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Theoretical investigation of superconductivity in trilayer square-planar nickelates
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The discovery of superconductivity in Sr-doped NdNiO2 is a crucial breakthrough in the long pursuit for nickel
oxide materials with electronic and magnetic properties similar to those of the cuprates. NdNiO2 is the infinitelayer member of a family of square-planar nickelates with general chemical formula Rn+1 Nin O2n+2 (R = La, Pr,
Nd, n = 2, 3, . . . ∞). In this Rapid Communication, we investigate superconductivity in the trilayer member of
this series (R4 Ni3 O8 ) using a combination of first-principles and t−J model calculations. R4 Ni3 O8 compounds
resemble cuprates more than RNiO2 materials in that only Ni-dx2 −y2 bands cross the Fermi level, they exhibit
a largely reduced charge transfer energy, and as a consequence superexchange interactions are significantly
enhanced. We find that the superconducting instability in doped R4 Ni3 O8 compounds is considerably stronger
with a maximum gap about four times larger than that in Sr0.2 Nd0.8 NiO2 .
DOI: 10.1103/PhysRevB.102.020504

Understanding the mechanism behind high-temperature
superconductivity (HTS) in the cuprate family remains one
of the main challenges in condensed matter physics [1]. One
way of addressing this open question has been to search for
cuprate analogs that display the properties deemed relevant to
HTS: a layered structure similar to that of the CuO2 planes, d 9
spin-1/2 ions, strong antiferromagnetic (AFM) correlations,
isolated dx2 −y2 bands near the Fermi energy, and strong p −
d hybridization. Therefore, Ni-based compounds have been
promising candidates since Ni1+ and Cu2+ are isoelectronic
d 9 ions [2]. A Ni1+ oxidation state is indeed realized in
square-planar infinite-layer systems RNiO2 (R = La, Nd). After more than three decades of effort [3–7], superconductivity
in NdNiO2 (112) films was recently observed upon Sr doping
with Tc ∼ 15 K [8].
First-principles calculations reveal similarities as well as
differences between the parent infinite-layer 112 compound
NdNiO2 and members of the cuprate family [9–18]. While
a single Ni-dx2 −y2 band indeed crosses the Fermi level as in
the cuprates, R-d electron pockets are also present. These
likely prevent the parent phase from becoming a simple Mott
insulator and suggest that Kondo interactions may play a
relevant role [12]. Nonetheless, Sr-doped 112 compounds
have a Fermi surface which is similar to that of the cuprates
and several authors have proposed an analogous dx2 −y2 pairing
order parameter [14,19]. Reference [20] argues that interfacial
effects may suppress R-d pockets and give rise to a picture that
includes only Ni-dx2 −y2 features supplemented by interfacial
Ni-dz2 flat bands.
Importantly, 112 nickelates are the infinite-layer members of a larger series represented by the general formula
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Rn+1 Nin O2n+2 (R = La, Pr, Nd, n = 2; 3; . . . ∞) with each
member containing n-NiO2 layers [21,22]. The materials in
this series are obtained via oxygen reduction from perovskitelike parent phases [21,22] as shown in Fig. 1. The fact that 112
nickelates belong to this larger series suggests the existence of
a cupratelike family of nickelate HTS.
Among the other members of this nickelate family, the
trilayer materials R4 Ni3 O8 (438) and especially Pr 4 Ni3 O8
have already been defined as close analogs of the cuprates,
therefore, promising candidates for HTS [23,24]. The structure of the n = 3 and n = ∞ layered materials and their
corresponding parent phases are shown in Fig. 1. In 112
compounds, adjacent NiO2 planes are separated by a single
layer of rare-earth ions. 438 compounds exhibit trilayer blocks
with an analogous structure. However, each of these blocks
is separated along the c axis by a fluorite slab formed by
rare-earth and oxygen ions. For the 438 materials, an average
Ni valence of 1.33+ (d 8.67 ) is obtained [23]. In terms of d
filling, 438 compounds can be mapped onto the overdoped
regime of the cuprate phase diagram [25] suggesting that HTS
could be accessible via electron doping using, i.e., Ce4+ [24].
So far, experimental reports attempting doping have used
isoelectronic substitution on the rare-earth site or changes on
the Ni planes [26–28]. To determine if electron doping can
give rise to HTS in the trilayer 438 materials, we study the
electronic structure and superconductivity in a t − J model
for the 438 trilayer nickelates. We also analyze a related
t − J model for the 112 compounds in order to provide a
reference within the Ni-based family. We find robust dx2 −y2 wave superconductivity in the 438 materials upon electron
doping, with a maximum Tc ∼ 90 K, much larger than the
112 material as a consequence of an enhanced superexchange
interaction.
We performed density functional theory (DFT)-based calculations for 438 and 112 nickelates using the all-electron,
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FIG. 1. Crystal structure of 112 and 438 square-planar nickelates
(right panels). These compounds are obtained via oxygen reduction
from the corresponding 113 and 4310 perovskitelike parent compounds (left panels). Oxygen, rare-earth (R), and nickel atoms are
depicted in red, light blue, and dark blue, respectively.

full potential code WIEN2K [29] based on the augmented
plane wave plus local orbitals (APW + lo) basis set. The
Perdew-Burke-Ernzerhof version of the generalized gradient
approximation (GGA) [30] was used for the paramagnetic
calculations. More details on the simulations are provided
in Ref. [31]. To avoid issues connected with Nd- and Pr-4 f
states, we perform calculations for LaNiO2 and La4 Ni3 O8 ,
with lattice parameters adopted from NdNiO2 and Pr 4 Ni3 O8 ,
respectively. The extraction of tight binding parameters for
t − J models is based on the Wannier functions formalism [32,33]. Hopping coefficients and on-site energies obtained from the Wannier fits for the 438 compounds are shown
in Table I of Ref. [31].
Figure 2 shows the paramagnetic band structures and
orbital-projected density of states (DOS) of La112 (d 9 ) and
La438 (d 8.67 ). In the 112 case shown in Fig. 1(a) the Ni-dx2 −y2
band crosses the Fermi level. However, as determined in previous work [9–13,16], additional Nd-5d bands also contribute
to the Fermi surface, giving rise to two electron pockets that
self-dope the dx2 −y2 band [see Fig. 2(c)]. The pockets at 
and A have predominant Nd-dz2 and Nd-dxy character, respectively. The large separation in energy between O-p and Ni-d
bands is apparent from the DOS, as shown in the right panel.
The corresponding charge transfer energy  = Ed − E p is
derived from the values of the onsite energies for the Wannier
functions as 112 ∼ 4.4 eV.

FIG. 2. Band structure and orbital projected DOS for (a) 112
and (b) 438 compounds. Bands with Ni-dx2 −y2 character crossing the
Fermi level are shown in red. The right panels show the Ni dx2 −y2 and
dz2 and O px , py , and pz orbital projected DOS. Panel (c) shows the
corresponding Fermi surfaces.

The band structure for the 438 compounds shown in
Fig. 2(b) differs significantly from that of the 112’s. Only a
single Ni dx2 −y2 band per Ni crosses the Fermi level in analogy
to the cuprates but in sharp contrast to the 112 compounds.
The R-d bands are displaced to roughly 0.5 eV above the
Fermi level. A splitting between the three Ni-dx2 −y2 bands
is observed at X as a consequence of interlayer hopping
similar to that in multilayer cuprates [34]. The corresponding
Fermi surface [shown in Fig. 2(c)] resembles that of heavily
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hole-doped cuprates bearing one electron pocket (coming
from the inner Ni) and two hole pockets (from the outer ones).
More importantly, the charge transfer energy is largely
reduced in the 438 compounds, 438 ∼ 3.4 eV, 1 eV smaller
than that of the 112 material. The difference in charge transfer
energies between the 112 and 438 cases is consistent with xray absorption experiments [23]. While a pre-peak is observed
in the 438 materials at the O-K edge, indicative of oxygen
holes, no such pre-peak is observed in the 112 materials [12].
The in-plane p − d hopping coefficients in 112 [10] and 438
materials (see Ref. [31]) are almost identical.
The difference in charge transfer energies between the 438
and 112 materials significantly impacts the corresponding
nearest-neighbor (NN) superexchange coupling J. For 112
materials, the J determined by experiments [35] is ∼25 meV, a
quarter of the value characteristic of the cuprates. Here, we estimate J in the 438 case theoretically using an expression [36]
which includes both the Mott and charge transfer limits:
Jdd =

4
2t pd

2Udd

+

4
4t pd

2 (2 + Upp )

.

(1)

Our estimates of 438 and t pd together with values of
U pp and Udd characteristic of the cuprates [37], lead to J ≈
80 meV. Ab initio calculations show that Ce-doped Pr 4 Ni3 O8
has the same electronic structure as the antiferromagnetic
insulating phase of parent cuprates at half filling. For this
system (CePr 3 Ni3 O8 , d 9 ) a similar value of J is derived by
fitting the energies of different magnetic configurations to a
Heisenberg model [24].
We now consider effective t − J models for these two
materials. While our focus is on the 438 case, we also provide
results for the 112 case, as a reference within the Ni-based
family. For the 438 case, we consider an effective three Ni-d
orbital t − J model:
H = Ps (Ht + HJ )Ps
  αβ


†
†
ti j ciασ
Ht = −
c jβσ + H.c. − μ
ciασ
ciασ
ij
αβ, σ

HJ =


niα n jα 
Jiαα
j Siα · S jα −
4
i j,α
 αβ 
niα niβ 
.
+
Jii Siα · Siβ −
4
α<β,i

i,α,σ



(2)

The indices i, j cover a two-dimensional square lattice, as
the weak dispersion along the c axis is neglected. The indices
α, β ∈ {1, 2, 3} label the Ni dx2 −y2 orbitals in each of the three
NiO2 layers. The projection operator Ps enforces the exclusion
of doubly-occupied states in each Ni sector for hole doping.
A similar model is used for electron doping, as discussed in
Ref. [31].
To capture the DFT bands, NN, next-NN (NNN), and thirdαα
NN in-plane hopping terms are included txx
= 390 meV,
αα
αα
txy = −100 meV, txxy = 41 meV, which are identical for all
Ni sectors. The splitting between the three Ni bands is due
to an interlayer hybridization −2t αβ (cos(kx a) − cos(ky a))2 ,
where t αβ = 16 meV is used as obtained from DFT calculations for (α, β ) ∈ {(1, 2), (2, 3)}. These interlayer terms

are typical in multilayered cuprates [31]. As NN intralayer
exchange we use the Jiαα
j = J = 80 meV value derived previously. Local, interlayer exchanges are also included Jiiαβ =
Jz = 17 meV for (α, β ) ∈ {(1, 2), (2, 3)}, identical for each
pair of interlayer Ni orbitals.
A slave-boson representation for each Ni orbital is introduced [38] and solutions at T = 0 which preserve time
reversal as well as all of the symmetries of the lattice are considered. In addition to the usual Gutzwiller condition, the
filling in each Ni sector is also fixed, as determined from the
noninteracting bands. This condition is the main approximation of our model, as described in Ref. [31]. Consequently, at
†
T = 0, the
√ boson in each sector biα  , biα  can be replaced
by bα = δα , where δα is the hole doping of the Ni dx2 −y2 in
layer α. Within a Hartree-Fock self-consistent approach, we
also decouple the exchange interactions in NN intralayer and
local interlayer particle-particle (p-p) and particle-hole (p-h)
channels
2 
cos(k · e)  fkα↓ f−kα↑ 
(3)
Be(αα) =
Ns
k
1 
B(αβ ) =
 fkα↓ f−kβ↑ + fkβ↓ f−kα↑ 
(4)
Ns
k
1   ik·e †
χe(αα) =
e  fkασ fkασ 
(5)
Ns
σ
k
1  †
χ (αβ ) =
 fkασ fkβσ  ,
(6)
Ns
σ
k

where Ns denotes the number of sites of the 2D lattice, e ∈
{x̂, ŷ} is the NN intralayer separation, and fkασ is the electron
operator in the α sector within the slave-boson representation.
To study the effects of doping in the 112 material, we
consider an effective t − J model involving the Ni and two
rare-earth Nd d bands which cross the Fermi energy [14].
Exchange couplings and projection of doubly-occupied states
are in effect only for the Ni dx2 −y2 orbital. As in the 438 case,
we fix the filling of the Ni orbital from the noninteracting
bands and decouple into p-p and p-h channels within a slaveboson representation. Our procedure incorporates the effects
of interactions via band renormalization [38] as in similar
approaches for the cuprates, while retaining realistic values
of the exchange coupling constants [31].
In Fig. 3(a), we present the pairing amplitude or gap order
parameters in the dx2 −y2 irreducible representation at T = 0
for the three Ni orbitals in the 438 case as functions of their
respective dopings δα with respect to the half-filled system
CeR3 Ni3 O8 (d 9 ) . The position of the parent R4 Ni3 O8 phase
(d 8.67 ) is also shown. The gap order parameters are determined
from

3J  αα
Bx̂ − Bŷαα .
dx2 −y2 α =
(7)
4
The intralayer pairings in the sx2 +y2 channels, as well as all
of the interlayer pairing channels, are strongly suppressed in
the doping regimes shown here. Similarly, all of the interlayer
T = 0 p-h mean-field parameters are suppressed relative to
the intralayer values (see Ref. [31]). The amplitudes for dx2 −y2
pairing in the three Ni sectors shown in Fig. 3(a) follow a
very similar evolution with doping. The slight anisotropy in
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FIG. 3. (a) Pairing amplitudes at T = 0 for the 438 compounds
in the dx2 −y2 channel as a function of doping for each of the Ni
orbitals as determined from Eq. (7). The arrows show the compound
at half filling CeR3 Ni3 O8 (d 9 ) and the parent phase R4 Ni3 O8 (d 8.67 ).
Ni1 and Ni3 occupy the outer layers while Ni2 occupies the inner
layer as shown in Fig. 1. The amplitudes in each Ni sector are
similar. The offsets which are visible at lower hole dopings are
due to interlayer coupling. (b) Pairing amplitude at T = 0 for the
438 family in the dx2 −y2 channel in the Ni sector (blue circles) and
pairing amplitude for the 112 family in the dx2 −y2 channel for Ni (red
squares). Both are plotted as functions of their respective dopings.
The leading pairing channel for the 438 case is roughly four times
larger than that for the 112 case.

hole- versus electron doping can be traced to the p-h
anisotropy of the bands shown in Fig. 2(b). Similarly, the
distinction between the three Ni sectors for larger hole dopings can be attributed to the distinct fillings in two of the
orbitals versus the third. These different fillings are due to
the interlayer hopping and exchange coupling, together with
the reflection symmetry about the middle plane. Within our
approximations, small rare-earth pockets start to emerge beyond an electron doping of 0.1 relative to the CeR3 NiO8
(d 9 ) configuration. As shown in Fig. 3, the dominant pairing
amplitude is already suppressed in this doping regime and
we do not expect any significant modifications to our results
due to these small pockets. We also note that the pairing in
all three Ni sectors occurs with a zero relative phase, thus
preserving the point-group and time-reversal symmetries. In
Fig. 3(b), the dx2 −y2 gap of the Ni sector is plotted for the
438’s as a function of doping in comparison to that of the
112 materials. Remarkably, the pairing amplitude in the 438
systems is roughly four times larger than in the 112s.
In order to estimate the superconducting transition temperature Tc , we follow a procedure analogous to that for
the t − J model in the case of the cuprates [25,38]. For the
underdoped regime, δα → 0, we estimate Tc as the highest

0.005

0.01
δ

0.015

0.02

FIG. 4. (a) Estimate of the superconducting transition temperature Tc as a function of hole doping from half filling (d 9 ) for the
438 compounds. The red squares give the estimate based on boson
condensation temperature. The blue circles represent the estimate
based on weak-coupling BCS theory. For a detailed account of the
methods used to obtain the two estimates please consult Ref. [31].
(b) Closeup view of (a). Note that the narrow underdoped region is
due to the relatively large intralayer NN hopping as compared to the
intralayer exchange J . A similar plot is obtained for electron doping.

boson condensation temperature of the three Ni sectors. For
the overdoped regime, Tc is estimated via the value of the
highest dx2 −y2 gap parameter at T = 0 using weak-coupling
Bardeen-Cooper-Schrieffer (BCS) theory [39].
In Fig. 4, we plot the estimates for the Tc versus hole
doping of the Ni orbitals with respect to the half-filled system
CePr 3 Ni3 O8 . The red line is the estimate based on boson
condensation, while the blue line indicates the estimate based
on weak-coupling BCS theory. The slope of the boson condensation temperature can also be estimated based on the
analytical results for free bosons with weak dispersion along
the z axis, as in the case of the cuprates [40]. The very narrow
underdoped region is due to a relatively large intralayer NN
hopping as compared to the intralayer exchange coupling J .
For a more detailed account of these estimates please consult
Ref. [31]. A similar plot is obtained for electron doping. A
maximum Tc ∼ 90 K upon hole doping (from half filling) is
found in the 438 materials, much larger than the Tc ∼ 15 K
observed in Sr-doped NdNiO2 . These results show that the
n = 3 (438) members of the layered nickelate family are even
more promising candidates for superconductivity than the
recently discovered infinite-layer superconductor (hole-doped
112). Both of them exhibit a dominant pairing instability in
the dx2 −y2 channel but the n = 3 material shows a pairing
amplitude four times larger than that of the 112 systems and
could potentially achieve a Tc ∼ 90 K.
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Our model for the 112’s overestimates Tc , particularly
near the Ni half-filling [31]. This further supports our main
prediction—Tc in the case of the doped 438’s is likely much
larger than in that of the 112’s.
To summarize, we have studied the electronic structure and
superconducting instabilities of trilayer (438) nickelates and
compared them to the recently-discovered infinite-layer superconductor (hole-doped 112). A DFT-based analysis of the
438 compounds indicates that these materials are much more
cupratelike than their 112 counterparts—they exhibit a superexchange interaction which approaches a value typical of
the cuprate family (as a consequence of smaller p − d charge
transfer energy), and a single band of Ni-dx2 −y2 character

is around the Fermi level (without rare-earth d bands). The
solutions of the corresponding t − J models at the mean-field
level reveal that the dominant pairing in the dx2 −y2 channel is
significantly stronger in the 438 versus 112 materials making
these materials promising superconductors if electron doping
can be achieved.
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