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Abstract Assembled structures are nonlinear. The sources of this nonlinearity could include 

the jointed interfaces, damage and wear, non-idealized boundary conditions, or other features 

inherent in real parts. To study these systems and to ascertain if they will be operating in a 

regime in which the nonlinearity is prominent, nonlinear system identification techniques are 

needed to assess and characterize the nature of the nonlinearity in the structure. Significant 

progress over the last few years has focused on using nonlinear system identification to identify 

damage and other deviations from idealized structures. This research reviews nine different 

methods for nonlinear system identification (restoring force surface, Hilbert transform, direct 

quadrature, zero-crossing, short-time Fourier transform, Gabor wavelet, Morlet wavelet, Morse 

wavelet, and a neural network-based algorithm) in order to assess their accuracy. The methods 

are compared by identifying characteristics of two systems: a single degree of freedom model 

of a Duffing oscillator and measured data from a jointed structure. As neural networks are not 

commonly used for system identification, multiple variations of the method are investigated to 

study its effectiveness. Perturbation analysis is conducted to see the efficacy of the different 

methods for identifying parameters across a large range of design spaces, and the advantages 

and disadvantages of each method are discussed. The primary contribution of this paper is a 

comparison on both analytical and experimental data of multiple widely used system 

identification methods, and an assessment of when each method is most and least applicable, 

specifically in the context of jointed structures. 

Keywords Nonlinear system identification, instantaneous amplitude and frequency, backbone, 

neural network 

1. Introduction 

Mechanical joints are known to have significant effects on the stiffness and damping of 

assembled structures [1], but it is a challenge to quantify their nonlinear properties. All 

assembled structures are nonlinear due to the frictional interfaces used to join the multiple 

substructures. While some structures may only be analyzed or tested in a narrow regime of their 

response space that can be characterized by seemingly linear behavior, they still are nonlinear 

structures. Thus, it is important to understand the extent of the linear regime of an assembly 

and, if the assembly is studied outside of the linear regime, what the nonlinear characteristics 

of the assembly are. Therefore, methods are needed to identify the nonlinear properties, which 

can be used to validate dynamic models of the assemblies. Various approaches have been 
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developed for modeling the dynamics of jointed structures. With regards to the constitutive 

model of a joint, there are two fundamentally different approaches [2]: a whole joint spatially 

discrete representation [3, 4] that represents the hysteretic behavior of a joint with a small 

number of phenomenological models such as Iwan elements, and a nodal representation [5] that 

connects hysteretic models, typically Jenkins elements, between each node pair in an interface. 

In both cases, parameter estimation for the joint models is non-trivial due to the large parameter-

space (for nodal implementations) or the nonphysical nature of the parameters (for 

phenomenological models). Three methods for deducing these parameters include statistical 

sampling [6], black box modeling [7], and nonlinear model testing [8]. Statistical sampling 

involves multiple simulations of the system using randomly sampled parameter sets. Parameter 

identification is conducted by identifying non-dominated sets based on the response deviation 

from experimental data [6]. Black box approaches fit an arbitrary order polynomial to a set of 

nonlinear measurements in order to develop a polynomial model of the nonlinearity of interest 

[7]. A nonlinear modal test method that relies on the extended periodic motion concept [9] was 

proposed to isolate nonlinear modes and extract modal properties [8]. These methods may 

suffer from high computational expense, sensitivity to noise, and specific requirement for 

excitation. Since an analytical solution for a jointed structure is not available, tools are needed 

for the nonlinear identification of jointed systems for use with model calibration methods [10]. 

Aside from jointed structures, nonlinearities have been used as design features, rather than 

eliminated, in mechanical design [11-13] amongst other applications. Nonlinear oscillators are 

frequently used in the field of energy harvesting and vibration control [14, 15]. Thus, it is 

necessary to identify properties and then predict dynamic behaviors in such systems. 

Nonlinearities also arise in structural health monitoring: a structure that initially behaves in a 

linear way can exhibit nonlinear behavior as damage is incurred [16]. This emphasizes the great 

importance of nonlinear identification in damage detection [17, 18], and is evident in the large 

body of work cited by the review papers [19, 20]. 

According to [19, 20], nonlinear identification methods are classified into seven categories: 

by-passing the nonlinearity (linearization), time and frequency-domain methods, modal 

methods, time-frequency analysis, black-box modeling, and structural model updating. The first 

category, linearization, should be avoided because the linearized models are only valid for a 

specific excitation level. Two promising frequency-domain approaches highlighted in [19], 

namely the nonlinear identification through feedback of the outputs (NIFO) [21] and the 

conditioned reverse path (CRP) [22], require an a priori form for the nonlinearity or 

modifications for a multi-degree of freedom ‘reverse path’ formulation to accommodate for 

uncorrelated measurements noise [22, 23]. In general, frequency-domain approaches are 

considered to have no advantage over time-domain methods at dealing with sources of 

correlated noise in the model [24], and some of them also require intensive computation [20] 

or have leakage errors [25]. Structural model updating [10] uses optimization routines to find 

the best fit parameters to model a given data set. This process is computationally intensive and 

can result in a model that provides limited insights to the response of the system outside of the 

domain of the data used for model updating. If an identification method considers data in the 

form of time series, then it is called a time-domain method. The advantage of such methods is 

that data acquisition and processing take less time and effort since the time history data can be 

directly applied in the process. Therefore, three time-domain methods are adopted here. 
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Additionally, since time-frequency methods provide a different perspective of the dynamics of 

a system, two time-frequency analysis methods are selected in this paper to study their efficacy. 

Most of these methods assume that the response only contains a single mode (but not all, 

for instance the wavelet transforms can analyze multiple modes simultaneously). Thus, in this 

paper, the signal to be analyzed is assumed to contain only a single mode. For multimodal data, 

there are methods that are more appropriate for studying multi-modal effects (i.e. mode 

coupling, internal resonance, etc.). The concept of Nonlinear Normal Mode (NNM) provides a 

better understanding of nonlinear dynamic phenomena. Several methods for calculating NNMs 

were briefly described in [26], and were classified into analytical and numerical methods. 

Recent work on extending concepts related to NNMs to damped systems was presented as a 

unified mathematical approach, known as spectral submanifolds (SSMs), in [27]. Wavelet-

bounded EMD (WBEMD) was also proposed and applied to extract intrinsic mode functions 

(IMFs) from responses [28] to characterize multi-modal systems. The well-separated IMFs 

indicate the capability of decomposing the responses, which helps to better understand the 

underlying physics and modal interactions of the nonlinear systems. 

The ultimate goal of this paper is to assess the accuracy of different nonlinear system 

identification methods for determining the nonlinear characteristics of a novel jointed structure. 

To achieve this goal, this paper compares several nonlinear identification methods for single 

mode responses: restoring force surface (RFS) [29-31], Hilbert transform (HT) [32, 33], direct 

quadrature (DQ) [34], zero-crossing (ZC) [35], short-time Fourier transform (STFT) [36], 

Gabor wavelet [37], Morlet wavelet [38], Morse wavelet [39], and a neural network (NN) [40] 

based approach. These nine methods are applied to two different systems in order to assess their 

efficacy. The first system, a Duffing oscillator [41], is described in Section 2 and is used to 

study the performance of the methods when an exact solution is known. The methods are then 

detailed and applied to the Duffing oscillator example in Sections 3 and 4. In Section 5, the 

methods are applied to experimental data from the second system, a jointed beam, in order to 

assess their performance in a real, multimodal structure. Conclusions are provided in Section 6. 

2. Problem Definition 

The first test signal analyzed in this paper is the free decay response of a single degree of 

freedom (SDOF) Duffing oscillator whose equation of motion is expressed as 

 ( ) ( ) ( ) ( )3 0mx t cx t kx t x t+ + + = ,  (1) 

with acceleration ( )x t  , velocity ( )x t  , displacement ( )x t  , mass m  , damping c  , linear 

stiffness k , and nonlinear stiffness  . Here, the parameters are set as 1 kgm = , 0.2 N s/mc =  , 
24  N/mk =  , 

35 N/m =  , with the initial conditions ( )0 5 mx =  , ( )0 0 m/sx =   and a sampling 

frequency s 50 Hzf = . The parameters chosen for the Duffing system are based on a preliminary 

study [41]. The Duffing oscillator is chosen here in order to study the accuracy of the different 

methods on a problem where the exact solution is known. For measured data from jointed 

structures (which can behave linearly, exhibit softening behavior [1], exhibit stiffening behavior 

[1], or both for the same mode [1]), the exact solution is often unknown. 

The analytical backbone curve ( )A  is obtained by the first order perturbation analysis 

[41] 
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and the equivalent viscous damping ratio is assumed to be independent of the displacement 

response amplitude A  (also the called envelope of response) [41] 

 ( )
2

c
A = . (3) 

The natural frequency of the underlying linear system is included in Eq. (2) as 0 /k m = . It 

should be noted that A   is a function of time, namely ( )A A t=  . Figure 1 shows the 

displacement response that the analyses in the following sections are conducted on. In the 

following analyses, the backbone curve is composed of the instantaneous frequency (IF) and 

instantaneous amplitude (IA) that are calculated by each method, and it is fitted to identify the 

parameters of the system using Eqs. (2) and (3). 

 

Fig. 1 Displacement response of the Duffing system. 

3. Methods 

In this section, eight methods are briefly reviewed and adopted to identify the parameters 

of the Duffing oscillator, including the linear stiffness k , nonlinear stiffness  , and damping 

c , based on the test signal given in Section 2. The process of each method is presented and the 

identification results are provided along with the advantages and disadvantages. 

3.1 Restoring Force Surface  

The method of RFS was first proposed in [29], and is also called force-state-mapping [31]. 

Since parameters can be directly and easily estimated using the measured response, it has been 

applied to many nonlinear systems in engineering, such as an experimental analysis of an 

aerospace structure [42]. The RFS can be directly used to judge the characteristics of the system, 

which is a simple and intuitive process. The equation of motion of a nonlinear SDOF system 

can be written as 

 ( ) ( ) ( )( ) ( )r ,mx t f x t x t p t+ = , (4) 

where ( )r ,f x x  denotes the restoring force that is the function of both displacement and velocity. 

The restoring force can be obtained by rearranging Eq. (4), where the external force, the mass, 

and the acceleration must be known. With respect to the case with no external forced applied, 
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the restoring force can be calculated via 

 ( ) ( )r ,f x x mx t= − . (5) 

The difference between a linear and nonlinear system is that the RFS of a linear system is 

a plane, while for a nonlinear system the surface is curved. Figure 2 represents the RFSs of a 

linear and a nonlinear system. It can be seen that Fig. 2 (a) corresponds to the linear system and 

Fig. 2 (b) is obtained from the nonlinear system. Therefore, whether the system is linear or 

nonlinear can be assessed from its RFS. 

 

Fig. 2 The RFS for (a) a linear system, and (b) a nonlinear system with a cubic stiffness. 

The restoring force can be approximated by a polynomial of displacement and velocity, 

which can be expressed by 

 ( )
d v

r

0 0

,
n n

i j

ij

i j

f x x q x x
= =

= . (6) 

Here, 
dn  and 

vn  are the highest order for displacement and velocity, respectively, and ijq  

is the coefficient to be estimated. After the displacement, velocity, and acceleration are obtained, 

Eqs. (5) and (6) are combined to identify system parameters using a least square algorithm. The 

relative error is adopted here to present the identification results 

 
ĥ h

e
h

−
= , (7) 

in terms of an identified parameter ĥ  and a theoretical value h . Setting 
d v 4n n= = , the errors 

for k ,  , and c  (are calculated by the polynomial fitting shown in Eq. (6)) are given in Table 

1 (in Section 3.7). 

3.1.1 Preliminary Discussion of the Restoring Force Surface 

To use the RFS for identifying parameters, displacement, velocity, and acceleration have 

to be known. This means that more information is required if the identification of parameters 

is to be conducted via the RFS method. If only one of the necessary inputs is obtained, then 

differentiation and/or integration can be used to calculate the other two. The accuracy of 

differentiation and/or integration directly affects the accuracy of identification. More detailed 

discussion can be found in [43]. Additionally, the mass has to be known or assumed before 

identification, which may be difficult to accomplish for real structures. In the case where the 

displacement, velocity, and acceleration are known, the RFS is shown to be the most accurate 

method tested in this paper, as discussed in Section 3.7. 
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3.2 Hilbert Transform 

The HT method was extensively developed by Feldman [32, 33] and was subsequently 

applied to the identification of nonlinear systems [44-46]. The HT method is sometimes 

combined with empirical modal decomposition (EMD), which decomposes a signal into a finite 

number of IMFs (intrinsic mode functions) [47]. One common use of EMD is the application 

to a signal with multiple frequency components since the signal can be decomposed into IMFs 

that admit well-behaved HT. An entire nonlinear system identification (NSI) procedure has 

been developed based on EMD in [48]. In [49], the HT was applied to the IMFs of the transient 

response of an experimental bridge model so as to detect and locate the damage. Hilbert-Huang 

transform (HHT) is performed by the combination of EMD and HT to accomplish the analysis 

of a multi-frequency signal [47, 50]. Denoting the HT of a signal ( )x t  as ( )x t , the analytical 

signal ( )X t  is the sum of the original signal and its HT [33] 

 ( ) ( ) ( )jX t x t x t= + , (8) 

where j 1= − . Since the analytical signal is complex, it can be written in polar coordinates as 

 ( ) ( ) ( ) ( ) ( ) ( )j
cos jsin

t
X t X t t t A t e


 = + =   . (9) 

This equation is dependent upon three (potentially) nonlinear terms: the IA ( )A t , instantaneous 

phase ( )t , and IF ( )t  

 ( ) ( ) ( ) ( )2 2=A t X t x t x t= + , (10) 

 ( )
( )

( )
arctan

x t
t

x t
 = , (11) 

 ( )
( )d

d

t
t

t


 = . (12) 

After the IA and IF are obtained, the viscous damping ratio is computed by [32] 

 ( )
( )

( )

( )

( )2

A t t
t

A t t





= − − . (13) 

In discrete or practical signal processing, the IF commonly shows fluctuation in the two 

sides, i.e. end effects [51]. This means that the IF obtained needs to be smoothed. There are 

many methods that can be used to smooth the result of HT [52]. Here, EMD, based on the local 

characteristic time scale of the signal, is used to decompose the signal into IMFs. Since the first 

IMF usually carries the shortest wavelength (high frequency) components, EMD can be 

conducted to remove high frequency components. In other words, EMD is able to serve as a 

lowpass filter. It is worth mentioning that the application of EMD to the signal will not lead to 

any phase shift, which is an advantage of using EMD. Thus, the trend line of a signal can be 

separated from the high frequency components (noise) through EMD. In this paper, EMD is 

applied to the raw calculated IF and/or IA (as noted for each method) so as to extract the trend 

line(s) of the instantaneous curve(s). 

In the following example, EMD is applied to the IA and IF over the interval of 2 to 25 s in 

order to reduce the end effects of the HT. The results of both the HT and the smoothed HT are 
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shown in Fig. 3. The smoothed results are used to identify parameters by Eqs. (2), (3), and (13). 

In all subsequent analyses, Eq. (13) is used to calculate the viscous damping for each 

example. For each of the methods, the ( )A t  and ( )t  used in Eq. (13) are determined by the 

specific method. That is, only in applying the HT are Eqs. (10) and (12) used in Eq. (13); other 

methods have alternative calculations for ( )A t  and ( )t , which are given for each method. 

 

Fig. 3 System identification using the HT, showing the (a) time response, (b) IF, (c) backbone 

curve, and (d) damping curve. Both the non-smoothed data (green) and smoothed data (red) are 

shown, along with the reference (dashed line) where appropriate. 

Figure 3 compares the smoothed HT data with the non-smoothed. The end effects of the 

HT are evident throughout. For both the backbone curve and the damping ratio, the results are 

plotted against the reference value (using Eqs. (2) and (3)). Since the damping curve is 

calculated from the smoothed amplitude and frequency, Fig. 3 (d) only shows the estimated 

damping curve from the smoothed data, along with the reference one. The smoothed HT of the 

data shows that the IF decreases with the decreasing amplitude, which highlights the nonlinear 

characteristics of the system (Fig. 3 (b)). In Fig. 3 (c), the backbone estimated by the smoothed 

HT shows qualitative agreement with the reference solution; however, error between the 

estimate and reference increases with amplitude from approximately 0.07% at the IA of 1 m to 

9.95% at the IA of 4 m. The end effects of the HT are particularly evident in Fig. 3 (d) where 

the estimate deviates from the reference solution at both high and low IA. After using the 

smoothed HT, Eqs. (2), (3), and (13) are applied to the IA and IF to estimate the parameters. 

The identification errors for k ,  , and c  can be seen in Table 1 (in Section 3.7).  

3.2.1 Preliminary Discussion of the Hilbert Transform 

Generally, in the literature, the HT method is considered one of the most reliable methods 

that can be used to obtain the backbone curve of nonlinear systems [19]. For this example, it is 

shown that the HT method can provide relatively accurate identification results of the 

parameters. However, since the end effects always exist in the HT method, the truncation of 

data is necessary for improving the identification accuracy. The truncation should be applied 

before smoothing so that the extraction of the trend lines will not be affected significantly by 
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the end effects. 

If the trend lines of the IF and IA are accurately extracted, then the identification results 

will be satisfactory. This means that the identification results largely depend on the extracted 

trend lines. Therefore, manual manipulation is required with the HT when smoothing IF and 

IA, necessitating more time and labor. 

3.3 Direct Quadrature 

An empirical normalization scheme was proposed by Huang et al. [34] to separate the 

amplitude modulation (AM) component and the frequency modulation (FM) component of a 

signal through a multi-step process. First, the local maxima of the absolute value of the original 

signal ( )x t  are extracted and fitted with a cubic spline ( )1e t  that is the envelope of the entire 

response. The signal is then normalized using 

 ( )
( )

( )
1

1

x t
y t

e t
= . (14) 

The process is repeated (typically less than three times) until all of the values of the 

normalized signal are between  1,1− , as follows: 

 

( )
( )

( )

( )
( )

( )

1

2

2

1

,

,
n

n

n

y t
y t

e t

y t
y t

e t

−

=

=

 (15) 

where ( )ie t  is the envelope of the ith normalization step. The result of this normalization is 

the FM component of the signal, i.e. 

 ( ) ( )nF t y t= . (16) 

The AM component (i.e. the IA ( )A t ) is calculated from 

 ( )
( )

( )

x t
A t

F t
= . (17) 

Since the FM component is sinusoidal ( ( ) ( )( )sinx t t= ), the IF can be calculated via 

 ( ) ( )( )
d

arccos
d

t F t
t

  =   . (18) 

After normalization, Eq. (18) is applied only for points whose absolute values are smaller 

than 0.9 while points with higher absolute values are interpolated with a cubic spline. This 

procedure provides a good estimation of the IF. However, in order to avoid distorted results, the 

interpolation should not be applied over a long interval. 

After using Eqs. (17) and (18) to calculate ( )A t  and ( )t , EMD is performed to smooth 

the results obtained by the DQ in the interval of 2 to 25 s, just as for the HT method. The results 

of both the DQ and the smoothed DQ are shown in Fig. 4. The smoothed results are used to 

identify parameters by Eqs. (2), (3), and (13). 
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Fig. 4 System identification using the DQ, showing the (a) time response, (b) IF, (c) backbone 

curve, and (d) damping curve. Both the non-smoothed data (green) and smoothed data (red) are 

shown, along with the reference (dashed line) where appropriate. 

The smoothed IA and IF by the DQ are compared with the non-smoothed ones in Fig. 4 

(a) and Fig. 4 (b). The backbone (in Fig. 4 (c)) shows similar errors as the HT method. The 

error between the estimate and reference increases with amplitude from approximately 0.03% 

at the IA of 1 m to 8.14% at the IA of 4 m. The end effects of the DQ are visible in Fig. 4 (d) 

where the estimate deviates from the reference solution at high IA, but less so at low IA, which 

is different from the HT. Overall, the results of the HT and the DQ are very similar. The errors 

for the identified k ,  , and c  can be found in Table 1 (in Section 3.7).  

3.3.1 Preliminary Discussion of the Direct Quadrature 

The procedure for the DQ method is similar to that of the HT method: smoothing 

operations are required for both the IA and the IF. Also, the DQ suffers from end effects that 

may be caused if the data at the beginning or the end of ( )F t  are not within the interval of 

 0.9,0.9− . One additional challenge for the DQ method is due to the cubic spline interpolation 

for normalized data points with magnitudes greater than 0.9. If a significant amount of the 

normalized data in the time signal are over 0.9, the interpolation may have poor accuracy. 

Consequently, small deviations in the interpolation can lead to large difference in the IF due to 

the application of inverse trigonometric functions (see Eq. (18)). 

3.4 Zero-crossing 

Among the several ZC methods, [35] proposed a zero-crossing method that is combined 

with a standard interpolation algorithm (hereafter referred to as the zero-crossing plus 

interpolation, ZCPI, method). The ZCPI method is used here to estimate the IF and IA from the 

time history of the response. The ZCPI method has been successfully applied previously to 

calculate the frequencies of a spinning membrane from the time history of deflection [53], and 
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to estimate the nonlinear parameters of a wing-nonlinear pylon inspired test structure from 

experimental data in [54]. 

In the ZCPI method, the IF is determined by the inverse of the period over one complete 

vibration cycle. This is achieved by first finding all of the time instants t  at which the signal 

crosses zero. Next, the IF is calculated as the reciprocal of the difference between two time 

instants as 

 ( )
1

2
i

i i

t
t t




+

=
−

. (19) 

The amplitude ( )A t  is obtained by interpolation at the time instants t . Note that the number 

of ( )A t  and ( )t  is much smaller than the total number of points of the response ( )x t , 

since the time instant t  is where the signal crosses zero. The ZCPI method is applied to the 

test signal and the results are shown in Fig. 5. 

 

Fig. 5 System identification using the ZCPI (red), showing the (a) time response, (b) IF, (c) 

backbone curve, and (d) damping curve. The reference lines are dashed. 

The error between the estimate and reference backbone, shown in Fig. 5 (c), increases with 

amplitude from approximately 0.31% at the IA of 1 m to 10.70% at the IA of 4 m. To get a 

better damping curve, the IA and IF have to be interpolated. Therefore, the number of points in 

Fig. 5 (d) is the same as the total number of response points. Since there is no end effect in the 

ZCPI, the damping curve deviates from the reference one by a small percentage at all IA levels. 

As for the HT and DQ, system parameters are estimated by the interpolated IA and IF in the 

interval of 2 to 25 s using Eqs. (2), (3), and (13). The errors for k ,  , and c  are given in 

Table 1 (in Section 3.7). 

3.4.1 Preliminary Discussion of the Zero-crossing Plus Interpolation 

The ZCPI is an efficient method since there are fewer data in the IF and IA. Also, the 

process of the ZCPI directly gives the IA and IF. Unlike the HT and DQ, there is no need to 

extract trend lines, which means no manual operation is required. Additionally, no end effect is 

present in the IA or IF. However, interpolation has to be conducted in ( )A t  and ( )t  in order 
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to give better identification results of the parameters, especially for damping. 

3.5 Short-time Fourier Transform 

The STFT is a time frequency method [36] that is based on the idea of applying a Fourier 

transform (specifically, a FFT algorithm) on windowed segments of the signal. In this way, it 

linearizes the signal through the FFT algorithm over a window length that provides frequency 

information for a specific window size. By defining multiple windows across the entire time 

history, the evolution of the linearized response is able to be captured (see Fig. 6). Based on the 

STFT, diagnostic techniques have been developed to extract fault features [55] and to extract 

the instantaneous fault characteristic frequency [56]. The ‘spectrogram’ function in MATLAB 

is used to present the spectrogram of the response. The spectrogram of the frequency varying 

with time can be seen in Fig. 6. 

 

Fig. 6 The spectrogram of the STFT result. The red line indicates the IF. 

Although no smoothing is required, the IA and IF obtained by the STFT have to be 

interpolated in order for the system parameters to be identified. The interpolated results of the 

STFT are presented in Fig. 7. 

 

Fig. 7 System identification using the STFT (red), showing the (a) time response, (b) IF, (c) 

backbone curve, and (d) damping curve. The reference lines are dashed. 

It can be seen in Fig. 7 (a) that the IA obtained by the STFT does not fit the response well 

at the beginning, and Fig. 7 (b) shows that it does not perform well at the end. Thus, the error 
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between the estimate and the reference backbone curve, displayed in Fig. 7 (c), reaches about 

1.69% at the IA of 1 m, and 6.72% at 4 m. Since there is no visible end effect in the STFT, the 

damping curve shown in Fig. 7 (d) deviates from the reference one with similar extent across 

all amplitudes. The parameters are identified based on the IF and IA in the interval of 2 to 25 s. 

The errors for k ,  , and c  are given in Table 1 (in Section 3.7).  

3.5.1 Preliminary Discussion of the Short-time Fourier Transform 

The STFT does not perform very well at the beginning of extracting the IA and at the end 

of extracting the IF. This means that the IA and IF may not be accurately esitmated. Although 

there is no need to extract trend lines in the STFT, it still takes more time than the ZCPI since 

the Fouirer transform has to be applied on multiple windowed segments of the response signal. 

The windows for the STFT algorithm are dependent upon two parameters: the window 

length and the number of windows across the time history. The window length range should 

not be set too small as that will lead to noisy information; however, it should also not be set too 

large, since the signal will be linearized by the FFT algorithm if there are only two or three 

segments to be analyzed. The number of windows has an influence on the time resolution, and 

should be set sufficiently high such that the entire time history is spanned by the set of windows 

used. Here, the Hanning window is chosen since it performs better than other types of windows 

(i.e. Boxcar, Hamming, etc.) for this system [57]. These considerations of the window type and 

size make automation of the STFT algorithm difficult. 

3.6 Wavelet Transform 

Similar to the STFT, the wavelet transform (WT) is also a time-frequency method. WTs 

are inner products of a signal and a family of wavelets. Refer to [37] for background on time-

frequency analysis and the WT, and an overview of applying the WT in nonlinear systems can 

be found in [58]. In this subsection, three different wavelets are applied to extract the features 

of the Duffing oscillator. 

3.6.1 Gabor Wavelet 

As one of the main types of the wavelets, the Gabor wavelet is widely used, such as in the 

analysis of experimental data from rotor blades [37]. Here, the Gabor wavelet [37] is applied 

to process the test signal and identify the parameters based on the processed data. The 

spectrogram obtained by the Gabor wavelet is shown in Fig. 8. 

 

Fig. 8 The spectrogram of the Gabor wavelet result. The black line indicates the IF. 
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Similar to the process of the STFT, the IA and IF obtained by the Gabor wavelet have to 

be interpolated. The identification of parameters can be conducted according to the interpolated 

IA and IF, and the results are shown in Fig. 9. 

 

Fig. 9 System identification using the Gabor wavelet (red), showing the (a) time response, (b) 

IF, (c) backbone curve, and (d) damping curve. The reference lines are dashed. 

It can be seen in Fig. 9 (a) that the IA is poorly obtained by the Gabor wavelet, especially 

at the beginning of the time history. Therefore, the error between the backbone curves shown 

in Fig. 9 (c) is over 3.22% at the IA of 1 m, and the error in the IA of 4 m is 8.48%. Since the 

IA obtained by the Gabor wavelet is larger than the actual response amplitude, most points of 

the damping curve in Fig. 9 (d) are smaller than the reference value. The parameters are 

identified based on the IF and IA in the interval of 2 to 25 s. The identification errors for k , 

 , and c  are provided in Table 1 (in Section 3.7).  

3.6.2 Morlet Wavelet 

Similar to the process of the Gabor wavelet, the Morlet wavelet [38] is applied to process 

the test signal and identify the parameters based on the processed data. The spectrogram 

obtained by the Morlet wavelet is shown in Fig. 10, and the IA and IF obtained by the Morlet 

wavelet are interpolated. The identification of parameters can be conducted according to the 

interpolated IA and IF shown in Fig. 11. 

 

Fig. 10 The spectrogram of the Morlet wavelet result. The black line indicates the IF. 
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Fig. 11 System identification using the Morlet wavelet (red), showing the (a) time response, (b) 

IF, (c) backbone curve, and (d) damping curve. The reference lines are dashed. 

It can be seen in Fig. 11 (a) that the IA is well obtained by the Morlet wavelet, except for 

the beginning of the time history. The error between the backbone curves shown in Fig. 11 (c) 

is about -0.66% at the IA of 1 m, and -9.02% at 4 m. The parameters are identified based on the 

IF and IA in the interval of 2 to 25 s. The identification errors for k ,  , and c  are provided 

in Table 1 (in Section 3.7).  

3.6.3 Morse Wavelet 

Similar to the procedures above, the spectrogram obtained by the Morse wavelet [39] is 

shown in Fig. 12. The identification of parameters can be conducted according to the 

interpolated IA and IF (Fig. 13). It can be seen from Fig. 13 (a) that the IA obtained is similar 

to that of the Morlet wavelet. The error between the backbone curves shown in Fig. 13 (c) is 

over -0.59% at the IA of 1 m, and -8.24% at 4 m. Provided in Table 1 (in Section 3.7), the 

identification errors for k ,  , and c  of the Morse wavelet are close to those of the Morlet 

wavelet. 

 

Fig. 12 The spectrogram of the Morse wavelet result. The black line indicates the IF. 
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Fig. 13 System identification using the Morse wavelet (red), showing the (a) time response, (b) 

IF, (c) backbone curve, and (d) damping curve. The reference lines are dashed. 

3.6.4 Preliminary Discussion of the Wavelets 

All of the three wavelets can be used to obtain the IF well, but they do not perform as well 

in extracting the IA, especially at the beginning of the time history. More specifically, the IA of 

the Gabor wavelet is far from satisfactory, which means that the identification of the parameters 

will be inaccurate, especially for damping. The results of the Morlet and Morse wavelet are 

close to each other, leading to the similar identificaiton errors of the parameters. 

3.7 Comparison of the Different Methods 

Table 1 shows the identification results of each of the eight methods discussed in Section 

3. In estimating k , all of the methods perform quite well. For the identification of  , the 

methods do not seem to perform well, except the RFS method. All of the methods except the 

Gabor wavelet result in accurate identification of damping. The main reason why the Gabor 

wavelet does not identify damping well is due to the poor extraction of the IA. The STFT 

performs the best in the identification of the viscous damping parameter. Although the damping 

shown in Fig. 7 does not qualitatively appear to be the best, it averages out the error since the 

estimate deviates from the reference with similar extent on both sides. Overall, the RFS method 

gives the best identification for the three parameters. These results are similar to what was 

reported in [41] (shown in Table 2). Even though several of the same methods were used in 

both studies, the reported errors show some variation due to the computational implementation 

of the methods. 

Table 1. Identification errors of different methods. 

       Error (%) 

Method 
k̂  ̂  ĉ  

RFS 0.98 -6.05 -0.42 
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Table 2. Identification errors of different methods in the preliminary study [41]. 

 

 

 

 

 

 

 

 

There are different approaches to deal with the end effects in HT method. One common 

way is to incorporate mirroring as demonstrated in [59]. After applying HT to the expanded 

signal, results of frequency and damping can be seen in the following. 

 

Fig. 14 System identification by applying HT to the expanded signal, showing the (a) time 

response, (b) IF, (c) backbone curve, and (d) damping curve. Both the non-smoothed data (green) 

and smoothed data (red) are shown, along with the reference (dashed line) where appropriate. 

It can be seen that the end effects in the raw result of frequency in Fig. 14 (b) are reduced 

compared to those in Fig. 4 (b); however, since the ultimate identification result involves 

averaging, there is no obvious improvement in the identified parameters based on the HT result 

of expanded signal. The identification error for k ,  , and c  is 2.59%, -18.23%, and -0.36%, 

respectively.  

There are several alternatives to the methods described above that are not detailed here. 

HT 2.70 -17.66 -0.70 

DQ 2.91 -19.12 0.62 

ZCPI 2.71 -23.68 0.76 

STFT 6.03 -14.79 -0.13 

Gabor wavelet -8.56 -15.47 -18.09 

Morlet wavelet 1.19 -17.62 -0.65 

Morse wavelet 1.21 -15.44 -1.31 

       Error (%) 

Method 
k̂  ̂  ĉ  

RFS 10.59 -8.04 2.45 

HT -0.93 -23.4 -2.5 

DQ 1.62 -29.8 -2.6 

ZC 0.76 -27.2 10 

STFT -8.25 -13.4 -2.2 
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Principally, the features of the frequency-amplitude and damping-amplitude curves are 

extracted here (following the analysis) using EMD in order to achieve smoothed results. Instead, 

a lowpass filter or principal component analysis could have been used; however, both of these 

methods were found to introduce error in the phase or amplitude of the system. Serendipitously, 

the errors can average out. For this specific example, applying a lowpass filter to smooth the 

results calculated by HT [28] yields identification error for k ,  , and c  of 2.05%, -16.90%, 

and -0.09%, respectively. However, as can be seen in Fig. 15, there are systematic errors in the 

amplitude calculations. Table 3 gives the identification results of HT with different 

postprocessing procedures, including EMD applied to the HT of the original signal, EMD 

applied to the HT of the expanded signal, and lowpass filter applied to the HT of the original 

signal. 

 

Fig. 15 System identification by applying HT to the signal with lowpass filtering to smooth the 

results, showing the (a) time response, (b) IF, (c) backbone curve, and (d) damping curve. Both 

the non-smoothed data (green) and smoothed data (red) are shown, along with the reference 

(dashed line) where appropriate. 

Table 3. Identification errors of HT with different postprocessing procedures. 

 

 

 

 

 

 

4. Neural Network 

With the rapid development of machine learning, extensive research has been carried out 

on NN (neural network) based models. A review of natural computing in [40] overviews the 

theory of some common methods in the context of mechanical systems, including NNs, which 

is also noted as artificial neural networks (ANNs). NNs have been successfully used in 

                Error (%) 

Signal & Postprocessing 
k̂  ̂  ĉ  

Original + EMD 2.70 -17.66 -0.70 

Expanded + EMD 2.59 -18.23 -0.36 

Original + lowpass 2.05 -16.90 -0.09 
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mechanical applications such as damage detection in cantilevered beams using experimental 

data [60] and calculating the vibration characteristics of long span bridges [61]. In [62], a NN 

approach was employed to identify parameters for an adjusted Iwan beam elements; however, 

NNs have not been widely applied to the problem of nonlinear system identification. 

In the present work, the use of NNs is challenged by a scarcity of data. As is well known, 

NNs work best when there is a large amount of available training data [63]. Here, however, the 

ultimate goal is to apply the NN to a novel experimental jointed system that has no known truth 

solution. In this scenario, what insights to the true parameters describing the system can the NN 

provide? This leads to the related question of ‘How can you train a NN with insufficient data?’ 

While this is a much more extensive topic than discussed in this paper (see, for instance [64]), 

some initial observations are made in what follows for the perspective of understanding how 

NNs can influence parameter identification for novel systems with no truth data.  

4.1 Description & Method 

One NN that has received the most attention is the backpropagation (BP) algorithm [65]. 

Here, the BP algorithm in MATLAB is used to train networks so that expected parameters or 

output can be predicted from the response. The input to the network is the time history response 

of the system and the output from the network are the parameters of the system. As with other 

NNs, the accuracy of the method is dependent upon having a large set of data for the training 

of the NN. 

For the system presented in Section 2 (see Eq. (1)), time histories of multiple realizations 

of the systems were used to train the NN. These realizations varied the system parameters by 

uniformly sampling each variable with  20,56  N/mk   ,   32,20  N/m   , and 

 0.12,0.3  N s/mc    (with 10 samples per variable). This resulted in 1000 combinations of 

parameters. The time history responses of these 1000 systems were obtained with the same 

initial conditions, sampling frequency, and sampling time as those given in Section 2. Then the 

1000 responses and their corresponding combination of parameters ( k ,  , c ) were used as 

input and output in training the NN. Since each of the time history responses has 1500 points 

in all, it was divided into several segments, each containing 100 points. That is to say, one 

response was treated as 15 samples. Therefore, there were 15000 (15×1000) samples used as 

the input to train the NN. The parameters corresponding to each sample were treated as the 

output in the training of the NN. Once the NN was trained, it was used to predict the properties 

of a system with stochastically sampled parameters. 

This paper considers two different methods to train the NN. The first is training only one 

network to identify the three parameters at the same time. This means that after this network is 

trained, the three parameters can be identified simultaneously if the response of a new system 

is given as the input. The second way is training three networks for respective estimation of the 

three parameters. This means that three networks will be trained for the three parameters 

respectively. After these three networks are trained, the three parameters can be identified 

respectively using the corresponding network if the response of a new system is given as the 

input. In this paper, identifying parameters simultaneously is denoted as NNS and identifying 

respectively is NNR. There are many other methods to train a NN aside from these; however, 
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that is not the focus of the present work. The procedure of the network training and parameter 

estimating is shown in Fig. 16. 

 

Fig. 16 Flow chart of training networks and estimating parameters. 

4.2 Perturbation Analysis 

In order to explore how the training range affects the accuracy of identification, the test 

parameters are chosen with different perturbations for the new systems to be blindly predicted. 

For example, when the perturbation percentage is 5%, then   is stochastically sampled from 

a uniform distribution of  min max0.95 ,  1.05   , where min  is the minimum of the trained 

  and max  is the maximum of the trained  . This is the same for all of the three parameters. 

Under every perturbation, there will be 500 sets of parameters to be estimated. The error of 

each perturbation is defined as follows 

 
1

n

ij

j

i

e

E
n

=
=


, (20) 

where 500n =  is the number of test signals in each case of perturbation, i is the perturbation 

percentage, and eij is the relative error of the jth test signal in the case of i% perturbation and 

can be calculated using Eq. (7). 

The NNS and NNR are applied to the same set of test inputs, and the error of each 

perturbation is calculated. These errors are directly compared to the methods described in 

Section 3 so that comparison can be made between the NN and other methods. 
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Fig. 17 Sensitivity analysis for parameter identification for five different methods: the NNS, 

NNR, HT, DQ, and ZCPI. Shown are the (a) identification results of k , (b) identification results 

of  , and (c) identification results of c . 

In Fig. 17, the identified errors of k ,  , and c  under each perturbation are presented 

for five different methods: the NNS, NNR, HT, DQ, and ZCPI. The STFT and wavelet methods 

are not included in this comparison because their overall performance in identifying the Duffing 

oscillator is not satisfactory. The identification results of the HT, DQ, and ZCPI are similar to 

each other. The errors of k  and   are less than 40% under each perturbation of the three 

methods, and the results of damping are satisfactory with the errors no more than 3%. 

Interestingly, the error in calculating c  is much lower than for k  or  . To explain this, 

take the results of the ZCPI as an example. As can be seen from Fig. 5 (c), the calculated 

backbone curve deviates from the reference curve on only one side. By contrast, the calculated 

damping curve in Fig. 5 (d) deviates from the reference curve on both of the two sides. Since 

the identified parameters are averaged values based on the calculated curves, the identified 

damping enjoys the highest accuracy of the three parameters. 

The two networks, namely the NNS and NNR, show the same trend in identification error: 

the greater perturbation with respect to the training range, the higher the identification error is. 

More specifically, the NNR gives better results than the NNS, which means different networks 

should be trained to identify different parameters separately, instead of training one network for 

estimating all of the parameters simultaneously. 

4.2.1 Preliminary Discussion of the Neural Network 

When using the NN, the parameters can be directly estimated from the time history 

response without calculating the IF or IA, which is different from the other methods of Section 

3. For the HT, DQ, and ZCPI, the response is first used to calculate the IF and IA, and then the 

identification is based on the calculated IF and IA from 2 to 25 s. By contrast, no truncation is 

required with the NN. Although it is easy to predict parameters from the response by the NN, 

the input and the output in training the NNs have to be prepared before training, which is not 

required in the other methods. Addtionally, training the NNs is computationally intensive. 

According to the results highlighted in the perturbation analysis, the accuracy of the 

identification through NN relies on the extent to which the parameters are out of the training 

range. 
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4.3 Sensitivity to Perturbations 

As can be seen from Fig. 17 (a), the identification error of k  by the HT, DQ, and ZCPI 

methods increases with the perturbation percentage, which is unexpected. As the bounds were 

arbitrarily chosen, the errors were expected to be approximately constant, like those shown in 

Fig. 17 (b). To investigate the source of this trend, this section studies the sensitivities of the 

methods to the nonlinearities. 

As an example, the identification results for the 20% perturbation are highlighted in Fig. 

18, showing the errors of the three parameters ( k ,  , and c ) varying with the ratio of / k  

for the HT, DQ, and ZCPI methods. 

It can be seen from Fig. 18 that the identification errors of k  and   increase with the 

ratio of / k . This, therefore, implies that the ratio may influence the identification results. If 

the ratio is limited to / 0.15k  , then the error for these three methods is constant. 

 

Fig. 18 Identification errors of the three parameters in the case of 20% perturbation: (a) 

identification results of HT, (b) identification results of DQ, and (c) identification results of 

ZCPI. 

The above figure highlights the identification errors of the three parameters ( k ,  , and 

c ) varying with the ratio of / k  for the HT, DQ, and ZCPI methods in the case of 20% 

perturbation. It is clear that the identification errors of k  and   increase with the ratio of 

/ k . In other words, the larger the ratio of / k , the larger the identification errors of k  and 

 . Since   is the nonlinear stiffness and k  is the linear stiffness, this means the accuracy of 

the three methods are affected by the nonlinearity of the system. 

Figure 19 presents the errors with / 0.15k    for the HT, DQ, and ZCPI methods 

compared to the NNs. The errors of the three parameters all show approximately constant values 

for the HT, DQ, and ZCPI methods. This means the ratio of / k  does affect the accuracy of 

identification. Thus, the three methods (the HT, DQ, and ZCPI) are likely to exhibit larger errors 

for strongly nonlinear systems. 
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Fig. 19 Sensitivity analysis for parameter identification when / 0.15k   for the five methods: 

NNS, NNR, HT, DQ, and ZCPI. Shown are the (a) identification results of k , (b) identification 

results of  , and (c) identification results of c . 

5. Application to Experimental Data 

5.1 Experimental Description & Reference Solutions 

In this section, the free decay responses of a Brake-Reuß beam (BRB) [1] were measured 

with impact forces of 100 N and 700 N. The BRB is a prismatic 304 stainless steel beam joined 

in the middle via a three bolt lap joint (Fig. 20), with each bolt tightened to 20 Nm in the 

following study. The response of the BRB is typical of jointed structures: as the excitation 

amplitude increases, the natural frequency (interfacial stiffness) decreases and the damping 

increases (due to the transition from stick to microslip in the interface). Ten accelerometers 

were distributed on the beam, shown in Fig. 20. Hammer tests with different impact forces were 

conducted using a 2 mV/N Modal Impact Hammer with a plastic tip and having an approximate 

roll off frequency of 3 kHz on the experimental system. The impact hammer location in Fig. 20 

was chosen based off of previous experimental modal analysis of this system in order to ensure 

that the first five flexible body modes were well excited [66, 67]. The responses were measured 

with five 100 mV/g uniaxial accelerometers (placed at point 1, 2, 7, 8, and 9) and five 10 mV/g 

triaxial accelerometers (placed at point 3, 4, 5, 6, and 10) for 5 s with sampling frequency of 

6400 Hz. The measured data was modally filtered and then filtered using a fourth order 

butterworth bandpass filter with a cutoff frequency of 180 Hz to obtain the first modal response. 
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Fig. 20 Geometry of the BRB with accelerometer attachment points and impact location 

indicated in the (a) side view and (b) top view. 

 
Fig. 21 The filtered modal response of the BRB for a (a) 100 N impact, and (b) 700 N impact. 

As can be seen from the insets in Fig. 21, the filtering has influence on the beginning of 

the responses. Thus, the first 0.05 s are excluded. Moreover, to have high a signal-to-noise ratio, 

the responses are truncated at 2.2 s. 

More details can be found in the previous work [68]. In what follows, it is assumed that 

the signal contains only a single mode as the methods discussed are primarily for studying 

single mode responses. For multimodal data, particularly for nonlinear systems that might have 

modal interactions, other methods are more appropriate for studying the mode coupling, such 

as NNM [26], SSM [27], or wavelet identification [28]. 

5.2 Analysis Without the Neural Networks 

The responses shown in Fig. 21 are analyzed using the aforementioned methods except 

the RFS method. The time-intervals are further reduced to 0.2-1.9 s in order to avoid end effects. 

The reference response for the IF, IA, and damping is calculated via a modified HT method that 

averages the response of multiple experiments to estimate the true response of the system [10] 

(this method was further validated via numerical analysis in [10] as well). 

Here, the results of the STFT are presented as an example. Figures 22-23 compare the 

backbone curves and damping curves obtained by the STFT with the reference curves at both 
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low and high impact levels. The relative error of the IF and the absolute error of the damping 

ratio are calculated. 

 

Fig. 22 Backbone curves obtained by the STFT (red line), and the reference (black dashed line) 

for the (a) 100 N test, and (b) 700 N test. 

 

Fig. 23 Damping curves obtained by the STFT (red line), and the reference (black dashed line) 

for the (a) 100 N test, and (b) 700 N test. 

The same procedures are followed for the other methods. Figures 24-25 show the deviation 

of the IF, damping ratio, and IA. Relative errors of the IF are calculated via Eq. (7). For the 

damping ratio and IA, since the order of magnitude is small, absolute errors are adopted. It 

should be pointed out that the errors are all presented by absolute values. 
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Fig. 24 Relative errors of the IF and absolute errors of the damping ratio obtained by (a) HT, 

(b) DQ, (c) ZCPI, (d) STFT, (e) Gabor wavelet, (f) Morlet wavelet, and (g) Morse wavelet. The 

results are shown for the 100 N test in red and 700 N test in grey. 
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Fig. 25 Absolute errors of the IA for the (a) 100 N test, and (b) 700 N test. Shown are the errors 

for the HT (magenta), DQ (blue), ZCPI (green), STFT (red), Gabor wavelet (orange dashed), 

Morlet wavelet (grey), and Morse wavelet (purple) methods. 

In the identification of the IF, the HT, DQ, and ZCPI methods exhibit very high accuracy 

(less than 0.2% error). The wavelet based methods (Fig. 24 (e)-(g)) all exhibit higher errors of 

up to 1%. For linear applications, this may be satisfactory; however, to identify weak 

nonlinearities with changes in IF on the order of 1%, this may be unacceptably high. The STFT 

method exhibits less error for the damping ratio on average than the other methods. In the 

identification of the IA (Fig. 25), each method has good performance except for the Gabor 

wavelet. This is in accordance with the identification results given in Section 3.7. In general, 

each method performs similarly, apart from the Gabor wavelet method, and are 

indistinguishable in Fig. 25. These results are further discussed and compared to the NN method, 

in Section 5.4. 

5.3 Neural Network 

As discussed in Section 4, the use of NNs here is rooted in the question of how best to 

identify the parameters of a system without sufficient data (such as a system that has never been 

tested before). To investigate this question, two different approaches are considered: training 

on data from one impact level and predicting a different impact level to assess the best possible 

performance of the NN, and training on analytical data that resembles the system of interest 

(which may be available from the original designs and modelling of the system). 

5.3.1 Training on Existing Experimental Data 

In this section, NNs are trained based on the response of one test and used to predict the 

characteristics of the other test. To be more specific, the trained NNs of the 100 N test are 

applied to the response of the 700 N test. Meanwhile, the trained NNs of the 700 N test are 

applied to the response of the 100 N test. 

Take the training based on the 100 N test as an example. The time history response of the 

100 N test is treated as the input, while the reference responses for the three characteristics (IF, 
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IA, and damping ratio) of the 100 N test are used as the output. The time history response is 

divided into multiple segments that contain two periods of the response. Each of the segment 

is overlapped with other segments by one period. The output is the average response (IF, IA, 

damping ratio) corresponding to each segment. Then, three NNs are trained, respectively, and 

are shown in Fig. 26. Since the three curves all overlay their corresponding reference curves, 

these NNs are well trained. 

 

Fig. 26 The trained results by the NNs of 100 N test: trained (blue dashed line with triangles), 

reference (black solid), for (a) IF, (b) IA, and (c) damping ratio. 

The NNs are applied to the time history response of the 700 N test to predict its 

characteristics (Fig. 27). The predictions of the three characteristics indicate similar trends with 

the reference curves. However, at the beginning of the time history, the predictions for the three 

characteristics do not perform well. The responses in this region, though, are outside of the 

range of the original training data due to higher force level. 

 

Fig. 27 The predicted curves of the 700 N test by the trained NNs for the 100 N test: predicted 

(magenta dashed line with circles), reference (black solid), for (a) IF, (b) IA, and (c) damping 

ratio. 

Similarly, another three NNs are trained based on the 700 N test. The trained results, which 

are similarly accurate, are omitted here. The NNs are used to predict the characteristics of the 

100 N test (Fig. 28). Compared with Fig. 27, there seems to be less deviation between the 

predicted curves and the reference curves in Fig. 28. This may be explained by the fact that the 

range of 100 N test is within that of the 700 N test. Of note, the trends in the training data persist 

in the predictions. For instance, compare the shape of the reference curve in Fig. 28 (c) to the 
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predicted curve in Fig. 27 (c) (which was trained based on the reference curve of Fig. 28 (c)). 

This indicates that the trends in the predicted response may be overly biased by the training 

data and that a broader set of training data should be used. 

 

Fig. 28 The predicted curves of the 100 N test by the trained NNs for the 700 N test: predicted 

(magenta dashed line with circles), reference (black solid), for (a) IF, (b) IA, and (c) damping 

ratio. 

To show the deviation of the IF and damping ratio, the errors are presented in Fig. 29. 

Relative errors of the IF are calculated via Eq. (7), while absolute errors are adopted for the 

damping ratio. Errors are presented by their absolute values. It is clear that the errors of the 700 

N test are larger than the 100 N test, especially at the beginning. Additionally, the error of IF 

tends to be larger at the beginning of the time history. The error of damping ratio decreases 

dramatically with time. 

 
Fig. 29 The error results obtained by NNs of the 100 N test (red) and the 700 N test (grey), for 

(a) relative errors of IF, and (b) absolute errors of damping ratio. 

With the predicted IF, IA, and damping ratio, the backbone and damping ratio curves of 

both 700 N and 100 N tests can be plotted, shown in Figs. 30-31. Overall, the NN shows some 

qualitative agreement for predicting response variables as functions of time (Figs. 27-28); 

however, in viewing the amplitude dependent characteristics (Figs. 30-31), it is evident that 

there is systematic error in the predictions. That is, although the predicted IF (Fig. 27. (a) and 

Fig. 28. (a)), IA (Fig. 27. (b) and Fig. 28. (b)), and damping ratio (Fig. 27. (c) and Fig. 28. (c)) 

are acceptable, the prediction errors are combined or even exacerbated in Figs. 30-31, especially 

for the prediction of the 700 N test. Therefore, the NN cannot be used to predict the dependency 
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of frequency and damping on amplitude accurately using this method. The results are further 

discussed and compared to the other methods (from Section 5.2) in Section 5.4. 

 

Fig. 30 The predicted curves of 700 N test: predicted (red dots), reference (black solid), for (a) 

backbone, and (b) damping ratio. 

 

Fig. 31 The predicted curves of 100 N test: predicted (red dots), reference (black solid), for (a) 

backbone, and (b) damping ratio. 

5.3.2 Training on Analytical Data 

Now that a baseline for how well the NNs can preform has been established, the next 

question to address is how to train the NNs when reference curves of experimental data are 

unavailable for training. Here, 25 analytical signals are created with time-varing frequency, 

amplitude, and damping ratio that are representative of the experimental data. All training 

signals have the same functional form: 
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The constants 0 0 shift 0 shift,  ,  ,  ,  ,  ,  A f f      are chosen such that the range of the IF  165,170  Hz , 

IA  0,0.4 , and damping ratio  0.1,0.6 % . The NNs are trained in the same way as Section 

5.3.1. Figure 32 shows the trained results of one of the training signals. 

 

Fig. 32 The trained curves of one of the analytical signals: trained (blue dashed line with 

triangles), reference (black solid), for (a) IF, (b) IA, and (c) damping ratio. 

First, the new NNs are applied to predict data that is spanned by the training range. As 

shown in Fig. 33, the characteristics are all predicted accurately, which means that accurate 

results can be obtained when the signal is within the training range. However, in predicting 

signals that are not completely within the training range, less accurate results are obtained, as 

shown in Fig. 34. The range of the IF of this test signal is 160-164 Hz, which is outside of the 

training range (165-170 Hz). This implies that it would not be effective to train the NN on a 

jointed structure with different properties than the system of interest. 

 

Fig. 33 The predicted results of test analytical signal 1: predicted (magenta dashed line with 

circles), reference (black solid), for (a) IF, (b) IA, and (c) damping ratio. 



 

31 

 

 

Fig. 34 The predicted results of test analytical signal 2: predicted (magenta dots), reference 

(black solid), for (a) IF (zoom in), (b) IA, and (c) damping ratio (zoom in). 

It can be seen that the IF and damping ratio are not predicted well, and there are multiple 

points outside of the window of the figures. Even though only the IF of the test signal is outside 

of the training range, both the IF and the damping ratio are poorly estimated. However, the IA 

is estimated well. 

5.3.3 Using Analytical Data to Predict Experimental Data 

To see how well the nonlinear properties can be predicted, the trained NNs are next applied 

to the time history response of the experimental test Fig. 35. The IF and damping ratio are 

predicted poorly, while the IA is identified well. Although the IF of the 100 N test is within the 

training range, the IF is not predicted well. This is the same in the identification of damping 

ratio. However, the IA is estimated with satisfactory accuracy. This may be explained by the 

fact that there is more direct relationship between the response and the IA. Similar prediction 

results are brought about for the 700 N test, thus omitted here. Future work should investigate 

the use of different analytical functions to improve the NN predictions. 

 

Fig. 35 The predicted results of the 100 N test by trained NNs based on analytical signals: 

predicted (magenta dots), reference (black solid), for (a) IF (zoom in), (b) IA, and (c) damping 

ratio (zoom in). 

5.4 Discussion 



 

32 

 

In order to compare the performance of the NN and the other methods applied in Section 

5.2, the errors of the IA are calculated and shown in Fig. 36. The errors of the IF and damping 

ratio can be compared directly via Fig. 24 and Fig. 29. Similar to Section 5.2, absolute errors 

are applied for the IA. 

 

Fig. 36 Absolute errors of the IA for the (a) 100 N test, and (b) 700 N test. Shown are the errors 

for the NN (black), HT (magenta), DQ (blue), ZCPI (green), STFT (red), Gabor wavelet (orange 

dashed), Morlet wavelet (grey), and Morse wavelet (purple) methods. 

In the extraction of the IF, all of the methods exhibit less than 1% error. For the NN trained 

on the 700 N test, the error in the IF of 0.3% is comparable to the STFT and Gabor wavelet 

methods. With the exception of the ZCPI and STFT, each of the methods show increased error 

in the IF at early response times (i.e. at high response amplitudes). By contrast, the ZCPI 

deviates at lower amplitudes. The three wavelets result in more error than the others. In 

identifying the IA, all methods except for Gabor wavelet and the NN trained on 100 N data, 

exhibit low error. In damping identification, the HT, DQ, ZCPI, and three wavelets all exhibit 

non-smooth (noisy) estimates, especially at lower amplitudes. The STFT method exhibits less 

error for the damping ratio, on average, than the other methods. It is found to perform the best 

at damping identification, which is in accordance with the result of the SDOF system. In general, 

each method performs similarly apart from the Gabor wavelet method. The NN produces less 

errors in the 100 N test than the 700 N test, demonstrating the importance of training the NN 

on a data set that spans a larger set of responses than the data to be analyzed spans. 

6. Conclusions 

This paper reviewed eight established nonlinear system identification methods (restoring 

force surface, Hilbert transform, direct quadrature, zero-crossing, short-time Fourier transform, 

Gabor wavelet, Morlet wavelet, and Morse wavelet) and applied them to a SDOF Duffing 

oscillator and measurements of a jointed structure in order to assess the accuracy of parameter 

identification. These eight methods were compared against a neural network-based approach 

for calculating the instantaneous frequency and amplitude of a nonlinear system. The neural 

network was trained by a backpropagation algorithm using data from time history responses in 
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order to predict the frequency, amplitude, and damping of the system both inside and outside 

of the calibrated regime. Each method’s advantages and disadvantages were explored, and are 

summarized in the major conclusions of this paper: 

 

- The advantages of the restoring force surface method are that it can directly identify 

parameters given as assumed model form; however, it requires a larger set of data 

(displacement, velocity, and acceleration) than is typically available without numerical 

integration/differentiation. In other words, if numerical integration/differentiation is not 

conducted, the restoring force surface method cannot be applied to many of the data sets 

that the other methods are used on. Additionally, the mass has to be known, which is 

difficult to accomplish for real structures. For the numerical model of the Duffing oscillator, 

it had the best performance in identifying model parameters of all methods studied. 

 

- The Hilbert transform and direct quadrature had similar performance. They both did well 

in identifying instantaneous frequency and amplitude. However, since there are end effects 

in both of them, smoothing operations are necessary for analyzing the data, which makes 

automation of the procedure more challenging. 

 

- For the zero-crossing method, there is no need to extract the trend line of amplitude or 

frequency. It gives acceptable identification results with the least effort, (and can thus be 

easily automated) though interpolation has to be conducted in order to have better 

identification result of damping. The accuracy for the zero-crossing method is similar to 

the Hilbert transform method for the Duffing oscillator; however, for experimental data it 

exhibited significantly more noise. 

 

- Hilbert transform, direct quadrature, and zero-crossing methods exhibit higher error when 

applied to strongly nonlinear systems according to their identification results in the 

perturbation analysis. The ratio of nonlinear stiffness to linear stiffness does affect the 

accuracy of identification. To be more specific, the stronger the nonlinearity that the system 

has, the poorer identification results the methods give. 

 

- The four time-frequency analysis methods, the short-time Fourier transform, Gabor wavelet, 

Morlet wavelet, and Morse wavelet showed close results in the identification of linear 

stiffness and nonlinear stiffness coefficients of the Duffing oscillator. The short-time 

Fourier transform performed the best in the identification of damping, which was also 

validated in the identification of the experimental data. The Gabor wavelet did poorly at 

extracting amplitude, resulting in parameters not being identified with satisfactory accuracy. 

The Morlet and Morse wavelet gave similar results and did not perform well in extracting 

the amplitude, especially at the beginning of the time record. 

 

- The neural network studied in this paper was trained by a backpropagation algorithm to 

directly predict parameters from the time history response in the simulation of the Duffing 

oscillator. Results indicated that the highest accuracy is achieved by training different 

networks to identify each parameter separately, instead of training one network for 
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simultaneous estimation of all of the parameters. Additionally, the accuracy of the 

identification decreases with the extent to which the parameters are outside of the training 

range. 

 

- The neural network was also applied to the measured response of the jointed beam in order 

to predict characteristics (instantaneous frequency, amplitude, and damping ratio). The 

networks were trained using the time history response of tests with different impact levels. 

It is shown that neural networks perform better when they are trained based on the data of 

higher impact level, demonstrating the significance of training neural network on a data set 

that spans a larger set of responses than the data to be analyzed spans. 

 

- The three wavelets did not extract the instantaneous frequency or amplitude as accurately 

as the other methods investigated. This leads to poor identification of parameters in the 

Duffing oscillator and extraction of characteristics of the jointed structure. This is important 

to emphasize as wavelet methods are often used as a tool for initial analysis of a nonlinear 

response. 
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