solutions for n = 1 and n = 2. More generally, the solution to this
problem is the family of Gauss hypergeometric functions [84]. For both the even and odd
integer n cases however, when α = ±β the solution simplifies considerably. Along those path
lines, the solution will always be

z = Au + c.

(40)

The rudimentary closed-form solutions along pathlines for n = 1 and n = 2 are discussed
below.
4.3.1

Special Case: n = 1, α 6= ±β

This special case provides linear differential equations along path lines and represents the
simplest case for odd n. The integral form for this case is quite similar to that of the Bouc
Model, and is given by
Z

dz
1+

η
A



z
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=

Z

Adu,

(41)
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Figure 10: Hysteresis Curve for a Bouc–Wen Model (n = 1, A = 1, α = 0.75, β = −0.25);

(u̇ > 0) ∧ (z > 0):

, (u̇ < 0) ∧ (z > 0):

, (u̇ < 0) ∧ (z < 0):

.

, (u̇ > 0) ∧ (z < 0):

with η defined in Eq. (37). The solution for α 6= ±β is simply
z=

A
(ceηu − 1) .
η

Equation (42) can be expanded based on the signs of


A


− (α−β)
c(++) e−(α−β) u − 1 ,





 A
c(−+) e(α+β) u − 1 ,
(α+β)
z=

A

(−−) (α−β) u

c
e
−
1
,

(α−β)




− A
c(+−) e−(α+β) u − 1 ,
(α+β)

(42)

z and u̇
if (u̇ > 0) ∧ (z > 0),
if (u̇ < 0) ∧ (z > 0),

(43)

if (u̇ < 0) ∧ (z < 0),
if (u̇ > 0) ∧ (z < 0).

As with the Bouc Model, the constants, c(±±) , represent the memory of the hysteretic system
and must be solved for as the piecewise solution evolves and the signs of z and u̇ change.
Also, like the Bouc model, the hysteresis curves for this special case are exponentials, and
this model does not generally satisfy the Masing hypothesis. A representative hysteresis
curve is shown in Figure 10 as the displacement varies with unit amplitude.
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Figure 11: Hysteresis Curve for a Bouc–Wen Model (n = 2, A = 1, α = 0.75, β = −0.25);
u̇ · z > 0:

4.3.2

, u̇ · z < 0:

.

Special Case: n = 2, α 6= ±β

This special case is the simplest example of a nonlinear Bouc–Wen Model as well as the
simplest of the even n models. To facilitate the solution procedure, the integral form is
written in a slightly different way,
Z

dz

1 + sgn(η)

 
|η|
A

=
z2

Z

A du,

(44)

which illustrates how the sign of η affects the solution. For η > 0, the solution to the integral
in z will be an inverse tangent function while η < 0 yields the inverse hyperbolic tangent.
The resulting explicit solution for z is then
q


1
A

2 u + c(+)
tanh
(A
(α
−
β))
, if z u̇ > 0,
α−β


z= q
1
A

if z u̇ < 0,
tan (A (α + β)) 2 u + c(−) ,
α+β

(45)

and the arbitrary integration constants c(±) are chosen to ensure a continuous hysteretic
curve. Figure 11 gives an example of such a model.
Unlike the case with n = 1, as well as the Bouc model, the hysteresis curves are not
exponentials. In contrast, the Bouc–Wen model allows for different classes of functions
to represent the hysteresis curve; however, closed-form solutions for other values of n are
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difficult to express because of the integration in z. Moreover, the parameter A is functionally
redundant and often set to unity [84, 105].

4.4

Higher-Dimensional Bouc–Wen Variants

The preceding Bouc and Bouc–Wen models were one-dimensional, meaning that they could
be used to relate bodies with uni-directional displacement fields; however, in order to study
bodies with higher dimensional displacement fields, i.e. three-dimensional dynamics with
contact, further extensions of the Bouc–Wen model have been studied.
4.4.1

Two-Dimensional Bouc–Wen Models

Park et al. [106] present a rotationally-invariant two-dimensional extension of the Bouc–
Wen model, but it stipulates that the exponent parameter be restricted to n = 2. In this
higher-dimensional setting, they generalize the hysteretic
" #
" #
Fx
ux
=K
+ (1 − α) K
Fy
uy

forces as a vector
" #
zx
,
zy

(46)

where K is the linear post-yield stiffness matrix, (Fx , Fy ) are the hysteretic forces in the xand y-directions respectively, (ux , uy ) are the actual displacements in the x- and y-directions
respectively and (zx , zy ) are the hysteretic displacements in the x- and y-directions respectively. The evolution of the hysteretic displacements now require two differential equations
żx = Au̇x − β |u̇x zx | − γ u̇x zx2 − β |u̇y zy | zx − γ u̇y zx zy ,
ży = Au̇y − β |u̇y zy | − γ u̇y zy2 − β |u̇x zx | zy − γ u̇y zx zy .

(47a)
(47b)

While an important step, the restriction of the exponent to n = 2 presents constrains the
ability to tune the model. To alleviate this problem, Wang and Wen [107] developed an
extended differential model for n 6= 2 that preserves the same restoring force structure as

shown in Eq. (46). However, this model is not rotationally invariant and is thus most likely

inapplicable in many situations, in particular for isotropic contact surfaces. To address this,
P. Scott Harvey and Gavin [108] developed a rotationally invariant model for n 6= 2 given
by

 n−2
żx = A u̇x − zx (β |u̇x zx | + γ u̇x zx + β |u̇y zy | + γ u̇y zy ) zx2 + zy2 2 ,
 n−2
ży = A u̇y − zy (β |u̇x zx | + γ u̇x zx + β |u̇y zy | + γ u̇y zy ) zx2 + zy2 2 .
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(48a)
(48b)

4.4.2

Extensions of the Bouc–Wen Modeling Framework

There have been numerous extensions of the Bouc–Wen model (see, for instance Ismail et al.
[85]). These include models of deterioration of hystereses [109], asymmetric behaviors [110],
nonlinear amplitude dependence using fractional derivatives, and Iwan elements [111], among
others. More recently, there has been promising studies emerging from initial investigations
[105, 112] to develop constitutive models that are completely based on physical observations. For instance, following an experimental study on the influence of wear on hysteretic
performance Fantetti et al. [39], it has been shown that a modification of the Bouc–Wen
formulation may be used to successfully represent the observed variations.
The above extensions, have all been applied on a phenomenological level (relating forces
to displacements). However, there have been some studies where the framework has been
extended to nonlinear constitutive models, i.e., hysteretic relationships between stresses and
strains. In the context of interfacial friction within a jointed assembly, higher dimensional
constitutive models, which relate planar strains to surface tractions, become necessary to
represent the dynamics of an interface accurately1 . From the family of Bouc–Wen models,
P. Scott Harvey and Gavin [108] also proposes a solution based on modeling approaches used
in plasticity. Even earlier than these generalizations, Cherng and Wen [118] extended the
Bouc–Wen model to Truss elements, thereby incorporating hysteretic effects into a continuum
framework, and Triantafyllou and Koumousis [119] developed a plane stress finite element
with Bouc–Wen model-like properties. In the work of Cherng and Wen [118], the hysteretic
constitutive relations appears similar in general form to that of the phenomenological one
for the uni-directional case
σ = a Eǫ + (1 − a) E z,

ż = A ǫ̇ − γ |ǫ̇| |z|n−1 z − β ǫ̇ |z|n .

(49)

Here, E is the linear modulus, ǫ is the axial strain, σ is the axial stress, and the other
parameters retain similar definitions as before. The extension of this work into the higher
dimensions required for planar and three-dimensional continua is much more complex, but
builds off of this simple axial relationship.
1

Throughout the joint mechanics community, there are many parallels between plasticity and frictional
dissipation (see, for instance Nowell et al. [113], Iwan [114]). In part, this is due to plasticity being an
aspect of frictional dissipation [115, 116], and also due to the fact that hysteretic dissipation happens to be
arguably the most intuitive model for dissipation. There is still a general lack of understanding of precisely
how energy is dissipated in a more general context [117].
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Figure 12: Prandtl–Ishlinskiı̆ elements.

4.5

Prandtl–Ishlinskiı̆ Model

One of the primary drawbacks of the Bouc–Wen model and its many variants is their lack
of physical motivation. Even though the underlying mathematical derivation relates back
to the idea of memory-dependent stiffness and damping, the relationship of the system parameters to physical quantities is non-trivial. In contrast to such non-physical, differential
models, hysteretic descriptions of friction, including classical Preisach and Prandtl–Ishlinskiı̆
models [29, 120, 121], can also be constructed from combinations of individual, discrete
elasto-plastic elements as illustrated in Figure 12. These are analogous to Kelvin-Voigt and
Maxwell models, which are constructed out of individual visco-elastic elements. These individual elasto-plastic elements can capture both the linear and nonlinear aspects of hysteretic
friction, and collections of these elements in combinations of series and parallel arrangements
are able to capture physically realistic responses of systems [14, 122].
In generalized Prandtl–Ishlinskiı̆ models, there are two fundamental discrete elasto-plastic
components: Prager and Prandtl elements, as illustrated in Figure 12. A Prager element,
also referred to as a play or backslash operator [123, 124], is a parallel arrangement of a
slider and a linear elastic element, as shown in Figure 12a. Since the displacement across
the two parallel elements must be equal, for a displacement input u the resulting force of
the element, F , is

k u + φ, if u̇ > 0,
F = k u + sgn (u̇) φ =
k u − φ, if u̇ < 0,

(50)

where φ is the magnitude of the force in the slider element under slip conditions. In contrast,
a Prandtl element is a series arrangement of a slider and a linear elastic element, as shown
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Figure 13: Fundamental Elements for Prandtl–Ishlinskiı̆ Models (k = 0.50, φ = 0.50).
in Figure 12b [11, 29]. The resulting force for a given Prandtl element F is given by,
F = k (u − z) ,

(51)

where z is the displacement of the slider element, and is an internal, hysteretic variable. The
evolution of z is given by

u̇, if (k |u − z| = φ) ∧ (u̇ (u − z) > 0),
ż =
0, else,

(52)

where k and φ are the corresponding elastic stiffness and slip-force of the element. Prandtl
elements are also known by several other names including Jenkins elements [125, 126] or
stops [123]. Hysteresis curves for each of these elements are illustrated in Figure 13 as the
displacement varies with unit amplitude.
Combining these discrete elements in parallel and series gives generalized Prandtl–Ishlinskiı̆
models. However, often in the context of electrical engineering, the Prandtl–Ishlinskiı̆ model
is considered only as an arrangement of Prager elements [29, 127]. In the realm of dynamics and vibrations though, Prandtl elements are also common. Prandtl–Ishlinskiı̆ models of
various kinds are frequently used in the piezo-electric actuator community [128–136]. One
of the first uses of this concept was Georg Masing’s work in developing what has now come
to be known as the Masing model [137].
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4.6

Masing Model

In 1923, G. Masing studied material plasticity using a parallel arrangement of elasto-plastic
elements (Prandtl or Jenkins elements) as shown in Figure 14, and discussed in [25–27, 138].
In a Masing model, the elastic stiffness and slip-force of the ith element are given by ki and
φi . Because the individual Jenkins elements are arranged in parallel, the total friction force
from the model is then the summation of the forces from each individual element, as
F =

N
X

Fi .

(53)

i=1

In other contexts, particularly electrical engineering, the Masing model is sometimes referred
to as the Maxwell Slip Model [139]. From Masing’s theoretical and experimental work in
developing this model, he formulated what is now known as the Masing hypothesis to describe
the resulting behavior of this model. These may be summarized as the following conditions
on the shape of the steady state hysteresis curve [30]:
• The forward part of the hysteresis curve is identical to the reverse part of the hysteresis

curve, only stretched by a factor of two and reflected across the axes when oscillating
between two extremes.

• The equation of any hysteretic response curve is determined from the last point of the
loading cycle before reversal and requiring that if the loading curve crosses a previous
loading curve, it must correspond to the previous loading curve.
This allows an algebraic description of the loading (fl (u)) and unloading (fu (u)) curves of a
hysteresis in terms of the backbone curve (g(u)) in the form


u0 + u
fl (u) = −f0 + 2 g
,
2


u0 − u
,
fu (u) = +f0 − 2 g
2

(54)

where f0 and u0 represent the magnitudes of the force and displacement values at each reversal in the cycle. In addition, Prandtl–Ishlinskiı̆ models, which follow the Masing hypothesis,
allow for the development of minor loops in the hysteresis curve, so that small reversals
in the displacement rejoin the dominant hysteresis behavior upon sufficient displacement,
and based on the Masing model Biswas and Chatterjee [102, 103] have developed reducedorder models that exhibit minor loops. Bouc–Wen models generically do not allow for the
development of minor loops—the minor force-displacement curves do not close.
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4.7

Iwan Model

The specific arrangement of Prandtl elements in parallel gives the Masing Model, but in
the 1960s, W. D. Iwan conceptually expanded on the Masing Model to include several other
possible arrangements, all within the Prandtl–Ishlinskiı̆ framework. In the context of Iwan’s
seminal works describing the dissipation associated with plasticity [114, 140], the Masing
model is classified as a parallel-series Iwan model. Figure 15 shows a collection of Prager
elements arranged in series to give what is known as the series-parallel Iwan model. Iwan
specifically notes in his work that this Prandtl–Ishlinskiı̆ model does satisfy the Masing
hypothesis [140]. Another important example is the series-series Iwan Model [3].
In the study of Prandtl–Ishlinskiı̆ models, there is considerable overlap in frequently used
nomenclature across several scientific disciplines and more than a century of research. In
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Visintin’s text [29], he credits Prandtl with the origin of this work; however, Masing’s work
on elastic-plastic behavior in this area predates the work of Prandtl by a number of years.
Specifically, Masing first attempted to model the Bauschinger effect [141] using a collection
of ten Prandtl elements [137] (Segalman and Starr [142] provides a succinct description of
the full history), which led to the algebraic simplification given in Eq. (54).
To categorize, generalized Prandtl–Ishlinksiı̆ models are any parallel or series combination
of Prager and Prandtl elements. More specifically, Iwan models (or elements) are generally
described in terms of parallel or series arrangements of only Prager or Prandtl elements.
Iwan however limited his scope to two models, i.e. all of the Prandtl elements are in parallel
with each other or all of the Prager elements are in series with each other [114, 140]. Thus,
the Masing model is the special case of the parallel-series Iwan model.

4.8

Iwan Model Extensions

The models detailed in the previous sections have been, for the most part, developed for
applications other than joints (with particular emphasis on plasticity). Beginning with Ewins
et al. [41], a significant emphasis on modeling jointed structures has been initiated, which
has led to a renewed interest throughout the community on the modeling of frictional joints
(also see the followups [41–44]). Several models have been recently proposed, based on the
work of Iwan, specifically for applications that are relevant to the joints community [126].
4.8.1

Four-Parameter Iwan Model

The most prevalent of the models recently developed for frictional joints is the Four-Parameter
Iwan Model from Segalman [122, 143, 144]. In Iwan’s work with Masing models [114], he
considered a continuum of Jenkin’s elements in parallel with identical stiffnesses2 , k, but
parameterized by their slip forces, φi . After non-dimensionalizing to remove the stiffness,
the output force for a displacement input u(t) is given by
Z ∞
F (t) =
ρ(φ) [u(t) − z(t, φ)] dφ.

(55)

0

Central to this equation is ρ(φ), the distribution of slip forces across the continuum of positive
reals. The relative displacement across the sliders, u − z, is calculated using the evolution of

z(t, φ), which is given by Eq. (52). Therefore, the resulting, constant force when all of the
2

It may be shown that there is no loss in generality here [122]
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sliders in the continuum are slipping, often called the macro-slip force, is
Z ∞
Fs =
φ ρ(φ) dφ,

(56)

0

and the stiffness of the joint when no sliders are sliding is
Z ∞
KT =
ρ(φ) dφ.

(57)

0

Segalman used the experimental observation that energy dissipation per cycle versus forcing amplitude follows a power-law trend with an exponent between 2 and 3 to identify an
acceptable slider strength distribution3
ρ(φ) = R φχ [H(φ) − H(φ − φmax )] + S δ(φ − φmax ),

(58)

where H(φ) is the unit-step, or Heaviside, function and δ(φ) is the Dirac delta function.
Brake [145] discusses other choices for ρ(φ) within the context of continuum Iwan models.
The parameter φmax is interpreted as the ultimate slip force for the individual slider elements
present in the system, χ ∈ (−1, 0] is defined such that 3 + χ is the exponent associated

with the power-law distribution, and (R, S) are two additional system parameters with noninteger units. While χ is easily measured, experimentally calculating (R, S, φmax ) directly is
conceptually as well as practically difficult, so Segalman reformulated the coefficients based
on the more easily understood KT and Fs values identified in Eqs. (56) and (57), along with
a dimensionless ratio of the micro-slip to pinning stiffnesses β. Note that χ remains in both
sets of parameters. The transformation between these two parameter spaces is
(Fs , KT , β) −→ (R, S, φmax )
R=

Fs (χ + 1)
 ,


χ+2
χ+1
φmax β + χ+2
φmax

(R, S, φmax ) −→ (Fs , KT , β)
Fs =

3

S=



Fs
φmax



Fs (1 + β)
 ,


=
χ+1
KT β + χ+2

R φχ+2
max
+ S φmax ,
(χ + 2)

β=

Fs (1 + β)
 .


KT =
χ+1
φmax β + χ+2




β+

S
R φχ+1
max
(χ+1)

β


,

χ+1
χ+2



 ,

(59)

(60)

When viewed on a log-log plot the energy dissipation per cycle versus forcing amplitude is linear with a
slope equal to the power-law exponent.
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Segalman then provides details on how to discretize the improper integral given by Eq. (55),
and in his approach a biased grid is suggested, i.e. more refinement at lower force levels.
This model is among the most popular phenomenological models used by the joints
community due to its fairly straightforward physical interpretation and is applicable in numerous applications [16, 22, 28, 35, 145–152]. However, this model is known to have several
limitations. In particular, Segalman proposed that a fifth parameter can be introduced to
reformulate the power law distribution and replace the Dirac Delta function with a smoother
regularization. However, Segalman did not see a path forward for experimentally measuring
this fifth parameter [30]. Another major concern with the model is its post-macro-slip behavior, where the power law slope starts deviating significantly. Some of these shortcomings
are discussed in Ahmadian and Rajaei [153] along with a possible empirical identification
technique.
4.8.2

Five-Parameter Iwan Model

A further extension of the Four-Parameter Iwan Model is the Five-Parameter Iwan Model
developed by Mignolet et al. [24]. This model considers the same continuous distribution of
slider forces as in Segalman’s Four-Parameter Iwan model, i.e. Eq. (58) remains unchanged,
but the effect of stiction, the difference between static and dynamic friction, is included in
the sliders. The dimensionless ratio of dynamic friction to static friction is defined as θ and
is less than unity. This modification implies that when an individual slider element of the
Five-Parameter model is sticking, its evolution remains unchanged from the corresponding
element within the Four-Parameter model, but the force abruptly changes at the onset of slip
to be Fi = θ φi . As shown in Mignolet et al. [24], this fifth parameter introduces considerable
flexibility into the model to match additional measured joint characteristics [30].
4.8.3

Analytical Implementations

As already mentioned, numerical implementations of the Iwan model for dynamical analyses
are usually conducted using a discretized framework. This usually involves a storage overhead
of numerous “slider-states” that will have to be propagated through the simulation (in a
transient modeling framework, for instance). If one makes a few additional assumptions on
the slider distributions at the turning points, it has been shown [145] that a fully analytical
model may be obtained. By assuming that the second Masing’s condition may be neglected,
and hypothesizing that the distribution of stuck elements upon load reversal resemble a scaled
version of its counterpart before load reversal, the history dependency is circumvented and
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the model is shown to be expressed by an exact equation. Such a formulation is helpful
for large simulations where the storage overhead incurred by the discretized formulation is
prohibitive.
4.8.4

Physical Reconciliations

All of the Iwan models described so far are parameterized by mathematical constants that
may not directly be determined experimentally. However, the modeling of the integral influence of the arrangement of discrete nonlinear elements is highly reminiscent of most continuum modeling strategies, making one hopeful of direct means of parameterization or even formulations of these models. Broadly, there have been two classes of studies approaching this:
(a) Choosing a parameterization (such as the four-parameter Iwan model in Section 4.8.1),
and estimating the parameters through regression [154]; and (b) experimentally determining
an empirical density function for the Iwan model [153].
For the former, since it is a system level approach, the identifications tends to be based on
a lot of experimental characterizations followed by identification techniques such as random
sampling [151, 152, 154], response surface regression [155], stochastic modeling (such as
the “Soize’s methodology” [156]), neural networks [126], etc. The main drawback in this
approach is a loss of insight, since such approaches focus mainly on the representation of
system level performances and correlations with interfacial phenomena such as wear may be
done only as a posterior data analysis study.
The latter approach, which may be thought of as “non-parametric” approaches, aim to
obtain the density functions empirically. For example, in Ahmadian and Rajaei [153] and
Rajaei and Ahmadian [157] density functions are identified based on regression conducted
in the frequency response functions. Some of the issues tackled here include generalizing the
Iwan model for applications with variable normal loads and interfacial separation.
Although the above discussion has been presented in two parts, there is overlap, such
as modified modeling procedures which have demonstrated the applicability of the fourparameter formulation in scenarios with normal load variations [158], development of parametric formulations tied to surface roughness distributions [149], etc.
4.8.5

Modal Model Implementations

An approach that has gained some popularity recently, is in the use of Iwan models as
nonlinearities in the modal domain of systems exhibiting weak nonlinearities [148, 159–
162]. The idea arises from the observation that skewed frequency responses with little to
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no interactions with other modes may be modeled using decoupled (generalized) nonlinear
modes (there are studies investigating modal interactions using such a framework too, such
as Quinn [28], Hollkamp and Gordon [163]). See Section 7 for some details. The main
drawback in this approach is its departure from the physically intuitive distributed sliders
formulation to a purely mathematical context. This makes these models limited in their
applicability for broad predictability and difficult to generalize.

4.9

Differential Form of the Masing Model

Awrejcewicz et al. [138] reformulated the Masing model (parallel-series Iwan model) into
a differential, Duhem form with signum functions. Using the notation of Figure 14, the
evolution of the force in the i-th Jenkins element is
żi =




1
1 − sgn zi2 − φ2i − sgn (u̇ zi ) 1 + sgn zi2 − φ2i
ki u̇,
2

(61)

and because the elements are in parallel, the total force due to a collection of N Prandtl
elements is
F =

N
X

zi .

(62)

i=1

In addition, Awrejcewicz et al. [138] develop a Bouc–Wen approximation of the Masing
model based on the approximation
sgn

zi2

−

φ2i



zi
≈
φi

m

− 1,

for m > 1 if zi2 ≤ φ2i ,

so that an approximate Bouc–Wen description of a Jenkins element is given by

m
1
zi
żi ≈ ki 1 − (1 + sgn (u̇ zi ))
u̇.
2
φi

(63)

(64)

However, since Eq. (64) is a Bouc–Wen model, it cannot be expected to follow the Masing
hypothesis, although the Masing model certainly does so.

4.10

Dahl Model

The notion that Bouc–Wen and Masing models are related in some fashion can be explored
further by considering the Dahl Model. In the late 1960’s, Dahl conducted modeling work
based on ball bearing experiments by H. Shibata. In particular, an apparatus consisting of
38

two flat plates separated by three balls was subjected to small lateral loads, and the effect was
that the ball bearings created a restoring force as a result of the frictional interaction between
the bearings and the plates. Dahl concluded that this friction was the result of material
failure, i.e. as rolling occurred, the material bonds between the two materials underwent
elastic deformation, plastic deformation, and then finally failure. In the case of ductile
materials, this hypothesis dictates that the stress at failure is the equivalent of Coulomb
friction and that there exists a maximum stress prior to failure which represents static
friction. For brittle materials, the two quantities are equal. Based on this hypothesis, Dahl
developed an electromechanical circuit that successfully modeled the hysteretic phenomena
due to material plasticity [164]. He later presented a rate-independent differential form of
his model,
dz
= σ0 1 −
du



z
zc



n

sgn(u̇)


 

z
sgn 1 −
sgn(u̇) ,
zc

(65)

where σ0 is a constant analogous to a linear spring constant, zc is the value of static friction,
and n is a constant with

[0, 1), for brittle materials,
n∈
[1, ∞), for ductile materials.

(66)

Note that the notation of the present work has been adopted from Dahl [165] in order to
more easily compare models. Because Eq. (65) is rate-independent and a function of only
the variables (u, z, sgn(u̇)), it is clearly a Duhem model and it can also be put into the
time-dependent form


ż = σ0 1 −



z
zc



n

sgn(u̇)


 

z
sgn 1 −
sgn(u̇)
u̇.
zc

(67)

General solutions to Eq. (65) are difficult for the same reasons as the Bouc–Wen model;
however there are some special cases of note. For n = 0, the equation simplifies considerably
to be a constant multiplied by a signum function


 
z
dz
sgn(u̇) ,
= σ0 sgn 1 −
du
zc

(68)

and it can be shown that the solutions to this differential equation are equivalent to that
of the differential model for a Jenkins element given in Eq. (61), with σ = ki and zc = Fi .
This implies that the Jenkins element is a special case of the Dahl model and therefore
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that a parallel collection of Dahl elements for n = 0 is a Masing model, or equivalently a
parallel-series Iwan model. Furthermore, for n = 1


 
dz
z
sgn(u̇) ,
= σ0 1 −
du
zc
which is a Bouc Model with A = σ0 and α =

σ0
.
zc

(69)

While Eq. (69) is a special case of Dahl’s

work, this form is most commonly known in the literature as the Dahl model [166].

4.11

Comparison of the Rate-Independent Models

One of the most fascinating aspects of this discussion is that many of the rate-independent
models shown here have logical connections among one another. These connections offer a
broader framework to view, understand, and categorize the different models. For example,
the form of Eq. (61) is consistent with Eq. (14), and therefore the Jenkins element is a special
case of the Duhem model. Further, Jayawardhana et al. [78] states that Prager elements are
also Duhem models.
Since these basic series and parallel elements are the building blocks of the various discrete
models discussed here, additional conclusions can be derived. Knowing that Jenkins elements
are Duhem models and that collections of Jenkins elements are Masing models, Masing
models must also be Duhem models. Furthermore, Masing models are a special case of Iwan
models, and because Iwan models are collections of Prager and Prandtl elements, they are
also Duhem models. By extension, Prandtl–Ishlinskiı̆ models, of which Iwan and Masing
are special cases, are also Duhem models. The Masing hypothesis can also be integrated
into this logical structure. Segalman and Starr [167] prove that any model that satisfies the
Masing hypothesis can be written in terms of a parallel-series Iwan model with a continuum
of elements.
Logical conclusions can also be made regarding other models. Bouc models were previously shown to be an important special case of the wider class of Bouc–Wen models. All
Bouc–Wen models strictly follow the form of Duhem models, so Bouc models naturally also
fall into the class of Duhem models. Further, because the specific realizations of different
Dahl models can be either a Bouc model or a Jenkins element, there is a direct connection between Bouc–Wen models and Masing models. This web of relations is presented in Figure 16
to illustrate the connections between the rate-independent models discussed herein.
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Figure 16: Logical Classification of Some Different Rate-Independent Hysteresis Models
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5

Rate-Dependent Models

In contrast to the rate-independent models considered previously, rate-dependent models are
formulated explicitly in terms of velocity. The origin of rate-dependent models is rooted in
linear viscous damping models. However, the introduction of history-dependent hysteretic
effects significantly expands the dissipative processes that these models can represent, just
as has been seen for the rate-independent models of Section 4, which represent a special case
the rate-dependent models considered in this section.

5.1

Tribological Models

Although linear viscous dissipation accommodates several mathematical simplifications, there
is a rich literature for tribological models based on physical observations of objects in contact.
Starting from Leonardo da Vinci in the 15th century (see Hutchings [168] for a historical review of his contributions), there have been several attempts at codifying fundamental “laws”
governing frictional phenomena. The most popular of these, referred to as Amontons [169]
and/or Coulomb’s laws of friction [170], form the basis of initial explorations (see Popova
and Popov [171] for a review).
Coulomb’s model of friction is based on three basic principles,
1. The force of friction is directly proportional to the applied load (Amontons 1st Law);
2. The force of friction is independent of the apparent area of contact (Amontons 2nd
Law); and,
3. Kinematic friction is independent of the sliding velocity (Coulomb’s Law).
Mathematically, Coulomb’s friction is given by
F = µ N sgn(u̇),

(70)

where µ is the so-called friction coefficient, and N is the normal force. Figure 17a depicts the
functional form of this model and Figure 17b depicts the associated hysteresis loop during
harmonic operation. For an operating case with maximal displacement amplitude u0 , the
cyclic dissipation per cycle (hysteretic area) can be shown to be D = 4 µ N u0 . This presents
a directly apparent distinction from the corresponding expression for viscous dissipation
(D = 2π ζ ω ωn u20 ), where the dependence on amplitude was quadratic while it is linear here.
Such arguments have proved to be very valuable for identifying mechanisms of friction from
dynamic experimental data [172].
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Figure 17: Coulomb model of friction.
For applications in the presence of lubrication, the third assumption no longer holds and
the dependency on the magnitude of sliding velocity can be explicitly introduced in the
Coulomb framework as
F = µ N sgn(u̇) + c u̇.

(71)

There also exist several variants, such as a discontinuous stiction model (with distinct static
and dynamic friction coefficients) and the Stribeck friction model [173], which incorporates
adjustments for stiction. Apart from this, there exists several other strategies tackling friction
in a similar vein. In general, such tribological models attempt to describe the friction that
arises in point contacts, and the interested reader is referred to Armstrong-Hlouvry et al.
[174].
From a computational standpoint, these models usually present difficulties due to the
presence of the discontinuity in the force at velocity u̇ = 0 as illustrated in Figure 17a.
Analysis of these systems are often carried out by partitioning the state-space of the system,
so that within each partition (e.g. with u̇ > 0 and u̇ < 0) the governing equations are
continuous. The resulting solution is obtained within each partition and then matched at
the boundaries. Such systems are broadly classified as piecewise smooth dynamical systems,
or Filippov systems [175, 176]. Alternatively the friction law can be regularized to eliminate
the discontinuity using differential inclusions [82]. This has the drawback that the static
equilibrium often becomes unique for the regularized system, while the original non-smooth
model has sets of equilibria, although there are regularizations that include such set-valued
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equilibrium states [177]. For many applications this is of minor consequence however, and
regularized friction models are very popular.

5.2

LuGre

While tribological models are advantageous from an analysis perspective, more advanced
nonlinear rate-dependent models have been developed to capture a wider range of physical
effects that arise from the distributed nature of contact between objects. The LuGre model
is perhaps one of the best known of these models. This model came out of the development
of Dahl’s model, and has inspired several other rate-dependent variants.
Approximately 20 years after the development of the Dahl model, Canudas de Wit et al.
[166] developed an extension of the model that incorporates the Stribeck effect, velocity
dependence on friction in the transition between static and Coulomb (dynamic) friction
[178]. This led to the Lund-Grenoble model (LuGre in short), which is given by



z
F = σ0 z + σ1 ż + f (u̇),
ż = 1 − sgn(u̇)
u̇.
g(u̇)

(72)

The velocity-dependent function g(u̇) is chosen to incorporate the Stribeck effect. For g ≡ 1,
with σ1 = 0 and f (u̇) ≡ 0, the LuGre model reduces to the Dahl model for n = 1, which

is also the Bouc model; however, if g 6≡ 1, this equation is an explicit function of velocity

and is therefore rate-dependent. Physically, this model is meant to simulate the mechanics
of asperity deformation, which they modeled as a rate-dependent phenomena, and is thus
sometimes referred to as a bristle model. Canudas de Wit et al. [166] proposed one possible
choice of the rate-dependent term g(u̇) as

u̇ 2
1 
(73)
g(u̇) ≡
zc + (zs − zc ) e−( u̇s ) ,
σ0
where zc has the same connotation from the Dahl model as a Coulomb, dynamic, or steadystate friction force, zs corresponds to the friction force at the onset of motion or a static
friction force, u̇s is the Stribeck velocity, and σ2 is a constant analogous to viscous damping.
Further, while σ0 also retains its meaning from the Dahl model as a spring constant, σ1 has
a different interpretation as a micro-damping coefficient [178]. Finally, f (u̇) is often assumed
to be a linear function such that
F = σ0 z + σ1 ż + σ2 u̇.

(74)

With these assumptions, the LuGre model has a six-dimensional parameter space, (σ0 , σ1 , σ2 , zc , zs , u̇s ),
and the incorporation of viscous and micro-damping as well as the Stribeck effect makes this
model popular in a variety of communities [15, 179–186].
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5.3

Elasto-Plastic Friction Model

Using the LuGre model as a base, several other researchers have expanded on this work
to incorporate different phenomena. One popular LuGre variant is the Elasto-Plastic Friction Model developed by Dupont et al. [187], which attempts to further reflect the original
hypothesis of Dahl, that elasto-plastic deformation at the micro-scale, material failure of
surface asperities is the primary source of friction forces.
The general concept for the description of the restoring force remains the same as in the
LuGre model; however, the evolution of the internal, hysteretic variable z becomes


z
F = σ z + σ1 ż + σ2 u̇,
ż = 1 − α(z, u̇)
u̇,
zss (u̇)

(75)

where zss is defined as the steady-state friction value with respect to velocity, given by
zss (u̇) =

g(u̇)
.
σ0

(76)

The function g(u̇) has the same connotation as from before in the LuGre model; however
the form changes by adding a parameter n ∈ Z as the exponent
n

g(u̇) = zc + (zs − zc ) e−(| u̇s |) .
u̇

Finally, the additional rate-dependent function α(z, u̇) is defined as



0,
(|z| ≤ zba ) ∧ (sgn(u̇) = sgn(z),




α (∗) , (z < |z| < z ) ∧ (sgn(u̇) = sgn(z)),
m
ba
ss
α(z, u̇) =


(zss ≤ |z|) ∧ (sgn(u̇) = sgn(z)),
1,



0,
(sgn(u̇) 6= sgn(z)).

(77)

(78)

max
In this definition, zba is the break-away displacement such that 0 < zba ≤ zss
and
max
zss
= max(zss (u̇)) =

zs
.
σ0

(79)

Lastly, the function αm (∗) is given by
αm (∗) =

 

1
sin π 
2

z−



max +z
zss
ba
2

max
zss

− zba

 

 + 1 .
2

(80)

It is worth noting that for both the LuGre as well as the elasto-plastic friction models,
asperity-on-asperity contact is conceptualized as beams (bristles) deflecting against each
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other. In reality however, the length scales of asperities is such that they are often much
wider than they are tall, which would undermine the pretext of beam bending. However,
since most of these models are calibrated/tuned, they may still be useful for modeling friction,
as the models are abstracted from their original motivations.

5.4

Leuven Model

One of the downsides of the LuGre model is that because of the microdamping term in the
expression for F , there can be discontinuities in the friction force. Another LuGre variant of
note that addressed this problem is the Leuven model as developed by [188], which modifies
the frictional force and hysteretic evolution equation to be



n
Fd (z)
Fd (z)
F = Fh (z) + σ1 ż + σ2 u̇, ż = 1 − sgn
u̇.
s(u̇) − Fb
s(u̇) − Fb

(81)

In this form, s(u̇) is the rate-dependent function to incorporate the Stribeck effect and is
given by


δ
−( |u̇u̇| )
,
s(u̇) = sgn(u̇) Fc + (Fs − Fc ) e s

(82)

with all of the returning parameters reprising their previous definitions and δ ∈ R. The

primary difference between this model and other differential models previously discussed

is in the calculation of the function Fh (z) which has non-local memory [120]. While the
function itself is calculated by
Fh (z) = Fb + Fd (z),

(83)

for some given function Fd , the values of z and Fd (z) are reset upon reversal and Fb retains
a value in memory based on the last reversal point. In a computational context, two arrays
are necessary to represent the extreme reversal points, one named, say, Amax , to retain the
maxima and another, named Amin to retain the minima. A rudimentary description of the
non-local memory procedure can be given as follows,
1. Upon reversal,
• (z, Fd (z)) → 0,
• Fh is stored according to the change in sign of u̇,

A , if u̇ changes from positive to negative,
max
Fh → top value of
A , if u̇ changes from negative to positive.
min
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(84)

2. Upon closing an internal loop,
• wipe out last value of Amin/max depending on change in sign of u̇ given above.
• (z, Fd (z)) are set based upon the new value of Fb such that Fh (z) equals the former
value before the internal loop.

3. While on an existing curve with no change in sign of u̇,
• use the ODE given in Eq. (81) to calculate the evolution of z.
This set of rules for implementing non-local memory is also conceptually closely related
to Preisach models, linear combinations of delayed relays that form hysteresis curves, as
discussed in Lampaert et al. [189], but more important to this work, this is the procedure by
which Masing hypothesis models are implemented, though, upon reversal, the Leuven model
does not necessarily follow the Masing hypothesis. Therefore, one can consider the Leuven
model to be a LuGre-type model in series with a Masing hypothesis model.

5.5

Lampaert Model

To simplify the Leuven model, the Lampaert model was proposed in order to eliminate the
cumbersome process of using memory stacks to store and update reversal points [189]. This
model is modified from the Leuven model in two ways. First, the evolution of z becomes

 L 
n
Fh (z)
FhL (z)
ż = 1 − sgn
u̇.
(85)
s(u̇)
s(u̇)
Second, the more significant difference, is that the evolution of FhL (z) is calculated using a
Masing model with input z and outputs ξi such that,
FhL

=

N
X

ξi .

(86)

i=1

In this way, the Lampaert Model can be viewed as a LuGre-type model in series with a
Masing model.

5.6

Valanis Model

Valanis [190] proposes a model for endochronic plasticity, which was later employed in Gaul
and Lenz [40] for modeling frictional behavior. The most commonly used form4 of the model
4

The original formulation is slightly more generic but will not be explored here. The interested reader is
also directed to Valanis [191].
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is given in terms of the evolution of the nonlinear forcing F ,
Ḟ = E0

1 + sgn(u̇) Eλ0 (Et u − F )

1 + κ sgn(u̇) Eλ0 (Et u − F )

!

u̇.

(87)

In this form, the parameters E0 and Et describe the modulii during stuck and slipped regimes,
while κ controls the extent of micro-slip. It can be seen that setting κ = 1 makes the system
a linear spring (Ḟ = E0 u̇) and setting κ = 0 makes it a stick-slip element with post-slip
stiffness. A “stick limit” may be defined in terms of all the parameters as[20]
σ0 =
which lends an interpretation for λ.

E0


λ 1−κ

Et
E0

,

(88)

Although Eq. (87) is similar in form to the rate-independent models of Section 4, the
Valanis model is classified as a rate-dependent model. This is because in its most general
form, it is not possible to express dF/du as an explicit function independent of the rate. The
general form is expressed using the flow equation
F ′ (z) + λ F (z) = E0 q ′ (z) + λ Et q(z),

where ż(t) = q̇(t) − κ

F (t)
.
E0

(89)

q denotes a generalized displacement and primes denote derivatives with respect to z here.
Equation (89) reduces to Eq. (87) only when κ is restricted to [0, 1). The interested reader
is directed to [190, 191] and related studies for more details on the complete form.
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k
F0 sin(ω t)
m
F̂d

Figure 18: Single Degree-of-Freedom, Undamped Oscillator with Nonlinear Attachment

6

Analysis

In the preceding review and discussion, many connections were drawn among the different
damping models using logical classifications. This conceptual analysis is important for identifying and understanding the mathematical features that make each model unique, but it
does not directly show how the models differ in a dynamical framework. To illustrate how
these damping models affect the dynamics of a system, we consider a single degree-of-freedom
oscillator with elastic and dissipative forces so that the equation of motion can be described
as
m ẍ + F̂d (x, ẋ) + k x = F0 sin(ω t),

(90)

where m and k represent the mass and linear stiffness respectively, and F̂d is a damping
model. This amounts to a single degree-of-freedom, undamped oscillator with a nonlinear
attachment whose force is given by F̂d as shown in Figure 18.
The system is subject to harmonic forcing of magnitude F0 and frequency ω. In this
system, time is scaled by the natural frequency of the undamped oscillator, so that the
p
nondimensional time is defined as τ = ( k/m) t and the scaled equations of motion become
x′′ + fˆd (x, x′ ) + x = Γ sin(Ω τ ),

(91)

with
1
fˆd (x(τ ), x′ (τ )) = F̂d
k

x

r

! r
k
k dx
t ,
m
m dτ

r

!!
k
t
.
m

(92)

A multiple-scales approach [192] is applied to this system to describe the influence of the
dissipative forces on the resulting amplitude and frequency of the oscillator. The time scales
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are identified as
η0 = Ω τ,

η1 = ǫ τ,

−→

d
∂
∂
+ǫ
,
=Ω
dτ
∂η0
∂η1

(93)

and the response is expanded in the small parameter, so that
x(τ ) = x0 (η0 , η1 ) + ǫ x1 (η0 , η1 ) + · · · .

(94)

Note that this could be extended to higher orders in ǫ by including additional time scales
and extending the expansion of the response. The excitation frequency is assumed to be
close to the resonant frequency of the oscillator, i.e. Ω = 1 + ǫ α, giving


∂
∂
∂
d
.
=
+ǫ α
+
dτ
∂η0
∂η0 ∂η1

(95)

In addition, the damping is scaled by a small parameter ǫ, corresponding to light damping
and the excitation is likewise scaled by ǫ, so that fˆd → ǫ fd and Γ → ǫ Γ. Finally, collecting

terms in ǫ yields
O(1) :
O(ǫ) :

∂ 2 x0
+ x0 = 0,
∂η02


∂ 2 x1
∂ 2 x0
∂ 2 x0
∂x0
+ x1 = Γ sin(η0 ),
+2α
+2
+ fd x0 ,
∂η02
∂η0 ∂η1
∂η02
∂η0

(96a)
(96b)

The lowest order equation for x0 can be solved on the η0 time scale as
x0 (η0 , η1 ) = A0 (η1 ) sin(η0 + φ0 (η1 )),

(97)

where the functions (A0 , φ0 ) evolve on the slower η1 time scale. Therefore Eq. (96b) can be
expressed as
∂ 2 x1
+ x1 = Γ sin(η0 ) − fd (A0 sin(η0 + φ0 ), A0 cos(η0 + φ0 ))
∂η02


∂A0
∂φ0
−2
cos(η0 + φ0 ) − A0
sin(η0 + φ0 ) + 2 α A0 sin(η0 + φ0 ). (98)
∂η1
∂η1
A convergent solution for x1 requires that the secular terms be eliminated. In particular, fd
can be expanded in a Fourier series, so that
∞

a0 X
fd =
+
(ai cos(η0 + φ0 ) + bi sin(η0 + φ0 )) ,
2
i=1
Z
Z
1 2π
1 2π
fd · cos(η0 + φ0 ) dη, bi =
fd · sin(η0 + φ0 ) dη,
ai =
π 0
π 0
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(99)

then eliminating secular terms requires that
∂A0 a1
Γ
+
= sin φ0 ,
∂η1
2
2
b1
Γ
∂φ0
+ α A0 −
= − cos φ0 .
A0
∂η1
2
2

(100a)
(100b)

Thus, determining the influence of the damping on the response of this system requires calculation of the coefficients (a1 , b1 ) for a specific model, which are functions only of amplitude
A0 and independent of the phase φ0 .
For the steady-state response of the system the derivatives with respect to η1 vanish so
that
a1
Γ
= sin φ0 ,
2
2

α A0 −

b1
Γ
= − cos φ0 .
2
2

These can be squared and combined to give
2  2
 a 2 
b1
Γ
1
+ α A0 −
=
.
2
2
2

(101)

(102)

Notice that Eq. (102) is an implicit function only of amplitude A0 , and thus, for any (α, Γ) the
amplitude A0 can be solved independent of the phase. Finally, once A0 has been determined
the phase can then be back-calculated according to
tan φ0 =

a1
.
2αA0 − b1

(103)

The system is defined to be at resonance when the resulting phase of the response is
φ0 = π2 . If the system is forced with amplitude Γ and frequency Ω = 1 + ǫ α, the resonant
forcing is characterized by (α, Γ) ≡ (αC , ΓC ) where
αC =

b1 (A0 )
,
2 A0

ΓC = a1 (A0 ),

(104)

together with Eq. (102). Therefore (αC , ΓC ) represent a curve C that describes the amplitudefrequency dependence of the resonant excitation for the system.

6.1

Linear Viscous Damping.

For a system with viscous damping, the dissipative force is represented as
F̂d (x, ẋ) = b ẋ,
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(105)

so that the corresponding nondimensional force can be written as
fˆd (x, x′ ) = 2 ζ x′ ,

ζ=

b
√
,
2 km

(106)

Note that in the scaled equations with small damping the damping ratio is ǫ ζ. Calculating
the Fourier coefficients a1 and b1 yields
Z
1 2π
[2 ζ A0 cos(η + φ0 )] cos(η + φ0 ) dη = 2 ζ A0 ,
a1 =
π 0
Z
1 2π
b1 =
[2 ζ A0 cos(η + φ0 )] sin(η + φ0 ) dη = 0.
π 0

(107a)
(107b)

Therefore Eqs. ((100)) can be written as
Γ
∂A0
+ ζ A0 = sin φ0 ,
∂η1
2
∂φ0
Γ
A0
+ α A0 = − cos φ0 .
∂η1
2

(108a)
(108b)

For the forced system with Γ 6= 0 the steady-state response is given as
A0,eq =

ζ
Γ
p
, tan φ0 =
.
−α
2 ζ 2 + α2

(109)

In the absence of the forcing the amplitude of the response decays as
A0 (τ ) = A0 (0) exp (−ζ η1 (τ )) = A0 (0) exp (−ǫζ τ ) ,

(110)

while the phase of the response is
η0 (τ ) + φ0 (η1 (τ )) = η0 (τ ) − α η1 (τ ),
= Ω τ − ǫα τ = τ,

(111)

so that the frequency of the free vibrations is unity, identical to that of the undamped
system. Note that both the approximations of the forced and free responses represent the
O(ǫ) expansions of the exact solutions as obtained from linear vibration theory.

Further, we can utilize this result, particularly Eq. (107a), to somewhat generalize prob-

lems with nonlinear damping by identifying an approximate equivalent linear damping ratio,
ζeff =

a1
.
2 A0

(112)

Note that the damping ratio of the original system is ǫ ζeff , and ζeff represents the O(1)

portion of the damping in the solution. It is also important to note that because a1 is a

function only of A0 , then ζef f is an explicit function of A0 ; however, in the case of linear
damping ζeff is a constant.
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6.2

Nonlinear Damping

Several important models of nonlinear, hysteretic damping have been discussed in this work,
and a subset of those are studied here using the asymptotic approximation presented. Several
notable models were tuned such that they had equivalent damping ratios at unity amplitude,
i.e. all with identical ζeff at A0 = 1. The tuning results are shown in Figure 19. Each model
of interest has a different damping versus amplitude function; however, they all coincide at
the point A0 = 1. This is equivalent to saying that the hysteresis curves for those models
all contain equal area at that point, as shown in Figure 20. Note that the damping and
hysteresis curves shown here are not unique; many parameter sets for each of the models can
be chosen to achieve the same tuning.
Lacarbonara et al. [193, 194] study oscillators with hysteretic restoring forces using
nonlinear analysis techniques and identify qualitatively similar equivalent damping curves
by numerically computing Jacobians of fixed points of a Poincare map; however the focus of
those works are primarily in studying bifurcation behavior. Here the authors seek to study
damping behavior for various parameter space configurations and the utility of efficiently
tuning in the slow-flow domain to affect dynamics in the original system. Further, the present
work puts additional focus on comparisons with experimental findings, i.e. frequency shifting
and nonlinear damping behavior.
Using the tuned properties of Figure 19, Frequency Response Functions (FRF) were
calculated for oscillators containing different nonlinearities. For a single degree of freedom
system undergoing single harmonic excitation, the FRF is given by,
FRF ≡

A0
.
Γ

(113)

Note that a small linear damping component was included for numerical stability.
Several general trends can be observed from Figure 21. In particular, as the excitation
amplitude, Γ, increases within the range shown, the peak of the FRF decreases. For a system
with linear damping, the FRF is invariant with the forcing amplitude; however, Figure 21
shows how the FRFs for two representative nonlinear systems vary with Γ. Amplitude
dependent damping such as this is a commonly observed experimental phenomenon, as shown
in [22, 50]. This effect is a direct result of the effective damping changing with excitation
amplitude as previously shown in Figure 19. As the excitation amplitude increases further,
the nonlinear damping continues to increase, but depending on the hysteresis model and its
parameters, it is possible for the damping to decrease, as shown in Figure 22. This shift in
behavior is a result of saturation of the hysteresis curve for the friction model. For many
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Figure 19: Tuned Effective Damping Ratio for Various Models; Jenkins:
Bouc-Wen:

, Dahl:

, LuGre:

, Elasto-Plastic:

, Iwan:

,

, Viscous:

models of friction, there is a maximum value for the output force, as shown in Figure 23.
This occurs typically at large amplitudes and represents the maximum rate at which the
friction model can dissipate energy in the system.
There are also changes to the stiffness of the problem as a result of the nonlinearity.
At low amplitude, the resonance identified in the FRF is not located at the nominal linear
natural frequency of Ω = 1. The nominal natural frequency is indeed unity; however, the
hysteresis models studied here introduce nonlinear stiffness as well as nonlinear damping to
the system. At low amplitude, this amounts to a small increase in the linear stiffness of the
problem. Mathematically the effective linear resonant frequency at low amplitude can be
defined in this system as,
Ωr = lim {1 + ǫ αC }
ΓC →0

(114)

In the case of Iwan or Masing models, this can be physically interpreted as the effect of
the linear spring stiffness when all of the sliders are stuck; however for other models, e.g.
differential models such as Bouc-Wen, this interpretation is more abstract. As the excitation
amplitude increases, there is a clear shift in the resonant frequency, and Figure 22 shows that
the resonant frequency approaches the nominal linear frequency of Ω = 1. This shift is a
result of the resonant frequency following the path of the C : (αC , ΓC ) curve shown previously,
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Figure 20: Tuned Hysteresis Curves; Hysteresis Curve:
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Figure 21: Unsaturated FRFs; Γ = 0.05:
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Figure 22: Effect of Model Saturation in an Iwan Model; Γ = 0.05:
Γ = 0.8:

, Γ = 1.2:

, Γ = 1.6:
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, Γ = 2.0:

, Γ = 0.4:
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(a) Unsaturated

(b) Saturated

Figure 23: Hysteresis Curve Saturation
and Figure 24 illustrates this result graphically with a contour plot of the amplitude surface
for this system with the resonance curve overlaid. This concept of saturation is exhibited in
the “fully stuck” and “fully slipped” experimental regimes illustrated previously in Figure 5.
It is also possible to project the resonance curve of the system on to the (Γ, A0 ) plane in
order to see how the maximum amplitude of the system changes with excitation amplitude,
Γ. That result is shown in Figure 25. This figure also illustrates the effect of saturation of
the hysteresis model, i.e.
∂A0
∂Γ
∂A0
∂Γ

< 0 in Unsaturated Region,

(115a)

> 0 in Saturated Region.

(115b)

C

C

These mathematical considerations are important to practitioners when selecting among
different mathematical hysteresis models to implement for numerical models and experimental identification. For example, it may be desirable to select a hysteresis model that is not
prone to saturation or to tune it in such a way as to avoid saturation. Likewise, it may
be desirable to select a hysteresis model that incorporates linear damping components, e.g.
LuGre, in order to control behavior for large or small Γ.
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Figure 24: FRF Contour with Resonant Curve (αC , ΓC ) for an Iwan Model
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Figure 25: Projection of C onto the (Γ, A0 ) Plane
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6.3

Effect of Tuning

In Figure 19, the parameters of the friction models were chosen such that effective linear
damping for the system was identical for unity amplitude, i.e. A0 = 1. When studying
systems with linear damping, tuning at a point in this manner is effective and efficient;
however, the preceding work has shown in detail that systems with nonlinear damping exhibit
amplitude dependent damping. Thus, tuning at a single point may not be sufficient for
practical purposes. Further, depending on the application, it may be advantageous to tune
different friction models to data over a small range of excitation amplitude or over a large
range.
In order to show the effect of tuning over a range of amplitudes, suppose that a particular
hysteretic friction model, i, has a parameter set pi . For example in a Four-Parameter Iwan
¯
model, pIwan = {Fs , KT , β, χ}, but for a Bouc model, pBouc = {A, α}. For a given model and
¯
¯
i
associated parameter set, the effective linear damping value ζeff
can then be identified as,

i
i
ζeff
= ζeff
A0 ; pi .
¯

(116)

This notation conveniently illustrates that varying the either amplitude or parameter set
thus has an effect on the effective damping. Suppose also that a set of target data are given
by ζ⋆ (A0 ) and that the goal is to choose a parameter set that closely matches this data
over the range A0 ∈ [a, b]. One way to choose a parameter set for this goal is to adjust the

parameter set such that it minimizes the integral square error between the target data and
the effective linear damping of the model, i.e.
Z b

 i
2
ζeff (A0 ; pi ) − ζ⋆ (A0 ) ρ(A0 ) dA0 ,
pi = arg min
pi
¯
¯
a

(117)

¯

where ρ(A0 ) is a weighting function that adjusts the tuning procedure. For example, ρ(A0 ) =
δ(A0 − c) is equivalent to tuning at the point A0 = c, while ρ(A0 ) = 1 minimizes the square
error over the entire domain. For this section, a uniform weight of ρ(A0 ) = 1 is used.

Figure 26 shows the results of using Eq. (117) to match various friction models to the
Bouc-Wen model presented previously over the interval A0 ∈ [0, 5], and from that figure,

it is clear that the tuning procedure is relatively successful over the domain of interest for
most of the models. Notable exceptions include the Jenkins and Elasto-Plastic models. The
mathematical structures of these models incorporate regions where the damping is negligible
at low amplitudes. This regime can be physical interpreted for the Jenkins element as the
one where the slider remains stuck and the attachment simply acts as a linear spring. This
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Figure 26: Tuned Effective Damping Ratio for Various Models on A0 ∈ [0, 5]; Reference

(Bouc-Wen):

, Jenkins:

, Iwan:

, Dahl:

, LuGre:

, Elasto-Plastic:

feature is present in the Elasto-Plastic model, but it is can be mitigated by parameter set
choice. However models such as the Bouc-Wen inherently do not contain this mathematical
feature; therefore, it is fundamentally not possible to match data of this nature governed by
a Bouc-Wen model with a Jenkins model. Additionally, the Iwan Element, which here also
includes the effect of static versus dynamic friction shown in the Five-Parameter Mignolet
Element, is successfully able to match the data in the saturated regime, but is unsuccessful
in the unsaturated regime.
A more practical exercise however might be to tune the models over the domain in which
the Bouc-Wen model is unsaturated. To that end, Figure 27 shows the results of tuning over
the domain A0 ∈ [0, 0.3]. In this case, all of the models are reasonably able to match the

Bouc-Wen model within the specified, unsaturated domain, except again the Jenkins model.

By contrast, the models diverge considerably in the saturated regime. This result quite aptly
illustrates how sensitive these hysteresis models are to their parameter sets as well as how
prone they are to over-fitting and under-fitting.
Another equally important question in this analysis is that of how tuning in the slow-flow
domain affects the dynamics of the original system. To show this, a set of a models, BoucWen, Dahl, and LuGre, were tuned using different methods, and the solutions of both the
original differential equations and the asymptotic approximation were compared. Figure 28
60

1.25
1.00

ζeff

0.75
0.50
0.25
0.00
0.0

0.5

1.0

1.5

2.0

A0

Figure 27: Tuned Effective Damping Ratio for Various Models on A0 ∈ [0, 0.3]
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shows how the maximum FRF and Amplitude vary with input excitation amplitude for each
model when the models were tuned using the point-tuning scheme shown in Figure 19. In
particular, from Figure 28b, it is clear that the responses match at the point where the
output amplitude is roughly A0 = 1, but the response diverges away from that point.
Alternatively, Figure 30 shows the results of tuning the models using the integral square
error approach given in Eq. (117) for A0 ∈ [0, 0.3]. Using this tuning scheme, the results

of the models match closely in the region A0 ∈ [0, 0.3], but do not match well otherwise.

Likewise, Figure 29 was generated using the wider domain of A0 ∈ [0, 5], and the models

match well over the entire domain. This result demonstrates that tuning various models
to match in a particular amplitude regime is both possible and efficient using the slow-flow
domain approach, but it requires that an appropriate tuning interval is used.

61

2.5

1.5

1.0
1.5
A0

FRF (A0 /Γ)

2.0

1.0
0.5
0.5
0.0

0.0
0.0

0.5

1.0

1.5

2.0

0.0

0.5

1.0

1.5

2.0

Γ

Γ

(a) FRF

(b) Amplitude

Figure 28: Maximum Outputs versus Excitation Amplitude: Point Tuning at A0 = 1;
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Figure 29: Maximum Outputs versus Excitation Amplitude: Minimizing Integral Square
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Figure 30: Maximum Outputs versus Excitation Amplitude: Minimizing Integral Square
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7

Considerations for Multiple Degree of Freedom Approaches Versus Single Degrees of Freedom Approaches

The analytical results obtained in the preceding section were focused on the damping model
in the context of SDOF systems. The current section outlines common strategies to employ
such models for Multiple DOF (MDOF) systems in practice.
The implementation and parametric identification for damping models of MDOF jointed
structures can be managed in three different ways (presented in order of increasing computational complexity). First, a modal damping model can be introduced [162] in which the
equations of motion for the system are conservative (i.e., do not include dissipative terms),
and the damping characteristics are introduced at the modal level via
η¨j + 2ζj ωj η˙j + ωj2 ηj = Nj (t),

(118)

˙
in which ηj is the j th modal DOF and differentials with time are indicated by ((•)).
For
the j th mode, ωj is the resonant frequency, ζj is the modal damping factor, and Nj (t) is the
corresponding modal forcing. For nonlinear modal damping models such as the modal Iwan
approach [162], Eq. (118) is augmented with hysteretic terms to yield,
η¨j + 2ζj ωj η˙j + ωj2 ηj + fNL (ηj , η˙j , t) = Nj (t),

(119)

Central to Eq. (119) is the assumption that the modes are uncoupled and that the nonlinear hysteretic terms may be “localized” modally. This allows the damping parameters
to be calculated from modally filtered data, such as via a Hilbert transform [195] or other
modal system identification techniques (see Nol and Kerschen [196], for a review). A second
assumption that is implied by this is that the nonlinearities do not appreciably change the
modal characteristics of the structure, that is, the spatial mode shapes may be taken to be
unvarying over all excitation amplitudes and are equal to the linearized mode shapes of the
structure.
When these two assumptions are in contradiction with the observed dynamics of a structure, alternative approaches in which damping models that are physically represented in the
spatial domain must be employed. As a consequence, the orthogonalization step in modal
analysis, which convolutes the system equation with the j th mode shape φj , no longer yields
an orthogonal damping term, and the modal equation becomes
η¨j + 2ζj ωj η˙j + ωj2 ηj + fNL (x, ẋ, t) = Nj (t).
e e
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1. Decoupled Modal Model

2. Coupled Modal Model

3. Discretized Model

Pros:
• SDOF approach

Pros:
• Small DOF approach

Pros:
• Physically intuitive

• Computationally efficient
Cons:
• Non-physical model
• Parameter identification
not straightforward
• Cannot capture modal
interactions

• Typically restricted to
small amplitudes

• Computationally efficient
Cons:
• Non-physical model
• Parameter identification
not straightforward
• Interface representation
necessary

• Typically restricted to
small amplitudes

• Potential for being
predictive

• Parametric identification
from hysteretic
measurements possible
Cons:
• Large DOF approach

• Interface representation
necessary
• Computationally expensive

Figure 31: Summary of MDOF implementation approaches
Here, the nonlinear force is calculated from the system’s physical vector of DOF’s x instead
e

of the modal response, with the consequence of coupling all the modes together [28]. As
a result, modeling and identification techniques used for uncoupled systems are no longer
appropriate as the extracted parameters are convoluted simultaneously with contributions
from other modes too. From a modeling stand-point, this necessitates a representation of the
jointed interface that represents this coupling (which was not necessary for the uncoupled
approach formulation in Eq. (119)). The applicability of such approaches must be assessed
on a case-by-case basis by looking at the experimental data. For instance, if the peaks in the
frequency response are merely skewed or asymmetric, and/or show minor contributions to
other modes, these methods may be applicable; however, if the non-linear behavior induces
additional peaks and/or has modes that merge together, such approaches may definitely not
be applied since the utility and meaning in the definitions of the mode shape is lost. For
such cases, it becomes necessary to give up the modal assumptions altogether and approach
the modeling problem with more traditional approaches using discretized representations
of the structure as well as the interfaces in contact and building in the non-linear contact
relationships. Figure 31 summarizes the three approaches with pros and cons.
Note that both the Coupled Modal Model as well as the Discretized Model require an
interface representation, that is, the physical interface needs to be represented in the model
for the application of the non-linear joint models. From a finite-element standpoint, the
applicability of constitutive relationships for this is straightforward. Making a few assumptions will allow one to consistently apply phenomenological models too. If certain regions
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1. Whole-joint Representation

2. Full Interface Representation

Pros:
• Lumped representation

Pros:
• Physically intuitive

• Computationally efficient
Cons:

• Reasonable representation of local
kinematics

• Inaccurate representation of local
kinematics

• Can be extended to large displacements
Cons:

• Typically restricted to small displacements

• Computationally expensive

Figure 32: Summary of interface representation approaches
may be “lumped” together to behave in a coupled fashion, multi-point constraints may be
used to reduce these regions to virtual nodes with (relative) kinematics governed by a phenomenological model [16]. The main drawback with these so-called “whole-joint models”
is that there are limitations on the fidelity with which interfacial kinematics may be represented. Alternatively, one may make the assumption that the weak-form terms arising out
of integrating a constitutive relationship upon the interfacial elements may be represented
using phenomenological models [17, 21, 197]. This is an extremely popular approach owing
to the fact that the parameters may be estimated easily. However, the inconsistency in the
assumption is best apparent for scenarios where irregular meshes may not be avoided in the
interfaces (such as a bolted interface, which has one or more hole(s)), where choosing a uniform set of values for the force- and stiffness-like quantities will produce non-physical effects
such as increased stiffness to operations inducing rotations (such as torsion). Nonetheless,
this is easily accounted for. The main idea is to interpret the phenomenological model as
describing a nonlinear relationship between the interfacial tractions and the displacements
[198]. There are some variants to this, such as Pesaresi et al. [199] where the parameters
are tuned based on pre-determined traction fields. Following such an interpretation, one
may choose to implement it on a segment-by-segment fashion (sometimes referred to as
Zero-Thickness Elements (ZTEs) [18] or cohesive zone finite elements [200]) and conduct
numerical integrals to obtain nodal contributions, or alternatively transform the tractions at
nodal locations to nodal forces by integrating the traction fields generated from nodal interpolation. A summary of these interface representation approaches is provided in Figure 32.
Some references that have used whole joint models in the past are refs. [16, 151, 152, 201]
and those using full interface models are refs. [17, 18, 21, 34].
One of the main computational issues with implementing history dependent models comes
in the amount of storage overhead. The history dependence can be implemented using a rate
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form of the friction model for cases without separation, and using static state variables for
cases with interfacial separation. The distinction comes from the fact that the frictional
forces will have to be set to exactly zero when the interface is in a separated condition
since the joint is said to be disengaged, and that may not easily be achieved using a flow
condition (although event conditionals may be employed with the rate forms for separations,
they are not considered for the present discussion). The latter case can be reformulated
as a Differential Algebraic Equation (DAE), enabling the use of relevant methods such as
ǫ-embedding and singular perturbations that are developed primarily for solving DAEs [202,
203]. In both cases however, the number of DOF’s of a model increases with the number
of frictional elements one is willing to represent the joint with. An extremely high fidelity
ZTE formulation may add thousands of additional states just for a single joint. Therefore,
analytical rate-independent formulations in the spirit of the derivation in Brake [145] will
greatly improve the computational applicability.
The above issues are, however, only relevant for transient solution techniques (equivalently for shooting method solvers). For steady state methods such as the Harmonic Balance
Method (HBM) [204] or modal quasi-static approaches [151, 205], this issue may easily be
circumvented (see the iterative approach in Siewert et al. [206], for instance), leading to very
efficient implementations.
Parametric identification of these models is another issue that will be encountered in
practice. As already mentioned, the nonlinearities make the applicability of identification
techniques meant for uncoupled systems rather limited. To address this, hysteretic models
are often calibrated against quasi-static measurements [207, 208], which assume some degree
of rate-independent behavior. Dynamical methods to extract/calibrate hysteretic models on
MDOF systems are still an open area of research. Several branches of this work include
nonlinear polynomial estimation/fitting methods [88, 93, 209, 210] and techniques that directly measure how modes couple, such as the ones based on nonlinear normal modes [211],
spectral sub-manifold methods [212], or wavelet-based analysis techniques [213]. Unfortunately however, these methods mostly do not provide specific techniques for estimating the
hysteretic model for the structure directly. Further information can be found in the review
papers by Nol and Kerschen [196], Kerschen et al. [214], as well as Worden and Tomlinson
[215].
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8

Conclusions

The interfaces present in jointed structures can contribute significantly to the overall dissipation observed in such systems. However, this damping often occurs due to microslip and
therefore presents computational challenges not only due to issues associated with proper
representation of the contact mechanics, but also arising from the localized nature of the
joints and interfaces within the larger structural system. As a result, researchers have developed both mechanisms to represent joints in structural simulations as well as appropriate
hysteretic damping models represent the observed dissipation that arises from microslip at
the interfaces.
This work has presented an extensive list of friction damping models of interest to the
mechanical joints community. The models have been categorized based on various properties and historical derivations, and it has been shown that mathematical connections can be
drawn among the various models. Moreover, important trends, patterns, and relationships
have been identified that are pertinent to their application in analyses. These conclusions
identify redundancies in some areas as well as opportunities to explore old models in new
ways. Additionally, a multiple scales analysis has been developed for a single degree-offreedom system with a general representation of dissipation, and has been applied to the
hysteretic models presented. This analysis identifies experimentally-observed properties and
behaviors that are important to the joints community, such as frequency shifting and nonlinear damping, and relates these phenomena back to the underlying damping model and
its parameters. Further, the analysis identified saturation of hysteresis curves in the models
and its effect on dynamic behavior of the system. Future work in the joints community
will hopefully benefit from the compact description of the models presented here, as well as
mathematical analysis of their properties.
Acknowledgements. The authors would like to thank Prof. Dr.-Ing. habil. Kai Willner
of Friedrich-Alexander-Universität for the data used to generate Figure 4, as well as insightful
comments on the manuscript.
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A

Parameters

The parameter values provided in Tables 1–3 were used in the comparisons shown in Section 6.
Bouc-Wen
A = 0.75385,

α = 1.00,

β = 1.00,

n = 0.50,

k = 10.00,

c = 0.00

Dahl
σ0⋆ = 4.00,

zc = 2.00,

n = 1.50

Elasto-Plastic
σ0⋆ = 4.6685,
np = 2.50,

σ1 = 0.01,
zba = 0.1607,

σ2 = 0.01,

zc = 1.50,

zs = 1.50,

u̇s = 0.15,

max
zss
= 0.3213

Iwan
Fs = 2.5707,

Kt = 10.00,

χ = −0.30,

β = 1.00

Jenkins
φ = 2.00,

k = 4.00

LuGre
σ0⋆ = 4.40425,

σ1 = 0.01,

σ2 = 0.01,

zc = 1.50,

zs = 1.70,

u̇s = 0.15

Stribeck
µ⋆ = 1.02935,

α = 0.01,

β = 0.10,

γ = 0.50

Viscous
c⋆ = 1.2725
Table 1: Parameter values used in Figures 19–25 and 28. Models tuned at A = 1.00 to the
Jenkins model.
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Bouc-Wen
A = 0.75385,

α = 1.00,

β = 1.00,

n = 0.50,

k = 10.00,

c = 0.00

Dahl
σ0 = 5.1362,

zc = 1.6362,

n = 2.0638

σ1 = 0.0093,

σ2 = 0.0106,

Elasto-Plastic
σ0 = 8.3393,
np = 2.7640,

zba = 0.1204,

max
zss

zc = 0.8548,

zs = 1.2932,

u̇s = 0.1815,

zs = 0.3002,

u̇s = 1.4752

= 0.1929

Iwan
Fs = 1.9712,

Kt = 15.1779,

χ = −0.7322,

β = 0.2023

Jenkins
φ = 1.1037,

k = 7.0552

LuGre
σ0 = 3.6661,

σ1 = 0.2394,

σ2 = −0.01,

zc = 1.4462,

Table 2: Parameter values used in Figures 26 and 29. Models tuned over the interval
A ∈ [0, 5] to the Bouc-Wen model.
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Bouc-Wen
A = 0.75385,

α = 1.00,

β = 1.00,

n = 0.50,

k = 10.00,

c = 0.00

Dahl
σ0 = 4.1773,

zc = 2.8741 × 107 ,

n = 7.6146 × 107

Elasto-Plastic
σ0 = 7.8455,

σ1 = 0.0127,

np = 3.0270,

σ2 = 0.0211,

zba = −0.0055,

max
zss

zc = 0.4820,

zs = 0.7801,

u̇s = 0.1686,

= 0.0166

Iwan
Fs = 2.6375,

Kt = 15.1575,

χ = −0.6366,

β = 0.1044

Jenkins
φ = 3.3181 × 103 ,

k = 2.5318 × 104

LuGre
σ0 = 4.4043,

σ1 = 0.8666,

σ2 = −0.5067,

zc = 8.4148,

zs = 0.5070,

u̇s = −0.8548

Table 3: Parameter values used in Figures 27 and 30. Models tuned over the interval
A ∈ [0, 0.30] to the Bouc-Wen model.
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