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Abstract 

Monte Carlo Simulations on Resistive Switching Memristor 

Modeling 

by 

Tyler Ketron 

Promising attributes in data processing such as faster read/write times, longer retention, 

and superior scalability have put resistive switching memristors in the spotlight of research. 

This thesis presents a numerical method to determine the variability in switching that 

different memristors exhibit. Current-voltage relationships and cyclic voltage sweeps are 

gathered from specific memristor devices with various geometrical configurations. Using 

the inverse sampling method and Monte Carlo simulations, the variation in switching 

characteristics for these memristors are characterized by a phenomenological approach. 

Further, randomness is introduced to assess the effect of geometric parameters in a 

probabilistic model and trends within the response. The model is validated by comparison 

with experimental data reported in the literature. The presented model is effective in 

capturing the variation in memristor responses. This has been shown to be an important 

attribute in neuromorphic computing applications and can aid experimentalists and 

manufacturers in refining memristor designs.  
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Chapter 1 

Introduction 

1.1 Motivation 

As the need for data processing has grown in recent years, memory technologies 

have been forced to adapt and advance beyond what was sufficient even a decade ago. This 

has led to issues with many devices including current flash memory, and other kinds of 

Random-Access Memory (RAM). Required advancements include becoming increasingly 

smaller, in addition to achieving faster performance times while storing large amounts of 

data. These requirements have led to discovery of new technologies that do not depend on 

storing electrons [1] . Many of the recent technological advancements are exhibited within 

the concept and performance of the memristor and resistive random-access memory 

(RRAM).  

The memristor was originally theorized by Professor Leon Chua in 1971 with the 

idea of characterizing a missing fourth circuit element [2] . Up to that point the three circuit 

elements represented the relationships between voltage, 𝑉, and current, 𝐼, through a 

resistor, current and electric flux, φ, via an inductor, and voltage and charge, 𝑞,  with a 

capacitor. The relationship between the simple circuit parameters is given in Figure 1. 
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Beginning with the resistor, Ohm’s Law characterizes the resistance of a system as the 

voltage divided by the current. Inductance of an electrical system is defined as the tendency 

of a conductor to oppose change in electric current that is pulsing through it. An inductor 

is defined by Faraday’s Law which states that an electromotive force (voltage) is created 

by the change in electric flux within a material (
𝑑Φ

𝑑𝑡
). Further, inductance itself is a measure 

of the electric flux per amount of current in the system.  Lastly, the capacitance in an 

electrical system is the ability of the system to store an electric charge. It is defined as the 

ratio of change in an electric charge, 𝑞, corresponding to a change in electric potential, 

𝑉. The current of a system is defined as the change in electric charge over a change in time, 

which is represented by the diagonal relationship in Figure 1.  

Clearly, there existed no relationship between two of the components, charge, and 

electric flux. Dr. Chua explained the missing relationship between the charge and electric 

flux and termed the product memory resistance, or “memristance,” due to the fact that the 

resistance of the system depends on the circuit’s history of change in flux and change in 

charge based on all past values [2] . Work was later released by Chua et al. that clarified 

the definition of memristive devices and systems. For decades, the memristor concept 

never gained traction until recently, in 2008, when HP labs created the first viable 

memristor device [3] . Their device was a sandwiched TiO2 metal-insulator-metal (MIM) 

semiconductor that showed a phenomenon called resistive switching (RS) after applying a 

certain cyclic voltage bias. While resistive switching itself has been recognized in other 

MIM devices for decades, its significance was not widely recognized until the production 

of the first memristor. Memristive devices that exhibit resistive switching are characterized 
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as resistive random-access memories whose attributes vary from current memory devices 

explained above.  

 

Figure 1. Conceptual map of the relationship that governed the formulation of the 

memristor given by Chua [2] . 

Resistive switching devices offer numerous advantages to current flash devices. 

One of the largest advancements is read and write speed for data retention. Memristors 

have been shown to obtain read/write speeds less than 10 ns [4] , as compared to anywhere 

from 25 ns for read times and approximately 220 μs [5] for random write speed for typical 

NAND flash devices. Memristive devices can be scaled down to less than 10 nm [6]  

offering vast increases in high-density memory applications and fabrication. The current 

known physical limit for NAND technology is around 20 nm [7] which is twice as large as 

potential memristive devices. The work in [6] has reported endurance cycles of greater than 

1015
 cycles at 100 degrees Celsius, larger than that of current dynamic random-access 

memory (DRAM) and much greater than current FLASH technology.  

One of the many promising applications for memristive devices is in neuromorphic 

computing [8] . It has been shown that memristors can work extremely efficiently in a grid-
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like structure known as a “crossbar”. These crossbars can perform many parallel 

operations, similar in nature to synapses in the human brain [9] ,[10] ,[11] . One instance 

of this is given in the work done by Ignatov et al [12] . This study details the application 

of a memristive network of van der Pol oscillators to solve a complex cognitive 

neuroscience issue known as the “binding problem” by utilizing the local memory effect 

intrinsic to memristors. When randomness is introduced to the memristor network, 

stochastic “plasticity” simplifies the requirements of a process called long term potentiation 

and the connection between two adjacent neurons are formed, creating a synapse-like 

relationship [12] . It has been found in other neuromorphic models that a memristor’s 

inherent stochastic nature actually proves beneficial to creating a more realistic model of 

the human brain [13] ,[14] ,[15] . Models that introduce stochastic behavior are introduced 

in Chapter 2. 

1.2 Resistive Switching and Switching Mechanics 

Resistive switching occurs when a large enough electric field is created so that a 

soft dielectric breakdown occurs within the insulating layer and current flows between the 

two metal electrodes. When a threshold voltage is reached – and the electric field is large 

enough - the memristor enters a low resistance state (LRS). As voltage is further cycled, 

another threshold voltage is reached with opposite polarity that causes the soft dielectric 

breakdown of the insulator to recover and the device enters a high resistance state (HRS). 

The ratio of HRS to LRS resistances can be on the order of 105 or higher [16] . The current-

voltage relationship throughout this process can be expressed by a self-crossing pinched 

hysteresis loop like that shown in Figure 2. These loops will always cross at the origin since 
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no current can flow without an applied bias to the system. [17] noted that all memristive 

devices show self-crossing hysteresis I-V relationships in addition to being frequency-

dependent and having the present resistance being determined by the entire history of input 

voltages. This is a unique feature to a circuit component and the memory-dependency trait 

has been extended to other components via memcapacitors and meminductors [17] .  

 

 

Figure 2. Example of hysteretic relationship between current and voltage for an 

arbitrary memristive system. Notice the self-crossing nature at zero voltage. 

After extensive research with vastly different material combinations, it has been 

determined that memristive devices can be categorized into three groups: unipolar 

switching devices, bipolar switching devices, or threshold switching devices. This review 

will focus on unipolar and bipolar devices due to their overwhelming presence in studied 

memristive systems. Unipolar devices are not polarity dependent, rather they only 

experience resistive switching when a certain magnitude of voltage is reached in either 
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positive or negative orientation. These devices switch to the LRS when a certain voltage is 

reached and remain in that state until another voltage is reached, independent of the polarity 

of the bias. The process in which voltage is applied until the device switches from HRS to 

LRS is called the SET process. The opposite procedure is called the RESET process. 

Examples of unipolar devices include: TiOx [18] , MnOx [19] , CuOx [20] , and Nb2O5 [21]  

among many others [22] ,[23] . 

Bipolar memristive devices rely on a certain magnitude of voltage in both positive 

and negative polarity situations. Bipolar memristors switch to the LRS state on when a 

certain positive(negative) threshold voltage is applied, and remain in that state until the 

opposite negative(positive) threshold voltage is reached, upon which it experiences high 

resistance once more. Early discovered memristive systems such as the TiO2/TiOx 

produced by HP labs exhibit bipolar switching [3] . Other common insulators include 

LiNbO3 [24] , HfOx [25] , SrTiO3 [26] , and many other listed in [22] . One unique and 

desirable characteristic about memristive devices is their nonvolatile memory. This means 

that a continuous power input is not needed for data retention, and these devices will retain 

their current states for extended periods of time. Although there is eventual degradation in 

state, the length of time before loss is significant and can be up to months or years [27] , 

[28] . 

Currently, there exists no single switching mechanism for all memristors because 

each memristive device experiences its own switching process. This depends on the 

composition and geometry of the device. However, there are two generally accepted 

methods for resistive switching in MIM structures: filamentary, and non-filamentary. 

Filamentary switching is believed to occur by generation and recombination of oxygen 
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vacancies within the insulating layer. Memristor devices that exhibit oxygen vacancy 

generation/recombination are labeled as Valence-Change Memory (VCM) and fit within 

the RRAM device definition. Memristive systems that specifically use some kind of oxides 

as the insulator are often called OxRAM (oxide Random-Access Memory) [4] . These 

vacancies migrate with changes in electric field, beginning with moving from the cathode 

to the anode. As the voltage is increased, more oxygen vacancies generate and form a 

filament reaching towards the opposite electrode. Once a certain threshold voltage has been 

reached, one or more filaments connecting the two electrodes exist and the device then 

enters the low resistive state. In this low resistance state electrons hop from one oxygen 

vacancy to the next in the direction of the local electric field. When an opposite polarity 

voltage is applied to the system, electrons then drift back towards the original electrode, 

once again in the same direction as the electric field. Oxygen ions that have accumulated 

in the cathode start to drift back towards the anode, recombining with oxygen vacancies 

that were created during the SET process. This occurs until eventually the filament ruptures 

once enough oxygen vacancy-oxygen ion recombination interactions occur, and the device 

enters the high resistance state. A schematic of this is shown in Figure 3.  

There are many competing theories as to where the rupture occurs. Rupture could 

occur at the anodic/cathodic interface, or somewhere in between due to Joule heating or 

Fick forces [22] . Filamentary models are bulk limited models, meaning that the conduction 

of the memristive system is dependent on the local oxygen vacancy 

generation/recombination that occurs within the insulating material [29] . MIM structures 

with filamentary switching mechanisms exhibit very weak dependence on device 

dimensions such as area and length of insulative material. One filamentary mechanism that 
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does not rely on oxygen vacancies is that of CBRAM (Conductive Bridge Random-Access 

Memory). These utilize metallic ion bridging between electrodes as the conductive 

filament [1] . Metallic ions from the active electrodes separate and migrate into the 

insulator. After a sufficient number of ions migrate, they form a metallic conductive 

filament much like that of the oxygen vacancies mentioned previously.  

 

 

Figure 3. Two processes for resistive switching in memristive devices: (top) 

filamentary switching and (bottom) nonfilamentary switching.  

Non-filamentary models do not exhibit oxygen vacancy conductive filament 

formation during the application of a bias (neither positive nor negative). In non-

filamentary devices, oxygen vacancies are assumed to be created during the production 

phase and the structures generally do not experience significant generation/recombination 

due to small electric fields [9] . The inherent defects are thought of as traps or holes in 

which electrons can hop to/from. Unlike filamentary devices, non-filamentary devices are 

electrode limited, meaning the conduction process relies upon electrons and defects near 

the metal-insulator interface [29] ,[6] . It has been shown in numerous experiments that 
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non-filamentary conduction devices are not temperature or electric field dependent. Rather, 

they are dependent on geometric properties of the memristive device, such as the area of 

the overlapped cells and length of switching layer [29] . A schematic of a typical bilayer 

non-filamentary memristive device is shown in Figure 3. The oxygen vacancies are 

homogeneously distributed near the metal-insulator surface. In models such as Zaman et 

al. the oxygen deficient layer is thought to be conducting and the stoichiometric layer is 

not.  

Other kinds of switching mechanisms include PCM (phase change memory) in 

which the insulator changes phase in a filamentary fashion once a high enough voltage bias 

is applied due to Joule heating [30] , STT-MRAM (Spin-Transfer-Torque Magnetic RAM), 

and fRAM (ferroelectric RAM) [31] . Each mechanism offers faster read/write times, better 

scalability, and longer life cycles than typical flash technologies that are currently in use 

but have their own drawbacks such as structural stability after multiple cycles [32] , larger 

power consumption [31] , and low density, respectively [33] .  

1.3 Outline 

This thesis presents a model aimed at providing an accurate and computationally 

efficient method of capturing the randomness within the resistive switching process of any 

memristive device exhibiting a self-crossing hysteresis loop. To elucidate the process, 

Chapter 2 details various current models, including physical-based memristive models, 

phenomenological-based models, and models that include stochastic approaches to 

modeling memristive behaviors. The process of Monte Carlo Simulations is reviewed in 

this section in addition to the inverse sampling method for creating random distributions.  
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Chapter 3 details a module created which affords application of various 

distributions to existing current-voltage hysteresis loops, and finds the parameters to best 

fit the proposed data. Modification of the analytical model used in Yakopcic et al. [34] to 

include the inherent stochastic nature of memristors is introduced. Another 

phenomenological threshold-based memristor model created by Kvatinsky et al. [35] is 

introduced and modified in a similar mode to that of the Yakopcic et al. model to include 

randomness. The variables to be randomized in this model are discussed.  

The classic Bouc Wen hysteretic model is introduced in Chapter 4, and its 

effectiveness at matching experimental hysteretic curves is investigated. The thesis next 

presents how randomness is applied to the probabilistic model presented by Zaman et al 

[29] . Various distributions discussed in Chapter 2 are applied to the data presented to 

determine the best characterization of randomness in the system. A method for modeling 

experimental resistance data is also discussed.  

Monte Carlo simulations are performed, and the results are presented for the various 

modules in Chapter 5. It begins with the I-V curves for various voltage sweeps applied to 

the Yakopcic et al. model and presents the distributions for the randomized parameters. 

This process continues for two memristive devices for the VTEAM model. Finally, Monte 

Carlo simulations are run on the Zaman et al. model with randomness introduced to two 

parameters. The operating envelope and parameter distributions are then presented for an 

arbitrary memristor.  

Chapter 6 comprises concluding remarks on memristive systems and the modules 

created to implement and characterize randomness for a given memristor. Further, future 

work is suggested based on the conducted research in this paper.  
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Chapter 2 

Improved Memristor Models 

2.1 Preliminary Remarks 

 There have been numerous methods created for matching and further predicting the 

behavior of memristive systems. These have generally used the current-voltage 

relationship that the device displays once a cyclic voltage bias is applied. One of the earliest 

approaches after the introduction of the first physical memristor relied on a more 

phenomenological approach to characterize the traits of the memristor in question. Many 

models were later created using a similar approach but with more generalizable 

applications. These will be discussed first.  

 As a better understanding of the mechanisms behind resistive switching in 

memristive devices became apparent, physical-based models were created to match the 

behavior of the tested memristive devices. Many early models began with simple, one-

dimensional models and later progressed into advanced two- and three-dimensional model. 

These models incorporated various forces and mechanisms. A handful of these models will 

be presented.  
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 A less common and relatively new facet of capturing memristive behavior by 

introducing randomness to various parameters has been considered by a handful of research 

teams. Their work is presented and compared. These models are discussed last in this 

chapter. The concept of Monte Carlo simulations and their application to characterizing 

randomness within a system is introduced.  

2.2 Phenomenological Models 

Since the discovery of the first physical memristive device, considerable research 

has been conducted in hopes of implementing memristors in various devices today. Many 

of the experiments focused on testing new devices with different compositions. One of the 

most popular MIM structures is the TiO2 model created by the HP laboratories to 

characterize the hysteretic behavior of the memristive device [3] . While experimental data 

show the nature of these devices, many works focused on matching the behavior of the 

memristors via phenomenological analytical models ultimately based on the equations 

proposed by Chua et al [2] . A current controlled time-invariant memristive system can be 

represented by the equations 

𝑑𝑥

𝑑𝑡
= 𝑓(𝑥, 𝑖), 

(1) 

𝑣(𝑡) = 𝑅(𝑥, 𝑖) ∗ 𝑖(𝑡), (2) 

where 𝑥(𝑡) represents an internal state variable; 𝑖(𝑡) 𝑎𝑛𝑑 𝑣(𝑡) are the memristive device 

current and voltage, respectively; and R is the memristance of the system. The 

phenomenological models below will follow the same general format.  
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One of the first efforts at creating a mathematical model was made by the team at 

HP laboratories in [3] which modeled the current-voltage relationship through a physical 

change in size of the doping region (TiO2-x) within the memristor’s insulator. The model 

assumed that there was Ohmic conductance, a linear ion drift, and a uniform electric field 

with average ion mobility. The state variable is limited to the interval [0, D] (where D is 

the distance separating the electrodes) as these are the bounds the doping region can attain. 

While this model is simplistic and does a reasonable job in capturing the basic memristor 

models, it lacks the ability to estimate memristive devices that exhibit nonlinearities. The 

model proposed by Lehtonen et al. [36] sought improvement by introducing a nonlinear 

relationship between current and voltage with four experimental fitting parameters. The 

model assumes an asymmetric switching behavior in which the current is dominated by a 

tunneling phenomenon during the ON state, and an exponential diode-like equation during 

the OFF state [36] ,[37] . Much like the linear drift model, this is not a generalizable model 

as it is only based on certain experimental findings. There is a nonlinear relationship 

between the state variable and voltage. The state variable is also normalized in this model 

so that the normalized doped region can only take values between 0 and 1. 

It is important next to introduce the window functions that are implemented in these 

different phenomenological models. The window functions restrict the state variable 

motion to the bounded region. To satisfy the bounds, the state variable is often, if not 

always, multiplied by a function that nullifies the derivative and forces the state variable 

change to be zero at either bound. The most simplistic way to do this is by implementing 

an ideal rectangular window function in which the state variable derivative is multiplied 

by 1 at every point where it is not at the bounds but it is multiplied by 0 at the bounds to 
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ensure it does not grow beyond. There are obvious issues with this when trying to model 

the physical behavior of the memristor at these bounds. Joglekar et al. [38] introduced a 

nonlinear window function that can behave similarly to the rectangular window function 

but decreases the ion drift speed near the bounds until they reach zero at the bounds [38] . 

While this is more effective at characterizing the state variable motion over the acceptable 

region, it suffers from a boundary lock issue in which the state variable cannot change 

values once it reaches a boundary. Biolek et al. [39] circumvented this issue with the 

introduction of another, slightly different window function in [39] . This model is not 

scalable and poses difficulty in modeling different memristive systems. Prodromakis et al. 

[40] modified the window function created by Biolek et al. [39] to allow for scaling by 

including a control parameter that can alter the value of the window function [40] . Table 

1 presents a more comprehensive comparison between the three window functions. It is 

adapted from the one in [37] . 

Table 1. Comparison of Window Functions 

Method Joglekar [38]  Biolek [39]  Prodromakis [40]  

Nonlinear Drift? Somewhat Somewhat Somewhat 

Scale Factor No No Yes 

Resolves 

Boundary 

Conditions? 

No Yes Mostly 

Function 

𝑓(𝑤)/𝑓(𝑥) 
1 − (

2𝑤

𝐷 − 1
)
2𝑝

 1 − (
𝑤

𝐷 − 𝑠𝑡𝑝(−𝑖)
)
2𝑝

  𝑗(1 − ((𝑤 − 0.5)2 + 0.75)𝑝) 
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One of the seminal papers to provide a general memristive device model was by 

Yakopcic et al. [34] . The model was created to provide accurate circuit simulations and 

analysis for a wide range of memristor devices and biases without using a strictly 

doped/undoped structure [34] . A hyperbolic sinusoid was chosen to represent the nonlinear 

relationship between the current and the voltage for both a positive and negative voltage 

bias. Three parameters alone are used to allow for changes in memristor device structure 

in the I-V equation. Specifically, the change in state variable is determined by two other 

nonlinear equations. One imposes a programming threshold on the memristor model, and 

a second one shows the motion of the state variable itself. The threshold equation is based 

on four parameters with two representing the switching voltages (positive and negative). 

The state variable equation contains two other variables and a quite simple window 

function to limit the state variable between [0,1]. The equations used in [34] do not have a 

strong physical basis with regards to the memristive devices. However, the model captures 

the behavior of these devices quite well. A more detailed depiction of this model will be 

given in Chapter 3.  

Somewhat similarly to the model created by Yakopcic et al, [41] did not represent 

the memristor as a doped layer in series with an undoped layer. Rather, it models the change 

in resistance based on the movement of dopants within the insulting layer by creating a 

barrier called the Simmons Tunnel Barrier that acts as its own resistor. The change in the 

state variable can be related to the oxygen vacancy drift velocity within the memristor. 

However, the physical phenomenon associated with the change in the state variable has yet 

to be fully understood [37] . This model also incorporates parameters that affect the 

magnitude of the change in the state variable in addition to parameters that limit the 
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threshold values for current. There is no window function for this model, but there are 

parameters within the change of state equation that limit the values of x to a certain range.  

Kvatinsky et al. [37] created the ThrEshold Adaptive Memristor Model (TEAM) 

based on the previously mentioned models with the aim of being more adaptable to any 

memristive system and more appropriate for circuit simulation. Of the models mentioned 

so far, Kvatinsky et al. [37] considered the Simmons Tunnel Barrier model as the most 

accurate model for a TiO2 device. However, they considered it to be quite complex and 

computationally inefficient. Unlike all other models, the current-voltage relationship is 

undefined and must be chosen from any current-voltage relationship. The model assumed 

a polynomial dependence for the state variable instead of an exponential one as it was used 

in Pickett [41] . A window function was also introduced that imposed a nonlinear drift 

phenomenon and allowed greater flexibility in modeling the state variable. The TEAM 

model claims to be more efficient and sufficiently accurate when compared to other models 

mentioned. It has been implemented in SPICE for applications to other circuit designs. A 

similar, voltage-dependent model, was created in [35] and compared to models like 

Yakopcic et al. and the Boundary Condition Memristor model [42] . The VTEAM model 

has shown to be accurate within 1% to the hysteretic curves produced by the two voltage-

driven models mentioned. A more in-depth account of the VTEAM model is given in 

Chapter 3. 

An excellent review article outlining the progression of various analytical models 

is provided in Panda et al. [43] . In a separate study by Wang et al. [44]  it was suggested 

that many of the general memristive device models presented above suffer from the issue 

of not being well-posed. The authors then methodically addressed the issues of well posed 
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in each and suggested additions or changes to the models in [3] ,[34] ,[35] ,[36] ,[37] ,[41] 

, and others to solve this issue. Shortly after, Yakopcic et al. created a revised model based 

on slight additions to the equations in [34] that self-updates the parameters once a new 

cycle is passed through the model [45] . The model automatically provides the best possible 

match without any input from the user. The updated model is then compared to arbitrary 

and existing data with promising results. The performance of other models on the same 

dataset is assessed and it is found that the updated Yakopcic model performs considerably 

better.  

2.3 Physics-Based Models 

Several researchers have attempted to represent the potential underlying physics of 

different memristive systems using a wide range of equations and processes. A major 

portion of physics-based models created rely upon self-consistently solving 1D, 2D, or 3D 

partial differential equations following an approach first described by works like Larentis 

et al. [46] and Palit and Alam [47] . The process includes solving 1) a drift/diffusion 

continuity equation for oxygen vacancy transport within the insulative material, 2) a current 

continuity equation (usually Poisson’s equation) for electrical conduction or electron 

movement in the memristor, and 3) Fourier’s equation for local Joule heating, or the 

heating that occurs within resistive materials, in the insulative material. In the work done 

by Kim et al. [48] this process was completed using COMSOL and solved for the oxygen 

vacancy concentration (𝑁𝑑), the local electrostatic potential (Ѱ), and the local temperature 

(T). The program stepped through time and the electric field domain according to the 

applied bias and updated.  
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 Another group of physical models focus on the probabilistic nature of electron tunneling 

through defects within the memristive device. These models have had considerable success 

in replicating experimental data memristive systems tested in a laboratory environment. 

One of the first probabilistic models created was that of Yu et al. [49] who used the elastic 

trap assisted tunneling model (ETAT) to predict the flow of electrons within their 

memristive device [50] ,[27] . In this model the authors ruled out other forms of electron 

motion including direct tunneling from one electrode to another, Fowler-Nordheim 

tunneling, Schottky tunneling, and Poole-Frenkel tunneling based on the conditions and 

energy levels within the memristor. Figure 4 shows the process of ETAT within a MIM 

structure similar to that of Zaman et al. [29] . This led to the assumption that the current 

was created by three steps: i) electrons tunnel from electrode to a trap with distance ‘d’ 

 

Figure 4. Elastic trap assisted tunneling process in a metal-insulator-metal 

memristive system. 

(ii) (iii) 

(i) 
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away from the electrode; ii) electrons hop from trap-to-trap in the bulk insulative material; 

iii) electrons  

tunnel from the last trap to the opposite electrode. 

Yu et al. [49]  used a modification of Schrödinger’s equation called the Wentzel-

Kramers-Brillouin (WKB) [51] approximation which gives the probability of electron 

tunneling (T’) from electrode to trap using Eq. 3 

𝑇′ = exp (−
4

3ℏ𝑞𝐹′
√2𝑚𝑒𝑓𝑓 (𝐸𝑡

3
2⁄ − (Et − 𝐹 ∗ 𝑑)

3
2), (3) 

where F is the electric field, ℏ is Planck’s constant; q is the electric charge of one electron; 

𝑚𝑒𝑓𝑓  is the effective mass of an electron in the insulative bulk; and Et is the deep trap 

energy level beneath the conduction band. To capture the distribution of electrons residing 

in the electrode, a Fermi-Dirac distribution  

𝑓𝑓𝑒𝑟𝑚𝑖 =
1

1 + exp (
𝐸𝑏 − 𝐸𝑡 − 𝐹 ∗ 𝑑

𝑘𝑏 ∗ 𝑇
)
 

(4) 

was used, where Eb is the energy barrier height at the metal-insulator interface; kb is 

Boltzmann’s constant; ant T is absolute temperature. The rate at which the electrons flow 

for both trapping and de-trapping (electrons hopping to the trap and out of the trap, 

respectively) is given as follows. If the bias voltage is positive,  

𝑣1 = 𝑣0 ∗ 𝑓𝑓𝑒𝑟𝑚𝑖 ∗ 𝑇
′. (5) 

If the bias voltage is negative, Eq. 6 is used. If there is no bias, there is no transition rate. 
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𝑣2 = 𝑣0 ∗ (1 − 𝑓𝑓𝑒𝑟𝑚𝑖) ∗ 𝑇
′ . (6) 

In these equations 𝑣0 is the electron escape frequency assumed to be around 1013 Hz [49] 

The current for a specific voltage can be calculated by the equation  

𝐼 = 𝑁𝐷 ∗ 𝑞 ∗ 𝑣   , (7) 

with ND giving the total trap density and v being the transition rate for either polarity. Care 

must be taken with calculating the current as several papers state 𝑁𝑑 as the trap density, 

however if this is the case the equation must be multiplied by the volume of the insulative 

device to get the current with correct units. Yu et al. [49] was able to match quite closely 

experimental data of the same memristor by varying the distance of the nearest trap 𝑑, and 

the deep trap energy level Et. It was assumed that only the transition rate which represented 

the bottleneck of electron transition rate would be applied to the current equation. The trap 

to trap tunneling was found to be much more efficient, and therefore not calculated in the 

model, even though the memristor was found to follow a conductive filament process. The 

study conducted by Gao et al. [52] considered the trap-to-trap hopping probability in a one-

dimensional model. It incorporated the probability of tunneling from one electrode to a trap 

in addition to the successive trap-to-trap hops in between the two electrodes as well as the 

final tunneling from trap to electrode. It was juxtaposed with experimental data and found 

to adequately predict the switching behavior of metal oxide RRAM devices.  

Zaman et al. revisited the ETAT model with a lithium niobate (LiNbOx/LiNbO3) 

bilayer memristor first in [53] and later in [29] . The first paper is akin to that of the 

memristor in Yu et al. [49] in that the lithium niobate memristor exhibited filamentary 

switching. The behavior of the memristive device was characterized by a one-dimensional 
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inelastic trap assisted tunneling model that considered the random 

generation/recombination of oxygen vacancies when large electric fields were applied to 

the memristor. A Schottky barrier was included at the electrode oxide interface that the 

charge carrier needed to tunnel through. The current density was calculated and found in 

good agreement with, showing a linear relationship between the natural log of current 

density, and the reciprocal of the applied electric field.  

The second paper [29] proceeded to consider the lithium niobate bilayer memristor 

as a non-filamentary switching device. Non-filamentary switching was proven by 

analyzing the contribution of traps close to the metal-insulator interface and found this to 

be the limiting factor to conduction in the OFF state during low electric fields (<1MeV)[29] 

. No oxygen vacancies were assumed to be created during the process because of the low 

electric field; however, there existed defects that were assumed to be created during the 

fabrication process. Zaman et al. [29] also proved that the lithium niobate memristor 

showed weak dependence on temperature effects, and strong dependence on areal effects, 

further proving the non-filamentary nature of the memristor. One addition that Zaman et 

al. made to the existing probabilistic tunneling model was that they characterized the ON 

state by representing the current-voltage relationship as an Ohmic contact. This in essence 

means that the motion of the electrons is unimpeded through the interface. The I-V 

relationship has been proven to be linear for Ohmic contacts and matched reasonably well 

relevant experimental results [54] . 

The study conducted by Jo et al. [55] took a different probabilistic approach to 

characterizing the switching behavior of the memristor test in their study. The metallic 

filament-based switching was modeled by a thermally activated Ag hopping process, and 
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the switching time followed a Poisson distribution like that previously mentioned in Gaba 

et al. [56] . The switching was determined to be probabilistic in nature because there was 

no definite threshold voltage. In the model, finite switching probability for even low biases 

was possible, making it slightly less realistic. The probability that switching would occur 

could accurately be modeled based upon the applied bias to the system within a given range 

instead of one specific voltage.  

2.4 Stochastic Models 

The models in the previous section are characterized as probabilistic in nature due 

to the approximations based on where electrons are likely to be. Further, memristive 

devices as a whole have also been shown to have significant variation in behavior from 

cycle-to-cycle and device-to-device. Certain models have aimed at characterizing the 

stochastic nature of memristors. One of the first models that incorporated randomness was 

the one created by Yu et al. [57] which continued the study discussed in the preceding 

section by focusing on filamentary conduction of TiN/HfOx/Pt devices. Yu et al. utilized 

the tunneling equation and Fermi Dirac distribution, but also included trap-to-trap 

tunneling within the insulative material. This work created a trap-assisted-tunneling model 

that calculated the probability of oxygen vacancy generation/recombination at every grid 

point within a 2D grid. At each point within the grid, a random number was generated and 

considered in conjunction with the probability of generation/recombination. If the random 

value is less than the probability of generation, the process occurs. If not, the filament is 

not formed at that site. Which distribution is used for the randomness or how it affects the 

generation of the conductive filament is not explicitly stated in this work. The authors do 
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note that the HRS after cyclic voltage sweeps follow a lognormal spread. This work 

continued in a kinetic Monte Carlo fashion utilizing a similar process while also including 

multiple tunneling mechanisms such as Fowler-Nordheim and metallic conduction [58] . 

The model also tracked the motion of each individual oxygen vacancy in addition to the 

local electric field and local temperature. The original stochastic Monte Carlo method was 

validated by comparison to experimental data, and led to the addition of a buffer layer to 

address over-reset and tail bits problems [58] .  

The study conducted by Gaba et al. [56] and others approached randomness in 

memristive systems by analyzing the temporal and spatial variations in switching behavior 

for a metal-filament based memristive system. In this study, the authors applied a bias to 

ensure that switching occurred and noted the wait time. The wait time was defined as the 

time elapsed between bias application and device switching to its ON state. The device was 

then reset to its OFF state by applying the opposite voltage. This process was repeated 100 

times and the switching wait time was determined. The random distribution of wait times 

was found to most closely fit a Poisson distribution given in Eq. (8). The switching 

probability was then calculated by integrating the Poisson distribution equation for a given 

time. Other authors such as Ignatov et al. [12] also utilized a Poisson distribution for 

switching time to make the randomness of memristive cells more predictable and 

controllable when applying pulses to the system [56] . This study further captures 

randomness in the model by assuming that the binary switching probability follows a 

Gaussian function based on a given set of N voltage pulses with device-dependent 

parameters. 
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𝑃(𝑡) =
Δ𝑡

𝜏
∗ exp (−

𝑡

𝜏
)   . (7) 

 A broader study of current models that could benefit from the addition of 

randomness inherent in the system was performed by Naous et al [13] . The models at work 

can be generic and easily adaptable to variants of threshold-based models which have the 

potential for changes in time-based, cycle-to-cycle and device-to-device performance. It is 

assumed that the stochastic nature of memristors can be attributed to inherent defects, and 

the resulting conducting filament process. Two “stochasticity” distributions are introduced 

to existing models, a Poisson distribution and lognormal distribution. The Poisson 

distribution assumes that a conductive filament is created and uses the thermal based 

hopping rate and switching wait time equations previously mentioned in [55] . The 

lognormal process used was originally adapted from [59] and focuses on randomness 

attributed to the density fluctuations of distributions of vacancies/dopants. A cumulative 

density function is introduced that is dependent on the cumulative switching time and 

medium time to switch. The variation in threshold voltage is captured by introducing either 

the Poisson switching process or lognormal switching process which varies at every instant 

of time.  

The study follows a progression through three different types of memristor models, 

including bipolar memristors with thresholds like that of Pershin et al. [60] and Biolek et 

al. [61] the analytical memristor model presented by Yakopcic et al. [34] and finally a 

Simmons Tunnel Barrier model created by Pickett [41] . All three models are variants of 

voltage or current driven devices which exhibit some sort of threshold switching 

characteristics. The bipolar threshold models have a linear I-V relationship, while the other 
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two models utilize a nonlinear ion-drift based model. A stochastic term is added to a 

deterministic term to characterize change in the threshold term.  

Molter and Nugent [10] created the General Metastable Model which also aimed at 

incorporating the inherent stochastic nature of memristors, in addition to the deterministic 

model that has been shown to model memristors effectively. The semi-empirical model 

comprises a memory-dependent component, and a Schottky diode current [10] . The 

memory component is where randomness is introduced by incorporating a logistic 

transitioning probability for conduction channels to form. The probability is based on the 

thermal voltage, time step period, characteristic time scale of the device and voltage across 

the device. The logistic function acts as an internal window function for the model. The 

memory current is then determined based upon the number of switches that changed from 

one state to the other and the total change in conductance. This process is represented by a 

binomial distribution at each time step. The total current can then be determined. 

Simulations on a W-Ag-chalcogenide device shows excellent modeling of the behavior 

exhibited, but other comparison data are not reported [10] . This model has also been 

incorporated into SPICE for general modeling purposes like that of Yakopcic et al [62] .  

Based on the review of the stochastic models given above, the Yakopcic et al. and 

VTEAM models will be the main focus in the rest of this thesis due to their ease of 

programmability, adaptability to most memristive systems, and capacity of inclusion of 

threshold voltages. The process of including randomness to the model will be discussed in 

the next chapter.  
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2.5 Monte Carlo Simulations 

 There exists some inherent level of randomness in nearly every facet of science that 

cannot be described analytically. Quite often, these random features are introduced in 

experimental testing of devices, and obtained data are influenced because of it. Examples 

of noise or randomness that occur are present in situations such as seismic activity and 

structure response, mechanical vibration of a device, turbulence within any given airflow, 

and motion of waves, among others [63] ,[64] . An effort to capture the effects of noise 

comes in the form of stochastic differential equations, which incorporates at least one 

random variable. While deterministic differential equations are more straightforward, 

stochastic differential equations prove to be more difficult in treating and providing 

accurate, meaningful results. A solution to this problem arose in the 1940’s when 

Metropolis and Ulam were secretly solving neutron diffusion problems through an 

isotropic medium. They introduced the Monte Carlo method, which was based on 

performing many numerical simulations and extracting statistically significant data [65] 

,[66] ,[67] ,[68] . The codename “Monte Carlo” was developed in relation to the European 

principality of Monte Carlo casinos, and the uncle of one of the authors who would borrow 

money to gamble there.  

The overarching idea behind Monte Carlo simulations involves repeated generation 

of random variables which are applied to a deterministic equation that is then solved 

numerically [69] . Proper statistical processing can provide useful estimates of the system’s 

response to the ensemble of realizations. The effectiveness of the Monte Carlo simulations 

is determined by the expediency of the procedure used to create and solve the ensemble of 

the stochastic differential equations.  
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The Monte Carlo method will be incorporated in Chapters 3, 4, and 5 in which 

randomness will be introduced to existing memristor models. The models with the 

introduced randomness will be simulated to characterize the behavior of memristors when 

a parameter that was previously thought to be fixed, is then treated as random and 

characterized by various distributions. Specifically, the parameters will be sampled from a 

Weibull, Gaussian, and a lognormal distribution. The response of the system will be 

calculated after random parameters are obtained using the inverse sampling method from 

a uniform distribution as described in Section 2.6. By repeating this procedure several 

hundreds of times, a collection of responses is created, and an operating envelope can be 

estimated. The mean and standard deviation of the memristor’s parameters can also be 

determined. A schematic of this process is illustrated in Figure 5. 

 

Figure 5. Monte Carlo simulation flowchart for determining response of memristive 

systems. 
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2.6 Inverse Sampling Method 

Monte Carlo simulations require the use of random numbers to represent a wide 

range of potential solutions. There are many ways to generate random numbers or 

pseudo-random numbers. One of the most effective and efficient methods to generate 

random numbers that belong to a certain distribution is by using the inverse sampling 

method. As described by Esteva [70] a simple procedure can be implemented to generate 

realizations of a certain distribution and is shown below: 

1. Choose the desired probability density function (PDF) to which the target 

variables belong to. This equation is represented by 𝑓(𝑥). 

2. Determine the cumulative density function (CDF) of the PDF. This is 

represented by 𝐹(𝑥). The cumulative density function represents the 

probability that a 𝐹(𝑥) will take a value less than or equal to 𝑥.  

3. Find the inverse of the CDF (𝐹−1(𝑥)). Because the cumulative density 

function obtains values from 0 to 1 as probabilities, one can sample from a 

standard uniform distribution (0,1) to return a value of 𝑥.  

4. Generate a random number 𝑢𝑖 from the uniform distribution. 

5. Obtain random number 𝑥𝑖 by  𝑥𝑖 = 𝐹−1(𝑢𝑖).   

A graphical representation of this process is shown in Figure 6 which is adapted from a 

similar figure originally published in [70] . An example of the inverse sampling method 

using a lognormal distribution is discussed next.  
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Figure 6. Schematic of inverse sampling method based on a uniform distribution. 

The PDF for a lognormal distribution is given by the equation 

𝑓(𝑥) =
1

𝑥𝜎√2𝜋
∗ exp (

(𝑙𝑛(𝑥) − 𝜇)2

2𝜎2
)   , (9) 

where 𝜇 is the mean and 𝜎 is the standard deviation. The CDF of a lognormal distribution 

is represented by the equation 

𝐹(𝑥) =
1

2
+
1

2
erf (

𝑙𝑛(𝑥) − 𝜇

𝜎√2
)    . 

(10) 

By inverting the CDF equation above and solving for 𝑥 yields the equation: 

𝑥 = exp(𝜎√2𝑒𝑟𝑓𝑖𝑛𝑣(2𝑢 − 1) + 𝜇)    . (11) 

At this point random values of 𝑢 can be generated and introduced to Eq. (11) above to 

obtain random values of 𝑥 which belong to a lognormal distribution. A sample histogram 

is shown in Figure 7 comprising 5000 realizations drawn from a zero-mean distribution 

with standard deviation 𝜎 = 0.5.  
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 Another distribution used in this thesis is the Weibull distribution with a probability 

density function,  

𝑓(𝑥) =  {
𝑘

𝜆
(
𝑥

𝜆
)
𝑘−1

exp (− (
𝑥

𝜆
)
𝑘

) ,             𝑥 ≥ 0

0,                                                      𝑥 < 0
      , (12) 

where k is the shape parameter, and 𝜆 is the scale parameter; both are greater than zero. 

The cumulative density function is given by the equation 

𝐹(𝑥) =  {1 − exp (− (
𝑥

𝜆
)
𝑘

) ,                   𝑥 ≥ 0

0,                                                   𝑥 < 0
          . (13) 

Solving for x in terms of 𝐹(𝑥) = 𝑢, where 𝑢 is the uniform random number yields 

𝑥 = 𝜆 ∗ (− ln(1 − 𝑢))
1
𝑘. (14) 

Variates using the Weibull distribution will be explored in Chapter 5 when varying the 

defect distance and defect density variables mentioned above in Eq. 3 and Eq. 7, 

respectively. The process for fitting the distribution parameters to the random realizations 

utilizes MATLAB’s distfit tool and the ensemble of random variates.  

 
Figure 7. Example distribution of 5000 realizations using the inverse transform 

method of a lognormal distribution. 
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Chapter 3 

Emphasis on Stochastic Phenomenological 

Models 

3.1 Preliminary Remarks 

 Quite a few of the preceding models address the random variations in memristive 

devices, especially the deterministic analytical models mentioned in Chapter 2. To better 

characterize and predict the randomness within a memristive system, this chapter builds 

upon the analytical model created by Yakopcic et al. [34] and the model created by 

Kvatinsky in VTEAM [35] by introducing various random parameters to the models. The 

parameters are drawn from different distributions using the inverse sampling method 

mentioned above. These parameters will be discussed in depth, and an overview of 

lognormal, and Gaussian random distributions will be discussed. Monte Carlo simulations 

and results will be presented for various cases and compared to one another in Chapter 5.  
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3.2 Stochastic Memristor Device Model 

 Unlike the handful of phenomenological hysteretic models that currently exist to 

capture the behavior of loading/unloading in materials and ferromagnetic effects, the model 

created by Yakopcic et al is one of the seminal phenomenological models at capturing the 

deterministic hysteretic I-V curves of memristors. It is a highly generalizable model that is 

loosely based on the equations that define a memristor originally presented by [2] . The 

current of the system depends on the memristance which is a function of the state variable 

and voltage in addition to the voltage itself through a hyperbolic sinusoidal relationship. It 

was suggested in Yakopcic et al. [45] that the model be can updated to include multiple 

current-voltage relationships. The original equation is 

𝐼(𝑡) =  {
𝑎1𝑥(𝑡) sinh(𝑏𝑉(𝑡)) ,    𝑉(𝑡) ≥ 0

𝑎2𝑥(𝑡) sinh(𝑏𝑉(𝑡)) ,    𝑉(𝑡) < 0
    ,     (15) 

where 𝑎1, 𝑎2, and 𝑏 are fitting parameters that are used to change the device to match 

various memristive systems. The state variable, 𝑥(𝑡), takes a value between zero and one 

similar to a normalized linear/nonlinear ion drift model discussed previously. The change 

in state variable (𝑑𝑥/𝑑𝑡) depends on threshold function 𝑔(𝑉(𝑡)) and a state variable 

motion function 𝑓(𝑥(𝑡)). The threshold function depends primarily on four parameters: 

𝑉𝑝, 𝑉𝑛, 𝐴𝑝, and 𝐴𝑛, which characterize the positive and negative threshold voltages and the 

magnitude of positive and negative exponentials, respectively. These vary with the 

memristor structure and must be fit for each individual device. The equation is 
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𝑔(𝑉(𝑡)) =  {

𝐴𝑝(𝑒
𝑉(𝑡) − 𝑒𝑉𝑝),                   𝑉(𝑡) > 𝑉𝑝

−𝐴𝑛(𝑒
−𝑉(𝑡) − 𝑒𝑉𝑛),                 𝑉(𝑡) < −𝑉𝑛

0,                                      − 𝑉𝑛 ≤ 𝑉(𝑡) ≤ 𝑉𝑝

     . (16) 

It is important to point out that all four parameters are intended to be real, positive values. 

This threshold equation essentially mandates that no change in the state variable will occur 

until one of the threshold voltages is reached. Once the threshold voltages are reached, the 

change will partially be determined by the magnitude of the exponentials.  

 The motion of the state variable itself is also governed by a set of piecewise 

equations based on the current value of the state variable. The equations are 

𝑓(𝑥) =  {
𝑒−𝛼𝑝(𝑥−𝑥𝑝)𝑤𝑝(𝑥, 𝑥𝑝),        𝑥 ≥ 𝑥𝑝
1,                                           𝑥 < 𝑥𝑝

     ,  

and 

(17a) 

𝑓(𝑥) =  {
𝑒𝛼𝑛(𝑥+𝑥𝑛−1)𝑤𝑛(𝑥, 𝑥𝑛),        𝑥 ≤ 1 − 𝑥𝑛
1,                                             𝑥 > 1 − 𝑥𝑛

    , 
(17b) 

in which 𝑥𝑝, 𝑥𝑛, 𝛼𝑝, and 𝛼𝑛 are parameters that limit the motion of the state variable. The 

parameters 𝑥𝑝 and 𝑥𝑛 determine the positive and negative points at which the motion of the 

state variable becomes limited and 𝛼𝑝 and 𝛼𝑛 determine the rate at which the state variable 

motion decays, once the threshold points are reached. The windowing functions 𝑤𝑝 and 

𝑤𝑛 are included to limit the state variable values between 0 and 1.  

 The set of equations delineated above allow for variation in capturing the behavior 

of memristive devices. In Yakopcic et al., the model is used to match four different sets of 

experimental memristive data produced by various teams. The model affords a reasonable 
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matching of the responses of the systems when given an entire voltage sweep or simply a 

few points within the I-V curve. The authors reported average error values of up to 13.6% 

and as low as 6.64% [34] . Although the error may be high for some memristive devices, 

this highly generalizable model provides a great tool for engineers and experimentalists 

alike to be able to predict the behavior given a set of parameters.  

 One improvement to be made to this model is the incorporation of randomness that 

is inherently present in all memristive systems. As discussed previously, the stochastic 

nature of memristors can be one of its highly desirable traits for neuromorphic computing 

and mimicking mammalian synapses. To provide a more realistic representation of the 

actual behavior shown by memristors, it is proposed that randomness be introduced to the 

threshold function seen in this system. Yakopcic et al. [45] recently explored this idea by 

including Gaussian noise to the device, but limited detail is provided in that model with 

regards to how it was accomplished. This thesis presents a method to introduce randomness 

to the system, specifically to the four parameters in the threshold function, and 

characterizes an operating envelope for the memristive device through Monte Carlo 

simulations. The mean and standard deviations are calculated and provided. Next, a 

bivariate distribution is created to characterize the probability of each specific combination 

of positive and negative threshold voltage values. The results of these simulations will be 

given in Chapter 5.  

3.3 Stochastic VTEAM Model 

 Another model that does not capture the inherent randomness of threshold voltages 

in memristive devices is the VTEAM model proposed by Kvatinsky [35] . With its 
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applicability to many memristor aspects, including randomness, it can be versatile for use 

in predicting the behavior of memristive devices. The model is based on the equation,  

𝑑𝑥(𝑡)

𝑑𝑡
=  

{
 
 

 
 𝑘𝑜𝑓𝑓 ∗ (

𝑣(𝑡)

𝑣𝑜𝑓𝑓
− 1)

𝛼𝑜𝑓𝑓

∗ 𝑓𝑜𝑓𝑓(𝑥),    0 < 𝑣𝑜𝑓𝑓 < 𝑣 

0,                                                               𝑣𝑜𝑛 < 𝑣 < 𝑣𝑜𝑓𝑓

𝑘𝑜𝑛 ∗ (
𝑣(𝑡)

𝑣𝑜𝑛
− 1)

𝛼𝑜𝑛

∗ 𝑓𝑜𝑛(𝑥),        𝑣 < 𝑣𝑜𝑛 < 0

     . (18) 

which is the voltage-controlled time invariant equations for memristive devices adjusted 

from the current-controlled equations in [37] Similar to Yakopcic et al, this model 

incorporates a state variable 𝑥(𝑡) , a device conductance function 𝐺(𝑥, 𝑣) , and a change in 

state variable equation. 

This is the only explicitly defined equation in the model because it is meant to be 

able to adapt at based upon the memristive device. In other words, the current-voltage 

equation can take many forms based on the conductance state of the model. While this 

allows for a diverse characterization of memristive models, it does require the user to define 

the relationship as well as the window function, if any. Nonetheless it provides a unique 

model with six parameters that are used for fitting purposes, 𝑘𝑜𝑓𝑓, 𝑘𝑜𝑛, 𝑣𝑜𝑓𝑓, 𝑣𝑜𝑛, 𝛼𝑜𝑓𝑓, and 

𝛼𝑜𝑛. As discussed in Kvatinsky et al. 𝑘𝑜𝑓𝑓, 𝑘𝑜𝑛,  𝛼𝑜𝑓𝑓,  and 𝛼𝑜𝑛 are all constant fitting 

parameters and are all positive except for 𝑘𝑜𝑛 . The authors only report how well the model 

matched other existing voltage threshold models for accuracy purposes. However, the 

original TEAM model, a current threshold-based model, compared its results to results that 

were based upon experimental data. The comparisons made in TEAM and VTEAM show 

that this model is appropriate for capturing the behavior of voltage threshold-controlled 

memristive devices if the voltage-current relationship is known or can be readily 
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developed. If not, a linear I-V relationship is assumed, and an ideal rectangular window 

function is used to fit the six parameters to fit the experimental data. The current-voltage 

equation used to fit the parameters is [35]  

𝑖(𝑡) = [𝑅𝑂𝑁 +
𝑅𝑂𝐹𝐹+𝑅𝑂𝑁

𝑥𝑜𝑓𝑓−𝑥𝑜𝑛
∗ (𝑥 − 𝑥𝑜𝑛)]

−1

∗ 𝑣(𝑡)    . (19) 

 Like the Yakopcic model presented above, randomness will be introduced to the 

threshold voltage parameters 𝑣𝑜𝑓𝑓 and 𝑣𝑜𝑛 in the threshold equation. The state variable 

change coefficients 𝑘𝑜𝑓𝑓 and 𝑘𝑜𝑛 will also be varied. The operating envelope for specific 

memristors will be presented in Chapter 5 in addition to a bivariate lognormal threshold-

voltage probability predictor. 
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Chapter 4 

Representation of Hysteretic Behavior and of 

Random Parameters 

4.1 Preliminary Remarks 

Extensive research and modeling have been done to characterize hysteretic loops 

of various mechanical phenomena, mainly loading/unloading of elastoplastic systems. An 

attempt at using one of these, the Bouc-Wen model, to match the memristor’s behavior is 

discussed first. Nearly all of the physical based models mentioned in Chapter 2 characterize 

the current-voltage behavior of the memristive devices without considering device-to-

device, cycle-to-cycle, or time-based variations that are likely present in memristor 

devices. This chapter takes the Zaman et al. [29] probabilistic model and experimental data 

associated with the tests and employs the same random distributions to match the resistance 

values the memristor exhibited. Uniform, lognormal, and Weibull distributions are fit to 

the data. Further, sets of bimodal distributions are created based on the assumption that 

switching between the LRS and HRS is random. The validity of this assumption is visited, 
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and the results are presented in this chapter. Finally, random variation in physical attributes 

are addressed and their effects on the current-voltage relationship are determined.  

4.2 Bouc-Wen Modeling 

 Prior to modeling the self-crossing hysteresis curves of memristors by the various 

methods previously discussed in the thesis a significant volume of research was performed 

to model other hysteresis loops, namely mechanical and material ones. This began with 

Ewing in [71] who noticed a “lagging” effect of thermoelectric properties in a wire that 

was put in a stressed tensile state. From there, various researchers such as Lord Rayleigh 

[72] , Preisach [73] , and Duhem [74] attempted to characterize the lagging effect on 

systems. Mayergoyz [75] built upon Preisach’s formulation and created the Classical 

Preisach Model which is one of the most celebrated hysteretic models for its versatility in 

matching hysteretic curves.  

 In the mid 1960’s Bouc created a model from a mathematical point of view that 

successfully modeled different hysteretic phenomena [76] . Later, his work was 

compounded by Wen to create the Bouc-Wen model. The model focuses on using first-

order non-linear differential equations that relate some input displacement to an output 

hysteretic restoring force [77] . Clearly, the change in the state-variable equation mentioned 

above for memristive systems is similar in nature to that of the equations used by the Bouc-

Wen model. In this context, an attempt was made by the author at characterizing the 

hysteretic response of memristive devices using the Bouc-Wen model.  

 The Bouc-Wen model assumes a simple single degree of freedom system given by 

the equation  
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𝑚�̈�(𝑡) + 𝑐�̇�(𝑡) + 𝐹(𝑡) = 𝑢(𝑡) (20) 

where 𝑚 is the mass; 𝑐 is the damping coefficient; 𝑥(𝑡) is the displacement of the system; 

𝐹(𝑡) is the restoring force; and 𝑢(𝑡) is the excitation applied to the system. From here, 

Bouc and Wen defined the relationship 

𝐹 =
𝑎𝐹𝑦

𝑢𝑦
𝑢 + (1 − 𝑎)𝐹𝑦𝑧   , (21) 

in which 𝑎 =
𝑘𝑓

𝑘𝑖
 is the ratio of post-yield to pre-yield (elastic) stiffness; 𝑘𝑖 =

𝐹𝑦

𝑢𝑦
 is elastic 

stiffness; 𝐹𝑦 is the yield force; 𝑢𝑦 is the yield displacement; and 𝑧(𝑡) is non-observable 

dimensionless hysteretic parameter that obeys a single non-linear differential equation with 

zero initial condition. From the equations described previously, a nonlinear system of 

differential equations was developed that described the displacement of the system in 

addition to the motion of the hysteretic parameter, �̇�. The system of equations is described 

as [76] ,[77] ,[63]  

{
�̈� + 2𝜁𝜔𝑛�̇� + 𝛼𝜔𝑛

2𝑥 + (1 − 𝛼)𝜔𝑛
2𝑧 = 𝑢(𝑡)

�̇� = −𝛾|�̇�||𝑧|𝑛−1𝑧 − 𝛽�̇�|𝑧|𝑛 + 𝐴�̇�
   . 

(22) 

The second part of Eq. 22 can be recast using the signum function as 

�̇�(𝑡) = �̇�(𝑡){𝐴 − [𝛽𝑠𝑖𝑔𝑛(𝑧(𝑡)�̇�(𝑡)) + 𝛾]|𝑧(𝑡)|𝑛}   . (23) 

In these modified equations 𝑢(𝑡) acts as a normalizing function of the data to be matched. 

Overall, the Bouc-Wen system of equations contains seven parameters. These include the 

rigidity ratio 𝛼, the linear elastic damping ratio, 𝛽, the pseudo-natural frequency of the 

system, 𝜔𝑛, the hysteresis controlling amplitude, 𝐴, and the hysteresis loop shape 

parameters, Β, 𝛾, and 𝑛 [63] . Further, the system of equations can be formulated in a state 

space representation to solve for the behavior of the system. This is shown by the equation 
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{

𝑌1̇ = 𝑌2
𝑌2̇ = −2𝜁𝜔𝑛𝑌2 − 𝛼𝜔𝑛

2𝑌1 − (1 − 𝛼)𝜔𝑛
2𝑌3 + 𝑢(𝑡)

𝑌3̇ = −𝛾|𝑌2||𝑌3|
𝑛−1𝑌3 − 𝛽𝑌2|𝑌3|

𝑛 + 𝐴𝑌2

   , 

(24) 

which can be solved simultaneously for the hysteresis loop when translated back to the 

original parameters using the relationship [𝑌1 𝑌2 𝑌3]
𝑇 = [𝑥 �̇� 𝑧]𝑇. This formulation can be 

adopted to match hysteretic data after normalization.  

 One immediate issue in applying classic hysteretic models to memristive data is 

that the I-V curves exhibit self-crossing behavior which cannot be characterized by the 

models mentioned above. To circumvent this issue, the memristive hysteresis curves were 

split into two regions: 1) where the current and voltage are both positive values (quadrant 

I in a typical Cartesian coordinate system); and 2) where current and voltage values were 

both negative (quadrant III). This allows isolation of two closed loops that exhibit no 

crossing behavior and can be better characterized by a Bouc-Wen simulation. 

 Memristive hysteretic data was gathered by Zaman et al. [29] and input into the 

Bouc-Wen formulation described by Grimmer [63] . A nonlinear least squares algorithm 

was used to find the optimal fitting parameters of the Bouc-Wen equations. Two sets of 

data were applied to the model. The first was a Pt/LiNbO3/LiNbOx/Pt memristor stack at 

room temperature. The second was the same memristor exposed to 95°C ambient 

temperature. Both were provided by the authors in [29] The plots of the two sets of data 

are shown in Figure 8. 
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Figure 8. Hysteretic I-V curves of the same memristive Pt/LiNbO3/LiNbOx/Pt device 

at 25 degrees Celsius (left) and 95 degrees Celsius (right) as reported in [29]. 

Clearly, the hysteretic curve at room temperature shows a wide spread of current-voltage 

values in respect to the same memristor performing at an elevated temperature in Figure 8. 

The 95°C test shows an I-V relationship that is closer-packed and has less variation in data. 

The data was normalized and then implemented in the nonlinear-least squares curve fitting 

algorithm for the Bouc-Wen model. The results are shown in Figure 9 and Figure 10. 

It is obvious that the room-temperature data cannot be adequately represented by 

the Bouc-Wen model for various reasons. Firstly, the normalized data is not centered about 

the (0,0) normalized coordinates like the Bouc-Wen model typically exhibits. Further, the 

data does not follow a symmetric hysteretic pattern like the Bouc-Wen model. Due to these 

reasons, the nonlinear least squares algorithm converges, quite weakly to an optimal set of 

the seven parameters and depends critically on the initial estimates of parameters sought. 

The algorithm perhaps converges to a local minimum of which there are many. This leads 

to considerable residuals between the normalized memristive data and the best-fit Bouc-

Wen curve as can be seen in Figure 9. Results from the nonlinear least squared algorithm 

for both cases are shown below in Tables I and II. The initial guesses and the “optimized” 
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parameters are shown. Data for the 95°C case show larger changes in the parameters due 

to a better fit of the Bouc-Wen curve. The room temperature data introduced variation to 

some of the parameters. However, there exist large normalized residuals as shown below.  

 

Figure 9. Bouc-Wen representation and residuals of data reported in [29] at 25°C 

 

Figure 10. Bouc-Wen representation and residuals of data at 95°C from [29]. 

Different results are obtained for the higher temperature data shown in Figure 10. The 

Bouc-Wen model can fit the data relatively well due to of the more-symmetric nature of 
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the curve and less variation in the data. The algorithm still relies heavily on a good first 

guess of the parameters, but the residuals are significantly less for most of the normalized 

I-V curve than that of the room temperature data as is shown in Figure 9.The initial and 

final values of the Bouc-Wen fitting parameters are given in Table 2 and Table 3 for the 

room temperature and 95°C cases, respectively.  

Table 2. Bouc-Wen Parameters for 25°C Memristor Data 

 𝛼 𝛽 𝛾 𝜁 𝜔𝑛 𝐴 𝑛 

Initial Guess 0.100 10.000 1.100 0.700 3.000 0.60 1.00 

Final Values 0.222 8.259 1.026 0.705 4.232 0.60 1.00 

 

 

Table 3. Bouc-Wen Parameters for 95°C Memristor Data 

 𝛼 𝛽 𝛾 𝜁 𝜔𝑛 𝐴 𝑛 

Initial Guess 0.1 150.00 1.10 0.700 3.500 0.200 1.70 

Final Values 0.1 154.59 0.96 0.825 3.257 0.145 1.61 

 

 Overall, the original Bouc-Wen model cannot be exclusively relied on to match the 

ordinary memristive hysteretic I-V curves. Memristive systems at higher temperatures or 

higher frequencies exhibit curves that can be better characterized by a Bouc-Wen scheme. 

However, the exactness of the fit must be scrutinized due to the inherent properties of 

memristor I-V hysteresis curves. This process would also require piecing together the two 

distinct quadrant data sets. It would be computationally costly to optimize both sets of data 

and merge them into one representation. Other simpler models are better suited to 

characterize the entire set of self-crossing hysteresis loops. 
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4.3 Nonfilamentary Probabilistic Switching 

The model produced by Zaman et al. [29] as a variation of that produced in [49]  

aimed at modeling the characteristics of a bilayer Pt/LiNiO3/LiNbOx/Pt memristor. The 

former exhibited nonfilamentary switching behavior at lower electric fields (<1MeV) and 

Ohmic behavior in voltage bias ranges that were outside of the threshold voltage values 

[29] . The process by which the transmission of electrons from one electrode to the other 

electrode via elastic trap assisted tunneling is detailed in Chapter 2. Inherent uncertainty is 

incorporated in the model via the transmission probability of electrons tunneling from one 

electrode to the nearest trap. This is in addition to the Fermi Dirac distribution which 

addresses at the likelihood of the number electrons available for transmission in the 

electrode for a given electric field which is dependent on voltage. The model finds the 

optimal value for defect distance away from the electrode, 𝑑′, and deep trap energy, 

𝐸𝑡 , below the conduction band. Other parameters are fitted, such as the ion drift mobility 

𝜇, and electron effective mass, 𝑚𝑒𝑓𝑓. The results proved to match the experimental data 

very well for the high resistance state.  

Variations between the data and the model existed, however, which is not 

characterized within the model. The change in behavior of the model based on changes in 

fitted parameters is also not mentioned. From a physical standpoint, it seems most realistic 

that potential variations within the physical memristor would occur in several quantities. 

These include the defect distance and trap density, 𝑁𝑑 as these are physical variables that 

are likely produced during the fabrication process of the memristive device. As these are 

related to physical parameters and cannot be negative values, the distributions to generate 

random realizations from are limited. Monte Carlo simulations will be run using the inverse 
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sampling method of uniform, lognormal, and Weibull distributions to generate random 

values of defect distance and trap density for a specific memristor device. Results are 

generated and the flexibility of the model are discussed in Chapter 5.  

One potential avenue to characterize the behavior of a given memristor without 

Monte Carlo analysis is through capturing the distribution of the memristor’s resistance 

states throughout voltage sweeps. It is well understood that there are generally two 

resistance states, high resistance and low resistance. While ideally the switching is 

immediate from LRS to HRS, there are often intermediate resistances that the memristor 

experiences during bias application due to lag between current and voltage. An example is 

taken from Zaman et al. and shown in Figure 11 where the natural log of the measured 

resistances is taken over the time of switching. Clearly the device starts in the high 

resistance state, and transitions to the low resistance state once a certain voltage is applied 

to the system. The system then resets to the high resistance state after an opposite polarity 

threshold voltage is reached. There are large variations in the resistance values during both 

states of resistance as shown in Figure 11. A histogram of the natural log of the resistance 

states is shown in Figure 12. The peak shown on the left side represents the low resistance 

state of the memristive device and is more widely distributed than the high resistance state 

(right peak). In an effort to match the distributions of low resistance state and high 

resistance, they were first modeled separately using different distributions. The separation 

point between the two resistance states was determined to be when the memristive device 

was at least five times as conductive as its smallest resistance. Other models such as 

Yakopcic et al. [45] use conductance changes of 20% or more. The distributions are shown 

in Figure 13 and Figure 14. 
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Figure 11. Time series representation of natural log of resistance values. 

 

 

Figure 12. LRS state values (left peak) and HRS state values (right peak).  
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Figure 13. The fitted normal distribution with μ=5.8758 and σ=0.29735 best fits 

the low resistance data. 

The values for the normal and Weibull distributions are found via MATLAB’s fitdist 

algorithm. The algorithm uses the method of maximum likelihood estimation to fit 

distributions to provided data sets. As can be seen in Figure 13, the normal distribution 

of the natural log of the resistance captures better the peak and spread of the data. The 

Weibull distribution and uniform distribution underestimate the peak values of 

resistances and overestimate the density of values in between the LRS and HRS. The 
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HRS resistance values behave differently as shown in Figure 14. The three distributions 

are applied to the data.  

 

Figure 14. Weibull and lognormal distributions can both be used to characterize the 

HRS values.  

 The distributions applied to the HRS resistance yield different predictions of the 

resistance values due to the small second peak near the upper end of the data. Normal and 

Weibull distributions fit nearly equally well to the data while the uniform distribution does 

a sufficient job matching the density of values across the range of high resistances except 

for the two peaks which are likely the ideal “high resistance states” of the memristor. The 
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Gaussian distribution performs marginally better in capturing the density of the high 

resistance state in comparison to the Weibull distribution.  

Overall Gaussian distributions were determined to be the best fit for both the low 

resistance state and high resistance state. Under the assumption that the two states are 

correlated, the total resistance distribution can then be recast as a bimodal distribution 

based upon a mixture of two Gaussian distributions. To accomplish this, the method of 

most likely estimates (MLE) was used in MATLAB to combine the distributions according 

to the equation  

𝑃𝐷𝐹(𝑥) = 𝑝 ∗ (
1

𝜎1√2𝜋
)exp (−

1

2
(
𝑥 − 𝜇1
𝜎1

)
2

) + (1 − 𝑝)

∗ (
1

𝜎2√2𝜋
)exp(−

1

2
(
𝑥 − 𝜇2
𝜎2

)
2

)   , 

(25) 

where 𝑝 is a mixing coefficient that takes a value between 0 and 1; 𝜇1 and 𝜎1 are the mean 

and standard deviation of the LRS data, whereas 𝜇2 and 𝜎2 are the mean and standard 

deviation of the HRS values, respectively.  

For the distribution of the resistances previously discussed, the optimization 

algorithm produced a bimodal distribution shown in Figure 15. Using the means and 

standard deviations from the LRS and HRS distributions, the bimodal distribution allows 

for a prediction of the resistance state of a specific memristive system based upon the 

voltage applied to the memristor. If the voltage sweep history and the initial resistance state 

are known, the present resistance value can be estimated using the bimodal distribution. 

This can be useful for the prediction of behavior of a memristive device within a system 

when the voltage sweep and progression are known.  



50 

 

 

Figure 15. Bimodal resistance distribution characterizes both the high resistance 

state and low resistance state probability within the same function. 
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Chapter 5 

Monte Carlo Simulations 

 5.1 Preliminary Remarks 

 With the foundation of the analytical and probabilistic models discussed in 

Chapters 3 and 4, implementation of randomness to the systems will be performed in this 

chapter. Examples of distributions using the inverse sampling method mentioned in 

Chapter 2 will be given. Finally, simulations using these distributions to introduce 

randomness to voltage threshold and exponential decay parameters for the Yakopcic et al 

model and VTEAM model will be presented. Defect distance and defect density for the 

Zaman et al. model will be subjected to randomness and the results will be presented.  

5.2 Stochastic Memristor Model 

Two distributions will be used in this study: lognormal and Gaussian. Experimental 

results found in [45] ,[78] , and [79] report that both positive and negative voltage 

thresholds closely follow a Gaussian distribution, with various means and standard 

deviations according to different memristive devices. This study will introduce a method 
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to implement randomness for any of the distributions above using only experimental or 

existing data.  

As discussed in Section 2.6, the inverse sampling method can be used to generate 

random number sequences that belong to a specific probability density function. One of 

the issues with the model described by Yakopcic et al. [45] was the implementation of 

noise to the system. While the threshold voltage and exponential parameters varied 

according to a Gaussian distribution, the method by which the numbers were generated 

was not identified. The threshold voltages were varied on a cycle-by-cycle basis, while the 

exponential parameters were varied from time step to time step in each of the cycles [45] . 

Four voltage cycles were passed through the model and the mean and standard deviation 

values of all four parameters were recorded and presented.  

In this model, Monte Carlo simulations were performed on the models described in 

Yakopcic et al. using a lognormal distribution for 𝑉𝑝 and 𝑉𝑛, because they are routinely 

defined as positive parameters. Parameters 𝐴𝑝 and 𝐴𝑛 were modeled by a Gaussian 

distribution and are varied for each time step initially. The study performed by Yakopcic 

et al. notes that 𝐴𝑝 and 𝐴𝑛 were chosen according to a Gaussian distribution at each time 

step. Further, the values used in both [34] and [45] were taken as positive, the mean and 

standard deviation [45] indicated that there is potential for the parameters to be a negative 

value by having a standard deviation greater than the mean value. To gather an adequate 

ensemble of data, 500 simulations were run for each voltage sweep profile and the 

distribution parameters were calculated. An operating envelope was derived for the specific 

memristor according to the hysteresis curves produced by the Monte Carlo simulations. 
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Four different memristive devices were tested, and the results are shown below in addition 

to their values.  

Randomness was first introduced to the Yakopcic et al. model by assuming that 

𝑉𝑝 and 𝑉𝑛 were randomly distributed according to a lognormal distribution and changed 

with every voltage sweep. The mean was defined to be the deterministic voltage threshold 

value with a standard deviation on the same order of magnitude as that in [45] . The model 

created ensured that all realizations did not yield unrealistic memristive systems by 

producing negative resistance values at any point. If this was the case, the simulation did 

not include the current values, and the total number of acceptable realizations remained the 

same. Results for the Monte Carlo simulations are shown below.  

For the applied voltage sweep inset in Figure 16 originally published in [80] the 

operating envelope for the memristive system is seen by the gray surrounding curves. The 

voltage threshold values contribute significantly to the maximum current reached in each 

cycle. The larger threshold values led to larger current values achieved. The mean and 

standard deviation of both positive and negative threshold values were calculated and are 

presented in Figure 17. It is shown that although the standard deviation was originally input 

as 𝜎 = 0.36 for positive threshold and 𝜎 = 0.036 for the negative threshold, the standard 

deviations obtain different values according to the Monte Carlo simulations and prohibition 

of unrealistic (negative) resistance values. 
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Figure 16. Operating envelope for memristor with random threshold values. The 

blue line indicates the deterministic model with no variation. Voltage sweep is inset. 

 

Figure 17. Distributions for lognormal positive and negative threshold values.  

 The effects of varying only the exponential coefficients 𝐴𝑝 and 𝐴𝑛 were also 

investigated. A similar process for varying the threshold voltages was used to introduce 

randomness to these two parameters according to a Gaussian distribution. The results of 
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these simulations are shown in Figure 18 in which the operating envelope for the same 

memristive device is shown in gray. Larger variations are seen in the curves near the 

defined switching voltage. This is to be expected because the device’s state variable will 

either decrease or increase more rapidly than the deterministic state with variation in the 

positive and negative exponential. Figure 19 shows the operating envelope of the 

memristor when subject to variation in both cycle-by-cycle threshold voltages. This is in 

addition to time step-by-time step variation in exponential coefficients 𝐴𝑝 and 𝐴𝑛. The 

curves and operating envelope look similar to that of the I-V curves in Figure 16. However, 

the curves appear to be bound more tightly, and are smoother in nature compared to 

variations in threshold voltages only.  

 

Figure 18. Memristive behavior when only exponential coefficients are varied. 
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Figure 19. Operating envelope for variations in both threshold voltages and 

exponential coefficients.  

The effects of including variation to voltage threshold values in each time step was 

also investigated. First, the deterministic model was changed to so that one value of 𝑉𝑝 and 

𝑉𝑛 were generated from a lognormal distribution at each time step. The phenomenological 

model was then run in its entirety, and this process was repeated through each voltage cycle 

until the desired number of realizations were created. All viable threshold voltage values 

were recorded and fit to a lognormal distribution. An example memristive device subject 

to only one voltage sweep and the corresponding threshold voltage distribution are shown 

below in Figure 20. The curve looks like the deterministic case. However, small variations 

in the curve exist and cause slight deviations in the otherwise-smooth I-V curve seen within 

the switching region on the extremities of the hysteretic curve. The distributions for 

threshold voltages when varied by time step for one voltage sweep cycle is given in Figure 

21. The close fit of the Gaussian distribution shows that the voltage sweeps can be 

represented by a normal distribution. 
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Figure 20. Time-step variations in threshold voltages for one voltage sweep.  

Figure 21. Distributions of both positive (top) and negative (bottom) exponential 

coefficients.  
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From a physical standpoint it is realistic to represent the threshold values as random 

variates with each time step to incorporate the inherent randomness of the memristor with 

each incremental voltage load. It is broadly accepted that the internal mechanisms of 

memristors are quite complex and exhibit a stochastic behavior due to the many forces 

acting upon defects and electrons within the insulative device. There also exists 

randomness in electrons available within the electrodes, further complicating any 

deterministic approach. By varying the threshold voltages in addition to the exponential 

coefficients in the threshold equations, a wide net is cast on the potential behavior of 

memristors subject to a specific voltage sweep. The model presented with time step 

variations in threshold voltages captures such randomness and produces realistic curves. 

These curves are still based on the parameters originally defined by Yakopcic’s Memristor 

Device model in [34] . While the model allows for different variation combinations, all 

results shown hereafter were performed with time step variations in threshold voltage, and 

cycle-by-cycle variations in threshold equation exponential coefficients. Monte Carlo 

results for the memristor with applied voltage sweep discussed above are shown in Figure 

22. The distributions for the exponential coefficients (top two charts) and threshold 

voltages (bottom two charts) are presented in Figure 23. 

The I-V operating envelope is quite similar to that of the memristive system in 

which only threshold voltages are varied on a cycle-by-cycle basis. However, there exist 

deviations within the switching region that more closely resemble the randomness like the 

data found in the data produced by Zaman et al. [29] shown above in Chapter 4. This is 

auxiliary for addressing the randomness that occurs in any given memristor at any change 

in voltage. This is especially true within the voltage range where resistive switching could 
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occur. The variations in the I-V curve are light and sometimes barely noticeable. However, 

their effect on the system throughout the switching process could be profound when it 

comes to physical application.  

Further evidence to the effectiveness of this model is provided when applying the 

Monte Carlo simulations to the specific memristors and corresponding voltage sweeps 

reported in Yakopcic et al [34] . Each of the cases below show the hysteretic behavior when 

the voltage threshold is varied with mean values defined by the deterministic 𝑉𝑝, 

𝑉𝑛 , 𝐴𝑝, and 𝐴𝑛 variables given in the model. The standard deviations of each are limited. 

Thus, unrealistic threshold voltages and exponential coefficient combinations are not 

accepted. Comparable to the process above, the distributions of each varied parameter are 

given according to either the lognormal distribution fit for threshold voltages, or a Gaussian 

distribution fit for the exponential coefficients.  

 

Figure 22. Operating envelope for memristive device with time step variations in 

threshold voltage and cycle-by-cycle variations in exponential coefficients.  
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Figure 23. (Top) Distributions for Gaussian cycle-by-cycle variations in 𝑨𝒑  and 𝑨𝒏 

and (bottom) distributions for lognormal time step-by-time step variations in 𝑽𝒑 and 

𝑽𝒏 for comparison with data in [81] . 

 Yakopcic et al. fit their model to the experimental data reported by Oblea et al. [81]  

with the specific voltage sweep inset in Figure 24. The Monte Carlo simulations produced 

the operating envelope according to the distribution of parameters shown in Figure 25. The 



61 

 

model presented provides a realistic approximation of the memristor’s behavior given the 

unique I-V profile represented by the blue curve in Figure 24. The model was adjusted 

slightly to provide a more refined set of points for solving the differential equation for the 

state variable. Originally the abrupt changes in voltage were not captured. This is one 

drawback to the presented model. However, it is relatively obvious to change according to 

the bias profile that is given to the model.  

 

Figure 24. Operating envelope for the variations 𝑽𝒑, 𝑽𝒏, 𝑨𝒑,  and 𝑨𝒏 for the Yakopcic 

model when compared to data in Oblea et al. [81] . The voltage sweep used is inset. 

 The distributions of varied parameters are shown below in Figure 25. Clearly, the 

distributions used to simulate both sets of parameters are acceptable because the model did 

not have to discard a significant number of random deviates that caused nonphysical 

systems. With time step variations in the threshold voltages, a large ensemble of acceptable 

values was created according to the parameters input to the system. A larger ensemble 
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allowed for a more accurate representation of the mean and standard deviation of the 

random variates which are presented below. The comparison of this model to the data of 

Oblea et al. shows the versatility of this model with values of large values in 𝐴𝑝 and 𝐴𝑛 for 

the memristor model and abrupt changes in voltage. The values are introduced to the model 

as 4000 with a standard deviation of 1333, much larger than that of the parameters in [80] 

above. The model poses no particular challenges in modeling the behavior of the memristor 

with variations of this magnitude.  

 

Figure 25. (Top) Distributions for Gaussian cycle-by-cycle variations in 𝑨𝒑 and 𝑨𝒏   

and (bottom) distributions for lognormal time step-by-time step variations in 𝑽𝒑 and 

𝑽𝒏  for comparison with data in [81]. 
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 Another set of data to implement the model against is that of Snider [82] Monte 

Carlo simulations were performed on the parameters listed by Yakopcic et al. when 

matching the data produced in [82] As shown in Figure 26, variations in 𝑉𝑝, 𝑉𝑛, 𝐴𝑝 and 

𝐴𝑛 produce variations that are up to an order of magnitude greater than that of the 

deterministic model shown by the blue curve. The distributions of varied parameters are 

shown in Figure 27 and are closely fit with Gaussian and lognormal curves. Note that the 

current in the deterministic I-V curve in this model is approximately 3 orders of magnitude 

larger than that originally presented in Yakopcic et al., although the same parameters and 

voltage sweep values were used to calculate the response. The same method was followed 

in this simulation as the rest of the cases. 

 

Figure 26. Operating envelope of model comparing against data reported in [82] . 
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Figure 27. (Top) Distributions for Gaussian cycle-by-cycle variations in 𝑨𝒑 and 𝑨𝒏 

and (bottom) distributions for lognormal time step-by-time step variations in 𝑽𝒑 and 

𝑽𝒏 for comparison with data in [82] . 

 One final set of data relating to randomness and compared to the deterministic I-V 

curve was that of Oblea et al. [81] . The voltage sweep obeyed a sinusoidal voltage sweep 

and different memristive device properties. Results of the Monte Carlo simulations are 
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given in Figure 28. For the majority of the simulations the operating envelope is contained 

to values near the deterministic curve, however, specific variations in the threshold 

equation parameters cause more notable changes in current values above what is normally 

found. This shows that although it is a comparatively rare situation for the memristor, it is 

still possible given the values input to the model shown below in Figure 28. 

 

Figure 28. Operating envelope for model when compared to second dataset in Oblea 

et al. [81] . The voltage sweep is inset. 
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Figure 29. (Top) Distributions for Gaussian cycle-by-cycle variations in 𝑨𝒑 and 𝑨𝒏 

and (bottom) distributions for lognormal time step-by-time step variations in 𝑽𝒑 and 

𝑽𝒏 for comparison with data in [81] .  
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Four distinct cases were presented above with various memristive parameters and 

distribution values. Table 4 show the comparison of the distribution values of variables 

used the Monte Carlo simulations. The distribution parameters input in the model (initial 

values) are compared to the values according to the distribution fitting algorithm of the 500 

Monte Carlo simulations in the model (final values).  

Table 4. Positive Threshold Voltage Distribution Parameters 

  Case 1 [80]  Case 2 [81]  Case 3 [82]  Case 4 [81]  

Initial 

Value 

𝜇𝑝 0.1823 -1.8326 -0.1054 -1.8326 

𝜎𝑝 0.4000 0.0533 0.0300 0.0533 

Final 

Value 

𝜇𝑝 -0.1262 -1.8472 -1.8342 -1.8344 

𝜎𝑝 0.2623 0.04866 0.05308 0.05295 

 

Table 5. Negative Threshold Voltage Distribution Parameters 

  Case 1 [80]  Case 2 [81]  Case 3 [82]  Case 4 [81]  

Initial 

Value 

𝜇𝑝 -0.5108 -1.8971 -1.6094 -1.8971 

𝜎𝑝 0.2000 0.0500 0.0667 0.0500 

Final 

Value 

𝜇𝑝 -0.5432 -1.9002 -1.8974 -1.8977 

𝜎𝑝 0.1827 0.0495 0.04995 0.04997 
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Table 6. Positive Exponential Coefficient Distribution Parameters 

  Case 1 [80]  Case 2 [81]  Case 3 [82]  Case 4 [81]  

Initial 

Value 

𝜇𝑝 5 4000 0.1 4000 

𝜎𝑝 1.67 1133.33 0.0333 1133.33 

Final 

Value 

𝜇𝑝 5.0294 4056.5885 0.0992 4038.8495 

𝜎𝑝 1.667 1171.1165 0.0334 1133.7482 

 

Table 7. Negative Exponential Coefficient Distribution Parameters 

  Case 1 [80]  Case 2 [81]  Case 3 [82]  Case 4 [81]  

Initial 

Value 

𝜇𝑝 30 4000 10 4000 

𝜎𝑝 10 1133.33 3.33 1133.33 

Final 

Value 

𝜇𝑝 30.1505 4083.1042 10.1284 4026.8131 

𝜎𝑝 10.4201 1093.4598 3.2941 1061.4355 

 

Overall, it is evident that the proposed model yields variation in the parameters with 

high accuracy. The only instance in which there is a significant difference is that of the 

mean positive threshold voltage for Case 1. This difference can also be seen in the curve 

fit of the distribution in Figure 23. Deviation in values could be due to the deterministic 

value existing on the high end of potential values while the bulk of the positive threshold 

values are lower. Even with the difference in the mean the model proves that it can yield 

viable values and capture the behavior of the memristor based on the initial guess of the 

user.  
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5.3 Stochastic VTEAM Model 

The VTEAM model was originally compared only to other existing models and 

never to experimental data necessarily. However, Monte Carlo simulations were run using 

voltage sweeps of those reported in Kvatinsky et al [35] . Randomness was introduced in 

the threshold voltages 𝑉𝑜𝑛 and 𝑉𝑜𝑓𝑓 in addition to the state variable change coefficient 

𝑘𝑜𝑛 and 𝑘𝑜𝑓𝑓. The results of one Monte Carlo ensemble are shown in Figure 30. Much like 

the model discussed in Section 5.2, the threshold voltages were modeled using a lognormal 

distribution and varied at each time step. The 𝑉𝑜𝑛 values were converted to positive values 

when sampling from the lognormal distribution, and the results were then converted back 

to negative values for implementation in the model. The state variable change coefficients 

were sampled from a Gaussian distribution.  

The results of Figure 30 show less variation in memristor performance outside the 

switching region when compared to the model developed by Yakopcic et al. Both are run 

according to the same voltage sweep and produce similar deterministic curves reported in 

Kvatinsky et al [35] While the VTEAM model performs well at matching other curves, it 

is more conservative with its predictions of variation in I-V curves than its matching 

counterpart as is obvious comparing Figure 30 to Figure 28. The VTEAM model relies on 

the change in state variable differential equation. However, it is not as complex as the 

Yakopcic model unless the user physically defines a new window function, and perhaps a 

nonlinear ion drift model. As noted by Kvatinsky, for the comparison simulations a simple 

ideal window function is used. The VTEAM threshold function itself only contains a linear 

coefficient, a threshold voltage, and a power parameter as compared to the Yakopcic et al 

model which has exponentials that contain three parameters on its own and a built-in 
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window function. This is likely a reason for less variation when randomness is applied to 

the VTEAM model. 

 

Figure 30. Operating envelope of VTEAM model with variation in threshold 

voltages and state variable change coefficients. The blue line represents the 

deterministic curve while the gray lines show variation, the voltage sweep is taken 

from [34] . 
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Figure 31. (Top) Distributions for Gaussian cycle-by-cycle variations in 𝒌𝒐𝒇𝒇 and 

𝒌𝒐𝒏 and (Bottom) distributions for lognormal time step-by-time step variations 

in𝑽𝒐𝒇𝒇 and 𝑽𝒐𝒏  for VTEAM model comparing to Yakopcic et al. model [34] . 

 Next, the stochastic VTEAM model was compared to the BCM model created by 

Corinto and Ascoli [42] . A similar approach was taken with matching the data produced 
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by Corinto and Ascoli by assuming a linear current-voltage relationship and using an ideal 

rectangular window function. Adopting the optimized parameters given by Kvatinsky et 

al., variations were again introduced to the threshold equation. The I-V curves of the Monte 

Carlo simulations are shown in Figure 32. A much larger voltage sweep was incorporated 

to this model and a significant asymmetry was present in the memristor’s switching 

voltages. The negative switching voltage was determined to be approximately -3.5V, 

leading to a large lobe in the memristive curve as shown below. The switching between 

resistance states is quite rapid as shown by the sharp increase in magnitude of current. 

Figure 33 shows the distributions and curve fits of the parameters varied in the Monte Carlo 

simulations. 

 

Figure 32. Operating envelope of VTEAM model compared to BCM [42] with 

variation in threshold voltages and state variable change coefficients. 
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Figure 33. (Top) Distributions for Gaussian cycle-by-cycle variations in 𝒌𝒐𝒇𝒇 and 

𝒌𝒐𝒏 and (Bottom) distributions for lognormal time step-by-time step variations in 

𝑽𝒐𝒇𝒇 and 𝑽𝒐𝒏  for VTEAM model comparing to BCM data [42] . 
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The distributions of varied parameters in the VTEAM based simulations agree well 

with the input distribution parameters except for the “on” threshold voltage, 𝑉𝑜𝑛, when 

adapting the model to the BCM data. As seen in Figure 33 the lognormal distribution curve 

fit deviates well from the histogram of reported values. A large voltage sweep was applied 

to the memristor and the “on” threshold voltage was significantly higher than in other cases 

studied, which could be a point of weakness for the model presented herein. When looking 

at the effect caused on the operating envelope, it causes an underprediction of sorts. The 

memristor is predicted to switch at a lower threshold voltage than the deterministic model 

for nearly every case. This issue is not the case, however, for the same variable when 

compared to the Yakopcic et al. model. Table 8 shows the comparison of distribution 

parameters for the first VTEAM case while Table 9 shows the parameters for the second 

case. While the tests performed in this thesis may seem limited, the potential of VTEAM 

is great as it allows for adaptability to many different threshold voltage-based memristive 

systems with varying current-voltage relationships. The inclusion of the stochastic nature 

introduced here increases only the generalizability of the model when predicting the 

physical behavior of specific memristive devices.  

Table 8. Distribution Parameters for Case 1 of VTEAM Model 

  𝑽𝒐𝒇𝒇 −𝑽𝒐𝒏 𝒌𝒐𝒇𝒇 𝒌𝒐𝒏 

Initial 

Value 

𝝁𝒑 -1.8326 -1.8971 2490 -220000 

𝝈𝒑 0.0533 0.0500 830 73333 

Final 

Value 

𝝁𝒑 -1.8331 -1.8972 2456.69 -220672 

𝝈𝒑 0.0531 0.0500 864.635 69239 
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Table 9. Distribution Parameters for Case 2 of VTEAM Model 

  𝑽𝒐𝒇𝒇 −𝑽𝒐𝒏 𝒌𝒐𝒇𝒇 𝒌𝒐𝒏 

Initial 

Value 

𝝁𝒑 -1.8971 1.2528 0.5460 -73.4000 

𝝈𝒑 0.0500 1.1667 0.1820 24.4667 

Final 

Value 

𝝁𝒑 -1.8989 0.2155 0.5469 -73.1193 

𝝈𝒑 0.04948 0.6841 0.1872 24.7554 

 

5.3.1 Bivariate Distribution 

Kim and Nili et al. conducted 64x64 passive memristor device crossbar arrays 

featuring Al2O3/TiO2-x insulating layers [78] . Findings revealed that the devices showed 

similar magnitude of set and reset voltages (threshold voltages) and similar magnitude 

switching currents. Experimental data were used to target switching thresholds which were 

then plotted on the same histogram. Authors reported devices with mean set and reset 

threshold voltages of 1.19V and -1.39V with standard deviations of 0.31V and 0.37V, 

respectively [78] . An important finding noted by the authors is that there is significant 

correlation between set and reset voltages. This means that memristive devices with a 

higher set voltage will very likely reset at a higher voltage as well. There is some 

relationship between the two threshold voltages, however as they are both considered to be 

independent random variables, they must be taken from separate distributions. A tool 

developed in this model uses the distributions produced in the Monte Carlo simulations 

and applies them to develop a bivariate Gaussian or lognormal distribution. The choice on 
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the distribution used prior and leads to prediction of the probability of the exact occurrence 

of both threshold voltages occurring in the device. Once the realizations have been 

produced, and the mean and standard deviation values have been obtained, a bivariate 

lognormal distribution is created according to Eq. 26 [83] ,[84] . In this case, 𝑉𝑝 and 𝑉𝑛 are 

the input threshold voltages and 𝜎𝑣𝑝  and 𝜎𝑣𝑛  are the standard deviations of the positive and 

negative threshold voltages, respectively. 𝜇𝑝 and 𝜇𝑛 are the mean and standard deviations 

for the two threshold voltage distributions and 𝜌 is the correlation coefficient of 𝑉𝑝 and 𝑉𝑛.  

Figure 34 shows an example of this is given below for a random example of lognormally 

distributed threshold values Monte Carlo simulations. The specific probability density is  

𝑓(𝑉𝑝, 𝑉𝑛) =
1

2𝜋𝑉𝑝𝑉𝑛𝜎𝑉𝑝𝜎𝑉𝑛√1 − 𝜌
2

∗ exp (−
1

2(1 − 𝜌2)

∗ (
(ln (𝑉𝑝) − 𝜇𝑝)

2

𝜎𝑉𝑝
2 +

(ln (𝑉𝑛) − 𝜇𝑛)
2

𝜎𝑉𝑛
2 −

2𝜌(ln (𝑉𝑝) − 𝜇1)(ln (𝑉𝑛) − 𝜇𝑛)

𝜎𝑉𝑝𝜎𝑉𝑛
))    . 

(26) 

 

The bivariate distribution could be useful for experimentalists in matching the probability 

that two specific thresholds are achieved for one specific memristor that has been 

developed and tested. This is only the case, however, if it is found that there is a correlation 

between the two threshold values. If not, their probabilities must be taken from individual 

distributions. A bivariate Gaussian distribution can also be created for the other parameters 

varied in the tests like the exponential coefficients 𝐴𝑝 and 𝐴𝑛.  



77 

 

 

Figure 34. Bivariate lognormal distribution for characterizing probability that a 

memristor has a given positive and negative threshold. 

5.4 Stochastic ETAT Model  

 The equations used in Yu et al. [49] and Zaman et al. [29] set a foundation for 

matching the switching process in bipolar memristive devices. While the current was 

ultimately based on a transmission probability and electron distribution, all values used 

were defined by the user and do not account for any variation inherent between fabricated 

memristors. In this thesis randomness was introduced in the model by using random 

samples of defect distance, 𝑑, and trap density, 𝑁𝑑. These two parameters were chosen due 

to their reliance on the fabrication process and purity of the material used.  

 Two different distributions were used in the Monte Carlo simulations, a lognormal 

distribution and a Weibull distribution. The lognormal distribution was chosen because 

both parameters are always positive, while the Weibull distribution was chosen as it is 

usually more accurate for narrow particle size distributions [85] . In this case the defect 



78 

 

distance can only obtain a certain distance before elastic trap assisted tunneling cannot 

occur for a given applied voltage bias. This is apparent in the WKB approximation and 

Fermi Dirac Distribution functions.  

 The model presented uses an arbitrary set of values that are similar to those used 

by Yu et al. The values for the lognormal distributions are the deterministic values 

presented in [49] with 𝑑 = 1.1nm and 𝑁𝑑 = 10
17cm-3 for the defect distance and defect 

density, respectively. The standard deviations used initially were values that ensured no 

unrealistic situations would arise. The results and operating envelope for the memristor 

presented later assume a deep trap energy, 𝐸𝑡, of 1.77 eV and a barrier energy, 𝐸𝑏, of 1.9 

eV. The electric field is assumed to be caused by two flat plates separated by a distance of 

10nm.  

 To the author’s best knowledge there have been no studies conducted that explore 

the distribution of defect distance and defect distribution using a Weibull model. The 

parameters mentioned in Chapter 2 were chosen based on values used in Esteva [70] and 

Elsbernd [86] and then scaled down to provide realistic values for defect distances within 

the height of the insulative material. To further determine which values are acceptable, the 

user must define a minimum current value for the switching region based on the applied 

voltage bias. The user also has the ability to determine a minimum change in current over 

the voltage sweep. This further adds to the flexibility of the model proposed by allowing 

the user to search for a range of usable defect distances that will match the required 

memristor performance or geometrical limitations. Imposing the limits also restricts 

variants to produce realistic hysteretic behavior. Figure 35 shows the effects of varying 

only the defect distance with a required minimum current of 400𝜇𝐴 and minimum current 
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change of twice the starting current value. The original values used for the Weibull 

distribution were 𝜆 = 1.1 and 𝑘 = 25. The results of 500 simulations of acceptable values 

of 𝑑 are shown in Figure 36. One notable limitation of the model presented by Yu et al. 

and Zaman et al. is that there is a certain region where the assumed dielectric breakdown 

is not possible and therefore the model is not necessarily valid. This can be seen in Figure 

35 where the current value for a low voltage is relatively high and if extrapolated to zero 

voltage, the current itself would not be zero. This violates the properties of a memristor 

and must be taken into account. Zaman et al. addressed this by postulating that the current-

voltage relationship outside of the switching region is Ohmic for the lithium niobate bilayer 

memristor, meaning it can be represented by a linear trend [29] . There is much less 

variation in behavior within this region as compared to the switching region.  

Intuitively it makes sense that the largest possible defect distance would produce 

the lowest overall current and largest resistance (green line in Figure 35). This is due to the 

fact that the electrons would need a large amount of energy to tunnel from the electron to 

the defect in comparison to smaller defect distances. A quite small defect distance would 

therefore need minimal energy to tunnel to the defect and a low resistance state would 

likely be achieved early as shown by the large initial current for the red line in Figure 35. 
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Figure 35. Operating envelope for an ETAT-based memristive device with curves 

representing maximum and minimum variations. 

 There are three distinct responses of the memristor based on the defect distance and 

these can also be shown by the green, blue, and red lines in Figure 35. For a low defect 

distance, it seems as though there is a linear trend that exists between the voltage and 

current throughout the region. Therefore, there is likely an ohmic response of the 

memristive device up to a certain maximum defect distance. For larger defect distances the 

response of the memristive system shows an asymptotic behavior of current reached at 

higher voltages. This indicates that even with the user-defined minimum current the 

memristive device does not fully reach the low resistance state as it does with the conditions 

imposed by the blue line. This situation clearly shows a rapid, exponential increase in 

current which matches the behavior of typical memristive devices. Thus, although there 

 



81 

 

are already limiting effects created to focus on realistic defect distance values, the model 

shows how devices can be affected by too small or too large of defect distances.  

Figure 36. Defect distance values from Monte Carlo simulations fit to a Weibull and 

uniform distribution. 

 As mentioned above, the random defect distances were originally sampled from a 

Weibull distribution due to the notion that there would be a minimum distance that would 

be prevalent and a sharp decrease after a certain value. The PDFs created from Monte Carlo 

simulations such as that shown in Figure 36 above reveal that a uniform distribution may 

better represent the viable defect distances that exist within the specific memristive device. 

From a physical standpoint this is reasonable as it is possible that defects can be randomly 

created within any portion of the insulative material. The model created filters which defect 

distances are compatible with resistive switching within the memristive device given the 

random defects. It is suggested that the defect distances are further sampled from a uniform 

distribution when it is the only parameter. Otherwise, a Weibull distribution should be used 

until further studies are conducted.  
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 The effects of varying defect density, or rather total defect number after 

multiplication by the volume of the memristor, are shown below. Randomness in the total 

defects was initially incorporated according to a lognormal distribution as mentioned 

earlier because the defect density values are always positive and are large in magnitude. 

One ensemble of 500 simulated I-V curves within the switching region are shown in Figure 

37 below. The current in the I-V curves vary greater in magnitude when compared to the 

defect distance variation only. One solution to this problem is to limit the current that the 

memristor can achieve, which is usually done in practice via a compliance current. The 

compliance current would be user-defined and would further create a window of possible 

defect density values that the memristor could contain. The distribution of total defect 

values with the lower and upper current limits of 400𝜇𝐴 and 5𝑚𝐴, respectively, is shown 

in Figure 38. 
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Figure 37. Operating envelope of memristor with variation in the total defect number 

only with baseline, minimum, and maximum variate curves highlighted.  

The operating envelope shown in Figure 37 is bounded by the I-V curves containing 

the maximum and minimum total defect count. Intuitively it makes sense that the lowest 

current response to the same voltage sweep should be the lowest with the least number of 

defects in the system for electrons to tunnel to. Alternatively, a maximum number of 

defects within the memristor should lead to the largest possible current and most rapid 

increase to the ON state. Unlike the different responses mentioned for the data in Figure 

35, all I-V relationships in Figure 37 follow the same trend. The rate of increase in current 

is changed based on the magnitude of the total defect count with a higher 𝑁𝑑 producing a 

more rapid increase in current, while a lower 𝑁𝑑 having the opposite effect.  
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Figure 38. Total defect values represented by a lognormal distribution with a 

Weibull best fit line shown for comparison. 

 The distribution of viable total defect counts can be best represented by a lognormal 

distribution as shown in Figure 38 above. Although a Weibull distribution seems relatively 

similar in this case, the lognormal fit seems to be ideal for representing the ensemble of 

total defect values. It is likely that the total defect count within a memristor would have a 

bounded region of values for the total defect count based on a minimum to switch to the 

low resistance state. It seems equally as likely that there exists a physical maximum based 

on the geometric constraints of the memristor.  

The results of varying both total defects and defect distance within the memristor 

are shown below. Figure 39 shows the results of the total defects sampled from a lognormal 

distribution and defect distance sampled from a Weibull distribution. 500 realizations of 

the I-V curve in the switching region are shown. The computation time for varying both 

parameters according to the respective values described above was significant, on the scale 

of 2150 seconds which is an order of magnitude longer than the other ETAT simulations 
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for the same time-step-iteration combination. However, this method yields a wider range 

of possibilities for the memristive device based on the presence of the potential variations 

in the system. 

 

Figure 39. Operating envelope for variations in both defect distance and total 

defects with minimum and maximum curves for each variable. 

Monte Carlo simulation results show a significantly different general response of 

the memristive system when subject to variations in both defect distance as well as total 

defect count. Figure 39 shows the I-V curves with the maximum and minimum values of 

𝑑 and 𝑁𝑑 . The curve represented by minimum value of 𝑁𝑑 is shown in red and is the lowest 

possible I-V curve in the distribution. With a lower defect count in the system there will be 

a lower number of possible electrons tunneling to the defects. This will decrease the 
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number of electrons moving to the opposite electrode and therefore reducing the overall 

current. The other maximum and minimum values do not seem to lead toward a certain 

trend within the memristor, likely because the combination of the two random variables 

makes the response unpredictable. In this particular example, the maximum defect distance 

and maximum total defect count are represented by the same curve, revealing the 

dominance of defect distance on the current produced by the memristive device. Although 

there are no dominant trends to be discerned, the model still yields a realistic operating 

envelope for the behavior of the memristor subject to some geometric and user defined 

constraints.  

Defect distance and total defect distributions for the Monte Carlo simulations above 

are shown below in Figure 40 and Figure 41, respectively. The defect distance distribution 

shows to be best correlated with a Weibull distribution when compared against a uniform 

and lognormal distribution. This is slightly different from the results gathered in 

simulations when only defect distance was varied which suggested the defect distance 

could be uniformly distributed within the insulative layer. The total defect count aligns 

more closely with a lognormal distribution, similar to the results of the simulations in which 

only total defect count was varied. The distribution parameters for both the defect distance 

and total distribution count are given in Table 10.  

Table 10. Distribution Parameters for ETAT Monte Carlo Simulations 

 Parameters 

Defect Distance, 𝒅 𝜆 = 4.1430 𝑘 =2.0337 

Total Defect Count. 𝑵𝒅 𝜇 = 4.0283 𝜎 = 0.0231 
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Figure 40. The random defect distance distribution closely matches a Weibull 

distribution with λ=4.1430 and k= 2.0337 when combined with variations in total 

defect count. 

 

Figure 41. When combined with variations in defect distance, the total defect 

distribution more closely matches a lognormal distribution with μ=4.0283 and 

σ=0.0231. 
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 The model created allows the user to choose many different combinations of 

variations in a memristive system. For inherent variations in defect distance and total defect 

count within the memristor, it is apparent that two variables are best represented by 

sampling from a Weibull distribution for defect distance and a lognormal distribution for 

the total defect count.  
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Chapter 6 

Concluding Remarks 

The promising electrical properties of memristive systems and their resistive 

switching behavior are driving the extensive research efforts focused on implementing 

these devices in tomorrow’s technology. While many different mechanisms of resistive 

switching have been discovered since the first physical model was introduced, filamentary 

and nonfilamentary OxRAM devices are at the forefront of research efforts due to their 

relative ease and low cost of manufacturing. Experimental tests must be further conducted. 

The model presented in this thesis has addressed the need for a versatile and accurate 

method of predicting the inherent stochastic behavior of memristive devices.  

The model presented has used Monte Carlo simulations in conjunction with 

proposed phenomenological and physics-based probabilistic models to characterize the 

behavior of different memristive systems. Monte Carlo simulations methodically 

introduced randomness to memristive systems where devices have been previously 

postulated to exhibit variations. The randomness has been included in the 

phenomenological and probabilistic models which were then utilized to characterize the 

behavior of a specific memristive device. The results of this algorithm were then gathered 

which led to an estimation of the performance envelope of the specific memristive system. 
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It was shown that utilizing simple electrical relationships, the power used, and total energy 

consumed could be estimated, providing important data that could be included when 

incorporated a memristor within some technological device.  

This model has some primary advantages. First, it is an extremely fast and flexible 

representation of the complex internal mechanisms within memristors. No partial 

differential equations needed to be solved simultaneously to calculate the behavior of 

memristors at each time step. This would take a significant amount of time for every 

voltage cycle applied to each different memristive system. In addition, variation introduced 

in each cycle or time step would require a new iteration of the calculations for each new 

parameter. In this model, a simple first-order differential equation needs to be solved and 

variation in data can be easily implemented. This affords great flexibility to the prediction 

of memristive behavior. 

The second advantage to this model is the ability to readily perform parametric 

analysis of various memristive systems. As was mentioned prior, for the multiple 

threshold-based models and probabilistic-based model there exist many input parameters 

that can be controlled or randomly varied if desired. This provides an excellent option to 

explore the impact that different parameters or combinations of parameters have on the 

behavior of the memristive device. While some parameters are simply assumed to be 

constant values, others relate more to physical parameters and therefore can be more easily 

changed based on the geometrical configuration of a memristive device.  

A third advantage to the work presented in this thesis is the ability to present 

visualizations of the behavior of memristors. Given a specific dataset or distribution of 

threshold values allows for generation of the bounds of current-voltage and resistances 
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experienced by the memristor for a specific voltage sweep or cycle of voltage sweeps. A 

probabilistic representation can also be generated by creating a bivariate distribution or a 

mixed bimodal distribution of the various randomized parameters. After the I-V 

relationship has been calculated, the power of the system and energy consumed for a given 

time history can be calculated and presented in a straightforward manner using the I-V 

curves and electrical relationships.  

The final main advantage of the model in this thesis is the ability to characterize 

the current-voltage relationship of a vast array of memristive systems. If the current-voltage 

relationship is already known or can be estimated based on experimental data, it is quite 

easy to generate hysteretic curves that will closely match the experimental data and include 

an operating envelope of its behavior. This was the intent with the original models created 

by Yakopcic et al. and Kvatinsky et al. and modified to capture variations in data that are 

inherent in memristors as seen in the study performed by Zaman et al. Probabilistic models 

can also be adjusted to incorporate different memristive devices and randomness in a 

variety of parameters. It is suggested that the variations in threshold voltage values be 

included in a time step-by-time step manner to incorporate complex internal changes within 

the memristor after a new voltage is applied.  

In conclusion, the advantages and characteristics of this Monte Carlo-based 

simulation method have provided a greater understanding of how variations in memristive 

systems impact the overall performance and behavior of memristors. Randomness applied 

to voltage thresholds and exponential parameters in the phenomenological models have 

allowed for characterization of an operating window for any system input. The variations 

in defect density and defect distance have been explored and have allowed for prediction 
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of the behavior of similar memristive devices that rely on elastic trap assisted tunneling as 

the primary conduction mechanism.  

 There are several options for future research related to the work conducted in this 

thesis. The first avenue to explore is to create an in-house program or outsourcing to 

programs like COMSOL which models oxygen vacancy generation/recombination with 

inherent randomness included and uses this as a predictor model of filament formation in 

filamentary models. This could even be extended to a dynamic study of the internal 

mechanism of the memristive devices. The inherent randomness in the memristive systems 

presented herein could be represented by stochastic processes instead of simply stochastic 

variables. Another potential point of investigation could be determining the effects of 

temperature on various memristive devices and how these local variations in temperature 

could potentially contribute to the stochastic nature of resistive switching in different 

memristive devices. A fatigue model that characterizes or even predicts the gradual wear 

and failure of memristive devices would have a large impact on the field of predicting the 

behavior and lifespan of memristors. Lastly, stochastic effects could be included in a 

crossbar array to characterize the performance of memristors in a circuit setting. There has 

been significant of research conducted on 20x20 and larger crossbar arrays of memristive 

devices that show unswitchable responses of seemingly random memristors within the 

network [78] ,[87] . An attempt could be made to characterize this and implement the 

design into a neuromorphic computing model.
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