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ABSTRACT

Application of Embedded Dynamic Mode Decomposition on Epileptic Data for

Seizure Prediction

by

Negar Erfanian Taghvayi

The underlying spatiotemporal mechanism that leads to the formation of seizures

in the brain has been an interesting topic for decades. Di↵erent techniques have been

proposed to extract the dynamics of epileptic recordings that are involved in seizure

formation. Methods have been used to measure the synchrony between two or more

epileptic recordings. These techniques are often model-based or su↵er from poor

time-frequency resolution. In this project, we introduce a data-driven toolbox called

the Dynamic Mode Decomposition (DMD) with time-delay embedding to extract

the underlying spatio-temporal dynamics of seizure formation. These techniques will

enable us to focus on similarities among seizures in our attempt to better understand,

detect, and predict seizures. The inferred information on the underlying dynamics of

an epileptic system are essential in terms of improving the capability of stimulation-

based treatments of epileptic patients.
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Chapter 1

Introduction

Nearly 1% of the world’s population is su↵ering from repeated, unprovoked seizures

which we know as a neurological disorder called epilepsy (Kwan and Brodie, 2000;

Brodie et al., 1997). Close to 30% of these patients are known to be resistant to

medication (Del Felice et al., 2010; Schmidt and Gram, 1995; Sander, 1993). There-

fore, brain resection as a medical treatment is often the only option for these patients

(Jobst and Cascino, 2015). On the other hand, removing brain tissues in any region

of the brain can have severe negative consequences. For example, in cases where

the seizures initiate from the hippocampus, brain resection can cause memory loss.

Therefore, other options such as brain stimulation have received great attention for

these patients (Boon et al., 2007; Theodore and Fisher, 2004; Loddenkemper et al.,

2001; Goddard, 1967). These treatments are mostly applied to patients with either

focal or secondary generalized epilepsy. In the focal form, the seizures a↵ect a spe-

cific part of the brain where the secondary generalized epilepsy spread the seizures

to the other regions after focal initiation. In either case, identifying the population

of neurons that initiate the seizures, known as the Seizure Onset Zone (SOZ), is

essential in the mentioned treatments. Moreover, information regarding the impend-

ing seizures is of great importance in the case of brain stimulation treatments. So

far, di↵erent methods have been proposed for identification of the SOZ and early

seizure detection such as visual analysis of EEG, MRI and SPECT (Foldvary et al.,

2001; Rosenow and Lüders, 2001). These methods lack high spatio-temporal reso-
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lution and will not always provide the best outcomes in terms of SOZ identification

or seizure prediction. Therefore, data with a high spatio-temporal resolution are

recorded through Electrocorticography (ECoG) or intracranial Electroencephalogra-

phy (iEEG) from the exposed surface of the brain. Recently, signal processing and

data analytic techniques have had tremendous advances over the last few decades.

Working with ECoG data, methods such as Fourier transformation give us a good

understanding of the dynamics of recordings (Tzallas et al., 2009; Samiee et al., 2015)

with limited Time-Frequency resolution. Spatial tools such as Principal Component

Analysis (PCA) provide us with valuable spatial information about the system un-

der study (Ghosh-Dastidar et al., 2008; Acharya et al., 2012) without o↵ering any

temporal information. Therefore, in this work, we present Embedded Dynamic Mode

Decomposition (EmDMD) as a data-driven tool that captures the spatio-temporal

characteristics of a linear approximation of our possibly nonlinear dynamical system

(Schmid, 2010; Arbabi and Mezic, 2017; Tu et al., 2013). In particular, as dealing

with a linear system is tractable, EmDMD extracts the spatiotemporal dynamical

features within a linear setting that mimics the nonlinear relation that most likely

exists in the system.

The primary objective of this project is to use the spatio-temporal features to

not only better understand the behavior of the epileptic system, but to provide an

algorithm for seizure prediction tasks. This goal is motivated by the need for pre-

dicting seizures to initiate stimulation protocols to prevent the onset of the seizure

as well as enhancing the quality of life for epileptic patients. (Devinsky, 1999). Fig-

ure 1.1presents a framework with di↵erent block diagrams of the seizure prediction

algorithm.

As shown in figure 1.1, once ECoG or iEEG signals are collected, the data will
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Figure 1.1 : Representation of the framework of the seizure prediction algorithm . This framework

includes pre-processing of the collected data, application of EmDMD, extracting significant changes

of the features and application of classifiers to predict the seizures.

be pre-processed to reduce the artifacts. Next, EmDMD is applied to the processed

epileptic data to extract the spatio-temporal features. Any changes in these features

are monitored throughout the normal activity of the brain until a seizure occurs. Next,

after post-processing, based on significant changes of the features, four supervised

classifiers and a final ensemble model are used for seizure prediction. In what comes

next, we first talk about how the state-of-the-art neuro-modulation products led to

the primary objective of this work. Then we provide some insights about the previous

works that were done in the field of seizure prediction. We also describe data type and

patients’ information that we use in our work. Moreover, in the following sections,

we will define the di↵erent steps of the algorithm and finally provide the results of

our work.

1.1 State-of-the-art Neuro-modulation Products

So far, two neuro-modulation techniques have been o↵ered to treat epilepsy. Vagus

Nerve Stimulator (VNS) is a small device that is implanted under the skin on the

left chest which sends mild pulses to the left vagus nerve at regular intervals during

the day. This nerve stimulation goes up to the brain and reduces the seizures. VNS
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is responsive to the physiological changes that are happening in the body, such as

the heart rate (Fisher et al., 2016; Boon et al., 2007). Therefore, the pulses are not

directly in response to brain activity, which might induce the brain by mistake (Nune

et al., 2015; Morris et al., 2013).

Another neuro-modulation treatment that directly stimulates the brain and is

implemented on the skull is called the Responsive neuro-stimulation or RNS. RNS

continuously monitors the brain activity and sends small impulses when detecting the

start of a seizure. Therefore, it causes less false pulses compared with VNS. Due to

the better outcomes of using RNS rather than VNS (?Bergey et al., 2015; Heck et al.,

2014; Elliott et al., 2011a,b), RNS has become a more popular neuro-modulation

treatment for epilepsy. Therefore, seizure prediction tasks relying on ECoG data are

very advantageous for the RNS application. Figure 1.2 shows the neuro-modulation

devices applicable for epilepsy treatments.

Figure 1.2 : RNS and VNS as two neuro-stimulation techniques used as epilepsy treatments. The

figure on the left represents VNS while the one on the right shows RNS.
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1.2 Previous Works

Seizure prediction has been an interesting topic over the decades. People have done

di↵erent works in this area. Some have done some brain activity analysis in the

time-domain (Katz et al., 1991; Gotman, 1982) by statistically analyzing the brain

activity events such as interictal spikes and (Sherwin, 1978; Lange et al., 1983) and

occurrence of energy bursts (Litt et al., 2009) before the seizures started. Although

some results had shown a relationship between the statistical changes of EEG events

and the impending seizures, later on, people could not find the same results using

the same methods on other patients’ data. In another work, scientists analyzed the

power changes in the frequency domain of the recorded brain data by decomposing

the signal into di↵erent frequency components (Towle et al., 1999; Salant et al., 1998;

Rogowski et al., 1981; Duckrow and Spencer, 1992). Intelligent systems that include

mathematical and computer tools, such as neural nets have also been used to distin-

guish the preictal state from the normal activity of the brain. These methods rely on

the learned information from a subset of data that will not be included in the test set

(Viglione et al., 1970; Geva and Kerem, 1998; Litt et al., 2009). People have also done

some non-linear dynamical analysis in which they have derived quantitative patterns

from the trajectory of a non-linear dynamical system in the state space with the hope

of finding significant changes. Correlation dimension and Lyapunov Exponent are two

examples of the features that have been used to explain the dynamical behavior of

non-linear systems and for seizure prediction tasks (Iasemidis and Sackellares, 1996;

Wolf et al., 1985). They have used these features to find dynamical changes before

the start of the seizure.

All the techniques mentioned above have shown exciting results in terms of seizure

prediction. Although, as they have been applied to di↵erent data from di↵erent
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patients, their results are not usually compared unless they are applied to the same

dataset. This project aims to provide a data-driven dynamical tool that extracts the

spatio-temporal features of a non-linear dynamical system in a linear setting while

preserving all the dynamical characteristics. Overall, the represented method can

be called as a combination of a non-linear dynamical analysis in time and frequency

domain with learning algorithms for seizure prediction.

1.3 Data Collection and Pre-processing

The analyses of this work focus on voltage activity of the population of neurons

recorded from the exposed surface of the brain using either surface electrodes (ECoG)

or inserted pins (iEEG) as portrayed in Fig. 1.3.

Figure 1.3 shows how data is recorded from the exposed surface of the brain

via ECoG and iEEG. It also represents the collected data in terms of voltages from

three brain SOZ channels. To analyze the recorded data, we applied notch filters

with cuto↵ frequencies of 60 Hz and its harmonics to remove line noise from the

recorded data. We also removed the reference channels influence from the recordings.

Furthermore, we applied a low-pass filter with 100 Hz cuto↵ frequency, as the most

informative parts of the epileptic data are believed to be concentrated in these ranges

of frequencies (Martinerie et al., 1998). Using the mentioned filters, we removed line

noise and high-frequency noise from our recordings.

1.4 Patients

We have used the epileptic data of multiple seizures of four di↵erent patients using

iEEG protocol (ieeg, 2019). The medical information for these patients is shown in
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Figure 1.3 : Data recording from the exposed surface of the brain in epileptic patients through A)

iEEG and B) ECoG. Figure C) shows the voltage activity of three Seizure Onset Zone channels as

the patient goes from normal activity of the brain to a seizure

table 1.1.

Patients’ brain voltage activity has been recorded for days as the patients were

hospitalized for brain resection. These patients have experienced a couple of seizures

while recording their brain activity. Therefore, the data contains the brain’s regular

activity as well as the seizures, which we call the interictal and ictal states, respec-

tively. To do seizure prediction, we ought to define a state between the interictal and

ictal states, which informs us about a seizure that is about to happen. This state is

called the preictal state, which is believed to occur from a few hours to a few seconds

before the seizure starts (Le Van Quyen et al., 2005).

In this project, we aim to di↵erentiate the preictal state from the interictal and



8

Patient name sex Seizure

Onset

Seizure

Type

#Seizures #Seizures

used

Sampling

Frequency

Study-027 F LT GA 6 5 500

Study-020 M RF CPG/GA 8 5 500

Study-022 F Unknown CP/GA 7 5 500

Study-038 M LF/LT CPG/GA 10 4 500

Table 1.1 : Epileptic patients’ information, whose data are used in this project, is

represented. All data-sets were recorded at Mayo Clinic, Rochester, MN; RF - Right

frontal, LF - Left frontal, LT - Left Temporal, CP - complex-partial, CPG - complex

partial with secondary generalization, GA - Generalized atonic.

ictal states of the brain. Due to the dissimilarities that exist between di↵erent seizures

of the same or di↵erent patients, we will propose a seizure prediction algorithm that

applies to all.
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Chapter 2

Methods

Our methodology consisted of four steps: (1) Extraction of spatio-temporal features

using embedded DMD, (2) Application of a distance metric using the sliding window

approach to to unveil the preictal state considering significant changes in those fea-

tures, (3) Using an ensemble of classifiers to identify preictal and interictal states for

seizure prediction, and (4) carry out significance testing. The first subsection provides

an overview of spatio-temporal analysis, followed by some discussions detailing both

Dynamic Mode Analysis and Linear Embedding. A brief explanation of applying L2

norm on consecutive windows is then provided, followed by details on classification

for seizure prediction as well as significance testing.

2.1 Spatio-temporal Analysis

This section introduces the dynamical tools we used in our approach.

2.1.1 Dynamic Mode Decomposition

Dynamic Mode Decomposition (DMD) has been first introduced in the field of fluid

dynamics (Schmid, 2010) to describe the spatio-temporal characteristics of a high di-

mensional nonlinear system using a linear operator. Algorithm 1 provides a summary

of DMD that applies to a high dimensional system. Assume that we have an n⇥(m+1)

matrix X =


x0 x1 · · · xm

�
where xk is an n ⇥ 1 column vector for which each



10

component represents the activity of a recording at time k where {k = 0, 1, · · · ,m}

n >> (m + 1). m is the size of the window of time-series for which we extract the

dynamical properties. Choice of m depends on computational expenses and su�-

ciency of the extracted information which will be discussed in section 3. If we form

matrices X1 =


x0 x1 · · · xm�1

�
and X2 =


x1 x2 · · · xm

�
where X2 is only

one time-point ahead of X1, if the system was linear, there exists a high dimensional

n ⇥ n operator A, where it maps X1 onto X2 according to AX1 = X2. Using algo-

rithm 1, we can extract spatio-temporal behavior of X by using the extracted modes,

eigenfunctions and eigenvalues of A to explain the underlying dynamics of matrix X.

To elaborate the underlying dynamics of this system, we need to take the eigen-

decomposition of the operator A . Since A has a very high dimension, calculating its

eigenvalue decomposition by forming matrix A from A = X2X
†
1 is computationally

expensive. Therefore, we can approximate its eigenvalue decomposition by mapping

A into a lower-dimensional space as represented in algorithm 1.

The extracted eigenfunctions in step 7 of algorithm 1 are being used as the spatio-

temporal features for further analysis. We provide more details on these features in

section 3.1.

DMD algorithm is mostly applicable to a very high dimensional system. In the case

of a lower-dimensional system, for example, the limited number of SOZ channels in

the epileptic system where n < (m+1), we first use the well-known linear embedding

approach known as Hankel matrix. After forming the embedded X1 and X2 that

we represent by X1 and X2, we use DMD algorithm to extract the spatio-temporal

behavior of the linearized dynamical system. More details about the Hankel matrix

will be provided in section 2.1.2.
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Algorithm 1 DMD algorithm

1: Define matrices X1 and X2 as bellow:

X1 =


x0 x1 · · · xm�1

�
X2 =


x1 x2 · · · xm

�

2: Define a high-dimensional linear operator A where

AX1 = X2

3: Compute Singular Value Decomposition of X1

X1 = WSU>

4: Choose truncation paramater r based on the number of significant singular values

in S:

X1 = WrSrU
>
r

5: Form the matrix

Ã = W>
r
AWr = W>

r
X2UrS

�1
r

6: Form the eigenvalue decomposition of Ã, {V,⇤} where ⇤ approximate the eigen-

values of A accurately.

7: Compute dynamic eigenfunctions of the A using the eigenvectors of Ã

� = WrV

2.1.2 Linear Embedding (Hankel Matrix)

Hankel matrix construction has been an established method of extracting analytic

information of a dynamical system to linearize a nonlinear low dimensional system by
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increasing its dimension (Arbabi and Mezic, 2017; Sauer et al., 1991). We construct

a Hankel form of a matrix using linear embedding. Assume we have an n ⇥ m

matrix X1 =


x0 x1 · · · xm�1

�
where xk is an n⇥ 1 column vector for which each

component represents the activity of a recording at time k where {k = 0, 1, · · · ,m�

1}. Using linear embedding, we can form matrix

X1 =

2

66666666666664

x0 x1 x2 · · · xm�h

x1 x2 x3 · · · xm�h+1

x2 x3 x4 · · · xm�h+2

...
...

. . .
...

xh�1 xh xh+1 · · · xm�1

3

77777777777775

using embedding parameter h in such a way that X1 is an nh⇥ (m�h) matrix where

nh >> (m�h). Choice of h also depends on the reconstruction error as we rebuild X1

and X2 from the extracted features out of DMD application. A very large h provides

unnecessary information into the linearized data which increases the reconstruction

error. If we form matrix X2 in the same way, we conclude some interesting facts while

mapping X1 onto X2 using AX1 = X2:

• x0 is only a linear function of itself.

• xm is the only time-point that is a linear function of all the existing time-points

in the dynamical system.

• All column vectors xk where {k = 1, 2, · · · ,m} are a linear function of x0.

• Column vectors xk where {k = 1, 2, · · · , h � 1} are linear functions of past,

present and future points up to h�1 that means xk where {k = 0, 1, 2, · · · , h�

1}.
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• Column vectors xk where {k = h, h+1, · · · ,m�1} are linear functions of only

time-points in the past xk where {k = 1, 2, · · · , h� 1}.

According to the assertions listed above and (Tu et al., 2013; Arbabi and Mezic,

2017) we realize that as we increase the embedding parameter h, we provide more

linearity in our system. As a result, when forming Hankel Matrices of X1 and X2,

we try to choose a large enough embedding parameter h with respect to the number

of time-points m. In section 3.1, we describe how we applied the DMD algorithm to

the Hankel form of the epileptic data from section 2.1.2.

2.1.3 Sliding Window Approach

We will explain in section 3.1 that we extract the spatio-temporal features from

windows of ⌧ seconds or m time points. Therefore, we apply the sliding window

method using ⌧ seconds non-overlapping windows to monitor the changes of these

features in consecutive windows as we go from the interictal state to the beginning of

the seizure. Before we follow the changes, we take an average of the features extracted

from p consecutive non-overlapping windows and then measure the distance between

the averaged feature windows using L2 norm distance as we explain in section 2.1.4.

As a result, every averaged feature window covers ⌧p seconds of data, and the L2

norm measures the distance between consecutive non-overlapping averaged features

extracted and averaged over ⌧p seconds of epileptic data. p is randomly chosen which

we decide to smooth out the extracted features across consecutive windows.

2.1.4 Metric Distances (L2 norm)

The L2 norm calculates the distance between two vector coordinates. As such, it is

also known as the Euclidean norm as it is calculated as the Euclidean distance of one
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vector from another. The result is a positive distance value. In this project, we use

L2 norm distance to measure the distance between two averaged feature matrices.

We can measure the L2 norm distance d between matrix B and C, with components

bij and cij, respectively, using equation 2.1.

d =

sX

i

X

j

(bij � cij)2 (2.1)

2.2 Learning and Classification

In this section, we introduce four classifiers that we used to classify the preictal and

interictal parts of our analysis. After introducing each classifier, we introduce an

ensemble model that we used in this project to increase the accuracy of our classifi-

cation.

2.2.1 Machine Learning Tools

In this project, we are facing a binary classification of the interictal and preictal states

of our analysis. Since the goal is to predict the seizures, we aim to di↵erentiate the

preictal from the normal activity of the brain, which foretells that a seizure is about

to occur. After we measure the L2 distance between the consecutive averaged feature

matrices explained in section 2.1.4, we call 6 minutes of changes between consecutive

feature windows before the initial of the seizure to be preictal with label 1, and we

choose 6 minutes far from the preictal state as the interictal state with label 0. After

we form this data set with labels, we use the test-train split and apply the Machine

Learning classifiers introduced in the following on our final distance analysis. More

details will be provided in section 3.
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Logistic Regression

Logistic regression models the probabilities for classification problems with two pos-

sible outcomes. Instead of fitting a straight line or hyperplane, the logistic regression

model (`()) uses the logistic function shown in fig 2.1, to squeeze the output of a

linear equation between 0 and 1.

Figure 2.1 : Logistic Regression brings the output between 0 and 1 using the sigmoid function sig(t).

`(⌘) =
1

1 + exp(�⌘)

If we choose a threshold of 0.5 for our class decision we can label the output O

based on:

`(O) =
1

1 + exp(�{Ô})
� 0.5 then label = 1

`(O) =
1

1 + exp(�{Ô})
< 0.5 then label = 0
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Where Ô is the approximated output. Ô is chosen by a linear summation of the

features being optimized using the gradient descent.

K-Nearest Neighbors (KNN)

In pattern recognition, the k-nearest neighbors algorithm (KNN) is a non-parametric

method used for classification and regression (Altman, 1992). In both cases, the input

consists of the k closest training examples in the feature space. In KNN classification,

the output is a class membership. An object is classified by a plurality vote of its

neighbors, with the object being assigned to the class most common among its k

nearest neighbors (k is a positive integer, typically small).

The best choice of k depends upon the data; generally, larger values of k reduces

the e↵ect of the noise on the classification,(Everitt et al., 2011) but make boundaries

between classes less distinct. A good k can be selected by various heuristic techniques

(i.e., hyperparameter optimization). The particular case where the class is predicted

to be the class of the closest training sample (i.e., when k = 1) is called the nearest

neighbor algorithm.

The accuracy of the KNN algorithm can be severely degraded by the presence

of noisy or irrelevant features, or if the feature scales are not consistent with their

importance. Much research e↵ort has been put into selecting or scaling features to

improve the classification.

In binary (two-class) classification problems, it is helpful to choose k to be an odd

number as this avoids tied votes. One popular way of determining the empirically

optimal k in this setting is via bootstrap method (?)
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Naive Bayes

In machine learning, Naive Bayes classifiers are a family of simple ”probabilistic clas-

sifiers” based on applying Bayes’ theorem with strong (naive) independence assump-

tions between the features. Abstractly, naive Bayes is a conditional probability model:

given a problem instance to be classified, represented by a vector x = (x1, . . . , xn)

representing some n features (independent variables), it assigns to this instance prob-

abilities p(Ck | x1, . . . , xn) for each of k possible outcomes or classes Ck.(Murty and

Devi, 2011)

The problem with the above formulation is that if the number of features n is large

or if a feature can take on a large number of values, then basing such a model on

probability tables is infeasible. We, therefore, reformulate the model to make it more

tractable. Using Bayes’ theorem, the conditional probability can be decomposed as

p(Ck | x) =
p(Ck) p(x | Ck)

p(x)

Support Vector Machine (SVM)

In machine learning, support vector machines (SVMs) are supervised learning mod-

els with associated learning algorithms that analyze data used for classification and

regression analysis. Given a set of training examples, each marked as belonging to

one or the other of two categories; an SVM training algorithm builds a model that

assigns new examples to one group or the other, making it a non-probabilistic binary

linear classifier. An SVM model is a representation of the samples as points in space,

mapped so that the examples of the separate categories are divided by a clear gap

that is as wide as possible. New samples are then mapped into that same space and
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predicted to belong to a class based on the side of the gap on which they fall.

In addition to performing linear classification, SVMs can e�ciently perform a

non-linear classification using what is called the kernel trick, implicitly mapping their

inputs into high-dimensional feature spaces.

2.2.2 Ensemble Model

The goal of the ensemble model is to combine the predictions of several base estimators

built with a given learning algorithm to improve the accuracy of the final classification.

Two families of ensemble model are usually distinguished:

In averaging methods, the driving principle is to build several estimators inde-

pendently and then to average their predictions. On average, the combined estimator

is usually better than any of the single base estimator because its variance is reduced.

As examples of these methods we can name bagging methods, forests of randomized

trees, max voting, and weighted average.

By contrast, in boosting methods, base estimators are built sequentially, and

one tries to reduce the bias of the combined estimator. The motivation is to combine

several weak models to produce a powerful ensemble. As examples of these methods

we can name adaBoost, gradient Tree boosting, stacking, blending, and bagging.

In this project, we chose to use VotingClassifier from the averaging ensem-

ble model. The idea behind the VotingClassifier is to combine conceptually di↵erent

machine learning classifiers and use a majority vote, or the average predicted proba-

bilities (soft vote) to predict the class labels. Such a classifier can be useful for a set of

an equally well-performing model to balance out their weaknesses. The classification

scores of all the classifiers above were very similar, which made this ensemble model

the best option.
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2.3 Significance Testing

We have used the confusion matrix technique to evaluate the classification accuracy

of each classifier being used and the final ensemble model. A confusion matrix is

a summary of prediction results on a classification problem. The number of correct

and incorrect predictions are summarized with count values and broken down by each

class. This is the key to the confusion matrix. The confusion matrix shows how your

classification model is confused when it makes predictions. It gives us insight not only

into the errors being made by a classifier but more importantly, the types of mistakes

that are being made. Here we are facing a binary system consisted of two classes: the

interictal state and the preictal state.

We first define some terms that we use for significant testing of the classifying

results:

Positive (P) : Observation is positive (for example: is an preictal state).

Negative (N): Observation is not positive (for example: is not a preictal state).

True Positive (TP): Observation is positive, and is predicted to be positive.

False Negative (FN): Observation is positive, but is predicted negative.

True Negative (TN): Observation is negative, and is predicted to be negative.

False Positive (FP): Observation is negative, but is predicted positive.

Using the terms defined above, we define significance testing terms Accuracy,

Precision, Sensitivity and Specificity shown by ⌥,  , ⇠, and �, respectively.

Classification Rate/Accuracy (⌥): Classification Rate or Accuracy is given

by the relation:

⌥ =
(TP + TN)

(TP + TN + FP + FN)
(2.2)

However, there are problems with accuracy. It assumes equal costs for both kinds
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of errors. A 99% accuracy can be excellent, good, mediocre, poor, or terrible depend-

ing upon the problem.

Precision ( ): To get the value of precision, we divide the total number of

correctly classified positive examples by the total number of predicted positive cases.

High precision indicates an example labeled as positive is indeed positive (a small

number of FP). Precision is given by the relation:

 =
TP

(TP + FP)
(2.3)

Sensitivity (⇠): Sensitivity is given by the relation:

⇠ =
(TP + TN)

(TP + TN + FP + FN)
(2.4)

A high sensitivity represents that only a few preictal states are missed and not clas-

sified as the preictal states.

Specificity (�): Specificity is given by the relation:

� =
(TP + TN)

(TP + TN + FP + FN)
(2.5)

A high specificity represents that most of the interictal states are being classified as

the interictal states. In the next section, we show the significance testing results of

all the classifiers that are used in our algorithm of seizure prediction.
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Chapter 3

Results

This chapter provides intuition on how we apply DMD on the embedded form of

epileptic data and how we extract the spatio-temporal features, then focuses on the

results of the application of L2 norm distance on consecutive averaged windows of

the extracted features. Results from the use of classifiers and the ensemble model

on the labeled data are also discussed. Further details on DMD, Linear Embedding,

L2 metric distance, classifiers, and the ensemble model can be found in the Methods

chapter of this work.

If we consider the time evolution of multiple recordings in a state space in which

every axis represents a location of a single recording, we can readily see that the

system also evolves nonlinearly. In figure 3.1 a and b show the state space realization

of 2 seconds of data with a sampling rate of 500 Hz chosen from interictal and ictal

states of the SOZ channels, respectively. As shown in figure 3.1 due to the nonlinear

evolution of epileptic data, extracting dynamical information in the original state

space is limiting. Therefore, in what comes next, we talk about how we can extract

spatio-temporal features while linearly tracking the evolution of the epileptic time

series.
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Figure 3.1 : Representation of 3 SOZ recordings in time and state space. (a) shows four di↵erent

states of epileptic ECoG data in time. (b) represents 2 seconds evolution of the ictal state in a state

space spanned by 3 SOZ channels. (c) describes 2 seconds evolution of the interictal state in a state

space spanned by 3 SOZ channels.

3.1 Application of DMD on the Epileptic Data

In the epileptic system, we have n numbers of recording that represent the neural

activity of SOZ brain regions in terms of voltages. These recordings are collected

with the sampling rate of 500 Hz, which implies that 1000 sample-points (snapshots)

cover 2 seconds of every recording. If we choose a window size of m+1 sample-points,

we can construct an n⇥ (m+1) matrix X defined in section 2.1.1, for which the rows

represent di↵erent recordings, and the columns represent sample-points.

By applying linear embedding to the nonlinear epileptic system with limited num-

bers of SOZ recordings we increase the linearity while preserving the underlying dy-

namics of the real nonlinear system as we discussed in sections 2.1.2 and 2.1.1. As

a result, we form Hankel matrices X1 and X2 using the formula represented in 2.1.2.
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Using AX1 = X2 we will deal with a high dimensional linear operator A that is

an nh ⇥ nh matrix, where nh >> (m � h). As a consequence, we can extract the

spatio-temproal characteristics of the new augmented system using DMD algorithm

represented in algorithm 1. For this purpose we take SVD of X1 as in equation 3.1 and

only rely on the most significant singular values that represent the highest variance

in the dynamical system X1. In

X1 = WSU> (3.1)

W is an orthonormal nh ⇥ nh matrix that consists of the left singular vectors of X1

representing its spatial information, S is a diagonal nh ⇥ nh matrix that consists of

singular values of X1 and U is an orthonormal (m�h)⇥nh matrix that consists of the

right singular vectors of X1 representing its temporal information (Klema and Laub,

1980). If we only rely on the r most significant singular values S, we could write

X1 = WrSrU>
r

(3.2)

where now Wr is an nh⇥ r matrix that represents the high variance spatial informa-

tion, Sr is a diagonal r⇥r matrix that consists of significant singular values of X1 and

Ur is an orthonormal (m� h)⇥ r matrix. To explain the underlying dynamics of the

epileptic system we should analyze the eigendecomposition of A. To overcome the

high computational expenses of taking the eigendecomposition of A, we first map A

onto a lower-dimensional space with dimension r while preserving all the important

dynamical information of our system by forming an r ⇥ r rotation operator Ã as in

equation 3.3.

Ã = W>
r
AWr (3.3)

Taking the eigen decomposition of Ã, we approximate the eigen decomposition of A

using equations 3.4-3.7.
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ÃV = V ⇤ (3.4)

W>
r
AWrV = V ⇤ (3.5)

AWrV = WrV ⇤ (3.6)

A� = �⇤ (3.7)

where

� = WrV (3.8)

According to equations 3.4-3.7, {V ,⇤} represent the eigenvalue decomposition of

Ã and {�,⇤} approximate the eigenvalue decomposition of A. We can extract the

existing frequencies from the r ⇥ r diagonal matrix ⇤ with the eigenvalues �ii {ii =

1, 2, · · · , r} on its diagonal using the equation 3.9.

fi = Im(
log(�ii)

2⇡�t
) (3.9)

where Im() represents the imaginary part of a complex number and �t is the time

di↵erence between two consecutive snapshots.

We realize that in order to approximate the eigenfunctions of A, we have to

project the eigenvectors V back to the same dimensional space as our original dy-

namical system using equation 3.8, where � is an nh⇥r matrix representing a precise

approximation of A’s eigenfunctions.

Using equation 3.7 we can write

X2 = AX1 = �⇤�
†X1 (3.10)
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in the matrix form and

xk = �⇤
k
�

†x0 =
rX

i=1

�
i
�k
ii
�H

i
x0 (3.11)

in the vector form, where xk is a column vector representing all the channels after

augmentation at time-point k , �
i
represents the ith column of � matrix and �ii is

the ith eigenvalue in the diagonal matrix ⇤, that is associated with �
i
.

In the new representation of recordings X as shown in equation 3.11, �
i
{i =

1, · · · , r} span a new high dimensional complex state space, shown in figure 3.2, that

EmDMD has made out of the original state space spanned by the SOZ channels. The

new state space includes spatial information regarding the SOZ channels.

Figure 3.2 : EmDMD complex state space that represents the spatiotemporal characteristics of SOZ

recordings in a tractable manner.

In this state space, the projection of x0, the inital time, onto these axes as shown

by |�H

i
x0�i

| in equation 3.11 and figure 3.2 represents the power that exists at fre-

quency fi in equation 3.9. With this formulation leading to signals’ spatiotemporal

information at di↵erent frequencies, and the trackable evolution of recordings in the

new state space shown in figure 3.2 compared with figure 3.1, we can analyze the

dynamical changes and synchrony among SOZ channels in di↵erent frequencies.
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If we call ci = �H

i
x0 to be our extracted modes, we can construct a new 1 ⇥ r

vector C that consists of all the modes ci {i = 1, · · · , r}

C =


c1 c2 · · · cr

�
(3.12)

Therefore, we can reconstruct our system at each time-point by linearly combining

the linear evolution of the first time-point being projected onto an r dimensional

dynamical space that is spanned by �
i
s {i = 1, · · · , r} as eigenfunctions of matrix

A:

xk = �⇤
kC> = c1�1�

k

11 + c2�2�
k

22 + · · ·+ cr�r
�k
rr

(3.13)

We can extract dynamical information such as power and phase that exist in our

window of m snapshots across all channels from column vectors ci�i
that are associ-

ated with the frequencies fi.

Due to the repetition that occurs in the components of ci�i
which is the result of

linear embedding, we can only rely on the first n components of ci�i
vectors, forming

n⇥ 1 vectors c0
i
�0

i
and put them in a new n⇥ r matrix

C� =


c01�

0
1 c02�

0
2 · · · c0

r
�0

r

�
(3.14)

Since C� is a complex matrix, the power and phase of every column, shown by

|c0
i
�0

i
| and \c0

i
�0

i
, respectively, indicate spatio-temporal features associated with each

SOZ channel in di↵erent frequencies fi.

For our further analysis, we use the power vs. frequency feature matrix |C�| as

our first feature matrix, and phase correlation across all SOZ channels as our second
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feature matrix. To measure phase correlation across SOZ channels, we applied corr()

built-in function in Python on \C� matrix. We Extract the mentioned features from

windows ofm = 1000 samples with sampling rate of 500 Hz which cover ⌧ = 2 seconds

time series epileptic data. As we discussed earlier, m is chosen in such a way that we

have enough sample points considering the sampling rate of 500 Hz so that we can

extract all the necessary dynamical information of data. On the other hand, a large

m increases the computational expenses of DMD application. Therefore, we choose

m = 1000 that is a decent window size to extract the underlying dynamics and is

computationally e�cient.

Figure 3.3 shows the power vs. frequency and phase correlation of SOZ channels

in the interictal and preictal parts of seizure 3 in patient 020. As shown in this figure,

power in the preictal increases in higher frequencies. We also realized that some

channels are getting more phase synchronized in the preictal state compared with the

interictal state.

Figure 3.3 : Representation of spatio-temporal features in the interictal and preictal parts of seizure

3 in patient 020 from table 1.1. By looking at the plots on the left, we see more phase synchronization

among some SOZ channels closer to the seizure. Also, the plots on the right represent power increase

in higher frequencies when a seizure is about to happen.
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3.2 Post-processing and Changes in Features

As discussed before, the main objective of this project is to track the changes in

the extracted spatio-temporal features along with the brain’s activity. This way, we

could obtain significant changes, if any, before the start of the seizure as a sign for

seizure prediction. Therefore, we extracted the features mentioned above, power vs.

frequency and phase correlation, from fifteen non-overlapping windows of two seconds,

and formed two averaged feature matrix of power and phase correlation. Then we

measured the L2 norm distance between these consecutive extracted averaged feature

matrices along with the activity of the brain.

Figure 3.4 : Representation of changes between consecutive averaged feature matrices. The plots

on the top show the significant changes between the extracted averaged phase correlation matrices

in patients 038 and 020 from table 1.1. The bottom plots show the significant changes between the

extracted averaged power matrices in the same seizure files of the plots on top.

Figure 3.4 represents the changes of these averaged features covering from the

interictal state, far from the seizure, till the end of the seizure for two di↵erent

patients, each experiencing a seizure. As mentioned above, every point represents a
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di↵erence between two averaged feature matrices. As discussed earlier in section 2.1.3,

we use p = 15 consecutive windows to average over the feature matrices so that each

averaged feature matrix covers 30 seconds of the data. As a result, we realize that

a significant change between consecutive windows happen for both features between

30 to 90 seconds before the seizure starts, shown by the vertical lines in figure 3.4.

We might also see significant changes far from the beginning of the seizure, as shown

in the left bottom plot in figure 3.4, which might be due to artifacts or interictal

spikes. These significant false changes are counted as False Positives. We could

also realize that the di↵erences between consecutive feature matrices vary in di↵erent

seizures and di↵erent patients. Therefore, to come up with a robust seizure prediction

algorithm that applies to all seizures of di↵erent patients from table 1.1, we have to

do a post-processing step. To do that, we do a re-normalization on all the data

we get to bring the variation of these changes between 0 and 1 for further analysis

discussed in the next section. Figure 3.5 represents the results shown in figure 3.4

after post-processing.

3.3 Classification Results and Significance Testing

After extracting the significant changes and post-processing the results, as shown

in figure 3.5, we aimed to make a data frame consisting of labeled data based on

these analyses. Therefore, we take w points before the start of the seizure (shown

by the vertical line in figure 3.5) and call it class 1, and w points far from the

start of the seizure as class 0. Based on the classifiers’ significant testing results, we

realized that a choice of w = 12 points (which concludes 6 minutes of data) is the

best. Finally, having four patients, a total number of 19 seizure files and two spatio-

temporal features, we came up with a data frame consisting of 76 data samples with
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Figure 3.5 : Representation of changes between consecutive averaged feature matrices after re-

normalization.

labels 0 and 1. We applied the machine learning classifiers introduced in section 2.2.1

on this data frame to classify the preictal with label 1 and interictal with label 0

using 10-fold cross-validation technique. The classification results are shown in table

3.1. As shown in table 3.1, all the four mentioned classifiers are behaving similarly in

terms of classifying the significant interical and the preictal changes. The reason for

that is that we are not dealing with a very high or low dimensional data frame, so

there’s not much significant di↵erence between di↵erent classifiers. Also, the formed

data frame is not very noisy to make any changes in terms of robustness to noise.

Therefore, all the four mentioned classifiers are behaving with high Cross-Validation

(CV) score, sensitivity, and specificity. As a result, VotingClassifier is the best final

ensemble model, as explained in section 2.2.1, for giving us the best classification

accuracy. The results in table 3.1 indicate that the ensemble model has increased the

CV Score of the classification problem by 2% and the sensitivity and specificity of

this VotingClassifier are 90% and 92%, respectively.
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Classifier CV score Accuracy Precision Sensitivity Specificity

Logistic Regression 0.89 0.913 0.9 0.9 0.923

SVM with kernel 0.89 0.913 0.9 0.9 0.923

KNN 0.875 0.85 0.89 0.8 0.923

Naive Bayes 0.82 0.913 0.9 0.9 0.923

VotingClassifier 0.903 0.913 0.9 0.9 0.923

Table 3.1 : Classification of preictal and interictal using supervised machine learning

algorithms and a voting classifier as an ensemble model. Based on the results shown

in this table, the cross validation score has been increased after applying the ensemble

model.
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Chapter 4

Discussion

In this project, we introduced a data-driven dynamical tool called the Dynamic Mode

Decomposition for seizure prediction tasks. We realized that by applying DMD on the

embedded form of an epileptic system recorded from the exposed surface of epileptic

patients’ brains, we could extract the spatio-temporal features that describe the un-

derlying dynamics of the possibly nonlinear epileptic system in a linear manner. We

then analyzed the changes of these features across SOZ channels and over time using

L2 norm distance to extract significant changes sometime before the occurrence of

the seizure. We applied this method on four di↵erent patients with the total number

of 19 seizures and realized that the features change significantly between 30 to 90 sec-

onds before the beginning of the impending seizures. We then used these significant

changes as a labeled data frame labels 0 and 1, indicating the interictal and preictal

changes, respectively. After building the data frame of labeled data, we used super-

vised machine learning classifiers to classify the preictal and interictal states. We

realized that all the four classifiers being used have similar results in terms of sensi-

tivity and specificity, and adding an ensemble model will increase the cross-validation

accuracy. The final results for prediction have 90% sensitivity and 92% specificity.

In the future, we are planning to develop our feature metrics by adding more data-

driven dynamical tools in our algorithm of seizure prediction to increase the accuracy

of seizure prediction. We are also aiming to add more data from patients having

focal oar secondly generalized seizures to improve the robustness of our algorithm.



33

Finally, our long-term goal is to use a data-driven seizure prediction algorithm for

real-time seizure prediction tasks to help increase the e�ciency and accuracy of neuro-

stimulation treatments such as RNS.
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The localizing value of ictal eeg in focal epilepsy. Neurology, 57(11):2022–2028.

Geva, A. B. and Kerem, D. H. (1998). Forecasting generalized epileptic seizures from

the eeg signal by wavelet analysis and dynamic unsupervised fuzzy clustering. IEEE

Transactions on Biomedical Engineering, 45(10):1205–1216.

Ghosh-Dastidar, S., Adeli, H., and Dadmehr, N. (2008). Principal component

analysis-enhanced cosine radial basis function neural network for robust epilepsy

and seizure detection. IEEE Transactions on Biomedical Engineering, 55(2):512–

518.

Goddard, G. V. (1967). Development of epileptic seizures through brain stimulation

at low intensity. Nature, 214(5092):1020.

Gotman, J. (1982). Changes in interictal eeg spiking and seizure occurrence in hu-

mans. Epilepsia, 23:432–433.

Heck, C. N., King-Stephens, D., Massey, A. D., Nair, D. R., Jobst, B. C., Barkley,

G. L., Salanova, V., Cole, A. J., Smith, M. C., Gwinn, R. P., et al. (2014). Two-

year seizure reduction in adults with medically intractable partial onset epilepsy

treated with responsive neurostimulation: final results of the rns system pivotal

trial. Epilepsia, 55(3):432–441.

Iasemidis, L. D. and Sackellares, J. C. (1996). review: Chaos theory and epilepsy.

The Neuroscientist, 2(2):118–126.

ieeg (2019). https://www.ieeg.org/.



37

Jobst, B. C. and Cascino, G. D. (2015). Resective epilepsy surgery for drug-resistant

focal epilepsy: a review. Jama, 313(3):285–293.

Katz, A., Marks, D. A., McCarthy, G., and Spencer, S. S. (1991). Does interictal spik-

ing change prior to seizures? Electroencephalography and clinical neurophysiology,

79(2):153–156.

Klema, V. and Laub, A. (1980). The singular value decomposition: Its computation

and some applications. IEEE Transactions on automatic control, 25(2):164–176.

Kwan, P. and Brodie, M. J. (2000). Early identification of refractory epilepsy. New

England Journal of Medicine, 342(5):314–319.

Lange, H. H., Lieb, J. P., Engel Jr, J., and Crandall, P. H. (1983). Temporo-spatial

patterns of pre-ictal spike activity in human temporal lobe epilepsy. Electroen-

cephalography and clinical neurophysiology, 56(6):543–555.

Le Van Quyen, M., Soss, J., Navarro, V., Robertson, R., Chavez, M., Baulac, M.,

and Martinerie, J. (2005). Preictal state identification by synchronization changes

in long-term intracranial eeg recordings. Clinical Neurophysiology, 116(3):559–568.

Litt, B., Esteller, R., Echauz, J., D’Alessandro, M., Shor, R., Henry, T., Pennell, P.,

Epstein, C., Bakay, R., Dichter, M., et al. (2009). Epileptic seizures may begin

hours in advance of clinical onset: a report of five patients. In Applications of

Intelligent Control to Engineering Systems, pages 225–245. Springer.

Loddenkemper, T., Pan, A., Neme, S., Baker, K. B., Rezai, A. R., Dinner, D. S.,
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