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Abstract9

Complex rational curves have been used to represent circular splines as well as many classi-
cal curves including epicycloids, cardioids, Joukowski profiles, and the lemniscate of Bernoulli.
Complex rational curves are known to have low degree (typically half the degree of correspond-
ing rational planar curve), circular precision, invariance with respect to Möbius transformations,
special implicit forms, an easy detection procedure, and a fast algorithm for computing their
μ−bases. But only certain very special rational planar curves are also complex rational curves.
To construct a wider collection of curves with similar appealing properties, we generalize com-
plex rational curves to hyperbolic and parabolic rational curves by invoking the hyperbolic and
parabolic numbers. We show that the special properties of complex rational curves extend to
these hyperbolic and parabolic rational curves. We also provide examples to flesh out the theory.

Keywords: complex numbers, hyperbolic numbers, parabolic numbers, dual real numbers,10

complex rational curves, hyperbolic rational curves, parabolic rational curves, μ−bases11

1. Introduction12

Complex numbers are ubiquitous in Computational Science and Engineering, but it was not13

till rather recently that complex numbers found a place in Geometric Modeling in the study of14

rational planar curves (Sánchez-Reyes, 2009) (Zubė, 2006) (Wang and Goldman, 2013).15

Complex rational curves are rational planar curves where the numerator and denominator are16

represented by polynomials with complex coefficients. We can separate out the real and complex17

parts of the numerator and denominator, and then rewrite a complex rational curve P(t) in the18

following form:19

P(t) =
N0(t) + iN1(t)
D0(t) + iD1(t)
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where N0(t), N1(t), D0(t), D1(t) are polynomials with real coefficients and i2 = −1. Multiplying
numerator and denominator by the conjugate of the denominator yields

P(t) =
(

N0(t) + iN1(t)
D0(t) + iD1(t)

) (
D0(t) − iD1(t)
D0(t) − iD1(t)

)

=
(N0(t)D0(t) + N1(t)D1(t)) + i(N1(t)D0(t) − N0(t)D1(t))

D2
0(t) + D2

1(t)

If we now interpret the complex number in the numerator in the usual geometric way, where20

the real part of the numerator is the x−coordinate and the imaginary part of the numerator is the21

y−coordinate, then we get the following planar rational planar curve in homogeneous form:22

P(t) = (N0(t)D0(t) + N1(t)D1(t),N1(t)D0(t) − N0(t)D1(t),D2
0(t) + D2

1(t))

Complex rational curves were first introduced into Geometric Modeling by Zube (Zubė,23

2006) who applies this technique to represent circular splines. These curves have also been stud-24

ied by Sanchez-Reyes (Sánchez-Reyes, 2009), who uses complex control points and complex25

weights in rational Bézier curves to represent certain classical rational planar curves including26

epicycloids, cardioids, Joukowski profiles, and the lemniscate of Bernoulli. More recently com-27

plex rational curves were investigated by Wang and Goldman (Wang and Goldman, 2013), who28

showed that the μ−bases of these curves are particularly easy to compute.29

Complex rational curves are known to have the following nice properties (Sánchez-Reyes,30

2009) (Wang and Goldman, 2013):31

• Low degree (typically half the degree of corresponding rational planar curve)32

• Circular precision33

• Invariance with respect to Möbius transformations34

• Special implicit form35

• Easy to detect36

• Fast algorithm for computing a μ−basis37

Although complex rational curves have some especially nice properties, complex rational38

curves are also very special rational curves. For example, the denominator of a complex rational39

curve must be the sum of two squares. The goal of this paper is to generalize complex rational40

curves to other types of rational curves that have properties similar to the many good properties41

of complex rational curves. In particular, we shall extend these curves to curves where the42

denominator is the difference of two squares (hyperbolic rational curves) or simply a perfect43

square (parabolic rational curves).44

To achieve these generalizations, we shall adopt two number systems not usually encoun-45

tered in Geometric Modeling: the hyperbolic numbers (Sobczyk, 1995) and the dual real num-46

bers which for geometric reasons we shall call parabolic numbers (Kisil, 2007). These number47

systems are similar to the complex numbers: each number can be expressed as x+αy, where x, y48

are real numbers but α2 = +1 for the hyperbolic numbers and α2 = 0 for the parabolic numbers.49

We shall explain more about these number systems in Section 2.50
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The only other research by people in the geometric modeling community of which we are51

aware that uses such generalizations of the complex numbers is the work by (Recio et al., 2014).52

These authors replace the complex framework ( α2 = −1) by an even more general field extension53

R[α], where α is the solution to an arbitrary polynomial equation. They then study the analogues54

of the Cauchy-Riemann equations for such number systems. In section 9, we extend our own55

framework a bit further to show that any parameter α such that α2 = c, where c is an arbitrary56

real number, may serve as a shape parameter for rational planar curves.57

This paper is organized in the following fashion. We begin in Section 2 by explaining more58

about hyperbolic and parabolic numbers. In Section 3 we establish the parametric representa-59

tion for complex, hyperbolic, and parabolic rational curves. In Section 4 we discuss circular,60

hyperbolic, and parabolic Möbius transformations and circular, hyperbolic, and parabolic preci-61

sion for complex, hyperbolic, and parabolic rational curves. We recall some preliminary results62

about μ−bases for rational planar curves and we present a fast algorithm to compute μ−bases63

for complex, hyperbolic, and parabolic rational curves in Section 5. We pause in Section 6 to64

study implicit equations for these rational curves and give necessary and sufficient conditions65

in Section 7 for a rational planar planar curve to have a complex, hyperbolic, or parabolic ra-66

tional parametrization. In Section 8 we provide some examples to illustrate our theorems and67

to demonstrate our algorithms for these special rational curves. We close in Section 9 with a68

brief summary of our work, along with some observations concerning the possible use of the69

parameter α2 as a shape parameter.70

2. Complex, hyperbolic and parabolic numbers71

Hyperbolic and parabolic numbers are generalizations of complex numbers, but with slightly72

different rules for multiplication. In each case we introduce a new parameter α, where either73

α2 = −1 (complex numbers), or α2 = +1 (hyperbolic numbers), or α2 = 0 (parabolic numbers).74

The new symbol α commutes with every real number and multiplication is associative and dis-75

tributes through addition. Thus we have the following product rules:76

77

Complex numbers78

α2 = −179

(a + bα)(x + yα) = (ax − by) + (ay + bx)α80

Hyperbolic numbers81

α2 = +1, α � ±182

(a + bα)(x + yα) = (ax + by) + (ay + bx)α83

Parabolic numbers (often called dual real numbers)84

α2 = 0, α � 085

(a + bα)(x + yα) = ax + (ay + bx)α86

87

Conjugates of these generalized complex numbers are defined by setting88

a + bα = a − bα89

Thus90

(a + bα)(a + bα) = (a + bα)(a − bα) = a2 − b2α2

Therefore, just as with complex numbers, multiplying a generalized complex number by its con-91

jugate always yields a real number.92

93
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We also have the following exponential formulas:94

Complex numbers95

eαt = cos(t) + αsin(t)96

Hyperbolic numbers97

eαt = cosh(t) + αsinh(t)98

Parabolic numbers99

eαt = 1 + αt100

For complex numbers, the exponential represents a rotation; for hyperbolic numbers, the expo-101

nential represents a scissor shear (Lorentz boost) (Salomon, 2012); and for parabolic numbers,102

the exponential represents a classical shear (VanArsdale, 1994).103

Geometrically a hyperbolic or parabolic number, like a complex number, can be associated104

with a point in the plane - that is, with a pair of real numbers:105

x + yα↔ (x, y)

In analogy with complex numbers, we shall call the coefficient of 1 the real component and the106

coefficient of α the imaginary component of a hyperbolic or parabolic number.107

The hyperbolic numbers can be used to help solve cubic equations and to derive many funda-108

mental results in special relativity (Sobczyk, 1995). The parabolic numbers serve as the natural109

coefficients of the dual quaternions and help to analyze the mechanics of mechanism, robots, and110

other mechanical systems (Fischer, 1998). Here we shall apply these numbers to study planar111

rational curves.112

3. Complex, hyperbolic and parabolic rational curves113

Complex, hyperbolic, and parabolic rational curves are defined by the expression114

P(t) =
N(t)
D(t)

=
N0(t) + αN1(t)
D0(t) + αD1(t)

(3.1)

where N0(t), N1(t), D0(t), D1(t) ∈ R[t]. If α2 = −1, then P(t) is called a complex rational curve;115

if α2 = +1, then P(t) is called a hyperbolic rational curve; and if α2 = 0, then P(t) is called116

a parabolic rational curve. Multiplying the numerator and denominator of Equation (3.1) by117

D0(t) − αD1(t), which is the conjugate of the denominator, we get the rational curve118

P(t) = (N0(t)+αN1(t))(D0(t)−αD1(t))
(D0(t)+αD1(t))(D0(t)−αD1(t)) =

(N0D0−α2N1D1)+(N1D0−N0D1)α
D2

0−α2D2
1

(3.2)

Thus in the numerator if we interpret the coefficient of 1 as the x−coordinate and the coefficient119

of α as the y−coordinate, then the rational curve P(t) can be interpreted as a rational planar planar120

curve121

P(t) = (N0D0 − α2N1D1,N1D0 − N0D1,D
2
0 − α2D2

1) (3.3)

in homogeneous form.122

In particular, we have the following special cases:123

Complex Rational Curves (α2 = −1)124

P(t) = (N0D0 + N1D1,N1D0 − N0D1,D
2
0 + D2

1)
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Hyperbolic Rational Curves (α2 = +1)125

P(t) = (N0D0 − N1D1,N1D0 − N0D1,D
2
0 − D2

1)

Parabolic Rational Curves (α2 = 0)126

P(t) = (N0D0,N1D0 − N0D1,D
2
0)

The terms hyperbolic and parabolic rational curve come, of course, from the hyperbolic and127

parabolic numbers from which these curves are generated algebraically. But there is another more128

geometric reason for these terms. Suppose that N0(t), N1(t), D0(t), D1(t) are linear functions.129

Then by Equation 3.3, the rational linear curve P(t) = N0(t)+αN1(t)
D0(t)+αD1(t) is equivalent to a rational130

planar quadratic curve P(t) = (N0D0 − α2N1D1,N1D0 − N0D1,D
2
0 − α2D2

1). But every non-131

degenerate rational quadratic curve is a conic section, and the type of the conic is completely132

determined by the denominator of the parametrization (Farin, 1999). Indeed, if the denominator133

is d(t) = At2 + Bt +C, then134

B2 − 4AC < 0 ⇒ ellipse135

B2 − 4AC = 0 ⇒ parabola136

B2 − 4AC > 0 ⇒ hyperbola137

Here the denominator of P(t) is d(t) = D2
0(t) − α2D2

1(t). Let D0(t) = at + b and D1(t) = ct + d.138

Then139

d(t) = D2
0(t) − α2D2

1(t) = (a2 − α2c2)︸�������︷︷�������︸
A

t2 + 2(ab − α2cd)︸����������︷︷����������︸
B

t + (b2 − α2d2)︸�������︷︷�������︸
C

so in this case140

B2 − 4AC = 4(a2b2 − 2α2abcd + α4c2d2) − 4(a2b2 − α2a2d2 − α2b2c2 + α4c2d2)

Simplifying this expression yields:141

B2 − 4AC = 4α2(ad − bc)2

Therefore142

α2 = −1 ⇒ B2 − 4AC < 0 ⇒ ellipse143

α2 = 0 ⇒ B2 − 4AC = 0 ⇒ parabola144

α2 = 1 ⇒ B2 − 4AC > 0 ⇒ hyperbola145

Thus the terms hyperbolic and parabolic rational curve come, as well, from the types of the146

conic sections generated by the corresponding rational linear curves. We shall see too in Section147

4.2 that these conic sections serve as the control polygons for the corresponding degree n rational148

Bézier curves.149

For complex rational linear curves, the ellipse is actually a circle; for hyperbolic rational150

linear curves, the hyperbola is actually a rectangular hyperbola. (A rectangular hyperbola is a151

hyperbola with orthogonal asymptotes. Rectangular hyperbolas are known to have axes with152

equal lengths. Thus rectangular hyperbolas are to ordinary hyperbolas as circles are to ordinary153

ellipses: both have axes of equal lengths.) For the ellipse and the hyperbola we can prove these154

assertions by using the formulas in (Goldman and Wang, 2004) for the lengths of the axes of155

the ellipse and the hyperbola and verifying that in the case of complex and hyperbolic ratio-156

nal linear curves, the axes have equal length. We have verified these results symbolically in a157

computer algebra system (Mathematica); we omit the gory details. Alternatively, we know that158
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Figure 1: Curves and control polygons for complex (left), hyperbolic (middle), and parabolic (right) rational curves
with four control points. The control polygons consist of circular arcs for complex rational curves, hyperbolic arcs for
hyperbolic rational curves, and parabolic arcs for parabolic rational curves.

complex rational linear curves represent circles because Möbius transformations map lines to159

circles (Sánchez-Reyes, 2009) (Zubė, 2006). Yet another proof that for complex rational linear160

curves the ellipse is actually a circle, and for hyperbolic rational linear curves the hyperbola is161

actually a rectangular hyperbola will be presented in Section 6.162

4. Invariance and Precision163

In order to discuss invariance and precision, we shall rewrite complex, hyperbolic, and164

parabolic rational curves as rational Bézier curves. Since the degree n Bernstein polynomials165

Bn
i (t) = (n

i )ti(1 − t)(n−i) are a basis for the polynomials of degree n, we can rewrite complex,166

hyperbolic and parabolic curves using the customary quotient167

P(t) =

n∑
i=0

Bn
i (t)wizi

n∑
i=0

Bn
i (t)wi

where zi are control points with weights wi, and the numerator and denominator (and therefore168

the weights and control points) are subject to the constraints in Section 3. If zi, wi are complex169

numbers, then P(t) is a complex rational curve; if zi, wi are hyperbolic numbers, then P(t) is a170

hyperbolic rational curve; and if zi, wi are parabolic numbers, then P(t) is a parabolic rational171

curve.172

For rational planar Bézier curves of degree n with real control points and real weights {wkzk,wk},173

the control polygon consists of the straight lines generated by the rational linear Bézier curves:174

Rk(t) =
(1 − t)wkzk + twk+1zk+1

(1 − t)wk + twk+1
, k = 0, . . . , n − 1.

But for complex, hyperbolic, and parabolic rational curves, the components of the control points175

and weights {wkzk,wk} are no longer real numbers. Thus, as we have seen in Section 3, the176

corresponding rational linear Bézier curves Rk(t) are no longer straight lines but rather are arcs177

of circles, hyperbolas, or parabolas. Hence the control structures for complex, hyperbolic, and178
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Figure 2: Curves and control polygons for complex (left), hyperbolic (middle), and parabolic (right) rational curves with
four identical control points and four identical weights.

parabolic rational Bézier curves consist of arcs of circles, hyperbolas, or parabolas 1 (see Figure179

1).180

Example 4.1. Figure 1 (left) shows a complex rational curve with the control points z0 = −2+ 2
5α,181

z1 =
1
5 +

6
5α, z2 =

4
5 +α, z3 = 2−α and the weights w0 = 1+0.5α, w1 = 0.5+α, w2 = 0.3+0.3α,182

w3 = 0.7 + 1.3α. Here α2 = −1.183

Example 4.2. Figure 1 (middle) shows a hyperbolic rational curve with the control points z0 =184

0.5, z1 =
5
8 +

3
8α, z2 =

2
3 +

2
3α, z3 =

2
5 +

3
5α and the weights w0 = 2, w1 = 2 + 2

3α, w2 =
7
3 − 4

3α,185

w3 = 3 − 2α. Here α2 = 1.186

Example 4.3. Figure 1 (right) shows a parabolic rational curve with the control points z0 =187

−1 − 3
5α, z1 = − 1

5 +
11
5 α, z2 =

3
5 + 2α, z3 =

6
5 − 3

5α and the weights w0 = 1 + 0.5α, w1 = 0.5 + α,188

w2 = 0.3 + 0.3α, w3 = 0.7 + 1.3α. Here α2 = 0.189

Example 4.4. Figure 2 shows complex, hyperbolic, and parabolic rational curves with the same190

control points z0 = −1.3−α, z1 = −0.3+ 1.2α, z2 = 0.3+ 1.2α, z3 = 1.3−α and weights w0 = 2,191

w1 = 2 + 2
3α, w2 =

7
3 + − 4

3α, w3 = 3 − 2α.192

Further examples of complex rational curves can be found in (Wang and Goldman, 2013);193

additional examples of hyperbolic and parabolic rational curves are provided in Section 8.194

1It may happen that a hyperbolic or parabolic rational Bézier curve P(t) =

n∑
i=0

Bn
i
(t)wizi

n∑
i=0

Bn
i

(t)wi

is well-defined, but some of

the control curves Rk(t) = (1−t)wkzk+twk+1zk+1
(1−t)wk+twk+1

are not well-defined since the denominators (1 − t)wk + twk+1 need not be
invertible. For example, if wk+1 = wk , then (1 − t)wk + twk+1 = wk and it may happen that wk is not invertible. In this
case, however,

Rk(t) =
(1 − t)wkzk + twk+1zk+1

wk
,

so a slight perturbation of wk gives
Rk(t) = (1 − t)zk + tzk+1,

which is just the straight line joining zk and zk+1. We shall not dwell further on this topic here, which is beyond the scope
of this paper, but rather we shall assume that we deal here only with rational Bézier curves whose control curves are
well-defined.
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4.1. Invariance with respect to Möbius transformations195

A Möbius transformation is a rational function of the form196

M(z) =
az + b

cz + d

where z is a complex variable and a, b, c, d are complex numbers. Similarly, if z is a hyperbolic197

variable and a, b, c, d are hyperbolic numbers, then M(z) is a hyperbolic Möbius transformation,198

and if z is a parabolic variable and a, b, c, d are parabolic numbers, then M(z) is a parabolic199

Möbius transformation. These transformation are well-defined for all z for which cz + d is in-200

vertible. We shall call all three types – complex, hyperbolic, and parabolic – of Möbius transfor-201

mations simply Möbius transformations. Moreover we can homogenize Möbius transformations202

and write203

M(z,w) = (az + bw, cz + dw)

Invariance with respect to Möbius transformations means that applying a Möbius transfor-204

mation to a curve generates a curve of the same type, in our case a complex, hyperbolic, or205

parabolic rational curve. Indeed applying a Möbius transformation to the control points and206

weights is equivalent to applying the Möbius transformation to every point on the curve.207

Theorem 4.5. Complex, hyperbolic, and parabolic rational curves are invariant with respect to208

Möbius transformations.209

Proof. Möbius transformations can be written in matrix form210

M(z,w) = {z,w} [M] , [M] =
[

a c

b d

]

This transformation is linear in homogeneous coordinates. Therefore if we submit a complex,211

hyperbolic, or parabolic rational curve212

P(t) =

⎧⎪⎪⎨⎪⎪⎩
n∑

i=0

Bn
i (t)wizi,

n∑
i=0

Bn
i (t)wi

⎫⎪⎪⎬⎪⎪⎭
to a Möbius map, the transformed curve M(P(t)) has new homogeneous points

{
z∗i ,w

∗
i

}
generated213

by transforming the original ones214

M(P(t)) =
{

n∑
i=0

Bn
i (t)wizi,

n∑
i=0

Bn
i (t)wi

}
[M] =

n∑
i=0

Bn
i (t) {wizi,wi} [M] =

{
n∑

i=0
Bn

i (t)w∗
i z∗i ,

n∑
i=0

Bn
i (t)w∗

i

}

Indeed it is straightforward to show that z∗i = (azi+b)/(czi+d),w∗
i = (czi+d)wi (Krasauskas and Zubė,215

2014).216

♦217

4.2. Circular, hyperbolic, and parabolic precision218

For a rational planar Bézier curve, linear precision means that if the control polygon col-219

lapses to a straight line, then the rational Bézier curve also collapses to a segment on this same220

line. But as we have observed at the start of Section 4, for complex, hyperbolic, or parabolic221

rational curves, the control polygon no longer consists of straight lines, but rather consists of222

8



arcs of circles, hyperbolas, or parabolas. Thus circular, hyperbolic, or parabolic precision means223

that if the control structure collapses to arcs on a single circle, hyperbola, or parabola, then the224

corresponding curve also lies on the corresponding circle, hyperbola, or parabola.225

To prove this result, we begin with the following Lemma.226

Lemma 4.6. Let zi, wi, i = 0, 1, 2 be complex (hyperbolic or parabolic) numbers. Suppose that227

the rational linear curves generated by (w0z0,w0), (w1z1,w1) and (w1z1,w1), (w2z2,w2) are arcs228

along the same circle (hyperbola or parabola)2. Then229

1. if (w0z0,w0) � λ(w2z2,w2) for any constant λ, the pair (w0z0,w0), (w2z2,w2) generates an230

arc along the same circle (hyperbola or parabola);231

2. the pair232

(v0q0, v0) = (1 − t)(w0z0,w0) + t(w1z1,w1)
233

(v1q1, v1) = (1 − t)(w1z1,w1) + t(w2z2,w2)

also generates an arc along the same circle (hyperbola or parabola).234

Proof.235

1. Since the rational linear curves generated by (w0z0,w0), (w1z1,w1) and (w1z1,w1), (w2z2,w2)236

are arcs along the same circle (hyperbola or parabola), the point (w2z2,w2) lies on the cir-237

cle (hyperbola or parabola) generated by (w0z0,w0), (w1z1,w1). Thus we can find a real238

number tk satisfying239

(w2z2,w2) = (1 − tk)(w0z0,w0) + tk(w1z1,w1)

Now any arbitrary point along the arc generated by (w0z0,w0), (w2z2,w2) is240

(1 − s)(w0z0,w0) + s(w2z2,w2) = (1 − s)(w0z0,w0) + s((1 − tk)(w0z0,w0) + tk(w1z1,w1))
= (1 − stk)(w0z0,w0) + stk(w1z1,w1)

which is also a point along the arc generated by (w0z0,w0), (w1z1,w1). Thus the pair241

(w0z0,w0), (w2z2,w2) generates an arc along the same circle (hyperbola or parabola).242

2. If (w0z0,w0) � λ(w2z2,w2) for any constant λ, since the rational linear curves generated by243

(w0z0,w0), (w1z1,w1) and (w1z1,w1), (w2z2,w2) and (w0z0,w0), (w2z2,w2) are arcs along244

the same circle (hyperbola or parabola), we have245

(v0q0, v0) = (1 − t)(w0z0,w0) + t(w1z1,w1) = (1 − s1)(w0z0,w0) + s1(w2z2,w2)
246

(v1q1, v1) = (1 − t)(w1z1,w1) + t(w2z2,w2) = (1 − s2)(w0z0,w0) + s2(w2z2,w2)

where s1, s2 ∈ R. Now an arbitrary point along the arc generated by (v0q0, v0), (v1q1, v1) is247

(1 − t)(v0q0, v0) + t(v1q1, v1)
= (1 − t)(1 − s1)(w0z0,w0) + (1 − t)s1(w2z2,w2) + t(1 − s2)(w0z0,w0) + ts2(w2z2,w2)
= (1 − s1 + ts1 − ts2)(w0z0,w0) + (s1 − ts1 + ts2)(w2z2,w2)

2Note that for points corresponding to the parameter at infinity, we need to use homogeneous parameters. However,
the proof is much the same.
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which is also a point along the arc generated by (w0z0,w0), (w2z2,w2). Thus the pair248

(v0q0, v0), (v1q1, v1) also generates an arc along the same circle (hyperbola or parabola).249

If (w0z0,w0) = λ(w2z2,w2) for any constant λ, we have250

(v0q0, v0) = (v1q1, v1) = (1 − t)(w0z0,w0) + t(w1z1,w1)

In this case the rational linear curve generated by the (v0q0, v0), (v1q1, v1) collapses to a251

single point which is along the arc generated by (w0z0,w0), (w2z2,w2).252

♦253

Theorem 4.7. Complex, hyperbolic, and parabolic rational curves have circular, hyperbolic,254

and parabolic precision.255

Proof. This result follows directly from the de Casteljau evaluation algorithm (Farin and Hansford,256

2000) for rational Bézier curves and Lemma 4.6.257

♦258

5. μ−bases259

μ-bases have many advantageous properties. For example, we can recover the parametriza-260

tion of a rational planar curve P(s, u) from the outer product of a μ-basis, and we can also retrieve261

the implicit equation of a rational planar curve P(s, u) by taking the resultant of a μ-basis.262

In this section, we are going to investigate μ−bases for complex, hyperbolic, and parabolic263

rational curves, so we start here by reviewing the definition and properties of μ−bases for ra-264

tional planar curves. For additional information about μ−bases, see (Chen and Wang, 2002),265

(Chen et al., 2008), (Cox et al., 1998), (Jia and Goldman, 2009), (Song and Goldman, 2009).266

5.1. μ-bases for rational planar curves267

We begin with the notions of a syzygy and a syzygy module for a rational planar curve.268

Consider then a rational planar planar curve269

P(t) = (x(t), y(t),w(t))

in homogeneous form, where gcd(x(t), y(t),w(t)) = 1. A syzygy of P(t) is a vector of polynomials270

L(t) = (l0(t), l1(t), l2(t)) such that271

P(t) · L(t) = x(t)l0(t) + y(t)l1(t) + w(t)l2(t) ≡ 0

The syzygy module syz(x(t), y(t),w(t)) is the set of all syzygies of P(t). It is known that syz(x(t), y(t),272

w(t)) is a free module over R[t] with a basis consisting of two elements (Chen and Wang, 2002).273

Definition 5.1. (Chen and Wang, 2002) Two syzygies p(t) and q(t) are called a μ−basis for a274

rational planar curve P(t) if275

1. p(t), q(t) is a basis for syz(x(t), y(t),w(t)), i.e., every syzygy L(t) ∈ syz(x(t), y(t),w(t)) can276

be expressed by277

L(t) = h1(t)p(t) + h2(t)q(t)

where h1(t), h2(t) are polynomials in R[t];278
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2. deg(p(t)) + deg(q(t)) = deg(P(t)) (deg of a polynomial is the highest degree of its mono-279

mials with non-zero coefficients).280

The elements p(t), q(t) of a μ−basis are not unique, but the degrees of the elements p(t), q(t)281

of a μ−bases are unique.282

Proposition 5.2. (Chen and Wang, 2002) Let p(t), q(t) be a μ−basis for a rational planar curve283

P(t). Then284

• p(t) × q(t) = λP(t) for some constant λ � 0 (here × denotes the usual cross product of two285

vectors in 3-dimensions),286

• Rest(p(t) · (x, y,w), q(t) · (x, y,w)) = 0 is the implicit equation of P(t).287

Theorem 5.3. (Wang and Goldman, 2013) Let r0(t), r1(t) be two syzygies of P(t) such that r0(t)×288

r1(t) = λP(t) for some constant λ � 0. Then r0(t), r1(t) is a basis for the syzygy module of P(t).289

5.2. μ−bases for complex, hyperbolic, and parabolic rational curves290

For rational planar curves P(t) = (x(t), y(t),w(t)), we can compute μ−bases using a straight-291

forward calculation based on Gaussian elimination (Chen and Wang, 2002) (Song and Goldman,292

2009), starting from the three obvious syzygies (y(t),−x(t), 0), (w(t), 0,−x(t)), (0,w(t), −y(t)).293

However, rational planar curves with complex rational parametrizations are very special, their294

μ−bases can be computed much more easily (Wang and Goldman, 2013). In this section, we295

present analogous fast algorithms for finding μ−bases for hyperbolic and parabolic rational296

curves.297

Complex, hyperbolic, and parabolic rational curves are defined by the expression

C(t) =
N(t)
D(t)

=
N0(t) + αN1(t)
D0(t) + αD1(t)

which can be interpreted as the rational planar planar curve298

P(t) = (N0D0 − α2N1D1,N1D0 − N0D1,D
2
0 − α2D2

1)

In order to avoid degenerate cases, we shall assume that:299

(1) deg(D(t)) ≥ 1,300

(2) gcd(N0(t),N1(t),D0(t),D1(t)) = 1,301

(3) gcd(D0(t),D1(t)) = 1.302

Condition (1) guarantees that P(t) is not a planar polynomial curve. Conditions (2) and (3) guar-303

antee that the coordinates of P(t) have no common factors. In particular, since gcd(D0(t),D1(t)) =304

1, we do not allow D1(t) = 0 (or D0(t) = 0), so P(t) cannot be just any rational planar curve.305

Thus with these constraints not all rational planar curves are complex, hyperbolic or parabolic306

rational curves.307

Let308

r0(t) = (D0, α
2D1,−N0), r1(t) = (D1,D0,−N1) (5.1)

In particular, for complex rational curves

r0(t) = (D0,−D1,−N0), r1(t) = (D1,D0,−N1)
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for hyperbolic rational curves

r0(t) = (D0,D1,−N0), r1(t) = (D1,D0,−N1)

and for parabolic rational curves

r0(t) = (D0, 0,−N0), r1(t) = (D1,D0,−N1)

Lemma 5.4. The vector polynomials r0(t), r1(t) are syzygies of the rational curve P(t). Moreover,309

r0(t) × r1(t) = P(t).310

Proof. These results follow easily by direct computation from the definitions of r0(t), r1(t) and311

P(t).312

♦313

Corollary 5.5. The vector polynomials r0(t), r1(t) are a basis for the syzygy module of the ratio-314

nal curve P(t).315

Proof. This result follows easily by Theorem 5.3 and Lemma 5.4.316

♦317

To fix our notation, let318

n0 = deg(N0), n1 = deg(N1), n̄ = max{n0, n1}, n = min{n0, n1}
319

d0 = deg(D0), d1 = deg(D1), d̄ = max{d0, d1}, d = min{d0, d1}
Moreover, we shall assume that deg(N1D0−N0D1) = max{n1+d0, n0+d1} for complex, hyperbolic320

and parabolic rational curves. Then for complex and hyperbolic rational curves321

deg(D2
0 − α2D2

1) = 2d̄, deg(N0D0 − α2N1D1) = max{n0 + d0, n0 + d1}
which means that there is no cancellation of degrees in the expressions for the P(t).322

Theorem 5.6. For complex and hyperbolic rational curves, the syzygies r0(t), r1(t) are a μ-basis323

for the rational curve P(t) iff n ≤ d̄; for parabolic rational curves, the syzygies r0(t), r1(t) are a324

μ-basis for P(t) iff any one of the following three conditions hold:325

(i) d1 ≤ d0 and n ≤ d0326

(ii) n0 ≤ d0 and d1 ≤ n1327

(iii) n0 ≥ d0 and d1 ≥ n1328

Proof. It follows by Corollary 5.5 that r0(t), r1(t) is a basis for the syzygy module of P(t).329

Therefore by Definition 5.1, r0(t), r1(t) is a μ−basis for P(t) if and only if330

deg(r0) + deg(r1) = deg(P)

For complex and hyperbolic rational curves, it is easy to check that331

deg(r0) + deg(r1) = max{d0, d1, n0} +max{d0, d1, n1} = max{d̄, n0} +max{d̄, n1}
Now there are two cases:332
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• if n ≤ d̄ , then deg(P) = max{n̄ + d̄, 2d̄}, and333

deg(r0) + deg(r1) = max{d̄, n0} +max{d̄, n1} = max{n̄ + d̄, 2d̄}
Thus, deg(P) = deg(r0) + deg(r1). Therefore, r0(t), r1(t) is a μ−basis for P(t).334

• if d̄ < n, then deg(P(t)) = n̄ + d̄, and335

deg(r0) + deg(r1) = max{d̄, n0} +max{d̄, n1} = n + n̄.

Thus, deg(P) < deg(r0) + deg(r1). Therefore, r0(t), r1(t) is not a μ−basis for P(t).336

For parabolic rational curves, it is easy to check that337

deg(r0) + deg(r1) = max{d0, n0} +max{d0, d1, n1}
Now there are four cases:338

• if d1 ≤ d0 and n ≤ d0 , then deg(P) = max{d0 + n̄, 2d0}, and339

deg(r0) + deg(r1) = max{d0, n0} +max{d0, d1, n1} = max{d0 + n̄, 2d0}
Thus, deg(P) = deg(r0) + deg(r1). Therefore, r0(t), r1(t) is a μ−basis for P(t).340

• if n0 ≤ d0 and d1 ≤ n1 , then deg(P) = max{d0 + n1, 2d0}, and341

deg(r0) + deg(r1) = max{d0, n0} +max{d0, d1, n1} = max{d0 + n1, 2d0}
Thus, deg(P) = deg(r0) + deg(r1). Therefore, r0(t), r1(t) is a μ−basis for P(t).342

• if n0 ≥ d0 and d1 ≥ n1 , then deg(P) = n0 + d̄, and343

deg(r0) + deg(r1) = max{d0, n0} +max{d0, d1, n1} = n0 + d̄

Thus, deg(P) = deg(r0) + deg(r1). Therefore, r0(t), r1(t) is a μ−basis for P(t).344

• otherwise deg(P) � deg(r0) + deg(r1). Therefore, r0(t), r1(t) is not a μ−basis for P(t).345

♦346

Based on Theorems 5.6 we will now describe an algorithm for computing a μ−basis for a347

complex, hyperbolic, or parabolic rational curve. In this algorithm we use the notation LV(r)348

to denote the leading vector of a vector polynomial r(t) – that is, the vector coefficient of the349

monomial of highest degree in r(t).350

351

352

Algorithm 1. Computing a μ-basis for a complex, hyperbolic, or parabolic rational curve P(t).353

Input: N0, N1, D0, D1.354

Output: μ-basis for P(t).355

Algorithm:356

Set r0 := (D0, α
2D1,−N0), r1 := (D1,D0,−N1).357

Repeat until deg(r0) + deg(r1) = deg(P).358
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If deg(r1) < deg(r0), exchange r0 and r1.359

Find a real number λ such that360

λLV(r0) + LV(r1) = 0

Update r1 := λtdeg(r1)−deg(r0)r0 + r1.361

Output p(t) = r0(t), q(t) = r1(t) a μ-basis for P(t).362

363

Theorem 5.7. Let p(t) and q(t) be the two vector polynomials output by Algorithm 1. Then364

• the algorithm terminates in a finite number of steps;365

• p(t), q(t) is a μ−basis for P(t).366

Proof. By Lemma 5.4, we know that r0(t) × r1(t) = P(t) before we enter the loop. Moreover,367

since368

r0(t) × (λtdeg(r1)−deg(r0)r0(t) + r1(t)) = r0(t) × r1(t) = P(t)

it follows that after each iteration of the loop we still have r0(t) × r1(t) = P(t). Therefore after369

each iteration of the loop, deg(P) ≤ deg(r0) + deg(r1).370

If r0(t) × r1(t) = P(t) and deg(P) < deg(r0) + deg(r1), then LV(r0) ×LV(r1) = 0. Hence,371

LV(r0) and LV(r1) are linearly dependent when deg(P) < deg(r0) + deg(r1). Thus,372

λLV(r0) + LV(R1) = 0

for some constant λ � 0. Therefore, we can continue going through the loop until deg(r0) +373

deg(r1) = deg(P).374

Algorithm 1 obviously terminates in a finite number of steps because each time through the375

loop deg(r0(t)) + deg(r1(t)) decreases by at least one. Moreover, the algorithm terminates when376

deg(r0) + deg(r1) = deg(P). Thus by Definition 5.1, p(t), q(t) is a μ−basis for P(t).377

♦378

6. Implicit equations of complex, hyperbolic and parabolic rational curves379

We next discuss the special form of the implicit equations of complex, hyperbolic, and380

parabolic rational curves. To derive these results, we shall use the two special syzygies r0(t) =381

(D0, α
2D1,−N0) and r1(t) = (D1,D0,−N1) in Equation 5.1.382

To fix our notation, let383

L1 = r0 · (x, y,w) = D0x + α2D1y − N0w, L2 = r1 · (x, y,w) = D1x + D0y − N1w

Also define384

〈x, y〉n = xnF0(x, y) + xn−1yF1(x, y) + · · · + xyn−1Fn−1(x, y) + ynFn(x, y)
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6.1. Implicit equations of complex and hyperbolic rational curves385

For complex rational curves, we have α2 = −1, so386

L1 = r0 · (x, y,w) = D0x − D1y − N0w, L2 = r1 · (x, y,w) = D1x + D0y − N1w

For hyperbolic rational curves, we have α2 = +1, so387

L1 = r0 · (x, y,w) = D0x + D1y − N0w, L2 = r1 · (x, y,w) = D1x + D0y − N1w

Lemma 6.1. Let G(x, y,w) = Rest(L1, L2) and let F(x, y,w) be the implicit equation of a complex388

or hyperbolic rational curve P(t) with a proper parametrization. Then389

G(x, y,w) = wmax{n−d̄,0}F(x, y,w)

Proof. Substituting x = x(t), y = y(t), w = w(t) into the two syzygies L1 and L2, we get L1 = 0390

and L2 = 0. Hence, since F(x, y,w) is irreducible, F(x, y,w) must divide G(x, y,w). Therefore391

G(x, y,w) = λH(x, y,w)F(x, y,w)

Now there are two cases392

• if n ≤ d̄, then393

deg(G(x, y,w)) = deg(F(x, y,w)) = max{n̄ + d̄, 2d̄}
Hence394

deg(H(x, y,w)) = 0

• if n > d̄, then395

deg(G(x, y,w)) = n̄ + n, deg(F(x, y,w)) = n̄ + d̄

Hence396

deg(H(x, y,w)) = n − d̄

Now consider the Sylvester resultant of L1, L2. Without lose of generality, assume deg(N0) =397

n0 = n̄, deg(N1) = n1 = n. Then398

N0(t) =
n0∑
i=0

ait
i, N1(t) =

n1∑
i=0

bit
i

Thus G(x, y,w) = det(M), where399

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
an0 w · · · · · · ad̄w + ld(x, y) · · · a0w + l0(x, y) · · ·
· · · · · · · · · · · · · · · · · · · · ·

bn1 w · · · bd̄w + l̂d(x, y) · · · b0w + l̂0(x, y) · · · · · ·
· · · · · · · · · · · · · · · · · · · · ·

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
We see that that each of the first n − d̄ columns has a common factor w. So G(x, y,w) has400

a factor wn−d̄. Hence,401

H(x, y,w)) = wn−d̄

Therefore402

G(x, y,w) = wmax{n−d̄,0}F(x, y,w)
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♦403

Theorem 6.2. Let F(x, y,w) = 0 be the implicit equation of a complex or hyperbolic rational404

curve. Then405

F(x, y,w) ∈
〈
x2 − α2y2,w

〉d̄

In particular, for complex rational curve406

F(x, y,w) ∈
〈
x2 + y2,w

〉d̄

and for hyperbolic rational curves407

F(x, y,w) ∈
〈
x2 − y2,w

〉d̄

Proof. Let z be a new independent variable, and replace α2 by z2 in the definition of L1 and L2 so408

that409

L1 = D0x + z2D1y − N0w, L2 = D1x + D0y − N1w

Now observe that

Rest(L1, L2) = Rest(L1 − zL2, L1 + zL2)
= Rest(L1 − zL2, L1) (6.1)
= Rest(L1 − zL2, L2) (6.2)
= Rest(L1 + zL2, L1) (6.3)
= Rest(L1 + zL2, L2) (6.4)

where410

L1 − zL2 = (D0 − zD1)(x − zy) − w(N0 − zN1)
411

L1 + zL2 = (D0 + zD1)(x + zy) − w(N0 + zN1)

Suppose that412

t1, t2, ..., tmax{n0,d̄}
are the roots of L1. Then from Equation (6.1)413

Rest(L1, L2) =
∏

i

[(D0(ti) − zD1(ti))(x − zy) − w(N0(ti) − zN1(ti))]

=
∏

i

(βi(x − zy) − γiw)

Thus414

Rest(L1, L2) ∈ 〈x − zy,w〉max{n0,d̄}

Similarly, from Equation (6.3) we get415

Rest(L1, L2) ∈ 〈x + zy,w〉max{n0,d̄}

16



Thus since x2 − z2y2 = (x − zy)(x + zy), it follows that

Rest(L1, L2) ∈
〈
x2 − z2y2,w

〉max{n0,d̄}
(6.5)

Similarly, Equations (6.2) and (6.4) yield

Rest(L1, L2) ∈
〈
x2 − z2y2,w

〉max{n1,d̄}
(6.6)

Therefore, from Equations (6.5) and (6.6)416

Rest(L1, L2) ∈
〈
x2 − z2y2,w

〉max{n,d̄}

From Lemma 6.1, there are now two cases,417

• if n − d̄ ≤ 0, then418

F(x, y,w) ∈
〈
x2 − z2y2,w

〉d̄

• if n − d̄ > 0, then419

F(x, y,w) ∈
〈
x2 − z2y2,w

〉n−(n−d̄)
=

〈
x2 − z2y2,w

〉d̄

Therefore in the ring R[x, y, z,w]420

F(x, y,w) ∈
〈
x2 − z2y2,w

〉d̄

In particular, for complex rational curves, let z2 + 1 = 0. Then over the ring R
[
x, y, z,w

]
/ <421

z2 + 1 >422

F(x, y,w) ∈
〈
x2 + y2,w

〉d̄

Similarly, for hyperbolic rational curves, let z2−1 = 0. Then over the ring R
[
x, y, z,w

]
/ < z2−1 >423

F(x, y,w) ∈
〈
x2 − y2,w

〉d̄

♦424

Remark 1. Curves F(x, y,w) ∈
〈
x2 + y2,w

〉d̄
are called d̄-circular curves (Surhone et al., 2010).425

Remark 2. Curves F(x, y,w) ∈
〈
x2 − y2,w

〉d̄
are singular at the point at infinity (1 : −1 : 0)426

when d̄ > 1. A singular point at infinity may lead to several asymptotes.427

Moreover, we have the following four Corollaries of Theorem 6.2.428

Corollary 6.3. The implicit equation of any complex rational curve can be expressed as429

F(x, y,w) = (x2 + y2)d̄F0(x, y) + w(x2 + y2)d̄−1F1(x, y) + · · ·
+wd̄−1(x2 + y2)Fd̄−1(x, y) + wd̄Fd̄(x, y,w)

Corollary 6.4. The implicit equation of any hyperbolic rational curve can be expressed as430

F(x, y,w) = (x2 − y2)d̄F0(x, y) + w(x2 − y2)d̄−1F1(x, y) + · · ·
+wd̄−1(x2 − y2)Fd̄−1(x, y) + wd̄Fd̄(x, y,w)

Corollary 6.5. A complex rational linear curve represents a circle.431

Corollary 6.6. A hyperbolic rational linear curve represents a rectangular hyperbola.432
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6.2. Implicit equations of parabolic rational curves433

For parabolic rational curves, we have α2 = 0, so434

L1 = r0 · (x, y,w) = D0x − N0w, L2 = r1 · (x, y,w) = D1x + D0y − N1w

Lemma 6.7. Let G(x, y,w) = Rest(L1, L2) and let F(x, y,w) be the implicit equation of a parabolic435

rational curve P(t) with a proper parametrization. Now there are four cases436

• If d1 ≤ d0 and n ≤ d0,437

or d0 ≤ d1 and n0 ≤ d0 and d1 ≤ n1,438

or d0 ≤ d1 and d0 ≤ n0 and n1 ≤ d1, then439

G(x, y,w) = F(x, y,w)

• If d1 < d0 < n, then440

G(x, y,w) = wn−d0 F(x, y,w)

• If d0 < d1 < n1 < n0441

or d0 < n0 < d1 < n1,442

or d0 < d1 < n0 < n1, then443

G(x, y,w) = wmin{n0−d0,n1−d1}F(x, y,w)

• If n̄ < d0 < d1,444

or n0 < d0 < n1 < d1, then445

G(x, y,w) = xmin{d0−n0,d1−n1,d1−d0}F(x, y,w)

Proof. Substituting x = x(t), y = y(t), w = w(t) into two syzygies L1 and L2, we get L1 = 0 and446

L1 = 0. Hence, since F(x, y,w) is irreducible, F(x, y,w) must divide G(x, y,w). Therefore447

G(x, y,w) = λH(x, y,w)F(x, y,w)

Now there are four cases448

• If d1 ≤ d0 and n ≤ d0,449

or d0 ≤ d1 and n0 ≤ d0 and d1 ≤ n1,450

or d0 ≤ d1 and d0 ≤ n0 and n1 ≤ d1.451

From Theorem 5.6, r0 and r1 is a μ−basis for P(t), so452

G(x, y,w) = F(x, y,w)

• If d1 < d0 < n, then453

deg(G(x, y,w)) = n0 + n1, deg(F(x, y,w)) = d0 + n̄
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Hence454

deg(H(x, y,w)) = n − d0

Now consider the Sylvester resultant of L1, L2. Without lose of generality, assume deg(N0) =455

n0 = n̄, deg(N1) = n1 = n. Hence456

N0(t) =
n0∑
i=0

ait
i, N1(t) =

n1∑
i=0

bit
i

Thus G(x, y,w) = det(M), where457

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
an0 w · · · · · · ad0 w + ld(x, y) · · · a0w + l0(x, y) · · ·
· · · · · · · · · · · · · · · · · · · · ·

bn1 w · · · bd0 w + l̂d(x, y) · · · b0w + l̂0(x, y) · · · · · ·
· · · · · · · · · · · · · · · · · · · · ·

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
We see that each of the first n − d0 columns has a common factor w. So G(x, y,w) has a458

factor wn−d0 . Hence,459

H(x, y,w)) = wn−d0

Therefore460

G(x, y,w) = wn−d0 F(x, y,w)

• If d0 < d1 < n1 < n0,461

or d0 < n0 < d1 < n1,462

or d0 < d1 < n0 < n1, then463

deg(G(x, y,w)) = n0 + n1, deg(F(x, y,w)) = max{n0 + d1, n1 + d0}
Hence464

deg(H(x, y,w)) = min{n0 − d0, n1 − d1}
Again consider the Sylvester resultant of L1, L2. We have G(x, y,w) = det(M), where465

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
an0 w · · · · · · an0−d0 w + ld(x, y) · · · a0w + l0(x, y) · · ·
· · · · · · · · · · · · · · · · · · · · ·

bn1 w · · · bn1−d1 w + l̂d(x, y) · · · b0w + l̂0(x, y) · · · · · ·
· · · · · · · · · · · · · · · · · · · · ·

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
We see that each of the first min{n0 − d0, n1 − d1} columns has a common factor w. So466

G(x, y,w) has a factor wmin{n0−d0,n1−d1}. Hence,467

H(x, y,w)) = wmin{n0−d0,n1−d1}

Therefore468

G(x, y,w) = wmin{n0−d0,n1−d1}F(x, y,w)
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• If n̄ < d0 < d1,469

or n0 < d0 < n1 < d1, then470

deg(G(x, y,w)) = d0 + d1, deg(F(x, y,w)) = max{2d0, n1 + d0, n0 + d1}
Hence471

deg(H(x, y,w)) = min{d0 − n0, d1 − n1, d1 − d0}
Once again consider the Sylvester resultant of L1, L2. Let c = min{d1 − d0, d1 − n1}. We472

have G(x, y,w) = det(M), where473

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ad0 x · · · · · · ad0−n0 x + ld(y,w) · · · a0x + l0(y,w) · · ·
· · · · · · · · · · · · · · · · · · · · ·

bn1 x · · · bcx + l̂d(y,w) · · · b0x + l̂0(y,w) · · · · · ·
· · · · · · · · · · · · · · · · · · · · ·

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
We see that each of the first min{d0 − n0, d1 − n1, d1 − d0} columns has a common factor w.474

So G(x, y,w) has a factor xmin{d0−n0,d1−n1,d1−d0}. Hence,475

H(x, y,w) = xmin{d0−n0,d1−n1,d1−d0}

476

G(x, y,w) = xmin{d0−n0,d1−n1,d1−d0}F(x, y,w)

♦477

Theorem 6.8. Let F(x, y,w) = 0 be the implicit equation of a parabolic rational curve. Then478

F(x, y,w) ∈
〈
x2,w

〉d0

Proof. Let m1 = deg(L1) and m2 = deg(L2). Let z be a new independent variable, and as in the479

proof of Theorem 6.2 replace α2(= 0) by z2 in the definition of L1 and L2 so that480

L1 = D0x + z2D1y − N0w, L2 = D1x + D0y − N1w

Now observe that

Rest(L1, L2) = Rest(L1 − zL2, L1 + zL2)
= Rest(L1 − zL2, L1) (6.7)
= Rest(L1 − zL2, L2) (6.8)
= Rest(L1 + zL2, L1) (6.9)
= Rest(L1 + zL2, L2) (6.10)

where481

L1 − zL2 = (D0 − zD1)(x − zy) − w(N0 − zN1), L1 + zL2 = (D0 + zD1)(x + zy) − w(N0 + zN1)

Suppose that482

t1, t2, ..., tm1
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are the roots of L1. Then from Equation (6.7)

Rest(L1, L2) =
∏

i

[(D0(ti) − zD1(ti))(x − zy) − w(N0(ti) − zN1(ti))]

=
∏

i

(βi(x − zy) − γiw)

Thus483

Rest(L1, L2) ∈ 〈x − zy,w〉m1

Similarly, from Equation (6.9) we get484

Rest(L1, L2) ∈ 〈x + zy,w〉m1

Thus since x2 − z2y2 = (x − zy)(x + zy), it follows that”

Rest(L1, L2) ∈
〈
x2 − z2y2,w

〉m1
(6.11)

Similarly, Equations (6.8) and (6.10) yield

Rest(L1, L2) ∈
〈
x2 − z2y2,w

〉m2
(6.12)

Therefore, from Equations (6.11) and (6.12)485

Rest(L1, L2) ∈
〈
x2 − z2y2,w

〉min{m1,m2}

From Lemma 6.7, there are now four cases,486

• If d1 ≤ d0 and n ≤ d0,487

or d0 ≤ d1 and n0 ≤ d0 and d1 ≤ n1,488

or d0 ≤ d1 and d0 ≤ n0 and n1 ≤ d1, then over the ring R
[
x, y, z,w

]
489

F(x, y,w) ∈
〈
x2 − z2y2,w

〉d0

• If d1 < d0 < n, then over the ring R
[
x, y, z,w

]
490

F(x, y,w) ∈
〈
x2 − z2y2,w

〉n−(n−d0)
=

〈
x2 − z2y2,w

〉d0

• If d0 < d1 < n1 < n0491

or d0 < n0 < d1 < n1,492

or d0 < d1 < n0 < n1, then over the ring R
[
x, y, z,w

]
493

F(x, y,w) ∈
〈
x2 − z2y2,w

〉d0

• If n̄ < d0 < d1,494

or n0 < d0 < n1 < d1, then over the ring R
[
x, y, z,w

]
495

F(x, y,w) ∈
〈
x2 − z2y2,w

〉d0
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Now for parabolic rational curves, let z2 = 0. Then over the ring R
[
x, y, z,w

]
/ < z2 >496

F(x, y,w) ∈
〈
x2,w

〉d0

♦497

Remark 3. Curves F(x, y,w) ∈
〈
x2,w

〉d̄
are singular at the point at infinity (0 : 1 : 0) when498

d̄ > 1. A singular point at infinity may lead to several parabolic branches.499

Moreover, we have the following Corollary of Theorem 6.8.500

Corollary 6.9. The implicit equation of any parabolic rational curve can be expressed as501

F(x, y,w) = (x2)d0 F0(x, y) + w(x2)d0−1F1(x, y) + · · ·
+wd0−1(x2)Fd0−1(x, y) + wd0 Fd0 (x, y,w)

Corollary 6.10. A parabolic rational linear curve represents a parabola.502

7. When does a rational planar curve have a complex, hyperbolic, or parabolic rational503

parametrization?504

In this section we shall derive necessary and sufficient conditions for a rational planar curve505

P(t) = (x(t), y(t),w(t)) with gcd(x(t), y(t),w(t)) =1 to have a complex, hyperbolic, or parabolic506

rational parametrization. (Recio and Sendra, 1997) studies a different but somewhat related507

problem. These authors present an algorithm to determine whether or not given a rational508

parametrization P(z) = (p1(z), p2(z)) ∈ C(z)2 of a complex curve C in C
2, the trace of C in509

R
2 is a real curve.510

Theorem 7.1. A rational planar curve P(t) = ((x(t), y(t),w(t)) is a complex rational curve iff511

x2(t)+y2(t)
w(t) is a polynomial.512

Proof. If P(t) = ((x(t), y(t),w(t)) is a complex rational curve, there are polynomials D0(t), D1(t),513

N0(t), N1(t) such that514

P(t) = (N0D0 + N1D1,N1D0 − N0D1,D
2
0 + D2

1).

That x2(t)+y2(t)
w(t) is a polynomial follows by direct computation from the preceding formula for P(t),515

since516

x2(t) + y2(t)
w(t)

=
(N0D0 + N1D1)2 + (N1D0 − N0D1)2

D2
0 + D2

1

= N2
0 (t) + N2

1 (t).

Conversely, suppose that x2(t)+y2(t)
w(t) is a polynomial. Then there is a polynomial h(t) such that517

x2(t) + y2(t) = w(t)h(t). Therefore any real root of w(t) is also a real root of both x(t) and y(t).518

But gcd(x(t), y(t),w(t)) = 1, so x(t), y(t), w(t) can have no common real roots. Hence all the roots519

of w(t) must be complex. Moreover, since w(t) is a polynomial with real coefficient, the roots520

of w(t) must come in complex conjugate pairs. Let m(t) = gcd(x(t) + iy(t),w(t)), where now the521

gcd is taken over the complex numbers. Then m(t) = gcd(x(t) − iy(t),w(t)) and w(t) = m(t)m(t),522

since every root of w(t) is either a root of x(t) + iy(t) or a root of x(t) − iy(t) and the roots of w(t)523
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come in complex conjugate pairs. Furthermore, by the definition of gcd, there is a polynomial524

p(t) with complex coefficients such that525

x(t) + iy(t)
2m(t)

= p(t)

Taking the complex conjugate on both sides, we get526

x(t) − iy(t)

2m(t)
= p(t).

Let527

D0(t) =
m(t) − m(t)

2i
, D1(t) =

m(t) + m(t)
2

.

Then D0 = D0 and D1 = D1, so D0(t) and D1(t) are polynomials with real coefficients. Moreover,528

D2
0(t) + D2

1(t) = m(t)m(t) = w(t). Now let529

N0(t) =
D0(t)x(t) − D1(t)y(t)

w(t)
= i

x + iy

2m
− i

x − iy

2m
= i(p(t) − p(t)),

530

N1(t) =
D0(t)y(t) + D1(t)x(t)

w(t)
=

x + iy

2m
+

x − iy

2m
= p(t) + p(t).

Then N0 = N0 and N1 = N1, so N0, N1(t) are polynomials with real coefficients. Moreover531

N0(t)D0(t) + N1(t)D1(t) = x(t),
532

N1(t)D0(t) − N0(t)D1(t) = y(t).

Therefore P(t) = (x(t), y(t),w(t)) is a complex rational curve.533

♦534

Based on Theorem 7.1, we will now describe an algorithm for determining whether a rational535

planar curve P(t) has a complex rational parametrization and if such a parametrization exists536

finding as well the corresponding polynomials D0(t), D1(t), N0(t), N1(t). An alternative algorithm537

based on μ-bases is provided in (Wang and Goldman, 2013). The algorithm presented here is538

faster, since here we avoid altogether the computation of a μ-basis.539

540

Algorithm 2. Determining if a rational planar curve is a complex rational curve.541

Input: A rational planar curve with a proper parametrization P(t) = (x(t), y(t), w(t)), where542

gcd(x(t), y(t),w(t)) = 1 and w(t) is not a constant.543

Output: P(t) is or is not a complex rational curve. If yes, output D0(t), D1(t), N0(t), N1(t).544

Algorithm:545

Compute h(t) = x2(t)+y2(t)
w(t) .546

If h(t) is not a polynomial, then output P(t) is not a complex rational curve.547

Otherwise compute m(t) := gcd(x(t) + iy(t),w(t)), p(t) := x(t)+iy(t)
2m(t) .548

Compute D0(t) := m(t)−m(t)
2i

, D1(t) := m(t)+m(t)
2 .549

Compute N0(t) := i(p(t) − p(t)), N1(t) := p(t) + p(t).550

Output D0(t), D1(t), N0(t), N1(t).551

552
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Theorem 7.2. A rational planar curve P(t) = ((x(t), y(t),w(t)) is a hyperbolic rational curve iff553

x2(t)−y2(t)
w(t) is a polynomial.554

Proof. If P(t) = ((x(t), y(t),w(t)) is a hyperbolic rational curve, there are polynomials D0(t),555

D1(t), N0(t), N1(t) such that556

P(t) = (N0D0 − N1D1,N1D0 − N0D1,D
2
0 − D2

1).

That x2(t)−y2(t)
w(t) is a polynomial follows by direct computation from the preceding formula for P(t),557

since558

x2(t) − y2(t)
w(t)

=
(N0D0 − N1D1)2 − (N1D0 − N0D1)2

D2
0 − D2

1

= N2
0 (t) − N2

1 (t).

Conversely, suppose that x2(t)−y2(t)
w(t) is a polynomial. Let m(t) = gcd(x(t) + y(t),w(t)), e(t) =559

gcd(x(t) − y(t),w(t)). Thus w(t) = m(t)e(t). Moreover, by the definition of gcd, there are polyno-560

mials c(t) and n(t) such that561

x(t) + y(t)
2m(t)

= c(t),
x(t) − y(t)

2e(t)
= n(t).

Let562

D0(t) =
e(t) + m(t)

2
, D1 =

e(t) − m(t)
2

.

Then D2
0(t) − D2

1(t) = m(t)e(t) = w(t). Moreover, let563

N0(t) =
D0(t)x(t) + D1(t)y(t)

w(t)
=

x(t) + y(t)
2m(t)

+
x(t) − y(t)

2e(t)
= c(t) + n(t),

564

N1(t) =
D0(t)y(t) + D1(t)x(t)

w(t)
=

x(t) + y(t)
2m(t)

− x(t) − y(t)
2e(t)

= c(t) − n(t).

Then565

N0(t)D0(t) − N1(t)D1(t) =
m(t)c(t) + n(t)e(t)

2
=

m(t)c(t) + n(t)d(t)
2

= x(t),
566

N1(t)D0(t) − N0(t)D1(t) =
m(t)c(t) − n(t)e(t)

2
=

m(t)c(t) − n(t)d(t)
2

= y(t).

Therefore P(t) = (x(t), y(t),w(t)) is a hyperbolic rational curve.567

♦568

Based on Theorem 7.2, we will now describe an algorithm for determining whether a rational569

planar curve P(t) has a hyperbolic rational parametrization and if such a parametrization exists570

finding as well the corresponding polynomials D0(t), D1(t), N0(t), N1(t).571

572

Algorithm 3. Determining if a rational planar curve is a hyperbolic rational curve.573

Input: A rational planar curve with a proper parametrization P(t) = (x(t), y(t), w(t)), where574

gcd(x(t), y(t),w(t)) = 1 and w(t) is not a constant.575

Output: P(t) is or is not a hyperbolic rational curve. If yes, output D0(t), D1(t), N0(t), N1(t).576

Algorithm:577

Compute h(t) = x2(t)−y2(t)
w(t) .578
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If h(t) is not a polynomial, then output P(t) is not a hyperbolic rational curve.579

Otherwise compute m(t) := gcd(x(t) + y(t),w(t)), e(t) := w(t)
m(t) .580

Compute D0(t) := e(t)+m(t)
2 , D1(t) := e(t)−m(t)

2 .581

Compute N0(t) := x(t)+y(t)
2m(t) +

x(t)−y(t)
2e(t) , N1(t) := x(t)+y(t)

2m(t) − x(t)−y(t)
2e(t) .582

Output D0(t), D1(t), N0(t), N1(t).583

584

Theorem 7.3. A rational planar curve P(t) = ((x(t), y(t),w(t)) is a prabolic rational curve iff585

(gcd(x(t),w(t)))2 = w(t).586

Proof. If P(t) = ((x(t), y(t),w(t)) is a parabolic rational curve, there are polynomials D0(t), D1(t),587

N0(t), N1(t) such that588

P(t) = (N0D0,N1D0 − N0D1,D
2
0)

Moreover, if gcd(N0,D0) � 1, then gcd(x, y,w) � 1. Therefore gcd(N0(t),D0(t)) = 1. Thus589

(gcd(x(t),w(t)))2 = (gcd(N0(t)D0(t),D2
0(t)))2 = D2

0(t) = w(t). Conversely, suppose that (gcd(x(t),590

w(t)))2 = w(t). Let591

D0(t) = gcd(x(t),w(t)), N0(t) =
x

D0(t)
.

Then592

w(t) = D2
0(t), x(t) = N0(t)D0(t).

Moreover, if gcd(N0(t),D0(t)) � 1, then gcd(x(t),w(t)) = gcd(N0(t)D0(t),D2
0(t)) � D0(t). Thus593

gcd(N0(t),D0(t)) = 1. Therefore using the Euclidean Algorithm (Bach and Shallit, 1996), we594

can find two polynomials f (t) and g(t) such that595

D0(t)g(t) + N0(t) f (t) = gcd(D0(t),N0(t)) = 1

Let596

D1(t) = − f (t)y(t), N1(t) = g(t)y(t)

Then597

x(t) = N0(t)D0(t), y(t) = N1(t)D0(t) − N0(t)D1(t) w(t) = D2
0(t).

Therefore P(t) = (x(t), y(t),w(t)) is a parabolic rational curve.598

♦599

Based on Theorem 7.3, we present an algorithm for determining whether a rational planar600

curve P(t) has a parabolic rational parametrization.601

602

Algorithm 4. Determining if a rational planar curve is a parabolic rational curve.603

Input: A rational planar curve with a proper parametrization P(t) = (x(t), y(t), w(t)), where604

gcd(x(t), y(t),w(t)) = 1 and w(t) is not a constant.605

Output: P(t) is or is not a parabolic rational curve. If yes, output D0(t), D1(t), N0(t), N1(t).606

Algorithm:607

Compute D0(t) := gcd(x(t),w(t)).608

If D2
0(t) � w(t), then output P(t) is not a parabolic rational curve.609

Otherwise compute N0(t) := x(t)
D0(t) .610

Use the Euclidean Algorithm to find two polynomials g(t) and f (t) such that611
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Figure 3: Example 8.1 Figure 4: Example 8.2

D0(t)g(t) + N0(t) f (t) = 1.612

Compute D1(t) := − f (t)y(t), N1(t) := g(t)y(t).613

Output D0(t), D1(t), N0(t), N1(t).614

615

8. Examples for complex, hyperbolic, and parabolic rational curves616

Examples of complex rational curves can be found in (Wang and Goldman, 2013), so here617

we confine ourselves to examples for hyperbolic and parabolic rational curves.618

Example 8.1. Consider the hyperbolic rational curve with D0(t) = t2 + 2, D1(t) = −2t, N0(t) =619

1 − t2, N1(t) = t. The corresponding rational planar curve is the rational curve P(t) = (2 + t2 −620

t4, 4t − t3, 4 + t4).621

Since d̄ = max{deg(D0), deg(D1)} = 2, n = min{deg(N0), deg(N1)} = 1, we have n ≤ d̄,622

so it follows from Theorem 5.6 that r0(t) = (D0,D1,−N0) = (2 + t2,−2t,−1 + t2), r1(t) =623

(D1,D0,−N1) = (−2t, 2 + t2,−t) is a μ−basis for P(t).624

Computing the resultant Rest(r0(t) · (x, y,w), r1(t) · (x, y,w)), we get the implicit equation625

F(x, y,w) = 8(x2 − y2)2 + 12w(x2 − y2)x + w2(2x2 + 7y2) − 3w3x − w4 = 0, which is consistent626

with Theorem 6.2.627

Example 8.2. Consider the hyperbolic rational curve with D0(t) = t, D1(t) = t + 3, N0(t) =628

−t2 − t + 1, N1(t) = −2t2 + t + 2. The corresponding rational planar curve is P(t) = (−6 − 4t +629

4t2 + t3,−3 + 4t + 5t2 − t3,−9 − 6t).630

Since d̄ = max{deg(D0), deg(D1)} = 1, n = min{deg(N0), deg(N1)} = 2, we have d̄ < n, so it631

follows from Theorem 5.6 that r0 = (D0,D1,−N0) = (t, t + 3, t2 + t − 1), r1 = (D1,D0,−N1) =632

(t + 3, t, 2t2 − t − 2) is not a μ−basis for P(t). Using Algorithm 1, we get the μ−basis p(t) =633

(t − 3, t + 6, 3t), q(t) = (t, t + 3, t2 + t − 1) for P(t).634

Computing the resultant Rest(p(t) · (x, y,w), q(t) · (x, y,w)), we get the implicit equation635

F(x, y,w) = 3(x2−y2)(x+y)+w(20x2−32xy+29y2)+w2(3x+3y)−9w3 = 0, which is consistent636

with Theorem 6.2.637

Example 8.3. Consider the rational planar curve P(t) = (−1 − t2, 2t, 1 − t2).638
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Figure 5: Example 8.3 Figure 6: Example 8.5

We shall use Algorithm 3 to show that P(t) is a hyperbolic rational curve. Compute h(t) =639

x2(t)−y2(t)
w(t) = 1 − t2 is a polynomial. Therefore by Theorem 7.2, this curve is a hyperbolic rational640

curve. Compute m(t) = gcd(x(t)+ y(t),w(t)) = gcd(−1+2t− t2, 1− t2) = 1− t, e(t) = w(t)
m(t) = 1+ t.641

Thus642

D0(t) =
e(t) + m(t)

2
= 1, D1(t) =

e(t) − m(t)
2

= t,

643

N0(t) =
x(t)+y(t)

m(t) +
x(t)−y(t)

e(t)

2
= −1, N1(t) =

x(t)+y(t)
m(t) − x(t)−y(t)

e(t)

2
= t.

Computing the resultant Rest(p(t) · (x, y,w), q(t) · (x, y,w)), we get the implicit equation644

F(x, y,w) = −(x2 − y2) + w2 = 0, which is consistent with Theorem 6.2.645

Example 8.4. Consider the rational planar curve P(t) = (t2 + 2, t + 3, t2).646

We shall use Algorithm 3 to show that P(t) is not a hyperbolic rational curve. Indeed simply647

observe that h(t) = x2(t)−y2(t)
w(t) = −5−6t+3t2+t4

t2 is not a polynomial. Therefore this curve is not a648

hyperbolic rational curve.649

Example 8.5. Consider the parabolic rational curve with D0(t) = t2 + 1, D1(t) = −2t, N0(t) =650

1 − t2, N1(t) = 0. The corresponding rational planar curve is the rational curve P(t) = (1 −651

t4, 2t − 2t3, 1 + 2t2 + t4).652

Since d0 = deg(D0) = 2, d1 = deg(D1) = 1, n = min(deg(N0), deg(N1) = 0, we have653

d1 ≤ d0 and n ≤ d0, so it follows from Theorem 5.6 that r0 = (D0, 0,−N0) = (t2 + 1, 0, t2 − 1),654

r1 = (D1,D0,−N1) = (−2t, t2 + 1, 0) is a μ−basis for P(t).655

Computing the resultant Rest(r0(t) · (x, y,w), r1(t) · (x, y,w)), we get the implicit equation656

F(x, y,w) = 4x4 + w2(−4x2 + 4y2) = 0, which is consistent with Theorem 6.8.657

Example 8.6. Consider the parabolic rational curve with D0(t) = t, D1(t) = t + 1, N0(t) =658

−t2 − t + 1, N1(t) = −2t2 + t + 2. The corresponding rational planar curve is the rational curve659

P(t) = (t − t2 − t3,−1 + 2t + 3t2 − t3, t2).660

Since d0 = deg(D0) = 1, d1 = deg(D1) = 1, n0 = deg(N0) = 2, n1 = deg(N1) = 2, it follows661

from Theorem 5.6 that r0 = (D0,D1,−N0) = (t, 0,−1+ t+ t2), r1 = (D1,D0,−N1) = (1+ t, t,−2−662
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Figure 7: Example 8.6 Figure 8: Example 8.7

t + 2t2) is not a μ−basis for P(t). Using Algorithm 3, we get the μ−basis p(t) = (t − 1,−t, 3t),663

q(t) = (1 + t, t,−2 − t + 2t2)664

Computing the resultant Rest(p(t) · (x, y,w), q(t) · (x, y,w)), we get the implicit equation665

F(x, y,w) = 2x2(x − y) + w(8x2 + 2xy − 2y2) + w2(−6x + 12y) − 18w3 = 0, which is consis-666

tent with Theorem 6.8.667

Example 8.7. Consider the rational planar curve P(t) = (1−t−t3−t4,−2+2t+3t2+2t3, 1+2t2+t4).668

We shall use Algorithm 4 to show that P(t) is a parabolic rational curve. First compute that669

h(t) = gcd(x(t),w(t)) = gcd(1 − t − t3 − t4, 1 + 2t2 + t4) = 1 + t2. Since h2(t) = w(t), set670

D0 = h(t) = 1 + t2 and N0 =
x(t)

D0(t) = −t2 − t + 1. We find that g(t) = 3+t
5 , f (t) = 2+t

5 , and671

D1(t) = φ1(t) = − f (t)y(t) =
4 − 2t − 8t2 − 7t3 − 2t4

5
,

672

N1(t) = φ3(t) = g(t)y(t) =
−6 + 4t + 11t2 + 9t3 + 2t4

5
It follows by Theorem 7.3 that this curve is a parabolic rational curve. Computing the resultant673

Rest(p(t) · (x, y,w), q(t) · (x, y,w)), we get the implicit equation F(x, y,w) = 5x4 +wx2(4x+ 6y)+674

w2(4x2 + 12xy + 5y2) + 4w3x − w4 = 0, which is consistent with Theorem 6.8.675

Example 8.8. Consider the rational planar curve P(t) = (6+11t+6t2+ t3, t2+1, 2+5t+4t2+ t3).676

We use Algorithm 4 to show that P(t) is not a parabolic rational curve. First compute h(t) =677

gcd(x(t),w(t)) = 2 + 3t + t2. Since h2(t) � w(t), this curve is not a parabolic rational curve. This678

result also follows from Theorem 7.3 since deg(w) is not even.679

9. α2 as a shape parameter680

We have extended the good properties of complex rational curves to two other types of curves:681

hyperbolic rational curves and parabolic rational curves. These curves share the following nice682

properties:683

• Low degree (typically half the degree of corresponding rational planar curve)684
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• Circular, hyperbolic, or parabolic precision685

• Invariance with respect to circular, hyperbolic, or parabolic Möbius transformations686

• Special implicit form687

• Easy to detect688

• Fast algorithm for computing a μ−basis689

The discerning reader may have noticed that all these results extend readily to rational curves690

P(t) = N0(t)+αN1(t)
D0(t)+αD1(t) , where α2 is any real number: zero, positive, or negative. The proofs are much691

the same. Again as in Section 3 for rational linear curves692

α2 < 0 ⇒ ellipse693

α2 = 0 ⇒ parabola694

α2 > 0 ⇒ hyperbola695

Thus α2 may serve as a shape parameter; changing the value of α2 changes the shape of the curve696

in a controllable and continuous manner.697

Note that if α2 → ±∞, the rational curve P(t) becomes a parabolic rational curve. Indeed, let698

β2 = 1
α2 . Then as α2 → ±∞, β2 → 0. Therefore from Equation (3.2)699

P(t) = (N0D0−α2N1D1)+(N1D0−N0D1)α
D2

0−α2D2
1

=
(β2N0D0−N1D1)+(N1D0−N0D1)β

β2D2
0−D2

1
→ −N1D1+(N1D0−N0D1)β

−D2
1

which is parabolic rational curve, since700

C(t) = N1+βN0
D1+βD0

=
(

N1+βN0
D1+βD0

) (−D1+βD0
−D1+βD0

)
=

(−N1D1+β
2N0D0)+(N1D0−N0D1)β
−D2

1+β
2D2

0
=

−N1D1+(N1D0−N0D1)β
−D2

1

Notice too that we get the same limit curve for α2 → ±∞, though the convergence may occur at701

different rates (see Figures 9(a) and 9(i), and 10(a) and 10(i)).702

We close by illustrating this shape control with two examples (see Figures 9 and 10). In each703

example we use a fixed rational function and a fixed parameter range; we change only the value704

of α2.705
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Figure 10: Example 10.2. P(t) = 4−4t2+8tα
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and the parameter t varies from [−7, 7]. Notice the sharp transition at
α2 = 0 from the rounded curves open at the left for α2 < 0 to the asymptotic curves open at the right for α2 > 0.

31



David A Cox, Thomas W Sederberg, and Falai Chen. The moving line ideal basis of planar rational curves. Computer719

Aided Geometric Design, 15(8):803–827, 1998.720

Gerald E Farin. NURBS: from projective geometry to practical use. AK Peters, Ltd., 1999.721

Gerald E Farin and Dianne Hansford. The essentials of CAGD. Natick, MA: AK Peters, 2000.722

Ian Fischer. Dual-number methods in kinematics, statics and dynamics. CRC Press, 1998.723

Ron Goldman and Wenping Wang. Using invariants to extract geometric characteristics of conic sections from rational724

quadratic parameterizations. International Journal of Computational Geometry and Applications, 14(03):161–187,725

2004.726

Xiaohong Jia and Ron Goldman. μ-bases and singularities of rational planar curves. Computer Aided Geometric Design,727

26(9):970–988, 2009.728

Vladimir V Kisil. Erlangen program at large–2: Inventing a wheel. the parabolic one. arXiv preprint arXiv:0707.4024,729

2007.730
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