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Abstract
We present a theoretical and computational study of thixotropic yield-stress materials in cylindrical Couette flows using a novel fluidity-based
constitutive model introduced by de Souza Mendes et al. [J. Nonnewtion. Fluid Mech. 261, 1–8 (2018)]. The model relies on measurable rheological
properties to couple the equations of motion with an additional equation for the evolution of the material fluidity (i.e., the reciprocal of viscosity). The
fluidity itself is used as a structure parameter to assess the material structuring state without the introduction of phenomenological functions or additional parameters. Our simulations parallel rheological tests with a stress-controlled rheometer and are carried out with the material properties obtained
experimentally for the laponite suspension from which the model was originally developed. The results reveal that the processes of breakdown and
buildup of the microstructure as well as the position of the yield surface in the flow essentially depend on the applied stress and on two material properties associated with distinct thixotropic time scales, namely, the avalanche time and the construction time. The model predictions also capture many
features observed in the flow of yield-stress materials with thixotropy, such as the avalanche effect and transient shear banding. We also show that the
steady-state flow is uniquely determined by the imposed stress and does not depend on the material initial structuring state. This contrasts with previous reports for nonthixotropic elastoviscoplastic materials, suggesting that nonunique steady flows of structured materials are probably associated with
the transient evolution of elastic stresses from a given initial condition. © 2020 The Society of Rheology. https://doi.org/10.1122/8.0000041

I. INTRODUCTION
Structured materials like gels and concentrated particulate
systems such as suspensions, emulsions, and foams abound
both in nature and industrial applications. The intricate
microstructure of these materials leads to a highly
non-Newtonian rheology and many elaborate rheological signatures. At small stress levels, they behave as viscoelastic
solids. However, beyond a given stress threshold, commonly
referred to as the yield stress, their microstructure undergoes
a major collapse, which is accompanied by a dramatic drop
in viscosity and elasticity and by the onset of irreversible
flow. Under constant stress for sufficiently long periods of
time, the microstructure of structured materials usually
achieves a stable configuration set by the equilibrium
between the rates of microstructure buildup and breakdown.
If the microstructure does not change instantaneously after a
step change to a new stress level, the material is said to be
time-dependent. Thixotropic materials are time-dependent
materials characterized by a shear-thinning, shear-historyindependent, steady-state viscosity. The terminology “thixotropic elastoviscoplastic” (TEVP) material was recently
introduced to refer to structured materials that display all
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these nonlinear effects simultaneously. The main features of
structured liquids and TEVP materials have been discussed
comprehensively by many authors [1–11].
Most models that take thixotropic effects into account are
formulated in terms of a kinetic equation for a scalar parameter λ, which is used as a measure of the material structuring
level (see [12–16] and the reviews by Mewis and Wagner [2]
and Larson and Wei [9]). By definition, λ [ [0, 1] such that
assuming that there is a one-to-one correspondence between
the structure parameter and the material consistency, λ ¼ 0
corresponds to the lowest possible structuring level (and the
lowest possible viscosity) and λ ¼ 1 corresponds to the
highest possible structuring level (and the highest possible
viscosity, which diverges for yield-stress materials). The evolution equation for the structure parameter involves a balance
between the rates of microstructure buildup and breakdown
in the flow. However, these terms usually rely on postulated
functions of the structure parameter that not necessarily represent the actual physics at the microscopic level.
Different approaches adopted by Mwasame et al. [17] and
Jamali et al. [18] are also worth mentioning. The former uses a
population balance theory to model the aggregation and breakage of the microstructure in colloidal suspensions. The latter
presents dissipative particle dynamics simulations for a waxy
crude oil model based on a fabric tensor that captures particleparticle interactions at the microscopic level. These works represent important progress on modeling the macroscopic rheological behavior of TEVP materials from molecular-level
0148-6055/2020/64(4)/889/10/$30.00
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phenomena without the introduction of phenomenological
functions and additional parameters related to them.
Another alternative to model thixotropy is through a kinetic
equation for the material fluidity, which is defined as the reciprocal of viscosity, as originally proposed by Fredrickson [19].
In contrast to the introduction of an artificial structure parameter, the main assumption in this case is that the fluidity itself
specifies uniquely the material microscopic state. For instance,
models based on the coupling between a kinetic equation for
the fluidity with viscoelastic constitutive equations for the
stress have been successfully used to predict the rheology of
micellar solutions and liquid crystalline dispersions [20–22].
In addition, fluidity-based models seem to be appropriate for
describing the behavior of yield-stress materials. In fact, as the
fluidity vanishes below the yield stress, there is no need of
dealing with an unbounded viscosity or other regularization
parameters [23–25].
Recently, de Souza Mendes et al. [26] presented a new
constitutive model for TEVP materials that differs significantly from others available in the literature. It is assumed
that there is a one-to-one correspondence between the material fluidity and the microscopic state, and then the fluidity
itself is used as a measure of the structuring level. The model
sets an Oldroyd-B-like equation to relate the stress field and
the flow kinematics in which both the relaxation and retardation times are measurable functions of the fluidity and can be
related to normal stress differences. The formulation is closed
by an evolution equation for the fluidity field in the flow,
which is also formulated in terms of measurable material
functions only. The model then accounts for the mechanisms
of buildup and breakdown of the microstructure with no postulated functions nor additional auxiliary parameters.
In this paper, we present a theoretical and computational
study of thixotropic yield-stress materials in Couette flows to
assess the performance of the novel fluidity-based constitutive
model of de Souza Mendes et al. [26]. We extend the previous
work of Cheddadi et al. [27], who studied a similar problem
using the well-known constitutive model of Saramito [28,29]
for nonthixotropic elastoviscoplastic materials. In contrast to
Cheddadi et al. [27], here we consider yield-stress materials
with thixotropic effects but no elasticity. We take the same
material properties as those reported by de Souza Mendes
et al. [26] for a 2% aqueous laponite dispersion whose yield
stress was 6 Pa and the first normal stress difference was null.
Our analysis shows the effects of the material initial structuring condition and imposed stress on the development of the
fluidity and velocity fields in the flow.
The rest of this article is organized as follows. In Sec. II,
we review the constitutive model and develop its onedimensional formulation for Couette flows. The computational solution is briefly outlined in Sec. III. Results and discussions are presented in Sec. IV, and some concluding
remarks are given in Sec. V.
II. THEORETICAL FORMULATION
A. Governing equations and constitutive model
The equations of motion for isothermal flows of incompressible materials are those of conservation of mass and

momentum, namely,
∇u¼0

(1)



@u
þ u  ∇u ¼ ∇  T þ ρg:
ρ
@t

(2)

and

Here, ∇ ¼ @=@x is the standard gradient operator in
space, where x is the position vector, u is the velocity field, ρ
is the material density, t is the time, T is the material stress
tensor, and g is a body force ( per unit mass). The stress
tensor is split as usual, that is, T ¼ (p þ tr (σ)=3)I þ σ,
where p ¼ tr (T)=3 is the mechanical pressure, “tr” stands
for the trace of a tensor, I is the identity tensor, and σ is the
extra-stress tensor field. The constitutive equation for σ is
discussed next.
We adopt the constitutive model recently introduced by de
Souza Mendes et al. [26] for TEVP materials. First, the
model sets an Oldroyd-B-like differential equation to relate
the extra-stress tensor field, σ, to the rate-of-strain tensor,
γ_ ¼ ∇u þ ∇uy . Here, the superscript y denotes the transpose
operation. This equation is written as
5

5

γ_ þ θ s (fv ) γ_ ¼ fv σ þ θ 1 (fv ) σ,

(3)

where the inverted triangle at the top indicates the upperconvected time derivative of a tensor; fv is the material fluidity, which is defined as the reciprocal of its viscosity; and θ s
and θ1 are the relaxation and retardation times, respectively.
The latter two are measurable functions of the fluidity and
can be related to differences in the normal stresses. In the
absence of elasticity, which is the case we assume herein,
both θ s and θ 1 vanish and then Eq. (3) reduces to the constitutive equation for a generalized Newtonian fluid, i.e.,
γ_ ¼ fv σ.
As the fluidity is bounded at very high and very low stress
levels, it is convenient to define the dimensionless fluidity as
f*v ¼ (fv  f0 )=(f1  f0 ), where f1 and f0 represent the
maximum and minimum possible fluidity values, respectively. In practical applications, f1 is the fluidity when the
material is fully unstructured and can be obtained from the
flow curve data if it is possible to reach a Newtonian plateau
in the high shear stress range, such that fv asymptotically
tends to f1 as the material structuring level becomes low
enough. In turn, f0 is the fluidity when the material is fully
structured and can be obtained in the low shear stress range.
Notice that f0 ¼ 0 for yield-stress materials, whereas it is
very small (but not null) for apparent yield-stress fluids.
When f0 is so small that it cannot be measured accurately,
one usually assumes that the material possesses a true yield
stress. In summary, both f1 and f0 are measurable material
properties. Also, notice that f*v is a normalized quantity, i.e.,
f*v [ [0, 1], such that the dimensionless fluidity itself plays
the role of a structure parameter to assess the material microscopic state: f*v ¼ 0 corresponds to the maximum structuring
level (and the highest possible viscosity) and f*v ¼ 1
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corresponds to the minimum structuring level (and the lowest
possible viscosity). As there is a one-to-one correspondence
between the material fluidity and its microscopic state, the
structuring level decreases monotonically as the fluidity grows.
The model takes into account thixotropic effects through
an evolution equation for the fluidity field. This equation
involves the equilibrium (steady-state) fluidity, feq , evaluated
at the current stress, σ. The stress is defined here as the intensity of the deviatoric part of the extra-stress tensor, i.e.,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
σ ¼ 12 σ d :σ d , where σ d ¼ σ  (tr (σ)=3)I. The dimension-

Alternatively, tc seemed to depend on f*eq and on the material
initial structuring condition in a nontrivial manner. The
experimental data suggested that tc is nearly constant when
f*eq . 0, being approximately one order of magnitude
smaller when f*eq ¼ 0. The parameter s was also fitted as a
complex function of f*eq . For sake of simplicity, however,
here we take s as a constant with a representative value of
s ¼ 2.

less equilibrium fluidity is calculated as

We now use the constitutive model discussed in Sec. II A
to analyze the transient flow within the gap between two concentric cylinders with radii κR and R, where κ [ (0, 1) is a
geometric parameter. The outer cylinder rotates due to an
applied torque ( per unit length) of constant magnitude M. It
is convenient to employ axisymmetric cylindrical coordinates
(r, θ, z), where r, θ, and z represent the radial, angular, and
axial coordinate, respectively. We assume that the flow is
axisymmetric and purely tangential, such that the mass conservation principle yields u ¼ uθ (r) ^eθ , where ^eθ is the unit
vector in the θ-direction. Thus, if inertial effects are negligible, the shear stress field is determined by a straightforward
angular momentum balance, such that σ rθ ¼ M=(2πr 2 ).
Moreover, in the absence of elastic effects, there are no
normal stress differences and hence σ ¼ σ rθ . Under these circumstances, the equation of motion becomes

" 
 #
1 jσ  σ y j 1=n
σ
K
" 
f*eq (σ) ¼
 # H(σ  σ y ), (4)
1 jσ  σ y j 1=n
(f1  f0 ) þ
σ
K
where σ y is the yield stress, f1 and f0 are the fluidity corresponding Newtonian plateaus at very high and very low
stress levels, respectively, K is the consistency index, n is the
power-law index, and H is the Heaviside step function. As
can be seen, Eq. (4) is based on the well-known Herschel–
Bulkley model and, in fact, displays a behavior similar to it
in the range of intermediate stresses, i.e., sufficiently apart
from the Newtonian plateaus.
Finally, the dimensionless fluidity evolves according to
d f*v
dt

;

@ f*v
@t

þ u  ∇f*v ¼ f (f*v ),

(5)

where

f (f*v ) ¼

8
sþ1 
s1
*
* s
*
* s
>
s (feq  fv ) fv þ f0
>
>
>


, 0 , f*v  f*eq ,
>
< ta
*
*
f þf
eq

>
>
>
f*  f*eq
>
>
: v
,
tc

0

(6)

f*eq , f*v  1,

in which f*0 ¼ f0 =(f1  f0 ) is the dimensionless minimum
fluidity, ta is the avalanche time, tc is the construction time,
and s is a positive parameter. The avalanche time is associated with a time delay between the application of the stress
and the beginning of observable flow, whereas the construction time is a time scale for the buildup of the microstructure.
A detailed discussion about the many parameters of the
model is presented by de Souza Mendes et al. [26].
The functional form of f (f*v ) in Eq. (6) indicates that the
imposed stress acts in order to break down the material structure if 0 , f*v  f*eq . On the other hand, the material structuring level increases in the flow if f*eq , f*v  1. More
interestingly, the definition of f (f*v ) is consistent with experimental data for a specific material of interest. In their original
work, de Souza Mendes et al. [26] used experimental results
obtained with a laponite suspension to fit ta as a function of
0:4
1:1
f*eq as ta ¼ αt f*eq (1  f*eq ) , where αt is a time constant.

B. Cylindrical Couette flow

dω M fv
¼
,
dr 2π r 3

(7)

where ω ¼ uθ =r is the local angular velocity. The fluidity
equation remains similar to that in Eq. (5), except that the
convective term u  ∇f*v vanishes. The problem is closed by
a boundary condition for the angular velocity at the inner cylinder, ω(κR, t) ¼ ωκR (t), and an initial condition for the normalized fluidity field, f*v (r, 0) ¼ f*v,0 (r).
We now proceed with the nondimensionalization of the
problem [30] using the following characteristic scales: the
outer cylinder radius, R, for length, the yield stress, σ y , for
stress, and τ c ¼ (σ y (f1  f0 ))1 for time. The nondimensional formulation reads as
*
*
dω*
* fv þ f0
¼
σ
R
dr *
r* 3

(8)

and
8
sþ1 
s1
*
* s
*
* s
>
>
> s (feq  fv ) fv þ f0
>


>
, 0 , f*v  f*eq ,
>
< ta*
*
*
f þf

df*v
eq
¼
dt* >
>
>
f*v  f*eq
>
>
>
,
:
tc*

0

(9)

f*eq , f*v  1,

subjected to ω* (κ, t * ) ¼ ω*κ (t * ) and f*v (r * , 0) ¼ f*v,0 (r * ).
The superscript * is used to distinguish dimensionless
variables: ω* ¼ ωτ c , r* ¼ r=R, σ *R ¼ M=(2πR2 σ y ), t * ¼ t=τ c ,
ta* ¼ ta =τ c , and tc* ¼ tc =τ c . The dimensionless equilibrium
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TABLE I. Dimensionless material properties for the laponite suspension
characterized by de Souza Mendes et al. [26].
Property

Value

n
γ_ *1
αt*

0.32
0.726
2.28 × 104
1.12 × 104 if feq* = 0
2.55 × 105 if feq* > 0
1.56 × 10−8

tc*

f0 *

fluidity written in terms of dimensionless variables is
jσ *  1j1=n
σ*
f*eq (σ * ) ¼
H(σ *  1),
1 jσ *  1j1=n
þ
σ*
γ_ *1

the time step is set to Δt * ¼ 101 . Preliminary tests have
shown that further increasing the mesh refinement and
decreasing the time step lead to no appreciable changes in
the results.
It is worth mentioning that, if the flow is characterized by
a complex kinematics and/or elastic stresses are present, the
model leads to a fully coupled, nonlinear formulation. In
these cases, the numerical scheme needs to be considerably
more robust, especially because of the hyperbolic nature of
the transport equations of stress and fluidity (e.g., see
[31–38]).
IV. RESULTS AND DISCUSSION

(10)

2

where σ * ¼ σ *R =r * and γ_ *1 ¼ (σ y =K)1=n =[σ y (f1  f0 )].
Nine dimensionless parameters arise in the formulation.
Four of them, namely, κ, σ *R , ω*κ , and f*v,0 , are associated
with either the flow geometry or boundary and initial conditions. The remaining five–n, γ_ *1 , α*t , tc* , and f*0 –involve rheological properties only, and thus they are rheological material
properties themselves [30]. In other words, a given material
possesses fixed values for n, γ_ *1 , α*t , tc* , and f*0 .
We will examine the flow of thixotropic yield-stress materials using the rheological properties of the 2% aqueous
laponite dispersion characterized by de Souza Mendes et al.
[26], given in Table I. These authors also reported that the
first normal stress difference of this dispersion is null,
leading us to neglect elasticity in this work. We also take a
fixed flow geometry with κ ¼ 0:9 and assume that the inner
cylinder is kept at rest, such that ω*κ ¼ 0. Thus, our analysis
will focus on how the flow is affected by the applied stress,
σ *R , and the material initial structuring condition, f*v,0 . Notice
that this formulation parallels rheological tests with stresscontrolled rheometers in which σ *R is the imposed stress and
f*v,0 represents the material structuring level at the beginning
of the test.

III. NUMERICAL SOLUTION
Following the discussion of Sec. II B, the flow is rectilinear and elastic effects are absent, such that the equation of
motion decouples from that for the evolution of the fluidity
field. The angular velocity is determined by the stress boundary condition and the material fluidity, which, in turn,
evolves from the initial structuring condition and depends
only on the position across the gap due to the weakly nonuniform stress field. In this case, the numerical scheme needed
to solve the model becomes trivial.
Given σ *R and f*v,0 , we use a second-order Runge–Kutta
method to integrate Eq. (9) in time and, at each time step, the
updated fluidity field is used to solve Eq. (8) with a standard
second-order finite difference discretization. The flow
domain r* [ [κ, 1] is divided in 1000 uniform intervals and

We now present a set of results that illustrates the effects
of the initial structuring level, f*v,0 , and imposed stress, σ *R ,
on the evolution of the fluidity and angular velocity fields in
the flow. The material is initially either fully structured
(f*v,0 ¼ 0) or fully unstructured (f*v,0 ¼ 1), and, for each
case, we investigate the effects of different values of the
applied stress. It is worth mentioning that, at steady-state conditions, the position ry* of the yield surface in the gap is
determined by the imposed stress only. The radial coordinate
across the gap is conveniently expressed as (r*  κ)=(1  κ),
which ranges from 0 at the inner stationary wall to 1 at the
outer moving wall. All variables hereafter are dimensionless,
but the superscript * is dropped for ease of notation.
A. Initially fully structured material
We first analyze the situation in which the material is initially fully structured, that is, fv,0 ¼ 0. The applied stress is
either σ R ¼ 1 or σ R ¼ (1 þ κ)2 =4. In the first case, the yield
surface at steady state is at the outer wall, i.e., ry ¼ 1, and
hence at steady state the material is yielded and flows like a
liquid everywhere in the gap. In the second, the imposed
stress is such that the steady-state yield surface is at the
middle of the gap, i.e., ry ¼ (1 þ κ)=2. In this case, at steady
state the material flows only between the inner wall and the
middle of the gap. In the other half of the domain, however,
at steady state the material is unyielded and moves like a
rigid body with the same angular velocity as that of the outer
wall.
Figures 1 and 2 present the results for the evolution of the
fluidity and angular velocity fields with time as well as their
corresponding profiles across the gap at different times. As
can be seen, the time scales required for the onset of flow are
notoriously long, suggesting that the microstructure resists to
the imposed load for a long period of time before it starts to
break down. At short times, the material remains highly
structured and moves approximately like a rigid body. The
computations show that fv  0 and ω  0 for t ≲ 104 . After
that, the microstructure experiences a sudden collapse and
the material starts to flow irreversibly. Notice that the collapse starts at the inner wall, where the stress is maximum,
and then propagates toward the outer wall with time until the
system eventually reaches a steady configuration. This prediction is consistent with the rationale that the stress is the
physical agent responsible for breaking down the microstructure and driving the flow [5,10]. The time delay between the
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FIG. 1. Evolution of the fluidity (top) and angular velocity (bottom) fields with time (left) and the corresponding profiles across the gap at different times
(right). The material is initially fully structured (fv,0 ¼ 0), and the imposed stress is σ R ¼ 1 such that the position of the yield surface at the steady state is at
the outer cylinder wall, i.e., ry ¼ 1.

FIG. 2. Evolution of the fluidity (top) and angular velocity (bottom) fields with time (left) and the corresponding profiles across the gap at different times
(right). The material is initially fully structured (fv,0 ¼ 0), and the imposed stress is σ R ¼ (1 þ κ)2 =4 such that the position of the yield surface at the steady
state is at the middle of the gap between the cylinders, i.e., ry ¼ (1 þ κ)=2.
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application of the stress and the onset of flow due to a sharp
transition in the material microstructural state is known as the
avalanche effect, which is a property of time-dependent
yield-stress materials. This phenomenon was originally
described by Coussot et al. [39,40] and has been recently
explored via numerical simulations in the context of TEVP
materials by Oishi et al. [41,42]. Not surprisingly, the time
scale associated with the onset of flow reported here coincides with the one employed for the avalanche time αt
(Table I), showing that the present model indeed captures
well the avalanche effect observed in thixotropic yield-stress
materials. It is worth noting that evolution equations whose
breakup agent is either the shear rate or the stress power
instead of the stress are not able to predict the avalanche
effect, since the breakdown process will never start with a
quiescent initial condition where the shear rate and stress
power are both null.
Even though the results shown in Figs. 1 and 2 might
look nearly the same for both stress levels, at least qualitatively, it is worth noting some remarkable differences
between them. First, the evolution of the velocity and fluidity
profiles across the gap differ considerably due to the different
positions of the yield surface at steady state, which is determined by the applied stress. Second, the values of velocity
and fluidity differ in approximately one order of magnitude.
In fact, lower/higher stress levels are expected to lead to
higher/lower viscosities (or lower/higher fluidities) and
lower/higher velocities. Finally, as the microstructure breaks
down slower/faster when subjected to lower/higher stress
levels, the imposed stress also affects the time scale

associated with the onset of flow and that needed for the
achievement of a steady state. For instance, the stress σ R ¼ 1
leads to a steady-state flow after 2:8  106 time units,
nearly 2.3 times faster than for σ R ¼ (1 þ κ)2 =4.
B. Initially fully unstructured material
Next, we examine the case where the material is initially
fully unstructured, i.e., fv,0 ¼ 1. Again, two different values
of the imposed stress are considered, namely, σ R ¼ κ 2 and
σ R ¼ (1 þ κ)2 =4. The latter is similar to that analyzed in
Sec. IV A. The former, in turn, corresponds to a steady yield
surface at the inner wall, i.e., ry ¼ κ, meaning that the material is expected to become fully unyielded and the flow to
essentially stop at steady state. The results are shown in
Figs. 3 and 4 and follow the same description as those of
Figs. 1 and 2. Again, one observes appreciable changes in
the fluidity and velocity fields only after very long time
scales. However, in contrast to the previous discussion, as the
material is now initially fully unstructured, this time scale is
associated with the construction time tc for the buildup of the
microstructure. The differences associated with distinct
values of the applied stress are dramatic, as we elaborate
next.
For σ R ¼ κ2 , it follows that feq ¼ 0 everywhere in the gap
and then the material experiences a single, short construction
time (Table I). As a result, the microstructure builds up uniformly in the flow [Figs. 3(a) and 3(b)]. The material starts
behaving as a liquid and displays a nearly linear angular
velocity profile across the narrow gap [Figs. 3(c) and 3(d)].

FIG. 3. Evolution of the fluidity (top) and angular velocity (bottom) fields with time (left) and the corresponding profiles across the gap at different times
(right). The material is initially fully unstructured (fv,0 ¼ 1) and the imposed stress is σ R ¼ κ 2 such that the position of the yield surface at steady state is at the
inner cylinder wall, i.e., ry ¼ κ.
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FIG. 4. Evolution of the fluidity (top) and angular velocity (bottom) fields with time (left) and the corresponding profiles across the gap at different times
(right). The material is initially fully unstructured (fv,0 ¼ 1) and the imposed stress is σ R ¼ (1 þ κ)2 =4 such that the position of the yield surface at steady state
is at the middle of the gap between the cylinders, i.e., ry ¼ (1 þ κ)=2.

As time evolves and the material becomes more structured,
the fluidity falls and the slope of the velocity profile
becomes progressively smaller. At the steady state, the material is fully structured [fv  0 in Figs. 3(a) and 3(b)] and the
flow essentially stops [ω  0 in Figs. 3(c) and 3(d)], as
expected.
On the other hand, when σ R ¼ (1 þ κ)2 =4, we have that
feq . 0 for r , ry and feq ¼ 0 for r  ry , where ry ¼
(1 þ κ)=2 is the position of the yield surface at the steady
state (namely, the middle of the gap). The material then experiences two distinct construction times, which differ from

one another by one order of magnitude (Table I). This leads
to a nonuniform buildup process in the flow, such that the
fluidity field becomes discontinuous at the middle of the gap
[Figs. 4(a) and 4(b)]. Since the construction time is much
shorter for feq ¼ 0 than for feq . 0, the microstructure
builds up faster near the outer wall, where the stress is low,
than near the inner wall, where the stress is high. As the flow
approaches a steady state, the region of low fluidity close to
the outer wall becomes unyielded and begins to move as a
rigid body with an approximately constant angular velocity
[Figs. 4(c) and 4(d)].

FIG. 5. Evolution of the shear rate field (left) and the corresponding profiles across the gap at different times (right). The material is initially fully unstructured
(fv,0 ¼ 1) and the imposed stress is σ R ¼ (1 þ κ)2 =4 such that the position of the yield surface at steady state is at the middle of the gap between the cylinders,
i.e., ry ¼ (1 þ κ)=2.
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Notice that for σ R ¼ (1 þ κ)2 =4, the position
ry ¼ (1 þ κ)=2 of the yield surface does not change with
time, such that the discontinuity in the fluidity field leads to
a kink in the velocity profile at the middle of the gap. The
discontinuity becomes more pronounced at time scales comparable to the construction times and persists during the
entire transient flow, where the yield surface essentially separates the gap in two regions with distinct, nearly constant
shear rates. Figure 5 depicts the results for the shear rate field
(γ_ ¼ r dω=dr) in the flow. Notice that the shear rate in each
half of the gap is not exactly constant because the stress field
is slightly nonuniform. Still, these predictions resemble many
experimental observations and other numerical studies of the
so-called transient shear banding in yield-stress fluids
[43–46]. More interestingly, as the flow evolves toward a
steady state, the discontinuity in the shear rate at the middle
of the gap becomes less pronounced and eventually vanishes,
leading to a smooth, approximately constant profile. This
happens because the fluidity values predicted by the different
construction times match each other at steady state such that
the fluidity field becomes continuous and the velocity field
becomes smooth. We shall discuss this in detail in Sec. IV C.
Finally, as the microstructure builds up slower/faster at
higher/lower stress levels, the applied stress has a strong
effect on the time needed for the system to achieve a steady
condition from an initially unstructured state. In this case, the
steady-state flow for σ R ¼ κ 2 occurs after 2  105 time
units, which is one order of magnitude lower than the
4  106 time units needed when σ R ¼ (1 þ κ)2 =4.

C. Uniqueness of the steady-state flow
We have analyzed the transient flow response for
σ R ¼ (1 þ κ)2 =4 when the material is initially either fully
structured (fv,0 ¼ 0, Sec. IV A) or fully unstructured
(fv,0 ¼ 1, Sec. IV B). Thus, it is instructive to verify whether
the different initial conditions regarding the material initial
structuring level lead to the same steady-state flow or not.
This is motivated by the previous work of Cheddadi et al.
[27] for Couette flows of nonthixotropic elastoviscoplastic
materials. Their results show that the steady response
changes considerably depending on the initial stress state.
The present analysis differs from that of Cheddadi et al. [27]
in two ways. On the one hand, the material we consider here
is inelastic and thus there are no normal stress differences.
On the other hand, our model takes thixotropy effects into
account, which are not captured by the elastoviscoplastic
model of Saramito [28,29] used by Cheddadi et al. [27].
Figure 6 shows the evolution of the fluidity and velocity
profiles near the steady state when the material is initially
fully structured (fv,0 ¼ 0, red curves) and fully unstructured
(fv,0 ¼ 1, blue curves). These plots are the same as those in
Figs. 2(b) and 2(d) and 4(b) and 4(d), but the scales have
been adjusted to focus on the final time steps when the
system is close to the steady state. The dashed profiles in
black correspond to the steady-state fluidity (feq ) and
angular velocity. The vertical dashed lines mark the position
of the yield surface at the steady state, ry ¼ (1 þ κ)=2. As

FIG. 6. Profiles of fluidity (top) and angular velocity (bottom) across the
gap for σ R ¼ (1 þ κ)2 =4 when the material is initially either fully structured
(fv,0 ¼ 0) or fully unstructured (fv,0 ¼ 1). The dashed profiles correspond
to the solutions at the steady state, and the vertical dashed lines mark the corresponding position of the yield surface, ry ¼ (1 þ κ)=2, which is at the
middle of the gap. At steady state, the material is yielded (fv . 0) and flows
like a liquid for r , ry , while it is unyielded (fv ¼ 0) and moves like a rigid
body for r  ry . Both initial structuring conditions lead to the same steadystate flow.

can be seen, both initial conditions lead to the same steadystate flow.
When the material is initially fully unyielded (fv,0 ¼ 0,
red curves), the imposed stress acts to break down the microstructure in the region of high stress near the inner cylinder
(r , ry ). As a result, the values of fluidity and velocity
across the gap increase smoothly toward the steady-state solution. Notice that the material remains unyielded (fv ¼ 0
and ω  constant) in the region of low stress near the outer
cylinder (r  ry ), as expected. On the other hand, when the
material is initially fully yielded (fv,0 ¼ 1, blue curves), the
microstructure builds up discontinuously because of the
distinct construction times in each half of the gap. The
buildup is much faster near the outer wall (r  ry ) because of
the lower stress levels and shorter construction time. The
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transient buildup in this region is not shown in Fig. 6
because the profiles are so close to the steady state that
fv  0 for r  ry already. The transient evolution is more
clearly observed for r , ry , where one sees the profiles of
fluidity and velocity approaching the same steady-state solution as before. Notice that the discontinuity in the fluidity
profile and the kink in the velocity profile at r ¼ ry vanish at
the steady state, indicating that the results of Fig. 5 indeed
represent a transient shear banding.
In summary, these results suggest that the nonunique
steady-state flows reported by Cheddadi et al. [27] are due to
elastic stresses and their transient evolution from a given
initial stress state. Our predictions reveal that thixotropic
effects alone do not drive yield-stress materials to different
steady-state flows depending on the material initial structuring level. Alternatively, the steady-state flow is determined
by the imposed stress only.

high. As a result, the material might build up nonuniformly
across the gap. If this is the case, the predictions suggest that
the position of the yield surface is characterized by a discontinuity in the fluidity field, leading to the evolution of a transient shear banding in the gap [43–46]. At a steady state, the
fluidity field becomes continuous, the velocity profile
becomes smooth and the shear bands vanish.
Our results also revealed that thixotropic yield-stress materials with no elasticity are not driven to different steady-state
flows depending on the initial condition. Instead, the steady
state is determined by the applied stress only. This contrasts
with the previous reports of Cheddadi et al. [27] for elastoviscoplastic materials with no thixotropy, suggesting that the
nonuniqueness of steady flows of TEVP materials is probably associated with the transient evolution of elastic stresses.

V. CONCLUDING REMARKS
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financial support to the Rheology Group at PUC-Rio.

We presented a theoretical and computational study of a
thixotropic yield-stress material with no elasticity in cylindrical Couette flows using the fluidity-based constitutive model
recently introduced by de Souza Mendes et al. [26]. The
model couples the equations of motion with an additional
equation for the evolution of the fluidity field in the flow.
The fluidity itself is used as a structure parameter to assess
the material microscopic state and no additional parameters
are needed. Moreover, the fluidity equation relies on measurable material properties only, such that the description of the
mechanisms of buildup and breakdown of the microstructure
are naturally incorporated in the formulation without introducing other phenomenological functions. The simulations,
which mimic rheological tests with a stress-controlled rheometer, were performed using the material properties of the
laponite suspension originally characterized by de Souza
Mendes et al. [26].
Our analysis explored the effects of the material initial
structuring condition and applied stress on the development
of the flow toward a steady state. When the material is initially fully structured, the onset of flow occurs at time scales
as long as the avalanche time. The material resists to the
imposed load until its microstructure undergoes a sudden collapse and the flow starts. This corresponds to the so-called
avalanche effect observed experimentally by Coussot et al.
[39,40]. It is worth noting that evolution equations whose
breakup agent is either the shear rate or the stress power
instead of the stress are not able to predict the avalanche
effect, since the breakdown process will never start with a
quiescent initial condition where the shear rate and stress
power are both null. After the beginning of the flow, the
microstructure breaks down continuously until the system
eventually reaches a steady state.
On the other hand, when the material is initially fully
unstructured, the microstructure buildup process is determined by another thixotropic time scale, the construction
time. The model sets two distinct construction times depending on the stress level that the material experiences such that
the buildup is faster/slower in regions where the stress is low/
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