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Mae Markowski

This thesis introduces a modification for traditional, Newton-based methods to

improve the efficiency of solving smoothed, risk-averse PDE-constrained optimiza-

tion problems arising from optimal control applications. Instead of only maximizing

the expected performance of a system, risk-averse formulations penalize deviations of

actual performance that are below expected performance. Solving risk-averse opti-

mization problems is notoriously expensive, as the evaluation of the objective function

often requires sampling in the tail of a complicated and unknown probability distri-

bution, which depends on the random variables that enter the system through the

PDE and through the performance measure. Moreover, many risk measures, like

the Conditional-Value-at-Risk, are non-smooth. As a result, many have employed

smoothing functions to smooth the objective and allow the use of fast, gradient-

based optimization algorithms like Newton’s method. However, for iterates that are

far from the optimal solution, the resulting Hessian of the smoothed problem is rank-

deficient, which hinders the performance of standard algorithms and results in un-

necessary PDE solves. A modification for standard Newton-based algorithms, which

eliminates the problem arising from the rank-deficient Hessian, is presented. This

algorithm is also tailored to reduce the number of linear PDE solves arising from ad-



iii

joint and Hessian-vector computations when solving sample-based, PDE-constrained

optimization problems.
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Introduction

This thesis focuses on the development of numerical methods to support decision

making to optimize the performance of a system under uncertainty. The optimization

problems I study seek system inputs that maximize the performance of, or minimize

the costs to, a system in which the partial differential equations (PDEs) governing the

underlying physics of the problem are subject to uncertainty. Uncertainty arises in

models across all fields of science and engineering. For instance, material properties or

boundary data may be uncertain, characterized from empirical data, see for example

[19], [55], [18], [40], and [62].

To account for uncertainty in the quantity being optimized, traditional optimiza-

tion methods seek solutions that work “on average”. More formally, they optimize

with respect to expected costs or performance. This classical approach is oftentimes

problematic since the objective does not include any measure of deviation that the

actual cost differs from the expected cost. As a result, the optimal solution obtained

from the expected value objective may still result in excessively high costs or low

performance, which can be detrimental to a system. Therefore, I study optimization

formulations that also contain a risk measure to penalize events in which actual costs

are below expected costs. This risk-averse optimization framework ultimately com-

promises between optimizing on average and controlling the involved risk to prevent

rare but catastrophic events from occurring, while still remaining a feasible optimiza-

tion problem. Although risk measures originated in financial mathematics, they have

recently been employed in engineering design–see [50] for a comprehensive review–and

1
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optimal control, see e.g. [37].

In particular, one risk measure I focus on is the Conditional Value-at-Risk (CVaR).

The CVaR captures the risk associated with the upper tail of the distribution of the

random outcome, thereby quantifying the worst-case scenarios that result in detri-

mental losses to the system.

However, because these risk measures capture information about low probability

events, sampling techniques to solve these optimization problems can be extremely

expensive. Additionally, because CVaR is formulated with a positive-part-function,

the objective function must be smoothed via smoothing functions, see e.g. [20, Ch.

11.8], before gradient-based optimization algorithms can be applied. Due to the

structure of the smoothing functions and their derivatives, traditional Newton-based

algorithms exhibit poor numerical performance, costing many iterations and thus

PDE solves. Therefore, my research focuses on improving the efficiency of Newton-

based algorithms for the smoothed CVaR problem. The modification I provide in

this thesis is simple, and can easily be added to existing, Newton-based algorithms

with a few lines of code. Moreover, I tailor the modified algorithm to reduce the

number of linear PDE solves made when computing first and second order derivative

information for problems that are constrained by PDEs.

In addition, I utilize open-source software like the FEniCS Project [2], [42] to

increase the accessibility of the proposed numerical methods, as well as to more easily

apply the proposed methods to different, more complicated PDE models appearing

in science and engineering applications.

The main contributions of this thesis are:

1. provide a modification of Newton’s method that can be easily added to tradi-

tional line-search and trust-region Newton algorithms and requires less itera-

tions than its traditional counterparts,

2. tailor this algorithm to reduce the number of linear PDE solves from adjoint

and Hessian-vector computations when solving a problem which depends on the
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solution to a PDE,

3. provide convergence theories for the modified line-search and trust-region New-

ton algorithms, and provide detailed algorithm descriptions that allow others

to implement them for their applications.



Chapter 1

Literature Review

This thesis analyzes and proposes a novel modification to standard, Newton-based

methods for the solution of risk-averse optimization problems governed by partial

differential equations (PDEs) with random parameters. In particular, I focus on opti-

mal control problems where costs are quantified by a quantity of interest (QoI) which

depends on the solution to a PDE. Because these problems are often approximated

via sampling, they can be incredibly expensive to solve based on the size of the prob-

lem, the PDE, the probability objective chosen, and the number of samples taken.

Therefore, it is desirable to seek numerical methods that reduce the computational

expense of minimizing risk-averse objectives, which can thereby reduce the number

of PDE solves made throughout optimization.

In this thesis I focus on problems where risk is measured using the Conditional

Value-at-Risk (CVaR). One of the major difficulties faced when optimizing CVaR is its

inherent non-smooth structure, which I address via smoothing functions. Ultimately,

I will explore Newton-based algorithms for solving the smoothed CVaR problem,

provide a novel modification to standard Newton-based algorithms for the solution of

the smoothed problem, tailor the modified algorithm to reduce the number of linear

PDE solves needed during the optimization of a model PDE-dependent problem, and

finally demonstrate the effectiveness of the modified algorithm on this model problem.

4
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1.1 Existing Methods for Minimization of CVaR

The Conditional Value-at-Risk at level β ∈ (0, 1) is a risk measure widely used in

financial mathematics for portfolio optimization [51], but has recently become popular

in engineering and optimal control problems, see e.g. [53], [50], [36]. The CVaR

penalizes high-cost, rare events in the tail of the probability distribution of the QoI.

Under certain continuity assumptions of the cumulative distribution function of the

QoI, the CVaR is the conditional expectation of the QoI in the upper (1−β)-tail of its

cumulative distribution function. Because of this, it is desirable in some engineering

applications, as extreme costs may be detrimental to a system, cause failure, or fall

short of safety regulation requirements.

For instance, consider a hypothetical problem in which the QoI represents the ex-

ceedance of the temperature of a car engine over some threshold temperature in a par-

ticular region of the engine. Moreover, suppose that there is an uncertain heat source

in the heat equation governing this problem. Any temperature measurement above a

threshold will trigger the warning light to come on. However different exceedance over

the threshold results in engine damage of different degrees. Some realizations of the

random parameters may yield a temperature that just barely exceeds the threshold

and causes little damage, while other realizations could cause severe exceedance over

the threshold, resulting in increasingly worse damage to the engine. Therefore, the

CVaR would be an appropriate measure of risk in this particular setting. However,

the CVaR objective is difficult to estimate, as well as to optimize.

Because the probability distribution of the QoI is in general not known, sample-

based methods are common to solve stochastic PDE-constrained optimization prob-

lems. Sample-based methods for risk-neutral optimization are computationally ex-

pensive in their own right, as function evaluation requires a linear or nonlinear PDE

solve for each sample, while the use of higher-order optimization methods introduces

additional linear PDE solves via the adjoint PDE and Hessian-vector computation
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[28]. Moreover, because risk-averse objectives like CVaR capture the cost associated

with rare events, they require more samples in order to be accurately approximated,

which translates to even more PDE solves. In this thesis, I use Monte Carlo (MC)

sample-based methods for optimizing the CVaR of a QoI. MC methods have been

well-studied both in general [25], [39] and for specific CVaR applications [33], but

exhibit a slower convergence rate of O
(

1/
√
N
)

, where N is the sample size.

It should be noted that variance-reduction strategies such as importance sampling

have been utilized for risk-averse optimization problems, although they are out of the

scope of this thesis. While importance sampling for linear stochastic programs has

been studied since the early 1990’s, see e.g. [17] and [34], importance sampling in

the context of CVaR estimation and optimization is relatively new, see for example

[59], [26], and [30]. In [60], the authors prove the asymptotic consistency of the

importance-sampling CVaR estimate. In addition, importance sampling has been

effectively used in combination with surrogate models to identify risky regions in

the parameter space, and bias samples towards this region. This literature will be

addressed more in Section 1.3.

Not only is the sampled CVaR problem expensive to solve for PDE-constrained

optimization problems by virtue of the number of PDE solves made at each optimiza-

tion iteration, the CVaR objective also introduces non-smoothness into the objective

via a positive part function (ppf) [52, Theorem 10]. In order to efficiently optimize

CVaR, the optimizer must address this non-smoothness. There are two major classes

of solution techniques to handle the non-smoothness present in the objective function.

When the sample weights are positive, the CVaR problem is equivalent to a

smooth, constrained problem with the number of inequality constraints dependent

on the sample size. The constrained problem can then be solved via standard linear

programming techniques. These reformulations have been used in financial math for

the optimization of CVaR, see e.g. [1] and [51].

If the problem depends on a linear PDE, it is also possible to reformulate the
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problem as a linear or quadratic program with linear inequality constraints. However,

the literature for these reformulations in the context of PDE-constrained optimization

is rather scarce. Recently, authors have employed an interior-point type method for

the solution of a reformulated CVaR problem constrained by a linear, elliptic PDE

[22]. However, one drawback of this approach is the positivity of the sample weights.

Although MC sampling always yields positive, uniform weights, this is not the case

for all numerical quadrature methods. For example, sparse grid quadrature formulas

yield negative weights, see e.g. [23].

Smoothing functions to approximate the ppf provide an alternative approach to

handle the non-smooth objective, and they do not rely on the positivity of the quadra-

ture weights. Another advantage of utilizing smoothing functions is the relative ease

to which deterministic, Newton-based solvers can be modified and reused for the

stochastic setting [38]. This smoothing function-based approach has been utilized

in both PDE applications [38] and non-PDE related applications, [53], [54], and [1].

In the latter paper, the authors compared standard interior point solvers for the

constrained reformulation approach with gradient-based algorithms for the smoothed

function on a portfolio optimization problem. In [38], the authors prove several results

about the smoothed CVaR problem, namely that the smoothed CVaR risk measure

is convex and differentiable. Moreover, under certain assumptions, they show that

solutions of the smoothed problem converge to solutions of the true problem at a rate

equal to the square root of the smoothing parameter [38].

The work utilizing smoothing functions in [38] is based on a framework for smooth-

ing functions established in [14], [13], and [20, Ch. 11.8]. Additionally, [20, Ch. 11.8]

provides an abstract definition of smoothing functions and their properties. Once

a smoothing function has been chosen, standard, gradient-based optimization algo-

rithms, such as Newton’s method, can be used to optimize the smoothed CVaR

objective.
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1.2 Overview of Newton Methods for Smoothed

Problem

During each optimization iteration, standard Newton-based algorithms minimize a

quadratic model of the objective function centered around the current iterate; this

model is built using the gradient and Hessian (or approximations thereof) of the

objective function evaluated at the current optimization iterate. In this thesis, I use

exact gradient and Hessian information to construct the quadratic models.

This thesis focuses on two popular families of Newton’s method: line-search and

trust-region. Line-search methods operate by minimizing the quadratic model to

obtain a search direction, and subsequently choose a step length to determine how

far to move in that direction. Trust-region, on the other hand, selects the search

direction and step length simultaneously by minimizing the quadratic model subject

to the search directions being bounded by the trust-region radius.

In addition, because of the cost of computing and storing the Hessian for PDE-

constrained optimization problems, in this thesis I pair these Newton methods with an

iterative solver to approximately minimize the quadratic model. These are known as

inexact Newton methods [47, Ch. 7]. One popular iterative solver used for symmetric

positive definite (SPD) Hessians is the conjugate gradient method (CG) [31]. There

are variants of CG which do not require the matrix to be SPD, such as Truncated-CG

for line-search, see e.g. [47, Alg. 7.1] and Steihaug-CG for trust-region, see e.g. [58]

and [47, Alg. 7.2], which are used in this thesis.

However, because the smoothing function approximates the ppf, the second deriva-

tives of the smoothing function vanish except only in a small region, which results in

a rank-deficient Hessian for iterates that are far from the optimal solution. This is

problematic for inexact Newton’s methods. When the Hessian is singular or close to

singular, line-search algorithms may require many function evaluations (and there-

fore PDE solves) to determine a suitable step size, as a singular Hessian will result
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in an excessively large CG step size. When to terminate CG requires setting a zero

tolerance, but determining a suitable zero tolerance is difficult and largely depends

on the problem and its scale [47, p. 170]. The trust-region algorithm combined with

Steihaug-CG more readily handles a nearly singular Hessian since each step direction

must be bounded in norm by the trust-region radius [47, p. 170]; however, repeated

intersection with the trust-region radius may lead to rejection of the iteration and

reduction of the trust-region.

Despite this, modifications to the quadratic model are possible to ensure that

CG converges, even when the Hessian is not positive definite at each iteration. For

instance, one could perturb the Hessian with a positive diagonal or full matrix until it

is SPD, [47, Sec. 3.4], [45]. When the Hessian is singular and the righthand side is not

in the range of the Hessian, one can also alter the quadratic model by eliminating the

singularity of the Hessian, which requires fixing some of the optimization variables

and deleting the corresponding rows and columns of the Hessian and entries of the

gradient vector [35]. However, due to the structure of CVaR, this would repeatedly

ignore the same optimization variable when choosing the direction. Alternatively,

when the nullspace of the Hessian is known, one could also replace the righthand side

vector with its orthogonal projection onto the range space of the Hessian [35].

However, the optimization variable that corresponds to the singularity has sig-

nificant meaning to the CVaR problem. In the non-smooth case, this variable cor-

responds to the Value-at-Risk [52, Theorem 10]. In the smoothed problem, this

variable corresponds to an analogous, smoothed version of the Value-at-Risk, see e.g.

[48]. Therefore, the modifications to Newton’s methods proposed in this thesis pay

special attention to this variable.
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1.3 Implementation on PDE-Constrained Problems

Once I provide the modifications to Newton’s method, I also tailor the modified

algorithm to reduce the number of linear PDE solves made during computation of

first and second-order derivative information for a PDE-constrained problem. The

approach I use is based on the concept of risk regions [30], [29] in the continuous, PDE-

constrained optimization community and effective scenarios in the finite-dimensional

stochastic programming setting [3].

Because of the presence of the ppf in the definition of CVaR, only the parameters

for which the QoI is greater than the Value-at-Risk contribute non-zero to the CVaR

estimation; this set of parameters is referred to as the risk-region by authors in [30].

These risk regions change as the decision variable changes. In [30], the authors reduce

the number of PDE solves made during CVaR estimation by only solving the PDE

for those parameters that are in the risk region. Furthermore, surrogate models, such

as reduced order models, have been used to more cheaply estimate where these risk

regions are [30]. In addition, authors in [30] subsequently employ an importance

sampling method to bias samples towards these risk regions. Although the work

in [30] has not yet been extended to the optimization context, researchers in the

stochastic programming community, see e.g. [3] and [21], have utilized ideas similar

to risk regions for optimization.

In [3], the authors reduce the size of the CVaR optimization problem by eliminat-

ing all scenarios except those that are “effective” at the optimal solution. A scenario

is effective if its removal alters the solution to the optimization problem [3]. The

effective scenarios for the risk-averse problem in [3] are the same as the risk region at

the optimal solution. Because the optimal solution is a priori not known, the authors

in [3] use the set of effective scenarios at an approximate solution to estimate the set

of effective scenarios at the true solution. In [21], the authors take a more iterative

approach by only using the scenarios which were effective at the previous iterate. It is



11

not clear, however, whether the effective scenarios at the approximate solution or at a

previous iterate are a good approximation to the set of effective scenarios at the true

solution or current iterate. Moreover, in the case of [3], obtaining this approximate

solution for PDE-constrained optimization problems is itself an expensive task.



Chapter 2

Risk-Averse Optimal Control

2.1 Introduction

In this chapter, I discuss and formulate risk-averse PDE-constrained optimization

problems. First, I discuss optimal control in the deterministic and stochastic settings

in the context of a model problem based on boundary control of the advection dif-

fusion equation. Next I motivate and define the Conditional Value-at-Risk, a risk

measure which has recently gained popularity in optimal control and engineering de-

sign. In particular, I illuminate two challenges associated with optimization of the

Conditional Value-at-Risk: its non-smoothness and its inherent expense in sample-

based evaluation. Finally, I conclude this chapter by showing one method to handle

the non-smooth objective function and introducing the concept of risk regions to re-

duce the computational expense when working with CVaR. The notation used in this

12
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chapter and in the remainder of the thesis is:

u control/design variable

ξ random variable (with values in Ξ ⊂ RM)

y(u, ξ) state variable

s
(
y(u, ξ), ξ

)
quantity of interest

c(y, u) = 0 PDE/state equation

Y Hilbert space (state)

U Hilbert space (control)

V Hilbert space

R[·] risk measure

P(·) penalty term

2.2 Deterministic Optimal Control

I first introduce optimal control problems governed by deterministic PDEs, which will

establish notation and facilitate the presentation of optimal control involving random

PDEs. Let Y ,U ,V be Hilbert spaces, and let F : Y × U → R denote the objective

function, with (perhaps nonlinear) constraint c : Y × U → V∗. The general problem

form in the deterministic setting is

min F (y, u) (2.2.1a)

s.t. c(y, u) = 0, y ∈ Y , u ∈ U . (2.2.1b)

If we assume that for a fixed control u ∈ U , there is a unique state y(u) that satisfies

(2.2.1b), then we can study the equivalent, reduced form of (2.2.1):

min
u∈U

f(u) := F (y(u), u). (2.2.2)
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For existence of solutions to and optimality conditions of (2.2.1) and (2.2.2) , see [32,

Sec. 1.5, 1.7]. The spaces Y ,U ,V and the precise conditions needed on c(y, u) for the

existence of a unique state y(u) given a control u ∈ U vary from problem to problem.

I now make (2.2.1) more formal with a particular model problem.

Model Problem

Here, I formally introduce a model problem based on the boundary control of the

advection diffusion equation. The theory of existence and uniqueness of solutions is

standard, see for example [49, Ch. 6] and [43, Ch. 9], but I walk through the set up

below as this problem will be used throughout the thesis.

Let

f, ydes ∈ L2(Ω), κ ∈ L∞(Ω), c ∈
(
W 1,∞(Ω)

)2
, α > 0, (2.2.3a)

with

κ(x) ≥ κ0 ≥ 0 and ∇ · c(x) = 0 a.e. in Ω. (2.2.3b)

The elliptic PDE I consider is

−∇ · (κ(x) · ∇y(x)) + c(x) · ∇y(x) = f(x), x ∈ Ω (2.2.4a)

y(x) = u(x), on Γc (2.2.4b)

(κ(x) · ∇y(x)) · n(x) = 0, on Γn. (2.2.4c)

There are different ways of incorporating the Dirichlet control (2.2.4b), including

via the inverse trace theorem (see, e.g., [27]) very weak solutions (see, e.g., [11], [12],

[15], [44]), Lagrange multipliers (see, e.g., [6], [24]), Nitsche’s method (see, e.g., [46],

[10]), or a penalized Robin boundary condition approach (see, e.g., [5, p. 17], [7], [41]).

Some of these techniques apply to the infinite-dimensional problem formulation and

its discretization, others, such as Nitsche’s method have to be combined with the
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finite element discretization. These impact the precise formulation of the optimal

control problem and the discretization.

I explore the setup for the penalty method. This allows for controls u ∈ L2(Γc),

and can be easily implemented in FEniCS. (For fixed Dirichlet boundary data, FEn-

iCS uses interpolation to incorporate the Dirichlet boundary conditions, but in the

optimal control context the control will be piecewise polynomial and there does not

seem to be a good way to implement this in FEniCS via interpolation.) However,

one drawback is that the penalty method suffers from ill-conditioning as the mesh-

dependent penalty parameter approaches zero [46].

Weak Form of State Equation

First I will consider the usual variational form for this problem. That is, I multiply

the state equation (2.2.4a) by a test function v ∈ H1
Γc

(Ω) := {v ∈ H1(Ω) : v|Γc = 0}

and integrate over the domain Ω:

∫
Ω

κ(x)∇y(x)∇v(x) + c(x) · ∇y(x)v(x)dx =

∫
Ω

f(x)v(x)dx. (2.2.5)

Thus the problem statement is to find y ∈ H1(Ω) satisfying y = u on Γc such that

(2.2.5) holds for all v ∈ H1
Γc

(Ω). It can be shown, for example, in [49, p. 164] that

(2.2.5) admits a unique solution.

However, in practice, Dirichlet boundary control problems like the one above are

difficult to implement. The test space H1
Γc

(Ω) and state space {y ∈ H1(Ω) : y|Γc=

u} need to be approximated, a computationally difficult task [8]. Additionally, by

definition of the state space, the controls u need to be sufficiently regular, that is they

need to belong to the control space H1/2(Γc) := {u ∈ L2(Γc)| ∃ y ∈ H1(Ω) : y
∣∣
Γc

=

u)}, a more restrictive space than L2(Γc). As I will show, the penalty method allows

for the control space L2(Γc) and is simple to implement in FEniCS.

For the aforementioned reasons, I explore the penalty method for the advection
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diffusion state equation. In this approach, the Dirichlet boundary condition (2.2.4b)

is replaced by a Robin-type boundary condition, with penalty parameter ε0 that may

depend on the mesh size h, that is ε0 = ε0(h) > 0. The new state equation with

boundary conditions weakly enforced via the penalty method is

−∇ · (κ(x)∇y(x)) + c(x) · ∇y(x) = f(x), x ∈ Ω, (2.2.6a)(
κ(x)∇y(x)

)
· n(x) =

1

ε0
(u(x)− y(x)), x ∈ Γc, (2.2.6b)(

κ(x)∇y(x)
)
· n(x) = 0, x ∈ Γn. (2.2.6c)

Thus from (2.2.6b), as ε0 → 0, this boundary condition approaches the Dirichlet

boundary condition in (2.2.4b), and as ε0 →∞, (2.2.6b) approaches a pure Neumann

condition.

The state, test, and control spaces are then Y = V := H1(Ω), U := L2(Γc). Define

the bilinear forms a : Y × V → R, b : U × V → R and linear form ` : V → R:

a(y, v) :=

∫
Ω

∇y(x) · ∇v(x) + c(x) · ∇y(x)v(x)dx+
1

ε0

∫
Γc

y(x)v(x)dx (2.2.7a)

b(u, v) :=
1

ε0

∫
Γc

u(x)v(x)dx (2.2.7b)

`(v) :=

∫
Ω

f(x)v(x)dx (2.2.7c)

Thus the resulting variational problem is given u ∈ L2(Γc), find y in H1(Ω) such that

a(y, v) + b(u, v) = l(v) ∀ v ∈ V = H1(Ω), (2.2.8)

In [8], the authors provide theoretical convergence results for the boundary penalty

method of a general elliptic equation. Let ε0 be the penalty parameter, yε0 the

corresponding solution to the penalized problem, and y the unpenalized solution.

They show the existence of C ≥ 0 independent of ε0 such that ‖y − yε0‖L2(Ω) ≤

Cε0‖y‖H2(Ω), and so yε0 → y as ε0 → 0. For ε0 = h−λ, where h is the mesh size and λ
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is a positive constant, see [8] for a detailed discussion on the choice of λ that results

in optimal convergence rates. I also test some of these results numerically in FEniCS.

See the Appendix A for a discussion of this.

Problem Objective

Given the framework above, for any u ∈ L2(Γc) we can solve the state equation (2.2.6)

and evaluate the QoI

s
(
y(u)

)
=

1

2

∫
Ωo

(
y(x;u)− ydes(x)

)2
dx, (2.2.9)

where Ωo ⊂ Ω is an observation region. To ensure existence of a minimizer the

control regularization term P(u) with regularization parameter α > 0 is added. The

minimization problem under consideration is

min
u

s
(
y(u)

)
+
α

2

∫
Γc

u(x)2dx, (2.2.10)

where y implicitly solves (2.2.6). In words, the goal is to control the PDE solution in

a part of the boundary so as to enforce a desired state in a particular region of the

problem domain.

The problem domain used in this thesis is Ω = (0, 1) × (0, 1), Ωo = [0.4, 0.6] ×

[0.4, 0.6], Γc = {0} × (0, 1), and Γn = ∂Ω \ Γc. See below for a visualization of this

domain.
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Figure 2.1: Two-dimensional domain for advection diffusion model problem.

The other problem data used is

ydes(x) = 1 (2.2.11a)

c(x) = [1, 0]T (2.2.11b)

κ(x) =

0.8, x ∈ [0, 1]× [0.6, 1]

0.2, x ∈ [0, 1]× [0, 0.6)

(2.2.11c)

f(x) = 20 exp

(
−(x1 − 0.4)2

0.1

)
exp

(
−(x2 − 0.5)2

0.1

)
, (2.2.11d)

and Robin penalty parameter

ε0 = 10−4.

2.2.0.1 Problem Discretization

The state equation (2.2.6) is discretized using piecewise linear finite elements. Bold-

faced letters are used to denote vectors and matrices.

Ay + Bu = l. (2.2.12)
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Using piecewise linear finite elements to discretize the QoI and penalty term in (2.2.10)

leads to

s
(
y
)

=
1

2
yTMy + cTy, P(u) =

1

2
uTRu.

The discretized optimal control problem is given by

min s
(
y(u)

)
+ αP(u), (2.2.13a)

where for given control u, the state y(u) is the solution of

Ay + Bu = l. (2.2.13b)

In my implementation, I use FEniCS to assemble the mass and stiffness matrices

appearing in (2.2.13a) and (2.2.13b). The deterministic problem is solved with the

problem data given as in (2.2.11), with a spatial discretization of h = 1/60 in both

the x1 and x2 directions, Robin penalty parameter ε0 = 10−4 and regularization

parameter α = 10−3. The solution is provided below.

Figure 2.2: Initial state (left) at control u0 ≡ −1 and optimal state (right), solved
with mesh size h = 1/60, Robin penalty parameter ε0 = 10−4 and regularization
parameter α = 10−3.
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Given this background on deterministic optimal control problems, in the next

section I reformulate the advection diffusion equation with uncertainty built into the

diffusion and source terms.

2.3 Optimal Control with Random PDEs

To extend the optimal control framework to the stochastic setting, let (Π,F , P ) be a

complete probability space, where Π is the set of outcomes, F ⊂ 2Π is a σ-algebra of

events, and P : F → [0, 1] is a probability measure. Furthermore, let ξ : Π→ Ξ be a

finite-dimensional random variable (RV), with density ρ and values ξ in Ξ ⊂ RM . In

this thesis, the control remains deterministic. This represents the scenario when the

decision variable must be chosen before an outcome is realized.

The solution to the PDE y(u, ξ) depends on the value of the random variable,

as does the QoI s
(
y(u, ξ), ξ

)
. For this reason, the objective function is a statistical

measure of the QoI. Let R denote a risk measure, which for now define as a functional

which accepts functions that have domain Ξ [57, p. 253]. Then the analogue of (2.2.2)

is

min
u∈U

f(u) = R
[
s
(
y(u, ·), ·

)]
+ αP(u), (2.3.1)

where y(u, ξ) implicitly solves the abstract PDE

c(y, u, ξ) = 0 a.e. in Ξ. (2.3.2)

Model Problem with Uncertainty

As a concrete example of a random PDE, consider a form of (2.2.6) where the diffusion

coefficient and source terms are modeled via a two-dimensional random variable with
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realizations ξ = [ξ1, ξ2]T :

−∇ ·
(
κ(x, ξ1) · ∇y(x, ξ)

)
+ c(x) · ∇y(x, ξ) = f(x, ξ2), x ∈ Ω, (2.3.3a)(

κ(x, ξ1) · ∇y(x, ξ)
)
· n(x) +

1

ε0
y(x, ξ) =

1

ε0
u(x), on Γc (2.3.3b)(

κ(x, ξ1) · ∇y(x, ξ)
)
· n(x) = 0, on Γn. (2.3.3c)

Here, ξ1 ∼ U [0.2, 0.4] and ξ2 ∼ U [0.1, 0.4]. In addition, κ(x, ξ1) and f(x, ξ2) now have

the forms

κ(x, ξ1) =

0.8, x ∈ [0, 1]× [0.6, 1]

ξ1, x ∈ [0, 1]× [0, 0.6)

, (2.3.4a)

f(x, ξ2) = 20 exp

(
−(x1 − ξ2)2

0.1

)
exp

(
−(x2 − 0.5)2

0.1

)
. (2.3.4b)

For a fixed ξ = [ξ1, ξ2]T , this equation can just be viewed as the deterministic problem

(2.2.6), for which we have already shown existence and uniqueness of solutions.

After discretization with piecewise linear finite elements, the resulting state equa-

tion is

A(ξ)y(ξ) + Bu = l(ξ). (2.3.5)

Note that due to the structure of the uncertainty, B is still deterministic, but in

general this need not be the case.

Although I have assumed a finite dimensional RV, in general, stochastic PDEs

are formulated with parameters and coefficients (and therefore solutions) which are

random fields. A random field is a family of random variables indexed by a spatial

parameter, see for example [43, Ch. 7]. However, using the Finite Dimensional

Noise assumption [43, Ch. 9] as is standard in stochastic PDE literature, PDEs

with parameters or coefficients modeled by random fields can be made to fit into the

same framework as in (2.3.3). One way of achieving the Finite Dimensional Noise
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assumption is through a Karhounen-Loève expansion [43, Ch. 7].

2.4 Conditional Value-at-Risk

Given an optimization problem as in (2.3.1), I will now formally introduce the concept

of risk measures, and conclude this section with a discussion on the risk measure most

central to this thesis: the Conditional Value-at-Risk (CVaR). For ease of presentation,

in this section I will use X : Ξ→ R to denote

X(ξ) := s
(
y(u, ξ), ξ

)
,

which represents a cost or loss. If the expected value of X exists, denote it by

E[X] :=

∫
Ξ

X(ξ)ρ(ξ)dξ. (2.4.1)

If X ∈ Lpρ(Ξ), p ∈ [1,∞), then this means

E
[
|X|p

]
=

∫
Ξ

|X(ξ)|pρ(ξ)dξ <∞. (2.4.2)

In classical stochastic programming, and for random variables X ∈ L1
ρ(Ξ), the

risk measure used is the expected value operator, that is

R[X] := E[X]. (2.4.3)

While problems of this form yield optimal decisions on average if the experiment is

repeated many times (Law of Large Numbers), a single realization of the random

variables could yield a QoI that is very far from its expected value. In applications

when excessively high realizations of the QoI result in critical failure or catastrophic

losses, it is desirable that the objective function account for the possibility that the

realization could be far from the expected value, so called risk-averse stochastic pro-
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gramming. This is in contrast to problems of the form of (2.4.3), which are referred

to as risk neutral [56].

For example, consider a problem where the goal is to maximize the expected

return on investments. If this is formulated as a risk neutral problem, then the

optimal solution suggests buying assets that yield the highest return rates. However,

in practice, the optimizer would want to consider the risk of losing money that is

inevitably associated with each investment [57].

For these reasons, I will consider risk measures that penalize scenarios which

result in excessively high values of the QoI. Such examples include the supremum

(worst-case), semideviation, and CVaR. For completeness, I define the supremum

and semideviation below, but I pay particular attention to CVaR, as it is the primary

focus of this thesis.

Supremum. Let X ∈ L∞ρ (Π). The supremum risk measure is given by

R[X] = sup
ξ∈Ξ

X(ξ). (2.4.4)

This represents the most conservative one can be when managing risk. I will illustrate

the impact of this risk measure at the end of this chapter on the advection diffusion

example.

Semideviations. Often, the optimizer can afford to improve performance by being

a bit less conservative with risk, and so would choose another risk measure over the

supremum. One such family of risk measures are upper semideviations of order p.

These risk measures penalize deviations that are above the mean [57, Ch. 6.2.2] and

for X ∈ Lpρ(Π) are defined as:

R[X] =
(
E
[(
X − E[X]

)p
+

])1/p

. (2.4.5)
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Here the positive part function (ppf) is defined as

(x)+ = max{x, 0}. (2.4.6)

CVaR. CVaR is a risk measure which captures the tail probability events that result

in excessively high costs. Because of this, the CVaR has gained significant popularity

in engineering design and optimal control communities in recent years as a tool for

measuring risk [38], [22], [53].

In order to define the CVaR, I first define a closely related concept, the Value-

at-Risk (VaR). Denote the cumulative distribution function (cdf) of X as HX(x) =

Pr(X ≤ x). Let β ∈ (0, 1). The left-side β-quantile of the cdf HX is given by

H−1
X (β) = inf{t : Pr(X ≤ t) ≥ β}. (2.4.7)

The VaR is defined as the left-side quantile H−1
X (1− β), i.e.

VaRβ[X] = H−1
X (β) = inf

t∈R
{t : Pr(X ≤ t) ≥ β}

= inf
t∈R
{t : Pr(X > t) ≤ 1− β}.

(2.4.8)

Intuitively, if X represents a cost or a loss, then VaRβ[X] translates to the smallest

possible cost at which costs greater than VaRβ[X] occur with probability at most

1−β [57, Ch. 6.2.4]. Common choices of β include 0.9, 0.95, and 0.995, meaning that

1− β is small, and so the VaR represents the lower bound of the worst case losses.

There are challenges to optimizing VaR, as it is not subadditive nor convex [51],

nor is it coherent, an important measure used in financial mathematics [4]. In addi-

tion, the VaR only represents a lower bound, and contains no information as to the

degree of exceedance of this lower bound. Alternatively, the CVaR, a coherent risk

measure, alleviates these issues [9], [4].
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Define the CVaR as in [56]:

CVaRβ[X] := inf
t∈R
{t+ (1− β)−1E[(X − t)+]}. (2.4.9)

The definition in (2.4.9) is a one-dimensional minimization problem in t of the auxil-

iary function

Fβ(X, t) := t+ (1− β)−1E[(X − t)+]. (2.4.10)

The solution to this minimization problem is a closed interval, the left endpoint of

which is the VaR [51, Theorem 1].

Ultimately, my goal is to analyze and improve existing numerical methods for the

solution of the CVaR minimization problem. That is, I will primarily be concerned

with problems where

R[X] = CVaRβ[X].

For the advection diffusion example problem (2.3.3), I use throughout this thesis the

specific objective:

min
u

CVaRβ

[
1

2

∫
Ωo

(
y(x;u, ·)− 1

)2
dx

]
+
α

2

∫
Γc

u(x)2dx, (2.4.11)

where for a given ξ ∈ Ξ, y(u, ξ) implicitly solves the advection diffusion equation with

weak enforcement of the Dirichlet boundary conditions, that is Equation (2.3.3).

As previously mentioned, I will focus on the view of CVaR as a one-dimensional

minimization problem of the auxiliary function (2.4.10). It is important to note the

non-smoothness present in this definition due to the ppf function. Ultimately, I will

use a smoothing function to handle this non-smoothness, although other methods

exist. In the next section of this chapter, I will demonstrate one other method of

handling the non-smoothness: reformulation of the CVaR objective as a smooth,

constrained problem and utilization of quadratic programming techniques to solve

the resulting problem.
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2.5 Reformulation as Smooth Constrained Prob-

lem

As previously mentioned, some risk measures like the Conditional Value-at-Risk are

non-smooth. This makes optimization difficult without additional work. There are

two main avenues of handling this issue. The first is to reformulate the objective as

a smooth, constrained problem, and utilize suitable nonlinear programming (NLP)

solvers to solve the resulting optimization problem. The second is to use smoothing

functions to smooth out the objective, and proceed with traditional, gradient-based

optimization methods. In this section, I will discuss the former approach, and leave

discussion of the latter for the rest of the thesis.

Following [61], in order to better demonstrate the impact of different risk mea-

sures, I use the advection diffusion equation with uncertainty as given in (2.3.3) and

discretized as in (2.3.5), but with a new, spatially discretized QoI given by

s∞
(
y(u, ξ), ξ

)
= ‖(Cy(u, ξ)− ydes)+‖∞. (2.5.1)

Here C is a matrix which extracts the components of y(u, ξ) in the observation region

Ωo. This QoI will better illuminate the impact of risk measures as here the costly

scenarios are ones which cause the current state y(u, ξ) to overshoot the desired

state ydes. This QoI can be motivated as follows. Suppose that y(u, ξ) represents

the temperature distribution of a car engine. Failure is defined as the temperature

y(u, ξ) exceeding the threshold temperature ydes in the observation region. As y(u, ξ)

exceeds ydes in the target region, more damage to the engine is accumulated.

This QoI also adds additional non-smoothness to the problem with the ppf, which

will be addressed below. The problem statement is then

min
u
R
[
s∞
(
y(u, ·), ·

)]
+
α

2
uTRu, (2.5.2)
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where y(u, ξ) implicitly solves (2.3.5) for almost all ξ. I reformulate this problem as

a smooth constrained problem for three different risk measures: the expected value,

the Conditional Value-at-Risk at level β ∈ (0, 1), and the supremum (worst-case).

These risk measures move from least conservative to most conservative, with CVaR

falling in between (depending on the value of β).

Sample Approximation of Risk Measures

To solve (2.5.2) with R1 = E, R2 = sup, R3 = CVaRβ, I discretize the parameter

space using Monte Carlo sampling with N samples. I will review Monte Carlo sam-

pling of CVaR in the next section, as it is used throughout this thesis. The discretized

risk measures in (2.5.2) are then

E
[
s∞(y(u, ·), ·)

]
≈ 1

N

N∑
i=1

‖(Cy(u, ξi)− ydes)+‖∞ (2.5.3a)

sup
ξ∈Ξ
{s∞(y(u, ·), ·)} ≈ max

i=1,...,N
{‖(Cy(u, ξi)− ydes)+‖∞} (2.5.3b)

CVaRβ

[
s∞(y(u, ·), ·)

]
≈ min

t
t+

1

N(1− β)

N∑
i=1

(
‖(Cy(u, ξi)− ydes)+‖∞ − t

)
+
.

(2.5.3c)

Each ppf function can be formulated with a set of N auxiliary variables. In par-

ticular, the optimization problems with sampled objective functions (2.5.3) can be

reformulated as smooth quadratic programs (QPs). See [61] for a detailed derivation.

Below, I solve the problem for the 2D advection diffusion equation (2.3.3) with

the uncertain source and diffusion terms from (6.2.4). The problems are solved using

FEniCS to generate the matrices from the discretized state equation (2.3.5) and mass

matrices M and R from the discretized QoI and penalty term, respectively, with a

spatial discretization of h = 1/20, Robin penalty parameter ε0 = 10−4, and control

regularization parameter α = 0.1. The resulting QPs are solved using CVXOPT,

an open-source convex optimization package for Python. I used 1500 samples to
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compute the optimal control and 1000 additional samples to test the state at this

optimal control. Cross sections of the state, the discretized PDE (2.3.3) solution

y(x1, x2, ξ;u∗) at x2 = 0.4, 0.5, 0.6 at the optimal control u∗ using these 1000 test

samples are provided below.

Figure 2.3: Cross sections of states at the optimal control solved with spatial dis-
cretization h = 1/20, penalty parameter ε0 = 10−4, regularization parameter α = 0.1.
Risk measures are: expected value (top), CVaR at level β = 0.9 (bottom left), and
supremum (bottom right).

2.6 Monte Carlo-based Sampling of CVaR

Previously, the Conditional Value-at-Risk was introduced as a tool for capturing rare,

costly events in optimal control. However, as I will show, evaluating, and therefore

optimizing, this quantity is a computationally expensive task. Because I use Monte

Carlo (MC) sampling to discretize the CVaR in the parameter space, in this section I

review an existing algorithm for sample-based CVaR approximation. Additionally, I

review the concept of risk regions from the literature to ease some of the computational
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burden of estimating the CVaR. This concept will be utilized later in the thesis when

I reduce the computational cost of first- and second-order derivative calculations in

the proposed algorithms. In this section, I focus only on CVaR estimation, rather

than optimization.

Let N represent the sample size, and let {ξ1, . . . , ξN} ⊂ RM be the corresponding

sample. Given X ∈ L1
ρ(Ξ), recall from (2.4.9) and [51, Theorem 1] that the CVaR of

X can be written as

CVaRβ[X] = VaRβ[X] +
1

1− β
E
[
(X − VaRβ[X])+

]
. (2.6.1)

Given a Monte Carlo-based estimate for the Value-at-Risk, denoted by V̂aRβ, the

CVaR estimate ĈVaRβ can then be determined in the following way:

ĈVaRβ[X] = V̂aRβ[X] +
1

(1− β)N

N∑
i=1

(
X(ξi)− V̂aRβ[X]

)
+
. (2.6.2)

Consistency and asymptotic properties of the estimators V̂aRβ and ĈVaRβ are given

in [33]. Additionally, the authors in [30] give an algorithm for the computation of

V̂aRβ and subsequently ĈVaRβ, which I review below.

Algorithm 1: MC-based approximation of CVaRβ[X] and VaRβ[X], from [30]

Input: Samples ξ1, . . . , ξN ; risk level β ∈ (0, 1).

Output: MC estimates V̂aRβ[X], ĈVaRβ[X].
1: Sort X values in descending order, and relabel indices so that

X(ξ1) ≥ X(ξ2) ≥ . . . ≥ X(ξN);

2: Compute the index kβ = b(1− β)Nc+ 1 ;

3: Compute V̂aRβ[X] = X(ξkβ) ;

4: Compute ĈVaRβ[X] = V̂aRβ[X] + 1
(1−β)N

∑N
i=1

(
X(ξi)− V̂aRβ[X]

)
+

Algorithm 1 is used to estimate the CVaR of level β = 0.95 of the quadratic QoI,

as given in (2.4.11), on the advection model problem from (2.3.3) with problem data
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(6.2.4), spatial discretization h = 1/20, and Robin penalty parameter ε0 = 10−4. Due

to the nature of ppf present in the definition of CVaR, many of the samples contribute

nonzero to the CVaR estimation. This is reflected in the column %CVaRnonzero.

# Samples V̂aRβ[s] ĈVaRβ[s] %CVaRnonzero
100 2.12e-02 2.50e-02 6.00
200 2.39e-02 2.69e-02 5.50
500 2.21e-02 2.45e-02 5.20

1,000 2.19e-02 2.52e-02 5.10
2,000 2.18e-02 2.45e-02 5.05
10,000 2.25e-02 2.54e-02 5.01
20,000 2.24e-02 2.54e-02 5.00

Table 2.1: Risk measures estimates for QoI of advection diffusion model problem,
β = 0.95.

Below is a visual representation of the samples which contributed nonzero to the

CVaR estimation for N = 20,000.

Figure 2.4: Samples which contributed nonzero to CVaR estimation (in red), β = 0.95.

The authors in [30] formalize the concept of risky samples, i.e. the samples which

contribute nonzero to the CVaR estimate, through the definition of risk regions. When

CVaR is given as in (2.6.1), it is clear that only realizations ξ for which X(ξ) ≥

VaRβ[X] will contribute nonzero to the CVaR evaluation. Thus in [30] they define
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the risk regions as precisely these samples:

Gβ[X] := {ξ ∈ Ξ : X(ξ) ≥ VaRβ[X]}. (2.6.3)

In practice, what is plotted in red in Figure 2.4 is the discrete version of (2.6.3):

Ĝβ[X] := {ξi : X(ξi) ≥ V̂aRβ[X]} ⊂ {ξ1, . . . , ξN}. (2.6.4)

Following this notation from [30], I define a t-risk region, which generalizes (2.6.3)

to make the threshold value a variable:

Definition 2.6.1 Given a probability level β ∈ (0, 1), a QoI X, define the t-risk

region as

G[X](t) := {ξ ∈ Ξ : X(ξ) ≥ t}. (2.6.5)

This definition will appear again in Chapter 5 when discussing detailed implementa-

tion of the algorithms proposed later in the thesis.

There are other sample techniques which reduce the variance of the estimators

ĈVaRβ and V̂aRβ, such as importance sampling (IS). The authors in [30] and [61]

use IS for CVaR estimation, and the latter also discusses IS in the context of CVaR

optimization. How one can use IS during optimization as the risk region changes is

an ongoing area of research. However, these variance-reducing sampling techniques

are out of the scope of this thesis.

Given this background on the Conditional Value-at-Risk, I now move from eval-

uation to optimization of CVaR, and I explore a different way to handle the non-

smoothness introduced by the ppf.



Chapter 3

Smoothed CVaR Problem

3.1 Introduction

In this section I introduce and analyze the smoothed CVaR problem. Ultimately, I

will solve a smoothed version of

min
u

CVaRβ

[
s
(
y(u, ·), ·

)]
+ αP(u),

where s
(
y(u, ξ), ξ

)
denotes a QoI dependent on the solution to a PDE, y(u, ξ), which

in turn depends on the control u and on a realization ξ of the random vector. However,

in this chapter the special structure that arises from the fact that the QoI involves the

solution of a PDE is not important, and therefore I consider the QoI g(u, ξ), which

may or may not depend on the solution to a PDE.

With the QoI g(u, ξ) the CVaR minimization problem can be written as a mini-

mization problem over the control u ∈ Rm and auxiliary variable t ∈ R:

min
u∈Rm,t∈R

Jβ(u, t) = t+
1

1− β
E
[(
g(u, ·)− t

)
+

]
+ αP(u). (3.1.1)

I discuss the use of smoothing functions to transform the objective in (3.1.1) into one

which can be optimized with Newton-based algorithms. Smoothing functions have

32
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been employed for example in [9], [38], and [38, Sec. 4.1.1] contains additional results

about the smoothed CVaR optimization problem.

Given a suitable smoothing function vε : R → R, where ε > 0 is the smoothing

parameter, the smoothed CVaR problem is

min
u∈Rm, t∈R

J εβ(u, t) = t+
1

1− β
E
[
vε
(
g(u, ·)− t

)]
+ αP(u). (3.1.2)

Next I introduce the class of smoothing functions vε considered in this thesis. After-

wards, I establish twice continuous differentiability of the smoothed objective function

J εβ. Finally, I will provide theoretical results about how closely the smoothed problem

(3.1.2) approximates the true problem (3.1.1), as well as results about the existence

of solutions to the smoothed problem.

3.2 Smoothing Functions

Following [20, Sec. 11.8.2] and [38, p. 373], I define a family of smoothing functions,

specifically for approximating the ppf, based on a function δ : R→ R, which satisfies

the following conditions.

Assumption 3.2.1 The function δ : R→ R has the following properties:

i) For all x ∈ R, δ(x) ≥ 0 and
∫∞
−∞ δ(t)dt = 1.

ii) There exists M ∈ R such that δ(x) ≤M for all x ∈ R.

iii) The function δ has finite absolute mean, that is,
∫∞
−∞ δ(t)|t|dt <∞.

Note that a function which satisfies Assumption 3.2.1 i) is referred to as a probability

density function [20, p. 1085]. Following [38, Assumption 4.2], I make stronger as-

sumptions than in [20, Sec. 11.8.2] and assume that δ is bounded in Assumption 3.2.1

ii) to ensure the Lipschitz continuity of the smoothing function’s first derivative, which

will be used when in proving the differentiability of J εβ.
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Given a δ satisfying Assumptions 3.2.1, the smoothing function vε : R → R is

defined as

vε(x) :=

∫ x/ε

−∞
(x− εt)δ(t)dt. (3.2.1)

This smoothing function has several useful properties, stated in the following lemma,

cf. [20, Prop. 11.8.10].

Lemma 3.2.2 If vε : R → R is defined as in (3.2.1) and δ : R → R satisfies

Assumptions 3.2.1, then vε satisfies the following properties:

i) vε is twice continuously differentiable on R, with derivatives given by

v′ε(x) =

∫ x/ε

−∞
δ(t)dt (3.2.2a)

v′′ε (x) =
1

ε
δ
(x
ε

)
. (3.2.2b)

Furthermore, 0 ≤ v′ε(x) ≤ 1 and 0 ≤ v′′ε (x) ≤M/ε.

ii) For every x ∈ R,

−∆2ε ≤ vε(x)− (x)+ ≤ ∆1ε, where

∆1 =

∫ 0

−∞
|t|δ(t)dt and ∆2 = max

{∫ ∞
−∞

tδ(t)dt, 0

}
.

Moreover,

|vε(x)− (x)+| ≤ ∆ε, (3.2.3)

where ∆ ≤ max{∆1,∆2}.

iii) The smoothing function vε is nondecreasing and convex.

iv) If δ(t) > 0 for all t in R, then vε is strictly increasing and strictly convex.

For the proof of this lemma, see Appendix B.
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Examples of smoothing functions. I now give some examples of probability

density functions satisfying Assumption 3.2.1 and their resulting smoothing functions.

The density function

δ1(x) =
e−x

(1 + e−x)2
,

generates the smoothing function

vε,1(x) = ε log
(

1 + exp
(x
ε

))
, (3.2.4)

which is a popular smoothing function used for example in [9]. A second example of

a density/smoothing function pairing is

δ2(x) =


0, x ≤ 0,

6(x− x2), x ∈ (0, 1)

0, x ≥ 1

, (3.2.5a)

vε,2(x) =


0, x ≤ 0

x3

ε2
− x4

2ε3
, x ∈ (0, ε)

x− ε
2
, x ≥ ε

. (3.2.5b)

Below are plots of the density functions δ1, δ2, as well as plots of the smoothing

functions and their derivatives.
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Figure 3.1: The first distribution δ1 and the smoothing function vε,1 with its deriva-
tives for various smoothing parameters.

Figure 3.2: The second distribution δ2 and the smoothing function vε,2 with its deriva-
tives for various smoothing parameters.
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3.3 Differentiability of Smoothed CVaR Objective

Given this background on smoothing functions, I will present a result, with additional

assumptions, which proves the differentiability of the smooth CVaR objective J εβ from

(3.1.2), necessary for the application of Newton’s method.

Fréchet differentiability of the smoothed CVaR function L2
ρ(Π) × R 3 (X, t) 7→

t + 1
1−βE

[
vε
(
X − t

)]
is shown in [38, Sec. 4.1.1], and with Fréchet differentiability

of Rm 3 u 7→ g(u, ·) ∈ L2
ρ(Π) (Fréchet) differentiability of the composite map would

follow. I will extend results on the differentiability of functions of the type Rm 3 u 7→

E[f(u, ·)], which can be found, e.g., in [57, Theorem 7.44]. To extend the results,

suitable conditions on the smoothing function vε and on the QoI g : Rm × Ξ → R

need to be established to apply the techniques in the proof of [57, Theorem 7.44].

I first establish the notation used in this subsection regarding derivatives and

expectations. The directional derivative of a function f : Rn → R at x ∈ Rn taken in

the direction v ∈ Rn is

f ′(x; v) = lim
h→0

f(x+ hv)− f(x)

h
.

If f is differentiable, its gradient is given by ∇f(x) ∈ Rn. In the case that n = 1, i.e.

f : R→ R, I use f ′(x) to denote the derivative.

Furthermore, recall from Section 2.3 that ξ : Π → Ω has pdf ρ and takes values

ξ ∈ Ξ ⊂ RM . Then the expectation of a random variable X : Ξ→ R, with probability

density function ρ is given by

E[X] =

∫
Ξ

X(ξ)ρ(ξ)dξ.

I now establish assumptions needed for the differentiability of J εβ.

Assumption 3.3.1 Let ρ denote the probability density function of ξ. The function

g : Rm × Ξ→ R has the following properties.
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i) For every u ∈ Rm the random variable g(u, ξ) is in L1
ρ(Π).

ii) For almost every ξ the function u 7→ g(u, ξ) is continuously differentiable.

iii) There exists a function c : Ξ→ [0,∞) such that c(ξ) ∈ L1
ρ(Π) and

|g(u1, ξ)− g(u2, ξ)| ≤ c(ξ)‖u1 − u2‖2, (3.3.1)

for all u1, u2 ∈ Rm and almost all ξ ∈ Ξ.

Lemma 3.3.2 Define the maps G : Rm+1 × Ξ→ R and f : Rm×1 → R as

G(u, t, ξ) = vε(g(u, ξ)− t), (3.3.2)

f(u, t) = E [G(u, t, ·)] . (3.3.3)

If vε defined as in (3.2.1) satisfies Assumptions 3.2.1 and g : Rm × Ξ → R satisfies

Assumptions 3.3.1, then the following conditions hold for all (u, t) ∈ Rm+1:

i) The quantity f(u, t) is well defined and finite valued,

ii) For a.e. ξ, the function G(·, ·, ξ) is differentiable at (u, t),

iii) For all (u1, t1), (u2, t2) ∈ Rm+1 and a.e. ξ the following inequality holds:

∣∣G(u1, t1, ξ)−G(u2, t2, ξ)
∣∣ ≤ (c(ξ) + 1

) ∥∥∥∥∥∥
u1 − u2

t1 − t2

∥∥∥∥∥∥
2

, (3.3.4)

iv) For all (u1, t1), (u2, t2) ∈ Rm+1 and a.e. ξ the following inequality holds,

∣∣f(u1, t1)− f(u2, t2)
∣∣ ≤ (E[c] + 1

) ∥∥∥∥∥∥
u1 − u2

t1 − t2

∥∥∥∥∥∥
2

. (3.3.5)

Proof: i) The first statement immediately follows from the bound (3.2.3) and from

Assumption 3.3.1 i).
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ii) For a fixed ξ, define the function gξ(u) := g(u, ξ). We have from Lemma 3.2.2

that vε is differentiable on all of R, and by Assumption 3.3.1 ii) that gξ(·) is differ-

entiable for a.e. ξ and for all u ∈ Rm. Therefore, the composite map Gξ(u, t) :=

vε(gξ(u)− t) is differentiable for all (u, t) ∈ Rm+1, and its gradient is given by:

∇Gξ(u, t) = v′ε(gξ(u)− t)

∇ugξ(u)

−1

 . (3.3.6)

This proves ii).

iii) By the Lipschitz condition (3.3.1) on g from Assumption 3.3.1 iii), we have

that for a.a. ξ and all u, v ∈ Rm, h ∈ R, |g(u+ hv, ξ)− g(u, ξ)| ≤ c(ξ)|h|‖v‖2. Hence,

|∇ug(u, ξ)Tv| ≤ lim
h→0

|g(u+ hv, ξ)− g(u, ξ)|
|h|

≤ c(ξ)‖v‖2

for all v ∈ Rm, which for v = ∇ug(u, ξ), implies

‖∇ug(u, ξ)‖2 ≤ c(ξ). (3.3.7)

For any (u1, t1), (u2, t2) ∈ Rm+1 the mean value theorem gives

∣∣G(u1, t1, ξ)−G(u2, t2, ξ)
∣∣ ≤ sup

ũ,t̃

∥∥∇(u,t)G(ũ, t̃, ξ)
∥∥

2

∥∥∥∥∥∥
u1 − u2

t1 − t2

∥∥∥∥∥∥
2

,

where the sup is taken over all (ũ, t̃) on the line segment θ(u0, t0) + (1 − θ)(u1, t1),
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θ ∈ [0, 1]. Using (3.3.6), we have

∣∣G(u1, t1, ξ)−G(u2, t2, ξ)
∣∣ ≤ sup

ũ,t̃

∣∣v′ε(g(ũ, ξ)− t̃)
∣∣ ∥∥∥∥∥∥
∇ug(ũ, ξ)

−1

∥∥∥∥∥∥
2


∥∥∥∥∥∥
u1 − u2

t1 − t2

∥∥∥∥∥∥
2

≤
(

sup
ũ

∥∥∇ug(ũ, ξ)
∥∥

2
+ 1

)∥∥∥∥∥∥
u1 − u2

t1 − t2

∥∥∥∥∥∥
2

≤
(
c(ξ) + 1

) ∥∥∥∥∥∥
u1 − u2

t1 − t2

∥∥∥∥∥∥
2

.

iv) For any (u1, t1), (u2, t2) ∈ Rm+1 the definition of f in (3.3.3) and the result of

part iii) give

∣∣f(u1, t1)− f(u2, t2)
∣∣ ≤ E

[∣∣G(u1, t1, ·)−G(u2, t2, ·)
∣∣] ≤ (E[c] + 1

) ∥∥∥∥∥∥
u1 − u2

t1 − t2

∥∥∥∥∥∥
2

.

2

Lemma 3.3.3 If the smoothing function vε is defined as in (3.2.1) and satisfies As-

sumptions 3.2.1 and g : Rm × Ξ → R satisfies Assumptions 3.3.1, then f : Rm → R

defined in (3.3.3) is differentiable on Rm+1 and

∇f(u, t) = E[∇G(u, t, ·)]. (3.3.8)

Proof: I will first show the directional differentiability of f at any (u, t) ∈ Rm+1.

For v = (vu, vt) ∈ Rm+1 and h 6= 0, consider the ratio

Rh(ξ) =
1

h

(
G(u+ hvu, t+ hvt, ξ)−G(u, t, ξ)

)
,
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By Lemma 3.3.2 iii) we have

∣∣Rh(ξ)
∣∣ ≤ (c(ξ) + 1

)
‖v‖2,

and by Lemma 3.3.2 ii) we know that for a.a. ξ

lim
h↓0

Rh(ξ) = ∇(u,t)G(u, t, ξ)Tv.

Thus by the dominated convergence theorem,

lim
h↓0

E[Rh] = E
[
lim
h↓0

Rh

]
.

Therefore,

f ′(u, t; v) = lim
h↓0

E
[

1

h

(
G(u+ hvu, t+ hvt, ·)−G(u, t, ·)

)]
= E

[
lim
h↓0

1

h

(
G(u+ hvu, t+ δvt, ·)−G(u, t, ·)

)]
= E

[
∇(u,t)G(u, t, ·)Tv

]
= E

[
∇(u,t)G(u, t, ·)

]T
v. (3.3.9)

This establishes the directional differentiability of f .

If a function is locally Lipschitz, directionally differentiable, and the directional

derivative is linear with respect to the direction, then the function is differentiable

[57, Theorem 7.2]. The representation (3.3.9) shows that the directional derivative is

linear with respect to the direction v, and the Lipschitz continuity of f was established

in Lemma 3.3.2 iv). Hence f is differentiable at (u, t), and the gradient at the point

(u, t) can be written as

∇f(u, t) = E[∇G(u, t, ·)].

2
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Lemma 3.3.3 and differentiability of the penalty function implies differentiability

of the smoothed CVaR function objective J εβ.

Theorem 3.3.4 If the smoothing function vε is defined as in (3.2.1) and satisfies

Assumptions 3.2.1, g : Rm×Ξ→ R satisfies Assumptions 3.3.1, and P : Rm → [0,∞)

is continuously differentiable, then the objective function J εβ in (3.1.2) is continuously

differentiable with

∇uJ
ε
β(u, t) = (1− β)−1E[v′ε(g(u, ·)− t)∇ug(u, ·)] + αP ′(u), (3.3.10a)

∇tJ
ε
β(u, t) = 1− (1− β)−1E[v′ε(g(u, ·)− t)]. (3.3.10b)

Proof: Differentiability of J εβ and (3.3.10) follow from Lemma 3.3.3 and continuous

differentiability of P .

To show continuity, recall the bound on v′ε from Lemma 3.2.2 i) and ∇ug from

(3.3.7). Then we have

∥∥v′ε(g(u, ξ)− t)
)
∇ug(u, ξ)

∥∥
2
≤ c(ξ),∣∣v′ε(g(u, ξ)− t)

)∣∣ ≤ 1

for a.a. ξ. The dominated convergence theorem then allows the interchange of limit

and expectation, and since v′ε and ∇ug are continuous, ∇uJ
ε
β and ∇tJ

ε
β are also con-

tinuous. 2

Under additional assumptions on g : Rm × Ξ→ R, the smoothed CVaR function

objective J εβ is twice continuously differentiable.

Theorem 3.3.5 Suppose that the smoothing function vε is defined as in (3.2.1) and

satisfies Assumptions 3.2.1, P : Rm → [0,∞) is twice continuously differentiable,

and that g : Rm × Ξ → R satisfies Assumptions 3.3.1. If in addition there exists
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c2 : Ξ→ [0,∞) such that c2(ξ) ∈ L1
ρ(Π) and

‖∇ug(u1, ξ)−∇ug(u2, ξ)‖2 ≤ c2(ξ)‖u1 − u2‖2, (3.3.11)

for all u1, u2 ∈ Rm and a.a. ξ ∈ Ξ, and the function c in (3.3.1) satisfies c(ξ) ∈ L2
ρ(Π),

then the objective function J εβ in (3.1.2) is twice continuously differentiable.

Proof: For the second derivatives, we can similarly go through the steps of estab-

lishing the results of Lemma 3.3.2 and then invoking Lemma 3.3.3.

Let us first show the existence of∇tuJ
ε
β(u, t) ∈ R1×m and∇ttJ

ε
β(u, t) ∈ R. Observe

that E[v′ε(g(u0, ·)−t0)] is well-defined and finite-valued, since v′ε
(
g(u, ξ)−t

)
∈ [0, 1] for

all (u, t) and a.a. ξ. Additionally, since v′ε and g are twice continuously differentiable,

for a fixed ξ the mapping

G2,ξ : (u, t) 7→ v′ε(g(u, ξ)− t)

is also differentiable. Next I show the map G2 is Lipschitz continuous for a.a. ξ. Let

(u1, t1), (u2, t2) ∈ Rm+1. Again applying the mean value theorem and the bounds on

v′′ε and ∇ug we have

∣∣G2(u1, t1, ξ)−G2(u2, t2, ξ)
∣∣ ≤ M

ε

(
c(ξ) + 1

) ∥∥∥∥∥∥
u1 − u2

t1 − t2

∥∥∥∥∥∥
2

.

Thus, using the same arguments as in the proof of Lemma 3.3.3, I conclude that

∇E
[
G2(u, t, ·)

]
= E

[
∇G2(u, t, ·)

]
.
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This implies

∇tuJ
ε
β(u, t) = −(1− β)−1E

[
v′′ε
(
g(u, ·)− t

)
∇ug(u, ·)T

]
∇ttJ

ε
β(u, t) = (1− β)−1E

[
v′′ε
(
g(u, ·)− t

)]
.

Recall that v′′ε is bounded from Lemma 3.2.2 i), and that ∇ug is bounded by (3.3.7).

Then the dominated convergence theorem can be used to swap the limit and ex-

pectation, and so continuity of ∇tuJ
ε
β and ∇ttJ

ε
β follows from the continuity of the

composition and product of continuous functions.

Next I show the existence of ∇uuJ
ε
β(u, t) ∈ Rm×m and ∇utJ

ε
β(u, t) ∈ Rm.

For a fixed ξ, define the map

G3,ξ : (u, t)→ v′ε
(
g(u, ξ)− t

)
∇ug(u, ξ).

The expectation E
[
v′ε(g(u, ·)− t)∇ug(u, ·)

]
is again well-defined and finite-valued by

the boundedness of the derivatives of the smoothing function by Lemma 3.2.2 i), and

of ∇ug by (3.3.7). The map G3,ξ is differentiable, as it is the product of two differ-

entiable functions. Moreover its derivative is continuous. I now show that Lipschitz
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continuity of G3 holds for all points (u1, t1), (u2, t2) ∈ Rm+1 and a.a. ξ:

∥∥G3(u1, t1, ξ)−G3(u2, t2, ξ)
∥∥

2

=
∥∥∥v′ε(g(u1, ξ)− t1

)
∇ug(u1, ξ)− v′ε

(
g(u2, ξ)− t2

)
∇ug(u2, ξ)

∥∥∥
2

=
∥∥∥v′ε(g(u1, ξ)− t1

)
∇ug(u1, ξ)− v′ε

(
g(u1, ξ)− t1

)
∇ug(u2, ξ)

+ v′ε
(
g(u1, ξ)− t1

)
∇ug(u2, ξ)− v′ε

(
g(u2, ξ)− t2

)
∇ug(u2, ξ)

∥∥∥
2

≤
∣∣v′ε(g(u1, ξ)− t1

)∣∣ ∥∥∇ug(u1, ξ)−∇ug(u2, ξ)
∥∥

2

+ ‖∇ug(u2, ξ)‖2

∣∣v′ε(g(u1, ξ)− t1
)
− v′ε

(
g(u2, ξ)− t2

)∣∣
≤ c2(ξ)‖u1 − u2‖2 + c(ξ)

M

ε

∣∣g(u1, ξ)− g(u2, ξ) + t2 − t1
∣∣

≤ c2(ξ)‖u1 − u2‖2 + c(ξ)
M

ε

(
c(ξ)‖u1 − u2‖2 + |t1 − t2|

)
=

(
c2(ξ) + c(ξ)

M

ε
+ c2(ξ)

M

ε

)∥∥∥∥∥∥
u1 − u2

t1 − t2

∥∥∥∥∥∥
2

.

This inequality establishes a condition (3.3.4) for G3. This inequality allows applica-

tion of the steps in part iv) of the proof of Lemma 3.3.2 and the steps in the proof of

Lemma 3.3.3 to show that

∇E
[
G3(u0, t0, ·)

]
= E

[
∇G3(u0, t0, ·)

]
and to conclude that

∇uuJ
ε
β(u, t) = (1− β)−1E

[
v′′ε (g(u, ·)− t)∇uug(u, ·) + v′ε(g(u, ·)− t)∇ug(u, ·)(∇ug(u, ·))T

]
∇utJ

ε
β(u, t) = −(1− β)−1E

[
v′′ε (g(u, ·)− t)∇ug(u, ·)

]
.

The continuity of ∇utJ
ε
β follows from application of the dominated convergence

theorem, which is possible since by Lemma 3.2.2 v′′ε is bounded.
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To use the same dominated convergence theorem argument to establish the

continuity of ∇uuJ
ε
β, we need to show that v′′ε (g(u, ·) − t)∇uug(u, ·) + v′ε(g(u, ·) −

t)∇ug(u, ·)(∇ug(u, ·))T is bounded for all u, t and a.a. ξ by a function in L1
ρ(Π).

The boundedness of v′ε(g(u, ·)− t)∇ug(u, ·)(∇ug(u, ·))T immediately follows from the

boundedness of the first derivative of the smoothing function by Lemma 3.2.2 i), and

by the bound on the gradient ∇ug by (3.3.7). For the first term, we know the second

derivative of the smoothing function is bounded by Lemma 3.2.2 i). By the Lipschitz

condition (3.3.11) on ∇ug we have that for a.a. and all u, v ∈ Rm, h ∈ R:

‖∇uug(u, ξ)v‖2 ≤ lim
h→0

‖∇ug(u+ hv, ξ)−∇ug(u, ξ)‖2

|h|
≤ c2(ξ)‖v‖2.

Choosing v as the eigenvectors of ∇uug(u, ξ) implies that ‖∇uug(u, ξ)‖2 ≤ c2(ξ).

Since the second partial derivatives are continuous, the smoothed CVaR function

objective J εβ is twice continuously differentiable. 2

3.4 Properties of the Smoothed CVaR Problem

In this subsection, I now quantify how closely the smooth minimization problem

(3.1.2) approximates the true problem (3.1.1). First, define the smoothed Conditional-

Value-at-Risk by

CVaRε
β[g(u, ·)] := inf

t∈R
F ε
β(u, t) = t+

1

1− β
E
[
vε
(
g(u, ·)− t

)]
, (3.4.1)

I now show that CVaRε
β[g(u, ·)] exists and is finite-valued.

Theorem 3.4.1 If g(u, ξ) ∈ L1
ρ(Π) for all u ∈ Rm, then for a fixed u ∈ Rm, the

function F ε
β as defined in (3.4.1) is coercive in t, i.e.

lim
t→±∞

F ε
β(u, t) =∞.
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Moreover, there exists t∗ε ∈ R such that F ε
β(u, t∗ε) = inf

t∈R
F ε
β(u, t).

Proof: Fix u ∈ Rm. For coercivity, first suppose t → ∞. The bound (3.2.3) from

Lemma 3.2.2 ii), and (z)+ ≥ 0 for all z imply

lim
t→∞

t+
1

1− β
E
[
vε
(
g(u, ·)− t

)]
≥ lim

t→∞
t+

1

1− β
E
[(
g(u, ·)− t

)
+

]
− ∆

1− β
ε

≥ lim
t→∞

t− ∆

1− β
ε =∞.

Now suppose that t→ −∞. Switching t→ t+ = −t and using the bound (3.2.3)

gives

lim
t→−∞

t+
1

1− β
E
[
vε
(
g(u, ·)− t

)]
= lim

t+→∞
−t+ +

1

1− β
E
[
vε
(
g(u, ·) + t+

)]
≥ lim

t+→∞
−t+ +

1

1− β
E
[(
g(u, ·) + t+

)
+

]
− ∆

1− β
ε.

We have

(
g(u, ξ) + t+

)
+

= max{g(u, ξ) + t+, 0} ≥ g(u, ξ) + t+ ≥ t+ − |g(u, ξ)|.

for a.a. ξ and, since g(u, ξ) ∈ L1
ρ(Π),

E
[(
g(u, ·) + t+

)
+

]
<∞ and E

[
t+ − |g(u, ·)|

]
<∞

for fixed t+. Therefore,

lim
t+→∞

−t+ +
1

1− β
E
[(
g(u, ·) + t−

)
+

]
− ∆

1− β
ε

≥ lim
t+→∞

−t+ +
1

1− β
E
[
t+ − |g(u, ·)|

]
− ∆

1− β
ε

= lim
t+→∞

( 1

1− β
− 1
)
t+ −

1

1− β
E
[∣∣g(u, ·)

∣∣]− ∆

1− β
ε =∞,

where in the last line I used that 1
1−β > 1 and g(u, ξ) ∈ L1

ρ(Π). Hence for any fixed
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u the function F ε
β(u, t) is coercive in t.

Since vε is continuous, t 7→ F ε
β(u, t) is continuous on R for any fixed u.

Given the coercivity and continuity of F ε
β(u, ·) as a function of t, I now make

a standard argument from unconstrained optimization to show that F ε
β attains its

minimum. Let {tk}∞k=0 ⊂ R be such that {F ε
β(u, tk)} ↘ inf

t∈R
F ε
β(u, t). By the coercivity

of F ε
β(u, ·), {tk} must be bounded, or else {F ε

β(u, tk)} → ∞. Thus there exists M such

that |tk| ≤M for all k. Since {tk} is bounded, there exists a convergent subsequence

limj→∞ tkj = t∗. Since F ε
β(u, ·) is continuous,

F ε
β(u, t∗) = lim

j→∞
F ε
β(u, tkj) = inf

t∈R
F ε
β(u, t),

i.e., t∗ is a minimizer of F ε
β(u, ·). 2

The next results are identical to [38, Lemma 4.3].

Lemma 3.4.2 If the smoothing function vε is defined as in (3.2.1) and satisfies As-

sumptions 3.2.1, and if g(u, ξ) ∈ L1
ρ(Π), then

∣∣∣CVaRε
β[g(u, ·)]− CVaRβ[g(u, ·)]

∣∣∣ ≤ ∆

1− β
ε.

Proof: Let t∗ε be such that F ε
β(u, t∗ε) ≤ F ε

β(u, t) for all t ∈ R, and let t∗ be such that

Fβ(u, t∗) ≤ Fβ(u, t) for all t ∈ R. Then

CVaRε
β[g(u, ·)]

= t∗ε +
1

1− β
E
[
vε
(
g(u, ·)− t∗ε

)]
(by Def. (3.4.1) of CVaRε

β and of t∗ε)

≤ t∗ +
1

1− β
E
[
vε
(
g(u, ·)− t∗

)]
(by optimality of t∗ε)

≤ t∗ +
1

1− β
E
[(
g(u, ·)− t∗

)
+

]
+

∆

1− β
ε (by bound in (3.2.3) )

= CVaRβ[g(u, ·)] +
∆

1− β
ε. (by Def. (2.4.9) of CVaRβ and of t∗)
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Hence,

CVaRε
β[g(u, ·)]− CVaRβ[g(u, ·)] ≤ ∆

1− β
ε. (3.4.2)

Similarly,

CVaRβ[g(u, ·)] = t∗ +
1

1− β
E
[(
g(u, ·)− t

)
+

]
≤ t∗ε +

1

1− β
E
[(
g(u, ·)− t∗ε

)
+

]
≤ t∗ε +

1

1− β
E
[
vε
(
g(u, ·)− t∗ε

)]
+

∆

1− β
ε

= CVaRε
β[g(u, ·)] +

∆

1− β
ε.

Hence,

CVaRε
β[g(u, ·)]− CVaRβ[g(u, ·)] ≥ − ∆

1− β
ε. (3.4.3)

The result now follows from (3.4.2) and (3.4.3). 2

The next lemma shows that as ε approaches 0, the optimal objective function

values of the smoothed problem converge to the optimal objective of the true problem.

Lemma 3.4.3 If vε is a smoothing function defined as in (3.2.1) with smoothing

parameter ε > 0, and if Assumption 3.2.1 is satisfied, then

|J εβ(u, t)− Jβ(u, t)| ≤ ∆

1− β
ε for all (u, t) ∈ Rm+1. (3.4.4)



50

Proof: This follows directly from the bound (3.2.3) from Lemma 3.2.2 ii),

|J εβ(u, t)− Jβ(u, t)| =
∣∣∣∣ 1

1− β
E
[
vε
(
g(u, ·)− t

)
−
(
g(u, ·)− t

)
+

]∣∣∣∣
≤ 1

1− β
E
[∣∣vε(g(u, ·)− t

)
−
(
g(u, ·)− t

)
+

∣∣]
≤ ∆

1− β
ε.

2

In order to prove the existence of a minimum for J εβ, I require a lower bound on the

random variable g(u, ξ). For the advection diffusion model problem, this is satisfied

with a lower bound of zero.

Assumption 3.4.4 There exists L ≥ 0 such that for all u ∈ Rm and a.a. ξ,

g(u, ξ) ≥ L.

Theorem 3.4.5 Let ε > 0, α > 0. If vε satisfies Assumptions 3.2.1, g(u, ξ) ∈ L1
ρ(Π)

for all u ∈ Rm and satisfies Assumption 3.4.4, and P : Rm → R is continuous and

satisfies P(u) ≥ 0 for all u ∈ Rm, P(u) → ∞ as ‖u‖2 → ∞, then the optimization

problem

min
u∈Rm,t∈R

J εβ(u, t) = t+
1

1− β
E [vε(g(u, ξ)− t)] + αP(u)

has a solution.

Proof: i) Coercivity of the objective function J εβ(u, t) = F ε
β(u, t) + αP(u). I first

show that as ‖(uk, tk)‖2 →∞, J εβ(uk, tk)→∞.

First consider subsequences with |tkj | → ∞. If there exists a subsequence (again

denoted by kj to simplify notation) tkj with tkj →∞, then using the same arguments

as in the proof of Theorem 3.4.1,

lim
j→∞

F ε
β(ukj , tkj) = lim

j→∞
tkj +

1

1− β
E
[
vε
(
g(ukj , ·)− tkj

)]
≥ lim

j→∞
tkj −

∆

1− β
ε =∞.
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If there exists a subsequence (again denoted by kj to simplify notation) tkj with

tkj → −∞, then using the same arguments as in the proof of Theorem 3.4.1,

lim
j→∞

F ε
β(ukj , tkj) = lim

j→∞
tkj +

1

1− β
E
[
vε
(
g(ukj , ·)− tkj

)]
≥ lim

j→∞
tkj +

1

1− β
E
[(
g(ukj , ·)− tkj

)
+

]
− ∆

1− β
ε

≥ lim
j→∞

tkj +
1

1− β
E
[
g(ukj , ·)− tkj

]
− ∆

1− β
ε

= lim
j→∞

(
1− 1

1− β

)
tkj +

1

1− β
E
[∣∣g(ukj , ·)

∣∣]− ∆

1− β
ε

≥ lim
j→∞

(
1− 1

1− β

)
tkj +

L

1− β
− ∆

1− β
ε =∞

since 1− 1/(1− β) < 0. Hence, for subsequences |tkj | → ∞,

J εβ(ukj , tkj) = F ε
β(ukj , tkj) + αP(ukj) ≥ F ε

β(ukj , tkj)→∞.

Now consider subsequences with ‖ukj‖2 →∞. By Theorem 3.4.1 for every u ∈ Rm

there exists t∗ε(u) such that F ε
β(u, t∗ε(u)) ≤ F ε

β(u, t) for all t in R. Lemma 3.4.2 and

the properties of CVaR and VaR imply

F ε
β(u, t) ≥ F ε

β(u, t∗ε(u)) = CVaRε
β[g(u, ·)]

≥ CVaRβ[g(u, ·)]− ∆

1− β
ε

≥ VaRβ[g(u, ·)]− ∆

1− β
ε

≥ L− ∆

1− β
ε for all u ∈ Rm.

Hence,

J εβ(ukj , tkj) = F ε
β(ukj , tkj) + αP(ukj) ≥ L− ∆

1− β
ε+ αP(ukj)→∞.

Thus we have shown the coercivity of J εβ(u, t).
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ii) Existence of a solution. The continuity of J εβ follows from the continuity of

F ε
β and from the assumption that P is continuous. Using the same argument as in

the proof of Theorem 3.4.1, I conclude that there exists (u∗ε , t
∗
ε) ∈ Rm+1 such that

J εβ(u∗ε , t
∗
ε) = inf

u∈Rm,t∈R
J εβ(u, t). 2



Chapter 4

Numerical Solution of the

Smoothed CVaR Problem

4.1 Introduction

This section analyzes Newton-type methods for the solution of the smoothed CVaR

problem introduced in the previous chapter. Line-search Newton-CG and trust-region

Newton-CG involve the minimization of a quadratic model at each iteration. However,

because of the properties of the ppf and the fact that vε approximates the ppf, the Hes-

sian of the smoothed objective used in the quadratic model is rank-deficient for many

combinations of u, t, and ξ, which negatively impacts the performance of Newton-CG

methods. In this chapter, I will analyze what happens when standard line-search

Newton-CG and trust-region Newton-CG are applied to solve the smoothed CVaR

problem and identify a main reason for their slow global convergence. I then pro-

pose modifications of these algorithms designed specifically for the solution of the

smoothed CVaR problem, and prove global convergence for these modified methods.

Numerical results on the advection diffusion model problem from last chapter and

other problems will be provided in a later chapter.

53
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Recall the smoothed CVaR minimization problem:

min
u∈Rn, t∈R

J εβ(u, t) = t+
1

1− β
E
[
vε
(
g(u, ·)− t

)]
+ αP(u). (4.1.1)

All results presented in this chapter can be shown for this problem. Instead of (4.1.1),

consider its sample approximation given by

min
u,t

Ĵ εβ(u, t) = t+
1

(1− β)N

N∑
i=1

vε(g(u, ξi)− t) + αP(u). (4.1.2)

The reasons for considering (4.1.2) are that this is the problem that is solved numer-

ically, and later other implementation details will be presented for sample approxi-

mation governed by implicit PDE constraints.

To be specific, I consider the smoothing function

vε(x) =


0, x ≤ 0(
x3

ε2
− x4

2ε3

)
, x ∈ (0, ε)

x− ε
2
, x ≥ ε

(4.1.3)

and its derivatives

v′ε(x) =


0, x ≤ 0

3x2

ε2
− 2x3

ε3
, x ∈ (0, ε)

1, x ≥ ε

v′′ε (x) =


0, x ≤ 0

6x
ε2
− 6x2

ε3
, x ∈ (0, ε)

0, x ≥ ε

. (4.1.4)

However, the fundamental reason for the poor performance of existing line-search

Newton-CG and trust-region Newton-CG is not this specific smoothing function, but

the fact that the second derivative v′′ε is zero outside a small interval.
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4.2 Quadratic Model

Line-search and trust-region Newton-CG for the solution of (4.1.2), approximately

minimize a quadratic approximation to the objective function,

m(s) =
1

2
sT∇2Ĵ εβ(u, t)s+∇Ĵ εβ(u, t)T s (4.2.1)

at each iteration to generate a search direction s = [su, st]
T . In this section, I discuss

how rank deficiency arises in these quadratic subproblems. Since the variables are

partitioned into u and t, the step s is partitioned into su and st.

The derivatives of the objective function (4.1.2) are

∇uĴ
ε
β(u, t) =

1

(1− β)N

N∑
i=1

v′ε
(
g(u, ξi)− t

)
∇ug(u, ξi) + α∇P(u),

∇tĴ
ε
β(u, t) = 1− 1

(1− β)N

N∑
i=1

v′ε
(
g(u, ξi)− t

)
,

∇uuĴ
ε
β(u, t) =

1

(1− β)N

N∑
i=1

[
v′′ε
(
g(u, ξi)− t

)
∇ug(u, ξi)∇ug(u, ξi)

T

+ v′ε
(
g(u, ξi)− t

)
∇uug(u, ξi)

]
+ α∇2P(u),

∇utĴ
ε
β(u, t) = − 1

(1− β)N

N∑
i=1

v′′ε
(
g(u, ξi)− t

)
∇ug(u, ξi),

∇tuĴ
ε
β(u, t) = − 1

(1− β)N

N∑
i=1

v′′ε
(
g(u, ξi)− t

)
∇ug(u, ξi)

T ,

∇ttĴ
ε
β(u, t) =

1

(1− β)N

N∑
i=1

v′′ε
(
g(u, ξi)− t

)
.

(4.2.2)

The second derivatives ∇utĴ
ε
β(u, t),∇tuĴ

ε
β(u, t), and ∇ttĴ

ε
β(u, t) only depend on v′′ε ,

which is zero outside a small interval. If v′′ε (g(u, ξi) − t) = 0 for all samples ξi, the

result is a rank-deficient Hessian with ∇tĴ
ε
β(u, t) potentially nonzero. I will now

examine this case more closely.



56

Rank-Deficient Case. If g(u, ξi)− t /∈ (0, ε) for all i = 1, . . . , N , then from (4.1.4),

v′ε
(
g(u, ξi)− t

)
= 0, for ξi s.t. g(u, ξi)− t ≤ 0,

v′ε
(
g(u, ξi)− t

)
= 1, for ξi s.t. g(u, ξi)− t ≥ ε,

v′′ε
(
g(u, ξi)− t

)
= 0, for all ξ1, . . . , ξN .

The quadratic model (4.2.1) simplifies to

m(su, st) =
1

2

su
st

T ∇uuĴ
ε
β(u, t) 0

0 0

su
st


+

 ∇uĴ
ε
β(u, t)

1− 1
(1−β)N

∣∣{i : g(u, ξi)− t ≥ ε}
∣∣
T su

st

 , (4.2.3)

where here |{i : g(u, ξi)− t ≥ ε}| denotes the cardinality of the set. This problem is

unbounded in the nullspace direction [0, . . . , 0, 1]T , unless the number of samples ξi

for which g(u, ξi)− t ≥ ε is exactly equal to (1− β)N .

In many PDE-constrained optimization problems, the upper left block ∇uuĴ
ε
β(u, t)

of the Hessian is symmetric positive definite (SPD). The next section analyzes what

happens when CG is applied to (4.2.3) with ∇tĴ
ε
β(u, t) 6= 0 and Hessian

∇2Ĵ εβ(u, t) =

H 0

0 0

 , H is SPD.

4.3 Application of CG to Rank-Deficient Case

In a Newton-CG method, the step at the kth iteration, sk = [sku, s
k
t ]
T , is computed by

approximately minimizing the quadratic model (4.2.1) centered around the kth iterate

(uk, tk) using the Conjugate Gradient method [47, Chapter 7]. The CG method is an

iterative method, which at the jth step minimizes the quadratic model over expanding
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Krylov subspaces, given by

Kj
(
∇2Ĵ εβ(u, t),∇Ĵ εβ(u, t)

)
:= span

{
∇Ĵ εβ(u, t),∇2Ĵ εβ(u, t)∇Ĵ εβ(u, t), . . . ,

(
∇2Ĵ εβ(u, t)

)j−1

∇Ĵ εβ(u, t)

}
. (4.3.1)

CG minimizes (4.2.1) over the jth Krylov subspace (4.3.1) by computing a basis of

∇2Ĵ εβ(u, t)-orthogonal direction vectors p0, . . . , pj−1. Originally, the CG method was

established for SPD matrices ∇2Ĵ εβ(u, t), but the algorithm can be truncated if a

direction pj is detected for which (pj)T∇2Ĵ εβ(u, t) pj ≤ 0, and so will still compute a

descent direction if ∇2Ĵ εβ(u, t) is negative- or semi-definite [47, p. 169]. For examples

of these truncated CG algorithms, see [58], [47, Algorithm 7.1], or [47, Algorithm 7.2].

For completeness and to establish notation, I include the Truncated-CG algorithm

below. This algorithm will be used in my implementation of line-search Newton’s

method.

Algorithm 2: Truncated-CG to approximately minimize (4.2.1)

Input: Tolerance tolCG, initial iterate z0 = 0.

Output: Approximate solution of (4.2.1), s∗ = [s∗u, s
∗
t ].

Set r0 = ∇Ĵ εβ(u, t), p0 = −r0.

2: for j = 0, 1, 2, . . . do

if 〈pj,∇2J εβ(u, t) pj〉 ≤ 0 then

4: if j = 0 then return s = p0, else return s = zj end if

end if

6: Set αCG
j = 〈rj, rj〉/〈pj,∇2J εβ(u, t) pj〉.

Set zj+1 = zj + αCG
j pj.

8: Set rj+1 = rj + αCG
j ∇2J εβ(u, t) pj.

if ‖rj+1‖ ≤ tolCG return s = zj+1 end if

10: Set γj+1 = 〈rj+1, rj+1〉/〈rj, rj〉.
Set pj+1 = −rj+1 + γj+1p

j.

12: end for
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I am particularly interested in the case when Algorithm 2 is applied to approx-

imately minimize the rank-deficient quadratic model (4.2.3). In order to conclude

something about this case, I first review some of the properties of CG.

It helps to view the algorithmic parameters in a different formulation than in

Algorithm 2. Equivalent definitions are

αCG
j = − 〈rj, pj〉

〈pj,∇2Ĵ εβ(u, t)pj〉
(4.3.2a)

zj+1 = zj + αCG
j pj (4.3.2b)

rj+1 = ∇2Ĵ εβ(u, t)zj+1 +∇Ĵ εβ(u, t) (4.3.2c)

γj+1 =
〈rj+1,∇2Ĵ εβ(u, t)pj〉
〈pj,∇2Ĵ εβ(u, t)pj〉

(4.3.2d)

pj+1 = −rj+1 + γj+1p
j. (4.3.2e)

Using the definitions in (4.3.2), and assuming that the CG iterates are well-defined,

namely that 〈pj,∇Ĵ εβ(u, t)pj〉 6= 0 for ∀ j < m, then the following lemma, based off

of [47, Theorem 5.1], holds.

Lemma 4.3.1 Adapted from [47, Theorem 5.1]. Suppose we are at the jth iteration

of Truncated-CG, where αj, z
j, rj, γj, p

j are defined as in (4.3.2), and that ∇2Ĵ εβ(u, t)

is symmetric positive semi-definite. If for all iterations i ≤ j < m the steps αCGi are

well-defined, that is

〈pi,∇Ĵ εβ(u, t)pi〉 6= 0 ∀ i ≤ j < m,

then the following properties hold:

span{r0, r1, . . . , rj} = span{r0,∇2Ĵ εβ(u, t)r0, . . . ,∇2Ĵ εβ(u, t)jr0} (4.3.3a)

span{p0, p1, . . . , pj} = span{r0,∇2Ĵ εβ(u, t)r0, . . . ,∇2Ĵ εβ(u, t)jr0} (4.3.3b)

〈pj,∇2Ĵ εβ(u, t)pi〉 = 0, i = 0, 1, . . . , j − 1. (4.3.3c)
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For the proof of these properties, see [47, p. 109]. Using 4.3.1, I show that when CG

is applied to the rank-deficient quadratic model in (4.2.3), it computes a step pj∗ in

which 〈pj∗ ,∇2Ĵ εβ(u, t)pj∗〉 = 0 in at most m iterations.

Theorem 4.3.2 If

∇2Ĵ εβ(u, t) =

H 0

0 0

 ∈ R(m+1)×(m+1),

with symmetric positive definite H ∈ Rm×m, and if ∇tĴ
ε
β(u, t) 6= 0, then the residuals

generated by the CG Algorithm 2 satisfy

‖rj‖2 = ‖∇2Ĵ εβ(u, t)zj +∇Ĵ εβ(u, t)‖2 ≥ |∇tĴ
ε
β(u, t)| > 0.

If tolCG > |∇tĴ
ε
β(u, t)|, then the CG Algorithm 2 yields an iteration j∗ ∈ {0, . . . ,m}

where 〈pj∗ ,∇2J εβ(u, t) pj∗〉 = 0.

Proof: The structure of ∇2Ĵ εβ(u, t) immediately implies

‖rj‖2
2 = ‖Hzju +∇uĴ

ε
β(u, t)‖2

2 + |∇tĴ
ε
β(u, t)|2 ≥ |∇tĴ

ε
β(u, t)|2 for all j.

Thus if tolCG > |∇tĴ
ε
β(u, t)|, the CG Algorithm 2 does not stop in Step 9.

Because of the structure of ∇2Ĵ εβ(u, t), there exists jmax ≤ rank(H) = m such that

Kjmax

(
∇2Ĵ εβ(u, t), r0

)
= Kjmax+1

(
∇2Ĵ εβ(u, t), r0

)
.

Consider two cases. Case 1: The CG Algorithm 2 terminates in iteration j∗ < jmax

with 〈pj∗ ,∇2Ĵ εβ(u, t) pj∗〉 = 0.

Case 2: The CG Algorithm 2 did not terminate, i.e.,

〈pi,∇2Ĵ εβ(u, t) pi〉 > 0, for i = 0, . . . , jmax − 1.
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We show that j∗ = jmax by contradiction. Asume that 〈pjmax ,∇2Ĵ εβ(u, t) pjmax〉 6= 0.

Since ∇2J εβ(u, t) is positive semidefinite, 〈pjmax ,∇2Ĵ εβ(u, t) pjmax〉 > 0.

The directions are ∇2Ĵ εβ(u, t)-orthogonal,

〈pi,∇2Ĵ εβ(u, t)pk〉 = 0, for i 6= k, i, k = 0, . . . , jmax,

and satfisfy 〈pi,∇2Ĵ εβ(u, t)pi〉 > 0, i = 0, . . . , jmax. Thus, p0, . . . , pjmax are linearly

independent, which is a contradiction, since

span{p0, . . . , pjmax−1} = Kjmax

(
∇2Ĵ εβ(u, t), r0

)
= Kjmax+1

(
∇2Ĵ εβ(u, t), r0

)
= span{p0, . . . , pjmax}.

Therefore 〈pjmax ,∇2Ĵ εβ(u, t) pjmax〉 = 0. 2

Algorithm 2 stops when 〈pj,∇2Ĵ εβ(u, t)pj〉 ≤ 0 is detected. However, detecting

whether 〈pj,∇2Ĵ εβ(u, t)pj〉 ≤ 0 is difficult due to floating point errors. Choosing a

tolerance to determine whether 〈pj,∇2Ĵ εβ(u, t)pj〉 = 0 is dependent on the problem

and its scale. If 〈pj,∇2Ĵ εβ(u, t)pj〉 = 0 goes undetected, then CG continues along the

nullspace direction [0, . . . , 0, 1]T until the maximum iteration count is reached. An

illustration of this is given in the toy problem below.

Algorithm 2 is applied to approximately solve the problem

min
x

1

2
xTAx− bTx, (4.3.4a)

where

A =


0.1 0 0

0 10 0

0 0 0

 , b =


0.01

5

100

 . (4.3.4b)

These values were chosen arbitrarily. Algorithm 2 is initialized with residual tolerance
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tolCG = 10−8, and maximum iterations equal to four. The smallest eigenvalue of the

2× 2 upper left submatrix H of A in (4.3.4b) is

λHmin = 0.1.

Algorithm 2 generates iterates documented in Table 4.1.

j αCG
j 〈pj, Apj〉 〈pj ,Apj〉

‖pj‖22
m(s)

0 4.01e+01 2.50e+02 2.49e-02 0.00e+00
1 2.54e+06 1.58e+00 9.80e-10 -2.01e+05
2 1.51e+21 6.77e-10 6.50e-30 -5.10e+12
3 5.09e+10 3.02e+23 1.28e-41 -7.69e+32

Table 4.1: Truncated-CG applied to (4.3.4) with residual tolerance tolCG = 10−8,
maximum iterations = 4.

From Table 4.1, CG computes a step size αCG
2 = 1.51e+21. However, it is possible

to miss that 〈p2, Ap2〉 ≈ 6.77e-10 is close enough to zero and that CG should truncate

at j = 2. In addition, I confirmed using the Matlab Symbolic Math Toolbox that

at iteration j = 2, 〈pj, Apj〉 = 0 in exact arithmetic. The exact calculations made

using Matlab (rounded to three significant digits) are provided in Table 4.2 below.

Compare these with the values in Table 4.1.

j αCG
j 〈pj, Apj〉

0 4.01e+01 2.50e+02
1 2.54e+06 1.58e+00
2 - 0

Table 4.2: Exact CG computation using Matlab Symbolic Toolbox for (4.3.4).

Below I provide a potential way of determining a relative stopping tolerance, which

uses the smallest eigenvalue of the SPD block H, λHmin. Suppose that ∇2Ĵ εβ(u, t) is

SPD. Let λmin denote the smallest eigenvalue of ∇2Ĵ εβ(u, t). If ∇Ĵ εβ(u, t) is nonzero,

then

λmin <
〈p,∇2Ĵ εβ(u, t)p〉

‖p‖2
2
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for all directions p computed by CG.

If ∇2Ĵ εβ(u, t) is as in Theorem 4.3.2, but ∇tĴ
ε
β(u, t) = 0, which implies ∇Ĵ εβ(u, t) ∈

R
(
∇2Ĵ εβ(u, t)

)
, and if CG is started from z0 = 0, then still

λHmin <
〈p,∇2Ĵ εβ(u, t)p〉

‖p‖2
2

,

where λHmin is the smallest eigenvalue of the upper left SPD block. This is because all

directions p stay in the range of the Hessian ∇2Ĵ εβ(u, t).

However, if the Hessian is again as in Theorem 4.3.2, but ∇tĴ
ε
β(u, t) 6= 0 and CG

is started from z0 = 0, then there is no guarantee that

λHmin <
〈p,∇2Ĵ εβ(u, t)p〉

‖p‖2
2

,

as p /∈ R
(
∇2Ĵ εβ(u, t)

)
. In particular, if we detect

λHmin ≥
〈p,∇2Ĵ εβ(u, t)p〉

‖p‖2
2

, (4.3.5)

then p /∈ R
(
∇2Ĵ εβ(u, t)

)
, and CG should terminate because the quadratic model

does not have a minimum. Note that not detecting λHmin ≥ 〈p,∇2Ĵ εβ(u, t)p〉/‖p‖2
2 does

not imply p ∈ R
(
∇2Ĵ εβ(u, t)

)
, and so this could mean CG runs for a few iterations

longer than desired.

For the toy problem, the test in (4.3.5) would have caused CG to quit in the first

iteration. However, (4.3.5) is problematic because it requires the computation of an

eigenvalue, which in general is an expensive task. On the other hand, if CG does not

stop, then the output of CG is very large in norm, cf. Table 4.1. Using the output

of CG as the search direction sk can be detrimental to the optimization algorithm.

This will be explained in greater detail in the next section.
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4.4 Line-Search Newton-CG Applied to Smoothed

CVaR

This section discusses line-search Newton-CG for the solution of (4.1.2). At the

kth iteration, line-search Newton-CG uses Algorithm 2 to obtain a descent direction

sk = [sku, s
k
t ]
T by approximately solving (4.2.1) centered around the kth iterate (uk, tk).

Afterwards a step-size αN
k > 0 is selected so that the sufficient decrease condition

Ĵ εβ(uk + αN
k s

k
u, tk + αN

k s
k
t ) ≤ Ĵ εβ(uk, tk) + c1α

N
k 〈∇Ĵ εβ(uk, tk), s

k〉, (4.4.1)

is satisfied, where c1 ∈ (0, 1) and the step size αN
k is not arbitrarily small. We will

enforce the latter condition using Armijo backtracking. An outline of the Newton

line-search algorithm, see e.g. [47, Algorithm 7.1, pg 169] is provided as Algorithm 3

below.

Algorithm 3: line-search Newton-CG

Input: Initial iterate (u0, t0).

Output: Approximate solution (u∗ε , t
∗
ε) of (4.1.2).

1: for k = 0, 1, 2, . . . do

2: Define tolerance tolCG
k = min

{
‖∇Ĵ εβ(uk, tk)‖2

2, 0.01‖∇Ĵ εβ(uk, tk)‖2

}
.

3: Build quadratic model (4.2.1) centered around (uk, tk), mk(su, st).

4: Approximately minimize mk(su, st) using Algorithm 2 with tolerance tolCG
k

to obtain search direction sk = [sku, s
k
t ]
T .

5: Set uk+1 = uk + αN
k s

k
u, tk+1 = tk + αN

k s
k
t , where αN

k is obtained via suitable

line-search method.

6: end for

The line-search in Line 5 of Algorithm 3 is based on the sufficient decrease condi-

tion (4.4.1) and Armijo backtracking line-search, provided in Algorithm 4 below.
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Algorithm 4: Armijo Backtracking Line-Search

Input: Given initial iterate (uk, tk), step sk, and step tolerance stol.

Output: Newton iterate (uk+1, tk+1) = (uk, tk) + αN
k (sku, s

k
t ) satisfying (4.4.1).

1: Set iteration counter j = 0.

2: Set initial step size αN
j = 1.

3: while αN
j ‖sk‖2 ≥ stol do

4: uj+1 = uk + αN
j s

k
u.

5: tj+1 = tk + αN
j s

j
u.

6: if Ĵ εβ(uj+1, tj+1) < Ĵ εβ(uk, tk) + 10−5αN
j 〈∇Ĵ εβ(uk, tk), s

k〉 then

7: return (uj+1, tj+1)

8: end if

9: αN
j+1 = 0.5αN

j .

10: j = j + 1.

11: end while
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Consider the rank deficient setting (4.2.3). Recall from the previous section that

CG computes steps sk that are large in norm when 〈p,∇2Ĵ εβ(uk, tk)p〉 ≈ 0. If CG does

not detect that 〈p,∇2Ĵ εβ(uk, tk)p〉 is approximately zero before a large CG step αCG is

computed, then the line-search in (4) is long and takes an excessively large number of

function evaluations. This is because the quantity 〈∇Ĵ εβ(uk, tk), s
k〉 is a large negative

number, which requires αN
j to be a very small positive number for condition (4.4.1)

to still hold. Since each iteration of the line-search requires a function evaluation,

this causes major slow-down and ultimately poor algorithmic performance of line-

search Newton’s methods. However, another variant of Newton’s method, trust-region

Newton’s method, attempts to remedy this issue by constraining the norm of each

step sk.

4.5 Trust-Region Newton-CG Applied to Smoothed

CVaR

As opposed to line-search Newton-CG, trust-region Newton-CG determines the search

direction and step length at the same time by approximately minimizing (4.2.1) sub-

ject to the trust region constraint ‖s‖2 =
√
‖su‖2

2 + s2
t ≤ ∆, where ∆ is the radius

of the trust region. That is, trust-region Newton-CG determines s = [su, st]
T by

approximately solving

min m(s) =
1

2
sT∇2Ĵ εβ(u, t)s+∇Ĵ εβ(u, t)T s, (4.5.1a)

s.t. ‖s‖2 ≤ ∆. (4.5.1b)

As in the line-search algorithm, the trust-region algorithm uses a variant of the CG al-

gorithm, the Steihaug-CG method [58], to approximately solve (4.5.1). The Steihaug-

CG algorithm also truncates when non-positive curvature is detected in the Hessian.

The details are specified in Algorithm 5 below, cf. [47, Algorithm 7.2].
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Algorithm 5: Steihaug-CG

Input: Tolerance tolCG, initial iterate z0 = 0, trust region constraint ∆.

Output: Approximate solution s∗ = [s∗u, s
∗
t ] of (4.5.1).

1: Set r0 = ∇Ĵ εβ(u, t), p0 = −r0.

2: for j = 0, 1, . . . do

3: if 〈pj,∇2Ĵ εβ(u, t)pj〉 ≤ 0 then

4: Find τ , s = zj + τpj that minimizes m(zj + τpj) s.t. ‖zj + τpj‖2 ≤ ∆.

5: return s

6: end if

7: Set αCG
j = 〈rj, rj〉/〈pj,∇2Ĵ εβ(u, t)pj〉.

8: Set zj+1 = zj + αCG
j pj.

9: if ‖zj+1‖2 ≥ ∆ then

10: Find τ ≥ 0 such that s = zj + τpj satisfies ‖s‖2 = ∆.

11: return s

12: end if

13: Set rj+1 = rj + αCG
j ∇2Ĵ εβ(u, t)pj.

14: if ‖rj+1‖2 ≤ tolCG then return s = zj+1endif

15: Set γj+1 = 〈rj+1, rj+1〉/〈rj, rj〉.
16: Set pj+1 = −rj+1 + γj+1p

j.

17: end for

An outline of trust-region Newton-CG for the minimization of (4.1.2), cf. [47,

Algorithm 7.2, pg 171], is given in Algorithm 6.

Because of the trust-region constraint, CG can only ever output a search direction

with at most norm equal to the trust region constraint at the kth iteration. However,

this could lead to rejection of the iteration and reduction of the trust region, which

as I show in the Numerical Results section, causes poor algorithmic performance for

small values of the smoothing parameter.
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Algorithm 6: Trust-Region Newton-CG

Input: Given initial iterate (u0, t0), initial trust region radius ∆0, maximum radius

∆max, acceptance/rejection parameters 0 < η1 ≤ η2 < 1, 0 < α2 < 1 ≤ α1.

Output: Approximate solution (u∗ε , t
∗
ε) of (4.1.2).

1: for k = 0, 1, . . . do

2: Build quadratic model (4.2.1) centered around (uk, tk), mk(su, st).

3: Define tolerance tolCG
k = min

{
‖∇Ĵεβ(uk, tk)‖2

2, 0.01‖∇Ĵεβ(uk, tk)‖2

}
.

4: Set z0 = 0, r0 = ∇Ĵ εβ(uk, tk), p
0 = −r0.

5: Approximately minimize (4.5.1) with ∆ = ∆k using Algorithm 5 to obtain a

search direction sk = [sku, s
k
t ]
T .

6: Evaluate actual reduction aredk = Ĵεβ(uk, tk)− Ĵεβ(uk + sk
u, tk + sk

t ), predicted

reduction predk = mk(0, 0)−mk(sk
u, s

k
t ), and ρk = aredk/predk.

7: if ρk ≥ η1 then

8: if ρk ≥ η2 then

9: Increase TR radius ∆k+1 = max{α1‖sk‖2,∆k}.
10: else

11: Keep TR radius ∆k+1 = ∆k.

12: end if

13: Accept the step: (uk+1, tk+1) = (uk + sku, tk + skt ).

14: else

15: Shrink trust region radius ∆k+1 = α2‖sk‖2.

16: Reject the step: (uk+1, tk+1) = (uk, tk).

17: end if

18: end for

4.6 Modified Line-Search and Trust-Region Meth-

ods

As previously mentioned, problems arise in both the line-search Newton-CG methods

and trust-region Newton-CG methods when the kth model has rank deficient Hessian
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and nonzero gradient component ∇tĴ
ε
β(uk, tk),

mk(su, st) =
1

2

su
st

T ∇uuĴ
ε
β(uk, tk) 0

0 0

su
st


+

 ∇uĴ
ε
β(uk, tk)

1− 1
(1−β)N

∣∣{i : g(uk, ξi)− t ≥ ε}
∣∣
T su

st

 . (4.6.1)

In this case if
∣∣{i : g(uk, ξi)− t ≥ ε}

∣∣ 6= (1− β)N , then mk is unbounded from below

and truncated-CG computes a bad step, which causes algorithmic slowdown for both

variations of Newton’s method discussed prior.

I propose a simple modification to the above issue. In the kth iteration, first a

substep uk, tk+1/2 is computed, where tk+1/2 solves

min
t

Ĵ εβ(uk, t) = t+
1

(1− β)N

N∑
i=1

vε(g(uk, ξi)− t) + αP(uk). (4.6.2)

Obviously the constant αP(uk) can be dropped. This minimization problem is iden-

tical to the evaluation of the sampled smoothed CVaR. The (continuous) smoothed

CVaR evaluation is stated in (3.4.1). This one-dimensional minimization problem can

be solved efficiently with negligible computational effort.

Assuming that tk+1/2 is solved for exactly, necessary optimality conditions dictate

that ∇tĴ
ε
β(uk, tk+1/2) = 0. If at the intermediate point (uk, tk+1/2) we still have that

g(uk, ξi)− tk+1/2 /∈ (0, ε) for all samples ξi, then the quadratic model is

mk+1/2(su, st) =
1

2

su
st

T ∇uuĴ
ε
β(uk, tk+1/2) 0

0 0

su
st


+

su
st

T ∇uĴ
ε
β(uk, tk+1/2)

0

 , (4.6.3)
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i.e., mk+1/2 is strictly convex when ∇uuĴ
ε
β(uk, tk+1/2) is positive definite. In any case,

truncated-CG applied to (4.6.3) operates only in the subspace of directions with t-

component equal to zero. As a result, even if ∇uuĴ
ε
β(uk, tk+1/2) is not positive definite,

the truncated CG applied to (4.6.3) generates better steps.

Next, this modification is incorporated into to both line-search and trust-region

methods. I then discuss global convergence results for the modified algorithms. I will

save numerical results and comparisons between the modified and standard algorithms

for Chapter 6.

4.6.1 Modified Newton-CG Methods

The modified line-search Newton-CG algorithm (MLSN-CG), is provided as Algo-

rithm 7 below.

Algorithm 7: Modified Line-Search Newton-CG (MLSN-CG)

Input: Initial iterate (u0, t0).

Output: Approximate solution (u∗ε , t
∗
ε) of (4.1.2).

1: for k = 0, 1, . . . do

2: Solve min
t

Ĵ εβ(uk, t) for tk+1/2.

3: Define tolerance tolCG
k = min

{
‖∇Ĵ εβ(uk, tk+1/2)‖2

2, 0.01‖∇Ĵ εβ(uk, tk+1/2)‖2

}
.

4: Build quadratic model mk+1/2 (4.2.1) centered around (uk, tk+1/2).

5: Approximately minimize mk+1/2 using Algorithm 2 with tolerance tolCG
k to

obtain search direction sk = [sku, s
k
t ]
T .

6: Set uk+1 = uk + αN
k s

k
u, tk+1 = tk+1/2 + αN

k s
k
t , where αN

k is obtained via

Algorithm 4.

7: end for

The modified trust-region Newton-CG algorithm is stated as Algorithm 8.
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Algorithm 8: Modified trust-region Newton-CG (MTRN-CG)

Input: Initial iterate (u0, t0), initial trust region radius ∆0, maximum radius ∆max,

acceptance/rejection parameters 0 < η1 ≤ η2 < 1, 0 < α2 < 1 ≤ α1.

Output: Approximate solution (u∗ε , t
∗
ε) of (4.1.2).

1: for k = 0, 1, . . . do

2: Solve min
t

Ĵ εβ(uk, t) for tk+1/2.

3: Define tolerance tolCG
k = min

{
‖∇Ĵ εβ(uk, tk+1/2)‖2

2, 0.01‖∇Ĵ εβ(uk, tk+1/2)‖2

}
.

4: Build the quadratic model mk+1/2(su, st) (4.2.1) centered around (uk, tk+1/2).

5: Compute a direction sk = [sku, s
k
t ]
T by approximately solving

min mk+1/2(s) =
1

2
sT∇2Ĵ εβ(uk, tk+1/2)s+∇Ĵ εβ(uk, tk+1/2)T s,

s.t. ‖s‖2 ≤ ∆k,

using Algorithm 5 with tolerance tolCG
k .

6: Evaluate actual reduction aredk = Ĵεβ(uk, tk+1/2)− Ĵεβ(uk + sk
u, tk+1/2 + sk

t ),

predicted reduction predk = mk(0, 0)−mk(sk
u, s

k
t ) and ρk = aredk/predk.

7: if ρk ≥ η1 then

8: if ρk ≥ η2 then

9: Increase TR radius ∆k+1 = max{α1‖sk‖,∆k};
10: else

11: Keep TR radius ∆k+1 = ∆k;

12: end if

13: Accept the step: (uk+1, tk+1) = (uk + sku, tk+1/2 + skt ) ;

14: else

15: Shrink trust region radius ∆k+1 = α2‖sk‖;
16: Reject the step: (uk+1, tk+1) = (uk, tk+1/2).

17: end if

18: end for

The solution tk+1/2 of (4.6.2) is a solution of the equation ∇tĴ
ε
β(uk, t) = 0, i.e., of

N∑
i=1

v′ε
(
g(uk, ξi)− tk+1/2

)
= (1− β)N. (4.6.4)
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Currently, I solve for tk+1/2 inexactly. However, I have not noticed this negatively

impact the convergence of the modified algorithms. Creating an algorithm to explic-

itly, adaptively compute (4.6.4), based on a sampling algorithm such as Algorithm 1,

is left for future work.

4.6.2 Global Convergence of Modified Algorithms

4.6.2.1 Modified Line-Search Newton-CG

I will first prove that the step sk, obtained from minimizing the quadratic model

mk+1/2(su, st) using truncated-CG, is a descent direction.

Lemma 4.6.1 The step sk obtained by approximately minimizing the quadratic model

(4.2.1) centered around the intermediate point (uk, tk+1/2) using Truncated-CG from

starting iterate z0 = 0 in the Modified Line-Search Newton’s Method is a descent

direction for Ĵ εβ(u, t) at (uk, tk+1/2), that is

〈sk,∇Ĵ εβ(uk, tk+1/2)〉 < 0.

Proof: Denote the quadratic model (4.2.1) centered around (uk, tk+1/2) bymk+1/2(su, st).

Consider three cases. Case 1: Truncated-CG applied to minimize mk+1/2 stops in the

first iteration. Then from Algorithm 2, sk = −∇Ĵ εβ(uk, tk+1/2), and so 〈∇Ĵ εβ(uk, tk+1/2), sk〉 =

−‖∇Ĵ εβ(uk, tk+1/2)‖2 < 0, provided ∇Ĵ εβ(uk, tk+1/2) 6= 0.

Case 2: Suppose that negative or zero curvature is first detected in the jth

iteration of Algorithm 2; that is, suppose 〈pj,∇2Ĵ εβ(uk, tk+1/2), pj〉 ≤ 0 and that

〈pi,∇2Ĵ εβ(uk, tk+1/2)pi〉 > 0 for all i = 0, 1, . . . j − 1. Then by Algorithm 2, sk =
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zj = z0 +
∑j−1

i=0 α
CG
i pi =

∑j−1
i=0 α

CG
i pi. This yields

0 > mk+1/2(sk)−mk+1/2(0)

=
1

2
〈sk,∇2Ĵ εβ(uk, tk+1/2)sk〉+ 〈∇Ĵ εβ(uk, tk+1/2), sk〉

=
1

2

〈
j−1∑
i=0

αCG
i pi,

j−1∑
i=0

αCG
i ∇2Ĵ εβ(uk, tk+1/2)pi

〉
+ 〈∇Ĵ εβ(uk, tk+1/2), sk〉

=
1

2

j−1∑
i=0

(
αCG
i

)2 〈pi,∇Ĵ εβ(uk, tk+1/2)pi〉+ 〈∇Ĵ εβ(uk, tk+1/2), sk〉.

Since 〈pi,∇2Ĵ εβ(uk, tk+1/2)pi〉 > 0 and
(
αCG
i

)2
> 0 for all i = 0, . . . , j − 1, this imme-

diately implies that 〈∇Ĵ εβ(uk, tk+1/2), sk〉 < 0.

Case 3: If 〈pj,∇2Ĵ εβ(uk, tk+1/2)pj〉 > 0 for all CG iterations j, then the same proof

as Case 2 shows that 〈∇Ĵ εβ(uk, tk+1/2), sk〉 < 0. 2

The following theorem can be used to show convergence of the modified line-search

Newton algorithm.

Theorem 4.6.2 Let (uk+1, tk+1) denote the sequence of iterates generated from Al-

gorithm 7, where αk > 0, and sk is the step at the kth iteration. Suppose that sk and

αk satisfy the sufficient decrease condition for c1 ∈ (0, 1), and moreover suppose there

exists c > 0 such that

αk ≥ −c
〈∇Ĵ εβ(uk, tk+1/2), sk〉

‖sk‖2
2

. (4.6.6)

Then

cos2 θk‖∇Ĵ εβ(uk, tk+1/2)‖2
2 → 0,

where

cos θk =
〈∇Ĵ εβ(uk, tk+1/2), sk〉
‖sk‖‖Ĵ εβ(uk, tk+1/2)‖

.
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Proof: From the sufficient decrease condition and definition of tk+1/2 we have

Ĵ εβ(uk+1, tk+1)− Ĵ εβ(uk, tk) ≤ Ĵ εβ(uk+1, tk+1)− Ĵ εβ(uk, tk+1/2)

< c1αk〈∇Ĵ εβ(uk, tk+1/2), sk〉.

Summing to iteration K yields

−∞ < Ĵ εβ(uK+1, tK+1)− Ĵ εβ(u0, t0) < c1

K∑
k=0

αk〈∇Ĵ εβ(uk, tk+1/2), sk〉 ≤ 0.

Using the lower bound on αk and taking the limit as K →∞ gives

∞∑
i=0

〈∇Ĵ εβ(uk, tk+1/2), sk〉2

‖sk‖2‖∇Ĵ εβ(uk, tk+1/2)‖2
2

‖∇Ĵ εβ(uk, tk+1/2)‖2
2 <∞,

which implies that cos2 θk‖∇Ĵ εβ(uk, tk+1/2)‖2
2 → 0. 2

If the quantity cos θk is bounded away from zero, namely there exists δ > 0 such that

cos θk ≥ δ > 0, then Theorem 4.6.2 implies that ‖∇Ĵ εβ(uk, tk+1/2)‖2 → 0.

4.6.2.2 Modified Trust-Region Newton-CG

This section modifies the proofs of global convergence for the trust-region algorithm

from [47, Ch. 4.2]. For ease of presentation, label

gk+1/2 := ∇Ĵ εβ(uk, tk+1/2)

Hk+1/2 := ∇2Ĵ εβ(uk, tk+1/2).
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Global convergence proofs of the trust-region algorithm heavily rely on the necessity

that the method used to approximately solve the trust-region subproblem

min mk+1/2(s) =
1

2
sT∇2Ĵ εβ(uk, tk+1/2)s+∇Ĵ εβ(uk, tk+1/2)T s, (4.6.7a)

s.t. ‖s‖2 ≤ ∆k, (4.6.7b)

yields a step sk which gives at least as much decrease in the quadratic model mk+1/2

as the Cauchy point. For (4.6.7), the Cauchy point is given by:

sck+1/2 = τk+1/2s
p
k+1/2, (4.6.8)

where

spk+1/2 = − ∆k

‖gk+1/2‖2

gk+1/2

and

τk =


1, gTk+1/2Hk+1/2gk+1/2 ≤ 0

min
{

‖gk+1/2‖32
∆k g

T
k+1/2

Hk+1/2gk+1/2
, 1
}
, gTk+1/2Hk+1/2gk+1/2 > 0,

see e.g. [47, p. 72].

It can be shown that the solution sk to the trust-region subproblem found using

Steihaug-CG Algorithm 5 satisfies

mk+1/2(0)−mk+1/2(sk) ≥ c1‖gk+1/2‖2 min

(
∆k,
‖gk+1/2‖2

‖Hk+1/2‖2

)
, (4.6.9)

cf. [47, Theorem 4.4]. An iteration k is called successful the step is accepted in

Algorithm 8, i.e., if

Ĵ εβ(uk, tk+1/2)− Ĵ εβ(uk + sku, tk+1/2 + skt ) ≥ η2

(
mk+1/2(0)−mk+1/2(sk)

)
. (4.6.10)
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The model decrease (4.6.9) implies that for successful iterations k,

Ĵ εβ(uk, tk+1/2)− Ĵ εβ(uk + sku, tk+1/2 + skt )

≥ η2c1‖gk+1/2‖2 min

(
∆k,
‖gk+1/2‖2

‖Hk+1/2‖2

)
. (4.6.11)

I now adapt the trust-region convergence proofs of [16], [47] to show a first or-

der convergence result for Algorithm 8, provided the following assumptions on the

objective function Ĵ εβ hold.

Assumption 4.6.3 The following hold:

i) The Hessians are uniformly bounded, i.e., ‖Hk+1/2‖2 ≤ D for all k.

ii) The objective function Ĵ εβ is bounded from below on the level set

S :=
{

(u, t) : Ĵ εβ(u, t) ≤ Ĵ εβ(u0, t0)
}
,

i.e., there exists E ∈ R such that Ĵ εβ(u, t) ≥ E for all (u, t) ∈ S.

iii) There exists R0 > 0 such that Ĵ εβ is Lipschitz continuously differentiable in the

open neighborhood

S(R0) :=
{

(u, t) : ‖(u, t)− (v, w)‖2 < R0 for some (v, w) ∈ S
}

of the level set S. The Lipschitz constant of the gradient is denoted by L1.

Theorem 4.6.4 If Assumption 4.6.3 holds, then the trust-region Algorithm 8 gener-

ates a sequence of iterates such that the corresponding sequence of gradients gk+1/2 =

∇Ĵ εβ(uk, tk+1/2) satisfies

lim inf
k→∞

‖gk+1/2‖2 = 0.

Proof: Adapted from [16, Theorem 6.4.5], [47, Theorem 4.5].
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Suppose that lim infk→∞ ‖gk+1/2‖2 > 0, i.e., that there exists ε > 0 such that

‖gk+1/2‖2 ≥ ε for all k.

In the first step of the proof we show that

∞∑
k=1

∆k <∞. (4.6.12)

An iteration k is called successful if the step is accepted in Algorithm 8; otherwise it

is called unsuccessful.

If there are only finitely many successful iterations, then there exists K such that

∆k+1 ≤ α2∆k for all k ≥ K. This implies (4.6.12).

Suppose there are infinitely many successful iterations and let {ki} be the subse-

quence of successful iterations. Algorithm 8 implies

∆ki+1 ≤ α1∆ki

and

∆ki+j+1 ≤ α2∆ki+j, j = 1, . . . , ki+1 − ki − 1.

Hence

ki+1−1∑
k=ki

∆k ≤ ∆ki + α1∆ki + α1α2∆ki + . . .+ α1α
ki+1−ki−2
2 ∆ki ≤

(
1 +

α1

1− α2

)
∆ki

and
∞∑
k=1

∆k ≤
(

1 +
α1

1− α2

) ∞∑
i=1

∆ki . (4.6.13)
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For successful iterations ki,

Ĵ εβ(uki , tki)− Ĵ εβ(uki+1, tki+1) ≥ Ĵ εβ(uki , tki+1/2)− Ĵ εβ(uki+1, tki+1)

= Ĵ εβ(uki , tki+1/2)− Ĵ εβ(uki + skiu , tki+1/2 + skit )

≥ η2

(
mki+1/2(0)−mk+1/2(ski)

)
≥ η2c1‖gki+1/2‖2 min

(
∆ki ,

‖gki+1/2‖2

‖Hki+1/2‖2

)
≥ η2c1εmin

(
∆ki ,

ε

D

)
≥ 0. (4.6.14)

where the first inequality comes from the fact that tki+1/2 solves (4.6.2), the third

inequality is (4.6.10), and the fourth inequality is (4.6.11).

Since the objective function Ĵ εβ is bounded from below on the level set S,

∞∑
i=1

Ĵ εβ(uki , tki)− Ĵ εβ(uki+1, tki+1) ≤ Ĵ εβ(u0, t0)− E

which by (4.6.14) implies
∞∑
i=1

∆ki <∞.

This inequality together with (4.6.13) implies the desired (4.6.12).

In the second step of the proof we show that (4.6.12) implies

ρk − 1 =
aredk − predk

predk

→ 0.

From (4.6.12) we find that

‖sk‖2 ≤ ∆k → 0.

The numerator aredk − predk in ρk − 1 can be bounded as follows. The definitions

of aredk and predk, the bound on the Hessians from Assumption 4.6.3 i), and the



78

Lipschitz assumption on ∇Ĵ εβ from Assumption 4.6.3 iii) imply

|aredk − predk|

=
∣∣∣Ĵ εβ(uk, tk+1/2)− Ĵ εβ(uk + sku, tk1/2 + skt )−mk+1/2(0) +mk+1/2(sk)

∣∣∣
=
∣∣∣mk+1/2(sk)− Ĵ εβ(uk + sku, tk+1/2 + skt )

∣∣∣
=

∣∣∣∣Ĵ εβ(uk, tk+1/2) + gTk+1/2s
k +

1

2
(sk)THk+1/2 s

k − Ĵ εβ(uk + sku, tk+1/2 + skt )

∣∣∣∣
=
∣∣∣1
2

(sk)THk+1/2 s
k −

∫ 1

0

(
∇Ĵ εβ(uk + ζsku, tk+1/2 + ζskt )− gk+1/2

)T
skdζ

∣∣∣
≤ 1

2
‖Hk+1/2‖2‖sk‖2

2 + L1‖sk‖2

≤ D

2
‖sk‖2

2 +
L1

2
‖sk‖2

2.

To apply the Lipschitz continuity in the second to last line, it is assumed that ‖sk‖2 <

R0, so that (uk, tk+1/2), (uk + ζsku, tk+1/2 + ζskt ) ∈ S(R0). Since ‖sk‖2 ≤ ∆k → 0,

‖sk‖2 < R0 for all k sufficiently large.

The denominator predk in ρk−1 can be bounded as follows. The inequality (4.6.9)

and ‖∇gk+1/2‖2 > ε for all k imply the existence of c̃ > 0 such that

predk = mk+1/2(0)−mk+1/2(sk) ≥ c̃∆k.

Hence,

|ρk − 1| = |aredk − predk|
|predk|

≤ D + L1

2c̃
∆k → 0.

Finally, since ρk ≥ η2 for all k sufficiently large, the kth iteration is successful pro-

vided k sufficiently large, and the trust-region radius is increased. This contradicts

∆k → 0. 2



Chapter 5

Implementation of Modified

Algorithms for PDE-Constrained

Optimization

5.1 Introduction

I now return to the setting of Chapter 2, and implement the modified algorithm 7

specifically when the QoI depends on the solution to a PDE, that is

g(u, ξ) = s
(
y(u, ξ), ξ

)
.

In this thesis, function evaluation, gradient evaluation, and Hessian evaluation for

PDE-constrained optimization problems are made through successive state and ad-

joint PDE solves. Therefore, I will use linear PDE solves to measure the compu-

tational expense when comparing the modified algorithm, Algorithm 7, vs its plain

counterpart, Algorithm 3.

In this section I will analyze how to improve efficiency of the modified line-search

algorithm in terms of linear PDE solves, although the adjustments may be made
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analogously for the modified trust-region algorithm. It is also important to note that

in this thesis, I do not work with parallel implementations. Thus, my suggested mod-

ifications to improve efficiency in this section do not immediately extend to parallel

implementations. However, because of the potential for Monte Carlo samples and

PDE solves to be made in parallel, how the modified algorithms can be made more

efficient in parallel is an important topic, and is thus left for future research.

5.2 Review of Derivative Calculations

I will now review what is needed for function, gradient, and Hessian evaluations for

Ĵ εβ(u, t) when g(u, ξ) = s
(
y(u, ξ), ξ

)
. Recall from (4.1.2) that the function evaluation

with this QoI is

Ĵ εβ(u, t) = t+
1

(1− β)N

N∑
i=1

vε
(
s(y(u, ξi), ξi)− t

)
+ αP(u). (5.2.1)

For each sample ξ we must solve the PDE to evaluate s
(
y(u, ξ), ξ

)
, and so the function

evaluation Ĵ εβ(u, t) requires N PDE solves. The gradient is

∇uĴ
ε
β(u, t) =

1

(1− β)N

N∑
i=1

v′ε
(
s(y(u, ξi), ξi)− t

)
∇us(y(u, ξi), ξi) + α∇P(u),

∇tĴ
ε
β(u, t) = 1− 1

(1− β)N

N∑
i=1

v′ε
(
s(y(u, ξi), ξi)− t

)
,

(5.2.2)

where ∇us
(
y(u, ξ), ξ

)
requires the solution of one additional, linear PDE known as

the adjoint PDE. This calculation will be reviewed in detail for the advection diffusion
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equation in Section 6. Finally, for Hessian calculation we require

∇uuĴ
ε
β(u, t) =

1

(1− β)N

N∑
i=1

[
v′′ε
(
s(y(u, ξi), ξi)− t

)
∇us(y(u, ξi), ξi)∇us(y(u, ξi), ξi)

T

+ v′ε
(
s(y(u, ξi), ξi)− t

)
∇uus(y(u, ξi), ξi)

]
+ α∇2P(u)

∇utĴ
ε
β(u, t) = − 1

(1− β)N

N∑
i=1

v′′ε
(
s(y(u, ξi), ξi)− t

)
∇us(y(u, ξi), ξi)

∇tuĴ
ε
β(u, t) = − 1

(1− β)N

N∑
i=1

v′′ε
(
s(y(u, ξi), ξi)− t

)
∇us(y(u, ξi), ξi)

T

∇ttĴ
ε
β(u, t) =

1

(1− β)N

N∑
i=1

v′′ε
(
s(y(u, ξi), ξi)− t

)
.

(5.2.3)

Hessian-vector calculation ∇uus
(
y(u, ξ), ξ

)
z for z ∈ Rm requires an additional two

linear PDE solves. Again, this will be demonstrated in more detail in Section 6.2.

Because the implementation is not done in parallel, the function, gradient, and

Hessian evaluations are put in a single loop over the samples. This is reflected in the

modified line-search Newton-CG algorithm applied to a stochastic PDE-constrained

optimization problem, Algorithm 9.

There is a tradeoff between storing arrays in memory and expensive recomputa-

tion of the PDEs. Ignoring memory requirements, we are free to save the states at

all the samples, which avoids recomputation of the state when evaluating derivative

information at the intermediate point (uk, tk+1/2) in line 5 of Algorithm 9. Addition-

ally, if we store the adjoints, we avoid their recomputation for Hessian-vector products

during each iteration of CG. Then each iteration of this algorithm requires

N(state)+N(adjoint)+2N ·(#CG iterations) (Hessian-vector)+N ·(#armijo iterations) (state)

PDE solves. For the advection diffusion example, all of the PDE solves are linear,

since the state is a linear PDE. However, for a nonlinear state equation, the state is

nonlinear while the adjoint and Hessian-vector solves are linear.
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Algorithm 9: Modified line-search Newton-CG for smoothed CVaR with a QoI

dependent on the solution to a PDE.

Input: Initial iterate (u0, t0).

Output: Approximate solution (u∗ε , t
∗
ε) of (5.2.1).

1: Compute and store states at (u0, t0).

2: Compute and store QoIs.

3: for k = 0, 1, . . . do

4: Solve min
t

Ĵ εβ(uk, t) for tk+1/2 using stored QoIs.

5: Evaluate Ĵ εβ(uk, tk+1/2) using stored QoIs.

6: For i = 1, . . . , N compute and store adjoints pi.

7: Evaluate ∇Ĵ εβ(uk, tk+1/2) using stored QoIs and adjoints.

8: Define tolerance tolCG
k = min

{
‖∇Ĵ εβ(uk, tk+1/2)‖2

2, 0.01‖∇Ĵ εβ(uk, tk+1/2)‖2

}
.

9: Solve min
su,st

mk+1/2(su, st) using Truncated-CG with tolerance tolCG
k , and

Hessian-vector product.

10: Set uk+1 = uk + αN
k s

k
u, tk+1 = tk+1/2 + αN

k s
k
t , where αN

k is determined via

line search Algorithm 4.

11: end for

5.3 Reducing the number of Linear PDE Solves

The size of each array depends on the dimension of the problem and the number

of degrees of freedom, and can become very large. Combine that with thousands

or hundreds of thousands of samples, and the memory requirements of Algorithm 9

become infeasible very quickly. One possible option is to store only the samples which

contribute nonzero to the function evaluation and recompute the state and adjoints

for these samples. Because of the smoothing function, all samples ξi ∈ {ξ1, . . . , ξN}

that satisfy s
(
y(uk, ξi), ξi

)
< tk+1/2 yield

vε
(
s(y(uk, ξi), ξi)−tk+1/2

)
= v′ε

(
s(y(uk, ξi), ξi)−tk+1/2

)
= v′′ε

(
s(y(uk, ξi), ξ)−tk+1/2

)
= 0,
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and hence do not contribute to function, gradient, or Hessian-vector evaluation at the

point (uk, tk+1/2).

Following the notation of [30] and the earlier notation in (2.6.5), given a point

(u, t), refer to the set of discrete samples for which s
(
y(u, ξ), ξ

)
≥ t as “t-risk regions”:

Ĝ(u, t) := {ξi : s
(
y(u, ξi), ξi

)
≥ t} ⊂ {ξ1, . . . , ξN}, (5.3.1)

as they depend on both u and t. Then function and gradient evaluations reduce to

Ĵ εβ(u, t) = t+
1

(1− β)N

N∑
i=1

vε
(
s(y(u, ξi), ξi)− t

)
+ αP(u)

= t+
1

(1− β)N

∑
ξi∈Ĝ(u,t)

vε
(
s(y(u, ξi), ξi)− t

)
+ αP(u)

∇uĴ
ε
β(u, t) =

1

(1− β)N

N∑
i=1

v′ε
(
s(y(u, ξi), ξi)− t

)
∇us(y(u, ξi), ξi) + αP ′(u)

=
1

(1− β)N

∑
ξi∈Ĝ(u,t)

v′ε
(
s(y(u, ξi), ξi)− t

)
∇us(y(u, ξi), ξi) + αP ′(u)

∇tĴ
ε
β(u, t) = 1− 1

(1− β)N

∑
ξi∈Ĝ(u,t)

v′ε
(
s(y(u, ξi), ξi)− t

)
.

Furthermore, the second derivative v′′ε (u, t) vanishes for all samples except those

in Ĝ(u, t) ∩
(
Ĝ(u, t+ ε)

)c
, as these points satisfy s(y(u, ξi), ξi)− t ∈ [0, ε). Thus the
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Hessian computations reduce to

∇uuĴ
ε
β(u, t) =

1

(1− β)N

N∑
i=1

[
v′ε
(
s(y(u, ξi), ξi)− t

)
∇uus(y(u, ξi), ξi)

+ v′′ε
(
s(y(u, ξi), ξi)− t

)
∇us(y(u, ξi), ξi)∇us(y(u, ξi), ξi)

T
]

+ α∇2P(u)

=
1

(1− β)N

∑
ξi∈Ĝ(u,t)∩(Ĝ(u,t+ε))

c

[
v′ε
(
s(y(u, ξi), ξi)− t

)
∇uus(y(u, ξi), ξi)

+ v′′ε
(
s(y(u, ξi), ξi)− t

)
∇us(y(u, ξi), ξi)∇us(y(u, ξi), ξi)

T
]

+
1

(1− β)N

∑
ξi∈Ĝ(u,t+ε)

v′ε
(
s(y(u, ξi), ξi)− t

)
∇uus(y(u, ξi), ξi) + α∇2P(u)

∇utĴ
ε
β(u, t) = − 1

(1− β)N

∑
ξi∈Ĝ(u,t)∩(Ĝ(u,t+ε))

c

v′′ε
(
s(y(u, ξi), ξi)− t

)
∇us(y(u, ξi), ξi)

∇ttĴ
ε
β(u, t) =

1

(1− β)N

∑
ξi∈Ĝ(u,t)∩(Ĝ(u,t+ε))

c

v′′ε
(
s(y(u, ξi), ξi)− t

)

Therefore we only need to compute the gradient (and hence solve the adjoint

equations) for the samples ξi ∈ Ĝ(uk, tk+1/2), and only store the adjoints for samples ξi

contained in Ĝ(u, tk+1/2)∩
(
Ĝ(u, tk+1/2 + ε)

)c
⊂ Ĝ(uk, tk+1/2). Recall that

∣∣Ĝ(u, t)
∣∣ ≈

(1− β)N � N. This more efficient implementation of Algorithm 9 removes many of

the underlying samples when computing gradient information. This is not the same

thing as scenario reduction, which has been used for CVaR problems before, see [3].

The final version of the modified Newton’s method for smoothed CVaR problems

with PDE-dependent QoIs is given below.

The cost (in PDE solves) of each optimization iteration of Algorithm 10 is

N + |Ĝ(uk, tk+1/2)| (state) + |Ĝ(uk, tk+1/2)| (adjoint)

+ 2|Ĝ(uk, tk+1/2)| ·#CG iters (Hessian vector)

+N ·#(armijo iterations) (state)
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Algorithm 10: Modified line-search Newton-CG for smoothed CVaR with re-

duction of PDE solves in gradient and Hessian computation.

Input: Initial iterate (u0, t0).

Output: Approximate solution (u∗ε , t
∗
ε) of (5.2.1).

1: Solve state equations at (u0, t0).

2: Compute and store corresponding QoIs.

3: for k = 0, 1, . . . do

4: Solve min
t

Ĵ εβ(uk, t) for tk+1/2 using stored QoIs.

5: for i = 1, . . . , N do

6: if s(y(uk, ξi), ξi) ≥ tk+1/2 then

7: Store ξi ∈ Ĝ(uk, tk+1/2),

8: Sum function values,

9: Solve state equation for yi,

10: Solve adjoint equation.

11: if s(y(uk, ξi), ξi) < tk+1/2 + ε then

12: Store adjoint,

13: end if

14: Sum gradient values.

15: end if

16: end for

17: Define tolerance tolCG
k = min

{
‖∇Ĵ εβ(uk, tk+1/2)‖2, 0.01‖∇Ĵ εβ(uk, tk+1/2)‖

}
.

18: Approximately minimize (4.2.1) using Algorithm 2 with tolerance tolCG
k , and

Hessian vector product to obtain step sk = [sku, s
k
t ]
T .

19: Set uk+1 = uk + αN
k s

k
u, tk+1 = tk+1/2 + αN

k s
k
t , where αN

k is determined via

line search Algorithm 4.

20: Compute states at (uk+1, tk+1).

21: Compute and store corresponding QoIs.

22: end for

To summarize, the cost in terms of PDE solves for Algorithms 9 and 10 is
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Table 5.1: Expense (in full order PDE solves) of optimization algorithms per iteration,
where N is the total sample size.

Algorithm Expense (per iteration)

No reduction (Alg. 9) 2N + 2N ·#CG iters +N ·#armijo iters

Reduction (Alg. 10)
N + 2|Ĝ(uk, tk+1/2)|+ 2|Ĝ(uk, tk+1/2)| ·#CG iters
+N ·#armijo iters

Table 5.2: Memory requirements (in number and type of objects stored) of optimiza-
tion algorithms per iteration, where N is the total sample size.

Algorithm Objects stored

No reduction (Alg. 9) N QoIs, N states, N adjoints

Reduction (Alg. 10) N QoIs,
∣∣∣Ĝ(uk, tk+1/2) ∩

(
Ĝ(uk, tk+1/2 + ε)

)c ∣∣∣ adjoints

Recall that the QoIs are floats, and so the memory requirements for storying N

QoIs as an array is not too intensive. However, the states and adjoints are large

arrays that increase in size as the problem dimension increases or the mesh is refined,

and so storing all of them is infeasible.



Chapter 6

Numerical Experiments

6.1 Introduction

In the next section, I provide numerical results for the algorithms laid forth in Chap-

ters 4 and 5. I compare the modified algorithms with no reduction vs the plain algo-

rithms with no reduction, as well as the modified algorithms with reduction against

the plain algorithms with reduction. Expense is measured in terms of PDE solves, and

the results are reported on for the advection diffusion model problem from Section

2.3.

6.2 Boundary Control of Advection Diffusion Equa-

tion

6.2.1 Problem Formulation

Here the advection diffusion model problem from Section 2.3 is restated. The domain

is Ω = (0, 1) × (0, 1), with observation region Ωo = [0.4, 0.6] × [0.4, 0.6], and control
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boundary Γc = {0} × (0, 1). Determine u ∈ L2(Γc) that minimizes

CVaRβ

[
1

2

∫
Ωo

(
y(x;u, ·)− 1

)2
dx

]
+
α

2

∫
Γc

u(x)2dx, (6.2.1)

where

s
(
y(u, ξ), ξ

)
=

1

2

∫
Ωo

(
y(x;u, ·)− 1

)2
dx, (6.2.2a)

P(u) =
α

2

∫
Γc

u(x)2dx (6.2.2b)

denote the QoI and control regularization terms, respectively. For a given realization

ξ = [ξ1, ξ2]T ∈ Ξ, y(u, ξ) implicitly solves

−∇ · (κ(x, ξ1) · ∇y(x, ξ)) + c(x) · ∇(x) = f(x, ξ2), x ∈ Ω, (6.2.3a)

(κ(x, ξ1) · ∇y(x, ξ)) · n(x) +
1

ε0
y(x, ξ) =

1

ε0
u(x), on Γc (6.2.3b)

(κ(x, ξ1) · ∇y(x, ξ)) · n(x) = 0, on Γn, (6.2.3c)

where the Robin penalty parameter is chosen as ε0 = 10−4. Here, the advection

term remains deterministic, that is c(x) = [1, 0]T . The random variables used are

ξ1 ∼ U [0.2, 0.4] and ξ2 ∼ U [0.1, 0.4]. In addition, the diffusion and source functions

used are:

κ(x, ξ1) =

0.8, x ∈ [0, 1]× [0.6, 1]

ξ1, x ∈ [0, 1]× [0, 0.6)

, (6.2.4a)

f(x, ξ2) = 20 exp

(
−(x1 − ξ2)2

0.1

)
exp

(
−(x2 − 0.5)2

0.1

)
. (6.2.4b)

Recall that discretizing (6.2.3) in space using piecewise linear finite elements leads
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to the discretized state equation

A(ξ)y + Bu = b(ξ). (6.2.5)

Applying the same discretization to (6.2.1) yields the discrete QoI and control regu-

larization term:

s(y(u, ξ), ξ) =
1

2

(
y(u, ξ)− 1

)T
M
(
y(u, ξ)− 1

)
P(u) =

1

2
uTRu.

Finally the spatially discretized objective is

min
u

CVaRβ

[
s
(
y(u, ξ), ξ

)]
+
α

2
P(u). (6.2.6)

The objective in (6.2.6) is then discretized in the parameter space to obtain the

objective Ĵ εβ as in (5.2.1). In order to minimize the function Ĵ εβ, we compute the

quantities

∇us(y(u, ξi), ξi),∇uus(y(u, ξi), ξi), i = 1, . . . , N

which both require additional linear PDE solves. Given a parameter sample ξi, a

control u, and the state y(u, ξi), I show how to compute these quantities.

6.2.2 Derivative Computations

Apply the chain rule to compute ∇us(y(u, ξi), ξi):

∇us
(
y(u, ξi), ξi

)
= yTu (u, ξi)∇ys(y(u, ξi), ξi)

= BT
(
−A(ξi)

−TM(y(u, ξi)− 1)
)︸ ︷︷ ︸

=p(ξi)

= BTp(ξi),
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where p(ξi) solves the adjoint equation

A(ξi)
Tp = −M

(
y(u, ξi)− 1

)
.

Lastly, given a vector z ∈ Rm, compute the Hessian-vector product∇uus
(
y(u, ξi), ξi

)
z:

∇uus
(
y(u, ξi), ξi

)
z = yu(u, ξi)

T∇uus
(
y(u, ξi), ξi

)
yu(u, ξi)

=
(
A(ξi)

−1B
)T

M
(
A(ξi)

−1B
)
z,

which requires two linear PDE solves.

6.2.3 Numerical Results

In this section I provide comparison results for plain line-search Newton-CG against

modified line-search Newton-CG and plain trust-region Newton-CG against the mod-

ified trust-region Newton-CG using the advection diffusion example. In each of these

implementations, I use reduction in the number of PDE solves made during gradient

and Hessian-vector calculations so as to compare the total number of PDE solves

saved between the plain vs the modified algorithms.

Line-Search Newton-CG Because of the computational expense of checking (4.3.5),

the plain Newton line-search algorithm is stopped when CG detects

〈pj,∇2Ĵ εβ(uk, tk)p
j〉

〈pj, pj〉
< 10−8.

Therefore, CG in the plain Newton line-search algorithm occasionally chooses a step

direction with large norm. For example, I apply CG on a quadratic model arising

from the advection diffusion example with smoothing parameter ε = 10−4, N = 500

samples, and centered around u0(x) = −1, t0 = −1. This particular quadratic model

is unbounded from below, as the Hessian at this starting iterate is rank deficient and
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∇tĴ
ε
β(u0, t0) 6= 0. Table 6.1 shows the CG iterations when applied to this problem.

Table 6.1: Truncated-CG applied to quadratic model of objective in Advection Dif-
fusion Example, centered around u0(x) = −1, t0 = −1, with smoothing parameter
ε = 10−4, 500 samples, and tolCG = 10−8.

j αCG
j 〈pj,∇2Ĵ εβ(u0, t0)pj〉 〈pj ,∇2Ĵεβ(u0,t0)pj〉

‖pj‖22
m0(sj) rj

0 4.27e+07 1.90e-06 2.34e-08 0.00e+00 9.00e+00
1 2.51e+03 2.34e+04 5.47e-10 -1.73e+09 7.68e+03
2 3.58e+04 1.44e+04 4.40e-12 -7.58e+10 2.27e+04
3 4.61e+03 9.62e+06 3.97e-13 -9.28e+12 2.11e+05
4 4.18e+03 9.12e+07 5.07e-14 -1.11e+14 6.18e+05
5 4.20e+03 6.76e+08 6.80e-15 -9.09e+14 1.68e+06
...

...
...

...
...

...
31 6.27e+03 1.43e+36 1.44e-42 -2.58e+42 9.48e+19

CG was ran for 31 iterations because for a spatial discretization of h = 1/30, this

exceeds the total matrix size. Here, the chosen tolerance tolCG = 10−8 would have

been too small for CG to truncate, and so line search would receive a step that is

large in norm. For this reason, I report on the average number of function evaluations

needed to determine a step length αNk satisfying the sufficient decrease requirement

during Armijo line-search. Additionally, I used a stopping tolerance of 10−8 for the

gradient norms. The results for a sequence of smoothing parameters are given below

in Table 6.2. Each problem was started with an initial control u0(x) = −1 and

auxiliary variable t0 = −1.
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Table 6.2: Plain LS Newton-CG applied to Advection Diffusion Example with same
starting value u0 ≡ −1, t0 = −1 for a sequence of decreasing smoothing parameters,
N = 500 samples.

ε Newton iters(avg CG iters) avg function evals ‖∇Ĵ εβ(u∗ε , t
∗
ε)‖2

1e-1 16(2) 3 2.52e-10
1e-2 20(2) 3 3.57e-10
1e-3 20(1) 3 9.29e-09
1e-4 35(2) 7 2.98e-14
1e-5 40(2) 14 3.21e-09
1e-6 44(2) 17 1.83e-09

Table 6.3: Modified LS Newton-CG applied to Advection Diffusion Example with
same starting value u0 ≡ −1, t0 = −1 for a sequence of decreasing smoothing param-
eters, N = 500 samples.

ε Newton iters(avg CG iters) avg func evals ‖∇Ĵ εβ(u∗ε , t
∗
ε)‖2

1e-1 3(12) 1 2.20e-11
1e-2 3(9) 1 5.24e-09
1e-3 5(8) 1 4.83e-09
1e-4 5(8) 2 2.64e-10
1e-5 6(7) 3 4.13e-09
1e-6 8(7) 2 1.62e-09

In the table below I compare the optimization results as the smoothing parameter

ε → 0. In parenthesis next to the total number of Newton iterations needed are the

average number of CG iterations made throughout optimization.

Table 6.4: Plain LS Newton-CG with warm-started solutions for a sequence of de-
creasing smoothing parameters, N = 500 samples.

ε Newton iter(avg CG iter) avg func eval ‖∇Ĵ εβ(u∗ε , t
∗
ε)‖2 PDE solves

1e-1 16(2) 3 2.5e-10 72,000
1e-2 10(4) 5 1.68e-10 46,240
1e-3 7(6) 1 1.87e-13 13,272
1e-4 8(3) 1 5.98e-13 11,598
1e-5 3(6) 23 1.45e-15 37,700
1e-6 0(-) - 1.45e-15 0

Total 44(4) 6 180,810
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Table 6.5: Modified LS Newton-CG with warm-started solutions for a sequence of
decreasing smoothing parameters, N = 500 samples.

ε Newton iter(avg CG iter) avg func eval ‖∇Ĵ εβ(u∗ε , t
∗
ε)‖2 PDE solves

1e-1 3(12) 1 2.20e-11 44,500
1e-2 3(8) 1 5.61e-09 11,200
1e-3 2(13) 1 1.25e-09 5,896
1e-4 1(16) 1 4.21e-12 3,336
1e-5 1(15) 1 1.45e-15 3,200
1e-6 0(-) - 1.45e-15 0

Total 10(11) 1 68,132

In addition, I plotted the numerical results starting from constant control u0(x) =

−1, t0 = −1 and smoothing parameter ε = 10−4 for the same batch of 500 samples.

Figure 6.1: Gradient norms (left) and CG iterations (right) vs iteration count for
implementations of line-search Newton’s method with smoothing parameter ε = 10−4,
N = 500 samples.
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Figure 6.2: Step direction norms (left) and Newton step sizes (right) vs iteration count
for implementations of line-search Newton’s method with smoothing parameter 10−6,
N = 500 samples.

As is evident from the tables above, the modified algorithm outperforms plain

line-search Newton-CG, especially for smaller values of the smoothing parameter.

This is expected as a smaller smoothing parameter means that it is harder to satisfy

s
(
y(u, ξi) − t

)
∈ (0, ε), resulting in more rank-deficient models for the plain Newton

line-search algorithm. Additionally, the numerical results also suggest local quadratic

convergence, as for both algorithms the step length is one for the last few iterations

when the algorithm is close enough to the optimal solution.

Lastly, I compare the number of PDE solves needed for the warm-started sequence

of problems in Tables 6.4 and 6.5. I compare the plain algorithm with reduction vs

the modified algorithm with reduction, and note that there is an additional added

expense of N · #(line search iterations) state solves per optimization iteration. Ini-

tially, because of the large size of ε, not much reduction can happen and so the PDE

solves are initially large.

Trust-Region Newton-CG The trust-region Newton-CG algorithms are used with

parameters η1 = 0.05, η2 = 0.9, α1 = 2.5, α2 = 0.25,∆0 = 1, ∆max = 1000. See [16,

Ch. 17] for a discussion on these algorithmic parameters. As in the previous subsec-

tion, I compare plain trust-region Newton-CG with modified trust-region Newton-CG.

Again, I use a gradient tolerance of 1e-8 to determine convergence, and I use the same
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initial starting point u0 ≡ −1, t0 = −1 as well as the unit initial trust region radius

for each smoothing parameter.

Table 6.6: Plain TR Newton-CG with same starting value u0 ≡ −1, t0 = −1 for a
sequence of decreasing smoothing parameters, N = 500 samples. Note †: did not
converge within specified tolerance.

ε Newton iters(avg CG iters) ‖∇Ĵ εβ(u∗ε , t
∗
ε)‖2

1e-1 8(5) 5.49e-10
1e-2 16(3) 2.42e-14
1e-3 19(2) 1.21e-09
1e-4 98(1) 6.41e-13
1e-5 500†(0) 1.72e-02
1e-6 500†(0) 2.11e-02

Table 6.7: Modified TR Newton-CG with same starting value u0 ≡ −1, t0 = −1 for a
sequence of decreasing smoothing parameters, N = 500 samples.

ε Newton iters(avg CG iters) ‖∇Ĵ εβ(u∗ε , t
∗
ε)‖2

1e-1 3(9) 1.74e-11
1e-2 6(7) 8.31e-10
1e-3 6(5) 1.16e-09
1e-4 12(4) 4.17e-14
1e-5 22(1) 5.09e-17
1e-6 22(0) 2.48e-09

I also warm-start the algorithms with starting guesses equal to the optimal solution

using the previous value of the smoothing parameter, and I initialize the trust region

radius with the final radius from the previous problem.

The last row in the table is an estimate for the total number of CG iterations

required to solve the problem with a smoothing parameter ε = 10−6. Compare these

totals with the tables where the controls were not warm-started, i.e. Tables 6.6 and

6.7.
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Table 6.8: Plain TR Newton-CG applied to Advection Diffusion Example with warm-
started solutions for a sequence of decreasing smoothing parameters, N = 500 sam-
ples.

ε Newton iters(avg CG iters) ‖∇Ĵ εβ(u∗ε , t
∗
ε)‖2 total PDE solves

1e-1 8(5) 5.49e-10 62,000
1e-2 21(2) 7.94e-11 54,822
1e-3 7(6) 1.87e-13 14,278
1e-4 8(3) 5.95e-13 12,428
1e-5 10(2) 1.45e-15 11,764
1e-6 0(-) 1.45e-15 0

Total 54(3) 155,292

Table 6.9: Modified TR Newton-CG applied to Advection Diffusion example with
warm-started solutions for a sequence of decreasing smoothing parameters, N = 500
samples.

ε Newton iters(avg CG iters) ‖∇Ĵ εβ(u∗ε , t
∗
ε)‖2 total PDE solves

1e-1 3(9) 1.73e-11 40,500
1e-2 3(8) 5.60e-09 12,328
1e-3 2(13) 1.24e-09 6,130
1e-4 1(16) 4.21e-12 3,438
1e-5 1(15) 1.45e-15 3,300
1e-6 0(-) 1.45e-15 0

Total 10(10) 65,696

Note that the last smoothing parameter required no iterations for both the plain

and modified trust-region algorithms. This is because the optimal solution found at

ε = 10−5 was also optimal (within our tolerance of 10−8) for the smoothing parameter

ε = 10−6.

I also plot the results for the trust-region algorithm starting at control u0(x) =

−1, t0 = −1 with the same 500 samples with smoothing parameter ε = 10−4. As

expected, when the plain trust-region algorithm encounters a rank deficient case, the

step intersects the trust region radius. This is visible from Figure 6.4, as the step

norm is almost always equal to the length of the trust region radius.
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Like line-search, the modified trust-region algorithm suggests that local quadratic

convergence of the method is preserved. This is seen from the plots in Figure 6.4. In

the last few iterations, the trust region radius remains constant, and the norm of the

step size is smaller than the trust region radius. Therefore, CG returned successfully

without intersecting the trust region radius, suggesting that the Hessian is PD at the

solution, and thus is PD in a neighborhood sufficiently close to the solution.

Figure 6.3: Gradient norms (left) and CG iterations (right) vs iteration count for
implementations of Trust-Region Newton-CG with smoothing parameter ε = 10−4,
N = 500 samples.

Figure 6.4: Step direction norms (left) and trust region radii (right) vs iteration
count for implementations of Trust-Region Newton-CG with smoothing parameter
ε = 10−4, N = 500 samples.



Chapter 7

Conclusions

In this thesis I have rigorously explored the numerical solution of the smoothed Condi-

tional Value-at-Risk problem based on a framework for smoothing functions as in [38]

and [20, Ch. 11.8], particularly in the context of inexact Newton’s methods. I have

shown that for the smoothed CVaR problem, points far from the optimal solution

yield Hessians that have a particular, rank-deficient structure. When the conjugate

gradient method is used to approximately minimize a quadratic model with this rank-

deficient Hessian, I have demonstrated that line-search Newton-CG and trust-region

Newton-CG exhibit slow convergence on a model problem.

Thus, I proposed a modification of Newton-CG methods specifically for the smoothed

Conditional Value-at-Risk problem. This modification can be made to more efficiently

solve problems where the quantity of interest representing the cost may or may not

depend on the solution to a PDE. In addition, this modification can be easily made

to existing codes for Newton’s method.

For the case when the quantity of interest does depend on the solution to a PDE,

I have tailored the modified algorithm to reduce the number of linear PDE solves

made when computing first and second order derivative information sequentially.

The modifications provide clear advantages over the plain Newton algorithms for a

model problem based on the advection diffusion equation. In particular, the modified

98
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algorithm maintains consistent iteration counts as the smoothing parameter goes to

zero.

There are many possible extensions to be made in this area. In particular, one

could utilize surrogate models to approximate the t-risk regions used in the modified

algorithm, which would reduce the number of full-order state solves made. Because

FEniCS allows one to change the mesh refinement in just one line of code, a potential

surrogate model is given by using the same spatial discretization but on a coarser

mesh. Moreover, one could apply adaptive mesh refinement on the modified algo-

rithm to incorporate a finer mesh in the t-risk region, while maintaining a coarse

discretization outside of the risk region. Another interesting direction is applying the

modification to other non-smooth risk measures besides the CVaR, see for example

[22].



Appendix A

Convergence analysis of penalty

method

A.1 Application to a PDE

I numerically test the rate of convergence of the penalty method discussed in Section

2.2 using the method of manufactured solutions.

Consider the problem statement in (2.2.4) on the unit square. I choose the

exact solution yex(x1, x2) = cos(πx1) cos(πx2), diffusion coefficient κ(x1, x2) ≡ 1,

and c(x1, x2) = [1, 0]T . Then yex satisfies the Neumann boundary conditions on Γn,

and plugging yex into (2.2.4a) and (2.2.4b), yields f(x1, x2) = 2π2 cosπx1 cos πx2 −

π sin πx1 cosπx2 and u(x1, x2) = cos(πx2). Denote the penalty method solution with

penalty parameter ε0 at mesh size h by yh,ε0 , and denote the solution with the

usual strongly enforced condition as yh. I use ε0 = h, and study the error norms

‖yex − yh,ε0‖L2(Ω) and ‖yh − yh,ε0‖L2(Ω) as h→ 0.
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ε0 ‖yex − yhε0‖ rate ‖yh − yhε0‖
1.41e-01 1.225e-02 N/A 1.773e-03
1.41e-02 1.235e-04 2.00 2.359e-05
7.07e-03 3.088e-05 2.00 6.101e-06
3.54e-03 7.718e-06 2.00 1.553e-06

Table A.1: Rate of convergence for penalty method for advection diffusion problem.

Figure A.1: Error plot of ‖yh,ε0 − yh‖L2(Ω) vs. ε0 on log-log scale.

A.2 Application to an Optimal Control Problem

To illustrate the convergence results of the Robin penalty method applied to the

optimal control setting, I investigate the convergence as the penalty parameter ε0 → 0

of an approximate solution to the optimal control problem with weakly enforced

boundary conditions, (y∗h,ε0 , u
∗
h,ε0

), to the analytical solution of the optimal control

problem with strong Dirichlet enforced boundary, denoted by (y∗, u∗). Moreover, I

compare (y∗h,ε0 , u
∗
h,ε0

) to the approximate solution of the optimal control problem with

strong Dirichlet boundary, denoted by (y∗h, u
∗
h).

Consider the problem given in [11], with domain Ω = (0, 1)× (0, 1),

min
1

2

∫
Ω

(
y(x)− ydes(x)

)2
dx+

α

2

∫
∂Ω

(
u(x)− udes(x)

)2
ds, (A.2.1)
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subject to

−∆y(x) = 2ydes(x) in Ω (A.2.2a)

y(x) = u(x) on ∂Ω, (A.2.2b)

with problem data ydes(x1, x2) = cos(x1) sin(x2), udes(x1, x2) = ydes
∣∣
∂Ω

. This can

be seen as a particular case of the advection diffusion model problem from Section

2.2, with κ = 1, c = [0, 0]T , and control imposed along the entire boundary. Then

the optimal solution to this problem is given by (y∗, u∗) = (ydes, udes). This can be

immediately verified from the strong, first-order optimality conditions:

−∆y∗ = 2ydes in Ω (A.2.3a)

y∗ = u on ∂Ω (A.2.3b)

−∆p∗ = 0 in Ω (A.2.3c)

p∗ = 0 on ∂Ω (A.2.3d)

u∗ = −∇p∗ · n+ udes on ∂Ω. (A.2.3e)

The trivial adjoint p∗ = 0 satisfies the conditions above, which leads to y∗ = zdes, and

u∗ = udes.

Contrast this with the optimal control problem with Robin boundary conditions

in place of the Dirichlet conditions:

min
1

2

∫
Ω

(
yε0(x)− ydes(x)

)2
dx+

α

2

∫
Γ

(
u(x)− udes(x)

)2
ds, (A.2.4)

subject to

−∆yε0(x) = 2ydes(x) in Ω (A.2.5a)

∂yε0(x)

∂n
+

1

ε0
yε0(x) =

1

ε0
u(x) on ∂Ω, (A.2.5b)
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The solution (y∗h, u
∗
h) to (A.2.1) and the solution (y∗h,ε0 , u

∗
h,ε0

) to (A.2.4) are computed

using Dolfin-Adjoint, a free optimization package based on FEniCS. Figure A.2 shows

the relative errors

es1 =
‖y∗ − y∗h,ε0‖L2(Ω)

‖y∗‖L2(Ω)

, ec1 =
‖u∗ − u∗h,ε0‖L2(∂Ω)

‖u∗‖L2(∂Ω)

and

es2 =
‖y∗h − y∗h,ε0‖L2(Ω)

‖y∗h‖L2(Ω)

, ec2 =
‖u∗h − u∗h,ε0‖L2(∂Ω)

‖u∗h‖L2(∂Ω)

for different values of ε0 = 10−j, j = 0, 1, . . . , 5, and Table A.2 shows the rates of

convergence for these errors. These were solved using FEniCS and Dolfin-Adjoint

with a 100× 100 mesh on the unit square.

Figure A.2: Relative errors between approximate solution (y∗h,ε0 , u
∗
h,ε0

) to (A.2.4) and
true solution (y∗, u∗) to (A.2.1) (left) and approximate solution (y∗h, u

∗
h) to (A.2.1)

(right).
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Rates of es1 Rates of ec1
0.829 0.875
0.948 0.934
0.984 0.834
0.900 0.002
0.368 -0.015

Rates of es2 Rates of ec2
0.829 0.874
0.949 0.927
0.993 0.966
0.999 0.972
1.0 0.995

Table A.2: Rate of convergence for penalty method for an advection diffusion control
problem on unit square.

Thus the rates of convergence are approximately linear. From the left plot it is

apparent that once ε0 < 10−3, the errors between the true solution and the approx-

imate solution stop improving as ε0 → 0. This is because the error from the finite

element method dominates after a while, and hence smaller errors require more mesh

refinement.



Appendix B

Smoothing Function Framework

The framework for smoothing functions in this thesis largely follows [20, Sec. 11.8.2]

and [38]. Below I present a proof of Lemma 3.2.2, cf. [20, Prop. 11.8.10].

Proof:

i) Since δ has absolute finite mean by Assumption 3.2.1 iii), (3.2.1) is continuously

differentiable on all R. Apply the fundamental theorem of calculus along with

the product rule to differentiate vε(x) to obtain

v′ε(x) =

∫ x/ε

−∞
δ(t)dt.

Moreover, recall that δ(x) ≥ 0 for all x and
∫∞
−∞ δ(t)dt = 1, then

0 ≤
∫ x/ε

−∞
δ(t)dt ≤

∫ ∞
−∞

δ(t)dt = 1,

hence v′ε(x) ∈ [0, 1].

Now differentiate the first derivative and again apply the fundamental theorem

of calculus:

v′′ε (x) =
1

ε
δ
(x
ε

)
.

Since δ(x) ≤M , we have v′′ε (x) ∈ [0,M/ε].
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ii) Define ∆1 :=
∫ 0

−∞|t|δ(t)dt and ∆2 := max
{∫∞
−∞ tδ(t)dt, 0

}
. First, assume

x ≥ 0, i.e., (x)+ = x. Then

vε(x)− (x)+ =

∫ x/ε

−∞
(x− εt)δ(t)dt− x

= x

(∫ x/ε

−∞
δ(t)dt− 1

)
− ε
∫ x/ε

−∞
tδ(t)dt

= x

(∫ x/ε

−∞
δ(t)dt−

∫ ∞
−∞

δ(t)dt

)
− ε
∫ x/ε

−∞
tδ(t)dt

= −x
∫ ∞
x/ε

δ(t)dt− ε
∫ ∞
−∞

tδ(t)dt+ ε

∫ ∞
x/ε

tδ(t)dt

=

∫ ∞
x/ε

(εt− x)δ(t)dt− ε
∫ ∞
−∞

tδ(t)dt

≥ −ε
∫ ∞
−∞

tδ(t)dt

≥ −∆2ε

and

vε(x)− (x)+ = ε

∫ ∞
x/ε

tδ(t)dt− x
∫ ∞
x/ε

δ(t)dt− ε
∫ ∞
−∞

tδ(t)dt

≤ ε

∫ ∞
x/ε

tδ(t)dt− ε
∫ ∞
−∞

tδ(t)dt = −ε
∫ x/ε

−∞
tδ(t)dt

≤ −ε
∫ 0

−∞
tδ(t)dt = ε

∫ 0

−∞
|t|δ(t)dt = ∆1ε.

Now assume x < 0, i.e., (x)+ = 0. Then

vε(x)− (x)+ = vε(x) ≥ 0 ≥ −∆2ε
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and

vε(x)− (x)+ = vε(x) =

∫ x/ε

−∞
(x− εt)δ(t)dt = x

∫ x/ε

−∞
δ(t)dt+ ε

∫ x/ε

−∞
|t|δ(t)dt

≤ ε

∫ 0

−∞
|t|δ(t)dt = ∆1ε.

The above four inequalities give

−εmax{∆1,∆2} ≤ −ε∆2 ≤ vε(x)− (x)+ ≤ ε∆1 ≤ εmax{∆1,∆2},

which implies that |vε(x)− (x)+| ≤ εmax{∆1,∆2}.

iii) Immediately follows from v′ε(x) ≥ 0 and v′′ε ≥ 0 for all x in R.

iv) If δ(t) > 0 for all t, then both v′ε(x) > 0 and v′′ε > 0 for all x. Hence vε is strictly

increasing and convex.

2
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