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ABSTRACT 

Initiation, Growth, and Arrest of Cracks in Constrained  
Sintering Materials 

by 

Joseph Reid Carazzone 

This thesis examines the long-standing problem of cracking during 

constrained sintering of a powder aggregate, a process called sinter-cracking. The 

problem has gained new context due to additive manufacturing (AM) techniques 

like binder jet 3D printing that rely on sintering as an essential post-processing step. 

The advantage of AM is to enable production of geometrically complex objects not 

easily attained by traditional means, but such complexity causes problems when 

met with the high strains and internal stresses typical of constrained sintering. The 

goal of this thesis is to understand sinter-cracking by two approaches: experiments 

using in situ monitoring to directly observe binder jet 3D printed samples during 

sintering, and simulations using the discrete element method to assess particle-scale 

phenomena. The effects of varying the size and shape of the flaw, the 3D print build 

direction, and the initial relative density are considered. Sinter-cracking is found to 

experience incubation and arrest phases, with the possibility of crack shrinkage, and 

to exhibit important analogies to creep-cracking. The stress field ahead of a sinter-

crack is found to be characterized by the net section stress, which correlates with 

the sinter-crack growth rate. Finally, guidelines for design and processing are 

suggested for suppressing sinter-cracking, leading to quality sintered products. 
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Chapter 1 

Introduction 

1.1. Overview of sintering 

Sintering is a high-temperature process in which particles of material join to 

reduce their excess surface energy by forming molecular bonds along their interface 

through thermally activated mass transport. When an aggregate of particles sinters, 

its structure evolves because the available thermal energy allows atoms near their 

contacts to move outward, leading to the growth of contacts between adjacent 

particles, the reduction of local curvature at those contacts, and the approach of 

particle centers via coalescence, as illustrated in Figure 1.1 by the two particle 

model of Exner [1]. This causes the entire sintering aggregate to shrink and densify, 

reducing its total surface area [2]. Sintering is commonly used to densify, 

strengthen, and consolidate aggregates of weakly bound powder material, 
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transforming them into continuous, monolithic, near net-shaped objects with 

controlled amounts of porosity.  

Sintering is used widely in the powder processing industry for metal, glass, 

and ceramic materials. It is also an important processing step for new 3D-printing 

technology that works through layer-by-layer binding of powder material, which is 

then consolidated through sintering [3]. The process can occur while the material 

remains purely in the solid phase, or it can be mediated by a secondary liquid phase. 

For solid-state sintering, processing temperatures typically range from 80 to 90% of 

the material’s melting point [2, 4]. By not melting the material, sintering gives 

advantages through energy savings, near-net shape processing, and control over 

microstructural features like grain size and porosity [5, 6]. Different paths for 

Figure 1.1. Glass spheres (3 mm diameter) sintered at 1000 °C. x is the contact 
radius and a is the particle radius. The spheres experience contact growth and 

center-to-center coalescence. Images from Exner, 1979. 
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material transport exist: a crystalline material sinters by any of six different 

transport mechanisms, depending on temperature and extent of sintering neck 

growth, with only some mechanisms leading to densification [2, 4]; a vitreous 

material sinters only by viscous flow [7]. 

1.2. Problems with sintering 

The driving force for sintering is the minimization of surface energy: a 

material in the form of a powder possesses high surface area and curvature which 

can be reduced by mass transport mechanisms active at elevated temperatures. 

Under sintering conditions, a powder aggregate tends to coalesce and densify 

through the growth of contacts between adjacent powder particles (sometimes 

referred to as “particle necks”) [2, 4, 8, 9]. In practice, a sintering material 

experiences various types of restraint which oppose its tendency to shrink in one or 

more directions (a phenomenon referred to as “constrained sintering”), leading to 

the buildup of internal stress in the sintering material [10, 11]. Sources of restraint 

include friction between the sintering material and its substrate [10], non-

densifying inclusions [12], and differential sintering rates between different 

material components [13] or regions of different densities [14]. Friction, for 

example, can prevent a thin film sintering on a rigid substrate from shrinking in the 

in-plane directions [10, 15], with the greatest self-induced stress developing at the 

constraining interface [12]. 
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Under certain conditions, the self-induced internal stress arising from 

constrained sintering can become sufficiently large to reverse the sintering process, 

tearing the aggregate apart through the initiation and growth of cracks [12, 16]. 

Two examples are shown in Figure 1.2: a network of cracks in an alumina film 

sintered on a rigid substrate, observed by Garino and Bowen [17], and radial cracks 

in a magnesia powder annulus propagating from a dense core, observed by Ostertag 

et al. [12]. This fracture process, here referred to as “sinter-cracking”, degrades 

product quality, lowers yield, and proves highly undesirable; it is often observed 

during the early stages of sintering, when the bonds between particles are weakest 

[18-20]. The nature of sinter-cracking is to proceed by creep-growth, rather than 

propagating rapidly or catastrophically [12, 15]. Typically, a densifying mechanism 

must be active [20, 21], but rupture of particle contacts can occur by non-densifying 

(surface diffusion) mechanisms alone [21, 22]. Constraint can also affect the activity 

of material transport along certain paths, causing voids to grow anisotropically, 

instead of shrinking [23, 24].  

Figure 1.2. Examples of sinter-cracking in (a) an Al2O3 film sintered on a rigid 
substrate (from Garino and Bowen, 1987); and in (b) a MgO powder ring 

sintered around a dense core (from Ostertag et al., 1989). 
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1.3. Aspects of sinter-cracking 

The process of sinter-cracking comprises two stages – initiation and growth. 

Sinter-cracks typically initiate near stress concentrators present either at the micro-

scale (e.g., as powder agglomerates [18, 25], rigid inclusions [12, 26], and spatial 

variations in packing density or particle size [14, 27]) or at the macro-scale (e.g., as 

design features like notches [16, 18, 24]). Sinter-crack initiation is influenced by the 

pore size distribution and the initial relative density of the powder aggregate. For 

example, Wang and Atkinson discovered that for constrained sintering, pores tend 

to grow rather than shrink when their initial size exceeds a critical value [23]. Sudre 

et al. considered the porous matrix of a sintering composite and found that high 

initial relative densities mitigate sinter-crack initiation by decreasing the extent of 

differential densification [11]. 

After a sinter-crack has initiated, it can then grow through a process that 

closely resembles creep-cracking in fully dense materials. Bordia and Jagota, for 

instance, observed sinter-crack growth in alumina films and found that sinter-cracks 

grew by the coalescence of pores in a process zone ahead of the main crack, similar 

to the linking up of grain boundary cavities ahead of a creep-crack [16, 28]. More 

quantitative, fracture mechanics-based analyses of sinter-cracking further support 

this similarity between sinter-cracking and creep-cracking. Ostertag et al. used the 

stress intensity factors for a plane strain radial crack emanating from a central 

heterogeneity to compute the stress intensity required for sinter-crack growth in 

MgO and found that this stress intensity was similar to that required for creep-crack 
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growth [12]. Similarly, Jagota and Hui used fracture mechanics to analyze sinter-

crack growth in a glass powder film containing a central crack and demonstrated 

that the stress intensity produced by sintering ahead of the crack is not large 

enough to cause brittle fracture, favoring instead crack growth by a creeping 

damage mechanism [15].  

1.4. Mechanisms of particle breakup 

Theoretical studies have provided insight into the mechanisms by which 

particles break apart during sinter-cracking. In a crystalline material, the grain 

boundary plays an important role due to its energy and associated dihedral angle, 

and tends to enable rupture [15]. Rupture of the interparticle neck depends on the 

mass transport mechanism, tends to occur at a critical ratio of particle length to 

width, and can take place by either densifying or non-densifying (coarsening) 

mechanisms [21, 29]. Figure 1.3 shows an example of crystalline rupture observed 

by Sudre and Lange [29]. Neck rupture can also be promoted by the combination of 

small neck area and large contact angle [22]. Maximenko et al. proposed that 

particle necks break apart when tensile stresses cause creep cracks to initiate at the 

contact edges, which then grow by means of coupled grain-boundary and surface 

Figure 1.3. Rupture of a particle neck by crystalline sintering mechanisms. 
Images from Sudre and Lange, 1992. 



 
7 

diffusion [30]. In amorphous materials, multiple temperature-dependent mass 

transport mechanisms are not present; particle necks deform by viscous flow only 

and can rupture through a Rayleigh instability when they reach a critical length [31]. 

Figure 1.4 shows an example of viscous rupture observed by Bordia and Jagota [16]. 

1.5. Theoretical frameworks 

Past study of sinter-cracking has relied on two theoretical frameworks: 

thermodynamics and mechanics. Thermodynamics considers the stability of a bond 

between particles in terms of their free energy as a criterion for crack growth; any 

change that takes place must reduce the free energy [21] or else minimize the 

combined rates of free energy change and energy dissipation (the variational 

principle) [23]. In a crystalline material, a balance exists between decreasing energy 

by elimination of surface area and increasing energy by formation of grain boundary 

as two grains sinter together [29, 32]. Because of constraint, a more rapidly 

densifying region will pull on a region of less density, causing particle elongation. At 

Figure 1.4. Rupture of a particle neck by viscous sintering. Image from Bordia 
and Jagota, 1993. 
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a critical ratio of particle length to breadth, the bonded particles become 

geometrically unstable. To achieve equilibrium, they break apart by eliminating 

their grain boundary through densifying or non-densifying mechanisms, or a 

combination of both, as illustrated in Figure 1.5 [21, 29]. Alternatively, if a closed 

pore within a polycrystalline matrix exceeds a critical size, material transport along 

adjoining grain-boundaries will cause it to grow, rather than shrink, leading to a 

crack-like void [23]. For vitreous material, transport is limited to viscous flow. 

Figure 1.5. Modes of particle contact rupture in row of sintering particles. An 
equilibrated row of particles (a) may experience differential densification (b) 
or coarsening (c), leading to elongation of some grains and eventual rupture 

of their contacts (d). Diagram from Carter and Cannon, 1990. 
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Treatment of viscous sintering is based on the balance between energy supplied by 

elimination of surface area and the dissipation of that energy by viscous flow [33]. 

The connection between two constrained glass particles is like a fluid that is held 

between two fixed plates, which may break apart by Rayleigh instability [31].  

The continuum mechanics approach centers on kinetic functions and 

constitutive equations that describe the stress state of a sintering body. In this 

approach, the macroscopic stresses and strains experienced by a sintering body are 

related through constitutive equations in which the macroscopic stress is a linear 

combination of the stress which causes sintering and the stress induced by viscous 

inertia [14]. Typically, the movement of powder particles on the microscale is 

determined by the macroscopic strain rate according to the Taylor-Bishop-Hill 

approximation [34]. The thermodynamic driving force is incorporated as an 

intrinsic free strain rate and interfacial friction which opposes densification can be 

easily considered. Analysis of the stress in a porous film that contains a pre-existing 

crack allows application of the stress intensity factor [10, 12, 15] or the Griffith 

fracture criterion [35]. The Griffith criterion states that the crack length will 

increase when doing so leads to a decrease in the combined surface and strain 

energy of the system. Such analysis led to the conclusion that a pre-crack will grow 

when the film exceeds a critical thickness [35]. 
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If the stress-intensity factor at the tip of a pre-crack is considered, crack 

growth occurs when the factor exceeds the critical value for the powder aggregate 

[15] or when it reaches a sufficiently large fraction of the critical value for the fully 

dense material [12]. To determine the critical factor for a powder aggregate, Jagota 

and Hui proposed that a bond between particles at the crack tip will break when 

stress in the sintering body produces a decrease in neck area with time and that 

growth of the flaw in the early stage of sintering can be predicted using the stress 

intensity factor [15]. They determined that cracking would occur when either the 

thickness of the aggregate or the size of the pre-crack exceeded a critical value, or if 

the interfacial friction fell short of a critical value. Their theoretical findings were 

later confirmed experimentally by Bordia and Jagota through testing a range of flaw 

sizes in both glass and alumina films [16]. The results from their experiment on a 

glass film is shown in Figure 1.6 and serves to illustrate how a sinter-crack tends to 

Figure 1.6. A sinter-crack that has propagated from a pre-existing flaw in a 
partially sintered film of glass spheres. Scale bar is 200 µm. Image from Bordia 

and Jagota, 1991 as reproduced in Jagota and Hui, 1991. 
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propagate from a pre-existing flaw. In a similar analysis, Li et al considered a film 

that contains a narrow region of lower density than the rest of the film [14]. They 

also found that thicker films are more likely to crack/fail, and that cracking is less 

likely for larger initial particle size, lower initial density, and lower sintering 

temperature. As the film sinters, the higher density region pulls on the less dense 

region, producing a tensile strain. The defect will grow when the net tensile strain 

within it (maximum tensile strain minus the overall volumetric strain) exceeds a 

critical value that is a function of the bulk density away from the defect. This critical 

value decreases with increasing density due to particle rearrangement that 

accommodates tensile strain more at lower density. 

Finally, the problem of sinter-cracking may be considered in terms of early 

and late stages of the sintering process. The initial stage of sintering is considered 

most vulnerable to cracking because the bonds between particles are weakest [18, 

20]. Besides the crack sources already considered, Bordia and Jagota demonstrated 

that a sintering thin film will break apart in early stages of densification when large-

amplitude perturbations in constitutive parameters such as local density allow 

regions of higher density and sintering stress to overwhelm regions of lower density 

and sintering stress [16]. Maximenko and Van Der Biest analyzed the early stages of 

sintering for a powder aggregate containing rigid inclusions, considering the effect 

of energy dissipation and broken particle necks on the stress experienced by a 

powder aggregate [20]. To represent the ability of the particle neck to withstand 

tensile strain, they proposed that a neck/contact will break when the strain rate 

between particle centers exceeds a critical value determined by the rate of neck 
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evolution, the material’s sintering stress, and the contact viscosity between 

particles. Using finite element simulation, they demonstrated the model for different 

geometries typical of powder composites with rigid inclusions. The model predicts 

the location and extent of damage but does not provide specific experimental 

conditions under which cracking may be expected. 

Several investigators have analyzed continuum aspects of sinter-crack 

initiation and growth using the finite element [11, 15, 20] and material point [14] 

methods; however, these methods are inherently limited in their treatment of 

sinter-cracking because they rely on macroscopic approximations of shrinkage 

behavior and cannot directly capture activity at the particle level, such as the 

evolution of particle contacts, on which sinter-cracking depends. By contrast, the 

discrete element method (DEM) is well-suited for studying a sintering powder 

aggregate, especially at the early stages of sintering when the material is particulate 

and particle rearrangement plays a significant role. As in real sintering, DEM allows 

the powder aggregate to evolve based on the forces acting on particle contacts, so 

that macroscopic behavior is the result of microscopic activity at the particle length 

scale, without continuum approximations. These contact forces are defined by 

constitutive laws derived from sintering theory, are calculated for the entire system 

of particles simultaneously at each step, and give rise to particle movement 

according to Newton’s equations of motion [34]. DEM can accurately represent the 

random nature of a real powder aggregate and can probe the mechanical and 

structural properties of sintered aggregates [36, 37]. It naturally incorporates 
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phenomena such as particle rearrangement, contact breakup and formation, and 

interaction between neighboring contacts [38]. 

Using DEM, Henrich et al. found that for a constrained sintering specimen 

containing a stress-concentrator, cracking was inhibited by a low tangential 

viscosity at the contacts between particles, which allowed particle rearrangement 

and prevented the buildup of stress near the stress-concentrator, as illustrated in 

Figure 1.7 [34]. In a similar study, Martin et al. simulated crack propagation in 

sintering crystalline materials and found microstructural evolution and crack 

propagation behaviors which strongly depended on the amount of particle 

Figure 1.7. Local particle stress during constrained sintering around a notch. 
(a) and (b) show the initial and final configurations with less particle 

rearrangement; (c) and (d) show the case of maximum particle 
rearrangement. Images from Henrich et al., 2007. 
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rearrangement allowed by the tangential contact viscosity between the particles, as 

illustrated in Figure 1.8. They also found particle rearrangement to favor sintering 

without cracking, but observed crack initiation due to local packing heterogeneity 

and greater crack propagation caused by greater initial relative density of the 

specimen [38]. They found that a large void in the specimen will close during 

sintering when there is no constraint on densification and particle rearrangement is 

maximized, suggesting a regime for sinter-crack healing. Rasp et al. used DEM to 

look at cracking in films containing cylindrical cavities sintering on rigid substrates 

[39]. In addition to the effect of particle rearrangement observed previously, they 

found that incorporating small cracks in the specimen microstructure was 

necessary to reproduce experimentally observed behavior.  

Figure 1.8. Initial (top) and final (bottom) microstructures of a constrained 
sintering specimen for different values of the tangential contact viscosity 

parameter 𝜼𝜼𝜼𝜼𝜼𝜼𝜼𝜼𝜼𝜼, with a greater value giving less particle rearrangement. The 
color code indicates the coordination number Z of each particle. Images from 

Martin et al., 2009. 
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1.6. Review of previous investigations 

What follows is a summary of previous investigations on sinter-cracking. 

1.6.1. Theoretical investigations 

Carter and Cannon analyzed the stability of a row of sintering particles [21]. 

For a crystalline material, both densifying and coarsening mechanisms can bring a 

particle to its critical aspect ratio (length / breadth), at which the system cannot 

achieve equilibrium unless the particle row breaks apart. Sudre and Lange [29]. 

considered a sintering aggregate in which a bridge, made of two or three grains, 

connects two regions of greater density. The bridge is stretched by further 

densification of the adjacent regions until, at a critical aspect ratio, it minimizes its 

free energy by breaking apart at the grain boundary. If the bridge contains three 

grains, then coarsening from the center grain to the outer ones will lead to 

debonding at the grain boundaries if the center grain becomes critically small; or, 

the curvature of the center grain may become non-positive, causing the grain 

boundaries to move through it and join, producing a two-grain bridge which may 

fail by lengthening, as before. For viscous sintering, the bridge is analogous to a 

wetting fluid held between two plates, which represent the adjacent denser regions, 

studied by Carter [31]. Densification of the adjacent regions may pull on the bridge; 

the fluid bridge may fail by Rayleigh instability or it may remain intact. If its 

potential to reduce its surface area by shrinking is insufficient, it will not exert the 

force necessary to densify the surrounding region. 
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Jagota and Hui proposed that a crack will propagate in a sintering thin film 

constrained by a planar rigid substrate when the stress intensity at the crack’s tip 

causes the contact area between particles to decrease, counteracting their intrinsic 

sintering [15]. The analysis led to simple parameters which could predict crack 

growth: film thickness, initial crack size, and interfacial friction between the film 

and substrate. If the film is too thick or the friction too small, crack growth occurs. 

Bordia and Jagota tested this model on glass and alumina films of different 

thicknesses by introducing pre-cracks and then sintering the films on substrates of 

different friction parameters [16]. As predicted, crack growth occurred above a 

critical film thickness or below a critical interfacial friction. 

1.6.2. Experimental investigations 

Heintz et al. assumed the presence of precursor cracks in a thin powder film 

[35]. As the film shrinks, it accumulates strain energy. The Griffith criterion (that 

strain energy decrease as crack length increases) predicts that spontaneous crack 

extension occurs only when the film thickness exceeds a critical value. That value 

depends on elastic properties, the stress due to shrinkage, and the strain-energy 

release rate (or crack-growth resistance). Lange studied slip-cast alumina rings 

sintered around a dense alumina core [18]. Cracks developed in the powder 

aggregates during both drying and heating because of stress induced by constraint. 

Specimens that did not develop cracks during initial drying and heating did not 

suffer major crack development upon sintering to full density, no matter what 

heating rate was used. Major cracking was most likely to occur during the initial 
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stage, when interparticle bonds are weakest and the aggregate is sensitive to small 

differential strains. In the later stage of greater interparticle strength, the presence 

of a notch as a stress concentrator was required to induce major cracking, which 

began near the maximum rate of shrinkage . Minor cracks of negligible volume were 

produced in this stage by particle agglomerates and deforming voids. 

Ostertag et al. calculated the stresses that develop at the interface of a dense 

core surrounded by a sintering porous matrix [12]. The near-surface tangential and 

radial stresses are tensile when the Young’s modulus of the core is much greater 

than that of the matrix. They are largest at the interface, where major radial cracks 

were observed to initiate. Because of the magnitude of the stresses, prevention of 

crack initiation was deemed unlikely. Crack propagation was explained as a creep 

phenomenon, governed by a stress intensity factor. Tangential stresses caused by 

sintering produce a stress intensity around the initiated crack; when the stress 

intensity is a sufficiently large fraction of the critical value for the fully dense 

material, creep-crack growth occurs. Rankin and Boatner studied the development 

of necks, at constant temperature, between cubes that made contact at their faces, 

edges, or corners [22]. Contacts between faces developed necks in the typical 

manner; contacts between edges or corners developed necks which subsequently 

subsided and disappeared. The neck subsidence was attributed to a mechanism that 

removes matter from the neck region. Subsidence occurred between edges or 

corners; the higher curvature of these features drives matter away, moving the 

particle toward a spherical shape. This rounding mechanism will prevail, causing 

neck elimination, if constraint by the substrate inhibits particle coalescence. 



 
18 

Alternatively, the neck may attain an inherently unstable geometry which causes it 

to devolve. 

Sglavo et al. [24] prepared dog-bone specimens of MgO-doped Al2O3 

powder, with and without notches. Constant tensile loads were applied to the 

specimens as they were sintered to nearly full density. At applied stresses around 

1MPa, damage in the specimens was observed in the form of continuous, aligned 

pores perpendicular to the applied tensile stress. At higher stresses, around 2 MPa, 

defects of greater length and width were observed, apparently the result of the 

aligned pores joining together as they grew. Cracks also initiated and grew at notch 

tips, where maximum stress concentration is expected. The experiment confirms 

that small shrinkage stresses are sufficient to cause sinter cracking. The authors 

observed that the stresses arising from constraint are comparable with the intrinsic 

sintering stress of the material. If an applied tensile stress should exceed the 

magnitude of the intrinsic sintering stress, shrinkage would stop and cracking 

would occur. 

Wang and Atkinson determined that there is a critical pore size above which 

a pore will grow rather than shrink (similar to the critical crack size of Jagota and 

Hui) [23]. They studied crystalline sintering of a powder film on a substrate and 

found that pores elongated in the direction normal to the film plane. They attributed 

this to full suppression of diffusion along vertically oriented grain boundaries, with 

only the horizontal boundaries supplying matter to the pore. 
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1.6.3. Computational investigations 

Maximenko and Van Der Biest considered the early stage of sintering, when 

necks are weakest, as the most likely time for crack development [20]. Their 

fracture criterion: a neck between particles will break when the strain rate between 

their centers exceeds a critical value. The critical value depends on the rate of 

change of the neck radius, the intrinsic sintering stress, and the contact viscosity. As 

the powder sinters, surface energy is dissipated at a certain rate through material 

transport. A constraint on the body’s shrinkage will exert an external stress on the 

body and oppose its densification. When the exerted external stress causes the 

strain rate to exceed the critical value, the particles break apart. The critical strain 

rate depends in part on whether densifying or non-densifying mechanisms or 

dominant. In the regime of non-densifying mechanisms, the critical value is not 

exceeded. It was proposed that a pre-coarsening treatment of the aggregate at low 

temperature could effectively inhibit fracture, perhaps because the necks grow 

during this time and become more resistant to breaking apart (because more 

material – ie, stronger). The microscopic strain rate between particle centers is 

derived from the macroscopic strain rate tensor. The exerted external stress 

opposes the action of the sintering stress. The authors derive this stress using the 

energy dissipation approach of Kuhn et al. [40] and assume that local strain rates 

among particles are equal to the average macroscopic strain rates. The stress in the 

powder compact is found as a derivative of the dissipation potential, which in turn 

depends on the energy dissipation rate density. 
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Henrich et al. performed DEM simulations to demonstrate that particle 

rearrangement influences the development of sinter cracks [34]. When particle 

rearrangement is suppressed, crack development is more likely because internal 

stress cannot dissipate through particle rearrangement. This is the case when it is 

assumed that particle velocities can be determined from the macroscopic strain rate 

tensor of the entire powder aggregate – the Taylor-Bishop-Hill approximation [41, 

42]. For a given notch geometry and constraint on shrinkage, crack growth occurred 

when rearrangement was not permitted; crack growth did not occur when 

rearrangement was permitted. Permitting rearrangement was achieved by 

eliminating tangential contact viscosity. Densification rate was greater when 

rearrangement was permitted. 

Martin et al. also studied the problem with DEM simulation [38]. They 

studied a range of tangential contact viscosities. They found that a pre-existing 

notch is neither necessary nor sufficient to cause cracking in a constrained sintering 

specimen. They also considered different green densities. If particle rearrangement 

is enough, a pre-existing notch will not evolve into cracks. If inhibition of particle 

rearrangement is too great, a specimen can crack even without a pre-existing notch. 

Such cracks were believed to result from non-uniform densification. Increasing 

tangential viscosity displayed increasing extent of cracking. Prevention of cracking 

depends on lowering the tangential viscosity or increasing the particle 

rearrangement. They also observed a dependence on green density: lower density 

means less catastrophic cracking. 
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1.7. Reason for the present work 

The work described above has done much to shed light on the phenomenon 

of sinter-cracking. The dependence of sinter-cracking on variables such as 

temperature, packing density, flaw size, and particle rearrangement has been 

considered and probed. However, the correlation of sinter-cracking to the fracture 

mechanics framework remains limited, with only the stress intensity factor being 

found to apply to the very early stage of sinter-cracking. Difficulty remains in 

quantifying sinter-cracking following this initial stage. The experimental 

observations have been limited because they were not able to monitor the fracture 

process directly, thus sacrificing details about the manner of cracking onset, shape 

change at high temperatures, and the rate of crack growth. These challenges are 

addressed in this work by studying sinter-cracking using 3D printing and high-

temperature imaging. 

From this macroscopic view of sinter-cracking in progress, new questions 

arise. How does the microstructure evolve around the crack and in the sintering 

material? What is the stress experienced by the material and how is it distributed? 

How does the stress evolve and can it be related to the crack growth rate? 

Addressing these questions requires knowledge of particle-scale phenomena 

difficult to access experimentally, making computational simulations a valuable 

complement. DEM simulations allow measurement of the crack growth rate and the 

forces acting on the particles, enabling direct observation of the self-induced stress 

in the sintering material. The ultimate goal is to determine the correct stress 
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parameter that correlates with and predicts sinter-crack growth, providing a 

criterion to guide design and thereby mitigate sinter-cracking in real materials. 

1.8. Objective and outline  

In sinter-cracking, there are three major aspects of interest: crack initiation, 

crack propagation, and crack arrest. The objective of this thesis is to determine the 

cause and nature of each by using a combination of in situ monitoring and DEM 

simulations to investigate the evolution of the sintering material under the influence 

of constraint and stress-concentration.  

The problem is addressed experimentally using 3D printing and in situ 

monitoring via high-temperature imaging. Following the method of fracture 

mechanics in the understanding of cracking in fully dense materials, binder jet 3D 

printing is used to prepare notched tensile test specimens with precisely controlled 

geometries and known stress concentration factors. The sinter-cracking behavior of 

these specimens is then investigated using high-temperature imaging experiments, 

in which a center-notched specimen is sintered while being restrained in a metal 

frame. The sintering material experiences a state of self-induced stress, and high 

temperature radiation facilitates direct observation of cracking behavior with high 

resolution digital photography. From the images it is possible to measure quantities 

relevant to the sinter-cracking process, such as relative density and crack size as 

functions of time. Sinter-cracking is explored further by using the technique to 
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probe the effect of notch geometries with different stress-concentration factors and 

the effect of the 3D print build direction on crack propagation behavior. 

With DEM simulations, the difference between free and constrained sintering 

is considered by looking at densification that occurs with particle contact growth. 

Then, a range of stress-concentrator dimensions is tested under constrained 

sintering conditions to determine the effect of stress concentration on densification, 

stress evolution, and cracking behavior. From this, the appropriate parameter for 

describing the effect of the stress-concentrator is identified. Using fracture 

mechanics, the effect of the stress-concentrator on specimen compliance and how it 

relates to the stress evolution is examined. The dependence of the crack growth rate 

on the initial relative density of the specimen is briefly explored. Finally, the 

microscopic stress field around the notches is examined to determine the 

characteristic stress parameter and a correlation between this parameter and the 

crack growth rate is demonstrated. This correlation points to the appropriate 

framework for describing, predicting, and mitigating sinter-crack behavior. 
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Chapter 2 

In situ monitoring method 

2.1. Experimental Procedure 

Center-notched rectangular panel specimens were fabricated on an ExOne 

Innovent binder jet 3D printer according to the design shown in Figure 2.1. In the 

binder jetting process, objects are built layer-by-layer by joining powder feedstock 

with an organic binder [3]. First, a layer of powder material is dispensed from a 

hopper onto the build surface, then smoothed by a rotating drum known as the 

recoater. Then binder, here an aqueous solution of polyethylene glycol precursors1, 

is dispensed by a printhead onto the regions of powder that will form the printed 

objects. An infrared heating lamp partially cures the binder, then the build platform 

 
 

1 7100037CL, ExOne, North Huntingdon, PA. 
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lowers by a distance equal to the layer thickness and the process is repeated. The 

powder material used for this work was commercial cupric oxide of -200 mesh 

particle size and a composition by weight of 91.0% CuO, 3.0% Cu2O, and 5.5% talc2. 

CuO was chosen for its low melting point, allowing densification to be observed on a 

feasible time scale at temperatures available to the experimental setup. Scanning 

electron microscopy (SEM) revealed the microstructure of the powder to comprise 

 
 

2 CU-601, Atlantic Equipment Engineers, Upper Saddle River, NJ. The Cu2O and talc included by the 
supplier represent minor components. 

Figure 2.1. (a) Front profile of the notched panel specimen placed in the 
stainless steel restraining fixture, showing relevant dimensions. The open slot 

in the top part of the fixture prevents stress build-up due to thermal 
expansion. The axes indicate the direction of build, printhead travel, and 

powder recoat. (b) Side profile of the specimen and fixture. (c) Experimental 
setup used to monitor sinter-cracking in situ. 
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irregular polycrystalline aggregates, as shown in Figure 2.2. Image analysis 

determined the particle size distribution to be bimodal with average values of 1 and 

9 μm. This μm-scale particle size was amenable to the powder spreading step of the 

binder jetting process. Specimens were printed with a layer thickness of 80 μm; the 

direction of the build was normal to the major specimen face shown in Figure 2.1a.  

The fracture specimens had a thin rectangular gauge section to promote a 

plane stress state and thicker grip sections to prevent cracking at the points of 

restraint. The center notch was located in the middle of the gauge section. The 

dimensions of the elliptical notch (major axis = 3.8 mm; minor axis = 0.7 mm) and 

the panel (width = 9.1 mm) lead to a calculated stress concentration factor3 of 14. 

 
 

3 𝐾𝐾𝑛𝑛𝑡𝑡 for an elliptical hole in a finite-width thin element, p. 335 of Ref. [43] W.D. Pilkey, D.F. Pilkey, R.E. 
Peterson, Peterson's Stress Concentration Factors, Third ed., John Wiley & Sons, Hoboken, 2008. 

Figure 2.2. SEM micrograph of powder feedstock showing its irregular 
morphology. The particle size distribution was bimodal with average values of 

1 and 9 μm. 
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The specimens were restrained in a stainless steel frame using stainless steel pins as 

shown in Figure 2.1. The result is a uniaxially restrained system in which vertical 

shrinkage is prevented, promoting a uniaxial stress state that will act on the central 

notch, as in a traditional fracture mechanics test. The openings cut through both 

faces of the frame allow the specimen to be viewed at radiating temperatures with 

sufficient contrast for measuring its dimensions; the open slot in the top of the 

frame accommodates the restraining pin while allowing the specimen to expand 

freely in the vertical direction, thereby avoiding thermal expansion mismatch 

stresses. Effects due to gravity for this setup are expected to be negligible: the stress 

due to gravity for the specimen geometry is calculated to be ~ 0.5 kPa4, orders of 

magnitude less than sintering pressures reported for other oxide materials [12, 44]. 

To control for the effect of the notch on cracking behavior, a specimen without a 

notch was also tested. 

Sinter-cracking experiments were carried out in a tube furnace held at 1000 

°C (80% of the melting temperature (Tmelt) of CuO) with a maximum heating rate of 

10 °C/min. By leaving one end of the tube open, in situ monitoring of the specimen 

was performed using a 22.3 megapixel Canon DSLR camera equipped with a 200 

mm lens and 2x extender. Photographs were taken at 5 second intervals. A K-type 

thermocouple placed behind the specimen allowed direct monitoring of its 

 
 

4 Stress due to gravity was calculated as 𝐷𝐷𝐷𝐷𝐷𝐷, where 𝐷𝐷 is the density of the green body, 𝐷𝐷 is the 
acceleration due to gravity, and 𝐷𝐷 is the height of the gauge section of the specimen. 
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temperature during the experiment. Image analysis was performed with Fiji [45] 

using binary thresholding with particle and point analysis to determine relative 

density and crack length as functions of time. Quantitative results are presented 

here for a single specimen; however, the data are characteristically consistent with 

multiple experiments of this type. 

A specimen cross section was obtained by impregnating the specimen with 

transparent epoxy, followed by polishing with SiC and 6 μm diamond paste. A 

second epoxy infiltration of the porous specimen surface was performed with 

subsequent polishing to 1 μm diamond paste, followed by 30 min of vibratory polish 

with colloidal silica. The polished surface was sputter coated with 1 nm of gold prior 

to imaging under high vacuum SEM. Image stitching was performed using 

commercial software5. 

2.2. Results and Discussion 

2.2.1. Qualitative observations 

Figure 2.3 is a series of photographs showing the specimen at various stages 

of sintering. At temperatures below 1000 °C, shape change in the specimen is 

minimal with only slight vertical opening of the notch, and the specimen profile 

shown in Figure 2.3a is approximately identical to that at room temperature. As the 

 
 

5 Adobe Photoshop CC 2018, Adobe Systems Inc., San Jose, CA 
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specimen reaches the sintering temperature, opening of the notch is accelerated 

while the initially sharp notch roots become rounded. The straight specimen edges 

adjacent to the notch taper inward, indicating the concentrated stress field around 

the roots of the notch. After 114 minutes at 1000 °C, the height of the notch has 

increased to 1.0 mm, its roots have become less sharp, and a small triangular crack 

has initiated at its right side, as shown in Figure 2.3b. As densification continues, the 

crack grows in both its length and opening distance, the included angle of the crack 

increases to 65° (corresponding to a crack blunting mechanism), and a new crack 

initiates on the opposite side surface of the ligament at approximately the same 

vertical position (Figure 2.3c). Also visible in this image is a bright region ahead of 

the original crack representing a difference in emissivity of the material, probably 

caused by a process zone of accumulated damage ahead of the crack tip. Finally, just 

before fracture, Figure 2.3d shows a jagged crack surface, a large dangling ligament, 

and a thin connective particle strand bridging the crack void, all pointing to a 

tortuous crack path and a highly ductile fracture mode. 

Figure 2.3. Photographs showing changes in the specimen over the course of 
sintering: (a) the shape of the specimen before significant change begins; (b) 
after widening of the notch and initiation of a crack; (c) the crack has grown 
0.22 mm from the notch root and a brightly colored process zone is visible at 
its tip; (d) near complete fracture of the original 2.6 mm ligament with a thin 

particle strand bridging the void. Times are referenced to when the maximum 
sintering temperature was reached. Scale bars are 2 mm. 
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The observed increase of the included angle of the crack is caused by 

continued densification of material adjacent to the crack and reveals the ductile 

nature of sinter-cracking. The sinter-cracking process displayed in these images is 

characterized by a slow-tearing fracture mode with periods of growth interrupted 

by periods of crack arrest.  

The nature of the crack and the evolution of damage in the sintering material 

can be better understood through close examination using SEM. In Figure 2.4, a 

series of micrographs from interrupted sintering experiments is shown, 

demonstrating the progression from green body to fractured material. The 

appearance of the as-printed specimen in Figure 2.4a is of uniform roughness and 

the presence of the binder is evident by a greater brightness than in Figure 2.4b and 

Figure 2.4c. Sites of likely crack nucleation are already evident as areas of greater 

roughness around the notch, where the printing process failed to form continuous 

layer regions. In Figure 2.4b, the binder has been removed by raising the specimen 

to 1000 °C and allowing it to cool immediately. Already, the nucleation of a crack can 

Figure 2.4. Time-series SEM micrographs showing a sinter-cracking specimen 
at interrupted heating intervals: (a) the specimen as printed; (b) after being 

raised to 1000 °C and allowed to cool; (c) after sintering for 30 min at 1000 °C. 
The white dashed line indicates the original shape of the notch. Scale bars are 

1 mm. 
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be seen, as the rough region at the notch root has become more porous due to slight 

densification and vertical opening of the notch. Other defects have become visible in 

the form of vertically aligned pockets and furrows, artifacts of the binder jetting 

process that are likely due to dispensing of the binder: this process involves forceful 

application of the liquid to the powder, and that along with the binder’s surface 

tension can lead to disruption of the initially smooth powder surface. After 30 min 

of sintering at 1000 °C, the porous material at the notch root has developed into an 

open crack, propagating through printing defects in a direction mostly 

perpendicular to the direction of restraint; the printing defects observed at earlier 

stages have been exacerbated by the sintering cycle. The influence of the stress field 

ahead of the crack can be seen by tapering of the furrows toward the crack, and a 

process zone of damage is evidenced by the development of porous regions and 

growth of voids ahead of the continuous crack. The triangular crack shape that was 

evident in the photographs can also be observed here, reminiscent of the fracture 

geometry observed by several other investigators in studies on sinter-cracking in 

notched powder rings [18], rigid inclusions [12], and pre-cracked films [16]. 

In their detailed investigation of sinter-cracking films, Bordia and Jagota 

observed a tortuous crack path in alumina densifying under planar restraining 

conditions. They found diffuse damage zones ahead of the main crack as well as a 

rough fracture surface and bridging ligaments within the crack, similar to features 

observed here [16]. For example, magnification of the boxed region in Figure 2.4c 

gives a descriptive view of the particle-scale activity that has resulted from the 

cracking process as shown in Figure 2.5. Immediately obvious are ruptured strands 
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of particles decorating the surface of the crack: these features indicate a slow 

tearing, ductile fracture mode whereby sintering material is gradually pulled apart, 

leading to elongation of connected material just prior to rupture.  

The findings here can be related to previous work, and thus related to an 

analytical framework that aids increased understanding of sinter-cracking. The 

dangling particle ligaments shown in Figure 2.5 are similar in appearance to the 

elongated strands observed on the alumina fracture surface by Bordia and Jagota, 

pointing to a similar fracture mode. The microstructure of these strands, an array of 

connected material thinned down to a terminus of just a few particles, is 

reminiscent of the desintering phenomenon observed by Sudre and Lange in a 

zirconia system, where the mechanism of final rupture was attributed to tensile 

forces and grain coarsening [29]. Also important to note is the still-connected 

material spanning the crack opening in the background of Figure 2.5. Such crack-

Figure 2.5. Magnified view of the boxed area in Figure 2.4c. Crack-bridging 
ligaments as well as ruptured particle strands are easily visible. 
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bridging ligaments will toughen a material against fracture, lowering the stress 

intensity at the crack tip, and have been analyzed in the context of high-temperature 

creep cracking in oxide systems [46]. 

While details such as shape change and particle behavior can be gleaned 

from surface imaging of the specimen, a polished cross section of the material allows 

analysis of the relative density and its variation with position around the notch and 

the crack. Such measurements can lead to an understanding of the stress field and 

how it may be quantified, as well as its influence on microstructural evolution. 

Figure 2.6 shows a cross section approximately halfway through the thickness of the 

specimen shown in Figure 2.4c and Figure 2.5. Easily seen in the cross section are 

the defects arising from the binder jetting process (vertical furrows and aligned 

pockets). The width of the furrows and diameter of the pockets are on the order of a 

typical binder droplet (50 μm), and their vertical alignment is consistent with the 

travel of the binder jets during the printing process (perpendicular to the recoater 

travel direction as indicated in the figure). While the impact of the binder and the 

effect of its surface tension on the arrangement of particles in the powder bed is the 

most likely cause of the observed defects, another possible source is uneven 

spreading of the material, a problem for fine powders in particular. The ultimate 

result of these defects is to lower the effective toughness of the sintering powder 

aggregate, as would defects formed through other powder processing methods [25]. 

These defects influence the trajectory of the crack during sintering just as defects in 

fully dense ceramics affect their toughness and fracture behavior. 
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In addition to printing defects, trends can be seen in the porosity of the 

sintered material in different regions of the specimen. Directly above and below the 

notch, the material has densified uniformly, and the regions show lower overall 

porosity. This is consistent with the lower tensile stresses near the horizontal free 

surfaces. 

Moving away from the notch, interesting trends can be observed in the 

sintered material. The crack emanates from the side of the notch with a large 

opening devoid of material, but at farther points along its length, bridging particle 

Figure 2.6. Polished cross section of the specimen shown in Figure 2.4c. 
Variations in porosity due to constrained sintering and the notch are evident, 

as well as defects from the 3D printing process. The crack which initiated from 
the notch root has branched as shown by the arrows. The direction of powder 
spreading is horizontal with respect to the figure (indicated), the direction of 

binder application (via the printhead) is vertical, and the build direction is 
normal to the page. 
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strands can be seen. These strands are porous, an indication of the gradual tearing 

involved in the fracture mode. What appeared on the surface of the specimen to be a 

single main crack is found here to have divided into separate branches, with highly 

porous material lying between them. The implication is that the sinter-cracking 

process is ductile, and the rupture of material in one region of the specimen does 

not immediately propagate to adjacent material, thus providing a toughness that is 

able to resist catastrophic failure.  

Above the tip of the main crack, the material is more porous. Unlike the 

material lying above the notch, the material in this region experienced the full effect 

of restraint at the onset of densification. As the crack opens, the restraint on the 

adjacent material is relaxed; the specimen becomes more compliant, and 

densification is allowed to progress. Ahead of the crack, however, the stress due to 

restrained densification remains concentrated. As can be observed in the cross 

section, dilation of printing defects and separation of bound material reveal a 

process zone of damage, a response to the intensification of stress in the material 

ahead of the crack tip prior to its linking with the main crack. Beyond this process 

zone is a region of lower porosity where the material was free to densify due to 

lateral shrinkage of the material, possibly aided by particle rearrangement. Above 

the process zone the material can also be seen to have a lower porosity.  

2.2.2. Quantitative image analysis 

The major advantage of in situ imaging is the ability to monitor changes in 

the sintering specimen over time, allowing correlation between quantities such as 
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crack growth, densification, and their respective rates, quantities difficult to obtain 

through interrupted experiments. Using image analysis software [45], photographs 

such as those shown in Figure 2.3 can be thresholded, converted into binary images, 

and used to evaluate relative density and crack growth in the sintering specimen as 

functions of time. 

2.2.2.1. Densification 

Measurement of densification from the in situ images was based on the 

change in projected area of the sintering specimen. The measurement assumes a 

uniform density throughout the specimen. The specimen cross section shown in 

Figure 2.6 indicates that this is not the case and that the local density varies with 

position around the notch. This is borne out by image analysis of the cross section, 

which reveals that the average relative density far from the notch is greater than 

that near the notch. Nonetheless, the measurement provides insight into the 

instantaneous densification behavior of the material at sintering temperatures, a 

quantity otherwise difficult to obtain. This measurement also assumes a negligible 

overall vertical shrinkage due to the restraint placed on the specimen as well as 

isotropic horizontal shrinkage in the two lateral dimensions due to random particle 

packing; it does not assume uniform specimen thickness, which is appropriate to 

account for the effect of the notch. Based on the given assumptions and the 

definition of density, the following equation is derived to compute the instantaneous 

average relative density of the specimen, ρ: 
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𝜌𝜌 = 𝜌𝜌0
𝐴𝐴0
𝐴𝐴
2𝑊𝑊0
2𝑊𝑊

 (2.1) 

where 𝜌𝜌0 is the initial average relative density of the specimen, A and A0 are the 

instantaneous and the initial projected area of the specimen, and 2W and 2W0 are 

the instantaneous and the initial projected width of the specimen. 𝜌𝜌0 was 

determined from the mass and volume of a printed cylindrical specimen after it was 

heated past binder burnout such that sintering with minimal densification occurred. 

2W0 and 2W are approximated as A0/H and A/H, respectively, where H is the 

projected height of the specimen between the grips (taken to be constant). This 

accounts for the variation in the width of the specimen along its height due to the 

effect of the notch and leads to the following simplified equation:  

𝜌𝜌 = 𝜌𝜌0 �
𝐴𝐴0
𝐴𝐴
�
2

.  (2.2) 

The resulting plot of density versus time is shown with the corresponding 

temperature profile in Figure 2.7, beginning at a temperature of 845 °C. Data are 

shown until the point of complete fracture of the right side of the specimen. At 

temperatures below 900 °C, densification does not occur; shrinkage due to binder 

burnout is negligible due to its low volume fraction and the specimen remains at its 

initial relative density6 of 0.33. After passing 900 °C, the rate of densification 

increases rapidly from zero to a maximum of 0.042 hr-1 until the isothermal stage is 

 
 

6 Measured from the mass and volume of a sample following binder burnout but prior to densification 
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reached, after which the rate begins to monotonically decrease to a final value of 

0.005 hr-1, yielding a final average relative density of 0.46. 

Determination of specimen density through the in situ images can be 

compared with image analysis of a polished cross section of the specimen 

microstructure like that shown in Figure 2.6. From the in situ images, the average 

relative density of the specimen shown in Figure 2.4c was found to be 0.39. The 

average relative density of the microstructure based on image analysis of the cross 

Figure 2.7. Relative density as a function of time, measured from the in situ 
images by means of the projected specimen area and Eq. (1). Density 

measurements begin at a temperature of 845 °C. The sintering temperature of 
1000 °C is reached at 1.5 hr and cracking begins at 1.4 hr. Data are shown until 

the point of complete fracture of the right side of the specimen. 
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section is 0.44, in good agreement with the value determined from the in situ 

images. 

During densification, stress builds in the specimen due to the vertical 

restraint placed on it. This stress acts on the notch and causes initiation and growth 

of cracks. It can be seen from the plot that, although cracking begins at 1.4 hours, 

densification continues at a nearly steady rate, thus continuing to drive the fracture 

process. The continuously diminishing rate of densification is consistent with 

previous observations of constrained sintering in multilayer composite films [13]. 

For the case of the un-notched specimen, the densification curve is similar in shape, 

although the initial stage is more rapid. This may be caused by a more uniform 

stress distribution in the material due to the lack of a notch.  

2.2.2.2. Crack growth 

Crack length is plotted against time in Figure 2.8, spanning the same period 

of time as that for densification; the plot terminates at the moment of complete 

fracture of the right side of the specimen. Length of the crack was calculated from 

the in situ images as the horizontal distance of the crack tip from the notch root, 

taking into account the change in position of the notch root due to densification. 

This process was carried out manually using the point analysis feature of Fiji. 

Position of the original notch root was tracked by visual interpretation of the change 

in shape of the notch; position of the crack tip was regarded as the rightmost edge of 

the continuous background emanating from the notch as the crack grew. 
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Cracking begins around the same time as densification, highlighting the 

correlation between the two processes. The graph reveals interesting characteristics 

of the sinter-cracking process: regions of steady growth are separated by crack-

arrest phases in which the crack length actually decreases due to continued 

densification of the material; the regions of growth exhibit roughly the same rate of 

crack length increase over time (an average of 0.29 mm/hour); the regions of arrest 

and shrinkage are likewise similar (average rate of -0.03 mm/hour); and the final 

Figure 2.8. Crack length as a function of time measured from the in situ 
images, spanning the same time as Figure 2.7, with the temperature profile 

shown above. Crack length is determined with reference to the original notch 
root, as shown by the inset. Measurements are for the crack growing from the 

right side of the notch only. The sintering temperature of 1000 °C is reached at 
1.5 hr, the second crack begins at 5.8 hr, and the terminus of the data 

represents complete fracture of the ligament. 
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stage prior to total failure is marked by a slower increase in crack length which may 

be attributed to the overall change in shape of the specimen rather than the rupture 

of new material. That the cracking behavior observed here is caused by the notch is 

made clear by comparison with the un-notched control experiment: no major 

fracture was observed in the tensile specimen prepared without a notch. This 

demonstrates the tendency of the forces in a sintering material to balance, leading to 

densification. It is possible, as observed by Martin et al., for cracking to occur 

without the presence of a notch: when the tangential viscosity acting between 

particles is sufficiently large, particle rearrangement is inhibited and a buildup of 

internal stress occurs, leading to rupture of particle contacts [38]. In the present 

case, however, the force-amplifying effect of a stress-concentrating defect (the 

notch) was required to disrupt densification and cause cracking. 

A graph of the type shown in Figure 2.8 makes it possible to relate sinter-

cracking behavior to the traditional fracture mechanics framework: sinter-cracking 

is closely related to creep cracking, where low stresses and high temperatures lead 

to gradual, time-dependent failure [28]. One essential quantity in this framework is 

the rate of crack growth with respect to time [47], a quantity made easily obtainable 

by in situ monitoring. Such measurements, if combined with knowledge of the 

sintering stress, can lead to determination of important fracture mechanics 

parameters like the stress intensity factor; this in turn can lead to experimental 

evaluation of the sintering material’s fracture toughness.  
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The final plot in Figure 2.9 combines the outcome of both density and crack 

length measurements. Immediately evident at low relative densities is a brief 

incubation period in which densification takes place without any cracking. A certain 

amount of microstructural change and stress buildup is required before crack 

initiation takes place. The regions of growth and arrest seen in Figure 2.8 become 

more pronounced in Figure 2.9, and it is clear that a crack arrest mechanism is in 

effect. While densification during crack growth is to be expected, the arrest and 

decrease of crack length while densification continues is surprising. This indicates 

the existence of microstructural processes which cause the crack to stop growing, 

and may be caused by phenomena such as particle rearrangement [34, 38] and 

Figure 2.9. Crack length plotted against the relative density as measured from 
the in situ images. An incubation phase of no cracking appears at low relative 

densities. Regions of growth and arrest are pronounced and show similar 
rates of change. The termination of the data represents total fracture of the 

right side of the specimen. 
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stress relaxation [13, 48] identified by others as important to inhibiting sinter-crack 

development. The jumps in crack length that lie between the arrest phases may 

arise from the main crack linking with voids lying ahead of it in the process zone, 

such as the printing defects observed in Figure 2.6. Such process zone influence, also 

observed in sintering films [16] as well as fully dense materials [28], may be a 

function of variable structure in the material and will have a strong effect on sinter-

cracking behavior. 
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Chapter 3 

Application of in situ monitoring 

3.1. Effect of notch geometry 

Past sinter-cracking investigations have considered different types of flaws, 

including blunt notches [24] and sharp cracks [16], as crack nucleation sites, using 

either the stress concentration factor or the stress intensity factor, respectively, to 

characterize them. In a study of creep-cracking in fully dense copper and aluminum, 

Hayhurst et al. considered the difference between such flaw geometries by testing 

blunt and sharp notches for their effect on creep rupture [49]. They determined that 

it was the average stress acting on the minimum cross-section, not the stress due to 

the elastic or steady-state stress concentration factors, that governs the rupture 

time in such a scenario. Following the analogy between sinter-cracking and creep-

cracking demonstrated in Chapter 2 and proposed by others [12, 16], the in situ 

monitoring method is here applied to different notch sizes and shapes in an effort to 
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determine whether it is the stress concentration factor or the minimum section 

which most influences sinter-crack behavior. 

Samples were prepared as in section 2.1 with no notch, small and large 

circular notches of diameters 0.70 and 3.8 mm, and small and large elliptical notches 

of major and minor axes 0.70 x 0.30 and 3.8 x 0.70 mm. These geometries 

correspond to gross stress concentration factors (Ktg) of 1 for no notch, 3.0 and 3.8 

for the circular notches, and 5.7 and 13.9 for the elliptical notches, respectively [43]. 

The minimum section of each, calculated as the specimen width less the notch 

width, normalized by the specimen width, was 1, 0.9, and 0.6 for the samples with 

no notch, small notches, and large notches, respectively. The experiments were 

conducted as described in section 2.1. 

Figure 3.1 is a series of images showing evolution of the samples after 10 

hours of densification. Horizontal shrinkage of the specimens reveals densification 

in the unrestrained dimensions, while vertical opening of the notches reveals 

evolution of stress in the restrained dimension. In the case of no notch, sintering has 

progressed normally without macroscopic damage. For the small notches, the 

images reveal no cracking and minimal distortion of the overall sample geometry, 

although shape distortion in the notches can be seen as vertical opening due to the 

restraint. For the large notches, cracking is evident. With the circular notch (lower 

Ktg), a sinter-crack has initiated on one side only and propagated slightly, remaining 

minimal and non-catastrophic; the restraint has caused dramatic shape change in 

the sample with vertical opening of the notch and inward tapering of the specimen 
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sides. With the elliptical notch (higher Ktg), sinter-cracks have initiated at both notch 

roots, propagating to complete fracture of one side and near-complete fracture of 

the other side of the specimen.  

Measurement of the instantaneous relative density for each sample was 

measured as in section 2.2.2.1 and is shown in Figure 3.2. Figure 3.2 reveals the 

onset of densification for each sample, with all samples passing through a maximum 

densification rate of ~0.17 hr-1. Generally, for greater Ktg, densification occurs more 

rapidly, with the greatest Ktg showing the most rapid densification at later stages. 

This effect is due to the change in specimen compliance caused by the presence of 

the notch, as is understood for fully dense materials containing cracks extending 

transverse to the loading axis [50]. The specimens that have the least minimum 

section (i.e., that have the large circle and ellipse notches), possess a greater 

compliance, which allows them to experience greater shrinkage in the restraining 

Figure 3.1. In situ images of samples prior to (top row) and after (bottom row) 
10 hours of densification. Sample geometries possess, from left to right, Ktg of 

1, 3.0, 5.7, 3.8, and 13.9. Scale bars are 2 mm. 
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direction. This leads to a more rapid overall densification. This behavior is explored 

more fully through the DEM simulations and is discussed in detail in section 4.4.1.  

Cracking behavior is quantified in Figure 3.3 as a plot of crack length versus 

relative density. As in section 2.2.2.2, crack length was determined via image 

analysis as the distance travelled by the continuous crack from the original notch 

root, taking into account the change in position of the notch root during sintering. 

For the case of no notch and for the small notches of Ktg = 3.0 and 5.7, no cracking 

was observed over the 10-hour densification period. This absence of cracking is 

consistent with the theoretical prediction of Jagota and Hui based on stress intensity 

Figure 3.2. Relative density versus time as measured from the in situ images. 
Specimen geometries are indicated by Ktg next to each curve. The temperature 

profile is shown above. 
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analysis of a thin crack in a constrained sintering film [15]. Based on the analysis, 

they determined that there was a critical crack length below which cracking would 

not occur, a prediction confirmed experimentally by Bordia and Jagota [16]. Thus it 

appears that for macroscopic flaws under uniaxially constrained conditions, as in 

the present case, there also exists a critical flaw size below which sinter-cracking 

will not occur. This critical flaw size can be converted to a minimum section value 

and used as a design criterion for complex geometries.  

For the large notches of Ktg 3.8 and 13.9, cracking behavior is characterized 

by the initial incubation period observed in Chapter 2, during which densification 

occurs without cracking. For greater Ktg, cracking initiates after the relative density 

increases to 0.48, growing at an average rate of 0.28 mm/hour. Crack growth is 

Figure 3.3. Crack length versus relative density as measured from the in situ 
images. Crack length was evaluated as the distance travelled by the crack from 
the original notch root. Specimen geometries are indicated by Ktg next to each 
curve. Regions of crack incubation, growth, and arrest can be seen. X symbol 

indicates point of complete fracture. 
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characterized by alternating phases of fast and slow growth rates, with one phase 

showing slight shrinkage of the crack. For the lower Ktg notch, cracking begins after 

the relative density increases to 0.60, highlighting the significance of the crack 

incubation phase and the diminished ability of the blunter notch to initiate a crack. 

Nonetheless, the blunt notch makes clear that crack initiation is possible given 

sufficient time under constrained sintering conditions. Crack growth in this 

specimen shows a more constant rate, with an average value of 0.07 mm/hour. The 

character of crack growth in either case is ductile, featuring slow tearing and non-

catastrophic propagation. 

Thus, the findings in this case are not the same as those of Hayhurst et al. 

regarding the effect of notch size and shape, which showed that rupture behavior 

was controlled only by the relative size of the notch with respect to the specimen in 

the dimension normal to the load, and not the shape of the notch [49]. Rather, the 

results here indicate that, when the notch is sufficiently large to initiate sinter-

cracking, the resulting crack propagation is dependent upon the stress 

concentration factor of the notch, as known for traditional fracture scenarios in 

linear elastic fracture mechanics [51]. Furthermore, crack initiation depends on an 

incubation phase, in which a certain amount of densification must occur before 

cracking begins. When the notch is below a critical size, sinter-crack initiation does 

not occur, as predicted for sintering materials and understood traditionally in 

fracture mechanics [15, 50]. Thus, to avoid cracking in sintering articles possessing 

complex geometries, it is suggested to design the geometry such that feature 

dimensions remain above a critical minimum section amount. If the critical 
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minimum section must be exceeded, then minimization of the stress concentration 

factor of the feature may prevent sinter-crack initiation. It is further suggested that 

the amount of densification be minimized by starting with articles of greater relative 

density, as may be achieved through a polymodal particle size distribution in the 

powder material or through infiltration of a partly sintered article. 

3.2. Effect of build orientation 

Anisotropic material properties is a known issue for additively manufactured 

materials [52]. In binder jet 3D printing, the printed object may be oriented freely 

within the build box, so that the build direction may take on a range of orientations 

Figure 3.4. (a) Orientation of sinter-cracking specimens in the 3D printer build 
box. The axes indicate the build direction as well as the directions of recoater 

and printhead travel. (b) Cross-section views of the specimen showing 
orientation of the build layers with respect to the notch, indicated by overlaid 

black lines: crack arrester (1), crack divider (2), and short transverse (3) 
geometries. 
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with respect to the model design, as demonstrated in Figure 3.4a. Typically, the 

build direction represents the weakest dimension of the printed material due to 

weak interlayer bonding: the material bonds between build layers are weaker than 

the material bonds within the individual layers. Thus, anisotropic sinter-cracking 

behavior is expected based on the orientation of the notch and sinter-crack 

propagation plane with respect to the build direction.  

This phenomenon is already understood for fully dense materials possessing 

laminate structure, such as rolled steels. Hertzberg explains that there are three 

basic configurations in which such layers may be oriented with respect to the notch: 

crack arrester, crack divider, and short transverse [51]. All are shown in Figure 3.4b. 

For the crack arrester configuration, the crack propagates normal to the build layers 

and causes delamination at the weak build layer interfaces ahead of it; this tends to 

blunt the crack and reduce the stress triaxiality ahead of the crack, thereby 

enhancing fracture resistance of the material. For the crack divider configuration, 

the crack propagates parallel to the build layers while the tensile stress acts parallel 

to the weak interfaces; the result is that each build layer acts as a thin sheet of 

material in which a state of plane stress exists, for which the stress triaxiality is also 

reduced compared with a thick sheet of material, again enhancing fracture 

resistance. Finally, for the short transverse configuration, the crack propagates 

parallel to the build layers while the tensile stress acts normal to the weak 

interfaces, representing the least fracture resistance. 
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To test this effect, samples were prepared as in section 2.1 with the build 

orientations shown in Figure 3.4a. Experiments were conducted as described in 

section 2.1. Figure 3.5 is a series of in situ images showing the initial notch geometry 

along with each build orientation at the end of sinter-cracking: images were selected 

at the point of complete fracture of one side of the specimen or at the end of 15 

hours of densification. In all cases, significant cracking has occurred due to the 

initially sharp notch. The crack arrester configuration did not experience complete 

fracture after 15 hours of densification and shows a tortuous crack path, indicating a 

significantly enhanced fracture resistance as suggested by the multiple toughening 

mechanisms available to the configuration. In particular, the operation of the build 

layer delamination mechanism is evidenced by the multiple pronounced ligaments 

on the fracture surface visible in Figure 3.5b, as well as the vertical component of 

crack propagation, which indicates redirection of the crack path due to its 

intersection with the delaminated region.  

The crack divider configuration experienced complete fracture of one side 

after 0.6 hours of densification and shows a less tortuous crack path. However, 

cracking was substantially limited to one side of the specimen, with the other side 

experiencing only minimal cracking. Finally, the short transverse configuration 

Figure 3.5. In situ images of sinter-crack evolution in the build orientation 
samples: (a) notch geometry prior to densification; (b) crack arrester; (c) 
crack divider; and (d) short transverse build geomtries. The time elapsed 

since the onset of densification in (a) is 15, 2, and 4 hours for (b), (c), and (d), 
respectively. Scale bars are 2 mm. 
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showed the most dramatic cracking, experiencing near complete fracture of both 

sides after 3 hours of densification. Also visible in its case is roughness in the 

specimen edges where separation of the build layers has occurred.  

Sinter-crack evolution in the different build orientation samples is shown in 

Figure 3.6 as crack length versus relative density. The crack arrester configuration 

experiences the longest incubation period, beginning to crack around a relative 

density of 0.41. It exhibits the alternating growth behavior observed previously, but 

in this case the arrest phases experience continued slight growth, interrupting 

regions of more rapid growth. Once initiated, the sinter-crack in the crack arrester 

configuration grows an average rate of 0.1 mm/hour and the specimen has not 

experienced complete fracture upon reaching a relative density of 0.53. The crack 

divider configuration begins cracking sooner, at a relative density of 0.37. It exhibits 

Figure 3.6. Crack length versus relative density for the different build 
orientations: crack divider, short transverse, and crack arrester. X symbols 

indicate points of complete fracture. 
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an arrest phase where the crack length decreases slightly, and experiences an 

average crack growth rate of 1.9 mm/hour before reaching final fracture of one side 

of the specimen at a relative density of 0.45. The short transverse also begins 

cracking around a relative density of 0.37 and exhibits a similar arrest phase around 

the same crack length as the crack divider (~0.5 mm). Its sinter-crack grows farther 

than that of the crack divider by 0.3 mm, at an average growth rate of 0.5 mm/hour. 

The specimen experiences complete fracture of one side at a relative density of 0.48. 

Although the short transverse configuration was expected to be the weakest, 

it exhibited a greater growth rate and failed at a greater relative density than did the 

crack divider configuration, which was expected to be tougher. The images in Figure 

3.5 give an indication as to why: stress relief in the short transverse configuration 

was allowed throughout the sample due to build layer separation transverse to the 

loading axis; it may also be seen that much stress relief occurred on the other side of 

the notch where significantly more cracking occurred than in the crack divider 

sample (Figure 3.6 only considers the crack growing on one side of the notch). Thus, 

for future work, it would be helpful to consider both cracks growing from the notch 

for a more complete comparison of sinter-crack evolution between different 

samples. Nonetheless, it is clear that the main prediction of Hertzberg is realized 

here: the crack arrester configuration, with the most available toughening 

mechanisms, is seen indeed the most resistant to sinter-cracking, enduring 13 hours 

of densification without experiencing complete fracture. This indicates an important 

guideline for design of binder jet printed objects: sinter-cracking may be mitigated 

ahead of stress concentrating features likely to cause cracking if such features are 
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oriented in the crack arrester configuration during the build. Less stress 

concentrating features may be oriented in the crack divider configuration, while the 

short transverse configuration should be reserved for those features least likely to 

cause initiation of sinter-cracks. 
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Chapter 4 

Discrete element simulations 

While the in situ monitoring experiments can provide details about the 

mechanisms of crack initiation and growth, as well as measurements of the crack 

growth rate, they cannot provide insight about the stress in the material. In 

particular, the stress profile ahead of the sinter-crack is relevant to making 

predictions about crack propagation based on the framework of fracture mechanics. 

To measure this stress profile and to determine the parameter which best quantifies 

it, the discrete element method is employed. 

4.1. Computational methods 

Structural evolution, sinter-crack behavior, and the stress profile were 

investigated using the in-house DEM code dp3D developed at SIMAP laboratory. 

Particles are modeled as spheres interacting with each other through their contacts 

during sintering. At each time step, the sum of contact forces determines the 
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acceleration of particles [53]. The code uses an explicit scheme with dynamic 

resolution of velocities and positions for each particle. Further details concerning 

the methodology can be found in earlier works [54, 55]. 

The simulation specimens were thin double edge notched panels like the one 

shown in Figure 4.17. The edge notched panels were composed of spherical particles 

and were sintered under uniaxial restraint while damage evolution at the notches 

 
 

7 Renderings were produced using OVITO [56] A. Stukowski, Visualization and analysis of atomistic 
simulation data with OVITO–the Open Visualization Tool, Modelling Simul. Mater. Sci. Eng. 18(1) (2010) 
015012. 

Figure 4.1. Double edge notched panel composed of spherical glass particles. 
Relevant dimensions are indicated: specimen height H, width 2W, and 

thickness B, as well as notch height b and length d. Dark blue particles at the 
top and bottom were prevented from moving in the z-direction to produce a 

state of uniaxial restraint. The side view is a cross-section through the middle 
of the panel. The dark green particles are contained within the reference 

sphere, used for measuring relative density. 



 
58 

was assessed as a function of sintering time and specimen relative density. The net 

section stress in the mid-plane of the specimens was measured by exploiting the 

ability of DEM to compute the forces acting on individual particles. This quantity 

was compared with the sinter-crack growth rate to understand the fracture 

mechanism. 

4.1.1. Sample preparation 

Figure 4.1 gives the relevant dimensions of the edge notched specimens, with 

the height, thickness, and width represented by H, B, and 2W, respectively. The 

height and length of each edge notch are represented by b and d. Each specimen 

began as a gas of 75,000 randomly placed 5 μm diameter particles having a relative 

density of 0.30. The gas was condensed by a slow isostatic compaction at a 

macroscopic pressure much less than the particle elastic modulus to ensure that 

densification is solely driven by particle rearrangement. Boundary conditions were 

fully periodic and compaction was carried out to a relative density of 0.63 by 

shrinking the periodic box. A specimen of relative density 0.62 was taken during this 

step to be used for analysis of densification behavior. The panel specimens were 

further densified to relative densities of 0.65, 0.70, and 0.75 by an affine 

displacement of particles. This method of sample preparation, which is the same as 

that used by Martin and Bordia in their study of films sintered on rigid substrates 

[53], gives an isotropic, homogeneous, randomly packed particle aggregate. During 

the affine displacement and in the subsequent sintering step, the relative density 

was computed based on the material contained within a reference sphere centered 
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in the middle of the specimen, far from the edge notches (cf. Figure 4.1). The 

reference sphere initially contained ~950 particles. Note that if a particle resided on 

the surface of the sphere, only its portion inside the reference sphere was 

considered in the density calculation. Material properties used for these specimen 

preparation steps are given in Appendix A. 

The specimens were approximately 85 particles tall, 55 particles wide, and 

15 particles thick. The thicknesses of the specimens before sintering were between 

60 and 70 μm, similar to the thickness of tape-cast barium cerate-based films used 

in hydrogen separation devices [57] and of screen-printed zirconia films used in 

solid oxide fuel cells [58], materials systems in which sinter-cracking can be a 

problem [23, 59]. The specimen dimensions were chosen to minimize sample size 

effects. Specimen height was such that further increases in its value did not change 

the cracking behavior for the greatest notch height considered. The specimen 

thickness was large enough that further increase in thickness did not significantly 

influence the cracking behavior, although there was still a thickness effect in which 

crack length after a given amount of densification tended to increase with thickness, 

all other factors being constant. After the preparation steps described above, edge 

notches were introduced into the panel specimens by removing particles contained 

within extruded ellipses centered on the specimen edges. Notch geometries were 

generated with heights of 3, 5, and 10 particles and lengths ranging from 1 to 15 

particles.  
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4.1.2. Contact law 

The contact law used in the present work was developed by Jagota et al. to 

describe the early stage of viscous sintering, in which the material can be 

approximated as an assemblage of particles [9]. Viscous sintering applies to glass 

materials and is well understood, making it a good model case [6].  

Figure 4.2 illustrates the geometry of a single particle contact and the forces 

acting on it. Following Jagota et al. [9], the equations for the normal and tangential 

forces, fN and fT, are given as 

𝑓𝑓𝑁𝑁 = 3𝜋𝜋
2
dℎ
d𝑛𝑛
𝑎𝑎𝜂𝜂 − 3𝜋𝜋

2
0.83𝑎𝑎𝛾𝛾𝑠𝑠 (4.1) 

Figure 4.2. Particle contact geometry showing directions of the normal (N) and 
tangential (T) forces f acting at the contact. The diagram indicates particle 
radius r, contact radius a, and length of particle overlap h. Curvature of the 

neck represents the Coble contact geometry. 
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𝑓𝑓𝑇𝑇 = −𝜋𝜋
2
d𝑢𝑢
d𝑛𝑛
𝑎𝑎𝜂𝜂, (4.2) 

where 𝜂𝜂 is the shear viscosity of the fully dense material, 𝛾𝛾𝑠𝑠 is the surface energy, 

and a is the contact radius. dℎ
d𝑛𝑛

 is the normal component of the relative velocity 

between particles and corresponds to particle coalescence; d𝑢𝑢
d𝑛𝑛

 is the tangential 

component of the relative velocity and contributes to particle rearrangement. The 

contact radius 𝑎𝑎 is related to the length of particle overlap ℎ through Coble’s 

geometric model of neck growth [60]:  

d𝑎𝑎
d𝑛𝑛

= 𝑓𝑓
𝑎𝑎
dℎ
d𝑛𝑛

, (4.3) 

for particle radius r and time t. The extrinsic strain rate term included in the original 

contact law developed by Jagota et al. has been omitted from Eqs (4.1) and (4.2). 

The extrinsic strain rate represents the part of the total strain rate at one contact 

that is due to the strain occurring at other contacts on the same particles [9]. 

Omission of the extrinsic strain rate is justified because DEM naturally accounts for 

these interactions. 

4.1.3. Simulation conditions 

Eqs (4.1) and (4.2) were evaluated using material properties for soda lime 

glass given by McLellan and Shand, summarized in Table 4.1. [61]. The shear 

viscosity 𝜂𝜂 of the fully dense glass was calculated using the Arrhenius model: 

𝜂𝜂 = 𝜂𝜂0exp ( 𝑄𝑄
𝑅𝑅𝑇𝑇

)  (4.4) 

where 𝜂𝜂0 is the pre-exponential constant, Q is the activation energy, R is the gas 

constant, and T is the absolute temperature. Specimens were sintered under free 
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and constrained loading conditions at a temperature of 700 °C, near the softening 

point of the selected glass, where Eq (4.4) gives the value of 𝜂𝜂 as 6.90 MPa·s. 

Following other DEM investigations, sintering was carried out to a relative density 

of 0.90, which is suitable for sintering models that describe a material with open 

porosity [34, 39]. At higher relative densities, the densification behavior predicted 

by the contact law differs significantly from that observed experimentally [9]. 

Table 4.1. Material properties for soda lime glass, obtained from McLellan and 
Shand [61]. 

Material property Symbol Value 

Theoretical density (g/cm3) 𝜌𝜌𝑛𝑛 2.5 

Surface energy (J/m2) 𝛾𝛾𝑠𝑠 0.3 

Pre-exponential, viscosity (MPa·s) 𝜂𝜂0 1.05 × 10-14 

Activation energy, viscosity (kJ/mol) 𝑄𝑄 276 

Viscosity† (MPa·s)  𝜂𝜂 6.90 

† According to the Arrhenius model 

Fixed grip loading conditions were achieved by selecting layers of particles at 

the top and bottom of the specimen and imposing on them a condition of zero-

displacement in the z-direction. Each layer was 5 particles thick and is shown in 

dark blue in Figure 4.1. This loading configuration results in a state of uniaxial 

tensile stress far from the notches, thereby simplifying analysis of stress evolution 

and cracking behavior. The simulations were conducted after removing the periodic 

boundary conditions initially used to generate the numerical sample. It is noted that 

while the model of Jagota et al. was developed for the case of an isotropic sintering 
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material, it is nonetheless applicable to the present case of anisotropic boundary 

conditions: anisotropy is allowed to evolve in the system because of the discrete 

elements themselves, to which the isotropic model is applied.  

4.1.4. Stress measurements 

The stress in the specimen was determined by means of the local particle 

stress tensor 𝝈𝝈, calculated for each particle i as follows [62]: 

𝝈𝝈𝑖𝑖 = 1
𝑉𝑉𝑖𝑖
∗ ∗ ∑ 𝒇𝒇𝑖𝑖𝑖𝑖𝒙𝒙𝑖𝑖𝑖𝑖𝑖𝑖≠𝑖𝑖  (4.5) 

where f is the force vector acting on the contact between particles i and j and x is the 

position vector connecting their centers. The force vector f derives directly from 

Eqs. (4.1) and (4.2). The summation acts on the vector product 𝒇𝒇𝑖𝑖𝑖𝑖𝒙𝒙𝑖𝑖𝑖𝑖 for all particles 

j in contact with particle i. The representative volume 𝑉𝑉𝑖𝑖∗ is the Voronoi cell volume 

computed for particle i using tessellations obtained with the Voro++ package [63]. 

Thus, Eq. (4.5) accounts for the local variations in packing density that evolve during 

sintering. Dimensional analysis of Eq (4.5) reveals that the second term in Eq (4.1) 

gives a 1/r dependence to 𝝈𝝈. Thus, the magnitude of the stress is expected to 

increase as the particle size decreases for a monodisperse aggregate, but the 

distribution of the stress within the aggregate is expected to remain the same. 

A continuum representation of the zz stress component in the specimen was 

obtained by averaging 𝝈𝝈 over discrete volumes. The averaging volume was a 10 μm 

cube (twice the particle diameter). The cube was centered in the x dimension of the 

specimen and moved through the y and z dimensions by steps of 5 μm, omitting 
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particles within 5 μm of the specimen surfaces to avoid free-surface effects. At each 

step, the arithmetic mean was calculated for the zz component of 𝝈𝝈 (𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙) for all 

particles with centers lying inside the cube, yielding 𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎. By considering only those 

particles for which |x| < 5 μm, the effects of the free x-normal surfaces of the 

specimen were omitted. The far-field stress 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 was calculated by averaging 𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎 

over the regions between the notches and the fixed particle layers, for which 100 

μm < |z| < 150 μm. This was to avoid stress concentration effects from the notches 

and surface effects from the fixed particle layers. The stress profile 𝜎𝜎� in the notch 

region, for which |z| < 30 μm, was determined as the maximum 𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎 at each position 

y in the notch region. 

4.1.5. Sinter-crack length 

The length of the sinter-crack was determined by monitoring the geometric 

separation of particles (i.e., the failure criterion for a sintered contact is simply given 

by the condition that the interparticle distance is greater than the sum of their 

radii). The notch roots were regarded as the points of crack initiation because 

particle separation events were concentrated in this area. While such separation 

events occurred elsewhere in the specimen, their frequency was low enough to 

disregard them. The initiation of the sinter-crack was determined by monitoring for 

particle separation within one particle diameter of the original notch root. 

Subsequent particle separation events were regarded as part of the main crack if 

they occurred within one particle diameter of previous separation events. The 
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length of the sinter-crack was taken as the horizontal distance between the 

instantaneous positions of the crack tip and the notch root. 

4.2. Results and discussion 

4.2.1. Densification behavior 

The densification behavior of specimens without edge notches sintering 

under free and constrained conditions is first considered. The relative density 𝜌𝜌 as 

measured by the reference sphere is plotted in Figure 4.3 against a dimensionless 

time τ, defined as 

𝜏𝜏 = 𝛾𝛾
𝜂𝜂𝑓𝑓
� 3
4𝜋𝜋
�
1/3

 𝑡𝑡, (4.6) 

where t is the time in seconds [9]. The free sintering curve starting at initial relative 

density 𝜌𝜌0 = 0.62 shows a positive curvature similar to that for specimens with 

𝜌𝜌0 = 0.65, 0.70, and 0.75. The continuum calculation of Jagota et al. for the case of 

free sintering is shown for comparison with the simulation [9]. The form of the two 

curves is consistent, both displaying positive curvature and both reaching 𝜌𝜌 = 0.9 

around 𝜏𝜏 = 0.3. However, the DEM curve begins with a slower densification rate 

which accelerates gradually until it surpasses the continuum curve at 𝜏𝜏 = 0.18. This 

reveals an important distinction between the continuum calculation and the DEM 

simulation due to the consideration of particle rearrangement. The continuum 

calculation of Jagota et al. only considers a constant particle coordination number of 

7.3, corresponding to that of a dense random packing, while the DEM simulation 

tracks a change in coordination number from 4.7 to 7.9 over the course of sintering. 
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With a lower number of contacts at the beginning of sintering, the total driving force 

for densification is less, therefore the densification rate is less; as the number of 

contacts increases, the total driving force increases, causing the densification rate to 

accelerate beyond that predicted when a constant coordination number is assumed. 

The positive curvature of 𝜌𝜌 with 𝜏𝜏 means that the densification rate �̇�𝜌 

accelerates as 𝜌𝜌 increases. In addition to the contribution from particle 

rearrangement just noted, this behavior results from the linear relationship 

between the contact radius a and the normal force fN in Eq (4.1) combined with the 

increase of a with h (and therefore 𝜌𝜌) according to Coble’s geometric model of neck 

growth in Eq (4.3). This behavior is valid for the early and intermediate stages of 

Figure 4.3. Relative density 𝛒𝛒 versus reduced time 𝛕𝛕 for the un-notched panel 
(inset) during free and constrained sintering. Data from the discrete element 

simulation are labelled as DEM. Also shown is the continuum calculation of 
Jagota et al. for the case of free sintering. The initial relative density in each 

case is 0.62. 
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sintering in low-density powder aggregates, with 𝜌𝜌 < 0.90, but is inconsistent with 

the densification behavior observed during the final stages of sintering [9]. Note that 

the linear relationship between a and fN is specific to viscous sintering; for 

crystalline sintering, fN is proportional to a4, leading to a negative curvature of 𝜌𝜌 

with time [37, 38, 53]. 

In the case of constrained sintering, the specimen experiences macroscopic 

shrinkage in x and y only, while remaining intact in z. Figure 4.3 shows that the 

constrained specimen densifies more slowly than the free specimen, as expected 

due to a lack of shrinkage in z. The manner in which uniaxial restraint retards 

densification can be understood through a continuum analysis of the shrinkage of 

the constrained specimen. Following Bordia and co-workers [9, 64], the particle 

aggregate is approximated as an isotropic linear viscous compressible solid, in 

which the principal stresses (σi) and strain rates (𝜀𝜀�̇�𝑖) are related as follows:  

𝜀𝜀�̇�𝑥 = 𝜀𝜀�̇�𝑓 + [𝜎𝜎𝑥𝑥−𝑁𝑁�𝜎𝜎𝑦𝑦+𝜎𝜎𝑧𝑧�]
𝐹𝐹

  

𝜀𝜀�̇�𝑦 = 𝜀𝜀�̇�𝑓 + [𝜎𝜎𝑦𝑦−𝑁𝑁(𝜎𝜎𝑧𝑧+𝜎𝜎𝑥𝑥)]
𝐹𝐹

 . (4.7) 

𝜀𝜀�̇�𝑧 = 𝜀𝜀�̇�𝑓 + [𝜎𝜎𝑧𝑧−𝑁𝑁�𝜎𝜎𝑥𝑥+𝜎𝜎𝑦𝑦�]
𝐹𝐹

  

The subscripts here refer to the directions of the principal stresses; 𝑁𝑁 and 𝐹𝐹 are 

Poisson’s ratio and the viscous equivalent of Young’s modulus (or the uniaxial 

viscosity) for a porous material and are both functions of 𝜌𝜌; 𝜀𝜀�̇�𝑓 is the free strain rate, 

which is experienced by the densifying material in the absence of external forces or 

constraints.  
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The boundary conditions for the constrained specimen are 𝜀𝜀�̇�𝑧 = 0 and 𝜎𝜎𝑥𝑥 =

𝜎𝜎𝑦𝑦 = 0. The strain rates in the x and y directions are therefore 

𝜀𝜀�̇�𝑥 = 𝜀𝜀�̇�𝑦 = 𝜀𝜀�̇�𝑓(1 + 𝑁𝑁). (4.8) 

Because Poisson’s ratio for a sintering material is always positive [64], Eq (4.8) 

predicts that the shrinkage rates in the directions transverse to the loading axis are 

faster in the constrained specimen than in the free specimen. This effect is 

confirmed by the simulations: at 𝜌𝜌 = 0.75, the xy area of the constrained specimen is 

shrinking 7% faster than that of the free specimen.  

The strain rate tensor, �̇�𝜺, is related to �̇�𝜌 by 

�̇�𝜌
𝜌𝜌

= −tr(�̇�𝜺), (4.9) 

giving for the case of free sintering 

�̇�𝜌𝑓𝑓 = −3𝜌𝜌𝜀𝜀�̇�𝑓 (4.10) 

and for constrained sintering 

�̇�𝜌𝑙𝑙 = −2𝜌𝜌𝜀𝜀�̇�𝑓(1 + 𝑁𝑁). (4.11) 

Comparison of Eqs (4.10) and (4.11) shows that �̇�𝜌𝑙𝑙 differs from �̇�𝜌𝑓𝑓 by a factor of 

2(1 + 𝑁𝑁)/3. The factor of 2/3 results from zero shrinkage in the z direction while 

the term (1 + N) reflects the enhanced x and y shrinkage rates due to Poisson’s ratio.  

To compare this result with the simulations, the expression for N developed 

by Scherer for a sintering material with open porosity is used [65]: 

𝑁𝑁 = �1
2
� [ 𝜌𝜌

3−2𝜌𝜌
]1/2. (4.12) 

Thus, for 𝜌𝜌 = 0.75, 𝑁𝑁 = 0.35, and the constrained specimen should be densifying 
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10% slower than the free specimen, in good agreement with the 14% observed for 

the simulations.  

4.2.2. Stress evolution in the sintering specimen 

Figure 4.4 shows the far-field tensile stress 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 that developed in the 

densifying material as a function of the relative density 𝜌𝜌. The data are for 

specimens with an initial relative density 𝜌𝜌0 of 0.70, an initial notch height b/H of 

0.06, and the initial notch lengths d/W shown next to each curve. Here and in the 

next section, the un-notched specimen (d/W = 0) is considered. 

At the onset of sintering, there is a transient stress of 62 kPa due to an 

applied numeric force required to start the simulation. Following this initial 

transient, 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 decreases to 43 kPa and then increases at a nearly constant rate as 

the specimen densifies. This far-field uniaxial stress can be converted to the 

sintering stress Σ using equations from viscous sintering theory [64, 65]: 

Σ = 𝜎𝜎𝑓𝑓𝑓𝑓𝑓𝑓
1−2𝑁𝑁

, (4.13) 

where N is defined as in Eq (4.12). Thus for 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 = 43 kPa at 𝜌𝜌 = 0.71, following the 

transient, Eq (4.13) gives Σ to be 130 kPa. This is slightly larger but within an order 

of magnitude of the sintering stress determined experimentally for glass powders 

[66] and comparable with that predicted by theory for viscous sintering [67]. 

Furthermore, Rahaman and De Jonghe observed an increase in the sintering stress 

of borosilicate glass powder from 0.63 to 0.95 relative density [66], in line with the 

behavior on display in Figure 4.4. 
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The positive slope of the stress evolution curves can be understood in terms 

of the normal force contact law, Eq (4.1). Macroscopically, the velocity term dℎ
d𝑛𝑛

 in Eq 

(4.1) is zero with respect to the z-direction because the fixed grip boundary 

conditions prevent vertical shrinkage. Hence, the tensile term containing the 

product of the contact radius a and the surface energy 𝛾𝛾𝑠𝑠 must give rise to the 

observed 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 behavior. Because the surface energy is held constant during these 

simulations, there are only three potential contributions to the positive relationship 

between 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 and 𝜌𝜌: (1) an increase in the mean radius of particle contacts with 

non-zero projected area in the z-direction, (2) an increase in the number density of 

such contacts, and (3) a decrease in the z-normal cross-sectional area caused by 

Figure 4.4. Far-field tensile stress 𝛔𝛔𝛔𝛔𝛔𝛔𝛔𝛔 plotted against the relative density 𝛒𝛒. 
𝛔𝛔𝛔𝛔𝛔𝛔𝛔𝛔 is the average of stress values measured between the notches and the 

layers of fixed particles. A transient stress of 62 kPa at the onset of sintering 
has been omitted from all curves for clarity. Data are for a notch height b/H of 

0.06 and the notch lengths d/W shown next to each curve. 
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shrinkage transverse to the loading axis. The total z force (not shown) acting on the 

fixed particles increases in a manner similar to 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 , suggesting that increase in the 

mean radius and number density of z-oriented particle contacts (resulting from 

particle rearrangement) causes the uniaxial stress to increase with time. This 

hypothesis is confirmed and discussed in section 4.2.3. 

The positive relationship between 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 and the mean contact radius is 

further emphasized by comparing the initial sintering stress of specimens with 

different initial relative densities, which, because of the specimen preparation 

method, also had different initial mean contact radii. Un-notched specimens with 𝜌𝜌0 

values of 0.65, 0.70, and 0.75 had mean initial contact radii of 0.48, 0.87, and 1.11 

μm, respectively; their initial 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 values were 24, 43, and 60 kPa after the transient 

region. In each case, an increase in the initial contact radius gives a corresponding 

increase in the initial stress by approximately the same factor, demonstrating that 

the induced stress is a function of the contact size.  

4.2.3. Evolution of specimen anisotropy 

Another effect of the uniaxial restraint is to induce development of an 

anisotropic structure in the specimen. To illustrate this point, Figure 4.5a is a polar 

histogram showing the angular distribution of particle contacts in the specimen, 

where the normal vectors for all contacts have been projected onto the yz plane. The 

histogram counts are normalized by the total number of particles so that integration 

of the curve gives the average coordination number: 7.1 at the start and 8.5 at the 
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end of sintering from 0.70 to 0.90 relative density, revealing the creation of new 

particle contacts as a result of particle movement during densification. Prior to 

sintering, the distribution of contact orientation is isotropic; following densification, 

Figure 4.5a reveals that slight anisotropy has developed, with the creation of more 

contacts in z than in y.  

The anisotropic evolution of contact structure is even more obvious in Figure 

4.5b, which shows the mean contact area normalized by the particle surface area. In 

Figure 4.5b, the contact size distribution begins as isotropic and then becomes 

strongly anisotropic as the specimen densifies, with the mean contact area normal 

to y growing 50% larger than that normal to z. Contact area growth in z is retarded 

Figure 4.5. Angular distribution of (a) the average coordination number and 
(b) the mean contact area for the constrained un-notched specimen at the 

start of sintering (blue) and at the end of sintering (red). Relative densities 𝝆𝝆 
are indicated next to each curve. The graphs represent a projection of contact 

normal vectors onto the yz plane. Data are divided into 100 bins. 
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by the vertical restraint, which prevents particles from coalescing in this dimension. 

However, the growth of contact area in z is still significant and must arise from 

particle rearrangement allowed by the random nature of the particle packing. 

Particle contacts oriented with non-zero components in both y and z can grow in 

size due to movement of the particles in y; likewise, movement of particles in y can 

lead to rotation of contacts toward z, thereby increasing contact area in z. The 

combined effect of this contact evolution is to increase 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 in the constrained 

specimen, as shown by Figure 4.4. 

4.3. Effect of notch geometry on specimen behavior 

4.3.1. Microstructural evolution 

The behavior of the specimens containing elliptical edge notches under 

constrained sintering conditions is next considered. As described in section 4.1.5, 

the sinter-crack is defined as the continuous region of ruptured particle contacts 

emanating from the notch roots. While diffuse damage could be observed 

throughout the notched specimens, major cracking was confined to the regions 

adjacent to the notch roots.  

Figure 4.6 shows a series of images taken at different stages of densification 

from 0.70 to 0.90 relative density for two types of notch geometries: shallow (length 

of 3 particles, d/W = 0.11) and deep (length of 15 particles, d/W = 0.56). Both 

notches have a height of 5 particles (b/H = 0.06), corresponding to initial gross 

stress concentration factors of 3.5 and 15.6, respectively [43]. The dark red particles 
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represent sinter-cracked material; the initial specimen profile is shown in each 

image. 

The shallow notch specimen displays typical behavior for sintering under 

uniaxial restraint: its height remains constant while its width shrinks by 11% and its 

thickness by 14%, corresponding to a final relative density of 0.90. The shape of the 

notch changes slightly, widening in z by 17%. Crack growth begins early, proceeds 

gradually, and is confined to the region close to the notch, traveling a horizontal 

distance approximately equal to the notch length. A damage zone of separated 

particles accumulates adjacent to the notch root and expands vertically. The crack 

grows only slightly during densification from 0.80 to 0.90 relative density, and the 

final length of the crack developed by the shallow notch is 15% of the ligament 

width, far from complete fracture. Un-cracked material between the notches 

resembles material far from the notches, indicating that the stress field around the 

sinter-cracks did not influence densification in the center of the specimen. 

Like the shallow notch specimen, the deep notch specimen maintains a 

straight profile along its edges. However, it experiences less xy shrinkage than the 

shallow notch specimen (the width shrinking by 10% and the thickness by 13%). 

Less shrinkage in x and y indicates a contribution to densification from shrinkage in 

z – that is, less restraint on vertical displacement of particles – allowed by the 

greater length of the notches. As with the shallow notch, widening of the deep notch 

begins immediately but progresses much farther: at 𝜌𝜌 = 0.90, the notch has widened 

by 70%. Crack growth begins immediately and proceeds rapidly, with large damage 
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zones accumulating at the roots of the notches, expanding vertically and developing 

horizontal branches. At 𝜌𝜌 = 0.90, the cracks have traveled completely through the 

ligament. The cracks do not grow far outside of the ligament region, demonstrating 

that damage tends to isolate between the defects, where stress concentration is 

greatest.  

The sinter-cracking behavior observed here is more diffuse and less 

catastrophic than that observed in simulations of crystalline material, where cracks 

easily traveled through the width of the specimen [38]. This can be understood in 

terms of the different mechanisms proposed for particle contact rupture in 

crystalline versus glass materials. Contact rupture in crystalline materials depends 

on different mass transport mechanisms, such as surface diffusion and grain 

boundary diffusion, and is affected by the geometry of the particle contact [21, 22, 

29, 30]. In glass materials, multiple temperature-dependent mass transport 

Figure 4.6. A shallow notch (3 particles deep, d/W = 0.11) and a deep notch (15 
particles deep, d/W = 0.56) of the same height (5 particles, b/H = 0.06), shown 

at equal intervals of relative density 𝝆𝝆. Dark red particles represent cracks 
growing from the notch roots and the dashed lines indicate the initial 

specimen profile. Values of reduced time 𝝉𝝉 are shown. Scale bars are 50 μm. 



 
76 

mechanisms are not present: particle contacts exist as necks of material that deform 

by viscous flow and can rupture through a Rayleigh instability when they reach a 

critical length [31]. Glass materials lack grain boundaries, which have high energy 

and an associated dihedral angle, factors that enable contact rupture [15]. This fact 

along with the lower surface energy of glasses makes less catastrophic cracking 

expected [68]. 

Instead of localized catastrophic cracking in which particle breakup occurs 

through the entire thickness of the specimen, there is a tendency for particles to 

remain connected even when nearby particles have lost contact, producing crack-

bridging ligaments that can slow crack growth. Similarly, Bordia and Jagota 

investigated sinter-crack propagation from the root of a notch in a glass powder film 

and observed connected particle ligaments bridging the crack opening [15, 16]. 

Substantial crack-bridging behavior has also been observed in crystalline powders, 

where propagation of a sinter-crack from a notch was accompanied by thick 

sections of material connecting the two fracture surfaces (as in Chapter 2), 

suggesting similarities between viscous and crystalline sinter-cracking [16]. 

4.3.2. Evolution of sinter-crack length 

The behavior of sinter-cracks growing from the notches is demonstrated in 

Figure 4.7 by a plot of normalized crack length c/W versus 𝜌𝜌. The data are for a 

notch height of 5 particles (b/H = 0.06) and the full range of notch lengths tested. c 

was taken as the average length of the cracks growing from both notches. 

Normalization by W gives a sense of size with respect to the specimen. 
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In general, the sinter-cracks begin growing immediately and go through 

alternating phases of growth and arrest. For shallow notches of d/W = 0.11 and 

below (dashed lines in Figure 4.7), cracking is minimal and characterized by large 

regions of diminished or arrested growth. Continued densification of the specimen 

combined with the cessation of material rupture leads to shrinkage of the crack size 

during the arrest phases, the phenomenon observed experimentally through in situ 

monitoring of sinter-cracking in restrained notched panel specimens in Chapter 2. 

This behavior indicates a regime of notch geometry where catastrophic sinter-

cracking is suppressed: while a crack may initiate, it will grow slowly or not at all. 

Figure 4.7. Crack length c normalized by specimen half-width W versus 
relative density 𝝆𝝆 for a notch height b/H of 0.06 and 𝝆𝝆𝝆𝝆 of 0.70. Notch lengths 

d/W are shown next to each line. Dashed lines show large regions of little 
crack growth. 
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In contrast to small notch lengths, notches larger than d/W = 0.11 display 

nearly linear increase of crack length with time, interrupted by short periods of 

crack arrest. These non-growth regions may be incubation phases where the stress 

builds prior to overcoming the strength of the particle contacts; or, they may 

represent damage taking place ahead of the crack tip prior to linking with it. Such 

damage zone behavior was also observed in a sintering alumina film where the main 

sinter-crack grew by coalescing with voids that formed ahead of the crack [16]. It is 

a common feature of creep-cracking in dense materials where growth occurs 

through the formation and coalescence of grain boundary cavities, sometimes 

accompanied by crack-bridging ligaments [28, 69]. The distinction between damage 

zone and bridging ligament behavior is a matter of debate, but analysis by Thouless 

in the context of creep-cracking has indicated that the crack growth rate does not 

depend on the precise designation [69]. By inspecting the sinter-cracking 

specimens, ligaments of connected material separating regions of damage can be 

found; the sudden rupture of these ligaments leads to a jump in crack length. 

As notch length increases to the maximum value tested, the crack length data 

become more closely spaced, indicating a limiting crack growth rate. Similar limiting 

behavior was found by Jagota and Hui to apply to the mode I stress intensity factor 

(KI) for a cracked sintering film: at first, KI increases with the square root of the 

crack length, but then approaches a limiting value that is independent of crack 

length [15]. Finally, of all the notch lengths shown in Figure 4.7, only the greatest 

(d/W = 0.56) experiences cracking through the entire width of the inter-notch 

section. 
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Returning to Figure 4.4, the tensile stress experienced by the notched 

specimens may be understood in light of their cracking behavior. Data are shown for 

selected notch lengths ranging from d/W = 0.08 to 0.53 and an initial relative 

density of 0.70. For all notch lengths, the stress 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 experienced by the notched 

specimen is less than that of the un-notched specimen, and as the length of the notch 

increases, 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 decreases by greater amounts. This divergent behavior is a function 

of the competing processes of stress buildup through densification and stress relief 

through crack propagation. It also reflects the increase of specimen compliance due 

to the initial notch geometries and the growth of sinter-cracks from the notches.  

4.3.3. Densification between the notches 

When cracking occurs, particle contacts at the notch root are broken by 

adjacent densifying material while unbroken particle contacts ahead of this cracked 

region continue to sinter. Densification continues ahead of the crack due to x and y 

shrinkage, which in turn strengthens the material against fracture. Shrinkage in 

these dimensions can also affect z-oriented contacts through particle rearrangement 

and contact rotation; such processes aid densification ahead of a stress-concentrator 

[34]. 

Figure 4.8 shows the relative density measured far from the notches (far-

field) and between the notches (inter-notch) for the two specimens shown in Figure 

4.6 (shallow and deep notches). The reference spheres used for the measurement 

were the same initial size and were centered with respect to specimen thickness; 

their positions are indicated in the Figure 4.8 inset. For the shallow notch (d/W = 
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0.11), densification of far-field and inter-notch material is similar, indicating 

minimal effect due to the notches on microstructural evolution. For the deep notch 

(d/W = 0.56), densification behavior is similar at early stages, but diverges near a 

reduced time of 0.05. The far-field material begins to densify more rapidly due to a 

greater specimen compliance. Meanwhile, the inter-notch material continues 

densifying at a slower rate due to particle movement in x and y, even as de-sintering 

and contact rupture are taking place in z due to the concentrated stress near the 

notches [29]. A balance between these opposing processes explains the crack arrest 

behavior observed for small notch lengths in Figure 4.7.  

In their stress intensity analysis, Jagota and Hui determined a critical crack 

size for sinter-crack growth [15]. Similarly, for creep-cracking in fully dense 

materials, a threshold stress intensity factor has been identified below which cracks 

blunt and retract [70]. While particle separation was observed even for small notch 

lengths, crack growth was suppressed for notches below a certain size (d/W ≤ 0.11, 

Figure 4.7). As seen in Figure 4.8 for the shallow notch, densification ahead of the 

flaw progresses normally, supporting the critical crack size condition. In a similar 

stress intensity analysis, Ostertag et al. suggested that suppression of crack 

nucleation is unlikely, while avoiding significant crack growth is of greater practical 

importance [12]. From Figure 4.8, the shallow notch shows this possibility: for a 

small enough flaw, densification of the bulk material is unaffected. 

More generally, the gradients in structure and relative density that develop 

in the region between the notches can strongly influence the trajectory of the sinter-
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crack. The continued densification between the notches for the deep notch specimen 

suggests a toughening mechanism that can serve to slow and potentially stop the 

growth of a sinter-crack. Even as the crack travels into the center of the specimen, x 

and y shrinkage continues to densify the material in the inter-notch region. Thus, 

crack arrest might result if densification ahead of the crack exceeds the tendency of 

the crack to grow.  

Figure 4.8. Relative density 𝝆𝝆 plotted against reduced time 𝝉𝝉 for material far 
from the notches (‘far-field’, green and orange reference spheres) and 

between the notches (‘inter-notch’, purple and pink reference spheres). Data 
are for a notch height b/H of 0.06 and notch lengths d/W of 0.11 and 0.56. 
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4.4. Fracture mechanics analysis of notched specimen behavior 

4.4.1. Specimen compliance 

From linear elastic fracture mechanics, it is well-known that the compliance 

of a double edge notched specimen increases with the length of the notches and the 

length of cracks or damage emanating from them [50, 71]. Further, there is a 

mathematical analogy between linear elastic and linear viscous boundary value 

problems which holds that solutions to linear elastic problems can be extended to 

identical linear viscous problems by replacing strains with strain rates and moduli 

with viscosities [72]. By applying this analogy to the linear elastic solution for the 

compliance of a cracked double edge notched specimen, the effect of the edge 

notches and sinter-cracks on the uniaxial stress observed in Figure 4.4 can be 

determined. 

For the specific constrained sintering problem being considered, the 

equivalent linear elastic boundary value problem is a linear thermoelastic panel 

with a positive coefficient of thermal expansion that is first restrained under fixed 

grip loading conditions at one temperature and then cooled to generate an internal 

tensile stress. The non-dimensional load line compliance 𝑧𝑧𝐿𝐿𝐿𝐿 of this specimen is 

related to the induced thermal stress 𝜎𝜎𝑖𝑖𝑛𝑛𝑖𝑖 through the Young’s modulus 𝐸𝐸 as follows 

[50]: 

𝜎𝜎𝑖𝑖𝑛𝑛𝑖𝑖 = 𝑠𝑠𝑠𝑠𝑠𝑠
𝑧𝑧𝐿𝐿𝐿𝐿𝐴𝐴

 (4.14) 

where 𝑠𝑠 is the displacement that would occur without the fixed grip conditions, 𝐵𝐵 is 
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the specimen thickness, and 𝐴𝐴 is the cross-sectional area normal to the restraint. For 

thermoelastic shrinkage, the displacement 𝑠𝑠 is determined by the linear thermal 

expansion coefficient 𝛼𝛼 and change in temperature ∆𝑇𝑇: 

𝑠𝑠 = 𝛼𝛼𝐷𝐷∆𝑇𝑇 (4.15) 

where H is the specimen height as in Figure 4.1. When the thermoelastic panel is 

cooled under fixed grip conditions, it experiences an induced stress 𝜎𝜎𝑖𝑖𝑛𝑛𝑖𝑖 according 

to Eqs (4.14) and (4.15). The equations show that an increase in specimen 

compliance will produce a decrease in the stress induced by a given change in 

temperature. 

In the case of constrained sintering, the mass transport mechanisms that lead 

to densification are the cause of the induced stress. Following the linear viscous 

analogy, the displacement 𝑠𝑠 is replaced by the displacement rate �̇�𝑠 and the Young’s 

modulus E is replaced by the uniaxial viscosity F. As with the thermoelastic panel, �̇�𝑠 

is the displacement rate which the densifying material would experience in the 

absence of external restraint. For the case of uniaxial restraint, �̇�𝑠 is related to the 

strain rate 𝜀𝜀̇ through the specimen height H aligned with the restraining axis: 

�̇�𝑠 = 𝜀𝜀̇𝐷𝐷. (4.16) 

Similar to the product 𝛼𝛼∆𝑇𝑇 for the thermoelastic case, the strain rate 𝜀𝜀̇ 

represents the tendency of the specimen to shrink macroscopically and corresponds 

to the driving force for densification. This quantity, commonly referred to as the free 

strain rate, is the strain rate which the densifying material would experience were 

there no restraint on its shrinkage [64, 65]. For the constrained specimen, this value 
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is determined from the densification measured by the reference sphere. The value of 

𝜀𝜀̇ is nominally zero in z due to the boundary conditions and is approximately equal 

in x and y. Eq (4.9) thus gives 𝜀𝜀̇ as  

𝜀𝜀̇ = �̇�𝜌
2𝜌𝜌

, (4.17) 

where the negative sign is neglected due to directionality. 

If the divergent stress behavior observed in Figure 4.4 is explained by the 

difference in specimen compliance, then the dependence of uniaxial viscosity F on 

the relative density should be similar for all specimens. Rearranging Eq (4.14), 

substituting Eqs (4.16) and (4.17), and using 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 instead of 𝜎𝜎𝑖𝑖𝑛𝑛𝑖𝑖, gives 

𝐹𝐹 = 𝜎𝜎𝑓𝑓𝑓𝑓𝑓𝑓𝑧𝑧𝐿𝐿𝐿𝐿2𝑊𝑊
𝐻𝐻

2𝜌𝜌
�̇�𝜌

, (4.18) 

where the instantaneous cross-sectional area A has been replaced with the product 

of the instantaneous specimen dimensions B and 2W. 

For a double edge notched tension panel, 𝑧𝑧𝐿𝐿𝐿𝐿 is calculated by the following 

formula [50]: 

𝑧𝑧𝐿𝐿𝐿𝐿 = 𝐻𝐻
2𝑊𝑊

+ 4
𝜋𝜋
�0.0629 − 0.0610 �cos �𝜋𝜋𝑡𝑡

2𝑊𝑊
��
4
− 0.0019 �cos �𝜋𝜋𝑡𝑡

2𝑊𝑊
��
8

+ ln �sec �𝜋𝜋𝑡𝑡
2𝑊𝑊
���,

 (4.19) 

where g is defined as the distance between the specimen edge and the point lying 

halfway between the notch tip and the crack tip. This approximation compensates 

for the character of the sinter-crack: it is not a perfect through-thickness crack, to 

which Eq (4.19) applies, but instead tunnels through uncracked material as it grows 



 
85 

from the notch. Further justification for this approximation is provided through a 

look at the stress profile in section 4.6. 

Figure 4.9 shows 𝐹𝐹 plotted against the relative density 𝜌𝜌 for the same notch 

lengths shown in Figure 4.4. For sintering materials with open porosity, Scherer 

[73] has used a thermoelastic analysis to approximate the uniaxial viscosity as 

𝐹𝐹 = 3𝜂𝜂𝜌𝜌
3−2𝜌𝜌

. (4.20) 

The evolution of 𝐹𝐹 during sintering is in qualitative agreement with that predicted 

by Scherer for late sintering densities (𝜌𝜌 > 0.75), the curves lying parallel to each 

other. The values from Scherer in this range are less than that of the un-notched 

Figure 4.9. Uniaxial viscosity F, as calculated from the specimen compliance, 
plotted against the relative density 𝝆𝝆. Data are for specimens of initial relative 

density 0.70, notch height b/H of 0.06, and normalized notch lengths d/W 
shown next to each curve. The data points corresponding to the initial stress 

transient have been omitted. 
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specimen by a factor of ~0.7 – a good agreement, but revealing the difference 

between the model due to Scherer, which is based on porosity as a state variable, 

and the model due to Jagota et al. used in the present simulations, which is based on 

particle contacts. Unlike the stress in Figure 4.4, which showed divergent behavior 

for the different notch lengths as sintering progressed, the uniaxial viscosity curves 

lie parallel to each other beyond 𝜌𝜌 = 0.75, showing similar evolution of F with 𝜌𝜌 and 

indicating that change in specimen compliance is an important factor in the change 

of the measured far-field stress. The spread seen at the early stages of sintering in 

Figure 4.9 is caused by delay in the distribution of stress through the material at the 

onset of sintering. As sintering progresses, the stress distributes throughout the 

specimen and the viscosity curves converge. 

From a practical perspective, it is common in experimental fracture 

mechanics to determine the length of a crack in a specimen based on the measured 

load line compliance. The present results suggest that this method can be used to 

determine the length of sinter-cracks as well, provided the densification kinetics are 

known. Finally, it is apparent that the presence of a notch allows far-field 

densification to occur more rapidly. As seen in the time series images of Figure 4.6, 

the deep notch specimen attains 0.90 relative density at a lower reduced time than 

the shallow notch specimen. This faster densification is the result of less restraint on 

the far-field material due to the notches and the sinter-cracks, which increase the 

specimen compliance. 
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4.4.2. Dependence of cracking behavior on notch geometry 

There are a variety of parameters that may be used to describe the stress 

field ahead of a flaw, including the stress concentration factor [74], stress intensity 

factor [50], creep-crack growth parameter C* [28], and net section stress [49]. If the 

stress field can be calculated accurately, then cracking behavior may be predicted. 

To test the relevance of these parameters to sinter-cracking, a range of notch 

heights and lengths was simulated, then compared the extent of sinter-crack growth 

with different parameters representing the initial specimen geometry. 

The gross stress concentration factor 𝐾𝐾𝑛𝑛𝑡𝑡 can represent the effect of both the 

height and length of the notch and is typically used for discontinuities that are not 

atomically sharp. For opposing elliptical edge notches in a symmetrical panel, 𝐾𝐾𝑛𝑛𝑡𝑡 is 

given by [43] 

𝐾𝐾𝑛𝑛𝑡𝑡 = � 0.855 + 2.21�𝑑𝑑/𝑞𝑞 �  �1 − 0.50 �𝑖𝑖
𝑊𝑊
� − 0.0134 �𝑖𝑖

𝑊𝑊
�
2

+ 0.081 �𝑖𝑖
𝑊𝑊
�
3
� �1 −

𝑖𝑖
𝑊𝑊
�
−1/2

 (4.21) 

where 𝑞𝑞 is the radius of curvature of the notch root, a function of both the height and 

length of the notch, and d and W are as defined in Figure 4.1. 𝐾𝐾𝑛𝑛𝑡𝑡 is calculated for 

each initial specimen geometry and compared with the final normalized crack 

length c/W after sintering from 0.70 to 0.90 relative density. The data are plotted in 

Figure 4.10a for all notch heights and lengths considered. As expected, a greater 𝐾𝐾𝑛𝑛𝑡𝑡 

produces a greater final crack length. However, there is significant spread between 
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the curves and specific values of 𝐾𝐾𝑛𝑛𝑡𝑡 do not predict unique final crack lengths, 

demonstrating that 𝐾𝐾𝑛𝑛𝑡𝑡 is not a good descriptor of sinter-crack growth in this case. 

This result was also obtained by Hayhurst et al., who found that the creep 

rupture behavior of fully dense copper and aluminum was not dependent on the 

stress concentration factor and did not vary with the height of the flaw [49]. Instead, 

they found a correlation between rupture life and a normalized representative 

rupture stress, a quantity composed of the average stress acting on the minimum 

Figure 4.10. Final normalized crack length 𝒄𝒄/𝑾𝑾 plotted against (a) the initial 
stress concentration factor 𝑲𝑲𝜼𝜼𝑲𝑲 and (b) the initial normalized notch length 

d/W for specimens sintered from 𝝆𝝆 = 0.70 to 0.90. All notch heights and 
lengths are shown. 
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section adjacent to the flaw and the uniaxial creep rupture data for the material. 

Accordingly, the influence of the minimum section on sinter-cracking behavior is 

tested by plotting c/W against the initial normalized notch length d/W in Figure 

4.10b. Except for some slight deviations, the results for different notch heights 

overlap for the entire range of d/W. The final crack length generally increases with 

the initial length of the notch, but plateaus at higher values of d/W, revealing again 

the limiting dependence of crack growth on flaw size seen in the plots of crack 

length versus relative density in Figure 4.7 and in the analysis of Jagota and Hui 

[15].  

Figure 4.10 demonstrates that cracking behavior depends strongly on the 

initial length of the notch, with no obvious contribution from its height for those 

values tested. This result is counter to intuition, since in a non-porous material with 

an externally applied stress, the 𝐾𝐾𝑛𝑛𝑡𝑡 of the notch should influence cracking behavior 

by having a multiplying effect on the crack tip stress field after the crack has 

initiated [51]. Its lack of influence in this case may be due to the small difference 

between particle and notch size, so that even nominally blunt notches behave as 

sharp cracks. Another possible explanation is that although the notch root may have 

a large macroscopic radius of curvature, the interparticle necks at the notch root 

have a radius of curvature orders of magnitude smaller, so that the interparticle 

necks act as sharp crack tips; this is consistent with theory for porous materials, for 

which mechanical properties are expected to depend on the stress concentration 

factor of the pores [75]. Nevertheless, the correlation between the final crack length 

and initial notch length strongly suggests the use of stress parameters that depend 
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on the flaw length only, such as the stress intensity factor, creep-crack parameter, or 

net section stress.  

4.5. Effect of initial relative density on crack growth 

Multiple investigators have considered the dependence of sinter-cracking 

behavior on the initial relative density 𝜌𝜌0 of powder aggregates and have arrived at 

conflicting conclusions. Some found that sinter-crack growth was more rapid in 

specimens with low 𝜌𝜌0 [12]. Others found that sinter-crack growth was more rapid 

for greater 𝜌𝜌0 because particle rearrangement, an important energy dissipation and 

stress relaxation mechanism, is suppressed at higher relative densities [14, 38]. 

To shed light on the effect of 𝜌𝜌0, sinter-cracking behaviors are compared in a 

plot of normalized crack length c/W versus initial normalized notch length d/W in 

Figure 4.11 for specimens of constant notch height and different 𝜌𝜌0. c/W was 

measured at a reduced time 𝜏𝜏 of 0.1 for even comparison of specimens with 

different 𝜌𝜌0. Figure 4.11 shows that, for nearly all values of d/W, c/W decreases with 

𝜌𝜌0. For d/W = 0.3 and 𝜌𝜌0 = 0.65, the crack length at 𝜏𝜏 = 0.1 is 2x that of 𝜌𝜌0 = 0.70 and 

4x that of 𝜌𝜌0 = 0.75. It is interesting to note that the uniaxial stress alone is not a 

predictor of cracking behavior: as mentioned in section 4.2.2, specimens with 

greater 𝜌𝜌0 experienced greater far-field stress, but here exhibit lower crack growth 

rates. 
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The 𝜌𝜌0 dependence evident in Figure 4.11 is opposite that found in DEM 

simulations of cracking in crystalline materials sintered under similar conditions 

(notched panel, uniaxial restraint) [38]. There, complete fracture was observed for 

higher 𝜌𝜌0, while for lower 𝜌𝜌0, more cracks initiated and crack opening was greater, 

but complete fracture did not occur. Thus, the resistance to sinter-cracking in 

crystalline powder aggregates appears to increase with decreasing 𝜌𝜌0. Martin et al. 

attributed this effect to the higher viscosity of the denser aggregate, which reflects 

the larger mean contact radius and higher particle coordination number associated 

with higher relative density, and the stronger dependence of the aggregate viscosity 

on the contact radius for a crystalline material. These factors inhibit particle 

Figure 4.11. Normalized crack length 𝒄𝒄/𝑾𝑾 versus initial normalized notch 
length d/W for different initial relative densities 𝝆𝝆𝝆𝝆 and a notch height 𝒃𝒃/𝑯𝑯 of 

0.06. Crack lengths were measured at a reduced time 𝝉𝝉 of 0.1. 
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rearrangement and other stress relaxation mechanisms at the crack tip, thus 

promoting fracture.  

The results shown in Figure 4.11 also suggest that viscosity influences sinter-

cracking behavior, since the viscosities of the glass powder aggregates scale with 

relative density, as seen in Figure 4.9. However, in the present case of a glass 

material, the present results indicate that a lower viscosity leads to a greater crack 

growth rate. This inverse dependence of crack growth rate on viscosity has also 

been observed for creep-cracking in fully dense materials, including polycrystalline 

ceramics, where the phenomenon is referred to as Monkman-Grant behavior and 

has been associated with diffusive cavitation ahead of the crack [76, 77]. Other 

investigations have identified an inverse dependence of creep-crack growth rate on 

cavity spacing, a parameter analogous to the relative density [71, 78]. Thus, the 

parallel behavior between creep-cracking and sinter-cracking observed here further 

supports the analogy between the two processes. While this conclusion differs from 

the sinter-crack behavior found in simulations of crystalline materials, it agrees with 

what has been observed experimentally in sintering aggregates of MgO, where 

higher crack opening and displacement velocities were associated with lower 𝜌𝜌0 for 

the aggregates, corresponding to lower aggregate viscosities [12]. 

4.6. The stress profile between the notches 

From the force vectors acting on particle contacts and the corresponding 

particle center-to-center position vectors, the local stress tensor 𝝈𝝈 is calculated for 
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each particle in the system using Eq (4.5). The 𝑧𝑧𝑧𝑧 component of 𝝈𝝈, 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙, is shown for 

particles in the notch region as a function of y-position in Figure 4.12 over the 

course of sintering from 0.70 to 0.90 relative density. The notch region is defined for 

particles with absolute z-position less than 30 μm and absolute x-position less than 

5 μm. The instantaneous positions of the notch and crack tips are represented in 

Figure 4.12 by vertical solid and dashed lines, respectively. Above each graph is a 

contour map showing the 𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎 stress field and a rendering showing the cracked 

material. The contour maps show that far from the notches, the tensile stress is 

nearly uniform across the width of the specimen. Between the notches, the stress is 

amplified in a lobe pattern that expands as the specimen densifies, with the greatest 

stress lying ahead of the notch tips. 

The stress data 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 show a uniform tensile stress experienced by particles 

lying between the crack tips, increasing on average as the specimen densifies. Ahead 

of the notch and behind the crack tip, particles experience greater 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 due to stress 

concentration from the notch, while behind the notch tip 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 decays toward zero 

due to the free surface of the notch. Values of 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 remain below 300 kPa, but many 

lie above 100 kPa, representing local stress concentration effects that cause an 

increase over the far-field stress values observed in Figure 4.4. During densification, 

𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 tends to increase until a cracking event (particle separation) takes place, after 

which it sharply decreases. The position of these local maxima between the notch 
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and crack tips justifies the use of the crack length approximation in Eq (4.19). While 

the crack tip represents the farthest extent of particle contact rupture, the region of 

greatest stress concentration lies behind the tip, where a greater amount of contact 

rupture has occurred, extending more completely through the thickness of the 

specimen. 

Superimposed on 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 is the continuous average stress profile 𝜎𝜎�, calculated 

from 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 by the spatial averaging method described in section 4.1.4. Here the 

averaging volume is constant, although use of a variable averaging space has been 

proposed [79, 80]. The graphs in Figure 4.12 show that 𝜎𝜎� tracks the behavior of 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙, 

Figure 4.12. Stress profiles (bottom row) showing tensile stress 𝝈𝝈 in the notch 
region as a function of y-position: 𝝈𝝈𝝈𝝈𝝈𝝈𝒄𝒄 is the 𝒛𝒛𝒛𝒛 component of individual 

particle stress tensors; 𝝈𝝈� is the mean profile determined by spatial averaging 
over the region; 𝝈𝝈𝝈𝝈𝝈𝝈𝜼𝜼 is the net section stress acting on the material between 

the notches. Vertical solid lines show the positions of the notch tips and 
vertical dashed lines show the positions of the crack tips. Instantaneous 

relative densities are given in the top right of each graph. Data are for 𝝆𝝆𝝆𝝆 = 
0.70, b/H = 0.06, d/W = 0.34, and particles in the region |z| < 30 μm and |x| < 5 

μm. Above each graph is the corresponding 𝝈𝝈𝜼𝜼𝝈𝝈𝝈𝝈 stress field shown as a 
contour map. Renderings of the sinter-cracks are shown at the top. 
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exhibiting a uniform stress between the crack tips and stress amplification near the 

notches. 𝜎𝜎� also reveals stress relaxation. Initially, 𝜎𝜎� displays pronounced maxima 

near the notch tips. As densification proceeds, these maxima diminish, and the 

stress profile between the notches assumes a uniform value characterized by the net 

section stress 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 [78]: 

𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 = 2𝑊𝑊𝜎𝜎𝑓𝑓𝑓𝑓𝑓𝑓
(2𝑊𝑊−2𝑡𝑡), (4.22) 

where g is the median crack length as in Eq (4.19). 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 represents the average 

stress acting on the minimum cross-section of the specimen and is shown as a 

horizontal black line in each graph of Figure 4.12 [49]. It lies alongside 𝜎𝜎� between 

the crack tips and shows good agreement with the stress profile in this region. This 

result is indicative of a creeping material in which the initial elastic stress field 

ahead of a stress concentrator is relaxed through creep deformation at elevated 

temperatures and low applied loads [76, 78]. In the sinter-cracking specimen, the 

stress field resembles the elastic case at the start of densification, before significant 

deformation has occurred. Then, particle rearrangement and contact rupture cause 

the stress in this region to relax to the net section value [34]. Rasp et al. suggested 

that such particle rearrangement in actual sintering materials is enhanced for 

powders possessing spheroidal morphology, for which inter-particle friction is 

minimized [39]. Stress redistribution in fully dense materials has been attributed to 

increasing strain rates during tertiary creep [49], which may be involved here since 

the densifying material experiences an increasing strain rate according to Figure 

4.3. Thus, Figure 4.12 shows that a far-field stress measurement may be used to 

evaluate the stress field between the notches, a valuable result for experimental 
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work. To the author’s knowledge, this is the first quantitative view of the stress 

profile ahead of a flaw in a sinter-cracking specimen that does not depend on 

continuum approximations. 

The large local values of 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 that lie between the notch and crack tips reveal 

the presence of uncracked material in the region. The sinter-crack does not 

propagate as a through-thickness crack, but in a diffuse manner, leaving unbroken 

particle contacts in its wake. Stress from the densifying far-field material continues 

to act on these connected particles, and local stress concentration from the notch 

leads to large values of 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 prior to further rupture. This crack bridging behavior 

has been observed as ligaments bridging fracture surfaces in fully dense creep-

cracking materials, such as ceramics containing an amorphous phase, causing a 

decrease in the stress felt by the material at the crack tip [46]. However, damage is 

not limited to the region within the crack. Ahead of the crack tip, particle separation 

occurs prior to linking with the main crack. Such events are evidenced by local 

maxima in 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙 lying ahead of the crack tips in Figure 4.12, and they form a damage 

zone through which the crack propagates. In fully dense creep-cracking materials, 

the formation of grain boundary cavities ahead of the crack tip by creep deformation 

causes a damage zone which weakens the material and promotes crack propagation 

[71]. In such a system, crack growth behavior is dependent on the spacing of the 

cavities [78]. It is expected that sinter-cracking will have a similar dependence on 

the distance between broken particle contacts. Ultimately, the distinction between 

crack-bridging and damage-zone phenomena rests on the definition of the crack tip 
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position, but it has been shown that crack growth behavior is unaffected by this 

distinction [69].  

4.7. Correlation of the crack growth rate with stress 

To determine the relation between crack growth behavior and the stress 

induced by densification, it is helpful to look at the phenomenon of creep-cracking, 

to which sinter-cracking has been likened by others and to which the present results 

suggest a strong similarity [12, 16]. Clear similarities exist between the two 

phenomena, including the time-dependent flow of material, cracking under small 

stresses, and rupture by intergranular failure [28, 78]. In creep-crack growth, 

investigators have observed correlations between the crack growth rate �̇�𝑐 and some 

power of the stress intensity factor 𝐾𝐾𝐼𝐼𝑛𝑛 or the net section stress 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛𝑛𝑛 , where n is often 

equal to the stress exponent in the creep rate deformation law [78]. Dependence on 

𝐾𝐾𝐼𝐼𝑛𝑛 has been attributed to creep brittle materials and high applied stresses, while 

dependence on 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛𝑛𝑛  has been attributed to creep ductile materials and low applied 

stresses [78, 81]. The stress profiles in Figure 4.12 reveal that 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 characterizes the 

stress in the region between the notches where cracking occurs, and that elastic 

parameters such as 𝐾𝐾𝐼𝐼 do not apply due to stress relaxation. The sinter-cracking 

specimens experience low applied stresses (Figure 4.4) and the high strains 

involved in densification imply ductile material behavior (Figure 4.3), suggesting the 

application of 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 . It has been further observed for fully dense materials that creep 

rupture behavior depending on 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 is indifferent to the elastic stress concentration 

factor [49], as observed here for sinter-cracking (Figure 4.10).  
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To test for a correlation between �̇�𝑐 and 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 , the instantaneous sinter-crack 

growth rate �̇�𝑐 is calculated at densification intervals of 0.01 for all notch heights and 

lengths described in section 4.1.1, discarding small negative changes in crack size 

caused by shrinkage of the specimen. The corresponding 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 values are calculated 

according to Eq (4.22) and the results are plotted in Figure 4.13. The correlation 

between �̇�𝑐 and 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 is good, with most values of �̇�𝑐 lying between 10-7 and 10-5 m/s, 

suggesting that the two quantities are related through a power law of the form �̇�𝑐 ∝

𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛𝑛𝑛 . A minor group of data points falls at low values of �̇�𝑐, below 10-7 m/s. These 

points represent the competing processes that tend to suppress advancement of the 

crack, such as particle rearrangement and contact growth taking place ahead of the 

crack tip, as well as overall shrinkage of the specimen. The observed crack growth 

Figure 4.13. Rate of sinter-crack growth with respect to time �̇�𝒄 plotted against 
the net section stress 𝝈𝝈𝝈𝝈𝝈𝝈𝜼𝜼. Data are for specimens of initial relative density 
0.70 and all notch heights and lengths tested. The red dashed line is a linear 

regression fit of the data with slope n shown. 
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rate is on the order of μm/s for a 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 of ~100 kPa, a rate greater than the 0.1 μm/s 

crack growth rate observed in Chapter 2 for a crystalline material densifying more 

slowly. By comparison, nm/s crack growth rates were observed in fully dense creep-

cracking steels under applied 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 of 100 MPa, implying a lower viscosity for the 

sinter-cracking material [81]. A linear regression fit of the log-log data gives n as 

1.47 ± 0.14, close to the value of 1 for a linear viscous material. This value is 

consistent with that expected for a sintering material, which is classically 

approximated as linear viscous [64, 82]. The result is also consistent with the 

dependence expected for a model of crack velocity based on viscous flow [83]. For 

comparison, KI was calculated8 using the same median crack length g and far-field 

stress 𝜎𝜎𝑓𝑓𝑎𝑎𝑓𝑓 as for 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 . The resulting plot of �̇�𝑐 versus KI is given in Appendix A. While 

a correlation between �̇�𝑐 and KI can also be observed, the stress profiles in Figure 

4.12 reveal that the physically meaningful description is based on the net section 

stress. 

Dependence of �̇�𝑐 on 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 in a creep rupture scenario has been attributed to 

creep relaxation of the stress field [84]. Such stress relaxation can occur through 

viscous flow, diffusion, or solution/re-precipitation [70, 83]. In the case of sinter-

cracking, particle rearrangement also plays a role [34]. Furthermore, dependence of 

�̇�𝑐 on 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 was predicted by Dimelfi and Nix to apply to a crack growth regime 

 
 

8 KI for a double edge notched tension specimen was used: Ref. [50] T.L. Anderson, Fracture mechanics: 
fundamentals and applications, Third ed., CRC Press, Boca Raton, 2005. The formula is given in Appendix 
A. 
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occurring at low stresses [78]. Sinter-cracking is such a regime, in which cracking is 

driven by the low magnitude sintering stress. This sintering stress is a function of 

the surface energy and porosity of the material, and is simultaneously the driving 

force for material rupture and material coalescence (unlike creep-cracking, for 

which the sintering stress is expected to be negligible [70]). Thus, the dependence of 

�̇�𝑐 on 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 implies that �̇�𝑐 depends on the surface energy of the material, the porosity 

of the powder aggregate, and the minimum section of the specimen (i.e., the flaw 

size). �̇�𝑐 is also expected to have an inverse dependence on the effective viscosity of 

the sintering aggregate, which simultaneously represents the ease by which the 

material deforms during rupture and by which the stress relaxes [83]. This is 

supported by the negative correlation between the crack growth rate and the initial 

relative density demonstrated in Figure 4.11. 

The stress relaxation effect and the correlation between �̇�𝑐 and 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 

demonstrated in Figure 4.12 and Figure 4.13 shed new light on recent observations 

of sinter-cracking. Complex phenomena such as the existence of a crack incubation 

phase and phases of crack arrest and shrinkage can be explained in terms of particle 

rearrangement, crack-bridging, and transverse shrinkage of the constrained 

sintering material (cf. Chapter 2). Contrary to previous analyses, the stress field in a 

sinter-cracking material is not found to depend on elastic stress parameters, such as 

the stress concentration factor or stress intensity factor, but instead shows 

consistency with ductile creep-cracking behavior. While crack initiation in the 

presence of a stress-concentrator is likely, the present simulations show the 

probability of a threshold flaw size below which sinter-cracking is significantly 
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mitigated. On a practical note, the dependence of the sinter-crack growth rate on the 

net section stress implies a failure criterion based on the minimum section of 

material, which could aid in the design of sinter-crack resistant structures. 
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Chapter 5 

Conclusions 

A novel method for in situ observation of cracking caused by the self-stress 

induced in materials sintering under restraint has been presented. The method 

enables direct observation of the time-dependent fracture process and allows 

measurement of quantities such as density and crack length as functions of time. 

This method is enabled by recent advances in 3D printing technology which make 

possible the preparation of test specimens that are difficult to produce through 

traditional powder processing methods. Using the method, the initiation and 

propagation of sinter-cracks was observed directly via in situ monitoring of a 

powder aggregate sintering under restraint. Through analysis of both in situ and ex 

situ data, several important phenomena are identified: 

1. Sinter-cracks initiate at points of high stress concentration following an 

incubation phase in which constrained densification produces a self-induced 

tensile stress in the sintering material; 
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2. Sinter-cracks propagate through a ductile fracture mode, with a tortuous crack 

path, significant crack-bridging ligaments, high material elongation, and 

evidence of slow tearing through particle strand rupture; 

3. During the growth phase, the rate of crack length increase is roughly linear 

and constant across separate crack growth phases; 

4. Growth phases are separated by distinct phases of arrest in which the crack 

length decreases due to continued densification. 

In situ monitoring experiments like that presented here enable an advance in 

the understanding of sinter-cracking by making available important fracture 

mechanics quantities such as the crack growth rate. When combined with 

knowledge of the sintering stress, these measurements can lead to the evaluation of 

the fracture toughness of a sintering material and thus aid design of processing 

regimens that preclude sinter-cracking. 

Application of the in situ monitoring method was demonstrated by testing a 

range of stress concentrating notch geometries and 3D printer build orientations. By 

testing large and small notches with both high and low stress concentration factors, 

it was determined that sinter-cracking depends on both the size and shape of the 

notch as follows: 

1. When the notch is sufficiently small, sinter-cracks do not initiate, even if the 

nominal stress concentration factor of the notch is large; 
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2. When the size of the notch is large enough to initiate sinter-cracking, the 

resulting crack propagation is dependent upon the stress concentration factor 

of the notch; 

3. Sinter-crack propagation was less for the notch having a lower stress 

concentration factor and required a greater incubation time to initiate.  

By testing the three fundamental orientations of the build direction with 

respect to the notch (crack arrester, crack divider, and short transverse), sinter-

cracking was found to depend as follows: 

1. The crack arrester configuration exhibited the greatest fracture resistance, 

attributed to delamination at the build layer interfaces ahead of the crack; 

2. The crack divider configuration was less fracture resistant, but experienced 

damage that was isolated to the notch region; material outside this region did 

not exhibit damage, a toughness attributed to the plane stress condition that 

exists for the build layers in this configuration; 

3. The short transverse configuration was the least fracture resistant, 

experiencing extensive damage both in and outside the notch region; this is 

attributed to the orientation of the weak build layer interfaces normal with 

respect to the axis of loading. 

These findings are consistent with prior predictions for sintering materials 

and with traditional understanding of linear elastic fracture mechanics [15, 50, 51].  
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The particle-scale and stress evolution phenomena of sinter-cracking were 

investigated using the discrete element method. Through a detailed analysis of 

densification, stress evolution, and sinter-cracking behavior in notched powder 

aggregates sintered under uniaxial restraint, the following conclusions are reached: 

1. Restraint retards densification of the powder aggregate; however, linear 

shrinkage is accelerated in dimensions perpendicular to the restraint because 

the effective Poisson’s ratio of a sintering material is positive. 

2. Restraint causes stresses to develop in the sintering aggregate, arising 

ultimately from the surface energy of the material. The introduction of flaws, 

such as edge notches, aligned perpendicular to the induced stress causes the 

far-field internal stress to decrease, an effect that can be described on the basis 

of specimen compliance, with a greater flaw size leading to a greater specimen 

compliance and a decreased far-field stress. 

3. The presence of flaws concentrates the internal stress and leads to the 

initiation of cracks. Cracks initiating at the flaws exhibit intermittent growth, 

characterized by alternating periods of arrest and advance. This behavior 

results from crack-bridging ligaments and continued densification ahead of 

the crack. There appears to be a critical flaw size below which crack growth is 

limited and experiences prolonged arrest; above this critical flaw size, crack 

growth is nearly continuous. For large initial flaws, the crack growth rate 

reaches a limiting value, as predicted by stress intensity analysis of a sinter-

crack in a thin film sintered on a rigid substrate [15]. 
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4. For flaws on the order of the particle size, as in the present study, the stress 

field in the powder aggregate is better described by the net section stress, 

rather than parameters such as the stress concentration factor or stress 

intensity factor. By comparing the crack growth rate with the net section 

stress, a correlation is found that is consistent with observations in the creep-

cracking literature. The present results show that the crack growth rate is 

linearly proportional to the net section stress, supporting the classical 

approximation of a sintering material as linear viscous. 

5. Greater crack growth rates are observed for specimens of lower initial relative 

density, due to their lower effective viscosity. Lower effective viscosity allows 

greater crack tip velocity, as observed in previous sinter-cracking experiments 

[12]. Thus, to suppress cracking in a powder aggregate, a greater green density 

is desirable. 

The stress field in a constrained sintering material is affected by flaw size 

and by stress relaxation due to creep. For sufficiently small flaws, the stress field is 

small and material ahead of the flaw densifies normally. For larger flaws, 

densification ahead of the flaw decelerates but still takes place due to shrinkage 

perpendicular to the restraint. In both cases, relaxation of the stress field near the 

flaws is expected due to creep deformation of the material. Taken together, these 

mechanisms are expected to contribute to crack mitigation or arrest. 

 



 
107 

On the basis of the findings of this thesis, it is suggested that sinter-cracking 

in complex 3D printed structures may be suppressed by designing the geometry 

such that feature dimensions remain above a critical minimum section amount. If 

the critical minimum section must be exceeded, then minimization of the stress 

concentration factor of the feature may prevent sinter-crack initiation. Further 

suppression of sinter-cracking may be realized by assigning the crack arrester build 

configuration to stress concentrating features likely to cause cracking. Less stress 

concentrating features may be oriented in the crack divider configuration, while the 

short transverse configuration should be reserved for those features least likely to 

cause initiation of sinter-cracks.  

Relaxation of the stress field ahead of a sinter-crack can also mitigate 

cracking, and may be achieved through deformation mechanisms such as grain 

boundary creep or viscous flow of a liquid phase. It has been suggested that particle 

rearrangement, another relaxation mechanism, may be enhanced by employing 

powders with highly spherical particle morphology [39]. It is further suggested here 

that the amount of densification be minimized by starting with articles of greater 

relative density, as may be achieved through a polymodal particle size distribution 

in the powder material or through infiltration of a partly sintered article [85].
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Chapter 6 

Future Work 

The work described above lays a foundation for approaching the problem of 

sinter-cracking through a quantitative, fracture mechanics framework. Of particular 

interest is the possibility of correlating the sinter-crack growth rate with the stress 

intensity factor, the parameter used in linear elastic fracture mechanics (LEFM) 

[50]. Supporting this approach (at least as a starting point) is the nearly linear 

correlation between the crack growth rate and net section stress observed in the 

simulations, as well as the mathematical analogy between linear elasticity and linear 

viscosity and the representation of a sintering solid as a linear viscous material [64, 

82]. However, the problem is expected to be different from LEFM due to the porosity 

and evolving microstructure of a sintering material. 
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6.1. Viscous sintering and the stress intensity factor 

In the case of a sintering glassy material like the one presented in the 

simulations, there is one mechanism for sintering which drives both neck growth 

and densification among particles: viscous flow [7, 9, 86]. Thus, at any given 

temperature, the mechanism which drives densification far from the notches in the 

uniaxially restrained specimen is simultaneously driving de-densification and 

cracking in the regions adjacent to the notches. It is also the case that in these 

regions adjacent to the notches, the material is attempting to densify by the same 

mechanism, thus giving it a certain strength or fracture resistance. Furthermore, as 

seen in the simulations, even the smallest flaw depth led to measurable particle 

separation in the adjacent material, indicating that crack propagation, rather than 

crack initiation, is the focal point for determining threshold parameters that 

separate regimes of damage accumulation from regimes of damage prevention. 

Therefore, part of the future work is to investigate the existence of a critical flaw 

size above which crack propagation is catastrophic. 

Figure 4.7, in which normalized crack length is plotted versus the relative 

density for the simulation specimen, suggests the presence of such a critical flaw 

size by showing a pronounced transition in the rate of crack growth as the initial 

flaw size is increased. This observation aligns with the prediction of Jagota and Hui 

in their mechanical analysis of a thin film sintering on a rigid substrate, containing a 

crack-like flaw: below a critical initial flaw size, crack growth was predicted not to 

occur [15]. Their analysis, however, was based on a continuum description of the 
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sintering specimen which is limited in its treatment of processes like particle 

rearrangement and anisotropic densification which occur in the sintering material 

and which could alter its fracture behavior. Thus, it is proposed to use the 

advantages of the discrete element method to capture these phenomena occurring 

ahead of the crack tip, observing their effect on the state of stress and densification 

of material in that region. Figure 4.12 indicates that at early stages of densification, 

the profile of the stress field ahead of the crack tip experiences slight stress 

concentration effects that can be captured by parameters such as the stress 

intensity factor, K. While it was observed that the net section stress adequately 

characterized the stress field over the course of sintering, the slight stress 

concentration is expected to play a role in sinter-crack initiation and growth. Thus, if 

K is able to qualitatively represent the amplified stress near the crack tip, it will 

serve as a good starting point for a sinter-crack propagation model. 

In addition to verifying the use of 𝐾𝐾, this step can also lead to direct 

measurement of the fracture toughness of the sintering material, by identifying 

which values of the self-induced sintering stress in the material ahead of the flaw 

lead to particle separation. Measurements such as the relative density of the 

material and the total particle contact area normal to the loading direction are also 

possible. Shrinkage in the directions normal to the direction of restraint can also 

lead to densification of the material ahead of the crack tip, thereby toughening it 

against fracture, as well as particle rearrangement, which can serve as a stress 

relaxation mechanism. Thus, the toughness of the sintering material is ultimately 

expected to be a function of the z-normal particle contact area in the crack tip 
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region, with greater values yielding greater toughness. This area can be increased by 

processes such as densification and particle rearrangement that results in a more 

densely packed microstructure. It is the objective of the future work to quantify this 

dependence and incorporate it into the expression for the crack growth rate as a 

function of the appropriate fracture mechanics parameter (eg, 𝐾𝐾). 

6.2. Crystalline sintering and the crack tip damage zone 

The experimental work described above as well as that conducted by others [16] 

reveal the tendency of crystalline materials undergoing sinter-cracking to develop a 

damage zone ahead of the sinter-crack tip. This phenomenon has also been 

observed in fully dense materials undergoing fracture at high temperatures [28, 46]. 

In a theoretical analysis of the transition between ductile and brittle fracture in 

materials experiencing creep rupture, Evans and Dalgleish presented a model for 

correlating the evolution of damage ahead of the crack with the steady-state crack 

growth rate, which had the form [46] 

𝑖𝑖𝑙𝑙
𝑖𝑖𝑛𝑛

= 𝑌𝑌𝐾𝐾𝐼𝐼 . (6.1) 

Here, Y represents a stress intensity pre-factor which incorporates the effects of 

material properties, microstructural details, and temperature on the crack 

propagation behavior. In the case of fully dense materials, as considered by Evans 

and Dalgleish, the pre-factor includes the grain boundary diffusion parameter, the 

grain size, and the spacing between damage sites in the damage zone (in their case, 

grain boundary cavities). The predictive capability of their crack growth rate model 
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was demonstrated by showing good agreement with experimental data based on 

measurements of the damage site spacing and the damage zone size for a near-

Newtonian-viscous material [46, 87]. 

By application to the problem of sinter-cracking, it is noted that a sintering solid 

has been represented as a linear (Newtonian) viscous material [64, 82], suggesting 

the use of the Evans-Dalgleish framework. For a sintering crystalline material, 

parameters such as grain boundary diffusion and grain size would transfer directly, 

while the damage site spacing parameter would be adapted to represent the 

porosity of the material, which is analogous to grain boundary cavities in an 

otherwise dense material. It may be necessary to also incorporate a spacing 

parameter for the more macroscopic damage evident ahead of sinter-crack tips [16]. 

On the other hand, representing the porosity of the sintering material may be done 

through an effective viscosity, in which case models exist to serve as a starting point 

[73]. 

The difference between viscous and crystalline sintering should be noted. While 

viscous sintering experiences both densification and contact growth by means of the 

same mechanism, with the result that an increase in temperature increases the rate 

but not the proportions of these microstructural changes, crystalline sintering 

experiences a more complicated temperature dependence of its microstructural 

evolution. Most notably, a crystalline material can experience growth of particle 

contacts without simultaneous densification, a process known as “coarsening.” The 

ratio of this non-densifying activity to the densifying activity depends on both the 
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relative density of the sintering material and the temperature at which it is sintering 

[2, 4]. Therefore, the material ahead of the crack tip is expected to evolve based not 

only on damage accumulation due to the sintering stress, but also based on its own 

intrinsic sintering activity by which neck growth and densification occur. Neck 

growth and densification are expected to increase the fracture toughness of the 

material and thereby oppose sinter-cracking, while the action of the far field 

sintering stress is to reverse these toughening processes and cause damage by 

rupture of particle bonds. These features would need to be incorporated into the 

stress intensity pre-factor Y in order to account for the evolving microstructure 

ahead of the sinter-crack. 

Finally, the effects of crack-bridging ligaments and mass flow at the crack tip can 

also influence the propagation of a sinter-crack. These are considered by Evans and 

Dalgleish in their analysis and would need to be considered in the analysis of sinter-

cracking as well. The effect of ligaments is to reduce 𝐾𝐾 and therefore the crack 

growth rate, and dependence on the viscosity of the ligaments as well as their size 

and spacing must be considered [46]. As for mass flow at the crack tip, conditions 

such as surface diffusion along the crack could lead to a non-linear correlation 

between the crack growth rate and 𝐾𝐾 [46]. 

6.3. Outline of future work 

As revealed by both the experimental and computational work described above, 

the structure ahead of the crack tip is evolving, tending to densify even while sinter-
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cracking takes place, thus leading to a change in the material’s fracture toughness. 

Adding to the complexity of the problem is the relative density dependence of the 

sintering stress which leads to the observed cracking, causing change in the crack-

driving force as sintering progresses. The appropriate fracture mechanics model 

must capture both of these phenomena by accounting for the changing 

microstructure ahead of the crack tip as well as far from the crack, and is expected 

to have the form 

𝑖𝑖𝑙𝑙
𝑖𝑖𝑛𝑛

= 𝑌𝑌(𝜌𝜌,𝑇𝑇)𝐾𝐾𝐼𝐼(𝜌𝜌) (6.2) 

where Y is the pre-factor representing the evolving microstructure ahead of the 

crack tip, crack bridging ligaments, and other effects. The temperature dependence 

of Y pertains to the variation in mass transport mechanisms for crystalline materials 

at different temperatures, whereby either densifying or non-densifying mechanisms 

dominate, leading to a corresponding effect on the microstructure and its resistance 

to fracture. The relative density dependence of 𝐾𝐾 represents the dependence of the 

sintering stress on the relative density of the material: as demonstrated by the 

simulations described above, the crack growth rate exhibits a dependence on the 

initial relative density of the material, and this may have to do with the sintering 

stress, the effective viscosity, or both. 

It may turn out that the stress intensity factor is insufficient to describe sinter-

cracking and its associated stress field. As mentioned above, multiple investigators 

have drawn the analogy between sinter-cracking and creep-cracking, a fracture 

process which also takes place at high temperatures and under loads much less than 
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those required for fracture at room temperature. The creep-cracking parameter, 𝐶𝐶∗, 

is effectively a power integral which accounts for the time-dependent dissipation of 

energy through the flow of material and the creation of fracture surfaces under 

elevated temperature and small load conditions. While traditionally applied to fully 

dense materials [28], work has been done which indicates it could apply to a system 

with a constantly evolving microstructure (i.e. sintering) [46]. Therefore, the future 

work proposed is to derive, from the existing fracture mechanics framework, 

equations capable of describing the stress field around a sinter-crack and predicting 

the rate of crack growth for a given flaw and material system. The predictions can be 

validated by experiments and simulations as described above, with special emphasis 

on the simulations as a means of directly measuring the stress field around the 

sinter-crack. The ultimate goal of the future work is to correctly quantify the sinter-

cracking process so that parameters like the fracture toughness can be determined 

for a given materials system, thus enabling the design of sintering procedures that 

avoid or mitigate the sinter-cracking problem. 

6.4. Suggested approach 

The objective is to arrive at a model of sinter-crack growth which has the 

general form 

𝑖𝑖𝑙𝑙
𝑖𝑖𝑛𝑛

= 𝐷𝐷𝜎𝜎𝑝𝑝,  (6.3) 

where D is the pre-exponential depending on microstructure and temperature, 𝜎𝜎 is 

the appropriate stress parameter, and p is the stress exponent expected to be equal 
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to n in the steady state creep equation 

𝜀𝜀̇ = 𝐸𝐸𝜎𝜎𝑛𝑛,  (6.4) 

in which E is a constant at constant temperature. Dimelfi and Nix have considered 

such a problem for creep-crack growth in fully dense materials in which the creep-

crack grows by coalescence with grain boundary cavities that gradually expand in 

the stress field ahead of the crack [78]. In its case, the characteristic microstructural 

length is the spacing between the cavities, 𝜆𝜆. Dimelfi and Nix considered the one 

dimensional case of the creep-crack with grain boundary cavities positioned ahead 

of it, and assumed that the cavities would grow at a certain rate by power law creep 

under the influence of the stress field, depending on their distance from the crack 

tip. They then analytically determined the rate of crack growth by supposing that 

the nearest grain boundary cavity would move toward the crack tip with a certain 

velocity such that its radius would equal 𝜆𝜆/2 when its distance from the crack tip 

equaled the same. The result was an expression for the crack growth rate which was 

a function of E, n, 𝜆𝜆, and the stress parameter. 

The problem considered by Dimelfi and Nix may be considered analogous to 

the problem of sinter-cracking, in which the grain boundary cavities are 

synonymous with the porosity between sintering particles and the spacing between 

them is a function of the relative density of the aggregate. Rather than considering 

the porosity as the state variable in the case of sinter-cracking, it is convenient to 

consider the particle contacts instead, as done by Jagota and Hui in considering the 

conditions for sinter-crack initiation [15]. For simplicity, consider a one dimensional 

case of particle contacts situated ahead of a sinter-crack. The condition of 
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constrained sintering prevents these contacts from growing due to densification 

mechanisms. In the case of crystalline sintering, these contacts may grow due to 

coarsening mechanisms alone [2, 21]. In the case of viscous sintering, coarsening 

mechanisms do not exist. However, the influence of neighboring material should still 

be considered for the one dimensional case. As shown in section 4.2.3, such contacts 

can still grow due to densification and particle rearrangement in the adjacent 

material. 

The evolution of contacts in sintering powder has been studied by Arzt [88]. 

By employing the Voronoi method, Arzt derived models able to capture the 

evolution of coordination number and contact area during sintering of a randomly 

packed powder. It is random packing that provides a key avenue for the growth of 

contacts in the constrained sintering case, especially for viscous sintering. The 

results of section 4.2.3 demonstrate the significant contribution of particle 

rearrangement to coordination number and contact area made possible by such 

random packing. Thus, densification of a randomly packed powder is expected to 

influence the evolution of particle contacts ahead of a sinter-crack, even when that 

densification occurs transversely to the loading (i.e., restraining) direction. If the 

simplified one dimensional case is considered, particle contacts ahead of a sinter-

crack oriented perpendicular to the restraint must be allowed to experience a 

contribution to their growth from the adjacent sintering material due to particle 

rearrangement effects. 
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Therefore, expanding on Jagota and Hui [15], the evolution of particle 

contacts ahead of the sinter-crack is expected to have the form 

�̇�𝐴 = �̇�𝐴𝑠𝑠 + �̇�𝐴𝑎𝑎 − �̇�𝐴𝑓𝑓 ,  (6.5) 

where �̇�𝐴 is the change in particle contact area A with respect to time and the 

subscripts signify as follows: (s), the contribution from sintering at the particle 

contact due to normal densification mechanisms; (e), the contribution from extrinsic 

effects such as particle rearrangement, contact rotation, and densification of 

adjacent material, as well as coarsening in the case of crystalline materials; and (r), 

the effect of the restraint on densification whereby stress concentration ahead of the 

crack tends to pull particles apart, reducing their contact area. Consideration of all 

these factors is necessary to arrive at the rate of sinter-crack growth as the crack 

propagates into microstructurally evolving material.  

The expression for evolution of the contact area may then be incorporated 

into Eq. (6.3). Dimeli and Nix considered the length scale as the cavity spacing; such 

a length scale could be determined for sinter-cracking by considering the contact 

area and coordination number, following Arzt. As for the magnitude of the self-

induced sintering stress, Scherer has provided a useful framework that describes 

the free sintering strain rate and the effective viscosity of a porous material, which 

may then lead to a value for the uniaxial stress [65]. Then, integrating Eq. (6.3) 

would lead to the evolution of sinter-crack length over time. Such a calculation is 

expected to reveal regimes of crack growth and crack arrest, where the processes of 

contact rupture and densification compete with one another, as observed in Figure 

4.8, providing greater insight into the conditions for sinter-crack mitigation.
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Appendix A 

1. Material Properties Used for DEM Specimen Preparation  

Preparation of the specimen comprised generation of a random particle gas, 

condensation of the gas through isostatic compaction, and further densification 

through affine particle displacement. Material properties supplied as input to dp3D 

during these steps are given in Table A1 below. 

Table A1. Material properties for soda lime glass used in the specimen 
preparation steps, obtained from McLellan and Shand [61] 

Material property Symbol Value 

Elastic modulus (GPa) 𝐸𝐸 70 

Poisson’s ratio 𝜈𝜈 0.24 

Yield stress* (GPa) 𝜎𝜎𝑦𝑦 5 

Dihedral angle 𝜓𝜓 180° 

* Hardness used for the yield stress 

2. Comparison of the Crack Growth Rate with the Stress 

Intensity Factor 

The mode I stress intensity factor KI for a double edge notched tension specimen 

was calculated according to the following equations [50]: 

𝐾𝐾𝐼𝐼 = 𝑃𝑃
𝑠𝑠√𝑊𝑊

𝑓𝑓 (A1) 

𝑃𝑃 = 𝜎𝜎𝑧𝑧𝑧𝑧 ∗ 𝐵𝐵 ∗ 2𝑊𝑊 (A2) 
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𝑓𝑓 =
�𝜋𝜋𝜋𝜋
2𝑊𝑊

�1−𝜋𝜋
𝑊𝑊

�1.122 − 0.561 �𝑡𝑡
𝑊𝑊
� − 0.205 �𝑡𝑡

𝑊𝑊
�
2

+ 0.471 �𝑡𝑡
𝑊𝑊
�
3

+ 0.190 �𝑡𝑡
𝑊𝑊
�
4
�  (A3) 

where B is the specimen thickness and 2W is the specimen width. P is the far-

field tensile load acting in z and f is the configuration correction factor. g is the 

same median crack length and 𝜎𝜎𝑧𝑧𝑧𝑧 is the same far-field stress as used for 𝜎𝜎𝑛𝑛𝑎𝑎𝑛𝑛 . 

The resulting values of KI are plotted with �̇�𝑐 in Figure A1. A linear regression fit 

of the log-log data gives n as 1.35 ± 0.13. 

  

Figure A1. Rate of crack growth with respect to time �̇�𝒄 plotted against the 
stress intensity factor KI. Data are for specimens of initial relative density 

0.70, notch heights b/H of 0.04, 0.06, and 0.13. The red dashed line is a linear 
regression fit of the data with slope n shown. 
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Appendix B 

1. Sinter-Cracking Movies 

Movies of the sinter-cracking experiments are available as Supplemental 

Figures S1 and S2. The movies are composed of images taken every 25 sec during 

the experiments described in section 2.1. Figure S1 shows the entire specimen and 

its stainless steel restraining fixture. Figure S2 shows a magnified view of one side of 

the notch and the sinter-crack propagating from it. 
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