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ABSTRACT 

Probing grain boundary structure-property relationships using 
directionally solidified, grain boundary engineered oligocrystals 

by 

Logan Gregory Ware 

Grain boundaries are two-dimensional defects in polycrystalline materials and are one of 

the main determinants of their macroscopic properties. Due to their complexity, from the 

atomic level to the macroscopic, experimental study of grain boundary physics, 

chemistry, and mechanics is limited to small subsets of easily accessible grain boundary 

structures. Advances in computational materials science and microstructural 

characterization techniques have expanded the scope of grain boundary study, but there 

remain several open challenges to full understanding of grain boundary structure-property 

relationships. Many studies in the past two decades have found that the orientation of the 

grain boundary plane is an important factor in predicting grain boundary properties, 

however systematic investigation of the grain boundary plane is hindered by the lack of 

control of the grain boundary plane during fabrication and processing. This thesis aims to 

solve the outstanding challenge of grain boundary plane orientation control and greatly 

open up experimental investigation of grain boundary structure-property relationships. In 

order to accomplish this, I demonstrate a novel experimental fabrication technique that 

leverages additive manufacturing to grow bicrystals of complex shape. These complex 

bicrystals contain equally complex grain boundary geometries, whose structures are a 

continuous function of the bicrystal shape, meaning one single grain boundary can 
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represent many different grain boundaries simultaneously. In this work, relevant topics 

are surveyed briefly, including grain boundary structure, grain boundary energy, and 

grain boundary fabrication through crystal growth, followed by a description of the 

bicrystal growth technique. A study on the thermodynamic stability of complex grain 

boundary morphologies found in these bicrystals follows, in which we find that these 

grain boundaries are metastable within the constraints of the bicrystal. We also consider 

the effect of local temperature gradients on the kinematic accessibility of a given grain 

boundary geometry to determine the constraining thermal and geometric factors during 

crystal growth. The crystal growth technique is then applied to studying grain boundary 

energy as a function of the grain boundary plane orientation. This study has found the 

first experimental observation of symmetries in grain boundary properties in a general 

high angle grain boundary with no special misorientation relationship. This last result has 

important implications for experimental study of the symmetry of general grain 

boundaries, as well as for improved property predictions based on the topology of a given 

grain boundary network in polycrystalline materials.  
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Chapter 1 

Introduction 

The properties of most materials encountered in daily life are determined not 

just by the material itself, but also by the defects introduced into the system’s ordered 

structure. Each defect addition has its own unique effect on the material, and can 

range in variety from additions of other elements, like doping silicon for use in 

electronics (zero-dimensional point defects) to incorporating secondary phases into 

the material to strengthen it (three-dimensional defects). Two-dimensional 

interfaces – and in particular, grain boundaries – play an outsized role in mechanical 

and thermal properties for polycrystalline materials. Grain boundaries are interfaces 

between misoriented crystals/grains, and can be the main determinant in the 

macroscopic material properties of metals, metalloids, and ceramics1. Examples of 

grain boundaries can be seen in the optical micrograph of polycrystalline Sn in Figure 

1.1a, which shows polarized light contrast between adjoining grains, and Figure 

1.1b, which highlights the grain boundaries in a polycrystalline Cu sample using red, 
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blue, yellow, and black lines2. Often, a high density of grain boundaries is beneficial 

for material properties and performance. For example, increasing the number and 

total area of grain boundaries increases the yield strength3 and fracture toughness4 

of metals. However, grain boundaries can also degrade material performance, acting 

as preferred sites for intergranular stress corrosion cracking5–7, liquid metal 

embrittlement8, and solute segregation9,10, leading to cracking, corrosion, and 

catastrophic part failure. 

The properties of a grain boundary are linked to its crystallography, which is 

described by eight total parameters, often called the degrees of freedom. Three 

parameters describe the microscopic positioning of atoms in the boundary relative to 

the equilibrium position of the atoms in a ground state grain boundary (the 

translational degrees of freedom). These parameters are difficult to determine 

experimentally and computational studies usually consider these parameters to be in 

equilibrium, and thus not a factor. The other five parameters describe the 

macroscopic geometry of the planar boundary between the two lattices (the 

Figure 1.1. (a) Polycrystalline Sn, with color contrast indicating different 
grains. (b) EBSD map of grain boundaries, colored by boundary structure2. 
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rotational degrees of freedom). This is shown here schematically in Figure 1.2. Three 

of the macroscopic parameters describe the rotations required to bring the two 

crystal lattice orientations (whose orientations are described by the blue unit 

vectors) into alignment; this is the misorientation of the boundary. The 

misorientation distribution is inherently tied to the orientation of the grains within a 

polycrystalline material, usually called the sample texture in the context of 

manufacturing. The remaining two of the five macroscopic parameters describe the 

orientation of the normal vector of the grain boundary plane, denoted as the unit 

vector n in Figure 1.2. In practice, the boundary plane is usually described by the 

crystallographic planes (each using three identifying values) which run parallel to the 

boundary on either side rather than a lab coordinate like the vector n, and the 

Figure 1.2. Illustration of five macroscopic parameters of a grain boundary. 
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misorientation is usually described in axis-angle representation: the crystallographic 

axis common to both grains (three) and the rotational angle (one) about that axis 

required to bring the grains into coincidence. Thus, most common descriptions of the 

geometric parameters of a grain boundary use ten identifiers for convenience (if all 

are given) rather than just the five that are mathematically required. 

The misorientation and the boundary plane orientation are coupled subspaces 

within the larger eight-dimensional space that describes the grain boundaries of a 

specific crystal system, e.g., each point in the misorientation subspace has a distinct 

representative boundary plane orientation subspace. In other words, not all 

misorientations have the same possible set of boundary plane orientations; some 

boundary plane orientations may exist for one misorientation and no others.  

Studying the relationship between grain boundary structure, grain boundary 

properties, and the observed performance of a material requires experimental 

control over all the aspects of the grain boundary structure. Despite many decades of 

research, however, the connection between grain boundary structure and grain 

boundary properties is still poorly understood due to the combination of the vast five-

dimensional macroscopic grain boundary parameter space and inefficient 

experimental sampling techniques. Control over the misorientation has been 

successfully demonstrated in polycrystalline metals and alloys through grain 

boundary engineering2,11 and other methods of texture manipulation12–17. However, 

control over the grain boundary plane orientation has not been developed to the same 

degree. Subsequently, full understanding of the role of the grain boundary plane has 

lagged behind the study of misorientation. The advent of three-dimensional 
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structural characterization tools, such as 3D X-ray diffraction18, X-ray diffraction 

contrast tomography19, and 3D electron backscatter diffraction(EBSD)20–26, promise 

to bring about greater understanding of grain boundary plane structure-property 

relationships, but these statistical methods still rely on traditional processing 

methods for grain boundary fabrication, and can only sample grain boundary plane 

distributions manufactured by these methods27,28. This puts a natural bias on the 

sample population which cannot be overcome with traditional manufacturing 

techniques. 

In pursuit of the goal of better understanding the connection between grain 

boundary structure and observed grain boundary properties, this thesis 

demonstrates a novel grain boundary fabrication method which can directly control 

the grain boundary plane orientation of multiple grain boundaries simultaneously. It 

also investigates the control of the thermodynamics and kinetics of the formation of 

a grain boundary via solidification and the relationship between the grain boundary 

structure, symmetry, and observed properties. Studies such as these provide 

evidence of accessible beneficial grain boundary structures thus far unexplored, as 

well as leading to better prediction of the microstructural evolution of a grain 

boundary network during processing.  

1.1. Grain boundary structure 

Because of the periodicity of crystal lattices and the vast multi-dimensional 

space of grain boundary description, the atomistic structure of grain boundaries 

varies greatly from one set of macroscopic parameters to the next. At its fundamental 
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base, a grain boundary’s structure is the result of nonequilibrium bond numbers, 

angles, and lengths forced on the local crystal structure by the difference in 

orientation of the two grains. Because of the complexity of the eight-dimensional 

grain boundary parameter space, many attempts have been made to better quantify 

and describe the structure of the grain boundary, either through solely geometric 

consideration or more local considerations.  

The original theory of grain boundary structure models the grain boundary as 

an array of dislocations and is known as the Read-Shockley model29. This theory was 

posited about nine years before them by Bragg and Burgers separately30,31. A 

schematic model of an edge dislocation-based grain boundary is shown in Figure 

1.3a32. This intuitive model has some success at predicting grain boundary 

properties, but breaks down at misorientations larger than ~15-20°, where the 

dislocation cores start to overlap. Using this misorientation range as a natural 

delimiter, the first systematic description of grain boundaries categorized them as 

low-angle (described by the Read-Shockley model) and high-angle grain boundaries. 

Because of the efficacy of this original model, grain boundary structure-

property relationships are still often discussed within the context of specific 

categories of misorientation.  Another basic descriptor for grain boundaries classifies 

them based on the angle between the misorientation axis and the grain boundary 

plane1. Boundaries whose misorientation axis is within the grain boundary plane are 

classified as tilt boundaries, whose low-angle variants can be modeled as arrays of 

edge dislocations like the boundary in Figure 1.3a. On the opposite end, boundaries 

whose misorientation axis is perpendicular to the grain boundary plane are classified 
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as twist boundaries. These can be visualized intuitively as separating a perfect lattice 

into two portions and twisting one half by the prescribed misorientation angle. 

Between these two extremes lies the classification of mixed boundaries, which make 

up the majority of grain boundaries encountered in real systems. 

The prevailing belief in academic research tends to be that the grain boundary 

misorientation is the main determinant of macroscopically observed properties of the 

metal/alloy33–43. Additional research found that certain high-angle grain boundaries 

had extraordinary properties relative to other high-angle grain boundaries, breaking 

high-angle boundaries down into “special” and “general” boundaries44–51. An 

Figure 1.3. Illustrations of different grain boundary descriptors. a) Low-angle 
grain boundary comprised of pure edge dislocations32. b) CSL Σ5 [100] grain 
boundary in a cubic system. Black atoms indicate overlapping atomic positions 
of white and grey atoms58. c) Polyhedral unit model of Σ3 cubic boundary, 
viewed both in and out of the grain boundary plane63. 
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alternative description describes them as singular (a special misorientation), vicinal 

(a misorientation very close to a special one), and general grain boundaries (the 

rest)52. Special boundaries tend to have high periodicity in their lattice structure, with 

shared atomic sites in both grains. The coincidence site lattice (CSL) notation 

describes these highly periodic systems, and can be calculated based on the volume 

of the unit cell of the grain boundary1,53–57. The CSL description is based purely on the 

geometry of the misorientation, with the common cubic Σ5 grain boundary with [100] 

misorientation axis shown in Figure 1.3b58. In this schematic, grey and white atoms 

represent the different grain’s lattices, while the black atoms represent sites that 

coincide with each; every fifth lattice site in each grain is coincident with the other 

grain. The reciprocal of the number of coincident sites is called the Σ number, which 

in this case is five.   

Alternative descriptions to explain the exceptional properties of these grain 

boundaries use the local atomic structure of the boundary. The most common of these 

is the polyhedral structural unit model, which describes the local atomic structure of 

the grain boundary as a series of repeating polyhedra, which have been described and 

enumerated elsewhere. This model was first proposed by Bishop and Chalmers59, and 

was extended to include tilt grain boundaries with low index misorientation axes60–

62 and finally to three dimensions by Banadaki and Patala63. In this model, the number 

and type of repeating polyhedra are used to describe their properties; an example is 

illustrated in Figure 1.3c using an asymmetric Σ3 cubic grain boundary63. However, 

the structural unit model suffers from the same issue as the CSL description: in both 
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cases, the general grain boundary structure with no observable long-range order 

cannot be described, and their properties cannot be modeled or explained. 

Recent work has borrowed from molecular biology to develop a description 

which illustrates the similarity between two different grain boundaries. An example 

of this model for cubic symmetric tilt boundaries with [100] misorientation axis is 

shown in Figure 1.464,65. Here, boundaries are clustered based on the similarity 

between their atomic structures, with smooth variation between them. As is expected 

for a constant misorientation axis, Figure 1.4 shows that boundaries with close 

misorientations have similar atomic structures, and thus, properties. This is useful for 

measuring and describing the atomic structure for theoretical calculations, yet most 

Figure 1.4. SOAP description of grain boundary visualized SPRING-based 
description, showing similarity between [100] symmetric tilt boundaries 
based on distance between nodes64. 
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three-dimensional microstructural characterization cannot capture atomic 

resolution data. Experimental data on the atomic structure of a grain boundary could 

benefit this model, but the difficulty in sample preparation for atomic resolution 

S/TEM and atom probe tomography prevents high-throughput grain boundary 

atomic characterization. 

The common weakness of all of these structural descriptions of boundaries is 

the lack of inclusion of the grain boundary plane, which greatly changes the atomic 

structure at the boundary66. Descriptions of the grain boundary plane orientation are 

also limited historically, due to the difficulty of observing the grain boundary plane 

adequately in experiment. The emergence of three-dimensional microstructural 

characterization techniques18,39,67–69 has alleviated this issue, and led to renewed 

interest in simplified descriptions of grain boundary structure that do not discard 

physical information about the boundary plane orientation, discussed in the next 

section. Emphasis on misorientation still persists within the literature, despite the 

clear effect that different grain boundary orientations can have on the atomic 

structure.  

1.2. Grain boundary symmetry 

Attempts at understanding the grain boundary parameter space often focus 

on specific cases, such as symmetric tilt boundaries or CSL boundaries. While these 

descriptions have had success, and created the field of grain boundary 

engineering11,51, they ignore the vast majority of the grain boundary parameter space. 

A successful description which has recently gained increased attention focuses 
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instead on the symmetry of the grain boundary, expressed through the 

bicrystallography. Much like the crystallographic description of a crystal system, the 

misorientation of a grain boundary has a demonstrable symmetry and, thus, a 

crystallographic point group associated with it1. In some cases, this point group can 

be highly symmetric; these boundaries tend to be CSL boundaries. However, even a 

general high angle grain boundary with a high index misorientation axis has a 

crystallographic point group.  

The symmetry of the misorientation subspace (three dimensions) affects the 

observed symmetries in the grain boundary plane orientation subspace, whose two 

dimensions are best visualized as the surface of a unit sphere, with the angular 

spherical coordinates representing the two grain boundary plane parameters. Given 

a misorientation axis and angle, all possible grain boundary plane orientations are 

observed on the surface of this sphere. If the misorientation has any symmetry above 

the identity, the orientation subspace can be separated into multiple symmetrically 

equivalent regions. When projected on to a 2D plane, a single symmetric region is the 

grain boundary analog to the standard stereographic triangle for crystallographic 

surface orientations, and is called the grain boundary plane fundamental zone70–72. 

This grain boundary plane fundamental zone accounts for all symmetry operations of 

the bicrystal system and corresponds to the point group symmetry of the dichromatic 

pattern. The axes of symmetry of the fundamental zone are centered on the 

misorientation axis of the boundary, rather than the axes of the crystal lattice.  
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An example of this symmetry is shown in Figure 1.5, which illustrates this 

concept for the CSL Σ3 twin misorientation of the FCC system (a 60° twist along the 

[111] axis common to both grains)73. Grain boundaries with CSL descriptor Σ3 have 

1/3 of all atoms in one grain occupying sites that are coincident with 1/3 of the atoms 

in the opposite grain. FCC materials belong to the point group Oh, and the Σ3 grain 

boundary belongs to the hexagonally symmetric point group D6h70. The grain 

boundary orientation space for this Σ3 misorientation is shown in Figure 1.5a. The 

order of the D6h point group is 24, meaning there are 24 symmetrically equal 

segments of the unit sphere, centered around the axis of symmetry, which is [111] in 

this case (Figure 1.5b). Stereographic projection along this axis gives the grain 

boundary plane fundamental zone, with the three corners chosen as [111], [2 1�  1�], 

and  [1 0 1�], rather than the crystallographic axes of either crystal (Figure 1.5c). 

Thus, the grain boundary plane for a given misorientation has its own inherent 

symmetry, which is confirmed in simulations and experimental calculations of grain 

Figure 1.5. Illustration of the grain boundary plane orientation fundamental 
zone73. (a) Unit sphere representation of the boundary plane orientation unit 
sphere, divided into 24 symmetrically equivalent segments centered on the 
[111] misorientation axis. (b) Unit sphere shown in (a) with axis of symmetry 
directed out of plane. (c) Stereographic projection showing the fundamental 
zone’s three principal directions. 
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boundary energy67,71,74,75. This description of the five macroscopic grain boundary 

parameters represents a promising framework for experimental investigations of 

grain boundaries, since it represents the entire boundary orientation space in a way 

that is intuitively analogous to representations used for crystal surfaces. 

Theoretical and experimental evidence seem to support the importance of the 

grain boundary symmetry to the observed grain boundary properties, meaning that 

atomic-level structural identification may not be necessary to calculating the 

expected properties of a grain boundary, but rather simply identifying the five 

macroscopic parameters is enough. This parameter space is still vast, however, and 

the general complexity of the grain boundary parameter space continues to hinder 

experimental study and understanding of grain boundary structure-property 

relationships. 

1.3. Grain boundary energy 

Because a grain boundary is a defect in an otherwise perfect crystal lattice, 

the presence of a boundary adds additional thermodynamic excess free energy to 

the system; the energy per unit area of the grain boundary (usually just called the 

grain boundary energy) naturally varies as the structure varies. When considering 

grain boundary structure-property relationships, the grain boundary energy is the 

physical link between the atomic scale and the continuum scale. Understanding 

variance in the grain boundary energy is typically the first step to understanding the 

potential behavior of a polycrystalline grain boundary network.  
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Calculating this energy is important for materials scientists because the grain 

boundary energy is the main predictor of many thermodynamic, kinetic, and 

mechanical properties in polycrystalline materials76. For example, Erb et al. 

determined that the grain boundary energy had a remarkable prediction ability 

when corroding copper in an acidic solution77. The free volume added to the metal 

due to the stretched atomic bonds at the boundary make them prime candidates for 

infiltration and embrittlement, seen classically in gallium and mercury 

embrittlement of aluminum78,79. Grain boundary embrittlement of bismuth within 

copper was also found to depend on grain boundary energy80. The excess free 

energy and volume of the grain boundary also make them prime candidates for 

segregation of solute and impurities74,81,82, with the equilibrium solute 

concentration dictated by the boundary energy83–85. It also plays a similar role in 

intergranular stress corrosion cracking86–90, with higher energy boundaries more 

likely to nucleate and propagate cracks. 

The formation of secondary phases in alloys can be heavily dictated by the 

presence of grain boundaries, where higher energy boundaries serve as preferential 

sites for heterogeneous nucleation of growth of intermetallic phases1,91. Due to their 

position on high-entropy material defects, and their chemical inhomogeneity with 

respect to the bulk matrix, the presence of second-phase precipitates on grain 

boundaries can have deleterious effects on corrosion resistance92–97, yield 

strength98, and fracture toughness99. A particularly important case is the 

precipitation of Al3Mg2 particles on grain boundaries in Al-Mg alloys100, which can 
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cause corrosion cracking and part failure in the seawater environments where these 

alloys are typically used.  

Grain growth in metals occurs because of the thermodynamic force of grain 

boundary energy, which drives the reduction of the total grain boundary surface 

area in order to reduce the total energy of the system. Assuming that the grain 

boundary energy is isotropic with respect to changes in grain boundary structure, 

the distribution of grains which grow and grains which shrink can be predicted 

based on the number of neighboring grains101. However, grain boundary energy has 

been shown to be anisotropic in many systems102. Some models of abnormal grain 

growth postulate that certain grains grow abnormally large with respect to their 

neighbors because their neighbors have much higher energies, making the 

reduction in energy brought by those grains shrinking much greater and 

thermodynamically favored102. Recent models show that grains with anisotropic 

grain boundary energy exhibit anisotropic grain shape evolution103, which would 

affect the resulting texture of the material, as well. 

Read and Shockley first estimated the grain boundary energy for small-angle 

grain boundaries29 using the dislocation array model mentioned in Chapter 1.1. This 

small-angle grain boundary consists of an array of dislocations whose spacing D 

dictates the misorientation θ through the expression 𝜃𝜃 ≅ 𝑏𝑏 𝐷𝐷⁄ , where b is the 

magnitude of the Burgers vector of the dislocations. Each dislocation has its own 

energy per unit length; when arranged in an array, the energy of this grain boundary 

γ is 
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 𝛾𝛾 =  𝛾𝛾0𝜃𝜃(𝐴𝐴 − ln 𝜃𝜃), (1.1) 

where γ0 is the energy of the dislocations and A is an elastic material constant. As 

the misorientation increases, the dislocation cores cannot be individually resolved, 

and this formula and the relationship between misorientation and energy breaks 

down for high-angle grain boundaries. Predicting the relationship between grain 

boundary structure and energy for high-angle grain boundaries has been an ongoing 

field of research in materials science for decades. 

The early work on searching for the main predictor of the grain boundary 

energy was summarized first by Sutton and Balluffi, who reviewed numerous 

potential geometric criteria which had been previously put forward to explain grain 

boundaries with particularly low energy104. These criteria include coincidence site 

lattice theory, planar coincidence site density, high atomic planar density at 

constant interplanar spacing, large interplanar spacing, and high density of rows of 

atoms. The authors are careful to point out that because these criteria are 

geometrically-based, and none account for atomic bonding and translational 

degrees of freedom; because of this, none of the geometric criteria were found to 

account for every low grain boundary energy found in the literature at that point.  

1.3.1. Calculating grain boundary energy from simulation 

The increase in computational power in the past decades has given rise to 

using atomistic molecular dynamics (MD) simulations to calculate the grain 

boundary energy. These simulations model atoms as spherical particles with 

spherical energy potentials and calculate the position, velocity, and other properties 
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of each atom based on external forces. Published embedded atom potentials of 

common elements has made these simulations easily accessible for studying grain 

boundaries105,106. While these simulations have achieved increasing complexity64, 

they are generally limited to boundaries with periodic unit cells that can be 

simulated with reasonable computational cost and time. Early computational work 

found that the symmetry of the grain boundary is reflected in the grain boundary 

energy; in particular, face-centered cubic twist boundaries in which the 

crystallographic plane is (100), (111), (110),  or (113) on either side of the 

boundary show energy values which are symmetric about the 45°, 30°, 90°, and 90° 

misorientations, respectively107,108. This symmetry breaks down when altering the 

misorientation axis, even for symmetrical tilt boundaries in FCC metals with low-

index misorientation axes, such as [110] or [100]64,109,110.  

Many models have been put forth which attempt to quantify the relationship 

between the five macroscopic crystallographic parameters and the boundary energy 

based on these simulations. Some of these models translate the atomistic 

representations into continuum expressions, several of which predict the boundary 

energy with good accuracy111,112. The ease of use of MD simulations to measure 

grain boundary structure-property relationships has led many researchers to build 

increasingly large datasets of grain boundary structures from published embedded 

atom method potentials, including 388 Ni and Al grain boundaries75, 408 

boundaries of W113, 408 boundaries of Fe and Mo114, and 174 boundaries each of Al 

and Cu115.  
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Despite their efficacy, MD simulations tend to ignore many real factors which 

affect the grain boundary energy. For instance, temperature can drastically change 

the structure and energy of a grain boundary in a simulation, but the temperature is 

often 0 K in published studies116. There is also more recent evidence that the 

boundary energy can be better predicted using the ambient temperature and the 

elastic constants of the material, rather than the atomic structure117,118. The stiffness 

tensor of the grain boundary has also been shown to potentially be a more accurate 

descriptor of observed boundary properties than just the boundary energy119.  

Complicating the picture is a more recent proposal which posits that there 

are many degenerate grain boundary configurations and many different grain 

boundary energy levels for a given set of macroscopic parameters120. These energy 

levels can be calculated by iterating the different combinations of the microscopic 

translational degrees of freedom, with each unique set of three parameters changing 

the overall energy. Using this concept, the authors of the study proposed a form of 

grain boundary statistical mechanics in which grain boundaries can occupy a 

number of metastable states, where each state would change the observed GB 

properties. Multiple degenerate states or grain boundary phases could coexist in the 

same grain boundary, separated by line defects within the boundary plane, and 

large degeneracy implies that certain grain boundaries could exhibit glass-like 

behaviors. While this is a promising new direction in describing the energy of grain 

boundaries using a statistical mechanics-based thermodynamics model, the authors 

only consider highly symmetrical grain boundaries, and there is no direct 

experimental evidence in this theory’s favor. 
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1.3.2. Measuring grain boundary energy from experiment 

Experimental measurements of grain boundary energy tend to measure the 

relative boundary energy, e.g., the ratio of grain boundary energy to the energy of 

the surface it intersects121,122. These experiments rely on optical interferometry, 

optical microscopy, atomic force microscopy, or in situ X-ray imaging to observe the 

profile of the groove formed where the grain boundary intersects the interface. 

Crystal growth was the main method of fabrication for the earliest studies of 

boundary energy, using three seed crystals to form three grain boundaries which 

intersect in a triple junction121–123. This triple junction in equilibrium achieves a 

force balance, which can be described by the Herring equation124,  

 ∑ 𝛾𝛾𝑖𝑖𝑡𝑡𝑖𝑖 + 𝜕𝜕𝛾𝛾𝑖𝑖
𝜕𝜕𝜕𝜕
𝑛𝑛�⃑ 𝑖𝑖3

𝑖𝑖=1 = 0, (1.2) 

where γi is the energy of each boundary i, ti is the tangent direction of the grain 

boundary plane, 𝜕𝜕𝛾𝛾𝑖𝑖
𝜕𝜕𝜕𝜕

 is the grain boundary torque, and ni is the unit vector normal to 

the grain boundary. Assuming that the torque terms are negligible, the Herring 

equation becomes Young’s equation, 

 
𝛾𝛾1

sin𝛼𝛼1
= 𝛾𝛾2

sin𝛼𝛼2
= 𝛾𝛾3

sin𝛼𝛼3
, (1.3) 

where αi is the included angle opposite the grain boundary.  

In some cases, two of the seed crystals have the same orientation, giving a 

better measurement of the relative boundary energy123,125,126. With the advent of 

three-dimensional microstructural characterization techniques, researchers are 

now able to generate relative grain boundary energy distributions for entire 
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polycrystalline materials24,127. More accurate statistical methods for calculating the 

relative free energies of boundaries at triple junctions have also emerged to take 

advantage of these techniques128–131. In these methods, large systems of equations of 

either Herring’s equations or capillarity vector equations are iteratively solved until 

the relative boundary energy distribution is converged upon.  

Another method of measuring the relative boundary energy uses the 

intersection of a single grain boundary with a free surface. The triple junction which 

forms at this intersection is known as a grain boundary groove or a thermal groove.  

Mullins was the first to quantify the change in surface slope due to the presence of 

this groove132. He assumed that the surface is in equilibrium with its vapor, both the 

grain boundary and surface energies are isotropic, and the two potential 

mechanisms of mass transport available to the surface were either evaporation-

condensation or surface diffusion. In both cases, Mullins also assumes that the slope 

of the groove near the groove root is small, which simplified calculations such that 

reasonable approximations could be made. He found that surface diffusion is the 

most likely mechanism based on the available evidence at the time, and that in both 

cases the shape of the grooves was independent of annealing time.  

When using thermal grooving to measure the relative grain boundary energy, 

the only aspect of the thermal groove required for calculation is the included 

dihedral angle θ at the groove root. Assuming that both the grain boundary energy 

and surface energy are isotropic, a simplified Young’s equation, 𝛾𝛾 𝜎𝜎⁄ = 2 cos(𝜃𝜃 2⁄ ), 

requires only θ as an input. For the generalized case where the surface energy is 
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anisotropic, the equation is 𝛾𝛾 =  𝜎𝜎1 cos 𝜃𝜃1 + 𝜎𝜎2 cos 𝜃𝜃2, where σx is the surface energy 

of adjoining grains and θx is the included angle towards each grain. The advent of 

atomic force microscopy (AFM) made measuring the included angle of these grooves 

a relatively simple proposition. In many cases, this has also given the measure of 

anisotropy of the surface energy of the materials, as well133. These grooves 

equilibrate under annealing temperatures which are a significant fraction of the 

melting temperature. For example, recent work on ultrafine grain Ni has shown that 

the distribution of relative boundary energies significantly lowers during the equal 

angle channel processing combined with short periods of annealing134. A variational 

approach to grooving can account for multiple forms of diffusion in three 

dimensions135,136. 

In all cases, calculation of the absolute grain boundary energy requires a 

priori knowledge of the absolute energies of the interacting interfaces, as well; sole 

reliance on experimental observations does not give the whole picture. In the case of 

metals, interfacial energies as a whole tend to be anisotropic with respect to 

crystallographic orientation, meaning the relative grain boundary energy will vary 

not only with the grain boundary structure, but with the energy of the interface 

which it intersects. 

1.3.3. Grain boundary energy vs. the grain boundary plane 

Additional problems arise when considering the effect of the grain boundary 

plane orientation on the grain boundary energy. Computational studies have 

demonstrated clearly that within the subset of CSL boundaries, the grain boundary 
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energy is strongly dependent on the boundary plane orientation71. Grooving 

experiments, too, have a limited scope of boundary plane orientations they can 

sample, and are highly dependent on the processing path of the sample. Recent 

advances in constructing large datasets of grain boundaries with a constant 〈111〉 

misorientation axis show that the boundary plane orientation subspace can be 

sample in statistically large datasets28, but this varies the misorientation angle, as 

well. Maintaining a constant misorientation axis and angle while only varying the 

grain boundary plane can be accomplished in simulations119, but is harder to 

fabricate experimentally.  

Much like a free surface, grain boundaries also have a Wulff shape associated 

with them which can be calculated from the grain boundary energy plot in the grain 

boundary plane orientation space137,138. Much like a spherical single crystal in 

equilibrium with its liquid phase, the Wulff shape of a grain boundary can be 

visualized as an isolated grain enveloped within a larger single crystal matrix. This 

matter has been met with some reservation from some of the community102; 

however, simulations of embedded spherical grains evolving under capillary action 

add credence to this idea, showing that some island grains evolve towards their 

Wulff shape119.  
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Experimental evidence supports this claim. Work done by Straumal and 

coworkers over a period of a decade made novel use of a traditional tricrystal 

growth technique to grow island grain bicrystals, like the example shown in Figure 

1.6a139. In this stitched micrograph, a Cu island grain with [110]/70.53° Σ3 grain 

boundary shows obvious faceting, with preferred grain boundary plane 

orientations139. Using a cover gas of Ar and H2, samples were annealed for 48 hours 

to form thermal grooves, which were analyzed using AFM. Because the two grains 

Figure 1.6. Grain boundary energy vs. the grain boundary plane. (a) Island grain 
of Σ3 misorientation139. (b) Grain boundary energy plot for Σ3 of Cu, with 
corresponding Wulff shape139. (c) 3-dimensional grain boundary energy as a 
function of the boundary plane for Cu144. (d) Simulated grain boundary energy 
as a function of the boundary plane for Al73. 
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are constant along the circumference of the island grain, the ratio of surface 

energies between the matrix and island grains are constant, as well. Thus, any 

variation in the relative boundary energy measured via AFM can be attributed to 

only the variation in the absolute grain boundary energy. Using this approach, the 

authors plot the Wulff-Herring construction of the relative grain boundary energy 

for various tilt grain boundaries at various temperatures; one of these plots is 

shown in Figure 1.6b139. They show that this Wulff shape in two dimensions varies 

with annealing temperature, as well. This group continued this work by measuring 

the effect of Bi segregation in Cu changes the Wulff-Herring plot140. This caused 

major changes to the Wulff-Herring shape, showing obvious roughening 

temperature phase transitions.  

Each change in the angular dimension of the grain boundary changes the 

atomic structure of the grain boundary itself. This aspect has been exploited to 

determine the grain boundary energy and the grain boundary Wulff shape of Cu139–

142 and Nb143. However, these studies focused on the highly symmetric Σ3 and Σ9 

grain boundaries, which are not representative of most grain boundaries in a 

polycrystalline material. 

Taking this a step further, Straumal et al.144 created a full three-dimensional 

grain boundary energy plot for the Σ3 grain boundary of Cu, which plots the grain 

boundary energy as a function of the entire grain boundary plane orientation 

subspace, shown in Figure 1.6c144. These results correlate well with simulations of 
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the grain boundary energy for Σ3 grain boundaries of Al, showing the same general 

contour and symmetry about the misorientation axis (Figure 1.6d73). 

It should be noted that while these island grain bicrystals show 

fundamentally how to measure the relative boundary energy as a function of the 

grain boundary plane orientation, there are difficulties in preparing these 

specimens. While a perfect island grain bicrystal was grown using this growth 

technique using Nb143, many extraneous grains often nucleate and grow on the side 

of the island grain; these systems are not so much island bicrystals but island 

oligocrystals140,145. Thus, while this technique provides a promising experimental 

method, there is a need for greater control of the grain structure in sample 

fabrication to remove the influence of adjacent grains on the energy and faceting of 

the system. 

1.4. Manufacturing bicrystals via crystal growth 

The original studies of grain boundary structure and grain boundary 

structure-property relationships were performed using bicrystals because of the 

ease of production and the ability to isolate single grain boundaries. Most of these 

bicrystals were manufactured using metal crystal growth, which originated with the 

Bridgman crystal growth technique for single crystals146. This technique is 

illustrated in Figure 1.7, which shows a modified form of the original Bridgman 
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method. A mold (often made of steel or graphite) is filled with the metal of interest 

and placed within a tube furnace to melt. To prescribe the orientation of the 

crystals, seed crystals with known orientation are placed in contact with the melt147. 

This also prescribes the misorientation of the resulting grain boundary.  

More modern techniques replace the seed crystals with grain selector 

geometries built into the shape of the mold, which force competitive grain growth to 

select the fastest growing orientation148,149. The mold is slowly removed from the 

furnace, which creates a grain structure determined by the number of seed 

crystals/grain selectors when properly performed. The processing-structure 

relationships of crystal growth are well-established, with the speed of removal, 

Figure 1.7. Bridgman-based bicrystal growth process. 
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liquid diffusivity, and temperature gradient determining both the grain boundary 

geometry fabricated150–152 and the chemical microstructure within the 

specimen153,154.  

To control the position of the grain boundary formed, notches are built into 

the side of the mold. The size of the notch is significant enough that the grain 

boundary is pinned to this position by thermodynamic constraints155. Similar to 

grain boundaries pinned by thermal grooves in thin films32, the notches create a 

significant free energy penalty by forcing the creation of more grain boundary 

surface area in order to migrate out of the notch. By controlling the position of the 

boundary with these notches, researchers can prescribe the grain boundary plane 

orientation.  

By controlling the misorientation of the grain boundary and the position of 

the grain boundary, the Bridgman-based bicrystal growth method was a valuable 

early research technique in physical metallurgy. Early studies using the Bridgman 

technique proved through indirect evidence that the grain boundary structure is not 

amorphous37,125,126, though direct evidence of amorphous grain boundary structures 

has been observed since these early results156–158. The formation of subgrain 

boundary networks, where each subgrain is misoriented with respect to the 

surrounding subgrains by <5°, was first studied by growing single crystals and 

bicrystals159–161.  

The Hall-Petch relationship in metals dictates that the density of grain 

boundaries is extremely important to the mechanical properties of a material3,162,163. 
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This made bicrystal growth a lucrative method for studying the behavior of single 

grain boundaries under plastic deformation37 because the position and orientation 

of the grain boundary can be varied systematically. For instance, Kawada 

investigated the effect of the boundary plane relative to the slip plane on plastic 

deformation behavior in Zn bicrystals by manipulating the orientation of the seed 

crystals, finding a small but significant variance in elongation and deformation 

shape164. The behavior of grain boundaries under plastic deformation has been 

investigated for Zn164–166, Al167–171, Fe-Si alloys172, and β brass173 using bicrystals 

grown via a Bridgman-based technique. Additionally, Livingston and Chalmers used 

bicrystals to research the activation of multiple slip systems due to dislocation pile-

up at a grain boundary174. Bridgman-grown bicrystals have also been used to study 

grain boundary fracture in Zn175. 

These bicrystals are also obvious candidates for measuring grain boundary 

diffusivity, as well as measuring the anisotropy of boundary diffusivity. This was 

first performed on Ag, measuring the effect of both the misorientation and the grain 

boundary plane orientation on self-diffusion along the grain boundary43. Bridgman-

grown bicrystals have been used to measure Fe self-diffusion in Fe-Si [110] tilt 

boundaries 176; self-diffusion in 〈100〉 tilt boundaries in Ag177; boundary diffusion of 

Zn on 〈100〉 tilt boundaries in Al178; temperature dependence and the boundary 

diffusivity anisotropy in self-diffusion of Ag in Σ5 boundary179; diffusion of Au and 

Cu along [100] symmetric tilt boundaries in Cu180–182; diffusion of Ge and its 

misorientation dependence on symmetrical [111] tilt boundaries of Al183; diffusion 

of Ag in Cu Σ5 (310) boundary184,185. 
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Relatedly, Bridgman-grown bicrystals have also been used to determine the 

effect of the geometric grain boundary parameters on solute segregation and 

secondary phase precipitation along the grain boundary. The precipitation of Sn in 

Pb-Sn bicrystals with [001] misorientation axis was studied by Tu and Turnbull in 

1967186, finding that the Sn precipitated along the grain boundary such that the 

{310} plane of Sn was parallel to the {111} plane of Pb. Cu-Fe-Co alloys will 

precipitate secondary BCC phases along the grain boundaries, like the precipitates 

shown in Figure 1.8a, and Bridgman-style bicrystals grown of this alloy show that 

the boundary plane determines both the shape and density of the BCC 

Figure 1.8. Bicrystal study examples. (a) TEM micrograph of precipitates 
formed on grain boundary in a Cu-Fe-Co bicrystal187. (b) Elliptical grain 
boundary in NaCl195. (c) Zn bicrystal with grain boundary moved by externally 
applied shear196. (d) Sliding grain boundary in Sn199. 
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precipitates187. Lejček and coworkers used bicrystals of Fe-6at%Si to study the 

competitive segregation of Si, P, C, and S to the grain boundaries188–190.  Straumal et 

al. studied the effect of Bi segregation to Cu grain boundaries on the grain boundary 

energy as a function of the boundary orientation (discussed in Section 1.3.3)140. 

The original works of grain boundary motion were all performed on single 

crystals and bicrystals made using the Bridgman style. Grain boundary migration 

driven by the excess free energy of the boundary and curvature was studied using 

bicrystals machined such that the grain boundary geometry could be analytically 

determined, like the NaCl grain boundary in Figure 1.8b, and correlated with 

migration speed191–195. The motion of a grain boundary driven by an externally 

applied shear was first studied using these bicrystals; Figure 1.8c shows a Zn 

bicrystal whose grain boundary migrated when shear was applied196–198. Grain 

boundary sliding – the tangential motion of a grain relative to its adjoining grains – 

has also been investigated using Sn bicrystals (Figure 1.8d)199.  

1.5. Thesis Outline 

The lack of understanding of grain boundary structure-property 

relationships stems from several issues. Namely, the vast multi-dimensional 

parameter space which describes grain boundaries and is still poorly mapped due to 

its complexity. Efforts in the past two decades have been made to characterize grain 

boundary structure-property relationships as a function of the five macroscopic 

dimensions using three-dimensional characterization techniques like 3D X-ray 
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diffraction200, X-ray diffraction contrast tomography18, and 3D EBSD24. However, 

these techniques still rely on the statistical sampling of biased microstructural 

textures, which are dependent on the processing technique.  

This problem of texture bias manifests most clearly in the lack of 

understanding of the role of the grain boundary plane orientation201, for which 

there is no adequate experimental control. Statistical studies of the grain boundary 

parameter space can find the correlation between the grain boundary plane 

distribution and the grain boundary energy distribution, however the direct 

relationship between the two remains undefined202. In order to establish direct 

grain boundary plane structure-property relationships, researchers need access to 

experimental control of the grain boundary plane during sample fabrication. 

This thesis explores the use of a novel additive manufacturing-based crystal 

growth technique to fabricate custom grain boundary structures with direct control 

of the grain boundary plane orientation. This technique enables new forms 

microstructural control previously unavailable to researchers, which opens up new 

possibilities of high-throughput studies of grain boundary structure-property 

relationships. This work aims to use the method specifically to study the 

relationship between grain boundary symmetry, the grain boundary plane, and the 

fundamental properties of the grain boundary.  

Chapter 2 reports on a novel crystal growth technique for manipulating the 

grain structure of directionally solidified bicrystals, tricrystals, and other higher 

order oligocrystals. This method varies the grain boundary position and orientation 
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by controlling both the direction of local heat flux and the thermodynamic forces 

acting on the grain boundary, a level of control not possible using traditional 

processing strategies. This chapter is adapted from a published article203. 

Chapter 3 is devoted to understanding the physics of the crystal growth 

method from Chapter 2. In this study, we determine the relationship between the 

thermodynamic stability of a curved grain boundary and its accessibility via 

kinematic manipulation. We calculate the thermodynamic excess free energy 

associated with a curved boundary, then consider the effect of local temperature 

gradients on the kinematic accessibility of such a frustrated grain boundary system. 

Grain boundaries with variable curvature are demonstrated to have metastable 

configurations which can be kinematically accessed. This chapter is adapted from a 

published article204. 

Chapter 4 applies the crystal growth method to the design and study of 

nested cylindrical bicrystals with axisymmetric cylindrical grain boundaries. The 

grain boundary energy is measured as a function of the grain boundary plane 

orientation, and the grain boundary Wulff shape is estimated based on the results. 

Chapter 5 concludes this thesis with final remarks and discussion, as well as 

outlines future studies in this line of inquiry, while Chapter 6 contains extra 

supplementary appendices for each of the studies presented herein. 
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Chapter 2 

Grain boundary plane manipulation in 
directionally solidified bicrystals  

As mentioned in Chapter 1, a major challenge in establishing grain boundary 

structure-property relationships lies in the scale of the five-dimensional grain 

boundary parameter space. For example, approximately 6500 unique bicrystals, each 

having a single combination of the five grain boundary parameters, are required to 

completely map the grain boundary parameter space for a high symmetry FCC metal 

like copper72. Growing and characterizing this many bicrystals is, of course, not 

practical.  

In the present chapter we leverage additive manufacturing to grow 

geometrically complex bicrystals which can represent many different grain boundary 

structures simultaneously, using molds where the positions of the cusps twist and 

oscillate along the length of the mold. These molds would be difficult to fabricate with 

traditional manufacturing methods. Instead we prepared them using a hybrid 3D 
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printing technique originally developed for rapid prototyping of castings205. We first 

printed a poly(methyl methacrylate) positive of the bicrystal using a Formlabs 

stereolithography printer. Next, we attached the pattern to a graphite chill and 

invested the whole assembly in plaster of Paris (Plasticast™, Ransom and Randolph). 

Lastly, we removed the 3D-printed positive from the mold by burning it out. A 

bicrystal growing in one of these 3D-printed molds is depicted in Figure 2.1b. The 

graphite chill at the bottom of the mold helps maintain a steep temperature gradient 

in the melt, encouraging plane-front solidification and suppressing nucleation of stray 

grains.  

Although the cusps exert a strong pinning force, the grain boundary can still 

de-pin if the cusps intersect the melt at a non-normal incident angle. This is because 

the torques acting on a grain boundary in contact with the melt will tend to orient the 

grain boundary perpendicular to the solid-liquid interface152. This tendency to de-pin 

can present a challenge when growing bicrystals in molds like the one shown in 

Figure 2.1b, where the cusps are rarely parallel to the applied uniaxial temperature 

gradient. Importantly, we found that it is possible to design molds such that the solid-

liquid interface remains nearly perpendicular to the cusps even when the cusp path 

is not parallel with the applied temperature gradient. Figure 2.1c, for example, shows 

results from a finite element simulation of the pseudo-steady state temperature 

profile during the growth of a tin bicrystal in a plaster mold. The macroscopic 

temperature gradient is uniaxial, with fixed temperature boundary conditions at the 

top and bottom of the mold. However, inside the metal charge, the isothermal 

contours tilt so that they remain almost perpendicular to the cusps.  
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The combined effects of grain boundary pinning and local temperature 

gradient manipulation enable growth of new bicrystal designs in which boundary 

plane orientation varies continuously along the length of the bicrystal. The first new 

design is a bicrystal where the cusps oscillate along the growth direction, like the 

sinusoidal bicrystal in Figure 2.2a.  

In this example bicrystal, the grain boundary plane normal vector traces a 

Figure 2.1. Mold for sinusoidal bicrystals. (a) Transverse cross section of the 
bicrystal mold, showing the included angle θ and gap between the cusps δ. (b) 
Longitudinal cross-section of the mold used to grow sinusoidal bicrystals, 
shown during crystal growth. Each grain is distinguished by a different color. A 
graphite chill is placed at the base of the mold to aid heat transfer. (c) Finite 
element analysis of the steady state temperature profile in the mold and metal 
charge during solidification. The isothermal contour highlighted in white 
corresponds to the melting point of tin (505 K). 
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65° vertical arc, shown in green in Figure 2.2d, a partial unit sphere representation 

of the grain boundary plane orientation subspace. The second design is a bicrystal 

where the cusps rotate about the central axis of the specimen, like the helical 

bicrystal in Figure 2.2b. In this bicrystal, the boundary plane normal traces a 90° 

azimuthal arc, shown in red in Figure 2.2d. In each of these new bicrystal designs, 

one of the two grain boundary plane degrees of freedom varies while the other, and 

the misorientation, remain constant.  

To demonstrate this crystal growth strategy, we used 3D printed molds to 

grow geometrically complex bicrystals from nominally pure Sn (99.9%). We 

performed the growths in air using a Bridgman furnace with a temperature of 773 K 

Figure 2.2. Example bicrystal geometries and their respective grain boundary 
plane orientation coverages. (a) Sinusoidal bicrystal, (b) helical bicrystal, and 
(c) helisoidal bicrystal (defined in the text). The colored plane in each bicrystal 
corresponds to the grain boundary, and the arrows indicate the grain boundary 
normal orientation. (d) One quarter unit sphere representation showing the 
boundary plane normal coverage of the different bicrystal designs, with the 
growth direction (GD) indicated. The color of each coverage trace corresponds 
to the grain boundary traces in (a), (b), and (c). 
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and velocity of 2.5 cm/hr. Examples of the geometrically complex bicrystals are 

presented in Figure 2.3 and Figure 2.4a. Figure 2.3a shows a variation of the 

sinusoidal bicrystal, cross sectioned, polished and etched to reveal the grain 

structure. Two grains are visible, each stemming from legs on the left side of the image 

(not included) similar to the legs of the bicrystals shown in Figure 2.2a-c. The optical 

micrographs shown in Figure 2.3b and Figure 2.3c show how the direction of the 

grain boundary can be reversed or held at an angle with respect to the applied 

temperature gradient during growth. We measured the grain boundary 

misorientation at several points along the length of this bicrystal using electron 

backscatter diffraction and found that there was a nearly constant misorientation 

Figure 2.3. Sinusoidal bicrystal. (a) Optical image of a tin bicrystal, polished and 
etched to reveal grain structure. Tetragonal unit cell orientations measured 
with electron backscatter diffraction are overlaid on each grain. Mechanical 
twins formed during sample preparation are visible in both grains. (b) Optical 
micrograph of a portion of the bicrystal indicated in (a). (c) Optical micrograph 
of a portion of the bicrystal indicated in (a). 
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axis/angle pair of [2�1�0]/45°. A helical bicrystal is presented in Figure 2.4a. 

Transverse cross sections show the bicrystal at approximate azimuthal rotations of 

0°, 45°, and 90°. These micrographs show that despite severe contortion of the cusps, 

the grain boundary remains pinned at the cusps along the entire length of the 

bicrystal.  

Combining the sinusoidal and helical trajectories creates a new geometry 

which we describe as a “helisoidal” bicrystal, where the cusps both twist and oscillate 

along the growth direction (Figure 2.2c). In the helisoidal specimen, both boundary 

plane degrees of freedom are varied simultaneously, as shown in blue in Figure 2.2d. 

Following the analytical framework developed by Patala and coworkers70,71, the 

boundary plane normal coverage of the helisoidal specimen can be shown to span a 

significant portion of the fundamental zone of the boundary plane. By using seed 

crystals with prescribed orientations, it is possible to control all five degrees of 

freedom of the grain boundary. Since a single helisoidal bicrystal spans two of the five 

dimensions of the boundary space, the number of such specimens required to sample 

the complete boundary space is significantly lowered. Returning to the example of 

face-centered cubic metals given above, the number of helisoidal bicrystals required 

to span the boundary parameter space is reduced by an order of magnitude.  
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In addition to the synthesis of bicrystal specimens for high-throughput 

investigations on grain boundary structure-property relationships, the technique for 

manipulating grain boundaries described in this report has important applications in 

manufacturing. In particular, this technique can be extended to the manufacture of 

directionally solidified components like high-performance turbine blades used in jet 

Figure 2.4. Helical bi- and tricrystals. (a) Helical bicrystal and optical 
micrographs of transverse cross sections etched to reveal grain structure. Cross 
sections were taken at 0°, 45°, and 90° azimuthal rotations. (b) Helical tricrystal, 
displayed in the same manner as (a). Cross sections were taken at 0°, 30°, and 
60° azimuthal rotations. All scale bars are 1 cm long. These micrographs were 
digitally altered to enhance grain contrast. 



40 

engines. The ceramic shell molds for growing these turbine blades are currently made 

using injection-molded wax positives. Following the procedure outlined in this 

report, these wax positives can be replaced by 3D-printed ones, thereby reducing lead 

times, eliminating costs associated with tooling, and enabling new turbine blade 

designs.  

Another potential application is the growth of grain boundary engineered 

oligocrystals with precisely controlled textures and grain boundary networks. This 

can be accomplished by using investment casting patterns with multiple legs, which 

come together and form a polycrystal. To illustrate the potential for growing these 

materials, we have used our processing strategy to grow geometrically complex 

tricrystals, using molds with three cusps set 120° apart. When grown with three seed 

crystals, each cusp pins one grain boundary edge while the other edges of the 

boundaries intersect at the center of the crystal, creating a triple junction. Transverse 

cross sections of a helical tricrystal are shown in Figure 2.4b, at approximate 

azimuthal rotations of 0°, 30°, and 60°. Similarly, the technique can also be used to 

grow sinusoidal tricrystals, much like the bicrystal in Figure 2.4a. These tricrystals 

show that this processing strategy offers unprecedented control over the 

crystallographic elements that comprise a grain boundary network, representing a 

potential platform technology for the synthesis of materials with optimized three-

dimensional grain boundary networks for both material defects study and grain 

boundary engineering. 
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Chapter 3 

Thermodynamic stability and 
kinematic accessibility of curved grain 

boundaries in directionally solidified 
bicrystals 

Last chapter demonstrated a directional solidification technique for 

synthesizing geometrically complex bicrystals that efficiently sample the five-

dimensional grain boundary parameter space203. This technique builds on the 

directional solidification method developed by Chalmers and 

contemporaries37,151,155,161, where two seed crystals are grown together to form a 

bicrystal, with a grain boundary pinned in place by cusps that protrude into the melt 

and that run along the length of the mold151,155. The bicrystals grown by Chalmers et 

al. had simple geometries with flat grain boundaries that correspond to a single point 

in the grain boundary parameter space. In our updated method, we fabricate bicrystal 

molds using an investment casting approach with bicrystal patterns made via 
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stereolithography203. The control over form offered by stereolithography enables 

complex bicrystal designs, with pinning cusps that manipulate the grain boundary 

along complicated trajectories through space. Additionally, the bicrystal molds can be 

designed such that the solidification front tilts as it propagates through the melt, 

driving the grain boundary into the pinning cusps.  

While we have successfully grown sinusoidal, helical, and helisoidal 

bicrystals203, we found that in some bicrystal geometries and growth conditions, the 

grain boundary deviated from the trajectory prescribed by the pinning cusps. Figure 

3.1, for example, shows a sinusoidal bicrystal made of tin where the grain boundary 

(red dotted line) detached from the cusps (white dotted line) near the end of the 

growth. These failed growths suggest that there are limits to the stabilizing effects of 

the pinning cusps.  

The curved grain boundaries shown in Figure 2.2 and Figure 3.1 are 

examples of frustrated grain boundaries; that is, grain boundaries trapped in a 

metastable configuration because of the geometry or composition of the specimens 

in which they are contained1,32,120. Other examples of frustrated grain boundaries 

include grain boundaries in traditional polycrystals pinned by second phase 

Figure 3.1. Sinusoidal bicrystal where the grain boundary (dashed red line) 
deviates from the trajectory of the pinning cusps (dashed white line). 
Mechanical twin lamellae that formed during sample preparation have 
brighter contrast than the surrounding grains. 
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dispersoids206, pores207, and thermal grooves208, as well as grain boundaries in 

nanocrystalline alloys stabilized by solute segregation209. In all these systems, further 

reduction of the grain boundary area through grain boundary migration is 

energetically preferred, but the energy required to create additional grain boundary 

surface area and de-pin from the obstacle arrests migration, trapping the grain 

boundary network in a metastable state. This equilibrium can be upset by significant 

perturbations that destabilize the frustrated grain boundary network, leading to 

microstructural evolution and grain boundary migration. Such perturbations are 

thought to cause abnormal grain growth in bulk polycrystalline materials210,211 and 

thin films207,212,213 and may also cause the grain boundary de-pinning phenomenon 

seen in Figure 3.1. The stability of a frustrated grain boundary network against these 

perturbations is determined by the free energy landscape of the grain boundary 

configuration space (or in other words, the relationship between the total excess free 

energy of a polycrystal and the geometry of the grain boundary network).  

An additional factor to consider with these frustrated grain boundary 

configurations is their kinematic accessibility. In a directionally solidified bicrystal, a 

frustrated grain boundary state is considered kinematically accessible if a grain 

boundary can be grown that resides within the free energy well of the frustrated state 

in the free energy landscape203. In Figure 3.1, the grain boundary may have de-

pinned from the pinning cusps because that trajectory was kinematically inaccessible 

under the growth conditions used with that specific bicrystal geometry.  

In this chapter we evaluate the thermodynamic stability and kinematic 

accessibility of sinusoidal grain boundaries in directionally solidified bicrystals like 
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the examples shown in Figure 2.2a and Figure 3.1. This particular geometry is of 

interest because it clearly and simply illustrates the connection between 

thermodynamic stability and kinematic accessibility. To assess the thermodynamic 

stability, we calculate the global excess free energy of the grain boundary as it de-pins 

from the pinning cusps. To evaluate the kinematic accessibility, we use heat transfer 

simulations to compute the expected trajectory of grain boundaries formed under a 

wide range of different growth conditions. These two sets of results, considered 

together, show that a curved grain boundary may be thermodynamically metastable 

but kinematically inaccessible. This result has important implications for frustrated 

grain boundary systems in several different materials classes, including 

nanocrystalline alloys. 

3.1. Thermodynamic stability of sinusoidal grain boundaries 

Conventional grain growth models assume that the coarsening rate is 

directly proportional to the gradient of the global excess free energy of the grain 

boundary network1,32. Accordingly, grain growth stagnates when the grain 

boundary network accesses a local energy minimum in the grain boundary 

configuration space. Such trap states correspond to specific grain boundary 

topologies that are always present in the configuration space214, as well as transient 

states that develop as the grain structure is evolving; this is the case with grain 

growth stagnation due to the formation  of thermal grooves208.  
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Mullins214 and Antonov et al.215 have shown that the global excess free 

energy of a grain boundary network can also be used to describe the structural 

evolution of specific grain boundary configurations, provided those configurations 

evolve in either a self-similar way or a way described by a single geometric 

parameter. These conditions apply to many of the idealized grain boundary 

geometries used in grain boundary migration studies (see, for example, Refs.191–

195,215–217) and to the sinusoidal grain boundaries of interest here. Following the 

analogy with conventional grain growth models, we can assess the thermodynamic 

stability of these sinusoidal grain boundaries by determining the form of the free 

energy landscape near the configuration where the grain boundary is trapped 

between the pinning cusps.  

The total excess free energy E of a grain boundary is given by 

 𝐸𝐸 = ∬ 𝛾𝛾 𝑑𝑑𝑑𝑑𝑆𝑆 , (3.1) 

Figure 3.2. Sinusoidal bicrystal with transverse cross sections where the 
important geometric features are labeled. 
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where S is the surface area of the grain boundary and γ is the grain boundary energy 

per unit area. In the analysis that follows we assume that the bicrystal is a pure 

metal with no residual stresses and that the grain boundary is a low-symmetry 

general grain boundary of misorientation point group C1. This second assumption 

means that γ can be approximated as isotropic and that the excess free energy of the 

grain boundary is the product of γ and S.  

In a sinusoidal bicrystal like the one shown in Figure 3.2, the pinning cusps 

oscillate transverse to the growth direction, following the trajectory  

 𝑦𝑦0 = 𝐴𝐴0 sin �2𝜋𝜋𝜋𝜋
𝜆𝜆
�, (3.2) 

where z is the position along the growth axis and A0 and λ are the amplitude and 

wavelength of the bicrystal geometry, respectively. The pinning cusps are separated 

by distance R0 and have radius of curvature ρ and included angle β. Our experiments 

show that de-pinned grain boundaries in sinusoidal bicrystals tend to have the same 

wavelength as the bicrystal but a smaller amplitude, much like the de-pinned grain 

boundary seen in Figure 3.1. In these calculations we assume that this is the de-

pinning mode and that the trajectory of the de-pinned grain boundary is 

 𝑦𝑦 = 𝐴𝐴sin �2𝜋𝜋𝜋𝜋
𝜆𝜆
�, (3.3) 

where A is the amplitude of the grain boundary trajectory, which can be less than A0.  

When pinned within the cusps, the grain boundary area in a single 

wavelength of a sinusoidal bicrystal is 
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 𝑑𝑑 = ∫ 𝑅𝑅0�1 + �𝑑𝑑𝑦𝑦0
𝑑𝑑𝜋𝜋
�
2𝜆𝜆

0 𝑑𝑑𝑑𝑑 =  2 𝑅𝑅0 𝜆𝜆
𝜋𝜋

 𝐾𝐾 �−4 𝐴𝐴02𝜋𝜋2

𝜆𝜆2
�, (3.4) 

where K(-4A02π2/λ2) is the complete elliptic integral of the first kind. As the grain 

boundary de-pins from the pinning cusps, R becomes a function of the cusp radius ρ 

and angle β (full derivations are provided in Appendix B) and calculating the surface 

Figure 3.3. Ŝ = S/S0 of a sinusoidal grain boundary as a function of de-pinning 
parameter ΔÂ = (A0 – A)/2ρ, varying (a) R0 from 0.5 mm to 4 mm, (b) ρ from 0.05 
mm to 0.4 mm, (c) β from 40° to 100°, and (d) λ from 30 to 240 mm. Constant 
parameter values are β = 80°, ρ = 0.1 mm, λ = 60 mm, R0 = 0.5 mm, A0 = 20 mm. 
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area in these cases requires numerical integration. Figure 3.3 shows calculations of 

normalized grain boundary area Ŝ = S/S0, where S0 is the area of a perfectly pinned 

sinusoidal grain boundary, plotted against normalized displacement distance ∆�̂�𝐴 =

 (𝐴𝐴0 − 𝐴𝐴) 2𝜌𝜌⁄  for different bicrystal geometries. The inset in Figure 3.3a shows Ŝ 

near the perfectly pinned configuration to highlight that in a sinusoidal bicrystal, the 

grain boundary with minimal area Ŝmin is slightly displaced from the cusp trajectory. 

Importantly, Figure 3.3 shows that the surface area of a sinusoidal grain 

boundary has a maximum value at a critical displacement ΔAcrit that depends on the 

geometry of the bicrystal. For displacements smaller than this value, the grain 

boundary experiences a restoring force that pulls it towards the pinned 

configuration; for larger displacements, the grain boundary is destabilized and 

reduces its excess free energy by flattening out. The pinned grain boundary 

configuration therefore resides in an energy well whose depth scales with the 

difference between Smin and the maximum grain boundary area Smax. Our 

calculations show that decreasing the separation (Figure 3.3a) and the radius of 

curvature of the cusps (Figure 3.3b) increase the restoring pressure. Additionally, 

decreasing the included angle (Figure 3.3c) of the cusps and the ratio of the 

amplitude to the wavelength (Figure 3.3d) increases the energy barrier to de-

pinning, helping ensure the grain boundary remains trapped between the cusps. 

These trends parallel the behavior of other frustrated grain boundary systems. For 

example, in thin films where the grains are pinned by thermal grooves, decreasing 

the film thickness and the dihedral angle of the thermal grooves increases the 

stability of the frustrated grain boundary network1,32, consistent with the effects of 
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decreasing the separation and included angle of the pinning cusps in a sinusoidal 

bicrystal.  

The analysis given above assumes that the grain boundary energy is 

isotropic. If instead the grain boundary energy is anisotropic, as expected for 

misorientations with point group symmetry higher than C173, high energy grain 

boundary plane orientations will attempt to convert to lower energy orientations by 

nanoscale faceting and by macroscale grain boundary migration, even if this motion 

adds to the total surface area S. Such grain boundary migration could lead to a 

cascade of configurational changes that ultimately result in grain boundary de-

pinning and flattening. In the case of an anisotropic grain boundary energy, the 

borderline stable configuration will still be periodic with wavelength λ, but the form 

of the curve will no longer be sinusoidal. Interesting effects could result with a 

faceted grain boundary that exhibits a temperature-dependent roughening 

transition, because its borderline stable grain boundary configuration will change 

with temperature and approach a sinusoidal shape with increasing temperature, as 

entropic effects mask cusps in the γ-surface218. Similarly, in alloys with strong grain 

boundary segregation, the grain boundary segregant will tend to smooth the γ-

surface219, resulting in borderline stable grain boundary configurations that appear 

more nearly sinusoidal.  

In Appendix B, we consider the thermodynamic stability of a helical grain 

boundary (cf. Figure 2.2b), following a similar treatment to that given above. In 

contrast with sinusoidal grain boundaries, a helical grain boundary is always stable, 
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since the excess free energy increases monotonically as the grain boundary untwists 

from the lowest energy grain boundary configuration, where the grain boundary is 

perfectly pinned by the cusps. 

3.2. Kinematic accessibility of sinusoidal grain boundaries 

During solidification of a single component system with an isotropic solid-

liquid interfacial energy, grain boundaries that intersect the solid-liquid interface 

will attempt to orient themselves perpendicular to the solidification front152,220. 

Thus, the trajectory of an as-grown grain boundary in a directionally solidified 

sinusoidal bicrystal can be determined by tracing the normal vector to the 

solidification front as the solidification front propagates through the melt. 

Recognizing that the orientation of the solidification front is in turn determined by 

the quasi-steady state temperature field during growth152,220,221, we assessed the 

kinematic accessibility of different sinusoidal grain boundaries in a parametric 

study where we computed the temperature field within a solidifying bicrystal, used 

the result to determine the as-grown grain boundary configuration, and finally 

compared this configuration with the borderline stable grain boundary 

configuration identified by the thermodynamic analysis of Section 2. This analysis 

assumes an isotropic grain boundary energy, an isotropic solid-liquid interfacial 

energy, and a planar solidification front. 

The temperature simulations were performed using the commercial finite 

element software COMSOL Multiphysics™ with a triangular mesh and ~5,000 

elements. A fine mesh was used in the melt and near the interface between the mold 
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and melt. The bicrystal was a half-wavelength of a sinusoidal geometry with a 

rectangular cross section and constant height of 3 cm, contained within a mold with 

dimensions 30 x 30 x 3 cm. Four parameters described the shape of the sinusoidal 

bicrystals: amplitude A0, wavelength λ, cross section thickness t, and cross section 

width w. Two additional parameters described the thermal conductivity of the mold 

(kmold) and the metal (kmelt), assuming the solid and liquid phases of the metal have 

the same thermal conductivity. These parameters can be reduced to four 

dimensionless groups – A0/λ, A0/t, d/t, and κ = kmelt/kmold – which we varied over the 

ranges 2x10-2 to 1, 10-3 to 10, 5x10-2 to 20, and 1 to 104, respectively. The 

simulations solved the steady-state heat equation over the simulation domain, using 

fixed temperature boundary conditions of 1000 K and 293 K on the top and bottom 

surfaces, and zero heat flux boundary conditions on the four side surfaces of the 

mold. 

Figure 3.4 compares the quasi-steady state temperature profiles in two 

different bicrystals with the same geometry (A0 = 12 mm, λ = 60 mm) but different 

thermal properties. The grey isothermal contours are for a bicrystal with κ = 10 and 

the black contours are for a bicrystal with κ = 103. Assuming the thermal 

conductivity of the mold is equal to that of plaster (kmold ≈ 0.1-1 W/m-K 222), these 

thermal conductivity ratios correspond approximately to those of Bi and Cu, 
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respectively223. In both bicrystals, the isothermal contours within the metal charge 

are tilted with respect to the applied temperature gradient, an effect that results 

from the contrast in the thermal conductivity of the metal charge and the mold203. 

The grain boundary trajectories were calculated by tracing the path of the 

temperature gradient through the metal charge, assuming the grain boundary 

crosses the pinning cusps at midpoint of the bicrystal. The dashed lines in Figure 

3.5 are the predicted grain boundary trajectory in each bicrystal while the solid 

Figure 3.4. Longitudinal cross section of steady state temperature profile in 
the metal charge (red) for two different thermal conductivity ratios. 
Isothermal contours for a bicrystal with κ = 10 (grey) and another with κ = 103 
(black) are overlaid, as well as their respective grain boundary trajectories. 
Inset (not to scale) shows the relationship between the metastable region in 
blue and the angle α between the local temperature gradient and the pinning 
cusp. The metastable region and angle αmax are calculated for pinning cusps 
with a radius of curvature ρ = 0.2 mm, included angle β = 80°, and separation 
R0 = 1 mm. 
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black line corresponds to the trajectory of the pinning cusps. The resulting grain 

boundaries are approximately sinusoidal. In the bicrystal with κ = 103, the grain 

boundary closely follows the trajectory of the pinning cusps. In the bicrystal with κ = 

10, the grain boundary approaches the mold/melt interface near the top and bottom 

of the simulation domain. The deviation from the pinning cusp path can be assessed 

based on the angle α between the temperature gradient and the direction of the 

pinning cusp line at the midpoint of the bicrystal, shown in the magnified inset in 

Figure 3.4. 

The blue region in Figure 3.4 corresponds to the metastable region for grain 

boundary configurations in a bicrystal with a pinning cusp geometry defined by 

radius of curvature ρ = 0.2 mm, included angle β = 80°, and cusp separation R0 = 1 

mm. This region is bounded by the pinning cusps on one side and the borderline 

stable grain boundary trajectory, predicted using the excess free energy calculations 

from Section 2. The angle between these two bounds at the bicrystal midpoint, αmax, 

is also shown in the inset in Figure 3.4. The grain boundary in the bicrystal with κ = 

103 resides entirely within the metastable region. Conversely, the grain boundary in 

the bicrystal with κ = 10 deviates from the metastable configuration and would 

therefore destabilize and flatten.  

For a grain boundary to access the metastable configuration, α must be less 

than αmax. Both α and αmax are related to their respective sinusoidal amplitudes by  

 cos(𝛼𝛼)2 =  
�1+4𝜋𝜋2𝐴𝐴0𝐴𝐴

𝜆𝜆2
�
2

�1+4𝐴𝐴
2

𝜆𝜆2
��1+4

𝐴𝐴0
2

𝜆𝜆2
�
, (3.5) 
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Simulations where A0/t, d/t, A0/λ, and κ were each independently varied 

showed that α is insensitive to A0/t and d/t over the ranges tested and depends 

mainly on A0/λ and κ. The results from this parametric study are summarized in 

Figure 3.5, which shows α (red surface) as a function of A0/λ and κ for d/t = 1. To 

eliminate numerical noise, the α surface was smoothed using a rolling mean average 

of five values. These calculations show that α decreases with increasing κ, consistent 

Figure 3.5. Stability map for sinusoidal bicrystals combining the 
thermodynamic and kinematic analyses. Red surface shows α from the 
determined from the temperature simulations. Blue surface is αmax for each 
A0/λ, with the pinning cusp geometry ρ = 0.2 mm, β = 80°, and R0 = 1 mm. The 
intersection of the two surfaces is highlighted in purple and projected onto the 
A0/λ – κ plane. The black curve is the stability curve for the pinning cusp 
geometry ρ = 0.15 mm, β = 90°, and R0 = 1 mm. 
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with the behavior seen in Figure 3.3, and increases with A0/λ, i.e., as the grain 

boundary manipulation becomes more severe. 

Figure 3.5 also shows αmax (blue surface), calculated using ΔAcrit with 

Equation (3.5), as a function of A0/λ for the pinning cusp geometry of ρ = 0.2 mm, β = 

80°, and R0 = 1 mm. αmax does not depend on κ, since the thermodynamic analysis in 

Section 3.1 only considers the geometry of the bicrystal and grain boundary. The 

kinematic accessibility of a metastable grain boundary configuration can be 

assessed by comparing the relative values of α and αmax for a given combination of 

A0/λ and κ. Specifically, a grain boundary is kinematically accessible by directional 

solidification when the α-surface lies below the αmax-surface. 

The intersection of the α and αmax surfaces corresponds to the purple line 

projected onto the A0/λ – κ plane. This line demarcates the combinations of A0/λ 

that are kinematically accessible bicrystal geometries for a given κ and pinning cusp 

geometry. The morphology of the stability line shows that higher A0/λ require 

higher κ. The stability line shifts, expanding the region of kinematically accessible 

grain boundary configurations, as the radius of curvature, separation, and included 

angle of the pinning cusps are decreased. 

Figure 3.5 is corroborated by the sinusoidal bicrystals shown in Figure 3.1 

and in Ref. 203. These bicrystals were grown from nominally pure tin (kmelt ≈ 30 

W/(m∙K)223) in a commercial plaster of Paris mold with kmold = 0.5 W/(m∙K) (value 

provided by supplier), where κ = 60. Both bicrystals had pinning cusps with ρ = 0.15 

mm, R0 = 1.5 mm, and β = 90°. This pinning cusp geometry gives the stability line 

indicated by the black line on the A0/λ – κ plane in Figure 3.5, revealing that for a 
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metal/mold combination with κ = 60, the maximum kinematically accessible value 

of A0/λ is 0.12. Comparing this result with the bicrystal specimens reveals why the 

grain boundary followed the pinning cusp trajectory when A0/λ = 0.1 (Figure 2.3a) 

but de-pinned when A0/λ was increased to 0.2 (Figure 3.1).  

We suspect that our model aligns very well with the experimental results 

because tin has a nearly isotropic solid-liquid interfacial energy224. In the case of an 

anisotropic solid-liquid interfacial energy, local unbalanced forces develop at the 

triple junction where the grain boundary intersects the solidification front, and 

these forces will pull the grain boundary in one direction or the other. Such local 

forces have been used to explain the development of preferred growth directions in 

directionally solidified materials152,225 as well as in situ observations of grain 

boundaries that intersect the solidification front at non-normal angles during 

directional solidification of Cu226 and Si227,228. The magnitude and orientation of 

these local forces depend on the orientation of the solidification front, and 

counteracting these forces may be possible by tilting the solidification front and 

tailoring the geometry of the pinning cusps. 

3.3. Discussion 

As noted in the beginning of Chapter 3, one of the applications of these 

geometrically complex bicrystals is in systematically probing the grain boundary 

parameter space. To that end, it is instructive to determine the extent to which a 

single helisoidal bicrystal can cover the two-dimensional subspace associated with 

the plane normal degrees of freedom. Consider, for example, a helisoidal bicrystal 
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(Figure 2.2c) made of copper (kmelt ≈ 200 W/(m∙K)223) and grown in a typical 

plaster of Paris mold (kmold ≈ 0.1 W/(m∙K)222), where κ ≈ 103. If the pinning cusp 

geometry is the same as that for the purple stability curve in Figure 3.5, the 

maximum sinusoidal component for this system is A0/λ = 0.4. Further assuming a 

90° twist about the growth axis like the helisoidal bicrystal in Figure 2.2c, an 

optimized copper bicrystal will have a grain boundary plane normal vector that 

traces the path shown in blue on the unit sphere representation of the orientation 

subspace in Figure 3.6. If the grain boundary has a misorientation with higher 

symmetry than point group C1, the grain boundary orientation subspace can be 

reduced into a smaller fundamental zone that reflects the point group symmetry of 

the bicrystal70,71. For instance, assuming the copper bicrystal in Figure 3.6 contains 

a Σ3 twin grain boundary, the orientation subspace can be split into symmetrically 

equivalent regions70, six of which are shown in Figure 3.6. The trace of the grain 

boundary plane normal vector can then be symmetrically transformed into a single 

fundamental zone, highlighted in red in Figure 3.6, to demonstrate the dense 

sampling of the unique plane normal orientations that can be achieved with a single 

helisoidal bicrystal. 
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To summarize, we have assessed the thermodynamic stability and kinematic 

accessibility of curved grain boundaries, focusing specifically on bicrystals grown via 

directional solidification. Sinusoidal grain boundaries where the grain boundary 

plane oscillates transverse to the growth direction have clearly defined metastable 

free energy wells, which vary in magnitude and form depending on the geometry of 

the bicrystal. This bicrystal geometry displays behavior similar to that found in other 

frustrated grain boundary systems, like grain boundaries pinned by thermal grooves 

in a thin film, where decreasing film thickness and sharper grooves promote grain 

growth stagnation. The size of the metastable free energy well in configuration space 

Figure 3.6. Plane normal vectors in a copper helisoidal Σ3 grain boundary, with 
A0/λ = 0.4, traced on a quarter unit sphere. The fundamental zone of the grain 
boundary is highlighted in red, with the Miller plane indices of the three 
corners shown. Shown in black is the trace of the plane normal vector trajectory 
after applying symmetry operations to translate the curve into the fundamental 
zone. 
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determines, in part, the kinematic accessibility of a curved grain boundary. Finite 

element simulations of the temperature during directional solidification of sinusoidal 

bicrystals show that the temperature gradient in the melt must be nearly parallel to 

the pinning cusp trajectory to access metastable grain boundary configurations. 

Combining the thermodynamic analysis with these simulations shows that more 

severe manipulation of the grain boundary requires greater contrast in the thermal 

conductivity between the melt and the mold and that tailoring the bicrystal geometry 

can increase the range of kinematically accessible grain boundary configurations. 

Finally, using a Σ3 twin boundary in an FCC crystal as an example, we have shown 

that a single geometrically complex bicrystal can span the grain boundary plane 

orientation subspace.  

This work shows that a curved grain boundary can be thermodynamically 

metastable, corresponding to a local energy minimum in the grain boundary 

configuration space, but kinematically inaccessible. While we only consider 

directionally solidified materials, our framework for comparing the energy landscape 

of the configuration space with the kinematics of structural evolution can also be 

applied to other frustrated grain boundary systems. The frustrated grain boundary 

networks in solute-stabilized nanocrystalline materials are of particular interest, 

since they retain the high strength characteristic of nanometer-sized grains while also 

remaining resistant to thermally activated grain growth. Although 

thermodynamically stable grain boundary networks have been predicted 

theoretically229, those states may be difficult to kinematically access via traditional 

processing routes. Amram and Schuh recently demonstrated an approach for 
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overcoming such issues in a nanocrystalline Fe-Au alloy, by leveraging the α to γ 

allotropic phase transformation in iron to generate additional grain boundary area 

and thereby access a frustrated grain boundary state230. Extending the framework 

developed in the present work to nanocrystalline alloys and other materials systems 

will suggest additional pathways for manipulating the kinematics of structural 

evolution to access metastable grain boundary networks with desirable properties 

and performance. 
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Chapter 4 

Grain boundary energy as a function of 
the grain boundary plane in island 

grain bicrystals 

In this chapter, we use the novel crystal growth technique discussed in 

Chapter 2 to measure the relative grain boundary energy for a cylindrical, general 

high-angle grain boundary as a function of the grain boundary plane orientation. 

Using island grain bicrystals grown from nominally pure Sn, we measure the profile 

of the thermal groove along the grain boundary with a combination of laser 

scanning confocal microscopy and AFM. Because the boundary is approximately 

cylindrical, we can map not only the relative grain boundary energy as a continuous 

function of the boundary plane, but we can also estimate the grain boundary Wulff 

shape. We then compare the calculated grain boundary energy values with known 

values of grain boundary energy of Sn in existing literature. 
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4.1. Experimental Methods 

The purpose of this study was to observe the grain boundary energy of a 

grain boundary with a general misorientation angle and no CSL relationship. For 

this reason, Sn was selected because its body-centered tetragonal (BCT) crystal 

structure has a lower symmetry than typical cubic materials due to the unequal unit 

cell lengths of the a-axis (a) and the c-axis (c). Tetragonal systems have few CSL 

boundaries unless the ratio 𝑎𝑎2 𝑐𝑐2⁄  is rational231,232 – if it is irrational, the CSL 

boundaries are limited mostly to the [001] misorientation axis. For Sn, the ratio 

𝑎𝑎2 𝑐𝑐2⁄  is irrational233, and the [001] axis of each Sn crystal tends to be oriented 

approximately perpendicular to the growth direction150. These two aspects ensure 

that the grain boundary would be a general high-angle boundary with no 

quantifiable CSL relationship.  

The bicrystal design used for this work is shown in Figure 4.1a, with one 

grain of the bicrystal enveloping the other grain during solidification. The two 

grains meet in a circular junction, forming an island grain. Island grains are most 

commonly associated with mazed bicrystal thin films created through 

heteroepitaxial growth, where only two orientations are allowed to nucleate and 

grow based on the crystallographic plane of the single crystal subtrate234–236. While 

not a commonly encountered texture, it is one of the simplest representations of a 

columnar grain structure. This makes island grains perfect candidates for 

understanding grain boundary plane structure-property relationships because the 

only variable affecting the grain boundary structure is the grain boundary plane. 
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Anisotropy in the observed behavior of the boundary, like faceting or segregation, 

can thus only be due to the change in the boundary plane orientation.  

Additionally, island grains represent a complete great circle cross section 

through the boundary plane orientation subspace, making it possible to observe the 

symmetry of the boundary by sampling the boundary plane orientation 

continuously along the circumference. This fact has been utilized before in mazed 

bicrystals234 and island grains fabricated via other crystal growth methods139, but 

the possible misorientations available to this system are limited to only one or two 

misorientation axis/angle combinations. Using the crystal growth method from 

Chapter 2, many different misorientations can be sampled by changing the 

orientation of the seed crystals, giving a higher throughput survey of the grain 

boundary parameter space. 

Bicrystals of Sn (99.996%) were grown with a furnace speed of 1.25 cm/hr. 

and furnace temperature 773 K. Bragg edge neutron imaging was performed at Oak 

Figure 4.1. Island grain bicrystal. (a) Bicrystal mold schematic. (b) Neutron 
Bragg edge image of an island bicrystal showing contrast between the matrix 
grain and island grain. 
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Ridge National Laboratory on an as-grown bicrystal. An averaged composite image 

of neutron wavelengths 2.20-2.21 Å is shown in Figure 4.1b, with the dark contrast 

outlined in white indicating a single cylindrical grain, and the matrix grain outlined 

in black. A composite image was rendered here due to slight changes in the 

orientation of the island seed crystal relative to the island grain in the main body of 

the sample. The lighter region near the junction of the island and matrix grains is 

scatter caused by residual plaster, which was left in the sample during imaging to 

stabilize the thin and ductile island grain. The bicrystal was cross sectioned via 

electrical discharge machining, ground and polished metallographically to a 

thickness of ~500 μm then cleaned of residual organic residue using a plasma 

cleaner; an optical photograph of the specimen used in this study is shown in Figure 

4.2a, with a coin for size reference.  

Because we were not able to determine the crystallographic grain boundary 

plane using serially sectioning, we instead estimated the grain boundary plane 

normal coverage of this island grain using a to-scale CAD model constructed from 

the outlines of the island grain on both free surfaces, shown here in Figure 4.2b. 

The two surfaces did not have exact shape matching, meaning the grain boundary 

plane normal vector (two example vectors are shown in blue in Figure 4.2b) varies 

through the thickness of the specimen. Using image processing, we can estimate the 

grain boundary plane normal vector within the orientation subspace for the island 

grain assuming that the grain boundary is flat within the specimen; the estimated 
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sampling of the grain boundary plane subspace by the normal vector is shown in 

dark blue in Figure 4.2c, along with an estimated maximum plane normal range in 

lighter blue surrounding the trace. 

To determine the misorientation of the grain boundary, EBSD was performed 

on one side using an SEM (FEI™ Helios) equipped with an Oxford Instruments™ HKL 

EBSD detector at operating voltage 25 kV and current 1.8 nA. The misorientation 

Figure 4.2. Island grain bicrystal. (a) Optical photograph of the island grain 
specimen, with coin for size reference. (b) CAD model representation of the 
island grain. (c) Boundary plane orientation subspace coverage of the island 
grain based on the azimuthal tilt calculations, with estimated boundary plane 
normal vector trace shown in blue and the estimated maximum range of the 
plane normal region also shown. (d) Symmetry elements of the D4h 
crystallographic point group. (e) Polarized optical micrograph of Lower Side of 
Sn island grain. Unit cell orientations are overlaid on each grain, and areas 
surveyed with AFM are noted in red. (f) Polarized optical micrograph of Upper 
Side of Sn island grain. 
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between the two grains was measured as [0 1� 2]/54°, with the crystallographic 

plane of the island grain surface estimated as (2� 0 1�) and the crystallographic plane 

of the surrounding matrix grain surface estimated as (2 1 4�). The angle between the 

plane normal direction of the matrix grain and the misorientation axis is less than 

5°, meaning that this particular grain boundary is a mostly tilt configuration, but 

with no special coincidence relationship. Further examination of the misorientation 

in its quaternion form70 shows that the misorientation’s crystallographic point 

group is the same as tin, D4h, but with the symmetry axis lying on the misorientation 

axis rather than the c-axis of the crystal system. The symmetry elements of this 

point group are illustrated in Figure 4.2d. Thus, this grain boundary has a four-fold 

symmetry axis lying along the misorientation axis direction, which is nearly parallel 

to the plane normal vector of the matrix grain. 

Figure 4.2e (Lower Side) and Figure 4.2f (Upper Side) show each side of the 

sample under polarized light to enhance grain contrast, made possible by Sn’s 

birefringence. The orientation of the unit cell of each grain is overlaid in Figure 

4.2e. The naming convention of each side of the sample refers to the position of each 

side relative to the growth direction of the bicrystal, with the Lower Side solidifying 

first and the Upper Side second. Interestingly, the Upper Side is slightly larger in 

total area, indicating competitive grain growth between the island and matrix grains 

during solidification. This same behavior is also observed in the Bragg edge neutron 

image in Figure 4.1b where the island grain is widens from the bottom to the top. 
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To equilibrate the grain boundary intersection with the free surface and form 

the grain boundary groove, samples were annealed in a cover gas of Ar with 2 at.% 

H2 at 468 K (homologous temperature 0.93) for 75 hours. Hydrogen was included in 

the cover gas to create a reducing environment and stop the growth of an oxide 

layer on the surface. Profilometry was performed on both sides of the sample using 

a Keyence™ VK-X 210 3D laser scanning confocal microscope provided by Baker 

Hughes™, which uses a 408 nm violet laser to measure the surface of a specimen at 

150x magnification with lateral resolution of ~94 nm/pixel and vertical resolution 

of 1 Å. While the lateral resolution is significantly lower than that of AFM, the 

technique is extremely high throughput and does not have issues with tip 

convolution in the depth of the groove root237,238.  

Measurements performed on the two faces of the sample were correlated 

based on shape matching of fiducial markings scribed on both faces and the side of 

the sample, giving an estimated angular uncertainty of the grain boundary plane 

orientation of 5°. Using a stitching algorithm with 10% overlap between adjacent 

scans, the entire grain boundary groove was imaged and the raw height data 

recorded in 97.1 μm x 72.8 μm sections with a resolution of 1024 x 768 pixels each. 

In total, 282 scans of this size were performed on the sample (135 on the Lower 

Side, 147 on the Upper Side). Stitched images of the laser intensity from the 

profilometry data on both sides of the island grain can be found in Appendix C.  

In order to measure the dihedral angle as a function of the grain boundary 

plane to calculate the grain boundary energy (see Section 1.3.2), the groove profiles 
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were measured at every point along the grain boundary by manually choosing the 

path of the grain boundary and sampling the data normal to the path chosen using 

Matlab™. Because the groove root is selected manually, the selected points were 

corrected by replacing them with the lowest data point within 2 pixels distant to 

ensure the groove root is sampled. The normal vector and the plane normal angle λ 

(in lab coordinates) of the boundary was calculated based on the trajectory of the 

groove root. Two hundred data points were sampled along the direction of the 

normal vectors to find the groove profile, though the number of data points was 

reduced when the groove root was near the edge of each profilometry scan. 

Typically, this reduction was not an issue, since the edge of each image is captured 

redundantly by the image overlap. Two points immediately on either side of the 

groove root along the groove profile defined by the normal vector were used to 

calculate the dihedral angle and the separate included angles.  

After profilometry, regions of particular interest were then scanned on the 

Lower Side using a Park™ NX20 AFM in tapping mode to verify the profilometry 

results. The regions chosen to be sampled using AFM are highlighted in red in 

Figure 4.2e. Groove profiles were taken from this data perpendicular to the trace of 

the grain boundary at every point and used to calculate the dihedral angles in the 

same manner as the profilometry data. These line profiles were also used to 

calculate the plane normal angle λ. 
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4.2. Results and Discussion 

Figure 4.3 shows the topography near the thermal groove at three points on 

the grain boundary with the corresponding line scans of the thermal groove profiles 

and measured dihedral angles (Figure 4.3d). For each topographic map, the 

profilometry line in black is compared to the corresponding line profile taken using 

AFM in red. Good agreement is generally found between the two, though certain 

groove profiles show larger disparities.  

Figure 4.3a shows the profilometry map and corresponding thermal groove 

profile (Figure 4.3d) at the grain boundary plane normal angle λ = 291°. The groove 

is extremely small in this case, but the confocal microscope was able to capture 

general contour of the groove regardless. This case shows the common trend in the 

profilometry data of the profilometer overestimating the size of the groove root 

compared to the more accurate AFM. This is also visible in Figure 4.3b (λ = 182.9°) 

where the profilometry measures a larger dihedral angle than the AFM, while also 

appearing to not fully capture the depth of the groove root. The agreement between 
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the AFM and profilometry has an opposite trend in Figure 4.3c (λ = 104.2°), where 

the dihedral angle as measured via profilometry is much smaller.  

Figure 4.3. Profilometry data near three groove sections, with line scan groove 
profiles of laser profilometry (black) and AFM (red) on the right. Laser 
profilometry contour map of groove and corresponding line scan at plane 
normal angles (a) λ= 291.0°, (b) λ = 182.9°, and (c) λ = 104.2°. 
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The reasons for these discrepancies can be due to a number of factors. 

Because the laser scanning confocal microscope uses reflectivity of the sample 

surface instead of physical interaction with a probe to determine the surface profile, 

height measurements can be influenced by reflections off of secondary surfaces, 

which may be the cause of the variance. Groove measurements using AFM can suffer 

from depth underestimation due to tip convolution237, which could also be the case. 

Because these grooves are much wider and deeper than the size of the AFM probe, 

this is unlikely to be a source of error. The most likely explanation for some of the 

disparity is differences in the exact position along the thermal groove from which 

each measurement was taken, which would affect the amount of interference from 

oxide scales and other surface variations. However, the dihedral angle 

measurements do not seem to differ widely from the AFM due to lack of lateral 

resolution of the confocal microscope, and the results show the promise of laser 

scanning confocal microscopy as a high-throughput characterization tool for large-

scale thermal grooving studies. 

The groove profiles in Figure 4.3 are particularly interesting because they 

show disparities in the size and shape of the hillocks formed on either side of the 

groove root. There are a number of different potential explanations for these 

incongruities. The most obvious explanation is surface energy anisotropy between 

the crystallographic planes (2� 0 1�) and (2 1 4�) for BCT Sn. This explanation has 

some merit, as the discrepancy in groove height on either side of the boundary is 

consistent; the island grain surface tends to be higher than the matrix grain surface, 

implying the (2� 0 1�) surface is a higher energy surface than the (2 1 4�) surface for 
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Sn. Additionally, the interplanar spacing of the BCT (2� 0 1�) surface is 2.15 Å while 

the interplanar spacing of the BCT (2 1 4�) surface is 0.76 Å, which also implies that 

the island grain surface may have a higher surface energy since the interplanar 

spacing is correlated with surface energy1.  

The second possible explanation is a non-perpendicular grain boundary 

intersection, which can occur when the driving pressure to force grain boundary 

migration is strong enough to pull the grain boundary toward the center of 

curvature, but not strong enough to de-pin the boundary from the thermal 

groove239. Because the grain boundary would tend to migrate towards the center of 

the island grain, the larger hillocks on the island grain surface and the angle of 

groove root towards the island grain lend credence to this hypothesis. The third 

explanation is the presence of oxide scales or other surface contaminants. While this 

is plausible, and has been noted previously in grooving experiments on Sn224,240, this 

is unlikely; oxide scales visible on the sample surface in the laser intensity maps in 

Appendix C show darker contrast due to the scale’s lower reflectivity, but they have 

no noticeable preference for the island grain surface. 

While the grooving behavior shows that the grain boundary energy is 

anisotropic, other questions also arise when examining separate sections of the 

grain boundary that have approximately equal plane normal angle λ. In this case, 

there is a large spread in the measured dihedral angles, as well as groove widths and 

heights. This could be due to a number of factors. For instance, impurities in the Sn 

base metal or impurities introduced through processing heterogeneously could be 
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affecting the grain boundary differently based on the grain boundary plane 

orientation. Local variations in the boundary plane normal angle nearby could also 

affect the grooving behavior at the boundary, due to nearby local faceting or 

anisotropy in the grain boundary energy. Lastly, preferential etching during sample 

plasma cleaning could cause these differences, as well.  

The groove profiles found from the profilometry data are used to calculate 

the included angles as a function of the grain boundary plane orientation. These 

included angles, θi (towards the island grain) and θm (towards the matrix grain), are 

illustrated by the anisotropic grooving schematic in Figure 4.4, and are not equal 

when the surface energy is anisotropic. The grain boundary energy γ can be derived 

via force balance as  

 𝛾𝛾 =  𝜎𝜎𝑖𝑖 cos 𝜃𝜃𝑖𝑖 + 𝜎𝜎𝑚𝑚 cos 𝜃𝜃𝑚𝑚, (4.1) 

where σx is the surface energy of the island (i) or matrix grain (m), and θx is the 

included angle at the groove root. While surface anisotropy would affect the 

measurement of grain boundary energy in a polycrystalline material, the island 

grain structure ensures that the magnitudes of the surface energies are constant 

Figure 4.4. Schematic of thermal grooving variables. 
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around the circumference of the island grain. Thus, any variation in the measured 

dihedral angle should be solely due to variation in the grain boundary energy. To 

prove this, the cosines of θi and θm for both sides are plotted in Figure 4.5; the 

cosines of θi and θm for the Lower Side are plotted as a function of the grain 

boundary plane angle λ in Figure 4.5a and Figure 4.5b, respectively; angular 

measurements are averaged into 3° bins. Similarly, the cosines of θi and θm for the 

Upper Side are shown in Figure 4.5c and Figure 4.5d, respectively. Periodic 

variation is found for both θi and θm, with each side following approximately the 

same trends, though the Upper Side shows a sharp decrease in cosine value for λ = 

210°-300°. Inspecting the profilometry data from this section of the grain boundary 

shows that groove root is far shallower in this region than the areas nearby. The 

cause for this discrepancy is unknown, but could be due to the fact that this side was 

in contact with the stainless-steel specimen chamber during annealing. 

The similar trends in θi and θm as a function of λ overall justify using the total 

dihedral angle 𝜃𝜃 =  𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑚𝑚 for calculations of the grain boundary energy rather 

than the included angles separately. Assuming also that the surface energy is 

isotropic, σi = σm ≡ σ, then variations in the dihedral angle correspond to variation 
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of the grain boundary energy. These two assumptions simplify Equation (4.1) to the 

Young equation, 𝛾𝛾 𝜎𝜎⁄ = 2 cos(𝜃𝜃 2⁄ ), which we use to calculate the relative grain 

boundary energy as a function of λ (again in lab coordinates). These calculations 

were performed using the profilometry data (black) separately for both the Lower 

Side (Figure 4.6a) and the Upper Side (Figure 4.6b), while the combined 

calculations are shown in Figure 4.6c. As expected, both sides show the same trend 

in data, with the aforementioned anomalous region on the Upper Side showing 

lower relative boundary energy than the same region on the Lower Side.  

Figure 4.5. Polar plots of cosines of included angles for (a) the island grain 
included angle, Side 1, the (b) matrix grain included angle, Side 1, the (c) island 
grain included angle, Side 2, and the (d) matrix grain included angle, Side 2. 
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While there are some issues of agreement between the two sides, the 

datasets show the same trend of variation in the relative boundary energy along the 

grain boundary. There are clear cusps in the relative boundary energy at 

approximately λ ≅ 0, π/2, π, and 3π/2. These could very well correspond to low 

index planes on either and/or both sides of the grain boundary; identifying the 

indices of these places requires three-dimensional characterization techniques such 

as serial sectioning combined with EBSD.  

Figure 4.6. . Relative grain boundary energy γ/σ for (a) Lower Side, (b) Upper 
Side, and (c) combined sides. (d) Absolute grain boundary energy γ with 
estimated Wulff shape. Black data shows profilometry and red data indicates 
AFM. 
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The most striking feature of the relative boundary energy in each subplot in 

Figure 4.6 is the symmetry of the distributions. The relative boundary energy of the 

Lower Side (Figure 4.6a) shows obvious four-fold symmetry and the energy of the 

Upper Side (Figure 4.6b) suggests the same, with the aforementioned issues from λ 

= 210°-300° obscuring the symmetry. Averaging the data on both sides gives the 

relative boundary energy polar plot on Figure 4.6c, which clearly shows the four-

fold symmetry. Recall that in Section 4.1 the point group of this misorientation was 

determined as the four-fold symmetric D4h point group, with the axis of symmetry 

corresponding to the misorientation axis. EBSD determined that the misorientation 

axis is approximately tangent to the grain boundary plane at all points, making the 

alignment between the symmetry in the grain boundary energy and the alignment 

of the grain boundary symmetry elements an excellent match.   

The absolute grain boundary energy can be calculated from the relative grain 

boundary energy for any system if the surface energy is known for the given 

crystallographic planes. The energy of both the (2� 0 1�) and the (2 1 4�) planes for the 

BCT system of Sn are not published in literature, yet measurements of the surface 

energy of Sn have been made before. Greenhill and McDonald241 were the first to 

make such measurement and determined the surface energy of Sn (σSn) to be σSn = 

0.685 J/m2 using the wire pulling technique. Tyson and Miller242 found σSn = 0.70 

J/m2 at absolute zero by estimating the value from solid-liquid interfacial free 

energy and the liquid surface energy. Eckold et al.243 found σSn = 0.710 J/m2 via 

modified embedded atom method for the (211) plane at 488 K, which has a similar 

interplanar spacing to both the island and matrix grain surfaces. Because these 
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values agree well with each other, we choose σSn = 0.70 J/m2 as a surface energy 

estimate for the purpose of calculating the absolute grain boundary energy. 

The results of this calculation are shown in Figure 4.6d, which plots the 

absolute grain boundary energy γ in units of J/m2 as a function of λ. The minimum 

grain boundary energy is found at approximately the four cusps, λ = 0, π/2, π, and 3 

π/2, where γ ≅ 0.2 J/m2. One cusp, λ = 3 π/2, shows as low as γ ≅ 0.1 J/m2. The 

maximum value is found at the midpoints between the cusps, where γ ≅ 0.6 J/m2. 

The four lobed structure matches well with the symmetry of the grain boundary 

misorientation, indicating that a region a quarter the size of the grain boundary 

plane orientation subspace can be sampled in order to determine the grain 

boundary energy across the entire subspace.  

While measurements of the surface energy of Sn tend to be scarce, 

experimental measurements of the grain boundary energy of Sn are scarcer. In fact, 

the two most notable examples occurred fifty years apart. Mykura240 calculated the 

grain boundary energy of Sn during studies of grain boundary grooving and grain 

growth using optical interferometry. Using dihedral angle measurements of 

polycrystalline Sn annealed for long periods at 450 K and 460 K, Mykura calculated 

γ = 0.16 ± 0.04 J/m2. This number matches well with the minimum value calculated 

in this work, but is significantly different from most of the other values found. 

However, Mykura noted significant issues with oxidation on the samples during 

annealing, which affected their measurements. Oxidation on the surface would most 

likely alter the measured dihedral angle since the oxide would form on either or 
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both sides of the thermal groove. If the oxide formed preferentially on one side, this 

would significantly increase the measured γ, while oxides formed on both sides 

would significantly decrease the measured γ. Additionally, no correlation or 

differentiation was made based on the grain boundary crystallography, making this 

number an average value.  

The next study to attempt to measure the grain boundary energy was 

conducted by Rowenhorst and Voorhees224, who used optical microscopy and serial 

sectioning to study the equilibrium intersection of grain boundaries with a eutectic 

Sn-Pb melt of spherical Sn particles. The researchers took optical micrographs of 

polished samples, then polished the sample to remove a thin layer and repeated the 

process to estimate the grain boundary plane orientation in addition to the 

misorientation. Using this method, they found significant anisotropy in the 

measured grain boundary energy distributions due to the grain boundary torque. All 

reported values of γ in this study are lower than 0.25 J/m2, making many of the 

results presented here significantly higher than their measured values of γ.  

The cause of this is most likely due to the equilibrium grain boundary 

structures formed in contact with the Sn-Pb eutectic melt. The solid-liquid 

interfacial energy of a Sn particle in contact with the Sn-Pb eutectic melt was found 

to be 2σSn-Pb = 0.265 J/m2. Any grain boundary with γ greater than this value will 

result in the eutectic melt wetting the boundary, separating the two crystalline 

particles, meaning no values of γ higher than this would be observed. Additionally, 

being free to rotate within the melt means that particles were most likely able to 
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rotate to the lowest energy grain boundary configuration. This is encouraging for 

the results presented in this chapter, which show a cusp in the grain boundary 

energy for this misorientation that agrees well with the reported γ values by 

Rowenhorst and Voorhees. 

The trends of the grain boundary energy are very well-defined, but there is 

significant scatter in the data. The uncertainty in the measured dihedral angles 

could be due to a number of factors, but the most obvious ones are related to 

oxidation and instrument error. Because of the low melting point, oxidation of Sn 

can occur at very low relative temperatures during annealing. Despite flowing a 

reducing atmosphere over the specimen, we observed that oxide scales seemed to 

nucleate and grow preferentially at grain boundary grooves. In general, the oxide 

seemed to form on both sides of the groove root with equal probability, meaning the 

effect of oxidation should generally result in greater included angle measurements 

on both sides of the groove. 

Polar plots of the interfacial energy as a function of interfacial orientation are 

the traditional method of determining the Wulff shape, which defines the shape of a 

single crystal particle of constant volume in equilibrium with its surrounding 

material. When a material has deep cusps in interfacial energy at certain 

orientations, large facets of that orientation will exist on the Wulff shape. This is 

traditionally used to describe the surface energy of polycrystalline materials; 

however, it is also a valid construction for grain boundaries138,244,245. In this case, the 

Wulff shape describes the equilibrium shape of a single crystal of constant volume 
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embedded within a surrounding single crystal matrix. A cylindrical island grain in 

equilibrium with a surrounding single crystal matrix shows a two-dimensional cross 

section through this three-dimensional Wulff shape. To construct the Wulff shape, 

tangent lines are drawn at every point on the grain boundary energy plot, and the 

interior space is taken as the Wulff shape. The Wulff shape of this grain boundary is 

overlaid in black in the grain boundary energy plot reproduced in Figure 4.7. 

Qualitative examination of the micrographs in Figure 4.1e and Figure 4.1f 

suggests that the macroscopic shape of the grain boundary correlates well with γ, as 

long sections of the boundary appear for the preferred orientations. By measuring λ 

for each segment of the boundary, we can determine the perimeter fraction for each 

value of λ and find that the macroscopic shape of the island grain trends towards the 

estimated Wulff shape. This perimeter fraction is overlaid in blue on the grain 

boundary energy plot in Figure 4.7. While the estimated shape does not show long 

Figure 4.7. Polar plot of grain boundary energy vs. boundary plane normal 
angle. The estimated Wulff shape is overlaid in the interior of the plot in black, 
and the idealized cylindrical grain shape calculated by the perimeter fraction 
of each boundary plane normal angle in blue. 
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straight facets with boundary plane orientations corresponding to the cusps in the 

energy plot, it does show a general preference for the four cusp orientations. This 

implies that while the island grain is not macroscopically taking on the Wulff shape 

of the grain boundary, at the local microscopic level it is showing preferences for the 

orientations specified by the Wulff shape. 

Mazed bicrystal structures in thin films have been shown to express 

symmetry in the grain boundary properties before, with grain boundary plane 

orientations showing preferential facets in Al thin films234 for CSL and near-CSL 

misorientations. Island grains of low CSL index misorientations show large 

preferences for facets of low-index misorientations, which lead to oblong and 

symmetric Wulff shapes in Cu139–141,145 (Σ3 and Σ9), Nb143 (Σ3), and Zn246(Σ3). 

However, as far as the author can determine, this is the first experimental evidence 

of a general high angle grain boundary with no CSL relationship expressing higher 

order symmetry in its observed properties. 
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Chapter 5 

Concluding Remarks 

This work presents a crystal growth technique that uses additively 

manufactured plastic positives to create molds for directional solidification of 

bicrystals, tricrystals, and higher-order oligocrystals. This method modernizes one 

of the oldest experimental techniques in physical metallurgy and achieves a level of 

microstructural control previously unaccomplished. With the ability to control the 

position, orientation, and geometry of single grain boundaries, as well as entire 

grain boundary networks, the method represents the first advance in grain 

boundary plane orientation control since 1959155, and is itself an important 

advancement in grain boundary engineering. 

Many of the grain boundaries formed in these bicrystals and discussed in this 

work have a continuously variable curvature. Such structures are previously 

unencountered in experimental physical metallurgy, and the ability to access these 

frustrated systems via directional solidification is unknown. To explore this set of 
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frustrated curved grain boundaries, we studied the thermodynamic stability of 

complex grain boundary morphologies and the accessibility of these boundaries via 

this method. As a test case, we studied a sinusoidal grain boundary geometry, in 

which the grain boundary oscillates transverse to the growth direction of the 

bicrystal and the curvature of the boundary is continuously variable. We consider 

the global thermodynamic excess free energy and how the free energy functional 

(and more specifically, the surface area functional) is minimized within the 

constraints of the bicrystal and the pinning cusps. Overall, the considerations imply 

the sinusoidal geometry is metastable with respect to the bicrystal geometry and 

exists within a thermodynamic excess free energy well. Deviations from the 

prescribed grain boundary position can be tolerated up to a critical deviation, at 

which point the grain boundary is no longer contained within the energy well and 

destabilizes.  

Because the energy well has a finite amount of tolerated deviation, 

fabrication of the grain boundary must place the boundary within the well 

geometrically in order to access the metastable state. This implies that manipulating 

the solidification front is the key to accessing a given bicrystal geometry and that 

finding the total range of manipulation will determine the accessibility of possible 

metastable grain boundaries. To find this range, we performed a parametric study of 

steady state heat transfer simulations to calculate the angle of the solidification 

front with respect to the nominal growth direction of the bicrystal, and thus the 

range of metastable states which are accessible, varying the thermal conductivity of 

the melt and mold, as well as the geometry of the bicrystal. This simple model 



85 

agrees very well with our experimental observations, and gives insight into methods 

of fabricated metastable grain boundary networks structures for improved 

properties. 

The crystal growth technique was also used to study the grain boundary 

energy as a function of the grain boundary plane orientation. Island grain bicrystals 

were designed and grown from Sn to determine the boundary energy as a 

continuous function around the circumference of the island grain. This method of 

creating island grain bicrystals replicates and improves on island grain bicrystals 

first grown by Straumal and others139,142,145. Through a combination of laser 

scanning confocal microscopy for high throughput data acquisition and AFM for 

high resolution data acquisition, we measured the thermal groove along the grain 

boundary for the dihedral angle at the groove root. The magnitude of the dihedral 

angle gives the ratio of grain boundary energy to surface energy (the relative grain 

boundary energy) as a function of the grain boundary plane orientation. The 

resulting polar plot of the relative boundary energy as a function of the grain 

boundary plane orientation shows the same four-fold symmetry that is associated 

with the misorientation of the bicrystal. This marks the first experimental 

observation of symmetric properties in a grain boundary which does not have a CSL 

misorientation. Calculates of the absolute grain boundary energy agree well with 

previous studies presented in literature. 

The method and results presented here lay a foundation for a new and 

exciting new research avenue in grain boundary physics, chemistry, and mechanics. 



86 

Each bicrystal grown can thoroughly sample the grain boundary plane orientation 

subspace for its misorientation, meaning a single bicrystal can theoretically 

represent all possible configurations of the grain boundary plane. This greatly 

enhances the experimental capabilities of researchers and serves as a potent new 

platform for understanding grain boundary structure-property relationships. More 

complicated geometries can also be fabricated using additional seed crystals to 

create triple junctions and other higher order oligocrystalline structures. 

Additionally, grain boundary networks with tailored misorientations can be grown 

to mimic structures used in computational materials science studies. 

These bicrystals, tricrystals, and oligocrystals are also a new class of grain 

boundary engineered materials, in which the grain boundary orientations are 

controlled and manipulated for optimal macroscopic material properties. For 

instance, oligocrystals with tailored boundary networks can serve as preferred 

nucleation sites for secondary phases to increase strength through precipitate 

hardening in a directionally solidified part. Another prominent example is single 

crystal jet engine turbine blades, whose molds for directional solidification are 

created using lost-wax casting. The crystal growth method from Chapter 2 can 

create much more complicated internal cooling structures for these turbine blades 

with no tooling required. The advent of novel advanced manufacturing techniques 

which enable new and unexplored microstructures and mesostructures28,230,247,248 is 

bringing about another revolution in materials science, and the work presented in 

this thesis is an integral component in achieving complete microstructural control of 

materials. 
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5.1. Future Work 

The novel crystal growth technique reported here greatly expands the field 

of experimental study of grain boundary structure-property relationships. By 

making use of additive manufacturing to precisely control the form factor, bicrystals 

and their grain boundaries can be shaped and manipulated directly. Test specimen 

geometry can be formed directly rather than during post processing, which reduces 

the chances of introducing mechanical defects and chemical impurities. The 

following is a brief outline of both planned future work and potential research 

avenues worth pursuing using complex oligocrystals. 

5.1.1. Grain boundary motion 

While the thermodynamics of a grain boundary can be probed using the 

grooving technique to determine the grain boundary energy, the kinetics of grain 

boundary motion is a main determining factor in most forms of microstructural 

evolution and thermomechanical processing58,249. It is our intent to study the motion 

of a single grain boundary subject to multiple driving forces using cylindrical island 

grain bicrystals like those reported in Chapter 4. 

To a first approximation, the grain boundary mobility is the main 

determining factor in the kinetics of grain growth32; large anisotropies in grain 

boundary mobility have been submitted as possible causes of abnormal grain 

growth in polycrystalline materials250,251. The generally accepted equation 

governing grain boundary velocity v during migration is  
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 𝑣𝑣 = 𝑀𝑀𝑀𝑀, (5.1) 

where M is the boundary mobility and P is the driving pressure. The magnitude of 

the driving pressure varies widely based on its source32, while the mobility is a 

function of the grain boundary structure, including the grain boundary plane252.  

Bicrystal studies of grain boundary motion are not new, and amount to a 

large portion of the theoretical studies on the motion of single grain 

boundaries194,195. The geometry of the grain boundary in these studies can be 

analyzed such that the driving force can be calculated analytically; since 𝑀𝑀 =  𝛾𝛾𝛾𝛾, 

where κ is the curvature, for curvature-driven grain boundary migration, any 

measurement of grain boundary velocity gives an accurate measurement of the 

boundary mobility. Because the mobility has been found to vary with the grain 

boundary structure, island grain bicrystals like those grown in Chapter 4 can be 

used to study the mobility as a function of the grain boundary plane orientation. 

In situ measurement of grain shrinkage will give real-time data on the grain 

boundary velocity. This will yield both the driving force and the mobility, even if the 

driving force varies across the boundary. An example of the variance in driving force 

is shown here in Figure 5.1, which shows the curvature as a function of boundary 

plane orientation for the island grain discussed in Chapter 4. These values were 

calculated via image processing, which can be performed frame-by-frame during in 

situ video monitoring of boundary migration.  



89 

Shear-coupled grain boundary motion (SCGBM) is the movement of a grain 

boundary in a crystalline material where the normal migration of the grain 

boundary also generates a tangential shear strain on the crystal lattice. This form of 

grain boundary motion is suspected to play an important role in thermomechanical 

processing and texture evolution in polycrystalline materials. The main atomic 

mechanism which generates SCGBM is the grain boundary disconnection, which 

drives the grain boundary both normal and tangent to the grain boundary plane253. 

Because of this behavior, disconnection theory predicts some interesting 

phenomena that have never been observed experimentally. For instance, a grain 

boundary may switch between different disconnection modes during SCGBM 

depending on external constraints, changing the grain boundary mobility, the shear 

strain, and even the direction of boundary motion. Additionally, disconnection 

Figure 5.1. Curvature as a function of boundary plane normal angle for an island 
grain bicrystal. 
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theory predicts that normal unstressed annealing of a grain boundary can activate a 

disconnection with a nonzero shear component, resulting in shearing of the lattice 

with no external shear applied254. If this grain boundary surrounds a cylindrical 

island grain embedded in a single crystal matrix, the island grain will rotate as it 

shrinks in size. Concurrent with measurements of the boundary mobility, these 

island grain bicrystals will be used to test this fundamental hypothesis related to the 

theory of grain boundary motion coupled to shear.  

5.1.2. Grain boundary spallation 

High velocity impact is incredibly important field of engineering, one which 

has wide applicability to ballistics, aerospace, and automotive safety. The 

propagation of a shockwave through a material is impeded and deflected at 

heterophase interfaces, like the bonding between composite layers248 or the spatial 

gap in Whipple shields255. This impedance mismatch between materials is an 

important aspect in redirecting and dissipating energy safely. Occasionally, the 

reflected wave which propagated due to the impedance mismatch creates severe 

tensile fields in a material, causing void growth at the interface and separation from 

the main body called spallation. This has been observed to occur on a smaller scale 

with grain boundaries, when the impedance anisotropy of the crystal lattice is 

severe enough256. Experiments are ongoing on Al bicrystals formed using our crystal 

growth method to study the propensity for a general high angle grain boundary to 

nucleate spall under high velocity impact of a flat plate.  
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5.1.3. Heterophase interfaces 

This technique is not limited to homophase interfaces like grain boundaries. 

Heterophase interfaces can be created by forming single crystals of two 

metals/alloys with different melting temperatures in a two-phase crystal growth 

process. In this process, a single crystal of the alloy with the higher melting 

temperature would be grown first, then inserted into a fresh mold in contact with a 

plastic single crystal positive. This second plastic positive would be burned out as 

normal, then the lower melting temperature metal/alloy would be cast in and 

directionally solidified. This two-step process would not limit the accessible 

geometries, and the bonding between the two alloys would be complete as long as 

surface oxidation on the higher melting temperature alloy can be mitigated.  

Heterocrystals fabricated in this way could provide information on 

intermetallic formation at weld points for dissimilar metal welding257 and interfacial 

impurity segregation often seen in thin films in contact with a substrate258. They 

could also be used to study the elastic mismatch/misfit strain of the interface using 

the simplest possible crystallographic system.  
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Appendix A 

Thermal simulations (Chapter 2) 

Steady state heat flow simulations for both a sinusoidal bicrystal and a 

“traditional” straight bicrystal were conducted using the finite element simulation 

software ANSYS. The mold geometry (with the mold flask omitted) was meshed 

using triangular elements. Because the furnace velocity is 2.5 cm/hr., heat flow from 

the top of the mold to the bottom can be approximated as quasi steady-state. 

Thermal conductivities for the plaster, graphite, and tin were 0.5 W/(m·K) (value 

received from vendor), 116 W/(m·K), and 34 W/(m·K), respectively223. To simplify 

calculations, the metal charge was assumed to be only liquid tin.  The fixed 

temperature boundary conditions were set to 773 K at the top of the mold and 298 

K at the bottom of the graphite chill - this simulates a bicrystal growth in progress at 

the point in time where the furnace’s “hot zone” is at the top of the mold.  

Simulation results showed isothermal contours that bent to remain almost 

perpendicular to the path of the cusp within the geometry. A number of simulations 

were performed to show conclusively that the large contrast in thermal conductivity 

between the tin and the plaster and the inclusion of the graphite chill were the cause 

of the tilted isothermal contours. When the chill is excluded from analysis (Figure 

6.1a and Figure 6.1c), the metal charge remains nearly isothermal, with a 

temperature gradient too small to promote unidirectional solidification. Including 

the chill achieves a steep enough temperature gradient for successful bicrystal 
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growth, as evidenced in Figure 6.1b. Additionally, when the thermal conductivities 

of the metal charge and the plaster were set to the same value (Figure 6.1d), the 

local temperature gradient was equal to the global applied temperature gradient, 

resulting in no tilting isothermal contours. 

Helix bicrystal and tricrystal micrographs (Chapter 2) 

The helical crystal transverse cross sections used in Figure 2.4 in this work 

were digitally altered to emphasize the crystals in the mounting epoxy. All six 

unaltered optical micrographs are presented here in Figure 6.2. Bubbles in the 

epoxy were covered and discoloration due to excess heat generation during the 

curing process was blurred to make the micrographs clearer to the viewer. To 

further remove the effects of the epoxy discoloration, all images were presented in 

Figure 6.1. (a) Mold design and steady-state temperature profile in traditional 
bicrystal mold without a graphite chill. (b) Mold design and steady-state 
temperature profile in traditional bicrystal mold with a graphite chill. (c) Mold 
design and steady-state temperature profile in sinusoidal bicrystal mold 
without a graphite chill. (d) Mold design and steady-state temperature profile 
in a sinusoidal bicrystal mold with a graphite chill and the thermal conductivity 
of both the tin and the plaster set to the value of plaster (0.5 W/m-K). 
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grayscale. Brightness and contrast were adjusted to further emphasize the grain 

boundaries visible at the center of each specimen. 

 

 

Figure 6.2. Original optical micrographs used in Figure 4 of the main text. (a) 
Helical bicrystal cross section at 0° rotation. (b) Helical bicrystal cross section 
at 45° rotation. (c) Helical bicrystal cross section at 90° rotation. (d) Helical 
tricrystal cross section at 0° rotation. (e) Helical tricrystal cross section at 30° 
rotation. (f) Helical tricrystal cross section at 60° rotation. 
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Appendix B 

Sinusoidal grain boundary derivations (Chapter 3) 

Figure 6.3 shows the region near the pinning cusps in the sinusoidal grain 

boundary with labels indicating the important geometric variables. Under small de-

pinning actions, when the grain boundary is within the arc of the pinning cusps 

(Figure 6.3a), the grain boundary width, Rin, is 

 𝑅𝑅𝑖𝑖𝑖𝑖 =  𝑅𝑅0 + 2�𝜌𝜌 − �𝜌𝜌2 −  (𝐴𝐴0 − 𝐴𝐴)2 sin �
2𝜋𝜋𝑑𝑑
𝜆𝜆
�
2

�. (6.1) 

After the grain boundary exits the circular arc of the pinning cusp (Figure 

6.3b), the grain boundary width, Rout, is 

 
𝑅𝑅𝑜𝑜𝑜𝑜𝑜𝑜 =  𝑅𝑅0 + 2𝜌𝜌 �1 − sin �𝛽𝛽

2
�� + 2 cot �𝛽𝛽

2
� �𝐴𝐴0 − 𝐴𝐴 −

𝜌𝜌 cos �𝛽𝛽
2
�� sin �2𝜋𝜋𝜋𝜋

𝜆𝜆
�. 

(6.2) 

The de-pinning amplitude difference ΔAin at which the grain boundary exits 

the circular arc of the pinning cusp at the crest and trough of the sine wave is 

 Δ𝐴𝐴𝑖𝑖𝑖𝑖 = 𝐴𝐴0 − 𝐴𝐴𝑖𝑖𝑖𝑖 =  𝜌𝜌 cos �
𝛽𝛽
2
�, (6.3) 

 

, (3) 
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where Ain is the actual amplitude of the grain boundary as it exits the circular arc of 

the pinning cusp (Figure 6.3b). 

Stability of a helical grain boundary (Chapter 3) 

In the helical bicrystal shown in Figure 6.4, the grain boundary plane rotates 

about the growth axis. The bicrystal has a total length L and the cusps twist an angle 

θ0 about the growth axis (θ0 = 90° in Figure 6.4). We approximate the cusps as 

circular arcs with radius of curvature ρ. Outside the cusps, the surfaces of the 

bicrystal are flat planes (straight lines in cross section) that form an included angle 

β. The area S of the de-pinned grain boundary is given by the integral 

 𝑑𝑑 = 2� �
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

cos �𝛹𝛹 𝑑𝑑
𝑅𝑅 2⁄ �

𝐿𝐿

0

𝑅𝑅 2⁄

0
, (6.4) 

where ψ is the angle between the growth axis and the grain boundary trace on the 

side surface of the bicrystal. This angle is a function of the grain boundary width and 

the degree of twist per unit length, θ/L, and is given by  

Figure 6.3. (a) Grain boundary width when the grain boundary is within the arc 
of the pinning cusp. (b) Grain boundary width when the grain boundary is 
outside the arc of the pinning cusp, including illustration of ΔAin. 
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 𝛹𝛹 = cos−1 ��1 + (𝑅𝑅 2⁄ )2𝜃𝜃2

𝐿𝐿2
�
−1/2

�. (6.5) 

When the grain boundary is perfectly pinned, the width of the grain 

boundary is a constant R0 and the total grain boundary area is  

 𝑑𝑑 = 𝐿𝐿𝑅𝑅0
ln(sec𝜓𝜓+tan𝜓𝜓)

𝜓𝜓
. (6.6) 

The grain boundary will attempt to lower its energy by untwisting. In the de-

pinning mode that we have observed experimentally, the grain boundary stays 

pinned at one end (the bottom of the bicrystal) and untwists from the other end (the 

top of the bicrystal), as illustrated in the transverse cross sections in Figure 6.4. In 

this case the de-pinned grain boundary has a twist angle θ which is less than θ0, and 

the width of the de-pinned grain boundary R varies with position z along the length 

of the bicrystal. Assuming the degree of de-pinning is a linear function of position 

Figure 6.4. Helical bicrystal and cross-sectional views transverse to the growth 
direction at different points along the bicrystal. Labels indicate important 
geometric features of the bicrystal and grain boundary. 
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along the bicrystal, the de-pinning angle φ between the prescribed grain boundary 

position and the de-pinned grain boundary is given by   

 𝜑𝜑 = (𝜃𝜃0 − 𝜃𝜃) 𝜋𝜋
𝐿𝐿
. (6.7) 

Under small de-pinning actions, when the grain boundary is within the arc of 

the pinning cusp (Figure 6.5a), the grain boundary width, Rin, can be estimated 

using the second order expansion of the law of cosines,  

 𝑅𝑅𝑖𝑖𝑖𝑖 ≅ 𝑅𝑅0 �1 +
𝑅𝑅0𝜑𝜑2

4𝜌𝜌
�, (6.8) 

giving a quadratic dependence on the de-pinning angle φ. After the grain boundary 

exits the circular arc of the pinning cusp (Figure 6.5b), the grain boundary width, 

Rout, is 

Figure 6.5. (a) Half of the grain boundary width when the grain boundary is 
within the arc of the pinning cusp. (b) Half of the grain boundary width when 
the grain boundary is outside the arc of the pinning cusp. 
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𝑅𝑅𝑜𝑜𝑜𝑜𝑜𝑜 = ��𝑅𝑅0 + 2𝜌𝜌 �1 − sin �𝛽𝛽
2
��� sin �𝛽𝛽

2
� −

        2𝜌𝜌 �cos �𝛽𝛽
2
��

2
� csc �𝛽𝛽

2
− 𝜑𝜑�. 

(6.9) 

The critical de-pinning angle at which the grain boundary starts to exit the 

circular arc of the pinning cusps, φcrit, is given by  

 𝜑𝜑𝑐𝑐𝑐𝑐𝑖𝑖𝑜𝑜 =  tan−1 �
𝜌𝜌 cos𝛽𝛽2

𝑅𝑅0 + 2𝜌𝜌 �1 −  sin𝛽𝛽2�
�. (6.10) 

When de-pinning actions are small, ψ can be approximated as a constant 

value  

 𝛹𝛹0 = cos−1 ��1 + (𝑅𝑅0 2⁄ )2𝜃𝜃02

𝐿𝐿2
�
−1/2

�. (6.11) 

Inserting Equation (6.8) and Equation (6.11) into Equation (6.4) and 

integrating gives the grain boundary area as a function of the twist angle θ, 

 𝑑𝑑 = 𝐿𝐿𝑅𝑅0 �1 + 𝑅𝑅0(𝜃𝜃0−𝜃𝜃)2

12𝜌𝜌
�

ln�𝑅𝑅0𝜃𝜃0𝐿𝐿 +�1+
𝑅𝑅0
2𝜃𝜃0

2

𝐿𝐿2
�

cos−1��1+
𝑅𝑅0
2𝜃𝜃0

2

𝐿𝐿2
�
−1/2

�
, (6.12) 

where the expression for ψ0 has been simplified using trigonometric identities. 

Importantly, the area and excess free energy of the grain boundary are minimized 

when θ = θ0. Additionally, the area has a quadratic dependence on the difference 

between the prescribed twist angle and the actual twist angle, θ0 – θ, meaning that 

grain boundary untwisting, i.e. θ < θ0, is always thermodynamically unfavorable.  
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We can estimate the average restoring pressure acting on the helical grain 

boundary when it untwists by calculating the gradient of the excess free energy E 

with respect to θ and normalizing by the total area of the grain boundary and a 

characteristic length, the grain boundary width, R0. The restoring pressure P is then 

approximately  

 𝑀𝑀 ≅  𝛾𝛾
𝑆𝑆𝑅𝑅0

𝑑𝑑𝑆𝑆
𝑑𝑑𝜃𝜃

 =  −2𝛾𝛾(𝜃𝜃0−𝜃𝜃)
12𝜌𝜌+𝑅𝑅0(𝜃𝜃0−𝜃𝜃)2 

. (6.13) 

Inspection of Equation (6.13) shows that this pressure increases 

monotonically as the grain boundary untwists. It also shows that the restoring 

pressure increases as the separation between the cusps and the radius of curvature 

of the cusps decrease.  

The critical twist angle θcrit where the grain boundary starts to migrate out of 

the circular arc of the cusp is 

 𝜃𝜃𝑐𝑐𝑐𝑐𝑖𝑖𝑜𝑜 = 𝜃𝜃0 − 𝜑𝜑𝑐𝑐𝑐𝑐𝑖𝑖𝑜𝑜 =  𝜃𝜃0 −  tan−1 �
2𝜌𝜌 cos𝛽𝛽2

𝑅𝑅0+2𝜌𝜌�1− sin𝛽𝛽2�
�. (6.14) 

When θ is larger than this value, S must be evaluated numerically. Figure 6.6 

shows a typical calculation of the normalized grain boundary area Ŝ = S/Smin versus 

normalized de-pinning parameter 𝛥𝛥𝜃𝜃� = 2(𝜃𝜃0 − 𝜃𝜃)/𝛽𝛽 for a helical grain boundary in 

a bicrystal with cusps that have radius ρ = 0.1 mm, spacing R0 = 0.5 mm, and 

included angle β = 80°. The curve diverges when 𝛥𝛥𝜃𝜃� approaches unity since the 

grain boundary becomes parallel with the flat edge of the pinning cusp at the top of 

the bicrystal. This calculation shows that large de-pinning actions have the same 
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general trend as small ones, represented by Equation (6.12), where the restoring 

force increases with increasing de-pinning action.  

Inspection of Ŝ indicates that the energy penalty associated with de-pinning 

and the restoring force are relatively low near the pinned position and only become 

significant when ∆𝜃𝜃� approaches unity. In practical terms, this result means that 

helical grain boundaries may be able to untwist slightly during growth without 

experiencing a significant restoring force. This conclusion matches our experimental 

observations of helical grain boundaries, which frequently de-pin a small amount 

from the cusps at the top of the bicrystal. 

 

 

Figure 6.6. Normalized area Ŝ = S/Smin of a helically twisting grain boundary as 
a function of de-pinning parameter 𝜟𝜟𝜟𝜟� = 𝟐𝟐(𝜟𝜟𝜽𝜽 − 𝜟𝜟)/𝜷𝜷. The calculations 
assumed L = 60 mm, R0 = 0.5 mm, θ0 = 90°, ρ = 0.1 mm, and β = 80°. 
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Appendix C 

 

Figure 6.7. Stitched images of the laser intensity maps for (a) Lower Side and 
(b) Upper Side of island grain bicrystal. 
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