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Abstract: Point spread function (PSF) engineering by phase modulation is a novel approach 
to three-dimensional (3D) super-resolution microscopy, with different point spread functions 
being proposed for specific applications. It is often not easy to achieve the desired shape of 
engineered point spread functions because it is challenging to determine the correct phase 
mask. Additionally, a phase mask can either encode 3D space information or additional time 
information, but not both simultaneously. A robust algorithm for recovering a phase mask to 
generate arbitrary point spread functions is needed. In this work, a generalized phase mask 
design method is introduced by performing an optimization. A stochastic gradient descent 
algorithm and a Gauss-Newton algorithm are developed and compared for their ability to 
recover the phase masks for previously reported point spread functions. The new Gauss-
Newton algorithm converges to a minimum at much higher speeds. This algorithm is used to 
design a novel stretching-lobe phase mask to encode temporal and 3D spatial information 
simultaneously. The stretching-lobe phase mask and other masks are fabricated in-house for 
proof-of-concept using multi-level light lithography and an optimized commercially sourced 
stretching-lobe phase mask (PM) is validated experimentally to encode 3D spatial and 
temporal information. The algorithms’ generalizability is further demonstrated by generating 
a phase mask that comprises four different letters at different depths. 

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement 

1. Introduction 

Recent years have witnessed the development of wavefront phase manipulation for various 
optical applications including manipulating plasmonic nanoantennas [1,2], holographic 
displays [3,4], and engineered PSFs for depth detection [5–9]. Phase-only modulation is 
advantageous in single-molecule studies because it minimizes lost photons [10], thereby 
maintaining a high spatial resolution [11]. Super-resolution techniques accomplished by point 
spread function engineering simultaneously provide large axial detection ranges and high 3D 
spatial resolutions [5,10,12–18]. To achieve 3D super-resolution detection with such methods, 
a 4f optical geometry is used, and a phase mask is inserted into the Fourier plane between two 
lenses along the detection path of a traditional optical microscope. The emission signal is 
modified in the Fourier domain by the PM within the 4f system [7]. Several previously 
reported PMs generate PSFs containing depth-dependent information and are used for the 
imaging of biological structures and dynamics in 3D space [12,15,18–24]. More recently, the 
popular double helix PM was used to encode temporal dynamics, but at the cost of sacrificing 
3D spatial information [25,26]. 
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Designing new or complicated PMs is a phase retrieval problem [5,27–29] in that 
recovering a signal’s representation in the Fourier domain from only the amplitude in spatial 
domain is computationally challenging. Previous approaches for phase retrieval include 
Gerchberg-Saxton algorithms [27,30] and hybrid input-output algorithms [31]. In most cases, 
a PM is designed by optimizing only a single image in the spatial domain. However, to 
achieve 3D detection, the continuous evolution of the PSF throughout the desired depth range 
needs to be considered in the PM design. This requirement limits the application of existing 
algorithms in the design of novel PMs. 

PM design utilizing Gaussian-Laguerre modes is one of the methods that yields a PM 
design with continuously evolving PSFs [5]. However, this algorithm is only applicable for 
rotating PSFs, while non-rotating functional PSFs cannot be generated with this method. The 
above challenges motivate the necessity for a generalized and robust method for the design of 
PMs suitable for a wide array of imaging applications. 

Here we report two new algorithms for PM design using the fundamentals of 
optimization: a stochastic gradient descent algorithm and a Gauss-Newton algorithm [32]. To 
confirm the validity of these methods, two well-known PSFs and corresponding PMs are 
recovered with our method. The patterns generated by our algorithms match well to the 
previously reported PSFs [5]. We further propose a novel stretching-lobe PSF for super-
resolution localization using our algorithms. This PSF is capable of simultaneously encoding 
sub-frame temporal information while achieving 3D super-localization. Moreover, we 
showcase the ability to encode arbitrarily complex PSFs by designing a single PM that yields 
PSFs with the individual letters “R”, “I”, “C”, “E” at different depths. The physical PMs are 
fabricated via photolithography for proof-of-concept, and the chosen stretching-lobe PM is 
sourced commercially for final implementation. 

2. Methods 

2.1 Phase retrieval 

One of the most critical applications of PMs lies in super-resolution microscopy, thus we 
emphasize encoding super-localization information in PSFs, and formatting the PM design 
problem as a phase retrieval problem. As shown in Fig. 1, PSF engineering is accomplished 
with a 4f system in a microscope’s detection path. The PM is located at the Fourier plane, 
which is centered between two lenses. After phase modulation by the PM, the emission light 
is transferred back to the spatial domain and captured by a camera. The intensity profile of 
PSFs generated by a given PM is expressed as the following: 
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in which ( )I ⋅ is the intensity distribution and the subscript ( , )i j denotes the pixel located at 
thi  row and thj  column; ( )FFT ⋅  is the discrete fast Fourier transform operation; cirmask  is a 

circular pupil intensity mask with a diameter of 2 mm; P  is the PM pattern in the Fourier 
domain; ‘  ’ is the Hadamard product operator; defocusP denotes the phase delay in the Fourier 

domain caused by the defocus effect; D  denotes the distance of pixels on the PM to the 
center of the PM; f  denotes the focal length of the lens; z  denotes the defocus distance. It 

should be noticed that Eq. (1) is only an approximation to calculate the PSF from the PM 
under our current PM quantization (40 by 40 pixels). For a more accurate calculation of the 
PSF in the continuous domain please refer to reference [33]. Our aim is to calculate the PM, 

,P  from the intensity distribution of the desired PSFs, ( )I x , which is equivalent to an 
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inverse process of that in Eq. (1). However, a simple inverse Fourier transform of the PSF 
cannot reconstruct the PM because the phase information of the PSF is lost and only its 
amplitude is recovered. 

 

Fig. 1. Layout of a typical PM based 3D super-resolution microscope. The 4f system is shown 
in the red box consisting of two lenses and a PM at the Fourier plane. Emission light is 
modulated by the 4f system and projected to a camera. 

Here we propose a scheme to retrieve the PM pattern by minimizing the difference 
between the input PSF profile and the PSF derived from the PM (Eq. (1)). The PM is 
successfully generated when the two PSFs match with each other as shown in Eq. (2): 

 ( ) ( ), , , ,I i j z d i j z=  (2) 

in which ( )I z  is the PSF calculated from the PM and ( )d z


 is the desired PSF containing 

different depths. To do so, an optimization method is applied. The L2 norm residual, 
difference between two PSF intensity profiles, is calculated by: 
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where ⋅  is an operation of taking the element-wise amplitude squared; zero-padding is not 

applied in the FFT. Then the corresponding PM is calculated by minimizing the objective 
function ( )F f : 
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2.2 Converting phase retrieval to standard optimization problem 

Two algorithms are compared in this manuscript to recover PM designs for desired PSFs. One 
utilizes a stochastic gradient descent and the second relies on a Gauss-Newton method using 
2nd order approximations. PM design is simplified by converting the original problem to a 
standard linear optimization problem. It should be noted that Eq. (5) cannot be directly solved 
because of the existence of a Fourier transform. In most optimization problems, a gradient of 
the objective function needs to be calculated, which is computationally challenging when a 
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Fourier transform is applied to the objective function. We first represent the discrete Fourier 
transform with matrix multiplication. 

The 2D discrete Fourier transform is equivalent to the product of the Fourier transform 

matrix H


 and the PM pattern ( )P f


: 

 ( )X H P f= ⋅
 

 (6) 
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in which X


 denotes the amplitude of signal in the spatial domain and ( )P f


 denotes the 

vectorised PM pattern. The dimension of the Fourier matrix H


 is determined by the image 
size of the PSF (K) and the image size of the PM (N) in Eq. (7). Thus the residual is 
expressed by: 

 ( ) ( ) ( ) ( )( )( ) ( )
2

°exp 1cir defocusr z I z d z H mask i P P d z= − = + −   (8) 

2.3 Stochastic gradient descent optimization 

The stochastic gradient descent algorithm is widely used in solving optimization problems, 
especially when there are multiple constraints simultaneously applied on the objective 
functions [34,35]. In PM design, the PSFs at nine different depths consequentially constrain 
the PM update process, which makes the stochastic gradient descent algorithm ideal for 
solving this problem. In each iteration the PM is updated only based on the PSF at one depth 
and consecutively constrains the PM at nine different layers. The gradient is calculated using 
Newton’s difference quotient. The algorithm scheme is shown in Algorithm 1 below. 

Algorithm 1 Stochastic gradient descent. 

2.4 Gauss-Newton optimization 

A Gauss-Newton algorithm is applied to solve the optimization problem in Eq. (5). Gauss-
Newton method is well known for solving linear optimization problems with fast convergence 
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speeds. It outperforms Newton’s method in terms of lower computational loads by only 
updating the Jacobian matrix rather than the second order derivative of the objective function: 
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 ( ) ( )TF x J r x∇ = ⋅  (10) 

in which ∇ is the gradient operator and J is the Jacobian matrix. The optimization steps are 
summarized in Algorithm 2: 

Algorithm 2 Gauss-Newton 

The Gauss-Newton algorithm converges much faster than SGD algorithm because of the 
utilization of 2nd order approximation (Appendix A, Fig. 8). As the input PSF becomes more 
complicated, the Gauss-Newton reaches the minimum within a reasonable period of time. 
Thus we only focus on the Gauss-Newton algorithm in the manuscript for the fabrication and 
experimental verification of the PM designs. 

2.5 Fabrication of PMs using Reactive-Ion Etching (RIE) 

The PMs were fabricated on fused silica substrates through nine iterations of 
photolithography, with RIE (Oxford PlasmaLab 100) following each step [36]. The positive 
photoresist S1818 (Microchem Corp.) was spin coated onto the entire wafer with a thickness 
of 2.5 μm followed by a 1 min softbake at 115 °C. The wafer was aligned with the photomask 
and exposed to a constant dose of 220 mJ/cm2 UV light (EVG 620). After UV exposure, the 
wafer was developed in MF 319 (Microchem Corp.) for 40 sec, in which the exposed regions 
were soluble while the unexposed regions remained insoluble. Afterwards, the wafer was 
rinsed with DI water for 2 min to remove the developer and photoresist residues in the 
exposed areas. To perform the photolithography, photomasks are patterned on a 4 inch Soda 
Lime substrate via direct laser writing. The photomasks were fabricated by using a 3D direct 
laser lithography system (Nanoscribe GmbH, Germany) with a high resolution negative 
photosensitive resist (IP-L, Nanoscribe GmbH). A total of 9 hard mask patterns are prepared 
to fabricate a PM consisting of 10 layers with various thicknesses, 127.2 nm for each single 
layer. The final PMs have pixelated patterns with pixel sizes of either 33 μm (60 by 60 pixels) 
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for the RICE PSFs or 50 μm (40 by 40 pixels) for the double helix (DH) and stretching-lobe 
PSF patterns. The fabrication process is illustrated in Fig. 2. 

 

Fig. 2. Fabrication process of a PM using photolithography and RIE. A total of nine iterations 
are involved with each using a different photomask. Patterns are etched to the substrates after 
photoresists are developed in each iteration of photolithography. Scale bar = 100 μm in SEM 
image. 

The PM consists of n by n pixels, which means there are n rows pixels and each row has n 
pixels with different heights. The surface profile of each row can be acquired by carrying out 
profilometer (Veeco Dektak 6M) scanning. After profilometer scanning of each row is 
complete, we can obtain the surface profiles of the PM. 

2.6 Commercial sourcing of optimized PM 

A higher resolution (80 by 80 pixels) PM was purchased from Double Helix Optics (Boulder, 
CO) [37], The commercially-sourced PM was fabricated using gray scale lithography 
techniques, allowing the etching depth on the PM to be controlled by the exposure time of a 
laser beam on each pixel, which yields higher depth and lateral resolutions that those used in 
our proof-of-concept PMs [38]. 

2.7 Depth measurement and calibration 

PSFs of designed PMs are measured by imaging carboxylate-modified polystyrene 100 nm 
beads (orange fluorescent, max abs/em: 540/560 nm, Invitrogen) at different depths. The 
fluorescent samples are excited by a 532 nm laser (Coherent, Compass 315M-100SL). The 
signal is collected by an oil-immersion objective (Carl-Zeiss, alpha Plan-Fluar, N.A. = 1.45, 
100 X magnification) and then imaged by a sCMOS camera (Hamamatsu, ORCA-Flash 4.0). 
Each camera pixel corresponds to 172 nm in real space. The beads are fixed on the coverslip 
and the objective is equipped with an objective scanner (P-721 PIFOC) to shift and calibrate 
the samples depth. A high resolution (80 x 80 pixel) PM stretching-lobe PM, purchased from 
Double Helix LLC, is mounted on a motorized rotary mount (QIOPTIQ, Rotary Mount with 
Servo Motor) and the rotating speed is 300 rpm. 

3. Results and discussion 

3.1 Recovering well-established PMs 

To test the validity of our algorithms we first generate a PM based on a commonly used 
engineered PSF, namely the DH PSF. DH PSFs are rotating PSFs, and as discussed earlier, 
are originally designed in the Gaussian-Laguerre domain [5]. In the Gaussian-Laguerre 
domain the different modes are orthogonal and form a complete basis set, and the PMs are 
decomposed into coefficients of the modes. The mode coefficients are optimized to derive the 
final PM pattern. Or proposed algorithms take a different approach as each pixel in the PM 
pattern is individually optimized and the final PM is obtained by simultaneously optimizing 
all pixels. The minimum is reached by iteratively forcing the generated PSFs to be the desired 
pattern. 

Our algorithms are able to generate a PM pattern that can produce DH PSFs similar those 
previously reported [5]. The initial guess of the PM and the input PSFs are shown in Figs. 
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3(A) and 3(B). Unlike previous algorithms, our algorithms do not require a priori 
information. Even random initial guesses as shown in Fig. 3(A) lead to convergence. The 
input PSFs have two Gaussian-shaped lobes that rotate around the center point (white crosses 
in Fig. 3(B)). The PM pattern is pixelated containing 40 by 40 pixels. Thus, a total of 1,600 
variables are optimized simultaneously in this algorithm. The maximum number of iterations 
using Gauss-Newton algorithm is set to 20, which converges to the minimum and gives 
reasonably good results (Appendix A, Fig. 8). Figures 3(C) and 3(D) are the recovered PMs 
and the corresponding PSFs at different depths using our algorithms. It is worth noting that 
the produced PSFs have side lobes, which is similar to the previously reported DH PSFs [5]. 
The theoretical localization precision of the PM in Fig. 3(C) is also calculated from the 
Cramer-Rao lower bound (CRLB) (Appendix A, Fig. 16). This PM is also recovered using a 
Gerchberg-Saxton algorithm (Appendix A, Fig. 9) and SGD algorithm (Appendix A, Fig. 10), 
but the Gerchberg-Saxton algorithm does not yield well defined DH PSFs. The PM is 
experimentally fabricated using the RIE method (Fig. 3(E)). The fabricated PM is measured 
(Fig. 3(E)) and the PSFs shown in Fig. 3(F) are the results of 1.0 μm fluorescent beads 
imaged at different axial depths. The shapes of the obtained PSFs deviate slightly from the 
simulated PSFs especially for the −1.125 μm depth as shown in Fig. 3(F). We attribute this 
deviation to missing information during the discretization of the PM in addition to artifacts 
generated during PM fabrication (Appendix A, Fig. 18). Other potential reasons to the 
deviation of the PSF shapes might be the refractive index mismatch between the sample and 
the glass slide, which is a topic that deserves future attention, especially as it has recently 
been shown that PSF engineering can be used to identify and correct for other optical 
aberrations [39,40]. Additionally a PM that produces previously published corkscrew PSFs 
[19] is also successfully recovered using our algorithms (Appendix A Fig. 11). 

 
Fig. 3. PM fabricated using the RIE method and corresponding DH PSFs. (A) Initial guess for 
the PM pattern. (B) Intensity profiles of the desired PSFs. These intensity profiles are used as 
the input for the PM design. Each PSF contains two Gaussian distributed lobes and the 
orientation varies at different depth. The white crosses denote the center position of the lobes, 
which is the lateral position of the emitter in 3D super-resolution microscopy. (C, D) The 
recovered PM (C) and its corresponding PSFs at different depths (D). (E, F) The fabricated PM 
(E) and the measured PSFs at different depths (F). The scale bar in A, C, and E is 500 µm and 
1 µm in B, D, and F. 

3.2 Stretching-lobe PSF to obtain both time and depth information in high resolution 

Similar to rotating PSFs, non-rotating PSFs are able to encode depth information with a 
response other than PSF orientation. In specific applications the rotation response is already 
used for detection of information other than depth. For example in our former work [25] the 
PM is physically rotated 180 degrees within one camera exposure, thereby encoding sub-
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frame time information in the final PSF. However, if the PM generates PSFs that rotate as a 
function of depth, the time information cannot be extracted from the data. Therefore when 
designing a PM capable of 3D super resolution and sub-frame temporal encoding it is highly 
desired to develop a PM that produces non-rotating PSFs using our algorithms. Non-rotating 
PSFs were reported previously. However, none of them are calculated based on the desired 
input PSFs [20,28]. As a result, simultaneous detection of both 3D spatial and time 
information will not be achievable with existing rotating PSFs and is addressed using the 
stretching-lobe PSF proposed in this work. 

We propose and experimentally test a new stretching-lobe PSF to encode the depth 
response in 3D super-resolution microscopy into the distances between the two lobes of the 
PSFs. The desired PSFs are shown in Fig. 4(B). The PSFs consist of two Gaussian distributed 
lobes with the center between two lobes (white crosses) indicating the lateral position of the 
emitter. Once again, the PM contains 40 by 40 pixels. Instead of changing the relative 
orientation between the two lobes, the distance between them changes when the depth of the 
emitter is changed (Fig. 4(B)). With a random PM initial guess, the generated PM pattern 
(Fig. 4(C)) and the corresponding PSFs (Fig. 4(D) and Visualization 1) produced from the 
PM are calculated. Even though different initial guesses lead to slightly different PM patterns, 
the generated PSFs are very close to each other (Appendix A, Fig. 12). It should be noted that 
the sharp phase variations in the PM in Fig. 4(E) are not artifacts from the optimization 
algorithm, but instead these features serve to sharply focus photons into the central portions 
of the resulting PSF. When smoothing a small arbitrary area of the PM by averaging the 
values, the photon percentage in the two central lobes drops from 47.3% to 45.8% thereby 
lowering performance (Appendix A, Fig. 13). Compared to the DH PSFs, the stretching-lobe 
PSFs have a smaller depth of detection from −0.75 μm to 0.75 μm. Other depth ranges are 
also examined, but the recovered PSFs are not satisfactory (Appendix A Fig. 14). When the 
emitter moves beyond the depth-detection range, the intensity will decay rapidly until the PSF 
is not observed. To verify this PSF experimentally the PM is also fabricated using RIE 
method (Appendix A Fig. 15) to measure the resulting PSFs (Figs. 4(E), 4(F), and 
Visualization 2). The obtained PSFs match with the simulated data reasonably well. When 
physically rotating this particular PM, the PSF orientation will not couple with the depth 
response, thus this PSF is an ideal candidate for encoding both 3D spatial and sub-frame 
temporal information. 

 
Fig. 4. PM fabricated using the RIE and corresponding stretching-lobe PSFs. (A) Initial guess 
for the PM pattern. (B) Intensity profiles of the desired PSF. Each PSF contains two Gaussian 
distributed lobes and the distance between two lobes varies at different depth. The white 
crosses denote the center position of the lobes, which is usually the lateral position of the 
emitter in 3D super-resolution microscopy. (C, D) The recovered PM (C) and its 
corresponding PSFs at different depths (D). Simulated PSFs of emitter at more depth positions 
can be found in Visualization 1. (E, F) The fabricated PM (E) and the measured PSFs at 
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different depths (F). Experimental PSFs of emitter at more depth position can be found in 
Visualization 2. The scale bar in A, C, and E is 500 µm and 1 µm in B, D, and F. 

By running Monte Carlo simulations, the localization precision of the stretching-lobe 
PSFs is calculated to determine the best working distances (Fig. 5). Each fluorescent emitter 
is simulated to emit photons following Poisson distributions with a mean value of 2,000 
photons [14]. Various background noises with Poisson distributions are also considered in 
this simulation as well. The stretching-lobe PSFs provide reliable 3D position localization 
within the depth range from −0.6 μm to 0.6 μm. By calculating the CRLB of both the DH PM 
and stretching PM (Appendix A, Fig. 16), it is clear that the DH PSF still provides a higher 
depth localization precision and a larger depth detection range. However, the stretching-lobe 
PSF is able to provide additional information besides 3D localization, such as the temporal 
information [25,26]. 

 

Fig. 5. Localization precision of the stretching-lobe PSFs. Localization precision in both lateral 
and depth dimensions predicted by 1,000 Monte Carlo simulations per data point with 
additional Poisson noise of 6 and 12 photons per pixel. 

Rotation of the stretching-lobe PM enables the simultaneous acquisition of both 3D spatial 
and sub-frame temporal information. As discussed in our previous works [25,26], the depth 
and time response are the same for the DH PSF, leading to a rotational response when either 
depth or time changes. With the stretching-lobe PM, the depth response is independent of the 
time response, as shown in Fig. 6. Different depths of the fluorescent emitters are achieved by 
manually moving the objective. A commercially-sourced stretching-lobe PM exhibits high 
lateral and depth resolution (Appendix A Fig. 17). The high resolution PM increases the peak 
intensity of PSFs by 3% compared with that of the PM in low resolution in Fig. 4(C). The 
PSFs were imaged with a high camera frame rate (100 fps) to show that different orientations 
of the two lobes uniquely label time. Whereas, the emitter’s depth is encoded in the distance 
between the two lobes (Fig. 6.). The time-angle rate is 0.56 ms/degree, while the lobe 
distance-depth rate is 3.125 pixels/μm. It must be noted that in the application of sub-frame 
temporal retrieval, as we have previously demonstrated [25,26]. If a slower frame rate is used, 
the arc-lengths of the resulting PSF encodes the surface residence time. The PSFs shown in 
Fig. 6 represent a single emitter at different depths and times. The development of this PSF 
design allows for 3D tracking to be performed in addition to resolving sub-frame temporal 
information all compressed into a 2D image. Using this PSF design for tracking applications 
will also demand the development of more advanced algorithms [16,41–44] designed for such 
PSF shapes. 
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Fig. 6. Final PSFs of stationary green beads when rotating the stretching-lobe PM fabricated 
using gray scale lithography. PSFs of different orientations (rows) denote different time; PSFs 
of different lobe distance (columns) denote different depth of the emitter. The scale bar is 1 
µm. 

3.3 Developing complicated PSFs 

In addition to generating 3D PSFs for depth detection and 4D super-resolution, the proposed 
algorithm can also design arbitrarily complicated PSF patterns. Figure 7(A) shows an initial 
PM pattern containing a 60 by 60 matrix of random initial guesses. Figure 7(B) are the input 
PSFs containing four letters at different depths. The number of pixels increases compared 
with the PMs used for the DH PSF or stretching-lobe PSF due to the fact that the desired 
PSFs are much more complicated and requires more granularity. Thus a finer spatial control 
of the PM is necessary in this application. Four different constraints are simultaneously 
applied to the PM design. It is usually difficult to use traditional phase retrieval approaches 
[45]. However our algorithm generates a PM based on the complicated PSF inputs of spelling 
the word “RICE”. 

Our algorithm is robust and generalized enough to generate arbitrarily complicated PMs 
solely based on the input PSF profiles. In Fig. 7(B), four letters are used as the desired PSFs, 
and the PM pattern can still be recovered (Fig. 7(C)). It is clear that the four letters are 
successfully recovered by the PM (Fig. 7(D)), although a few artifacts are involved in the end. 
The PM is fabricated (Fig. 7(E)) and the PSFs are obtained (Fig. 7(F)). 
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Fig. 7. PM fabricated using the RIE method for complicated PSFs. (A) Initial guess for the PM 
pattern. (B) Intensity profiles of the desired PSF. Four letters at different depths serve as four 
constraints. (C, D) The recovered PM (C) and its corresponding PSFs at different depths (D). 
(E, F) The fabricated PM (E) and the measured PSFs at different depths (F). The scale bar is 
500 µm in A, C, and E, while it equals to 1 µm in B, D, and F. 

4. Conclusion 

In this work we propose two new algorithms to design the PM for arbitrary shape of PSFs. 
We verify the universality of our algorithms by recovering two published PMs that were 
designed with a different algorithm. Later, we propose a novel stretching-lobe PSF for 3D 
super-resolution microscopy and generated the corresponding PM using the faster performing 
Gauss-Newton method. We also demonstrated the capability of the stretching-lobe PM to 
simultaneously encode 3D spatial and temporal information. Finally, we also successfully 
design a PM that corresponds to very complicated PSFs at different depths. 

Appendix A. Supporting information for phase mask design algorithms 

Convergence curve 

 

Fig. 8. Convergence curve of L2 norm residual of (A) Stochastic gradient descent method (B) 
Gauss-Newton method. 
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Result of applying Gerchberg-Saxton algorithm 

 

Fig. 9. DH PM recovery result with Gerchberg–Saxton algorithm. The recovery results for 
each depth layer are averaged in each iteration with equal weight. The algorithm converges at a 
local minimum. 

Result of applying Stochastic Gradient Descent algorithm 

 

Fig. 10. DH PM recovery result with stochastic gradient descent method. In each iteration only 
one PSF in one depth constrains the optimization. The recovery result is finished within 400 
iterations. 

Recovery of corkscrew PSF 

 

Fig. 11. The corkscrew PM designed with the proposed method in simulation. (A) The random 
initial guess where the PM design starts. (B) The desired PSF intensity profiles as the input to 
the PM design code. Each PSF contains one Gaussian distributed lobe and the orientation 
varies at different depth. The crosses denote the lateral position of the emitter. (C) The 
recovered PM from the new algorithm and (D) the corresponding PSFs at different depths. (E) 
The experimentally fabricated PM and (F) the measured PSFs at different depths. The scale bar 
is 500 µm in (A, C, and E); the scale bar = 1 µm in (B, D, and F). 
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PM generated from different initial guesses 

 

Fig. 12. (A) Recovered stretching-lobe PMs with different initial guesses. (B) The 
corresponding PSFs at the focal plane from each PM shown in A. Scale bar = 1 μm. 

Analyses on sharp variations in the PM 

 

Fig. 13. (A) The recovered stretching-lobe PM and (B) the corresponding stretching-lobe PSF 
in the focal plane. The photons in the two lobes account for 47.3% out of the 2,000 total 
simulated photons. (C) The PM is smoothed by averaging values within the region denoted by 
the green block. (D) The corresponding stretching-lobe PSF in the focal plane. The photons in 
the two lobes account for 45.8% out of the 2,000 total simulated photons. 
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Cramer-Rao lower bound (CRLB) calculation 

 

Fig. 16. Cramer-Rao lower bound for the DH PSF (A, B) and stretching-lobe PSF (C, D). In 
(A) and (C) the emitted photons are 2,000 and background noise are simulated as a Poisson 
distribution with a mean value of 6 photons per pixel. In (A) and (C) the emitted photons are 
2,000 and background noise are simulated as a Poisson distribution with mean value of 12 
photons per pixel. 

Stretching-lobe PM of high resolution 

 

Fig. 17. Stretching-lobe PM of high resolution (80 by 80 pixels). 
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Simulation from fabricated PMs 

 

Fig. 18. Simulation of the PSFs from the fabricated PMs. The PMs in A, B, and C are from 
Fig. 3(E), 4(E), and 7(E) respectively, which is characterized by profilometer. 

Signal to noise ratio estimation 

The SNR is calculated by 

 
( )2

2
N

E S
SNR

σ
=   

in which S  denotes the photons from the emitters, 2
Nσ  denotes the variance of the 

background noise. When simulating 2,000 photons emitted from the fluorescent emitters, we 

assume that each lobe of the PSF follows a Gaussian distribution, so that ( )2E S  can be 

estimated. At different SNRs, the variance of the background noise can be calculated by 

( )2

2
N

E S

SNR
σ = . We assume that the background noise follows a simple Poisson distribution, 

which is added to the simulated PSFs. The mean background noise values of 6 and 12 
photons per pixel results in a SNR of 20 and 10 respectively. 
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