


ABSTRACT

Physical models for collective cell migration

by

Yanjun Yang

Collective cell migration is crucial for many physiological processes in both devel-

opment and repair of multicellular organisms, such as embryonic development, wound

healing, and metastasis formation. These processes often involve complex mechanical

and biochemical interactions between cells and their environment, making the under-

lying mechanisms very hard to understand. For example, the role of the actomyosin

cable during a wound healing, the origin of fingering protrusions at the leading front

of an epithelial sheet etc. have been debated for a long time. Yet, despite many

experimental observations, a unified theory remains to be developed. Here, we pro-

vide an advanced particle-based model that includes purse-string contraction, leader

cells and other biophysical properties of Madin-Darby canine kidney (MDCK) cells

to study these complex processes. This model not only captures the details of the

dynamics especially the traction force patterns and velocity profiles in many different

systems but also predicts new phenomena such as an intermediate phenotype between

the leader and the followers in fingering protrusions. In parallel, we develop an active

fluid model to analyze the interface stability, which provides a fundamental physics

view for this phenomenon. In summary, this work provides a general framework to

study different phenomena and their mechanisms in collective cell migration and it

could serve as a guide for related experimental works.
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Chapter 1

Introduction

1.1 Motivation

Cells are basic building blocks for biological organisms and their migration plays an

essential role in these systems. In many scenarios, cells move collectively instead of

moving as single entities. Collective cellular migration is central to many physiological

process in multicellular organisms, including embryonic development, wound healing,

and metastasis formation. The mechanisms for this collective cellular migration are

complex, involving mechanical and biochemical interactions between cells and their

environment. Depending on the biochemical and mechanical environment as well

as specific biological context, collective migration may involve different mechanisms

(examples shown in Figure 1.1). In this chapter, we introduce basic mechanical models

for collective cell migration.

Single-cell movement is the simplest form of cell migration. In vivo, two typical

types of single-cell movements discussed are amoeboid movement and mesenchymal

movement. Such single-cell movements result from weak or unstable intercellular

junctions and occur under certain extracellular tissue conditions. On the other hand,

in collective cellular migration, stronger intercellular interactions exist at mechanical

and/or biochemical levels [8]. What migration mode a cell adopts is controlled by

both local and global mechanical and biochemical signals and their complex crosstalk.

So far, the mechanical and biochemical aspects of cell migration have mostly been



2

Figure 1.1 : Examples for collective cell migration. (Adapted from Scarpa and Mayor
2016, figure 1 [1])
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studied independently, both in experiments and computational modeling. However,

to accurately decipher the mechanism for collective cell migration, we need to consider

them in an integrated fashion. For example, in collective to individual transitions,

biochemical signals change the mechanical properties of the cells, while, on the other

hand, the change in mechanical properties feeds back to the biochemical signaling. In

these transitions, mechanical properties change, such as a down-regulation of adherens

junctions formation [9]. These changes are often related to biochemical signals such

as Rac, Rho, Integrin etc., and they, in turn, often induce changes in mechanical

properties.

1.2 Brief review of common mechanical models

Modeling both mechanical and biochemical aspects coupled together is quite complex

and there are only a few examples of this type of complete treatment. Therefore, we

start with several purely mechanical models. These models simulate the migration

modes and force patterns based on the mechanical properties including forces within

and among cells, interactions between cells and extracellular matrix. It is worth

remembering that a good model should only contain necessary factors or parameters;

it should not be too complex trying to simulate everything, thus leading to overfitting

and reducing the confidence in the ability of the model to predict novel behaviors. In

other words, we should create a model capturing the key factors for the phenomena

that we are interested in and consider their relationships. In a model for collective

cell migration, we need to decide how and to what degree to specify the following key

elements: 1) the motility of single cells within the collective, 2) the cell shape and

intercellular interactions, 3) the mechanism for a cell to choose its moving direction,

4) potential biochemical signaling [10]. Here, we discuss various frameworks that have
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been adopted to model collective cell behavior.

1.2.1 Agent-based models

An agent-based model is the simplest scheme for representing collective cell migration,

where every cell is treated as a single particle (Figure 1.2A). In this type of model,

intercellular interactions can be incorporated in a simple manner, while still being able

to capture some macroscopic features. Usually, we can treat the cell-cell adhesion

and cell-cell volume exclusion as an attraction or repulsion force between agents.

For cell-substrate interaction and other cell-cell interactions, we can treat them as

friction that a cell faces during migration. To obtain collective movement from this

approach, usually a Vicsek-like model is adopted [11]. That is, it is assumed that

collective motion is due to alignment of the self-propulsion among the agents in this

model, taking place via a variety of mechanisms such as cell-cell alignment, velocity

alignment etc. In the original Vicsek formulation, every agent has a self-propulsion

with a constant speed v and a changing direction of the velocity θ. At each simulation

time step, every agent i first aligns its θ with that of its neighbors, by taking the

average θ of its neighbors plus an uncertainty; then we update the position of agent i

using the new velocity. Specifically, we update the θ in Vicsek model as described in

equation (1.1),

Θi(t+∆t) = ⟨Θj⟩nearest neighbors of i + ηi(t). (1.1)

This kind of agent-based model is sufficient to capture some key features in collective

cellular motion. For example, Camley et al. studied emergent collective chemotaxis

in the absence of single-cell gradient sensing [12]. To accomplish this, they expanded

the agent-based model by introducing a chemical gradient for the cell cluster, a polar-

ity for each cell, and contact inhibition of locomotion between cells. They provided



5

a quantitative minimal model for collective chemotaxis without the need for incorpo-

rating single-cell chemotaxis. Another example of agent-based model in the context

of collective migration aimed to explain the emergence of finger-like protrusion at

wound frontiers [13]. Here, an Ornstein-Uhlenbeck process was to drive the cell, a

linear damping term to simulate the adhesive contacts or friction with the substrate,

cell-cell interactions and a velocity alignment with each cell’s nearest neighbors. Aside

from these basic settings, by assigning leader cells which moves faster at the front

edge of the wound, they successfully reproduced the finger-like protrusions observed

experimentally [7, 14–16]. In particular, the velocity alignment gives rise to a velocity

gradient from the leading front to the back end of the cellular sheet. This velocity gra-

dient induces the instability at the wound front and forms the “fingers”. This model is

highly adaptable in which we can easily include additional intercellular features, such

as contact inhibition of locomotion, different kind of intercellular forces based on cell

type or position etc. For example, in this model, a contour force at the wound edge

can be added [17], that can empirically simulate long distance intercellular tensions

on the wound rim.

1.2.2 Sub-cellular-element model

With only one point-particle to represent a cell, the agent-based approach can some-

times be too simple. The most significant drawback of this model is that it cannot

take into account detailed intracellular features including actin-myosin contractions,

cell morphology, cell division etc. To resolve this issue, one can turn to a subcellular-

element model, where each cell is represented by several subcellular-elements [18, 19].

In the subcellular-element model, in addition to everything included in the agent-

based model, other factors such as intracellular contractility, cell polarization, cell
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size, and cell division can be included as well. The simplest subcellular-element

model is the two-subcellular-element model, where two subcellular-elements are used

to represent a cell, one for the front end and another one for the back end [20] (Figure

1.2B).

This two-particle-based model can be validated by experiments in several ways.

For example, we can experimentally measure the morphology of the collective cell

culture, the position and velocity of the cells, and the traction force between cells and

the substrate. These mechanical properties can be compared with the force patterns

and velocity fields generated from the simulations of the mathematical model. For

example, using a two-subcellular-element model, we successfully deciphered the role

of the supracellular actomyosin cable around the wound [21], in the context of wound

healing. To do this, we considered a self-propelled force m which is subject to contact

inhibition of locomotion [20] for each subcellular-element, an intracellular contractive

force between two subcellular-element fcontr and an intercellular interaction between

elements from different cells frep/adh as shown in equation (1.2),

v =
1

ξ
(m+ fcontr + frep/adh). (1.2)

We updated the position for each subcellular element by a simple Euler scheme

x = vdt. The traction force can be calculated by m − ξv, where ξ is the friction

coefficient between the cell and substrate. To take into account the supracellular

actomyosin cable, we add a set of mechanical links connecting elements from cable

cells, which are defined as those cells on the wound boundary. These links form

a ring around the wound and the tension from the ring simulates the purse-string

contraction of the actomyosin ring. This simulation can successfully predict the trac-

tion force patterns during the wound healing process under different conditions. By

comparing these force patterns with both experiments and their corresponding sim-
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ulations [5, 22, 23], we successfully determined how the actomyosin ring around the

wound can contribute to the driving of this collective movement. More importantly,

we validated this strategy for modeling a supracellular actomyosin cable. This frame-

work can be applied in many other scenarios, including the intercellular cable on both

sides of fingering-like protrusions. Thus, an overall advantage of the particle-based

formulation is that it is powerful both conceptually and computationally but still

simple enough to enable us to simulate a large number of cells while being able to

reasonably mimic both intracellular and intercellular properties for each cell (more

details in Chapter 2).

B C

D E

A

minutes
121 coli 8

Figure 1.2 : Example figures for different mechanical models. A. An agent-based
model simulating an expanding cell layer (Ataped from Tarle et al. 2017 [2]). B.
A cartoon for a two-subcellular-element model. C. A cartoon for a Vertex/Voronoi
model. D. A phase field model simulating a pair of rotation cells (Adapted from
Camley et al. 2014 [3]). E. A cellular Potts model (Adapted from Albert and Schwarz
2016 [4]).
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1.2.3 Vertex/Voronoi model

The above discussed models do not specifically consider cell morphology. To better

take into consideration the cell morphology, especially for the case of epithelial cell

layers, vertex and voronoi models assume that cells can be approximated with polyg-

onal shapes (Figure 1.2C). In the vertex model, a cell is parameterized by a set of

vertices that mark the common point of three or more neighboring cells. On the other

hand, in the Voronoi model, the common borders of neighboring cells are determined

by the Voronoi construction [24], i.e. a cell is defined by its center and any point

within the region of this cell is closer to this cell’s center than any other cell?s center.

Thus, a Voronoi diagram is similar to the Wigner-Seitz-cell in solid state physics [25].

In these models, the cell shape itself, the adhesion between cells and many other

aspects related to the cell shape and boundary can be treated in a more accurate

way. To investigate the collective behavior, a term for mechanical energy for each

cell is included. This term is related to a cell’s area and perimeter, and further infor-

mation regarding cell-cell adhesion can be obtained from this energy. In addition, it

is possible to include self-propulsion and even traction force in this approach. Bi et

al. applied a self-propelled Voronoi model to demonstrate a jamming transition from

a solid-like state to a fluid-like state in a confluent tissue [26, 27]. They write down

the total energy of the system based on the area and perimeter of each cell, which

are completely determined by the positions of the center of each Voronoi cell ri. As

shown in equation (1.3),

E =
N∑
i=1

[KA(A(ri)− A0)
2 +KP (P (ri)− P0)

2]. (1.3)

Ari , Pri are the area and perimeter for cell at ri, A0, P0 are the preferred values,

and KA, KP are the area and perimeter moduli [26]. This energy corresponds to cell
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volume incompressibility, contractility of the actomyosin cortex, and cell membrane

tension and cell-cell adhesion. They show that the solid to fluid transition is only re-

lated to the single-cell moving speed, the persistence time of a cell track, and a shape

index related to the area and perimeter of the cell. Their results provide a framework

to understand this collective solid-to-liquid transition and a way to simulate cells

with a defined shape. More recently, Koride et al. combined the Vertex model with

biochemical regulation of contractility to model collective cellular migration in conflu-

ent epithelia [28]. They incorporated cell-substrate friction, cell-cell friction, passive

force and active force including contractility in the vertex model. They also included

a Rho-ROCK-myosin signaling pathway to regulate the contractility, providing an

example which combines mechanical and biochemical traits.

1.2.4 Phase field model

A phase-field model is a more elaborate construction which defines the cell boundary

based on a set of partial differential equations for the phase field ϕ [29–31] (Figure

1.2D). For a single cell, we often start with energy, including surface energy which is

proportional to the cell’s perimeter, bending energy etc. We can have the Hamiltonian

for a single cell in a form similar to equation (1.4):

H = γ

∫
d2r[

ϵ

2
|∇ϕ|2 + G(ϕ)

ϵ
] + κ

∫
d2r

1

2ϵ
[ϵ∇2ϕ− G′(ϕ)

ϵ
]2, (1.4)

where the first term is related to the cell perimeter and second term is the energy for

the curvature integrated over membrane. Such models typically apply a constraint

that the area of the cell is conserved during migration and deformation, but the

perimeter of the cell can vary. Based on this information, we can then write down

expressions for the forces in the system and establish the equation for the evolution of
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the phase field. In one popular version, the forces are generated by the cytoskeleton

acting as an active gel [32] with separate terms corresponding to polymerization and

myosin-based contraction. Within this model, we can simulate many details in a cell

such as actin dynamics, membrane bending, protrusion, focal adhesion etc.

For multiple cells, each cell is represented by a phase field ϕi. In this context, we

need to also consider intercellular interactions which can be given by an additional

term in the Hamiltonian. Using these ideas, Camley et al. studied the rotation

of a pair of mammalian cells [3] that can be experimentally observed [33]. They

investigated the effect of various cell polarity mechanisms on the rotation motion,

including contact inhibition of locomotion, alignment of position or velocity with

neighboring cells. They show that the velocity alignment promotes the persistent

rotational motion robustly. For simulation of more cells, Löber et al. provide an

alternative phase-field model can simulate hundreds of cells [34].

1.2.5 Cellular Potts model

Another methodology, called the cellular Potts model, borrows the idea of spin from

physics. This model represents each cell as the set of points on a lattice all having

the same spin, and so these N cells give rise to a N-state model (Figure 1.2E). We

evolve the system by flipping the spin value at a random site on the lattice with a

randomly chosen probability, and decide whether to accept the flipping based on the

Hamiltonian, which often needs to be minimized. The Hamiltonian often contains

adhesion energies, cell volume exclusion etc. It is determined by the configuration of

the lattice. It can be written in forms of the spin values as shown in equation (1.5),

H =
∑

i,j neighbors

Jij(1− δσ(i),σ(j)) +
∑
i

λ(Ai − Ai,0)
2. (1.5)
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According to this equation, we can flip the spin on any site and hence in principle

cells can split apart. However, if the site is located in the middle of a cell, it the

energy change will be prohibitively large and thus this flip will be rejected. We

usually use a Metropolis algorithm to update the Hamiltonian. Using this model,

we can simulate cell dynamics, including cell sorting, cell migration etc. [4, 35, 36].

Using this Cellular Potts approach, Albert and Schwarz simulated collective behavior

on adhesive micropatterns. By combining the Cellular Potts model with previous

models developed for cell mechanics, cell division, cell migration, cell-cell adhesion,

they generated a framework which can explain a large range of experiments [4].

1.3 Overview

The above mentioned mechanical models can simulate collective cellular motions.

They all have their own assumptions, characteristics, strengths and limitations; the

choice of a model should be guided by the relevant question at hand, and typically

depend on the tradeoff between what details should be included and how much re-

sources (computation and manpower) are available. We focus on the mechanical

aspects, while connecting some biochemical aspects, in this thesis.

We develop physical models to study the mechanisms and predict new phenomena

in collective cell migration. Our computational framework is described in Chapter

2. In Chapter 3, the role of the supracellular cable during wound healing is revealed

based on our model. In Chapter 4, we provide a computational approach to leader-

cell-driven epithelial sheet fingering. In Chapter 5, an active fluid model is developed

to study stability at the leading interface from a physics view. In Chapter 6, we

provide two additional examples for modeling real systems. In the last chapter, we

have a discussion and conclusion.
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Chapter 2

Computational framework

The physical models introduced in the last chapter are useful for a wide variety of

scenarios. We are especially interested in collective cell migration at the tissue level,

which is essential for many physiological processes including wound healing, tissue

morphogenesis, and tumor progression. These processes usually involve thousands of

cells. Considering the complexity of such large systems and the computational power

we obtain, we develop an advanced particle-based model to study these systems. The

starting point for this model is our recent work focused on explaining expanding and

migrating sheets of monolayer Madin-Darby canine kidney (MDCK) cells [20]. We

include purse-string contraction, leader cells, different phenotypes and many other

relevant features in this framework. As we will see in following chapters, this model

successfully accounts for many properties for MDCK cells, especially traction force

patterns and cellular dynamics. More important, we provide a general framework

which is very easy to adapt to many different scenarios and systems. In this chapter,

we present our computational framework.

2.1 Basic model

2.1.1 Key mechanisms

In general, a variety of methods can be used to describe the collective motility of

epithelial sheets as a collection of interacting dynamical cell-type objects. These
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range from simple agent-based models in which the cell is treated as a point particle

[11, 12] to more complex formulations that include morphology degrees of freedom

either on a lattice [4, 35, 36] or in the continuum [26, 27, 29–31]. Here we choose

to use a sub-cellular element approach [18–21, 38] in which a cell is represented by

two interacting point-like objects. This approach is the simplest that allows for the

prediction of traction force patterns. This type of model has successfully explained the

mechanical state of expanding tissue [39] as well as the interaction of expanding tissue

with surface inhomogeneities [40]. It is important to note that this class of model does

not aim to determine directly from the data the value of actual biophysical constants

relevant for the complex processes underlying cell motility; instead our focus is in

connecting mechanisms to patterns in the data, as will become clear below.

In detail, we implement a two-dimensional sub-cellular element approach in our

simulation model. Each cell is represented by two sub-cellular elements, the front and

the rear element. Each element is sell-propelled with a self-propulsion force m⃗. This

self-propulsion force is regulated by contact inhibition of locomotion (CIL), meaning

the force is suppressed by cell-cell contact and it aligns away from a cell’s neighbors

(more details below and Ref [20]). The front and the rear element interacts with

each other through an intracellular contractile force f⃗contr (Figure 2.1a). Elements

from different cells interact via an intercellular force f⃗rep/adh. This force is repulsive

at short distances, attractive at longer distances, and becomes zero further away,

thereby taking into account volume exclusion and cell-cell adhesion (Figure 2.1b).

We consider the cell to be moving on a stiff substrate and assume a uniform friction

coefficient ξ between each sub-cellular element and the substrate. The velocity of

each sub-cellular element is given by force balance,

v⃗ =
1

ξ
(m⃗+ f⃗contr + f⃗rep/adh). (2.1)
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The position of each element is updated by a simple Euler scheme ∆x⃗ = v⃗dt. The

net traction force exerted on each element by the substrate is m⃗− ξv⃗.

a b

Figure 2.1 : Particle forces in model simulation. a. Contraction force. b. Intercellular
adhesion/repulsion force.

2.1.2 Dynamics in our model

In our model, every cell is represented by two subcellular elements (particles), the

front and the rear particle. Each cell has a polarity which is defined by r⃗ = r⃗f − r⃗r,

where r⃗f and r⃗r are the positions for the front and rear particles respectively. The

self-propulsion force is assigned to each particle, mf for the front particle, mr for the

rear particle. The direction for the propulsion force is along r⃗ but pointing to opposite

directions for the front and rear particles for an isolated cell. For cells in a cluster,

both the direction and magnitude of the self-propulsion force are regulated by contact

inhibition of locomotion CIL (see later). The self-propulsion force is balanced by the

intracellular contraction force f⃗contr = (−f 0
contrr/(Rcontr − r) + fexp/r)ˆ⃗r (ˆ⃗r = r⃗/|r|,

is a normalized vector. We use f 0
contr for regular cells, f b

contr for boundary cells, and

f l
contr for leader cells). This force is attractive for most distance r and only repulsive

at extremely short distances, the latter of which simulates a hard core.
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The intercellular force between particles from different cells is modeled by f⃗adh/rep(r⃗) =

(−A(B−r)+C(B−r)3)ˆ⃗r for distances within Rcc and zero further away. For distance

between Rrep and Rcc, the force is attractive which simulates the cell-cell adhesion.

For distance below Rrep, the force is repulsive which models the volume exclusion of

cells. To account for cells of different lengths, we adjust the units using the length

of the longer cell l. We assume Rcc = 1.3l and Rrep = 0.75Rcc = 0.975l. We also

assume a fixed maximum adhesion value fmax
adh (the absolute values of the minimum

of fadh/rep(r), we use different values for interaction between different kind of cells).

Then we have, B = Rcc, A = fmax
adh 33/2/(2(Rcc − Rrep)), and C = A/(Rcc − Rrep)

2.

For cells shorter than a minimum value lmin = Rmin
cc /1.3, we assume Rcc = Rmin

cc . For

cells longer than a maximum value lmax = Rmax
cc /1.3, we assume Rcc = Rmax

cc .

The friction between cells and the substrate is f⃗fric = ξv⃗, where ξ is a constant

for each particle. We assume a stiff substrate and the friction balances the propulsion

force and traction force. Therefore, we can determine the traction force ξv⃗ − m⃗ in

our model.

Motile and non-motile cells are distinguished in our model. For a motile cell,

we have mf > mr, while for a non-motile cell, we set mf = mr. Both mf and mr

are fixed parameters in our model. Cells can switch between motile and non-motile

states. A non-motile cell can transition to a motile cell at a fixed probability k+, and

the choice of front and rear particle is random with an equal chance. A motile cell can

also become a non-motile cell at a probability depending on the alignment between

cell polarity (r⃗) and its time-averaged velocity (v⃗m), k− = k0
−exp(−ctrans ˆ⃗vm · ˆ⃗r), where

both r⃗ and v⃗m were normalized, i.e. ˆ⃗r = r⃗/|r| and ˆ⃗vm = v⃗m/|vm|.

The contact inhibition of locomotion (CIL) regulates the self-propulsion force.

To calculate the self-propulsion force for each particle i, we first calculate the sum of
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normalized vector connecting this particle i and its neighboring particles j’s (including

its partner particle in the same cell) within a distance Rinh, i.e. R⃗i =
∑

j,rij<Rinh

ˆ⃗rij.

The self-propulsion force for particle i becomes m⃗i = −miR⃗i/ni, where mi is mf

or mr depending on whether this particle is a front or rear particle, and ni is the

number of its neighboring particles. We assume Rinh = Rcc in our model. We can

change the level of CIL by varying the weight of the partner particle k within same

cell of particle i when calculating R⃗i, i.e. we can have R⃗i = cinh ˆ⃗rik +
∑

j ̸=k,rij<Rinh

ˆ⃗rij

and m⃗i = −miR⃗i/(ni − 1 + cinh), where we assign a different weight cinh other than

1 to the partner particle k of particle i. If we set cinh larger than 1, we count the

partner particle k with a larger weights, which results in a lower level of CIL. For

simulations without CIL, we only count the contribution from the partner particle k

when calculating R⃗i, which is equivalent to setting cinh ≫ 1.

2.1.3 Cell proliferation and other effects

Our model assumes a cell division rule based on cell size. Each cell divides at a given

probability when it excels a certain threshold length [20]. At each simulation step,

the cell length of each cell is checked, and if it is longer than the threshold length,

the cell divides with a fixed probability. Upon division, a new sub-cellular element is

inserted at a random position within a certain range of each element from the original

cell, forming two new cells.

Finally, we distinguish motile and non-motile cells in our model. For a motile

cell, the front particle has a larger magnitude of the self-propulsion force (mf ) than

the rear particle (mr). Conversely, a non-motile cell has a same magnitude of the

self-propulsion force for both the front and the rear elements. Leader cells are always

motile. We adopt one aspect of the alignment of cellular motility used in our earlier
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work, namely each cell tends to align its motility force with its average velocity by

switching between motile and non-motile states [20, 38]. The switch between motile

and non-motile states provides the stochasticity in our model [20, 38]. Compared

with CIL, this alignment contribution plays a relative minor role for the resultant

tissue mechanics [20].

2.2 ‘Boundary cells’ and the supracellular actomyosin cable

Neighboring epithelial cells can connect their actin cortices across their respective

membranes to form a cable. To model the supracellular actomyosin cable around

the wound, we distinguish ‘boundary cells’ around the wound boundary. Particles of

these ‘boundary cells’ are mechanically linked with their neighbors by a contraction

force fcable behaving like the intracellular contraction fcontr (Figure 2.1a). These

connections of neighboring cells around the wound will eventually form a whole purse-

string contraction ring, which models the supracellular actomyosin cable on the wound

rim. In our simulation, we can control the cable density by changing the connecting

rules, for example, changing the maximum allowed links for each particle. In addition

to this cable, ‘boundary cells’ have a larger maximum cell-cell adhesion with each

other and their neighboring regular cells (Figure 2.1b). We will show this stronger

cell-cell adhesion is necessary to form the observed traction force patterns in following

chapters.

For circular wounds, we sort particles based on their distance to the wound center,

then we define the average distance to the wound center of the first four particles as the

wound radius Rwound. If a particle has a distance to the wound center below Rwound+d,

we designate the whole cell containing this particle as a ‘boundary cell’. If a particle

in a ‘boundary cell’ has a distance to the wound center larger than Rwound + d + δ,
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the whole cell will transit back to a regular cell. Here, d can be considered as the

width of the actomyosin cable region, and δ is a parameter we introduce to make the

model stable. (i.e. to prevent a cell on the decision boundary from switching back

and forth, biologically it corresponds to the delay in this converting. Figure 2.2a) For

wounds of other geometries, we define ‘boundary cells’ in a different way. For each

particle, we count the number of other particles within a range of Rnei. In Cartesian

coordinates, we divide this range into four subregions northeast (NE), southeast (SE),

southwest (SW), northwest(NW) and count the total of particles in each subregion

(Figure 2.2b). If the total particles in one subregion is less than the average number

of total particles in other three subregions by 5 or the total particles in two adjacent

subregions is less than the total particles in the other two adjacent subregions by

8, we designate the cell containing this particle as a ‘boundary cell’. If a particle

from a ‘boundary cell’ picks up a balanced number of surrounding cells in all four

subregions, i.e. the difference between the total particle number in any subregion and

the average number of total particles in the other three subregions is less than 2, the

cell will transit back to a regular cell. This mechanism is simple to apply and can be

used in various geometries, but does not allow us to directly control the width of the

actomyosin cable region.

To construct the supracellular actomyosin network, we connect particles from

‘boundary cells’ with each other’s unhidden nearest neighbors. To find out each

particle’s unhidden nearest neighbors, we first sort all particles (excluding the partner

particle) around particle i based on their distance to particle i. Then we find the

nearest particles that is not hidden by other nearest particles by applying the following

procedure: (1) Calculate the angle θjik between the line connecting the new particle

k and i and the line connecting an already selected particle j and i. (2) If for all j,
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Figure 2.2 : Cartoon for the wound and ‘boundary cells’. a. The wound and regions of
‘boundary’ cells. b. Subregions around a particle. c. Example for deciding unhidden
nearest neighbors, where k is an unhidden nearest neighbor of i and k∗ is not.

θjik is larger than 90◦, we select particle k as particle i’s unhidden nearest neighbor.

(3) Repeat this procedure until we find all the unhidden nearest neighbors (Figure

2.2c). After finding all the nearest neighbors for each ‘boundary cell’, we apply an

additional intercellular force between these particles, f⃗cable = (−f 0
cabcontrr/((Rcabcontr−

r)r) + fcabexp/r)ˆ⃗r. This additional intercellular force behaves like the intracellular

contractive force; it is attractive for most distances and repulsive only for extremely

small distances.

The average number of connections between ‘boundary cells’ reflects the strength

of the supracellular actomyosin cable. The number of connection that occur during

the wound closing process can be affected by the strength of cell crawling. On the

other hand, the strength of this cable will also provide feedback to the efficiency of cell

crawling. In addition to such intrinsic interplay between the cable and cell crawling,

we can also tune the cable strength in our model. To do this, we change the number

of connections between ‘boundary cells’, for example, we can make it that only front

particles can connect with each other, in this way the total connections will drop to
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about one quarter of the original setting.

We also model the cell-cell adhesion for ‘boundary cells’ in our simulation. We

change the maximum cell-cell adhesion fmax
adh between two ‘boundary cells’ and be-

tween a ‘boundary cell’ and a regular cell. We only change the attractive part of the

intercellular force; we use the value between two regular cells for the repulsive part.

We do this because this repulsion force models the volume exclusion between two

cells and it should not depend on cell-cell adhesion.

2.3 Leader cell

To model the observed phenotypic variation on the leading edge, we introduce the

concept of a leader cell. These cells are endowed with properties gleaned from ex-

perimental observations. We do not model the processes of cell-cell communication

that lead to the emergence of leader cells and instead we adopt a phenomenological

strategy in which leader cells are selected randomly among cells on the leading front.

Leader cells are selected randomly among cells on the leading front. Once selected

as a leader cell, both sub-elements in the cell are given a larger self-propulsion force

m by assigning an additional self-propulsion force ∆m, which is regulated by CIL

in the same manner as for regular cells (Detailed parameters are in the appendix).

To balance the increased the self-propulsion force, the intracellular contraction fcontr

and the friction coefficient ξ are also increased. The coefficient for the intracellular

interaction will be increase to f l
contr and there will be an additional friction coefficient

∆ξ. Also, the leader cell has a larger maximum cell-cell adhesion with neighboring

cells by obtaining an increased maximum adhesion/repulsion value fmax
adh . A larger

threshold of division Rl
div will be assigned as well, which simulates the larger size

of the leader cell. Besides these phenotypic variation, a leader cell will prevent its



22

neighboring cells within a certain range Rnolc from being selected as a new leader cell.

The leader cell attracts follower cells within a certain range RLC , endowing them

with an enhanced self-propulsion force δm. This assumption is based on the afore-

mentioned observations regarding follower cell size and also on data regarding the

difference between follower and bulk cells with respect to the Notch signaling pathway

[41]. Also, there is direct evidence [42] regarding leader cells in 3d that they secrete

diffusible chemical signals such as VEGF which modulate follower cell motility. This

additional self-propulsion force points towards the leader cell and has a magnitude

based on its distance to the leader cell, decreasing as the distance increases. Mean-

while, the maximum cell-cell adhesion between follower cells within the same range

RLC is also increased in a similar fashion. The cell-substrate friction coefficient and

cell division threshold length are increased in this fashion as well. These mechanisms

model the graded behavior from the leader cell to the follower cells. These mech-

anisms reflect graded behavior from the leader cell to the follower cells to the bulk

cells. We will show this behavior is necessary to form a persistent finger in following

chapters; it is not enough to put in a single isolated leader. The algorithm checks the

eligibility of the cell to stay a leader by comparing its position to that of the tip of

the finger every step; a leader cell switches back to a regular cell if it falls behind the

fingertip. A new leader cell might then emerge at the fingertip. This emergence of

new leaders has also been seen experimentally [43].

More specifically, the leader cell affects its neighbors within a certain distance

RLC in our model. All cells within this range will have an additional self-propulsion

force mextra pointing to the center of the leader cell. The magnitude of this additional

self-propulsion force is given by mextra = mmax · (exp(−D ·r/RLC)−exp(−D))/(1.0−

exp(−D)), where mmax is the maximum additional propulsion force, D is the decay
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rate and r is the distance between the particle and the leader cell. The coefficient

of the intercellular interaction, the maximum adhesion/repulsion value, the division

threshold and the friction coefficient will increase in a certain amount defined by

the same equation, where we can change mextra/mmax to the corresponding increase

parameters (Rdiv extra/Rdiv max for the additional threshold length for cell division,

ξextra/ξmax for the additional friction coefficient). We check the eligibility of the leader

cell at every step. If there are less than 6 particles behind the leader cell (the leader

cell detaches from the cellular sheet) or more than 6 particles in front of it (the

leader cell is no longer leading), the leader cell will turn back to a regular cell and a

new leader cell might emerge. In this way, we develop a model for the intermediate

phenotype between the leader cell and the follower cells far away.
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Chapter 3

Role of the supracellular actomyosin cable during
epithelial wound healing

The closure of wounds in epithelia is center to many physiological processes in both

development and repair of multicellular organisms. Depending on the biochemical and

mechanical environment as well as cell type, this collective cellular movement often

involves coordinated cell crawling and the purse-string contraction of a supracellular

actomyosin ring around the wound. However, it remains uncertain how these two

mechanisms cooperatively contribute to the wound healing, and especially the role of

the ring is not clear. To decipher this complex process, we develop a particle-based

model that includes purse-string contraction, cell crawling and other properties incor-

porated with monolayers of Madin-Darby canine kidney (MDCK) cells. Our model

captures the traction force patterns under several different conditions in experiments.

In addition to traction force pointing away from the wound on the leading edge, we

observed patterns of traction force pointing towards the wound. We show this inward

pointing force pattern is induced by the purse-string contraction. Our model also

explains the effects of the purse-string ring and which parameters affect the relative

efficiency of these two mechanisms.

3.1 Background and motivation

Epithelial wound healing is a fundamental physiological process in multicellular or-

ganisms. Wounds need to be closed to re-establish the integrity of the epithelium
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and the physiological functions of the tissue [45–49]. This process is a complex col-

lective behavior involving two major mechanisms: coordinated cell crawling mediated

by lamellipodial and filopodial protrusions [5, 7, 14, 39, 50, 51] and purse-string con-

traction of a supracellular actomyosin ring surrounding the wound [5, 22, 52, 53].

Usually, actomyosin contractility is an important regulator in collective cellular mi-

grations [54].

Recent experiments have proposed several factors that regulate the wound closure

mechanisms including substrate adhesion, wound size and geometry [5, 22, 23, 53, 55].

On adhesive substrates, the cell crawling mechanism seems to predpminantly drive the

wound closure, especially for a large wound. In this situation, the wound boundary is

usually rough during the closure process [56]. Sometimes leader cells with fingering-

like structures are also observed on the leading edge [7]. On non-adhesive substrates

where cells cannot crawl, the purse-string contraction of a supracellular actomyosin

ring seems to become the crucial mechanism for the wound closure. [22, 53] In this

kind of cases, the wound edge is usually smooth and the shape of the wound will

often become ‘rounder’ during this process [23, 56]. The actomyosin cable behaves

differently depending on the geometry of the wound. It pulls the concave edge forward

while pulling the convex edge backward [23]. These two mechanisms are not mutually

exclusive, instead, they often coexist and interplay with each other [5, 23]. However,

due to the intrinsic complexity of this collective cellular behavior, how these two

mechanisms contribute to the wound closure has not been fully understood yet. It

is never easy to separate these factors and study these mechanisms individually in

experiment.

Wound healing has also been studied by mathematical modeling. Particle-based

computational simulations are developed to describe collective cellular movements
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[13]. Simulations have shown that cell crawling alone is sufficient to close a wound.

These particle-based model have successfully reproduced the major aspects of wound

healing driven by cell crawling [57]. Meanwhile, a continuous model which “de-

activates” the actin dynamics on the wound boundary also shows that the wound

can be closed without the actomyosin cable [58]. Several other continuous models,

which describe the tissue as a viscoelastic material and model the actomyosin ring as

a cable under tension, can capture the purse-string mechanism phenomenologically

but without any direct connection to the cellular level dynamics [22, 23, 53]. A differ-

ent model based on a Voronoi tessellation did consider contributions from these two

mechanisms but with somewhat arbitrary assumptions about the temporal dynamics

of the ring [5]. In addition, these models involving a supracellular actomyosin ring

are nevertheless specially designed to fit a specific experiment.

In this chapter, we develop a more advanced particle-based model to address those

unexplained effects in this complex process, especially the role of the supracellular

actomyosin ring. The starting point for this model is our recent work focused on

explaining expanding and migrating sheets of monolayer Madin-Darby canine kidney

(MDCK) cells [20]. We add to this framework a model of the supracellular actomyosin

ring as a set of mechanical links connecting neighboring cells around the wound. These

links will form a ring on the wound rim and the tension exerted on these links will

simulate purse-string contraction of the actomyosin ring. In our model, each cell ex-

erts traction force on the substrate. We successfully reproduce the force patterns and

healing dynamics for wound closure on both adhesive and non-adhesive substrates

from experiments. In addition, we discuss the interplay of these two mechanisms.

Remarkably, we build a framework which can incorporate actomyosin cables in dif-

ferent situations through this example. The details for this model is described in
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Chapter 2.

3.2 Results

3.2.1 Closure of a circular wound

Our model can simulate the closure of a circular wound and obtain traction force

patterns. We initialize our simulation by setting a circular hard wall in the center of a

box surrounded by hard walls and seeding the cells around the circular hard wall. Cells

will proliferate and eventually reach a steady state. After that, we remove the circular

hard wall and label the first 1-2 rows of cells around the wound as ‘boundary cells’.

Cells start to close the wound after the formation of the supracellular actomyosin

cable around the wound. We redefine the ‘boundary cells’ at every step according to

their positions to ensure the ring is on the wound boundary.

We observed that cells are moving towards the wound center uniformly during

the closure process in our simulation (Appendix, Movie S3.1). The velocity for most

cells are pointing to the wound center. We compute the average radial velocity as

a function of distance from the wound center for every recorded moment during the

process. The resulted average velocity is represented by a spatiotemporal kymograph

(Figure 3.1f). We show that the highest velocity emerges on the wound boundary

(Figure 3.1i) and there is also a time evolution of the velocity for each row of cells

(Figure 3.1f).

Our model can provide us the traction force for each particle at every time step

(Figure 3.1a-3.1c). We calculate the average radial (Tr) and scalar tangential (|Tt|)

traction force components as a function of distance from the wound center and rep-

resent them in spatiotemporal kymographs. A clear spatiotemporal pattern is shown
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Figure 3.1 : Traction forces and wound healing dynamics for wounds on an adhesive
substrate. a-c. Traction force patterns at three different time points: t=20, t=120
and t=200; color is based on the magnitude, and positive forces point away from
the wound center. d. Kymograph for the radial component of traction force Tr. e.
Kymograph for the tangential component of traction force |Tt|. f. Kymograph for
the radial component of the cell velocity vr. g. Tr across the horizontal dashed line
in d. h. |Tt| across the horizontal dashed line in e. i. vr across the horizontal dashed
line in f. The solid lines in g-i are merely guides to the data. j. Kymograph for Tr

from experiment in ref. [5]. k. Dynamics of wound healing on an adhesive substrate.
Parameters are the same as in Table A.1. All units are simulation units.
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in the resulting kymographs (Figure 3.1d, 3.1e). The radial traction force for the

first row of cells is pointing away from the wound during the whole closure process.

Immediate after the first row, there is a second layer where the radial traction force

is pointing towards the wound (Figure 3.1d). The traction force is not purely radial

at the wound boundary. The kymograph of the average scalar tangential traction

force shows a significant tangential component of the traction force on the wound

boundary (Figure 3.1e). This comes from the heterogeneity of the actomyosin ca-

ble. Experiments reveal similar kymographs with an outward-pointing traction layer

(OPTL) on the wound boundary and an inward-pointing traction layer (IPTL) im-

mediate behind it, for example in experiments by Brugués et al. (Figure 3.1j)[5].

The OPTL is related to the cell crawling, which has been observed many times in

expanding tissues [39, 59]. The IPTL is associated with the supracellular actomyosin

cable. It originates from the interplay of the purse-string contraction of the ring, the

intracellular cytoskeletal contraction and the cell-cell adhesions. Ultimately, It is a

result of force transmission of the ring contraction to the substrate.

In the absence of the supracellular actomyosin ring, the wound can be closed by

cell crawling alone and the absence of the ring does not affect the closure efficiency in

general [60]. We observe that the closure time under these conditions are in a similar

range (Figure 3.1k). In both cases, wound area exhibits an approximate exponential

decay, which is similar to behaviors observed during the contraction phase in Abreu-

Blanco et al.’s experiments [56]. For wound closure dominated by cell crawling, we

notice the wound edge is usually rougher as observed in experiments [60]. More im-

portantly, the traction force patterns are substantially different. In absence of the

ring, the OPTL will span much further behind the wound edge and the IPTL will not

emerge, which indicates that cell crawling dominates the wound closure process (Fig-
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Figure 3.2 : Traction forces in absence of the actomyosin ring for wounds on an
adhesive substrate. a-c. Traction force patterns at three different time points: t=20,
t=60 and t=100; color is based on the magnitude, and positive forces point away
from the wound center. d. Kymograph for the radial component of traction force
Tr. e. Kymograph for the tangential component of traction force |Tt|. f. Kymograph
for the radial component of the cell velocity vr. g. Tr across the horizontal dashed
line in d. h. |Tt| across the horizontal dashed line in e. i. vr across the horizontal
dashed line in f. The solid lines in g-i are merely guides to the data. The width of
the ‘boundary cell’ region d = 0, and other parameters are the same as in Table A.1.
All units are simulation units.
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ure 3.2). Similar kymographs were also obtained by Brugues et al. from experiments

[5]. Note that inward-pointing traction does eventually emerge, but only after the

wound is fully closed. This is because that cells stop crawling after the closure but the

pressure still remains. Without the ring, the wound edge becomes more rough and the

cells exhibit more heterogeneity in their movements as is reflected by the tangential

components of the traction force (Figure 3.2e). Cell-cell adhesion and intracellular

cytoskeletal contraction are also essential in this collective behavior. Either weaker

intracellular cytoskeletal contraction or cell-cell adhesions between ‘boundary cells’

will impair or even destroy the IPTL (Figure 3.3). The force transmission and the

formation of the ring will be suppressed. The cell crawling is more favorable in this

situation.

3.2.2 Closure of a circular wound on non-adhesive substrate

The purse-string from the supracellular actomyosin ring combined with the intracel-

lular cytoskeletal contraction and the cell-cell adhesions is sufficient to close a small

non-adhesive wound where cells cannot crawl [22, 53]. In our simulation, we initialize

this simulation in the same way as for the closure of a regular adhesive wound, except

that we create a non-adhesive region in the center of the wound on which the cells

cannot crawl. Once cells enter this non-adhesive circle their self-propulsion force m

will be set to zero. In this non-adhesive region, the collective migration of cells to-

wards the wound center is solely driven by the purse-string of the ring. In absence of

the ring, cells will move around instead of towards the non-adhesive region [20, 61].

In our simulation, small wounds can be closed by this supracellular actomyosin

ring (Appendix, Movie S3.2), which agrees with experiments [22, 53]. For large

wounds, however, cells can only proceed into the non-adhesive region for about one-
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Figure 3.3 : Traction force for ‘boundary cells’ with a weaker cell-cell adhesion and
intracellular contraction. a-c. Traction force patterns at three different time points:
t=20, t=70 and t=120; color is based on the magnitude, and positive forces point
away from the wound center. d. Kymograph for the radial component of traction force
Tr. e. Kymograph for the tangential component of traction force |Tt|. f. Kymograph
for the radial component of the cell velocity vr. g. Tr across the horizontal dashed line
in d. h. |Tt| across the horizontal dashed line in e. i. vr across the horizontal dashed
line in f. The solid lines in g-i are merely guides to the data. In this simulation,
f
max(0b)
adh = 0.7, fmax(bb)

adh = 0.7, f b
contr = 1.0, and other parameters are same as in Table

A.1.
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cell length. These cells are ‘suspended’ over the non-adhesive region by actin cables

and cell-cell junctions [22, 53]. Only in cases of sufficiently small wounds, can cells

form a continuous structure bridging over the non-adhesive region and anchor on the

non-adhesive boundary via focal adhesions. This kind of collective behavior is neces-

sary for the closure of a non-adhesive wound. Recent experiments also observed that

monolayer epithelia cells can bridge and suspend over distances while remain func-

tional [62, 63]. We again can compute spatiotemporal kymographs for the tractions

(Figure 3.4a-3.4c). The resulting kymographs show the largest traction is exerted on

the non-adhesive edge (Figure 3.4d-3.4e). We can also see that the average traction

force as a function of distance to the wound center at a given time also reaches its

maximum near the non-adhesive boundary (Figure 3.4f-3.4g). These findings suggest

a force transmission from the purse-string contraction to the cells at the edge of the

non-adhesive region. This force transmission is reflected by the traction force exerted

on the cells at the non-adhesive boundary.

The closure of wounds on non-adhesive substrate usually take a significantly longer

time with large fluctuations. We recorded the dynamics of ten simulated wound

closures with a non-adhesive region at the center of the wound. Once the frontier cells

enter the non-adhesive region (horizontal dashed line in Figure 3.4h), the closure rate

drops, and cells move gradually towards the center of the wound with the sole drive

from the actomyosin cable. There are two stages after the cells enter the non-adhesive

region: the wound shrinks at a low rate for a long time with large fluctuations; then

the wound closes rapidly. Similar dynamics were reported from experiments [22, 53];

the slowly closing first stage corresponds to the growing period of the actomyosin

cable. Because of this stage, the closure of a non-adhesive region can be up to 10

times slower than the closure of an adhesive region with the same area. Note the
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Figure 3.4 : Traction forces and wound healing dynamics for wounds on a non-
adhesive substrate. a-c. Traction force patterns at three different time points: t=20,
t=180 and t=340; color is based on the magnitude, and positive forces point away
from the wound center. d. Kymograph for the radial component of traction force Tr.
e. Kymograph for the tangential component of traction force |Tt|. f. Tr across the
horizontal dashed line in d. g. |Tt| across the horizontal dashed line in e. The solid
lines in f-g are merely guides to the data. The vertical dashed lines in d-g indicate the
non-adhesive boundary. h. Dynamics of wounds healing on non-adhesive substrate.
The horizontal dashed line in h indicates the non-adhesive boundary. The radius of
the non-adhesive region Rnon−adh = 3.0, self-propulsion force mf/r are set to zero
when particles enter the non-adhesive region, and other parameters are the same as
in Table A.1. All units are simulation units.
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radius of the non-adhesive region is smaller than the wound, we are comparing the

closure time for wound region with same size of the non-adhesive region.

3.2.3 Wound geometry

In our simulation, we also initialized wounds with geometries containing both convex

and concave regions. Our model shows that wound geometry affects the efficiency

of the supracellular actomyosin cable. The actomyosin cable will promote cellular

movement at concave regions while hindering cell crawling at convex regions [23]. In

our simulation, the largest traction force lies on tip of the convex region and points

away from the wound. Such force pattern indicates a strong cell crawling suppressed

by the actomyosin cable. On concave regions, however, the purse-string contraction

of the ring pulls cells inwards the wound (Figure 3.5). Our simulation also shows that

at convex edges cells are moving at a slower pace than cells at concave edges.

a b

Figure 3.5 : Traction force at different curvatures. a. Overall traction force pattern. b.
Zoomed-in view of the Green box as an example of a convex region. ‘Boundary cells’
are decided in a different way as discussed in Supporting Information, all parameters
except circular wound related parameters, which are not applicable here, are the same
as in Table A.1. All units are simulation units.
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3.2.4 Interplay between cell crawling and the actomyosin ring

As already discussed, these two mechanisms usually coexist although it is often suffi-

cient to close a wound with only one of them. However, the purse-string mechanism

of the actomyosin ring is unstable on adhesive surfaces. It is often observed that fast

cellular movements suppress the efficiency and even the formation of the supracellu-

lar actomyosin cable [50]. In general, therefore, a tissue requires a sufficiently strong

actomyosin cable to cooperate with the cell crawling. Otherwise, the cell crawling

will dominate the wound closure process. In fact, Fenteany et al. provides several

situations where the cell crawling dominates the wound healing [60]. In our simula-

tion, if we reduce the number of mechanical links between boundary cells, we find the

OPTL expands and the IPTL becomes weaker or even disappears (Figure 3.6a). The

density of the actomyosin ring (the average number of links on wound rim) also drops

at early times during the closure process (Figure 3.6d red line). In our model, CIL

promotes the movements of cells on the wound edge. We can tune the strength of

cellular movements by adjusting the level of CIL for the boundary cells (more details

in Chapter 2 [20]). We find that for lower level of CIL, we need fewer mechanical

connections (compared with simulations with original level of CIL and cell crawling)

between boundary cells to form an efficient actomyosin ring that is sufficient to in-

duce a more obvious IPTL on the traction force pattern (Figure 3.6b). In this case,

no initial drop of the actomyosin ring density is observed (Figure 3.6d green line).

A comparison of the density of actomyosin rings in these two simulations and the

simulation in Figure 3.1 is shown in Figure 3.6d.
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Figure 3.6 : Traction force for a relatively weaker actomyosin ring. a. Kymograph for
Tr from a simulation with a weaker actomyosin ring and a same level of cell crawling
as before. b. Kymograph for Tr from a simulation with the same level of weaker
actomyosin ring but with a weaker cell crawling as well. c. Tr across the horizontal
dashed line in a-b. The solid lines are merely guides to the data. d. Density of
the actomyosin rings (average number of links on wound boundary). Blue line for
simulation in figure 2, red line for simulation in a, and green line for simulation in b.
In these two simulations, only front particles of ‘boundary cells’ can connect to each
other when forming the supracellular actomyosin cable, the level of CIL cinh = 2.0 for
figure b, and other parameters are the same as in Table A.1. All units are simulation
units.
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3.3 Discussion and conclusions

We have performed simulations for wound closure of cellular monolayer on a substrate

and explored the combined effects of cell crawling and purse-string actomyosin. In

our model, the supracellular actomyosin cable is formed by a intercellular mechanical

links which are taken to be similar to the force modeling intracellular contraction.

We assumed both intracellular and intercellular cables a similar origin and in fact,

the wound rim also has a high concentration of actin and myosin that are found in

intracellular contractive cables [5, 23]. Similar supracellular actomyosin cables were

also found on sides of leader cell-guided finger-like protrusions on the leading edge

of migrating cell colonies [7, 64]. Thus, supracellular actomyosin cables are common

and have an important mechanical role in collective cellular migration. Investigating

the role of the supracellular actomyosin cable in other scenarios, especially in the

finger-like protrusions, will be the subject of future work.

Past work on particle-based models which incorporate some aspects of a supra-

cellular actomyosin cable on the border of expanding tissues have addressed several

possible roles of such a cable [17]. However, such models have not previously been

applied to the healing of a circular wound, meaning they have not been tested in this

scenario. For wound closure, particle-based models have only considered cell crawling

[57]. There has also been work on using continuous models as a method to introduce

a supracellular actomyosin cable for these scenarios. Here, the interaction between

cells is often described as a viscous interaction and the purse-string contraction was

modeled as a cable under tension in continuous models. Vedula et al. assumed a ca-

ble tension increase linearly with local curvature to fit their experiment [22]. Ravasio

et al. applied a similar model for to explain the relative contributions of the cable

and cell crawling in their experiment and addressed how the wound geometry affects
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the efficiency [23]. Nier et al. used a stochastic model to describe the wound closure

dynamics [53]. However, most of these models are very phenomenological and are

typically designed for one specific experiment. A Voronoi tessellation based model

introduced by Brugues et al. could capture the force patterns in their experimental

data but required a time-dependent purse-string force which increases in strength

with time in order to fit the experiment (Reference [5] Supplementary Information).

Recently, vertex models have been used to characterize the jamming transition

in tissue [26, 27]. This type of model could be applied in other situations. Specifi-

cally, the supracellular actomyosin cable can be easily included in a vertex model by

applying additional tension on the wound edge.

Our model captures the key features in a relatively simple manner. Our sim-

ulation for wound healing under different conditions exhibits good agreement with

experiments, especially in term of the traction force patterns [5, 22, 23]. We show

that the purse-string mechanism due to the supracellular actomyosin ring determines

the IPTL on kymographs of the traction force. This mechanism is the only drive

available for wounds closure on non-adhesive substrates. On the other hand, these

two mechanisms often coexist and interact with each other on adhesive substrates.

Our model suggests that fast moving cells will suppress the efficiency of the acto-

myosin ring, while this ring will also hinder the cell advancement at convex regions.

Only at concave regions will the actomyosin ring enhance the cell crawling.

In addition to the force patterns, our simulation also reproduces the dynamics

in different [22, 53]. We show that the existence of the actomyosin cable has only a

slight influence on the closure time of a wound on adhesive substrate. In this case,

the actomyosin cable does not accelerate the wound closure though such structure is

often observed. Meanwhile, for wounds on non-adhesive substrate, there is a slowly
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healing phase which corresponds to the growth of the cable. This period often lasts

a long time, which makes the closure of a wound on non-adhesive substrate up to 10

times slower than a same size wound on an adhesive substrate. The stochasticity in

our model is sufficient to capture these fluctuations.

In our current model, we mainly focus on the consequence of this actinmyosin

cable and our approach is sufficient for that purpose. The ability to correctly account

for cable effects in this example of wound healing gives us confidence that the same

idea can be applied more generally. To make further progress, we will need a better

understanding of the formation process of the supracellular actomyosin cable. We

expect that the formation of the supracellular actomyosin cable is regulated by many

different factors such as biochemical and mechanical cues, geometry of the wound

etc. All these regulators can also affect the mechanical properties of the supracellular

actomyosin cable via changing the density and strength of actin, myosin etc. The

cellular-level remains to be fully understood.
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Chapter 4

Computational approach to leader-cell-driven
epithelial sheet fingering

Collective cell migration is crucial in many biological processes such as wound healing,

tissue morphogenesis, and tumor progression. The leading front of a collective migrat-

ing epithelial cell layer often destabilizes into multicellular finger-like protrusions each

of which is guided by a leader cell at the fingertip. Here, we develop a particle-based

model of this fingering instability, which incorporates leader cells and other related

properties of a monolayer of epithelial cells. Our model recovers multiple aspects of

the dynamics, especially the traction force patterns and velocity fields, observed in

experiments on MDCK cells. Our model predicts the necessity of the leader cell and

its minimal functions for the formation and maintenance of a stable finger pattern.

In addition, our model allows for an analysis of the role of supra-cellular actin cable

on the leading front, predicting that while this observed structure helps maintain the

shape of the finger, it is not required in order to form a finger.

4.1 Background and motivation

Collective cell migration drives many crucial physiological processes including wound

healing, tissue morphogenesis and tumor progression [45–47, 65]. Previous experi-

mental studies have investigated how a group of epithelial cells move coordinately

to close a wound both in vivo and in vitro [48, 49]. Pioneering measurements using

convenient in vitro model systems such as Madin-Darby canine kidney (MDCK) cells
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have focused on the mapping of mechanical properties of these 2D expanding epithe-

lial sheets [5, 7, 39, 59, 66]. These efforts have uncovered details of the dynamics

including the traction force patterns and velocity fields in collectively migrating cel-

lular sheets. This observed behavior arises via a complex mechanical, biochemical set

of processes which involve various mechanisms at different scales [7, 14, 50].

Many of these experiments observe multicellular fingering-like protrusions, aka fin-

gers, on the leading front of spreading tissues (Figure 4.2A). These experiments also

find that fingers often associate with “leader” cells on the front boundary [6, 7, 14, 67].

Leader cells are also seen when tissues expand in three dimensional extracellular ma-

trix [42, 68]. A leader cell has a noticeably different morphology than cells further

behind in the finger (the “followers”) or ones in the tissue bulk. For example, the

leader cell is often much larger than a regular cell in size (Figure 4.2A) [6, 14] and it

exerts a larger traction force. From a biological perspective, a leader is a specialized

phenotype [7, 14], expressing a different complement of proteins reflecting a differ-

ent state of the genetic network; this has been directly established in the biological

literature [41, 69]. In addition, intermediate morphologies between the leader cell

and regular cells are observed for cells we refer to as followers. This graded behav-

ior presumably arises via coupling to the nearby leader cell which induces a partial

leader phenotype. For example, the cell size gets larger closer to the fingertip [6, 14].

However, the necessity of and the effects caused by the leader cell as far as finger

formation is concerned is still being debated [7, 38, 70–75]. In addition to the leader

cell, supracellular actomyosin cables are often observed on the sides of fingers [14].

It is well-established that these cables can be crucial in wound healing, especially

for an epithelial closure on a non-adhering substrate; experimental and theoretical

studies show that a localized wound cannot close on a non-adhering surface without a



43

supracellular actomyosin cable creating an effective purse-string contraction around

the wound [21, 22, 62]. The role of the actomyosin cable in the protruding finger

requires further understanding.

Possible mechanisms underlying a fingering instability of a planar propagating

interface have been investigated by mathematical modeling. Both particle-based and

continuous models have proposed to describe this instability[13, 17, 26, 27, 38, 70].

Some models even do not have leader cells, though they are observed in every exper-

iment where a monolayer stripe of epithelial cells moves into open space [6, 7, 14, 38,

74]. It is clearly important to note that most of these earlier works did not attempt

to make contact with detailed biophysical data regarding the velocity and traction

force patterns that accompany the finger morphology. The continuous models are

based on active media theory, following the seminal work of Toner and Tu [76–78]

on a hydrodynamical approach to systems of self-propelled particles. However, these

models have not considered the possible dynamics and the function of leader cells

and in addition have not actually generated nonlinear finger states, being content to

predict unstable fronts. We will develop an active fluid model in the next chapter.

In this chapter, we develop a particle-based model to address these unsolved issues.

This model is developed as an extension of our recent work focused on explaining the

mechanics of expanding monolayer sheets of MDCK cells [20, 21, 38]. We add to

our earlier framework a model of a leader cell as a special cell with phenotypically

altered parameters, including a larger self-propelled force, stronger adhesion, and the

ability to actively attract its follower cells. We include the intermediate follower

phenotype between the leader cell and the cells very far away. This intermediate

phenotype partially adopts leader cell behavior and has a graded behavior from the

fingertip to the base. The supracellular actomyosin cable on sides of the finger is also
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included in this framework [21]. As we will see, the model successfully accounts for

observed traction force patterns and cellular dynamics; this cannot occur without the

leader and follower cell phenotypes Thus, we find that the leader cell and the graded

follower behavior are necessary to form a finger with the correct biophysical behavior.

In addition, we also predict that the supracellular cable on sides of the finger is not

necessary for its formation, though the cable contributes to the traction force and to

the finger morphology. All told, our model shows that one must necessarily couple

biomechanical effects with phenotypic variation to get an accurate picture of at least

some aspects of collective cell motility. The details of the model is described in

Chapter 2. After introducing the leader cell, the forces between sub-cellular elements

are updated in Figure 4.1.

A B

Figure 4.1 : Forces between sub-cellular elements. A. Contraction force. B. Intercel-
lular adhesion/repulsion force.

4.2 Results

Our computational model can simulate the formation of fingers and obtain predictions

for mechanical properties including traction force patterns. To demonstrate this, we

initialize our simulation by seeding the cells in the center of a long rectangle box
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Figure 4.2 : Mechanical properties of an example finger: velocity. A. Finger image
from experiment [6]. B. Velocity profile. C. Average velocity for different distance
from the fingertip (The velocity for each particle has the same distance to the fingertip
is averaged. Distance is normalized with the finger length, 0 is the tip, 1 is the base.
Result from one finger is included in this subfigure.).  D. Statistics for the velocity
orientation of finger cells. The number of particles are summed up based on their
velocity directions. The direction is defined by the relative angle to the orientation
of the finger, i. e., 0◦ means perfectly parallel to the finger orientation. E. Average
velocity from experiment [6]. Note: Figure  B-D are at time 610 in simulation units.
The parameters are listed in Table A.2. 
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Figure 4.3 : Mechanical properties of an example finger: traction force. A. Traction
force pattern. B. Average longitudinal traction force for different distance from the
fingertip (The longitudinal component of the traction force for each particle has the
same distance to the fingertip is averaged. Distance is normalized with the finger
length, 0 is the tip, 1 is the base. Results from five different fingers are included
in this subfigure. The thick blue line is the average of the results from these five
fingers.). C. Average transverse traction force for different distance from the finger
center (The transverse component of the traction force for each particle has the same
distance to the finger center is averaged. Distance is normalized with finger width,
-0.5 is the left boundary, 0 is the center, 0.5 is the right boundary. Results from
five different fingers are included in this subfigure.). D. Average longitudinal traction
force from experiment [7]. Note: Figure  A-C are at time 610 in simulation units.
The parameters are listed in Table A.2. 
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surrounded by hard walls. Cells will proliferate and eventually reach a steady state,

forming a strip of cells. After that, we remove the wall on the upper side. Cells

driven by CIL will move into the open space and leader cells will emerge at the front,

based on our algorithm (Appendix, Movie S4.1). We observe that we can always get

a finger-like protrusion if we have a persistent leader cell (Appendix, Movie S4.1). In

most cases, the leader cell has a tendency to move more-or-less upward. This arises

because of the CIL effect, namely the leader is trying to move away from its followers.

The follower cells usually follow behind the leader cell and their combined dynamics

give rise to a prototypical velocity field, an example of which s shown in (Figure

4.2B). The average velocity as a function of distance to the fingertip can be directly

determined and we find that the largest velocity emerges at or near the fingertip

and decreases from the fingertip to base (Figure 4.2C). The velocity of finger cells

are mostly directed along the finger (Figure 4.2D), which matches the experimental

observations. [6, 67]. For example, Figure 4.2E presents the average velocity taken

from experiment [6]. To compare with Figure 4.2C, we need to notice that their finger

region only contains what in our model is merely the fingertip.

Our model can also provide us the traction force for each sub-cellular element at

each time step (Figure 4.3A). Inside a finger, the traction force is highly dynamic.

Locally, the force can be positive or negative (Figure 4.3A). We calculate the average

traction force in the parallel (longitudinal, Tl) and perpendicular (transverse, Tt)

directions of the finger as a function of distance to the fingertip (Figure 4.3B, 4.3C).

The longitudinal force Tl at the fingertip is very large and positive (pointing from

the fingertip to the base). After a few lines of cells, this large traction force becomes

negative and it reaches the minimum near the middle of the finger (Figure 4.3B).

The transverse force Tt is largest at the side boundaries of the finger and points
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towards the center (Figure 4.3C). This inward force comes from the supracellular

actomyosin cable and helps maintain the integrity of the finger. Both patterns are

quite similar to experimental results [7]. For example, we show in Figure 4.3D the

average longitudinal traction force from experiment [7].

A B

Figure 4.4 : Mechanical properties of a simulated finger without the supracellular
cable on its sides. A. Average longitudinal traction force for different distance from
the fingertip (The longitudinal component of the traction force for each particle has
the same distance to the fingertip is averaged. Distance is normalized with the finger
length, 0 is the tip, 1 is the base. Result from one finger is included in this subfigure.).
B. Average transverse traction force for different distance from the finger center (The
transverse component of the traction force for each particle has the same distance to
the finger center is averaged. Distance is normalized with finger width, -0.5 is the
left boundary, 0 is the center, 0.5 is the right boundary. Result from one finger is
included in this subfigure.) Note: all figures are at time 550 in simulation units. The
parameters are listed in Table A.2 (parameters for the cable are void).

In absence of the leader cell, no finger can emerge (Appendix, Movie S4.2). In

particular, CIL alone is not a sufficient mechanism to form a finger. Instead, CIL

stabilizes the entire leading front since it is uniform in the absence of any phenotypic

perturbation. In other words, a leader is necessary. The leader cell introduces an

asymmetrical velocity field which is fastest on the fingertip and gradually decreases

from the tip to the base (Figure 4.2C, Ref [6]). In addition, the guidance of the leader

cell prompts the follower cells to move along to the finger, which leads to the polarity

of cells within the finger (Figure 4.2D, Ref [67]). If we remove the leader cell in an
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already existing finger, this polarity will vanish very soon (Figure 4.5).

In absence of the cable on sides of the finger, a finger might emerge as long as there

is a leader cell (Appendix, Movie S4.3). However, without the cable the predicted

transverse traction force pattern would be very different from what is usually observed

in experiments. In particular, the large inward pointing traction force on the side

borders of the finger will disappear (Figure 4.4B). However, the longitudinal traction

force pattern will remain similar (Figure 4.4A). This makes sense as the supra-cellular

cable does not directly contribute to the longitudinal traction force. In addition,

the boundary of the leading front would be significantly rougher without the cable

(Appendix, Movie S4.3). A cable could, at least partially, stabilize a finger that has

lost its leader. If we remove the leader cell but keep the cable in an already formed

finger, its shape could be partially maintained with the help from the cable (Appendix,

Movie S4.4). The cable could prevent the finger cells from moving sideward to the

open space, though they tend to move in that direction after losing the guidance of

the leader (Figure 4.5A, 4.5B). In absence of both the leader cell and the cable, no

finger can survive for even short periods of time. In fact, if there is an already existing

finger, it would be de-stabilized and vanish (Appendix, Movie S4.5). Driven by CIL,

cells on sides of the fingers move in the direction perpendicular to the finger after

removing the cable and the leader cell. This is easy to understand since the sideward

direction is the free space for cells on sides of the finger. Without the cable, nothing

will prevent the cells from moving sideward. Without the leader cell, the follower

cells will not be pulled or attracted to the fingertip and they will not move in the

direction parallel to the finger. The polarity in the finger cells will vanish (Figure

4.5C, 4.5D).

One of the most surprising predictions of our approach is the necessity of modifying
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A B

C D

Figure 4.5 : Statistics for the velocity orientation of finger cells. The number of
particles are summed up based on their velocity directions. The direction is defined
by the relative angle to the orientation of the finger, i. e., 0◦ means perfectly parallel
to the finger orientation. A, B. 50 and 100 simulation time after removing the leader
cell only. C, D. 50 and 100 simulation time after removing the leader cell and the
cable.

the phenotypic properties of not just the leader itself but also the nearby followers.

If we abandon the graded behavior from the leader cell to the follower cells by only

assigning a larger self-propelled force m, maximum cell-cell adhesion, and friction

coefficient ξ etc. to the leader cell itself, no finger will emerge (Appendix, Movie S4.6).

Our model indicates that merely having a large pulling force (enhanced traction and

adhesion) between the leader cell and its adjacent neighbors is not enough to guide

a sufficient number of follower cells. Instead, we had to include a mechanism to

transfer the effects of this pulling force or attraction to cells further behind the leading

edge. This prediction can be tested by carefully analyzing phenotype as a function

of spatial position. As mentioned above, initial experimental efforts in this direction

have detected detect a type of graded intermediate phenotype in the follower cells.

This model predictions we have given here is not sensitive to parameters. The

parameters listed in table A.2 in the Appendix could vary in a large range without
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changing the output. We always obtain a finger if we have a leader cell with enough

pulling force and follower cells with the graded behavior. It should by now be clear

that our interest is not in tuning the parameters to fit some specific experiments. In-

stead, our method makes direct predictions about necessary and sufficient conditions

for the emergence of the patterned structures observed in experiments.

4.3 Discussion

We have performed simulations of a computational model to try to understand the

formation of fingers during the spreading of a cellular monolayer on a stiff substrate.

Our approach combines mechanical aspects of collective cell motility, as has been

developed previously and which used a subcellular element method, and added to it

the possibility of phenotypic variability in the form of leader cells and their effects

on their immediate neighbors and also in the form of boundary cells that connect

together to form a cell-spanning cable. We explicitly show that the leader cells and

graded follower behavior are necessary to form a finger. Past work has addressed

the possibility of forming a finger without a leader cell [38, 74]. However, they all

require specialized mechanisms, such as an extremely large growth rate, to push the

leading front instead of having it be pulled [74]. These mechanisms are different from

what usually expected in experimental systems studied to date, where for example

such a large growth rate is not allowed. These approaches also cannot provide an

explanation for typical traction force patterns [38, 74].

As emphasized throughout, our model addressed the necessity and the role of the

leader cell. The leader cell, once it emerges, will have a large self-propelled force.

Meanwhile, it moves in the direction determined by CIL, which makes it appear that

the leader cell is “guided” by its follower cells. It is equally valid to state that the
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fast moving leader cell invades the free space and the follower cells move after it and

indeed collective motility certainly means that the behavior is determined collectively.

In our model, the leader cell guides the follower cells through two ways: (1) a strong

pulling force directly acts on the follower cells which are its immediate neighbors;

(2) the graded phenotypic variation from the leader cell to follower cells behind it

affect the parameters associated to those cells. The first effect is straightforward to

appreciate and could be achieved through cell-cell junctions. However, this effect

on its own is not enough to form a finger. Therefore, we proposed the additional

mechanism in which the leader cell alters nearby cells within a certain range; this is

partially based on experimental observations of an intermediate phenotype [7, 14].

It is also consistent with other observations including an increased number of focal

adhesions on the leading edge, a large number of E-Cadherins between cells in the

finger etc [14]. Within this range, cells are taken to have an additional self-propulsion

force in the direction towards the leader cell and a larger adhesion force connecting

them to their neighbors. This graded behavior facilities the formation of the finger

and leads directly to the polarity of cells within the finger [67]. In fact, experimental

observations show that this polarity will vanish if the leader cell is removed [67]. This

long range guidance might be a result of biochemical cues from the leader cell as

passed on via the strengthened links between the follower cells, i.e. the phenotype

responds to force and eventually establishes the graded behavior self-consistently.

Alternatively, there might be specific biochemical signals originating at the leader

cell that decay as we move further back into the finger. More generally, there is

in all probability a complex feedback between different mechanical and biochemical

signals. One clue as to what could be occurring emerges from the work on the role

of Notch-Delta signaling in the fingering process [41]. We leave further exploration
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of this issue for future research.

Our simulation predicts that a finger can be formed without any supracellular

cable. Instead, the major role of the observed cable is to maintain the shape of

the finger. Without the cable, the boundaries on both sides of the finger become

rougher. We also predict that the transverse traction force pattern would be markedly

different without the cable and would not match the one seen in experiments where

in fact a supracellular cable is observed on sides of a finger [7, 14]. The supracellular

actomyosin cable is also observed in other scenarios, for example, on the boundary

of a localized wound. Previous work has described the role of this cable during the

healing of a circular wound [21], as it is necessary to have the supracellular cable on

the edge to close the circular wound when the cells cannot crawl on the substrate

[21, 22, 62]. The cable also keeps the wound boundary smooth.

This work should motivate the modeling community to take into account cell-

to-cell differences when constructing approaches to tissue morphology and motility.

While it is always simpler to imagine a uniform set of active particles giving rise to

an effective hydrodynamics with uniform spatial parameters, the utility of this sim-

plification for biological systems is, in our opinion, limited. Cells are not colloids, but

instead, actively sense their surroundings and adjust their interactions accordingly.

Here we have argued that this is crucial for finger formation and we expect that it

will be crucial for many other examples of collective cell behavior.
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Chapter 5

Stability of the interface in collectively migrating
monolayer of cells

As discussed in the last chapter, collective cell migration is essential for many physio-

logical processes including wound healing, tumor progression etc. The leading front of

a collectively migrating epithelial monolayer often destabilize into multicellular finger-

like protrusions. Here, we study this phenomenon in the context of active fluid, which

justifies our assumptions in the computational model in the last chapter. We show

that no finger protrusions could emerge in a homogenous active fluid. Instead, an

external force, which is transmittable to its neighborhood, is required at the interface,

which accounts for the leader cell.

5.1 Introduction

Active matter is a collective of self-propelled particles which interact with each other

via mechanical forces. It could describe both living and non-living systems in different

scales, such as flocks of birds or insects, bacterial suspensions, migrating cells, vibrated

rods etc. These systems often exhibit non-equilibrium behaviors including formation

of ordered macroscopic patterns [79].

Toner and Tu develop a theory to describe these systems using macroscopic vari-

ables [76–78]. This simple continuum model provides a unified theory for many

different systems. The Toner-Tu’s hydrodynamic equations are dominated by the

friction with the substrate and the total momentum is not conserved.
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Collective cell migration is of great interest for many physiological processes, es-

pecially wound healing, tumor progression etc. [48, 65]. Fingering protrusions are

observed on the leading front of a monolayer of collectively migrating epithelial cells

[7, 14, 39, 70]. Remarkably, an epithelial monolayers can be described by the Toner-

Tu hydrodynamics and the interface stability could be analyzed easily under this

framework. Therefore, the study of this kind of active fluid could lead us to a funda-

mental physical understanding of these biological processes.

Following Toner and Tu’s hydrodynamic equations, Zimmermann et al. study the

collective behaviors of an epithelial monolayer using this active matter model [71].

Several other work are also based on this kind of model [72]. Some theories even

support a fingering instability without any leader [38, 74]. As we mentioned in the

last chapter, these models have not considered the possible dynamics and the function

of the leader and in addition have not actually generated nonlinear finger states, being

content to predict unstable fronts. The issue of front stability in active model systems

and its connections to leader cells has been the subject of recent investigations in the

active matter community.

As discussed in the last chapter, our computational model does not exhibit any

instability in the absence of phenotypic variability and in fact shows the necessity of

both the leader cell and the graded behavior for the formation of a finger protrusion.

To better place this result in context we now consider a continuum version of our

model and demonstrate that it to exhibits the same stability characteristics. In this

chapter, we justify the findings in our computational model via an active fluid model.

Starting from the basic Toner-Tu equations, we incorporate a curvature-based force

on the leading interface in this model to simulate the pulling force from a leader

cell. We show that the interface is stable without the curvature-based force. Instead,
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only when the force at the leading front is strong enough and transmittable can the

fingering protrusions emerge.

5.2 Basic mechanisms

As our hydrodynamical model, we assume a continuous, homogenous and impressible

two-dimensional active fluid in our active matter model. The Toner-Tu equations

based on these assumptions become

∇ · u⃗ = 0, (5.1a)

µ∇2u⃗−∇p+ au⃗− b|u⃗|2u⃗ = ρ(
∂u⃗

∂t
+ λ(u⃗ · ∇)u⃗), (5.1b)

where u⃗ is the velocity field for the active fluid, ρ is the density, µ is the viscosity, and

p is the pressure. The continuous equation (5.1a) indicates the impressibility, meaning

the cells will not proliferate or die. This is a reasonable assumption considering the

time scale of the processes we are interested in. In fact, in most wound healing

experiments the cell proliferation rate is very low, and the division usually happens

in the center of the monolayer, which rarely affects the leading front (This is also true

in our computational approach, Appendix Movie S5.1). Equation (5.1b) describes

the force balance in the model. The two terms au⃗ and b|u⃗|2u⃗ account for the activity,

where the first term acts as self-propulsion forces with a positive coefficient a and

the second term accounts for the friction between the tissue and the substrate with

a coefficient b. The viscosity and pressure terms are for a Navier-Stokes equation for

conventional fluids. The λ term in equation (5.1b) indicates the total momentum is

not conserved and our system is not constrained by Galilean invariance. However,

considering the low Reynolds numbers of our system, where viscous forces are much

larger than inertial forces, we can set the right hand side of equation (5.1b) to zero.
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(Without this simplification, we would have an extra term proportional to (λ− 1) in

our equations as well as extra factors of the growth rate; the latter cannot alter the

existence or non-existence of a steady-state instability.) We apply this simplification

in our following calculations.

y

x0-L

H(y, t)

𝑣"

Figure 5.1 : Sketch for the geometry of the monolayer.

To describe a monolayer of active fluid, we need to define a geometry for our system

with appropriate boundary conditions. We assume that initially we have a strip of

active fluid that moves uniformly in the x direction with a speed v0; from equation

(5.1a) and (5.1b), we get v0 =
√

a/b. The cellular region lies between x = −L + v0t

and x = H(y, t) in the x direction, y = −∞ and y = ∞ in the y direction. We assume

a hard wall at the rear x = −L and a free surface on x = H(y, t); initially H = 0

(Figure 5.1). This interface corresponds to the leading front of a collectively migrating

monolayer of cells. The hard wall must move at the mean velocity because of the

incompressibility condition.In the following section, we analyze the linear stability at

the leading front.
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5.3 Perturbations and stability analysis

Perturbatively, we have u⃗ = v0x̂ + δu⃗, p = p0 + δp, and H = v0t + h. To model the

leader cell, we introduce a curvature based force on the leading front, which regulates

the parameter a. We take the strength of self-propulsion a to be a function of f and

for simplicity, we only consider the first order term,

a(f) = a0 + fa1, (5.2a)

where f is regulated by
∂f

∂t
= Df∇2f − αf, (5.2b)

where Df and α are constants. On the leading front, we have a boundary condition

that f is proportional to the local curvature,

f |at the leading front = κ = qh2. (5.2c)

This force could also be treated as a perturbation.

The motivation of this curvature based force is from our computational approach

in previous chapter. In that particle based model, we show the strong pulling force

from the leader cell and a graded behavior in which the neighbors of the leader

cell adopt partial leader phenotype are necessary for the formation of the fingering

protrusions. Here, this curvature based force provides similar effects via the diffusion-

decay equation (5.2b), which, we believe, is the simplest assumption in this active

fluid model. In addition, the curvature may be one of the mechanical cues responsible

for the emergence of the leader cell. In any case, the leader cells are in fact associated

with points of high positive curvature.

The perturbation applied on the leading front can be expressed in normal modes,
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i.e.

ux = Aer(x−v0t)+ωt+iqy, (5.3a)

uy = Ber(x−v0t)+ωt+iqy, (5.3b)

p = Cer(x−v0t)+ωt+iqy, (5.3c)

h = h0e
ωt+iqy, (5.3d)

f = Fer(x−v0t)+ωt+iqy, (5.3e)

where q is the wave number and the real part of ω is the growth rate.

Plugging equations (5.3a)-(5.3e) into equations (5.1a), (5.1b) and (5.2b), we get

a set of linear equations for A, B, C and F .

rA+ iqB = 0, (5.4a)

µ(r2 − q2)A− rC + a0A+ a1v0F − 3bv20A = 0, (5.4b)

µ(r2 − q2)B − iqC + a0B − bv20B = 0, (5.4c)

(ω − v0r)F = Df (r
2 − q2)F − αF. (5.4d)

We can solve for the allowed values of the r from the self-consistency of this set of

linear equations. Assuming F → 0, from equations (5.4a) - (5.4c), we can get four

solutions of r,

r1/2 = ±
√

q2 ±
√

−2q2a0/µ.

Assuming F is non-zero, we can get two more solutions of r purely from equation

(5.4d),

r3 =
−v0 ±

√
v20 + 4Df (Dfq2 + α + ω)

2Df

,

which corresponds to the mode regarding the curvature based force we introduce

above. Again, we employ a quasi-static approximation and drop the ω term instead
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the square root. Again, this cannot affect whether or not there is a real mode insta-

bility (since ω is obviously irrelevant right where it crosses zero) but could in principle

allow us to miss a Hopf bifurcation.

Given the setup and imagining that L is very large, we only keep values of r with

positive real parts and then ignore the boundary conditions at the rear moving wall.

Therefore, there will be three modes, i.e.

ux =
2∑

i=1

Aie
ri(x−v0t)+ωt+iqy + FAh0e

r3(x−v0t)+ωt+iqy, (5.5a)

uy =
2∑

i=1

Bie
ri(x−v0t)+ωt+iqy + FBh0e

r3(x−v0t)+ωt+iqy, (5.5b)

p =
2∑

i=1

Cie
ri(x−v0t)+ωt+iqy + FCh0e

r3(x−v0t)+ωt+iqy, (5.5c)

h = h0e
ωt+iqy. (5.5d)

For each of these wave-vectors, we can obtain the relationship between the perturba-

tion coefficients A, B, C, and F . Considering the boundary condition for F , we can

get the expression of FA in r and q. Therefore, all the coefficients (B or FB, C or FC)

can be expressed in A or FA, i.e.

B = − r

iq
A, (5.6a)

C =
r

q2
(µ(r2 − q2) + a0 − bv20)A, (5.6b)

FA = − a1v0q
2

(1− r23/q
2)(µ(r23 − q2) + a0 − bv20)− 2bv20

, (5.6c)

FB = − r

iq
FA, (5.6d)

FC =
r

q2
(µ(r2 − q2) + a0 − bv20)FA. (5.6e)
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The following boundary conditions hold at the leading front:

∂h

∂t
= ux, (5.7a)

∂ux

∂y
+

∂uy

∂x
= 0, (5.7b)

2µ
∂ux

∂x
− p = γ

∂2h

∂y2
. (5.7c)

The first refers to the continuity of velocity, the next indicates no transverse stress,

and the final equation means that the normal stress equals the surface tension. With

these boundary conditions, we can solve for the growth rate ω. Plugging v0 =
√

a0/b

and equations (5.5a) - (5.5d) (substitute the coefficients in A or FA) into the boundary

conditions, yields a set of linear equations,

A1 + A2 − (ω − FA)h = 0, (5.8a)
q2 + r21

q
A1 +

q2 + r22
q

A2 +
q2 + r23

q
FAh = 0, (5.8b)

µr1(3q
2 − r21)

q2
A1 +

µr2(3q
2 − r22)

q2
A2+

(γq2 +
µr3(3q

2 − r23)

q2
FA)h = 0. (5.8c)

Since A1, A2 and h are non-zero, we have a characteristic equation,

det


1 1 −(ω − FA)

q2+r21
q

q2+r22
q

(q2+r23)FA

q

µr1(3q2−r21)

q2
µr2(3q2−r22)

q2
γq2 +

µr3(3q2−r23)FA

q2

 = 0. (5.9)

As mentioned previously, we drop the ω term in r3 when solving this characteristic

equation. This approximation is reasonable since the ω is near 0 in scenarios we

are interested in and the time duration is sufficiently short. Therefore, we get the

expression of ω in equation (5.10).
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Figure 5.2 : Real part of the growth rate ω as a function of wave number q for the
moving case. a1 is a parameter in equation (5.2a), where a larger a1 corresponds to
a larger curvature based force on the leading front.

The growth rate ω is solved explicitly in wave number q,

ω = FA−
q2

µ
(r22 − r21)(γq

2 + µr3
q2
(3q2 − r23)FA) + (q2 + r23)FA(3q

2(r2 − r1)− (r32 − r31))

(r1 − r2)(3q4 − q2r21 − 4q2r1r2 − q2r22 − r21r
2
2)

,

(5.10)

where FA and r′s can be expressed in q. Assuming values for the other constants, we

get plots of Re(ω) and q (Figure 5.2). Only when a1 > 0, will we have a positive ω.

Therefore, only when there is a force at the leading front, could the instability emerge.

When a1 = 0, ω is always negative, which agrees with [72]. This finding is consistent

with the result obtained in our particle model that the absence of leader cells leads

to a flat front. One can obtain instabilities by adding in additional physical effects

such as polarization, growth, or interaction of the front with a different non-trivial

cellular layer. This will be discussed below.



63

5.4 Discussion

We have developed an active fluid model for the stability analysis on the leading

interface. Our study suggests that one cannot obtain typical fingering protrusions

only with a homogenous active fluid. Instead, at least some form of long-range force

on the leading front is required for the emergence of a fingering protrusion. Our active

fluid model provides a way to incorporate a curvature-based force in a Toner-Tu style

hydrodynamics, which approximately corresponds to the pulling force from the leader

cell as well as the graded behavior used in our computational approach. This stability

study therefore supports the assumptions made in our computational model.

Past work has addressed the possibility of forming fingers without a leader cell

[38, 74]. Basan et al. provides a particle based model with a strong velocity alignment

among nearby cells [38]. This alignment accounts for the fingering protrusions in

their model. However, if we introduce the contact inhibition of locomotion in this

model, the fingering protrusions vanish if there is no leader cell [20]. Bogdan et

al. also suggest a fingering instability without any leader in their active fluid model

[74]. The major difference between their model and ours is that they have a positive

net rate of growth while ours is zero (right hand side of equation (5.1a)). They

show that fingering protrusions could emerge in a circular geometry with this huge

proliferation rate. Unfortunately, this exponential growth is not feasible for most real

systems, especially a wound healing where cells merely divide. Alert et al. show that

the fingering instability could be formed in a spreading epithelia based on a simple

kinematic mechanism using an active polar fluid model [80]. In addition, they do not

have the impressibility equation or a pressure term. In the appendix, we show that

compressibility is not a critical factor in the difference between their result and ours.

We can therefore conclude that the polarity field in their model introduces a velocity
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alignment, which results in a velocity gradient from the leading front to the back.

This velocity gradient accounts for the interface instability. Actually, this polar field

acts similarly to velocity alignment with neighboring cells as in the particle based

model developed by Basan et al.[38] This instability can be stabilized by CIL. Given

that CIL seems to be a necessary part of any model which correctly reproduces the

observed mechanical stress in the bulk of the tissue, we expect that the monolayer

of epithelia tends to have a stabilized interface without any additional asymmetric

force.

We show the monolayer of epithelia tends to stabilize its interface without any

asymmetric force or field in an active fluid model. This work should motivate the

community to connect the modeling with physics when studying the tissue dynamics.
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Chapter 6

Additional examples for modeling real systems

So far, our computational framework has shown great abilities in modeling various

systems. This simple model captures adequate features to study a complex system.

More important, it is very easy to adapt to many real systems and reveal the under-

lining mechanisms. Here, we provide two more examples for modeling real systems.

In the first example, we model the mechanical feedback from the level of E-cadherin

concentration to spheroid formation. In the second example, we study the cell shape

as a response from its physical properties.

6.1 Mechanical model relates E-cadherin cell-cell adhesion to

spheroid formation

E-cadherin mediated cell-cell adhesion has been proposed to be crucial in mediat-

ing formation of cohesive multicellular units such as tumor emboli and their invasive

collective migration in breast cancer [81–84]. Thus, we hypothesized that even in

sarcomas, besides modulating anoikis sensitivity through TBX2; E-cadherin can reg-

ulate spheroid formation by altering cell-cell adhesion. Consistently, U2OS cells over-

expressing E-cadherin formed tight multicellular clusters during spheroid formation

assay, as compared to control cells (Figure 6.1A). This observation led us to develop

a mechanical model that can quantitatively capture the relationship between cell-cell

adhesion and spheroid size.
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Figure 6.1 : E-cadherin inhibits spheroid formation by increased cell-cell adhesion.
A. E814 cadherin causes tighter clustering of cells during spheroid formation. B. A
mechanical model illustrates the relationship between particle distance to adhesion.
C. A mechanical model predicts E-cadherin drives down spheroid size through an
increase in cell-cell adhesion. D. As adhesion increases, spheroid size becomes smaller.
E. The model predicts that cell-cell adhesion is positively correlated with the average
number of neighbors for each cell in a spheroid. F-G. As predicted in the model,
ectopic E-cadherin expression increases cell-cell adhesion in 143B (F) and U2OS (G)
cells.
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This two-dimensional mechanical model represents each cell by two particles con-

nected to each other with a spring. It incorporates various interconnected biome-

chanical aspects of cellular aggregation such as intracellular contraction, intercellular

adhesion, cell proliferation, propulsion forces exerted by the cells, and friction exerted

by the substrate (Chapter 3, 4). We initialized our simulations with a seed colony

of 233 cells arranged as a two-dimensional circular sheet, and simulated the colony

growth for varying levels of intercellular adhesion, while keeping all other parame-

ters to be the same (Figure 6.1B). We observed a decrease in final spheroid size and

the total number of cells with an increase in E-cadherin level (Figure 6.1C-D), and

a concomitant increase in cell density (Figure 6.1E). Thus, the model predicts that

cell-cell adhesion can regulate colony size through mechanical factors.

To test whether E-cadherin can modulate this cell-cell adhesion in sarcoma, we

recorded the relative frequency of single cells and aggregates (two or more cells

clumped together) in cell-cell adhesion based assays for sarcoma cells 143B and U2OS

upon overexpression of E-cadherin. We observed that E-cadherin drives a significant

enrichment of multicellular aggregates in both 143B and U2OS cells (Figure 6.1F-G),

suggesting that E-cadherin levels can play a fundamental role in enabling cell-cell

adhesion in sarcomas.

6.2 Model relates cell shape and its physical properties

The hypoxia-induced amoeboid conversion was suggestive of decreased adhesion to

ECM substrate and/or increased actomyosin contractility through Rho/ROCK signal-

ing, as shown in other models of cell detachment [85] and amoeboid migration [86–88].

To address whether modulating adhesion, with and without modulating contractil-

ity, is sufficient to mediate rounded cell migration, we carried out mechanochemical
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Figure 6.2 : In-silico modelling of cell elongation. Individual cell migration in depen-
dence of friction and contractility using a two-dimensional phase field simulation.

simulations using a two-dimensional phase-field model of cells moving across a 2D

substrate (Chapter 1). This model has proven useful for determining the shape of

keratocytes, the role of cytoskeletal contractility, and possible instabilities during cell

motion [29, 30]. Cell elongation positively correlated with adhesion force and was

decreased with reduced adhesion-dependent friction, particularly when contractility

was increased (Figure 6.2). While actomyosin contractility is involved in collective,

mesenchymal and amoeboid migration [8], high actomyosin contractility coupled to

low-adhesive interactions accounts particularly for amoeboid migration, where the

cell body propulsively intercalates between ECM structures [88].

More specifically, a two-dimensional phase field model was used to simulate cells

with different contractility and cell-substrate friction, which jointly regulate the cell

shape, actin flow field and traction force towards the substrate. In this model cell
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contractility and cell-substrate friction lead to an elongated cell shape. The cell

boundary was defined by a set of partial differential equations for the phase field �

which minimize its energy. For a single cell, its Hamiltonian can be written in form

of equation (1.4) in chapter 1, where the first term is related to the cell perimeter and

second term represents the energy for the curvature integrated over the membrane.

The phase field evolves with time, simulating the movement of the cell via coupling

of the acto-myosin cytoskeleton and adhesion to the substrate to the phase field.

This coupling involves active force generation through both actin polymerization and

the activity of myosin motors. The detailed dynamics for the phase field systems

underlying our simulations were taken from Shao et al. [30]

To regulate the intracellular contractility and friction between the cell and the

substrate, three parameters were used: myosin contraction coefficient η0m, effective

viscosity of actin flow ν0 and gripping coefficient k0
grip. A larger η0m will lead to a

larger contractility and a larger k0
grip (or ν0) results in a larger friction. We assume a

relationship between ν0 and k0
grip in the form of equation (6.1) to simplify the model,

k0
grip = 1.0× (log(ν0)− log(500) + 0.1) (6.1)

For each run the simulation was initialized with different k0
grip (ν0) changes according

to equation (6.1) and η0m. After the initialization, the cell starts to move according

to the dynamic equations. Cell shape was recorded at steady state. The elongation

factor of cells with different k0
grip and η0m was calculated based on images as the ratio

cell length/width vs. k0
grip and η0m and represented as 3D landscape plot.
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Chapter 7

Discussion and conclusion

This thesis provides a general framework to study different phenomena and their

mechanisms in collective cell migration. Using this framework, we resolve several

long-debated issues and predict a few new phenomena.

In the first part of this thesis, we introduce the background and models. In

Chapter 1, we review the motivation for this work and introduce several common

physical models. We also discuss that a good model should only contain necessary

factors or parameters; only in this way can we confidently predict novel behaviors

without overfitting. In Chapter 2, we explain our computational framework in details.

Then we discuss two important questions we resolve basing on this framework. In

Chapter 3, we reveal the role of the supracellular actomyosin cable during epithelial

wound healing. Our model correctly accounts the cable effects and dynamics in the

example of wound healing. We show how the coordinated cell crawling and the purse-

string contraction cooperatively contribute to the wound healing in different scanrios.

This success gives us confidence to apply this idea for more general situations. In

Chapter 4, we demonstrate the necessity of the leader cell for the emergence of a

fingering protrusion at the leading front of an epithelial sheet and provide a minimal

model for its effects. This model predicts an intermediate phenotype between the

leader and follower cells far away. In addition, we also predict that the supracellular

actin cable observed on the leading front helps maintain the shape of the finger, but

it is not required in order to form a finger. This work should motivate the community
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to consider cell-to-cell differences when constructing models for tissue morphology

and motility.

Next, following the topic of fingering instability, we develop an active fluid model

to study the instability on the leading front of a collectively migrating epithelial sheet

in Chapter 5. We show the monolayer of epithelia tends to stabilize its free interface

without any asymmetric force or field using this active fluid model.

Finally, in Chapter 6, we show the adaptability of our model through two more

applications in real systems. We demonstrate that we could study different exper-

imental observations by tuning very few parameters in our model, which gives us

confidence to use our model as a guidance for related experiments.

In summary, we develop a general platform to study various processes and their

mechanisms during collective cell migration in this thesis. We address the mechanisms

for several important phenomena in collective cell migration. However, there are still

a few questions have not been fully resolved yet. For example, we still need a better

understanding for the formation process of the supracellular actomyosin cable and the

originating of the leader cell. We believe there is in all probability a complex feedback

between different mechanical and biochemical signals. In the future, we will extend

our framework to incorporate these aspects. This work should also motivate the

modeling community to take into account both mechanical and biochemical aspects

when constructing approaches to tissue morphology and motility.
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Appendix A

Parameters for the computational models

Table A.1 : Simulation parameters in simulation units used in Figure 3.1.
Parameter Value Unit Meaning
mf 1.5 p0l0 Magnitude of propulsion force of front particle for motile

cells
mf 1.3 p0l0 Magnitude of propulsion force of front particle for non-

motile cells
mr 1.3 p0l0 Magnitude of propulsion force of rear particle
fexp 0.02 p0l

3
0 Cellular expansion coefficient

f 0
contr 1.0 p0l

2
0 Cellular contraction coefficient for regular cells

f b
contr 2.5 p0l

2
0 Cellular contraction coefficient for boundary cells

Rcontr 2.5 l0 Maximum distance for intracellular contraction
k+ 0.1 1/t0 Transition rate to motile state
k0
− 0.1 1/t0 Transition rate to nonmotile state for zero velocity

ctrans 5.0 Scaling parameter for transition to nonmotile state
f
max(00)
adh 0.7 Maximum cell-cell adhesion between two regular cells
f
max(0b)
adh 4.2 Maximum cell-cell adhesion between a regular cell and

a boundary cell
f
max(bb)
adh 5.6 Maximum cell-cell adhesion between two boundary cells
f 0
cabcontr 5.0 p0l0 Cable contraction coefficient for the supracellular cable
fcabexp 0.12 p0l

3
0 Cable expansion coefficient

Rcabcontr 3.5 l0 Maximum distance for supracellular cable contraction
Rmin

cc 0.7 l0 Minimum interaction range for small cells
Rmax

cc 1.1 l0 Maximum interaction range for large cells
Rcc 1.3l l0 Range of adhesive intercellular force
Rrep 0.75Rcc l0 Range of repulsive intercellular force
Rdiv 0.9 l0 Threshold distance for cell division
kdiv 0.002 1/t0 Division rate for cells surpassing size threshold
Rinh 1.3l l0 Contact inhibition range
ξ 3.0 p0l0t0 Friction coefficient with the substrate
trelax 50.0 t0 Relaxation time for velocity averaging
Rwound 5.0 l0 Radius of the circular wound
Rnon−adh 0 l0 Radius of the non-adhesive region
d 1.0 l0 Width of the boundary cell region
δ 0.5 l0 Buffer zone width of the boundary cell region
Rnei 2.0 l0 Boundary cell neighbor range
cinh 1.0 Level of CIL (CIL becomes lower as cinh gets larger)
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Table A.2 : Simulation parameters in simulation units used in Figure 4.2 and 4.3.
Parameter Value Unit Meaning
mf 1.5 p0l0 Magnitude of propulsion force of front particle for motile cells
mf 1.3 p0l0 Magnitude of propulsion force of front particle for nonmotile cells
mr 1.3 p0l0 Magnitude of propulsion force of rear particle
mmax 3.5 p0l0 Magnitude of additional propulsion force of the leader and graded behavior
D 4.0 Decay rate for the graded behavior
fexp 0.02 p0l

3
0 Cellular expansion coefficient

f 0
contr 0.9 p0l

2
0 Cellular contraction coefficient for regular cells

f b
contr 2.2 p0l

2
0 Cellular contraction coefficient for boundary cells

f l
contr 3.1 p0l

2
0 Cellular contraction coefficient for leader cells

f ext
contr 2.2 p0l

2
0 Cellular contraction coefficient for the graded behavior

Rcontr 2.5 l0 Maximum distance for intracellular contraction
k+ 0.1 1/t0 Transition rate to motile state
k0
− 0.1 1/t0 Transition rate to nonmotile state for zero velocity

ctrans 5.0 Scaling parameter for transition to nonmotile state
f
max(00)
adh 0.7 Maximum cell-cell adhesion between two regular cells
f
max(0b)
adh 4.2 Maximum cell-cell adhesion between a regular cell and a boundary cell
f
max(bb)
adh 4.8 Maximum cell-cell adhesion between two boundary cells
f
max(lx)
adh 5.6 Maximum cell-cell adhesion between a leader cell and another cell
f
max(ext)
adh 4.2 Additional maximum cell-cell adhesion for the graded behavior
f 0
cabcontr 5.0 p0l0 Cable contraction coefficient for the supracellular cable
fcabexp 0.12 p0l

3
0 Cable expansion coefficient

Rcabcontr 3.5 l0 Maximum distance for supracellular cable contraction
Rmin

cc 0.7 l0 Minimum interaction range for small cells
Rmax

cc 1.1 l0 Maximum interaction range for large cells
Rcc 1.3l l0 Range of adhesive intercellular force
Rrep 0.75Rcc l0 Range of repulsive intercellular force
R0

div 0.9 l0 Threshold distance for regular cell division
Rl

div 1.8 l0 Threshold distance for leader cell division
Rext

div 0.9 l0 Additional threshold distance for cell division of the graded behaved cells
kdiv 0.002 1/t0 Division rate for cells surpassing size threshold
Rinh 1.3l l0 Contact inhibition range
ξ 3.0 p0l0t0 Friction coefficient with the substrate for regular cells
ξl 30.0 p0l0t0 Friction coefficient with the substrate for the leader cell
ξext 27.0 p0l0t0 Additional friction coefficient with the substrate for the graded behavior
trelax 50.0 t0 Relaxation time for velocity averaging
RLC 20 l0 Leader cell effects range
Rnei 2.0 l0 Boundary cell neighbor range
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Appendix B

Supporting information for Chapter 5

B.1 Compare with active polar fluid model

B.1.1 Remove impressibility in our model

To compare with Alert et al.’s active polar fluid model where they did not have the

impressibility and pressure, we modify our equation (5.1),

µ∇2u⃗+ au⃗− b|u⃗|2u⃗ = ρ(
∂u⃗

∂t
+ λ(u⃗ · ∇)u⃗). (B.1)

The right hand side is set to 0 as assumed in the main article. Assuming a similar

normal modes for ux and uy, we get,

µ(2r2 − q2)A+ µiqrB + a0A− 3bv20A = 0, (B.2a)

µ(r2 − 2q2)B + µiqrA+ a0B − bv20B = 0. (B.2b)

Then we can solve for the relationship between A and B,

B =
i

µqr
[(µ(2r2 − q2)− 2a0]A, (B.3)

The r can also be determined,

r1/2 =

√
(2q2 + a0)±

√
a20 − 4a0q2

2
, (B.4)

There are two allowed modes.. Similarly, ux, uy and h can be expressed in normal

modes. Plug them in the boundary conditions in equation (6) (removing the p term)
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in the main article, yields a set of linear equations, from which we can solve for the

growth rate ω. We have

A1 + A2 − ωh = 0, (B.5a)

(µr21 − a0)A1 + (µr22 − a0)A2 = 0, (B.5b)

2µr1A1 + 2µr2A2 + γq2h = 0. (B.5c)

Solving its characteristic equation yields the growth rate,

ω = − (r1 + r2)γq
2

2(µr1r2 + a0)
, (B.6)

which is always negative, meaning it is always stable at the leading front for the

moving case. Therefore, removing the impressibility and pressure term will not lead

to an edge instability.

B.1.2 Add surface tension in Alert et al.’s model

On the other hand, to check their model, we add a surface tension and remove the

T0, p terms in Alert et al.’s model. Their equation (S45) becomes,

η(2k2 − q2 − 1

λ2
)δṽx + iqkηδṽy = 0, (B.7a)

iqkηδṽx + η(k2 − 2q2 − 1

λ2
)δṽy = 0. (B.7b)

Solving the characteristic equation, we get,

k1 =

√
q2 +

1

λ2
, (B.8a)

k2 =

√
q2 +

1

2λ2
. (B.8b)

From their equation (S44), we can get another solution for k,

k3 = q. (B.9)
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Assuming L → ∞ and a surface tension at x = 0, then their equation (S47) becomes,

δṽx(−∞) = 0, δσ̃xx(0) = −γq2δL̃, (B.10a)

δṽy(−∞) = 0, δσ̃xy(0) = 0. (B.10b)

δṽx and δṽy can be expressed in normal modes,

δṽx =
3∑

j=1

Aje
kix+iqy, (B.11a)

δṽy =
3∑

j=1

Bje
kix+iqy. (B.11b)

Plug them into the boundary conditions yields,

2ηk1A1 + 2ηk2A2 + 2ηk3A3 = −γq2δL, (B.12a)

k1B1 + k2B2 + k3B3 + iqA1 + iqA2 + iqA3 = 0. (B.12b)

Figure B.1 : The x component of the velocity at the leading front Vx(0) as a function
of wave number q.

The relationship between A and B is indicated from equation (S15),

B =
i

qk
(2k2 − q2 − 1

λ2
)A. (B.13)
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Meanwhile, we can solve for A3 from their equation (S45) and (S46),

A3 =
T0q

3λ4

hη
δL̃. (B.14)

Put everything together, we get A1 and A2,

A1 =
−γq4

η
δL̃+ λ4T0q3

hη
δL̃(−2q3 + 2q2k2 − k2

λ2 )

2q2k1 − 2q2k2 − k2
λ2

, (B.15a)

A2 = −λ4T0q

2hη
δL̃(2q2 − 1

λ2
)− (1 +

1

2q2λ2
)A1. (B.15b)

Therefore, we get the velocity at the leading front,

δṽx(0) = A1 + A2 + A3, (B.16)

which is bounded from above (Figure B.1). In this case, the growth rate ω is also

bounded from above, but it still could be positive at small q. Therefore, by adding a

surface tension will not stabilize their model.
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