


 
 

 

ABSTRACT 

Shear Fracture Growth in Granular Rocks and Porosity-Permeability 

Relationships in Mudstones: A Numerical Investigation 

 by 

Harsh Biren Vora 

We employ the Discrete Element Method to analyze the micromechanical response 

of numerical analogues of sandstone and granite to unstable failure. Calibrated particle-

based models of sandstone and granite are subjected to biaxial experiments under confining 

pressures of 0–50 MPa, leading to the development of shear fractures through interactions 

of microcracks occurring in shear and tensile modes. We document the mode and energy 

associated with emergent microcracks to analyze fracture growth patterns and quantify 

fracture energy. Shear fracture growth in our sandstone analog occurs through cooperative 

interaction between shear and tensile microcracks, with shear microcracks accounting 4-

44% of total microcracks and 31-92% of fracture energy. Shear microcracking increases 

with confining pressure resulting in an increase in fracture energy, and a transition from 

dilatant to compactant fracture zones in our sandstone models. Shear fracture growth in our 

granite analog occurs through coalescence of tensile microcracks, which account for 96-

98% of total microcracks and 87-93% of fracture energy. Tensile microcracking increases 

with confining pressure, resulting in an increase in fracture energy and formation of dilatant 

fracture zones in our granite models. Our simulations show that fracture energy increases 

with confining pressure, accounting for 10-15% of the total input mechanical energy in 



 
 

sandstone vs. 16-47% in granite. We estimate that the work done against friction from 

intergranular and fracture sliding accounts for 69-86% of total input energy in our 

sandstone analogs and 46-81% in our granite analogs. Our results indicate that frictional 

deformation during fracture is a significant component of the energy budget.  

We analyze precursors of critical failure in Discrete Element simulations of 

confined biaxial tests on sandstone and employ machine learning to predict failure. We 

record four dimensionless indicators from emergent microcrack growth: microcracking 

variance, fraction of shear to total microcracks, fractal dimension of microcrack 

hypocenters, and slope of the frequency-magnitude moment distribution. Each indicator 

documents distinct time-to-failure characteristics, which we employ as inputs for a neural 

network to predict critical failure. Over confining pressures of 0-50 MPa, our neural 

network predicts time-to-failure and stress-to-failure well (R2=0.84 and 0.94 respectively), 

revealing that all four deformation indicators are useful for failure prediction. Thus, we 

document a suite of precursory microcracking indicators in granular rock material and 

show that they can be utilized with machine learning to predict failure. Our approach can 

be applied to seismic data from the laboratory to earthquake sequences and may lead to 

advances in short-term failure forecasting techniques.  

We model mudstone permeability during consolidation and grain rotation, and 

during fluid injection by simulating porous media flow using the lattice Boltzmann method. 

We define the mudstone structure using clay platelet thickness, aspect ratio, orientation 

and pore widths. Over the representative range of clay platelet lengths (0.1–3 µm), aspect 

ratios (length/thickness=20-50) and porosities (=0.07–0.80) our permeability results 

match mudstone datasets well. Homogenous kaolinite and smectite models document a 



 
 

log-linear decline in vertical permeability from 8.31x10-15 m2-6.84x10-17 m2 at =0.76-0.80 

to 6.33x10-19 m2-1.30x10-23 m2 at =0.14-0.16, showing good correlation with 

experimental data (R2=0.42 and 0.56). We extend our methodology to evaluate how 

vertical permeability might evolve during microfracture network growth or macrofracture 

propagation upon fluid injection in compacted mudstone. Fluid injection results in a 

permeability increase from 1.02x10-20 m2 at =0.07 to 2.07x10-16 m2 at =0.29 for growth 

of a microfracture network, and from 1.02x10-20 m2 at =0.07 to 1.23x10-16 m2 at =0.32 

for macrofracture propagation. Our results suggest that a distributed microfracture network 

results in greater permeability during fluid injection in compacted mudstones (=0.07-

0.32) in comparison to a wide macrofracture. Our modeling approach provides a simple 

means to estimate permeability during burial and compaction or fluid injection based on 

knowledge of porosity and mineralogy. 
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Preface 

This thesis consists of an introduction (Chapter 1) and three separate studies, each of 

which is a complete and independent document. Chapter 2 is a paper co-authored with 

Dr. Julia Morgan and been published in the Journal of Geophysical Research: Solid 

Earth1. Chapter 3 is a paper co-authored with Dr. Julia Morgan that has been submitted 

for publication in Geophysical Research Letters in August 2019. Chapter 4 is a paper co-

authored with Dr. Brandon Dugan has been published in Water Resources Research2. 

Appendix A is a description of the Discrete Element Method used in Chapter 2 and 

Chapter 3. Appendix B consists of Supplementary Materials for Chapter 2. Appendix C 

consists of Supplementary Materials for Chapter 3. Appendix D is a description of the 

lattice Boltzmann method used for simulations in Chapter 4. Appendix E consists of 

Supplementary Materials for Chapter 4. Appendix F is a report of experiments conducted 

with Dr. Brandon Dugan. The references have been combined into one section at the end 

of the document. Figure numbers reflect both the chapter and place within the document 

(e.g., the first figure in Chapter 1 is Figure 1.1, the first figure in Chapter 2 is Figure 2.1, 

etc.).  

 

1Vora, H. B., & Morgan, J. K. ( 2019). Microscale Characterization of Fracture Growth 

and Associated Energy in Granite and Sandstone Analogs: Insights using the Discrete 

Element Method. Journal of Geophysical Research: Solid Earth, 124.  

 
2Vora, H. B., & Dugan, B. ( 2019). Porosity‐Permeability Relationships in Mudstone 

from Pore‐Scale Fluid Flow Simulations using the Lattice Boltzmann Method. Water 

Resources Research, 55.  
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Chapter 1 

Introduction 

Fractures are fundamental deformation features that occur in brittle rocks and 

sediments on Earth, and result in permanent changes to mechanical and fluid properties of 

these materials.  The development and growth of fractures results in the loss of cohesion 

in rock, imparting changes to storage and transport properties of the material. The accurate 

quantification of fracture mechanisms and their effect on energy budget and rock 

permeability is important to industrial applications such as geothermal recovery, 

hydrocarbon extraction, safe design of nuclear repositories, as well as natural processes 

that accompany volcanism and earthquake generation. I utilize numerical methods to 

analyze different aspects of fracture growth through three different projects: Chapter 2 

focusses on the effect of rock strength and confining pressure on shear fracture growth and 

the associated energy budget in numerical analogs of granular rock; Chapter 3 focusses on 

the precursors to critical failure and their application to predict fracture growth in these 

numerical rock analogs; finally, Chapter 4 focuses on the prediction of permeability in 

mudstones subjected to compaction and fracture growth during fluid injection. 



 
3 

 

The mechanical loading of rocks results in local inelastic processes that produce 

microcracks, and their cooperative interaction leads to formation of macroscopic fractures 

[Kranz, 1983]. The formation of microcracks during rock deformation, and their evolution 

into fractures is a complex process influenced by lithology and associated rock strength 

[Menendez et al, 1996; Baud et al., 2004; Horii and Nemat-Nasser, 1985], porosity [Sulem 

and Ouffroukh, 2006] and confining pressure [Wong, 1997; and many others, look into it]. 

As a result, fracture energy estimates span a range of over six orders of magnitude from 

fault area calculations [Wong, 1982; Chester et al., 2005] and acoustic emissions energy 

estimations [Lockner et al, 1991; Goodfellow et al, 2015; Warpinski et al., 2012]. Although 

the different components of energy balance during rock deformation experiments have 

been quantified in various studies [Wong, 1982; Dempsey et al., 2012], the associations 

between fracture growth mechanisms and energy partitioning remain poorly constrained. 

The first part of this study (Chapter 2) uses the Discrete Element Method to analyze the 

effect of rock strength and confining pressure on fracture growth mechanisms and energy 

budget during deformation in sandstone and granite analogs. 

Statistical variations in seismic event rate, seismic energy and moment magnitude 

preceding large earthquakes are observed widely but not systematically [Buochon et al., 

2013; Wyss, 1997; Mignan 2014; Cicerone et al. 2009]. Since earthquakes have been 

suggested as scale-independent, self-organized critical phenomenon [Main, 1996; Scholz, 

1968], rock deformation experiments have been employed to understand the statistical 

variation in seismicity during slip along faults. Precursory variations in microcracking and 

acoustic energy are observed prior to catastrophic failure during laboratory stick-slip and 
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biaxial experiments [Rouet-Leduc et al., 2017; Ojala et al., 2004; Lockner 1993]. While 

several studies have tried to predict critical failure using individual precursory signatures 

in granular material [Rouet-Leduc et al.,2017; Lubbers et al., 2018; Zhou et al., 2018], they 

do not employ the entire range of critical failure indicators, and their applicability to 

cohesive material remains poorly constrained. The second part of this study (Chapter 3) 

employs Discrete Element Method and machine learning to analyze indicators of critical 

failure to predict shear failure in calibrated numerical models of sandstone.  

Anthropogenic activities such as wastewater disposal, hydraulic fracturing, and 

carbon sequestration involve injection of large fluid volumes into the subsurface. The 

injected fluids increase the permeability of rock through the growth of microfracture 

networks [Slatt and O’Brien, 2011] and propagation of macrofractures [Mayerhofer et al., 

2006]. Anthropogenic fluid injection is primarily conducted in mudstone beds, which 

comprises 60-70% of sedimentary basin fill. Accurate prediction of mudstone 

permeability, however, remains challenging due to the factors influencing permeability 

such as grain dimension [Schwartz and Banavar, 1989], platelet orientation [Clennell et al., 

1999], and pore geometry [Bowers and Katsube, 2002]. During burial to 5 km, mudstone 

porosity () decreases from 0.9 to 0.05, coinciding with decline in permeability (k) of up 

to 10 orders of magnitude [Neuzil, 1994]. These variations in permeability are important 

for several geological applications such as pore pressure development [Lou and Vasseur, 

1992], continental slope stability [Dugan and Flemings, 2000], hydrocarbon retention 

[England et al., 1987], and shale gas production [Soeder, 1988]. Clay minerals and their 

dimensions are often suggested as primary controls on mudstone permeability [Olsen, 
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1962; Dewhurst et al., 1996]. Clay platelet length ranges from 0.1 µm to10 µm [Mondol et 

al., 2007] and platelets have aspect ratios (length/thickness) of 1 to 100 [Santamarina et al., 

2002]. This large variation in grain dimension is suggested as the dominant controlling 

factor in mudstone permeability spanning 3-4 orders of magnitude for a single porosity 

value [Dewhurst et al., 1999a; Mondol et al., 2008]. The third part of this study (Chapter 

4) focusses on improving mudstone permeability characterization during compaction and 

fluid injection a model that directly includes clay platelet geometry. We simulate porous 

media flow during compaction and fluid injection using the lattice Boltzmann method to 

improve mudstone permeability characterization.  
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Chapter 2 

Microscale Characterization of Fracture 

Growth and Associated Energy in Granite 

and Sandstone Analogs: Insights using the 

Discrete Element Method    

2.1. Introduction 

The mechanical loading of rocks results in local inelastic processes that produce 

microcracks, and their cooperative interaction leads to formation of macroscopic 

fractures [Lockner, 1991]. The growth of fractures results in the loss of cohesion and a 

reduction in rock strength, imparting permanent changes to the material. In addition, the 

introduction of fractures within a rock volume can modify porosity and permeability, 

affecting the transport properties of these materials. Finally, fracture energy is a major 

component of the work budget during rock deformation. The deformational energy put 

into a rock is partitioned into recoverable strain energy and non-recoverable fracture 

energy and frictional energy [Cooke and Murphy, 2004; Wong, 1982], and this 

partitioning determines how the rock responds to applied external stresses. Observations 

from the field and laboratory indicate a wide range of fracture growth mechanisms 
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[Mitchell and Faulkner, 2009; Stanchits et al., 2006; Baud et al., 2004], but their effect on 

the energy budget of rock remains poorly constrained. The quantification of fracture 

growth and associated energy is of relevance to industrial applications such as geothermal 

recovery, hydrocarbon extraction, safe design of nuclear repositories, as well as natural 

processes that accompany volcanism and earthquake generation. Thus, it is important to 

understand the controls on fracture growth mechanisms and associated fracture energy 

release.  

The formation of microcracks during rock deformation, and their evolution into 

macrofractures is a complex process influenced by rock strength [Menendez et al, 1996; 

Baud et al., 2004; Horii and Nemat-Nasser, 1985] and confining pressure [Wong, 1997; 

Fortin et al., 2009; Baud et al., 2015]. Microstructural analyses indicate that fracture 

growth in strong crystalline rocks such as granite occurs largely through the coalescence 

of tensile microcracks [Brace et al., 1966; Moore and Lockner, 1995], resulting in the 

formation of dilatant shear fractures [Walsh and Brace, 1984]. In weaker sedimentary 

rocks such as sandstone, tensile and shear microcracking have been shown to be the 

dominating mechanisms at low confining pressures, often resulting in the formation of 

dilatant deformation bands [Mair et al, 2002; Bésuelle et al., 2000]. The increase in 

confining pressure on sandstones has been shown to impede dilatant microcracking and 

promote shear microcracking and pore collapse, resulting in a transition from dilatant 

bands to compactant bands [Mair et al., 2002;  Bésuelle, 2001]. Although microstructural 

analyses help us build qualitative, observation-based models of fracture growth, they do 
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not quantify the relative abundance of tensile and shear microcracks, and their influence 

on fracture energy, geometry and volumetric evolution of the shear fracture zone.  

Acoustic emissions (AEs) have been employed to understand the influence of 

microcrack mode on fracture growth and energy. The spatial and temporal distribution of 

microcracks identified by AEs has clarified distinct stages of fracture coalescence and 

demonstrated a quantitative dependence between microcracking mechanisms and fracture 

energy [Lockner et al, 1991]. However, AE source mechanisms and calculations of 

fracture energy show significant variations with rock strength and confining pressure on 

rock [Baud et al. 2004; Stanchits et al., 2006; Lei et al., 2004]. Experimental estimates of 

fracture energy estimates exhibit a range of over seven orders of magnitude from fault 

area calculations [Wong, 1982; Cox and Scholz, 1985; Cox and Scholz, 1985 ; Togo and 

Shimamoto; 2012] and AE energy estimation [Lockner et al, 1991; Goodfellow et al, 

2015; Warpinski et al., 2012]. Additionally, AE’s only account for a small fraction of the 

total elastic energy release during fracture growth and nucleation [Cooke and Murphy, 

2004; Madden and Cooke, 2017] and their correlation with fracture energy may be 

complicated due to difficulty in recognizing microcrack mode [Modiriasari et al., 2017; 

Jalali et al., 2017]. Thus, there is need for a micromechanical study to complement 

laboratory AE studies to analyze fracture growth mechanisms and their correlation with 

fracture energy. The accurate quantification of fracture energy is a key factor in balancing 

the energy budget during rock deformation.  

The concept of a balanced energy budget has been widely applied to study 

geologic deformation from processes observed in laboratory samples [Herbert et al., 
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2015; Wong, 1982] to earthquakes in the crust [Cooke and Murphy, 2004; Barr and 

Dahlen, 1989]. For a balanced energy budget, the sum of recoverable strain energy and 

irrecoverable fracture energy will equal the external mechanical work applied to the 

system [Jaeger et al., 2009]. While the different components of work budget during 

deformation have been quantified in various studies [Wong, 1982; Cooke and Murphy, 

2004], the association between fracture growth mechanism and energy partitioning 

remains poorly constrained. Laboratory, field and numerical analyses indicate that brittle 

fracture growth consumes anywhere between 2% and 90% of input deformation energy 

[Fulton and Rathbun, 2011; Pittarello et al., 2008; Madden et al., 2017; Goodfellow et al., 

2015], leaving open the question of how rock strength and confining pressure influence 

partitioning of input energy.  

Numerical methods provide the ability to monitor stresses and displacement of 

particles on a micro-scale, complementing the macromechanical behavior observed from 

microstructural and AE analyses. Discrete numerical methods are attractive to study 

brittle fracturing because, much like real rocks, the numerical materials are composed of 

assemblages of particles. Particle interactions yield emergent behaviors and 

heterogeneities form and evolve in response to changing stress conditions and material 

properties [Morgan 2015]. The particles are bonded to impart cohesion and simulate rock 

properties. Bond breakage, in response to applied boundary conditions, simulates 

microcracking, allowing us to study the distribution and mode of individual microcracks 

and the bulk evolution of fracture and associated porosity. In this study, we use the 

Discrete Element Method [Cundall and Strack, 1979] to create and examine the behavior 
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of numerical analogs of sandstone and granite in which cracks and fractures form 

spontaneously and release elastic energy. This choice of rock types will help us to 

compare the fracture growth mechanisms between weak sedimentary rock (sandstone) 

and strong crystalline rock (granite) of widespread interest. By monitoring microcracking 

activity, we seek to constrain the influence of rock strength and confining pressure on 

fracture nucleation mechanisms and associated energy budget during deformation.   

2.2. The Discrete Element Method  

The discrete element method is a particle-based numerical technique that employs 

a time stepping, finite difference approach to solve Newton’s equations of motion for 

every particle in a system [Cundall and Strack, 1979]. The method first solves for forces 

imposed on the surfaces of each particle by neighboring particles or boundaries and then 

calculates a displacement based on the acceleration caused by sum of the forces. Particle 

motions are induced by external forces prescribed by stress or strain rate boundary 

conditions, and by forces resolved at interparticle contacts. The disequilibrium of forces 

drives particle displacements. For this study, we use RICEBAL, based on open-source 

discrete element code TRUBAL [Cundall and Strack, 1979]. RICEBAL resembles a 

numerical sandbox but offers added value by allowing material properties and 

mechanical states to be monitored throughout simulations and be correlated with 

deformation behavior and structure. RICEBAL has been employed to simulate rock 

deformation from laboratory scale experiments to large scale geodynamic processes, 

including exploring the effects of interparticle friction on shear zone mechanics and 
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evolution [Morgan, 1999], analyzing changes in porosity and stress during biaxial 

experiments [Longjohn et al., 2018], mechanics and evolution of fault gouges [Morgan 

and Boettcher, 1999; Guo and Morgan, 2007], evolution of slope failure and landslide 

processes [Katz et al., 2014], and deformation of fold and thrust belts [Dean et al., 2013; 

Morgan, 2015]. The interparticle mechanics of RICEBAL are described in Appendix A. 

 

Figure 2.1: Progressive evolution of porosity in sandstone model during biaxial 

compression tests under confining pressure of 15 MPa, at axial strain of (a) 0.000, 

(b) 0.0206, (c) 0.0371, (d) 0.0618 and (e) 0.0927 respectively. 

In this study, we develop two contrasting numerical analogs, one for sandstone, 

representing soft rock, and one for granite, representing stiff rock. These analogs are 

calibrated to the bulk elastic and strength properties of experimental datasets under 

confined and unconfined conditions. We then employ the calibrated samples of sandstone 

and granite to study the growth of shear fractures and evolution of fracture energy during 

biaxial deformation.  
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Table 2.1: Microparameters used in sandstone and granite models. 

 

2.2.1. Biaxial Experiments using RICEBAL  

We simulate samples as particle-based assemblages of ~6,000 particles with 

particle diameters of 400– 800 μm within an initial spatial domain of 0.0775 m x 0.0775 

m [Fig. B1a]. The simulated particle size distributions are narrow but fall within the 

range of values for natural materials: Berea sandstone has a grain size distribution of 70-

650 μm [Churcher et al., 1991], whereas Lac du Bonnet granite has a grain size 

distribution of 250– 4000 μm [Eberhardt et al., 1999]. Although the grain size 

distributions, and rock textures, differ for the two natural materials, our numerical 

Micromechanical Parameter 
Sandstone Model Granite Model 

Young’s Modulus of Bonds 

(Eb) 

GPa 

5 50 

Shear Modulus of Bonds 

(Gb) 

GPa 

5 50 

Tensile Strength of Bonds 

(Tb)  

MPa 

9 600 

Cohesion of Bonds (Cb)  

MPa 

90 12,000 

Shear Modulus of Particles 

(Gp)  

GPa 

29 200 

Poisson’s Ratio of Particles 

(νp) 

0.33 0.26 

Interparticle friction (µp) 0.4 0.7 
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samples are initially identical, differing only by their initial cohesive strengths. This 

enables direct comparisons between the two analog materials.   

To prepare cohesive samples for biaxial experiments, we preconsolidate our 

particle assemblages to a confining pressure of 10 MPa [Fig. B1a]. The two horizontal 

confining walls, constructed of rows of particles, are moved inward between rigid vertical 

walls of particles until preconsolidation stress of 10 MPa is achieved. After consolidation, 

sample dimensions are 0.0775 m x 0.038 m [Fig. 2.1a, Fig. B1b], within range of samples 

used during experimental deformation tests [Bésuelle, 2001; Villeneuve et al., 2012].  

After preconsolidation, we introduce interparticle bonds to simulate rock cohesion. The 

particles along the horizontal walls are then allowed to move independently in the 

vertical direction, maintaining their constant confining stress, thus acting as a 

“membrane” that confines the sample during biaxial experiments [Fig. B1b]. Axial 

compression is conducted by moving vertical platens inward at a constant velocity [Fig. 

B1c]. To capture local changes in porosity, we impose a mesh of 4000 μm x 4000 μm and 

calculate the two-dimensional porosity within each gridblock as 

 ∅𝑔𝑟𝑖𝑑𝑏𝑙𝑜𝑐𝑘(%) =
𝐴𝑟𝑒𝑎 𝑜𝑓 𝑔𝑟𝑖𝑑𝑏𝑙𝑜𝑐𝑘− 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑃𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑤𝑖𝑡ℎ𝑖𝑛 𝑔𝑟𝑖𝑑𝑏𝑙𝑜𝑐𝑘

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑔𝑟𝑖𝑑𝑏𝑙𝑜𝑐𝑘
∗ 100 . (2.1) 

Two-dimensional bulk porosity () is calculated as the average porosity of all 

gridblocks within the membranes [Longjohn et al., 2018]. The bulk porosity of all 

numerical samples after preconsolidation is 17.6% [Fig. 2.1a]. Porosity is relatively 

uniform across the domain of the sample at the onset but exhibits local changes during a 

biaxial test [Fig. 2.1; Fig. B1c]. As the lateral platens move inwards, local differential 
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stresses increase, which causes failure of interparticle bonds, generating microcracks and 

yielding local changes in porosity in the near-fracture region of the primary shear fracture 

and its conjugate fractures [Fig. 2.1b-d; Fig. B1c]. With increasing deformation, the 

induced asperities coalesce to form one or more shear fractures, ultimately resulting in 

the failure of the sample [Fig. 2.1e].  

Table 2.2: Macromechanical behavior of sandstone model and granite model .   

 

Biaxial experiments are run under confining pressures of 0, 2, 5,10,15,20,25,30,40 

and 50 MPa. Macromechanical properties of the sample are collected at increments of 

2000 cycles, corresponding to axial strain increments of 0.001 and incremental platen 

displacements of 0.008 mm. For all experiments, we assume plane strain conditions, and 

out of plane stresses are zero.  

Macromechanical 

Property 

Model Values 

for Sandstone 

Experimental 

Values for Berea 

Sandstone 

Model 

Values for 

Granite 

Experimental 

Values for Lac du 

Bonnet Granite 

Unconfined Compressive 

Strength (UCS) 

MPa 

85.05 95.00 233.79 224.00 

Young’s Modulus (E) 

GPa 

5.28 8.00 42.47 50.00 

Bulk Poisson’s Ratio (ν) 
0.29 0.33 0.20 0.26 

Mohr-Coulomb Cohesion 

(C) 

MPa 

29.35 26.10 54.60 46.00 

Mohr Coulomb Slope (µ) 0.55 0.49 0.83 1.05 
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Figure 2.2: Evolution of microcracking and fracture energy in the sandstone model 

during biaxial compression test under confining pressure of 15 MPa. (a) Applied 

axial stress and microcracking in shear and tensile modes as a function of axial 

strain: Deformation stages 1-4 correspond to axial strain of 0.0206, 0.0371, 0.0618 

and 0.0927, complementing the porosity distributions in Fig. 1. (b) Spatial 

distribution of shear and tensile microcracks corresponding to deformation markers 

1-4 during the biaxial experiment. (c) Evolution of fracture energy from microcrack 

formation in shear and tensile modes as a function of axial strain . 

2.2.2. Calibration of Numerical Analogs  

In our study, we develop two numerical analogs – sandstone, to simulate soft 

sedimentary rock, and granite to simulate hard crystalline rock. The sandstone model is 

simulated by calibration of the geomechanical properties of our model to those obtained 

experimentally for Berea Sandstone [Bobich, 2005; Schellart, 2000]. Similarly, the 

granite model is simulated by calibration of the geomechanical properties of our model to 

experimental properties of Lac du Bonnet granite [Martin and Chandler, 1994]. The 

micromechanical properties of the discrete particles and bonds within the numerical 

assemblages control the bulk behavior of the model materials. Thus, the calibration of 
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numerical analogs to experimental materials is conducted by carrying out multiple 

numerical experiments using different micromechanical properties, until properties of the 

numerical material reasonably match the mechanical responses of the physical materials 

[Text B1; Fig. B2; Fig. B3].  

To capture the range of geomechanical rock behavior under both unconfined and 

confined conditions, we sought to reproduce to experimental datasets for elastic 

parameters such as Young’s modulus (E) and Poisson’s Ratio (ν), and strength 

parameters such as Unconfined Compressive Strength (UCS), Mohr-Coulomb cohesion 

(C) and internal friction coefficient (µ). The pertinent input microparameters include (1) 

mechanical properties of the particles - Shear modulus of particles (Gp), Poisson’s ratio of 

particles (νp), (2) mechanical properties of interparticle bonds - Young’s and shear 

moduli of bonds (Eb and Gb), tensile strength and cohesion of bonds (Tb and Cb), and (3) 

interparticle friction (µp). The selected values of input microparameters that best 

reproduce the bulk properties of the two rock types are presented in Table 2.1. The bulk 

behavior of sandstone and granite models under confined and unconfined conditions is 

shown in Table 2.2, replicating the experimental geomechanical character of Berea 

Sandstone and Lac du Bonnet granite respectively. While the initial porosity of 17.6% in 

our granite model is typically large for natural granite samples, we calibrate the strength 

and deformability of our granite model to Lac du Bonnet granite samples to offset the 

effects of initial porosity. 
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2.3. Methods  

2.3.1. Input Energy during Biaxial Experiments  

To calculate input energy for each numerical experiment, we modify the methodology 

presented by Wong [1982]. The energy input into a sample is the sum of energy due to 

the axial and radial stresses applied during deformation. The input energy from axial 

stress is the area under the axial stress curve (S1) - axial strain (ε1) multiplied by the area 

of the platens (AS1). Similarly, the input energy from radial stress is the area under the 

radial stress curve (S3) - radial strain (ε3) multiplied by the area of the membrane (AS3).  

We measure the sample length (L (m)) during the biaxial experiment to calculate axial 

strain (ε1) as 

휀1 =  
(𝐿𝑖𝑛𝑖𝑡𝑖𝑎𝑙 −  𝐿)

𝐿𝑖𝑛𝑖𝑡𝑖𝑎𝑙
⁄  ,     (2.2) 

where Linitial is the initial sample length (0.0775 m). All simulations of biaxial 

experiments are conducted up to axial strain of 10.3%. Axial stress is applied over the 

cross-sectional area of platens (AS1 (m
2)), calculated as  

𝐴𝑆1 = 𝑍 ∗ 𝑊𝑝 ,       (2.3) 

where Z is the constant thickness of the particles (0.008 m) and Wp is the width of the 

platens (0.038 m). Total energy input (WS1 (Joules)) from axial stress (S1 (Pa)) is 

calculated using the area under the axial stress-strain curve (QS1 (Pa)) 

𝑄𝑆1 =  ∫ 𝑆1  𝑑휀1 , as      (2.4) 
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𝑊𝑆1 =  𝑄𝑆1 ∗ 𝐴𝑆1 .      (2.5) 

Similarly, we measure the sample diameter (D (m)) during the biaxial experiment to 

calculate transverse strain (ε3) as 

휀3 =  
(𝐷𝑖𝑛𝑖𝑡𝑖𝑎𝑙 −  𝐷)

𝐷𝑖𝑛𝑖𝑡𝑖𝑎𝑙
⁄  ,     (2.6) 

where Dinitial is the initial sample diameter (0.038 m). Confining stress is applied over the 

cross-sectional area of the sample (AS3 (m
2)) , calculated as  

𝐴𝑆3 = 𝑍 ∗ 𝐿 .       (2.7) 

The total energy input (Ws3 (Joules)) from confining stress (S3 (Pa)) is calculated using 

the area under the radial stress-strain curve (QS3 (Pa)) as 

𝑄𝑆3 =  ∫ 𝑆3  𝑑휀3 ,      (2.8) 

𝑊𝑆3 =  𝑄𝑆3 ∗ 𝐴𝑆3 .      (2.9) 

The total external work input (Wext (Joules)) for a biaxial experiment is calculated as  

𝑊𝑒𝑥𝑡 = 𝑊𝑆1 + 𝑊𝑆3 .     (2.10) 

2.3.2. Characterization of Microcracking and Fracture Energy 

To characterize the progression of fracture growth and associated material damage, 

we document several quantities and derive characteristic relationships that can be 

compared among experiments. Each bond breakage event is assumed to be a microcrack 

in the modeled rock samples. As axial stress is applied to the platens during the numerical 



 
19 

 

biaxial experiments, fractures grow by the coalescence of emergent microcracks. During 

each simulated biaxial experiment, we track the spatial and temporal evolution of 

microcracks and their mode of failure, and calculate the energy associated with each 

microcrack.  

 

Figure 2.3: Evolution of calculated volumetric strain (Δ) prior to failure in 

sandstone and granite models during biaxial compression tests under confining 

pressure of 15 MPa. Deformation is characterized by compaction as differential 

stress is increased, signified by negative values of Δ. Failure (S1/S1 
failure=1) is 

preceded by dilation, indicated by increase in values of Δ. Sandstone model exhibits 

compactant character upon failure (Δ<0), whereas granite model exhibits dilatant 

character upon failure (Δ>0). 

2.3.2.1. Mode of Microcracks 

Interparticle bonds can fail in either tension or shear, as defined in supporting Eq. 

A1.13-A1.14. A tensile microcrack forms when interparticle normal stress exceeds the 
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tensile strength of the bond, resulting in a mode 1 microcrack. Similarly, a shear 

microcrack results when local shear stress exceeds the shear strength of the bond in 

compression, resulting in a mode 2 microcrack. During our biaxial tests, we document the 

mode of each microcrack generated in association with the applied axial stress [Fig. 

2.2a], along with the failure stress at the time of bond breakage. 

 

Figure 2.4: Evolution of microcracking and fracture energy in granite model during 

biaxial compression test under confining pressure of 15 MPa. (a) Applied axial 

stress and microcracking in shear and tensile modes as a function of axial strain: 

Deformation markers 1-4 correspond to axial strain of 0.0103, 0.0228, 0.0371 and 

0.0927 (b) Spatial distribution of shear and tensile microcracks corresponding to 

markers 1-4 highlighted in the biaxial experiment. (c) Evolution of fracture energy 

from microcrack formation in shear and tensile modes as a function of axial strain. 

2.3.2.2. Spatial and Temporal Evolution of Microcracks  

We document the location of each bond breakage event, representing 

microcracks, during biaxial tests. The documented bond breakages are plotted as a 

function of their mode and applied axial strain during formation [Fig. 2.2b]. By tracking 
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the development of individual microcracks, we implement a visual tool to analyze the 

progressive localization of damage. The spatial distributions of microcracks are 

referenced back to their initial position at the onset of the biaxial test to maintain a 

consistent framework across biaxial experiments of varying confining pressures and 

lithologies.   

2.3.2.3. Fracture Energy from Microcracking  

As axial stress is applied to the platens, interparticle bonds become distorted prior 

to failure, accumulating elastic strain energy. Bond failure that accompanies microcrack 

formation releases this energy instantly, emitting an elastic signal analogous to seismic 

energy. The fracture energy associated with each microcracking event is calculated as   

𝑊𝑓𝑟𝑎𝑐 = (
1

2𝐶𝑓
) 𝜎𝑐𝑓

2 𝑣𝑓   ,     (2.11) 

where Wfrac is the energy associated with an individual micro-fracture (J), Cf is the elastic 

modulus of the bond broken (Pa), σcf is the stress at failure of the bond broken (Pa) and vf 

is the volume of microcrack (m3) [Tang and Kaiser, 1998; Jaeger et al., 2009]. RICEBAL 

provides us with the ability to monitor stress associated with each broken bond (σcf). We 

define the reference volume of each microcrack (vf) as half of the total volume of the two 

particles bounding the broken bond. If the microcrack fails in shear, Cf takes the value of 

shear modulus of the bond (Gb); if the microcrack fails in tension, Cf takes the value of 

Young’s modulus of the bond (Eb). During our biaxial tests, we calculate the energy 

released during formation of each microcrack and document the energy released with 

applied axial stress [Fig. 2.2c]. Total fracture energy is calculated as the sum of energy 
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from all microcracking events during a biaxial experiment, up to an axial strain of 10.3%. 

Fracture energy per unit surface area (Gc (J/m2)) is calculated as  

𝐺𝑐 = ∑
𝑊𝑓𝑟𝑎𝑐

𝐴𝑓
 ,       (2.12) 

where Af is the reference surface area of the microcrack (m2), calculated as half the 

surface area of the two particles bounding the broken bond.  
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Figure 2.5: Effect of confining pressure from 0 to 50 MPa on microcracking in 

sandstone model during biaxial experiments to axial strain of 0.103. (a) Stress-

Strain curves during biaxial tests show an increase in strength from 85 MPa to 235 

MPa. (b) Total number of microcracks generated during biaxial tests does not show 

significant variation but the fraction of shear microcracks increases from 4% at 0 

MPa to 45% at 50 MPa of confining pressure. (c) Evolution of volumetric strain (Δ) 

at failure (S1/S1 
failure=1) indicates formation of dilatant fracture zones at low 

confining pressures (0-2 MPa) and compactant fracture zones at higher confining 

pressures (5-50 MPa). (d) Fracture energy released during fracture formation 

increases from 174 J at 0 MPa to 798 J at 50 MPa with fraction of energy released in 

shear increasing from 31% to 92%. (e) Spatio-temporal distribution of tensile and 

shear microcracks shows increase in concentration of shear microcracks in fracture 

zone with confining pressure, indicating a transition from dilatant deformation 

processes to compactant deformation processes. 
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2.3.3. Porosity and Volumetric Strain 

To analyze the dilatant or compactant nature of emergent fractures, we 

complement microcracking information with measurements of volumetric changes in the 

sample. We define the fracture zone as the region around a fracture influenced by the 

stress changes during fracture initiation and nucleation, resulting in microcracking and 

porosity changes. During biaxial experiments, the changes in porosity are largely 

confined to the fracture zone of the shear fracture and its conjugate fractures [Fig. 2.1, 

Fig. B1]; the bulk volumetric changes of the sample are indicative of the fracture zone 

character [Renaud et al., 2017; Longjohn et al., 2018]. We use platen and membrane 

displacements to track the sample volume at each increment of axial strain, V (m3). We 

calculate the volume strain (Δ) during fracture initiation and nucleation as  

∆ =
𝑉−𝑉0

𝑉0
 ,       (2.13) 

where V0 is the initial sample volume (m3). Volumetric strain provides a simple, 

quantitative characterization of volumetric changes in the fracture zone. A positive value 

for Δ at peak stress (S1/S1 
failure=1) indicates sample dilation and the growth of an 

extensional fracture zone, whereas a negative value of Δ at peak stress (S1/S1 
failure=1) 

indicates sample compaction and the growth of a compactant fracture zone [Fig. 2.3].  
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Figure 2.6: Effect of confining pressure from 0 to 50 MPa on microcracking in 

granite model during biaxial experiments to axial strain of 0.103. (a) Stress-Strain 

curves during biaxial tests show an increase in strength from 234 MPa to 434 MPa. 

(b) Total number of microcracks generated during biaxial increases from 2110 at 0 

MPa to 3204 at 50 MPa, facilitated by an increase in number of tensile microcracks 

(c) Positive values of volumetric strain (Δ) at failure (S1/S1 
failure=1) indicates 

formation of dilatant fracture zones. The decline in Δ with increasing confining 

pressure indicates decline in dilatant character of fracture zone. (d) Fracture energy 

released during fracture formation increases from 978 J at 0 MPa to 1612 J at 50 

MPa with fraction of energy released by shear microcracks increasing from 6% to 

13%. (e) Spatio-temporal distribution of tensile and shear microcracks shows 

increase in number of tensile microcracking, indicating dilatant deformation 

processes to overcome the effect of increasing confining pressure. 
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2.4. Results 

2.4.1. Progressive Localization of Microcracks in Sandstone Model  

As a first demonstration of our simulation results, we examine the growth of 

fractures in our sandstone model under a confining pressure of 15 MPa. We identify four 

stages in the mechanical behavior as observed by the stress-strain behavior of the sample 

and prescribed by experimental and numerical studies [Lockner, 1991; Lei et al., 2004 ; 

Longjohn et al., 2018]. Stage 1 (initiation), corresponding to an axial strain range from 0 

to 0.023, is characterized by increasing rock strength and a linear stress-strain curve [Fig. 

2.2a]. This initial stage of the biaxial experiment is characterized by low microcracking 

activity, 97% of which are generated in tensile mode. Stage 2 (nucleation), corresponding 

to an axial strain range from 0.024 to 0.038, begins with the introduction of non-linearity 

in the stress-strain behavior of the sample until peak stress of 143.5 MPa is attained. 

Stage 2 is characterized by increasing rock strength and decreasing slope of the stress-

strain curve, corresponding to strain hardening behavior of the sample.  Stage 2 of the 

biaxial experiment is characterized by very high microcracking activity, generated in both 

shear (25%) and tensile (75%) modes. Microcrack growth increases as we approach peak 

stress of rock, marking the end of Stage 2. Stage 3 (rupture), corresponding to an axial 

strain range from 0.039 to 0.062, defines the post-peak stress-strain behavior of rock until 

residual strength of rock is attained. Stage 3 is characterized by decreasing rock strength 

corresponding to strain softening behavior of the sample. Stage 3 is characterized by high 

microcracking activity, generated in both shear (19%) and tensile (81%) modes. 
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Microcrack growth, especially in shear mode, declines as we approach the post-fracture 

residual strength of rock. Stage 4 (sliding), corresponding to an axial strain range from 

0.063 to 0.103, defines the frictional sliding behavior of the rock sample. Stage 4 is 

characterized by nearly constant rock strength of 132.2 MPa, corresponding to the 

residual strength of rock. Stage 4 is characterized by very low microcracking activity, 

94% of which are generated dominantly in tensile mode. Microcracking activity declines 

gradually as we approach the end of the experiment at an axial strain of 0.103. A total of 

5442 microcracks developed in the sandstone model deformed at a confining pressure of 

15 MPa, with only 18% of them occurring in shear mode, generated mostly during Stage 

2 and Stage 3 of the biaxial experiment.  

The spatial distribution of microcracks generated during the four stages of the 

biaxial experiment show significant variation. Stage 1 is characterized by distributed 

tensile microcracking through the rock sample, indicating onset of dilatancy in the 

fracturing process [Fig. 2.2b]. Stage 2 is characterized by growth of shear and tensile 

microcracks, arising from the tensile asperities created in Stage 1. Shear microcracks 

generated in Stage 2 frequently occur as clusters, enveloped by tensile microcracks. 

During this nucleation stage, deformation is progressively localized as shear and tensile 

microcracks coalesce to form small fractures through the sample. Stage 3 is characterized 

by the coalescence of pre-existing microcracks and smaller fractures into a through-going 

shear rupture, assisted by newly generated shear and tensile microcracks. Microcracking 

activity during Stage 3 is very localized, with new asperities largely confined to the 

process zone of the developed shear fracture. Shear and tensile microcracks also coalesce 
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to form smaller conjugate fractures, originating from the primary shear rupture. Stage 4 is 

characterized by shearing along the macrofracture surface. The cohesive rock unit is split 

into faulted blocks along the fully-developed shear fracture. Microcracks are generated 

during sliding of the faulted blocks at emergent asperities along the shear fracture. Thus, 

the nucleation and localization of fracture in our sandstone model is controlled by the 

cooperative interaction of tensile and shear microcracks. This indicates interplay between 

competing processes – dilatation from tensile microcracking and compaction from shear 

microcracking. The volumetric changes in the fracture zone in our sandstone model are 

dependent on the variation in local porosity induced by tensile and shear microcracking 

[Fig. 2.1].  

We calculate a total input mechanical energy (Wext) of 3487 J for the biaxial 

experiment on our sandstone model under a confining pressure of 15 MPa to an axial 

strain of 10.3%. We calculate a total fracture energy (Wfrac) of 355 J released (Gc = 1.30 x 

105 J/m2) as fractures evolve during the biaxial experiment, corresponding to 10.3% of 

the input mechanical energy. The release of fracture energy during the biaxial experiment 

exhibits an exponential trend [Fig. 2.2c]. Fracture energy release from microcracking 

activity during Stage 1 is small, contributing to 5% of the fracture energy release. Stage 2 

of the experiment, corresponding to the highest microcracking activity, is associated with 

the highest release in fracture energy, with 49% of the total energy released as fracture. 

Although, only 25% of the total microcracks from Stage 2 occur in shear mode, they 

contribute to 76% of the fracture energy released. Stage 3 of the biaxial experiment, 

corresponding to the coalescence of the shear fracture, is associated with release of 38% 
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of the total fracture energy. Similarly, while only 19% of all the total microcracks in 

Stage 3 occur in shear mode they contribute to 75% of fracture energy released.  

Frictional sliding in Stage 4 results in a small amount of fracture energy release. Stage 4 

is associated with 7% release of total fracture energy, with 39% released by microcracks 

occurring in shear mode.  

As fracture growth progresses from initiation to rupture, we observe a decline in 

porosity in the fracture zone of the primary shear fracture and associated conjugate 

fractures [Fig. 2.1b-c]. At S1/S1 
failure=1, we calculate a negative value of volumetric strain 

(Δ), indicating a net decrease in volume of the sample during rupture [Fig. 2.3]. The 

abundance of shear microcracks in the fracture zone [Fig. 2.2b] coupled with a calculated 

negative value of Δ at failure indicate the formation of a compactant fracture zone. Thus, 

the growth of shear fracture in our sandstone model occurs through the cooperative 

coalescence of tensile and shear microcracks. While the abundance of shear microcracks 

is less than tensile ones, shear microcracking is localized in the fracture zone and is the 

dominant mode of fracture energy release [Fig. 2.2]. The nature of the fracture zone is 

controlled by the interplay between the competing dilatant character of tensile 

microcracks and the compactant character of shear microcracks and imposed pressure.  

2.4.2. Progressive Localization of Microcracks in Granite Model 

A comparison simulation to that described above is carried out on the numerical 

granite analog. The biaxial experiment, also conducted at 15 MPa confining pressure, 

results in some similar deformation trends as our sandstone model, but also some distinct 
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differences, which are highlighted here. The growth of macrofractures in our granite 

model is dominated by tensile microcracking in four distinct stages [Fig. 2.4a]. Stage 1 

(initiation), corresponding to an axial strain from 0 to 0.007, is characterized by a linear 

stress-strain curve and rapid increase in stress attributed to the high Young’s Modulus of 

the granite model. Stage 2 (nucleation), corresponding to an axial strain range from 0.008 

to 0.015, is the strain hardening phase of the experiment and is characterized by very high 

tensile microcracking activity as we attain peak strength of rock. Stage 3 (rupture), 

corresponding to an axial strain range from 0.016 to 0.036, defines the post-peak strain-

weakening behavior of rock, and is characterized by high tensile microcracking activity. 

Microcrack growth declines as we approach residual strength of rock. Stage 4 (sliding), 

corresponding to an axial strain range from 0.037 to 0.103, defines the frictional sliding 

behavior of the granite model and is characterized by residual strength of rock and low 

microcracking activity. A total of 2598 microcracks developed in the granite model at a 

confining pressure of 15 MPa, with ~98% of them occurring in tensile mode generated 

largely during Stage 2 and Stage 3 of the biaxial experiment.  

Stage 1 is characterized by distributed tensile microcracking through the rock 

sample, indicating onset of dilatant deformation in the sample [Fig. 2.4b]. Stage 2 is 

characterized by growth of shear and tensile microcracks, predominantly around 

asperities created in Stage 1. Shear microcracking during Stage 2 dominantly occurs in 

the fracture zone of the nucleating shear fracture, enveloped by tensile microcracks. As 

deformation begins to concentrate, coalescence of tensile microcracks results in emergent 

localized fractures, indicating the nucleation of the shear and conjugate fractures. Stage 3 
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is characterized by the coalescence of pre-existing and newly generated microcracks and 

smaller fractures into a through-going shear rupture. Conjugate fractures, originating 

from the primary shear rupture are fully developed at this stage, originating from 

coalescence of tensile microcracks in the fracture zone of the primary shear fracture. 

Stage 4 is characterized by increased microcracking along the surface of the developed 

shear fracture. The cohesive rock unit is split into faulted blocks along the fully-

developed shear fracture. Microcracks are generated during sliding of the faulted blocks 

at emergent asperities along the shear fracture. Microcracks are generated by the plucking 

of particles along the shear fracture plane from sliding of faulted blocks of the rock. 

Thus, the nucleation and localization of fractures in our granite model occurs through the 

coalescence of microcracks, predominantly generated in tensile mode.  

We calculate a total input mechanical energy (Wext) of 4830 J for the biaxial 

experiment on our granite model under a confining pressure of 15 MPa to an axial strain 

of 10.3%. We calculate a total fracture energy (Wfrac) of 730 J released (Gc = 4.05 x 105 

J/m2) during the biaxial experiment, corresponding to 15.1% of the input mechanical 

energy. The release of fracture energy during the biaxial experiment exhibits an 

exponential trend [Fig. 2.4c]. Through the entirety of the experiment, tensile 

microcracking is the dominant mode of energy release, contributing to 93% of the total 

fracture energy. However, the small number of microcracks generated in shear mode (2% 

of total microcracks), correspond to events of high energy, contributing to 7% of total 

energy released. The release of fracture energy in Stages 1-4 of the biaxial experiment are 

15%, 43%, 31% and 11% respectively. Stage 2 and 3 have the highest contribution to 
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released fracture energy due to the high number of tensile microcracks initiated during 

the nucleation and rupture of the shear fracture. Thus, the growth of shear fractures in our 

granite model occurs through the cooperative coalescence of microcracks predominantly 

generated in tensile mode. Fracture energy is largely released by microcracking in tensile 

mode. Since tensile microcracking is the primary mode of deformation, they compete 

with the imposed confining pressure to form dilatant fracture zones.  

As fracture growth progresses from initiation to rupture, we calculate a decline in 

the porosity of the sample, indicated by negative values of Δ [Fig. 2.3]. However, at S1/S1 

failure=1, we calculate a positive value of volumetric strain (Δ), indicating a net increase in 

volume of the sample at rupture [Fig. 2.3]. The abundance of tensile microcracks in the 

fracture zone [Fig. 2.4b] coupled with a calculated positive value of the Δ at peak stress 

indicates the formation of a dilatant fracture zone. Thus, the growth of shear fracture in 

our granite model occurs dominantly through the cooperative coalescence of tensile 

microcracks. Abundant tensile microcracking results in the formation of a dilatant 

fracture zone and is the dominant mode of fracture energy release.  

2.4.3. Effect of Confining Pressure on Microcrack Growth and Fracture Energy 

To examine the influence of confining pressure on fracture growth mechanisms, 

we carry out biaxial experiments on initially identical sandstone and granite models over 

a range of confining pressures. As we increase confining pressure from 0 MPa to 50 MPa 

on the modeled samples of sandstone, we observe an increase in peak stress on rock from 

85.05 MPa to 238.82 MPa [Fig. 2.5a]. As confining pressure increases, rock strength 
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increases, providing greater resistance to the formation of fractures by inhibiting dilatant 

deformation during biaxial deformation experiments. This increased resistance to fracture 

formation with confining pressure results in an increase in shear microcracks and a 

decline in tensile microcracks [Fig. 2.5b]. While the total number of microcracks created 

during biaxial deformation of our sandstone model does not vary significantly with 

confining pressure, microcracking in shear increases from 4% of total events at 0 MPa to 

45% of total events at 50 MPa. The increase in shear microcracking and simultaneous 

decline in tensile microcracking indicates transition from dilatant fracture formation at 

low confining pressures to compactant fracture formation at high confining pressure. This 

observation is supported by the declining values of calculated Δ at rupture (S1/S1 
failure =1) 

with confining pressure [Fig. 2.5c]. At low confining pressures (0-10 MPa), we calculate 

positive values of Δ at peak strength of rock, indicating formation of a dilatant fracture 

zone. At higher confining pressures (15-50 MPa), we calculate negative values of Δ at 

peak strength of rock, indicating formation of a fracture zone dominated by compaction 

and shear.  

Total fracture energy increases from 173.6 J (Gc = 6.11 x 104 J/m2) at confining 

pressure of 0 MPa (corresponding to 14.9% of the input mechanical energy) to 797.6 J 

(Gc = 2.98 x 105 J/m2) at confining pressure of 50 MPa (corresponding to 10.1% of the 

input mechanical energy) in our sandstone model [Fig. 2.5d; Fig. B4]. The contribution 

of shear microcracking to total fracture energy released increases from 31% at confining 

pressure of 0 MPa to 92% at confining pressure of 50 MPa [Fig. 2.5d]. The increase in 

fracture energy with confining pressure is due to increase in fraction of shear 
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microcracking, which is associated with a larger stress release as cracks must overcome 

both tensile and compressive forces during formation [Fig. 2.5d]. Thus, the increase in 

shear microcracking with confining pressure results in an increase in fracture energy in 

our sandstone model. 

Visual representation of microcrack locations in our sandstone model show an 

increase in microcrack distribution and fracture zone thickness with confining pressure 

[Fig. 2.5e]. At low confining pressures, we observe thin fracture zones dominated by 

tensile microcracking. As confining pressure on rock increases, we observe thicker 

fracture zones dominated by shear microcracking. In general, an increase in confining 

pressure also correlates with increase in number of conjugate fractures. Thus, as 

confining pressure on our sandstone model increases we calculate increasing shear 

microcracking, especially in the fracture zone, and declining values of Δ. The transition 

from tensile-dominated micromechanics at low confining pressure to shear-dominated 

micromechanics at high confining pressure in our sandstone models indicates a transition 

from dilatant to compactant fracture zones with increasing confining pressure.  

As we increase confining pressure from 0 MPa to 50 MPa on the modeled 

samples of granite, we observe an increase in peak stress on rock from 233.79 MPa to 

433.63 MPa [Fig. 2.6a], indicating greater resistance to the formation of shear fracture 

during biaxial experiments. The formation of a fracture under increasing confining 

pressure is facilitated by an increase in total number of microcracks created during 

biaxial tests increases from 2110 at a confining pressure of 0 MPa to 3204 at a confining 

pressure of 50 MPa [Fig. 2.6b]. While the number of shear microcracks increases from 
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2.0% to 3.4%, the growth of the fracture is facilitated by a significant increase in tensile 

microcracking from 2066 at a confining pressure of 0 MPa to 3097 at a confining 

pressure of 50 MPa, indicating dilatant deformation. Over a range of confining pressures 

from 0 to 50 MPa, we calculate positive values of Δ at rupture (S1/S1 
failure =1), indicating 

formation of dilatant fracture zones [Fig. 2.6c]. However, the dilatant tendencies of 

tensile microcracks are countered by the imposed confining pressure on rock, resulting in 

a decline in final rock volume with confining pressure. Thus, we calculate a decline in 

values of the Δ with confining pressure.   

Total fracture energy released increases from 586.9 J (Gc = 3.21 x 105 J/m2) at 

confining pressure of 0 MPa (corresponding to 28% of the input mechanical energy) to 

967.5 J (Gc = 5.41 x 105 J/m2) at confining pressure of 50 MPa (corresponding to 10% of 

the input mechanical energy) in our granite models [Fig. 2.6d; Fig. B4]. The contribution 

of shear microcracking to total fracture energy released increases from 7% at confining 

pressure of 0 MPa to 13% at confining pressure of 50 MPa [Fig. 2.6d]. The increase in 

fracture energy with confining pressure is due to the rapid increase in number of tensile 

microcracks to form the shear fracture. 

Visual representations of microcrack locations in our granite model show an 

increase in fracture zone thickness with confining pressure [Fig. 2.6e]. The increase in 

resistance to fracturing from confining pressure is countered by increase in tensile 

microcracking activity in the fracture zone of granite, resulting in nucleation of dilatant 

shear fractures. The increase in confining pressure on our granite model results in slower 

fracture growth due to coalescence of a larger number of tensile microcracks. Thus, the 
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increase in confining pressure on our granite models during deformation results in an 

increase in number of tensile microcracks and associated fracture energy, and the 

formation of dilatant fracture zones.  
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Figure 2.7: Fracture nucleation mechanisms in sandstone and granite models. 

Stages 1,2 and 3 correspond to the microcracking during fracture initiation, 

localization and rupture respectively. (a) Growth of shear fracture in the sandstone 

model is facilitated by the cooperative coalescence of shear and tensile microcracks, 

with fraction of shear microcracks increasing with confining pressure. (b) Growth 

of shear fracture in granite model is facilitated by the cooperative coalescence of 

tensile microcracks, with number of tensile microcracks increasing with confining 

pressure.    
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2.5. Discussion 

2.5.1. Fracture Growth Mechanisms in Sandstone and Granite Models 

Based on our simulations, we can infer that different mechanisms of fracture 

nucleation occur in sandstone and granite. In our sandstone models, the growth of 

fractures occurs through the progressive coalescence of shear and tensile microcracks 

[Fig. 2.7a]. The damage in the fracture zone is characterized by the interplay of dilatant 

and compactant tendencies of tensile and shear microcracks respectively. At low 

confining pressures, tensile microcracks dominate the fracture zone, and we calculate a 

positive value of Δ indicating the formation of dilatant fracture zones. At high confining 

pressures, shear microcracking replaces tensile microcracking in the fracture zone, and 

we calculate a negative value of Δ indicating the formation of compactant fracture zones 

[Fig. 2.7a]. In our granite models, the growth of fractures occurs predominantly through 

coalescence of tensile microcracks, and we calculate positive values of DI at failure 

indicating the formation of dilatant fracture zones [Fig. 2.7b]. As confining pressure 

increases, the increased resistance to fracture coalescence is countered by an increase in 

microcracking activity. The nature of the fracture zone is an interplay between the 

competing dilatancy of tensile microcracking and compactant tendency of imposed 

confining pressure on rock [Fig. 2.7b].  

The different mechanisms of fracture growth observed from our models are 

consistent with experimentally observed deformation in granites and sandstones. Shear 

fractures in sandstones have been shown to occur through coalescence of tensile and 
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shear microcracks using AE source mechanisms [Fortin et al., 2009] and microstructural 

analyses [Menendez et al., 1996], with the fraction of shear microcracking increasing 

with confining pressure [Baud et al., 2004; Baud et al., 2015]. This decline in tensile 

microcracking results in a transition from dilatant deformation bands to shear and 

compaction dominated fracture bands with increasing confining pressure in sandstones 

[Fortin et al., 2006;  Mair et al., 2002;  Bésuelle, 2001]. In contrast, the growth of 

fractures during biaxial experiments in granites has been shown to occur through 

coalescence of tensile microcracks using AE source mechanism [Lockner et al., 1991] 

and microstructural analyses [Yoon et al., 2012; Peng and Johnson, 1972]. Experimental 

and numerical analyses show that initial porosity may influence microcracking mode in 

crystalline rocks – pore collapse and shear microcracking are favored in higher porosity 

rocks, whereas tensile microcracking is favored in lower porosity rocks [Renaud et al., 

2017; Stanchits et al., 2006; Lei et al., 2004]. However, the tendency for compactive 

deformation in high porosity rocks is modulated by rock cohesion, which can support the 

grain structure independent of porosity [Fortin et al., 2006; Baud et al., 2015].   Thus, 

although the initial porosity of 17.6% in our granite model is atypically large for natural 

granite samples, the calibration of modeled strength and elastic properties reproduces the 

dominant tensile microcracking observed during granite deformation. The modeled 

decline in dilatancy of fracture zones in our granite models with confining pressure has 

also been experimentally observed by Escartin et al. [1997]. Thus in general, our models 

replicate experimentally observed behavior in sandstones and granites, providing new 
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insights into the effect of confining pressure, the spatial and temporal growth of 

microcracks and associated energy. 

Stage 1 (initiation), is characterized by low microcracking activity in both 

sandstone model [Fig. 2.2] and granite model [Fig.4]. Initial deformation in both rock 

models is characterized by distributed tensile microcracking, marking the onset of 

inelastic deformation. Stage 2 (nucleation), is characterized by high microcracking 

activity in both sandstone and granite models. Microcracking becomes increasingly 

localized, resulting in emergent shear fractures and conjugate fractures. Fracture 

nucleation in the sandstone model involves both shear and tensile microcracking, whereas 

tensile microcracking is the dominant nucleation mechanism in the granite model. Stage 

3 (rupture) is characterized by localized microcracking in both sandstone and granite 

models. In our sandstone model, the shear fractures and conjugate fractures localize 

through the progressive coalescence of tensile and shear microcracks. However, in our 

granite model, tensile microcracks coalesce to define the through-going shear fracture 

and conjugate fractures. As the fractures develop, microcracking decreases in both 

sandstone and granite models. Stage 4 (frictional sliding) is characterized by an increase 

in microcracking in the region surrounding the shear fracture in both sandstone and 

granite models. The sliding of faulted blocks results in localized tensile microcracking in 

the fracture zone of the developed shear fracture due to frictional plucking of particles.  

Our results show that fracture energy is a function of rock strength and confining 

pressure and is also strongly dependent on microcracking mode. Fracture energy 

associated with deformation in sandstone and granite models increases with confining 
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pressure. In our sandstone model, total fracture energy increases from 173.6 J (Gc = 6.11 

x 104 J/m2) at confining pressure of 0 MPa to 797.6 J (Gc = 2.98 x 105 J/m2) at confining 

pressure of 50 MPa [Fig. 2.5d]. The increase in fracture energy with confining pressure in 

our sandstone model is due to increase in shear microcracking activity, which accounts 

for 31% of total fracture energy at confining pressure of 0 MPa to 92% at confining 

pressure of 50 MPa [Fig. 2.5d]. In our granite model, total fracture energy increases from 

586.9 J  (Gc = 3.21 x 105 J/m2) at confining pressure of 0 MPa to 967.5 J (Gc = 5.41 x 105 

J/m2) at confining pressure of 50 MPa [Fig. 2.5d]. The increase in fracture energy with 

confining pressure in our granite model is due to the increase in the number of tensile 

microcracks each releasing accumulated elastic stress upon formation [Fig. 2.6b]. Since 

our granite model is stronger than the sandstone model, the fracture energy associated 

with individual microcracks is greater. Despite greater occurrence of microcracks in the 

sandstone model [Fig. 2.5b] when compared to the granite model [Fig. 2.6b], we 

calculate greater fracture energy associated with deformation in granite model than in 

sandstone model. Our estimates of fracture energy (Gc) from sandstone and granite 

models lie within range of experimental estimates [Text B3; Fig. B4], improving 

constraints for brittle fracture growth over confining pressure of 0 – 50 MPa. Our 

estimates of Gc complement experimental measurements as our methodology does not 

assume a single fracture plane and does not require accurate estimation of fracture 

surface area. Thus, our numerical analysis shows that fracture energy is strongly 

influenced by abundance and mode of microcracks, which is in-turn controlled by rock 

strength and confining pressure on rock. The quantification of fracture energy as a 
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function of rock strength and confining pressure is essential to develop an understanding 

of balanced energy budgets during rock deformation.  

 

Figure 2.8: Energy partitioning into fracture energy, internal strain energy and 

frictional energy during biaxial experiments in (a) sandstone model and (b) granite 

model. 

2.5.2. Energy Budget during Biaxial Experiments 

Our analyses of different contributions of fracture energy depending on rock 

strength and confining pressure, raises the question of its contribution to the energy 

budget during deformation. The complete deformational work budget consists of five 

components [Herbert et al., 2015; Cooke and Murphy, 2004]: internal work (Wint), work 

against gravity (Wgrav), work against friction (Wfric), seismic radiated energy (Wseis), and 

the work of fault propagation (Wprop). These components sum to the total external work 

(Wext) applied to the system:  
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𝑊𝑒𝑥𝑡 =  𝑊𝑖𝑛𝑡 + 𝑊𝑔𝑟𝑎𝑣 + 𝑊𝑓𝑟𝑖𝑐 + 𝑊𝑝𝑟𝑜𝑝 + 𝑊𝑠𝑒𝑖𝑠  .  (2.14) 

During biaxial deformation experiments, the potential recoverable energy is 

stored in the system as work against gravity (Wgrav) and strain energy within the host rock 

(Wint). In our study, samples remain in place during biaxial experiments, and no work is 

done against gravity (Wgrav = 0). External stresses on rock perform recoverable work in 

the form of volumetric changes within the rock surrounding the shear fracture referred to 

as the internal strain energy of rock [Timoshenko and Goodier, 1951]. The work done by 

external stresses resulting in elastic volumetric changes within the rock is the quantitative 

measure of the strain energy (Wint). We adapt the methodology presented by Cooke and 

Murphy [2004] to calculate Wint for each biaxial experiment, detailed in supporting Text 

B2. The input energy is also dissipated in the rock through irreversible processes such as 

frictional work (Wfric), seismic energy (Wseis) and energy to initiate and propagate 

fractures (Wprop). In this study, Wfric represents the summation of all work done against 

frictional forces during a biaxial experiment. Thus, Wfric accounts for the energy 

dissipated during frictional sliding along the shear fracture and conjugate fractures; and 

the frictional movement of particles in the unfractured regions. Wseis and Wprop represent 

the elastic energy released during brittle deformation. The cumulative fracture energy 

(Wfrac) calculated using the micro-scale stress changes accompanying microcrack 

formation is representative of fracture propagation and associated seismic energy (Wfrac 

=Wseis + Wprop) [Tang and Kaiser, 1998]. Thus, for our study, Eq. 2.12 can be simplified 

to 

𝑊𝑒𝑥𝑡 =  𝑊𝑖𝑛𝑡 + 𝑊𝑓𝑟𝑖𝑐 + 𝑊𝑓𝑟𝑎𝑐   .  (2.15) 
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To understand the partitioning of input energy between elastic deformation (Wint), 

inelastic deformation from fracture growth (Wfrac) and inelastic deformation from 

frictional sliding (Wfric), we employ the calculations of Wext, Wint and Wfrac using Eq. 2.10, 

Eq. B6 and Eq. 2.11 respectively to infer Wfric as 

𝑊𝑓𝑟𝑖𝑐 =  𝑊𝑒𝑥𝑡 − 𝑊𝑖𝑛𝑡 − 𝑊𝑓𝑟𝑎𝑐  .   (2.16) 

The total input mechanical energy (Wext) increases from 1163 J at 0 MPa to 7355 J 

at 50 MPa during biaxial experiments on our sandstone model. The internal strain energy 

(Wint) increases from 186.2 J at 0 MPa to 227.1 J at 50 MPa [Fig. 2.8a]. The relative 

contribution of the internal strain energy to the energy budget declines with confining 

pressure, accounting for 16% of the input energy at 0 MPa to only 3.1 % of the input 

energy at 50 MPa. Simultaneously, the total fracture energy (Wfrac) increases from 173.7 J 

at 0 MPa to 797.6 J at 50 MPa.  The partitioning of input energy into fracture energy 

declines from 14.9% at 0 MPa to 10.8% at 50 MPa in our sandstone model. This implies 

an increase in frictional energy from 803.1 J at 0 MPa to 6330 J at 50 MPa. Thus, as 

confining pressure on our sandstone model increases, the amount of input energy is used 

for frictional work (and associated heating in natural samples), with Wfric accounting for 

69% of input energy at 0 MPa to 86% of input energy at 50 MPa.  

Wext increases from 2062 J at 0 MPa to 9659 J at 50 MPa during biaxial 

experiments on our granite model. Wint increases from 128.7 J at 0 MPa to 154.9 J at 50 

MPa [Fig. 2.8b]. The relative contribution of the internal strain energy to the energy 

budget declines with confining pressure, accounting for 6.2% of the input energy at 0 
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MPa to 1.6 % of the input energy at 50 MPa. Wfrac increases from 978.3 J at 0 MPa to 

1612.5 J at 50 MPa.  The partitioning of input energy into fracture energy declines from 

47.4% at 0 MPa to 16.6% at 50 MPa in our granite model. We calculate an increase in 

frictional energy from 954.9 J at 0 MPa to 7891.3 J at 50 MPa. Thus, as confining 

pressure on our granite model increases, the amount of input energy is used for frictional 

work (and associated heating in natural samples), with Wfric accounting for 46% of input 

energy at 0 MPa to 81% of input energy at 50 MPa.  

Thus, fracture energy (Wfrac) accounts for 10-15% of total input energy in our 

sandstone model and 16-47% in our granite model, over the confining pressures we tested 

here [Fig. 2.8]. While fracture energy increases with confining pressure, Wfrac/Wext 

declines, indicating greater dissipation of input energy through other mechanisms. Elastic 

strain energy (Wint) stored in rock accounts for 3-16% of total input energy in our 

sandstone model and 2-6% in our granite model. While internal strain energy increases 

with increasing confining pressure, Wint/Wext declines with confining pressure. The 

increase in resistance to elastic volumetric changes provided by confining pressure results 

in a decline in Wint. The simultaneous decline in Wfrac/Wext and Wint/Wext indicate that 

partitioning of input energy into frictional deformation increases with confining pressure. 

We calculate that Wfric accounts for 69-86% of total input energy in our sandstone model 

and from 46-81% of input energy in our granite model, with the energy partitioned into 

frictional work increasing with confining pressure. Our results indicate that frictional 

deformation is a significant term in the energy budget during rock deformation, with its 

share of total input energy increasing with confining pressure.  
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Our results show that fracture energy (Wfrac) accounts for a small fraction of input 

energy, similar to energy budget estimations from field, laboratory observations and 

numerical studies [Pittarello et al., 2008; Goodfellow et al., 2015; Fulton and Rathbun, 

2011; Herbert et al., 2015]. Additionally, we show that the fraction of input energy 

partitioned into fracture growth is a function of rock strength and confining pressure and 

is influenced by microscale processes. Our results show that the largest fraction of input 

energy is partitioned into frictional energy, similar to results of experimental and 

numerical studies [Yoshioka, 1986; Fulton and Rathbun, 2011; Barr and Dahlen, 1989]. 

The input energy partitioned into Wfric accounts for the work done in the fracture zone 

during frictional sliding of the fractured blocks, and off-fault frictional movement 

between particles. In natural fault systems, Wfric accounts for frictional deformation of the 

rock in the fracture zone and off-fault regions and associated frictional heating. Frictional 

deformation and associated heating have been shown to account for 24-80 % of the total 

energy budget during fault rupture [Kanamori and Rivera, 2006; Yoshioka, 1986; Dahlen 

and Barr, 1989; Madden et al., 2017], showing general agreement with our estimates of 

Wfric. Additionally, our results also indicate that fracture energy is a function of the 

abundance and mode of microcracks, which is in-turn controlled by the micromechanical 

strength of rock and confining pressure on rock. Thus, through our modeling approach, 

we develop the ability to quantify the energy budget during rock deformation, while 

accounting for the influence of rock strength and confining pressure on rock.  
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2.6. Conclusions  

In this study, we employ the Discrete Element Method to capture the key 

attributes of shear fracture growth and associated fracture energy in sandstones and 

granites. We characterize the mode and fracture energy associated with emergent 

microcracks during simulated biaxial experiments to infer fracture growth mechanisms 

and balance the energy budget during rock deformation. In our sandstone models, the 

growth of shear fractures occurs through the progressive coalescence of tensile and shear 

microcracks. While shear microcracking accounts for 4-44% of the total microcracks, 

they contribute 31-91% of the total fracture energy released. At low confining pressures, 

tensile microcracks dominate the fracture region resulting in the formation of dilatant 

fracture zones. As confining pressure is increased, the fraction of shear microcracking 

increases, resulting in the formation of compactant fracture zones. In our granite models, 

the growth of shear fractures occurs dominantly through the progressive localization of 

tensile microcracks, which account for 96-98% of total microcracks and 88-93% of the 

total fracture energy.  The fracture zone in our granite model is dominated by tensile 

microcracks, the fracture zone is dilatant in nature. As confining pressure increases, the 

number of tensile microcracks increases and the nature of the fracture zone is an interplay 

between the competing dilatant tensile microcracks and the compactant nature of 

confining pressure.  

Our results show that fracture growth in granite models releases greater energy 

than the sandstone models due to larger stress drops associated with each microcrack in 
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the former rock. Fracture energy increases with confining pressure, accounting for 10-

15% of total input energy in the sandstone model and 16-47% in the granite model, with 

the fracture energy increasing with confining pressure. We infer that the work done 

against friction during rock deformation tests increases with confining pressure on rock, 

accounting for 69-86% of total input energy in the sandstone model and from 46-81% of 

input energy in the granite model. Thus, using the discrete element models, we have 

developed deeper micromechanical insights into the fracturing process and associated 

energy budget in numerical analogs for sandstones and granites. 
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Chapter 3 

Machine Learning Predicts Failure in 

Sandstone Analog using Critical Point 

Indicators 

3.1. Introduction 

Over the last couple of decades, seismologists have worked to improve 

earthquake prediction techniques by statistical analysis of earthquake foreshock, 

mainshock and aftershock sequences. Statistical variations in seismic event rate, seismic 

energy and moment preceding large earthquakes are observed widely but not 

systematically [Bouchon et al., 2013; Wyss, 1997; Cicerone et al. 2009]. Earthquakes 

have been suggested to be scale-independent, self-organized critical phenomenon [Main, 

1996], thus, rock deformation experiments have been employed to understand the 

statistical variation in seismicity during slip along faults, before, during, and after 

earthquakes. Acoustic emissions (AE) recorded during biaxial and stick-slip experiments 

reveal accelerated and localized microcracking prior to failure [Amitrano, 2003; Lei et 

al., 2006; Ojala et al., 2004; Rouet-Leduc et al., 2017], and associated decline in seismic 
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b-value, which quantifies the proportion of small to large-magnitude microcracks [Rivière 

et al., 2018; Goebel et al., 2017]. Additionally, microcracking and associated acoustic 

energy release prior to rock failure are correlated with microcracking mode (tensile, shear 

and pore collapse) in granular rock [Fortin et al., 2006, 2009]. Several studies have 

quantified such individual precursory indicators of fracture and employed machine 

learning to predict failure in laboratory experiments. AE energy measurements during 

stick-slip experiments on granular media predict macroscopic fault properties such as 

shear stress, friction and time-to-failure using random forests [Rouet-Leduc et al., 2017; 

Lubbers et al., 2018; Corbi et al., 2019] and deep learning [Zhou et al., 2018]. These 

analyses provide insight into macroscopic fault properties, however, their applicability to 

predict fracture nucleation in cohesive materials over a range of confining pressures has 

not yet been demonstrated. Additionally, AE collected during biaxial deformation of 

intact crystalline rocks show the use of multiple independent precursory indicators (i.e. 

microcracking rate, location, source mechanism and moment) can improve failure 

prediction as they each exhibit unique temporal correlations with critical point [Lei et al., 

2000; Lei et al., 2006]. Potentially, a holistic numerical examination of precursory 

signatures may help improve failure and earthquake forecasting techniques in rocks and 

along faults.  

In this study, we use the Discrete Element Method [Cundall and Strack, 1979] to 

examine fracture growth during biaxial experiments on a calibrated sandstone model over 

a range of confining pressures. Fracture growth occurs through microcracking, which 

releases elastic energy analogous to acoustic emissions, in response to applied boundary 
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stresses. By monitoring microcracking activity during simulated deformation 

experiments, we seek to constrain the various precursory signatures of shear fracture 

nucleation and rupture. We then use the calculated temporal precursory indicators with 

machine learning (ML) techniques to predict time-to-failure and stress-to-failure in our 

simulated experiments. Finally, we probe the results of our ML algorithm to test whether 

the use of multiple deformation indicators improves critical failure prediction in granular 

rock.  
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Figure 3.1: Growth of microcracks in sandstone analog during biaxial test under 

confining pressure of 10 MPa, sampled at times of (a) 400 s, (b) 720 s, (c) 1200 s, and 

(d) 1800 s. The growth of shear fractures occurs through the coalescence of shear 

and tensile microcracks, 
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3.2. Methods 

We choose the Discrete Element Method to study the growth and nucleation of 

fractures because, much like real rocks, the numerical materials are composed of 

cohesive assemblages of particles. Interparticle bond breakage simulates microcracking, 

allowing us to study the distribution and mode of individual microcracks and associated 

elastic energy release [Vora and Morgan, 2019]. The interparticle mechanics of the code 

used here, RICEBAL, are described in more detail in Appendix A.  

We construct samples of dimension 0.0775 m x 0.038 m, consisting of ~6,000 

bonded particles with particle diameter of 400 μm – 800 μm [Fig. B1], within the range 

of grain sizes observed in Berea sandstone [Churcher et al., 1991]. The samples are 

confined between horizontal walls, which act as flexible membranes imposing a specified 

confining pressure on the cohesive granular material. Axial compression is conducted by 

moving vertical platens inward at a constant velocity [Fig. B1]. As the lateral platens 

move inwards, local differential stresses increase, causing breakage of interparticle bonds 

and generating microcracks [Fig. 3.1a-c]. The coalescence of these microcracks 

ultimately results in the failure of the sample [Fig. 3.1d]. We simulate constant rate-of-

strain (2x10-6 m/s) biaxial experiments under confining pressures ranging from 0 to 50 

MPa at increments of 5 MPa. All simulated biaxial experiments are conducted for a 

duration of 2000 model seconds, corresponding to a final axial strain (εa) of 10.3%. 

During each simulated biaxial experiment, we document the applied axial stress and 

microcrack growth at time intervals of 20 seconds (εa interval of 0.1%).   
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Table 3.1: Macromechanical behavior of sandstone model. 

Macromechanical Property Model Values for 

Berea Sandstone 

Experimental Values 

for Berea Sandstone 

Unconfined Compressive Strength (UCS) 

MPa 

89.37 95.00 

Young’s Modulus (E) 

GPa 

6.48 8.00 

Poisson’s Ratio (ν) 0.29 0.33 

Mohr-Coulomb Cohesion (C) 

MPa 

28.03 26.10 

Mohr Coulomb Slope (µ) 

 

0.44 0.49 

The numerical materials used here are calibrated to match the properties of Berea 

Sandstone. The micromechanical model properties are adjusted incrementally, until the 

bulk behavior of our materials replicate experimental laboratory data for Berea Sandstone 

[Bobich, 2005; Schellart, 2000; Hart and Wang, 1995]. To capture the full range of 

geomechanical rock behavior, we reproduce experimentally derived elastic parameters 

such as Young’s modulus (E) and Poisson’s Ratio (ν), and strength parameters such as 

Unconfined Compressive Strength (UCS), Mohr-Coulomb cohesion (C) and internal 

friction coefficient (µ) [Table 3.1]. The calibration is explained in detail in supporting 

Text C1, Table C1, Fig. C1 – C2.  

Our goal is to quantify independent deformation indicators using local, moving 

time windows of microcracking data, and employ them to predict the critical point, 

defined as the peak stress condition during each biaxial test [Fig. 3.2a]. As axial stress is 

applied to the platens, interparticle bonds become distorted prior to failure, accumulating 

elastic strain energy. Bond failure that accompanies microcrack formation can occur in 
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tensile and shear mode [Fig. 3.2a], releasing the elastic strain energy and emitting a 

signal analogous to an acoustic emission (AE) [Text C2a; Fig. C3]. AE from deformation 

experiments document that fracture growth is preceded by change in microcrack rate 

[Ojala et al., 2004], dominant microcracking mode [Fortin et al., 2009], spatial 

distribution of microcracks [Amitrano, 2003] and seismic moment [Lei et al., 2006]. To 

characterize these temporal changes during rock deformation, we derive four 

independent, dimensionless deformation indicators using continuous, moving time 

window of 200 seconds (εa interval of 1.03%). The four deformation indicators are:  

1.  Microcracking Variance (MCvar), which quantifies the deviation from average 

microcracking rate during an experiment as 

𝑀𝐶𝑣𝑎𝑟 =  
1

200
 ∑ |𝑁𝑖 − 𝜇𝑀𝐶|2200

0  ,    (3.1) 

where Ni is the number of microcracking events per second and μMC is the mean of 

number of microcracking rate within a time window (𝜇𝑀𝐶 =  
1

200
∑ 𝑁𝑖

200
0 ). The 

evolution of MCvar with axial strain provides a quantitative measure of temporal 

variations in microcracking rate during each biaxial experiment [Fig. 3.2b].  

2. Shear Fraction (SF) of emergent microcracks by interparticle bond failure [Appendix 

A]. The fraction of microcracks occurring in shear mode within each time window 

(∑ 𝑁𝑠ℎ𝑒𝑎𝑟
200
0  ), is defined as 

𝑆𝐹 =  
∑ 𝑁𝑠ℎ𝑒𝑎𝑟

200
0

∑ 𝑁𝑖
200
0

  ,     (3.2) 
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where ∑ 𝑁𝑖
200
0  is the total number of microcracks occurring within a time window. 

The evolution of SF with axial strain provides a quantitative measure of temporal 

variations in microcracking mode during each biaxial experiment [Fig. 3.2b].  

3. Seismic b-value, calculated as the slope of the AE moment-magnitude distribution 

within each time window [Fig. 3.2c] (details in supplementary Text C2b; Fig. C3-C5) 

[Tang and Kaiser, 1998; Hazzard and Young, 2000]. Experimental AE moment 

distributions obey a power law relationship expressed by the Gutenberg-Richter law 

[Scholz, 1968], which we employ to calculate the seismic b-value within each time 

window as  

𝑏 =
𝑎−log(𝑁𝑚)

𝑀
  ,     (3.3) 

where Nm is the number of microcrack clusters with moment greater than M, and a 

and b are the intercept and the slope of the frequency-magnitude relationship 

respectively [Text C3; Fig. C6]. The b-value quantifies the proportion of small to 

large-magnitude microcracks, providing a quantitative measure of temporal variations 

in seismic moment during shear fracture growth [Fig. 3.2d].  

4. Fractal Dimension of Microcrack Hypocenters (D2), calculated as the slope of 

correlation integral (C(R)) with distance (R) [Text C4; Fig. C7].  We document the 

evolving location of microcracks [Fig. 3.1] and quantify their spatial distribution 

using the correlation integral (C(R)) [Hirata et al., 1987] as  

𝐶(𝑅) =
2

𝑁𝑝(𝑁𝑝−1)
 𝑁r      (3.4) 
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for a set of Np hypocenters, Nr is the number of pairs separated by a distance smaller 

than R. Assuming the distribution has a fractal structure, C(R) is expressed by 

𝐶(𝑅) 𝛼 𝑅𝐷2    ,   (3.5) 

where D2 is the fractal dimension of microcrack hypocenters [Text C4; Fig. C7]. A 

low value of D2 (~1) indicates localized microcracking in a sample; whereas, a high 

D2 (~2) indicates distributed microcracking. The evolution of D2 with axial strain 

provides a quantitative measure of temporal variations in microcrack distribution 

[Fig. 3.2d]. 
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Figure 3.2: Evolution of microcracking and deformation indicators in sandstone 

analog during biaxial test under confining pressure of 10 MPa. (a) Applied axial 

stress and microcracking in shear and tensile modes documented as a function of 

axial strain. Strain markers 1-4 indicate onset of stages of deformation and 

correspond to fracture initiation (t=400 s), nucleation (t=720 s), rupture (t=1200 s) 

and frictional sliding (t=1800 s), complementing the microcrack distributions in Fig. 

1. (b) Microcrack variance (MCvar) and shear fraction (SF) exhibit precursory 

increase in magnitude prior to critical failure (c) Calculated increase in range of 

seismic moment magnitudes prior to critical failure. The central mark on each box 

indicates median moment magnitude; bottom and top edges of the box indicate 25th 

and 75th percentiles, respectively. The whiskers extend to the most extreme data 

points not considered statistical outliers; t outliers are plotted individually as '+' 

symbols. (d) Seismic b-value and fractal dimension of microcrack location (D2) 

exhibit precursory decline prior to critical failure.  
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3.3. Results: Temporal Evolution of Deformation Indicators 

To demonstrate our simulation results, we examine the growth of fractures in our 

sandstone analog under a confining pressure of 10 MPa [Fig. 3.1], identifying indicators 

of critical failure during the experiment. Critical failure of the sample occurs at a peak 

stress of 117.72 MPa at t=600 s (εa=3.1%) during the biaxial experiment [Fig. 3.2a]. 

Experimental and numerical analyses show that the deformation process is characterized 

by four distinct phases of microcracking activity: Initiation, Nucleation, Rupture and 

Frictional Sliding [Amitrano, 2003; Lei et al., 2006; Vora and Morgan, 2019].  

Stage 1 (initiation; t=0-440 s; εa=0-2.2%) is characterized by systematically 

increasing rock strength and nominal, distributed tensile microcracking [Fig. 3.2a; Fig. 

3.1a]. The initiation phase reflects initial distributed microcracking and rupture of pre-

existing asperities. We calculate low magnitudes of indicators MCvar and SF [Fig. 3.2b], 

narrow range of seismic moment [Fig. 3.2c], and high magnitudes of b-value and D2  

[Fig. 3.2d] associated with this early stage of fracture initiation.  

Stage 2 (nucleation; t=440-600 s; εa=2.2-3.1%) is characterized by peak rock 

strength [Fig. 3.2a] and accelerated, localized microcracking [Fig. 3.2a; Fig. 3.1b]. The 

nucleation phase involves sub-critical growth of the microcrack population. We 

document the following precursors of critical failure: (a) high microcracking activity and 

an increase of over two orders of magnitude in MCvar [Fig. 3.2b], (b) peak magnitude of 

SF occurring prior to critical point [Fig. 3.2c], (c) large acoustic energy and wide range of 

seismic moments [Fig. 3.2d; Fig. C3], and a resultant precursory decline in seismic b-
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value prior to critical failure, and (d) localized microcracking resulting in a precursory 

decline in D2 prior to critical failure [Fig. 3.1b; Fig. 3.2c].  

Stage 3 (rupture; t=600-1100 s; εa=3.1-5.6%) is characterized by declining rock 

strength and high microcracking [Fig. 3.2a]. The rupture phase corresponds to microcrack 

coalescence along one or more incipient fracture planes [Fig. 3.1c; Fig. 3.2a]. We 

calculate a post-failure decline in MCvar and SF [Fig. 3.2b], decline in range of seismic 

moment [Fig. 3.2c], and post-failure rebound to relatively constant magnitude of seismic 

b-value and D2 [Fig. 3.2d].  

Stage 4 (frictional sliding) corresponding to t=1100-2000 s (εa=5.7-10.3%) is 

characterized by residual stress and very low microcracking [Fig. 3.2a]. The frictional 

sliding phase represents the sliding of fault blocks along the developed fracture planes 

and associated microcracking in gouge [Fig. 3.1d; Fig. 3.2a]. We calculate very low 

magnitudes of MCvar and SF [Fig. 3.2b], narrow range of seismic moments [Fig. 3.2c], 

and relatively constant magnitudes of b-value and D2 [Fig. 3.2d].  

Each documented deformation indicator demonstrates distinct precursory time-to-

failure characteristics during simulated biaxial experiments on the sandstone analog. 

Over confining pressures of 0-50 MPa, we document the following precursors of failure: 

1) increase in MCvar of one to two orders of magnitude, 2) peak SF ranging from 0.15 to 

0.95, 3) a decline in D2 from 1.65–1.85 to 1.35–1.55 at critical point, and 4) a decline in 

b-value from 1.4–2.3 to 0.8–1.3 at critical point [Fig. 3.2; Fig. C8-C12]. The precursory 

increase in MCvar and SF is due to accelerated microcracking prior to critical point 
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especially in shear mode [Fig. 3.2a; Fig. 3.2b], analogous to microcracking observed in 

sandstone samples prior to rupture [Fortin et al., 2009; Ojala et al., 2004; Baud et al., 

2015; Mair et al., 2002]. The precursory decline in D2 and b-value is due to localization 

of microcracking along an emergent fracture plane [Fig. 3.1b; Fig. 3.2d] and an increase 

in range of AE energy prior to critical failure [Fig. 3.2c; Fig. C6b], analogous to 

laboratory observations of AE [Amitrano, 2003; Lei et al., 2006; Rivière et al., 2018; 

Goebel et al., 2017]. Thus, we provide a novel integrated analysis of deformation 

indicators utilizing microcracking rate, mode, spatial distribution and moment during 

deformation of sandstone analogs over a range of confining pressures (0-50 MPa).  
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Figure 3.3: Regression performance of the MLP using inputs of confining pressure 

and deformation indicators from sandstone analog. MLP shows good capability to 

predict time-to-failure (TTF) and stress-to-failure (STF) during training and testing 

for nine simulated experiments, and “blind test” predictions for two simulated 

experiments. 

3.4. Failure Prediction using Artificial Neural Networks 

We employ the calculated temporal trends of deformation indicators to 

quantitatively predict critical failure in cohesive granular rock material. Recently, 

machine learning techniques have been employed to forecast failure from laboratory rock 

deformation experiments to earthquakes [Corbi et al., 2019; Rouet-Leduc et al., 2017; 

Dou et al., 2015; Panakkat and Adeli, 2009; Lubbers et al., 2018]. For this study, we use 

artificial neural networks (ANN), a network of quantitative pattern recognition functions 

that are suitable for failure prediction due to their mathematical non-linearity, error 

tolerance and their ability to incorporate inputs across different physical units and 

magnitudes. We develop an ANN to predict time-to-failure (TTF) and stress-to-failure 
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(STF) for the biaxial tests of sandstone analogs described above  and determine the 

relative importance of these deformation indicators. TTF and STF are defined as  

𝑇𝑇𝐹 =  𝑡 −  𝑡𝑚𝑎𝑥 ,      (3.5) 

𝑆𝑇𝐹 = {
𝜎𝑎

𝑚𝑎𝑥 − 𝜎𝑎, 𝑇𝑇𝐹 > 0
𝜎𝑎 − 𝜎𝑎

𝑚𝑎𝑥 , 𝑇𝑇𝐹 < 0 
} ,    (3.6) 

where tmax is the time at critical point and σa
max is the axial stress at the critical point of a 

biaxial experiment. Thus, negative values of TTF and STF correspond to pre-failure 

stages (initiation and nucleation), positive values of TTF and STF indicate post-failure 

stages (rupture and frictional sliding), and TTF=0 and STF=0 correspond to critical 

failure. In our study, we use a particular type of ANN model, known as a Multi-Layer 

Perceptron (MLP).  

The MLP is a feed-forward neural network with the goal of approximating an 

arbitrary function between the inputs (deformation indicators and confining pressure) and 

outputs (TTF and STF) [Fig. C13]. In MLP’s, information flows through three layers: 

input (layer x), hidden (layer y) and output (layer z). Each layer has its corresponding 

neurons and weights, and the outputs are deterministically computed by iteratively by 

iteratively optimizing synaptic weights wxy (between input and hidden layers) and wyz 

(between hidden and output layers) to optimize fit to desired target values [Text C5a; Fig. 

C13; Fig. C14]. The MLP inputs are the derived deformation indicators (MCvar, SF, D2 

and b-value) and confining pressure (CP) from nine biaxial tests under confining 

pressures of 0, 5,10,15,20,30,35,40 and 45 MPa, with 70% randomly allocated for 
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training and the remaining 30% allocated for testing [Text C5b]. We conduct two “blind 

tests” to check the prediction performance of the MLP for datasets it is not trained upon. 

During “blind tests”, the MLP is fed microcracking indicators during biaxial tests 

conducted under confining pressures of 25 MPa (lying within range of confining 

pressures used for MLP training) and 50 MPa (lying outside range of confining pressures 

used for MLP training) and predicts values for TTF and STF. To quantify the quality of 

the predictions, we report the correlation coefficient R2. 

Table 3.2: Relative Importance of MLP inputs calculated from connection weights 

indicates that all four indicators contribute to time-to-failure and stress-to-failure 

predictions. 

Indicator  Relative Importance (RI) for 

Time-to-Failure Prediction (%)  

Relative Importance (RI) for 

Stress-to-Failure Prediction (%) 

Microcracking Variance 

(MCvar) 

26.82 21.32 

Shear Fraction (SF) 15.71 24.29 

Fractal Dimension of 

Microcracks (D2) 

17.57 23.29 

Seismic b-value 24.50 22.61 

Confining Pressure (CP) 15.38 8.47 

3.4.1. Failure Prediction Results 

Over the training and testing dataset (deformation indicators from simulated 

biaxial tests under confining pressures of 0, 5, 10, 15, 20, 30, 35, 40, and 45 MPa), our 

MLP shows good correlation between multivariate deformation indicators and target 

time-to-failure (TTF) (training R2= 0.86; testing R2=0.83) and target stress-to-failure 

(STF) (training R2= 0.95; testing R2=0.90) [Fig. 3.3; Fig. C15]. The predicted values TTF 
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and STF during training and testing show a reasonable match with target data, with the 

predictions improving for biaxial tests conducted at higher confining stresses of 15-45 

MPa [Fig. 3.3]. Additionally, “blind test” predictions of TTF and STF for tests under 

confining pressures of 25 MPa and 50 MPa show good correlation with target values 

(TTF prediction R2=0.96 and 0.51 respectively; STF prediction R2=0.92 and 0.39 

respectively) [Fig. 3.3].  

The predictions of TTF and STF using our MLP exhibit better fit to target values 

as we approach critical point for each experiment. Pre-failure TTF and STF predictions 

corresponding to t≈ 200 s - 600 s show weaker correlation with target values [Fig. 3.3] 

due to low microcracking activity during fracture initiation stage [Fig. 3.2]. Post-failure 

TTF and STF predictions corresponding to t≈ 1660 s – 2000 s show weaker correlation 

with target values [Fig. 3.3] due to indistinct trends of indicators during the frictional 

sliding stage of experiments [Fig. 3.2]. TTF and STF predictions using our MLP improve 

at higher confining pressures (15-50 MPa) due to increased microcracking and sharper 

precursory changes in deformation indicators prior to critical point at higher confining 

pressures [Fig. C8-C12]. The correlation between predictions and targets (TTF and STF) 

during the “blind tests” exhibits the versatility of our machine learning approach to 

predict failure over a range of confining pressures [Fig. 3.3]. Overall, our MLP exhibits 

strong capability to predict time-to-failure and stress-to-failure using deformation 

indicators in our sandstone analog over confining pressures of 0-50 MPa. 



 
66 

 

3.4.2. Relative Importance of Damage Indicators 

We employ the validated prediction capability of our MLP to quantify the 

importance of individual indicators for failure prediction. The MLP iteratively finds 

correlations between the input deformation indicators and outputs (STF and TTF) by 

iteratively assigning weights to the set of nodes and connections [Fig. C13], which 

quantify the predictive capability of each deformation indicator. We investigate the 

weights assigned to nodes of the MLP to understand the relative importance of each input 

feature [Garson, 1991] as 

𝐼𝑥 = ∑
|𝑤𝑥𝑦𝑤𝑦𝑧|

∑ |𝑤𝑥𝑦𝑤𝑦𝑧|𝑚
𝑦=1

𝑛
𝑥=1  ,    (3.7) 

𝑅𝐼𝑥 =
𝐼𝑥

∑ 𝐼𝑥
𝑛
𝑥=1

∗ 100  ,    (3.8) 

where Ix is the importance of input x, n is the number of inputs (n=5), m is the number of 

hidden neurons (m=5), ∑ |𝑤𝑥𝑦𝑤𝑦𝑧|𝑚
𝑦=1  is the sum of product of the final weights of the 

connections from input neurons to the hidden neurons (wxy) with the connections from the 

hidden neurons to the output neurons (wyz), and RIx (%) is the relative importance of input 

x.  

Over 50 MLP initializations, we calculate a RI of 15.4%-26.8% for time-to-failure 

(TTF) prediction, and 8.5%-24.3% for stress-to-failure (STF) prediction for the five 

inputs into the MLP [Table 3.2; Table C2; Table C3].Our results show that microcracking 

variance (MCvar) and fractal dimension (D2) are the most important TTF predictors, 

whereas shear fraction (SF) and seismic b-value are the most important STF predictors 
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[Table 3.2; Table C2; Table C3]. Thus, our models suggest that rapid and localized 

microcracking during fracture nucleation is the strongest precursor to critical failure in 

the time domain, whereas the transition to shear microcracking and increase in range of 

seismic moments during fracture nucleation are strongest precursors of critical stress. 

Overall, our machine learning algorithm indicates that all four deformation indicators 

(MCvar, SF, D2 and b-value) improve prediction, indicating the importance for an 

integrated analysis with multiple indicators for failure prediction. We document 

improved failure prediction capability than experimental analyses of Rouet-Leduc et al. 

[2017] and Lubbers et al. [2018], perhaps due to the deterministic nature of our numerical 

models, and the use of multiple deformation indicators as inputs in our machine learning 

algorithm. 

3.4.3. Geophysical Implication of Failure Prediction 

The study of rock failure is of widespread interest, with relevance to both artificial 

applications such as geothermal recovery, oil production, safe design of nuclear 

repositories, and natural processes such as volcanism and earthquake prediction. In this 

study, we have used a numerical sandstone analog to document four independent 

precursors to rock failure using microcracking rate, mode, location and moment 

distribution over a range of confining pressures [Fig. 3.2]. Furthermore, we show that the 

use of multiple temporal precursors with machine learning provides robust, quantitative 

failure prediction [Fig. 3.3]. Several studies have documented similar precursors to large 

earthquakes, such as increase in foreshocks and radiated seismic energy [Meredith et al., 

1990; Reasenberg, 1999], temporal variations in focal mechanisms in earthquake 
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sequences [Reasenberg, 1999; Scholz, 2019], decline in fractal dimension of earthquake 

epicenters [Enescu and Ito, 2001], and decline in seismic b-values [Meredith et al., 1990; 

Nuannin, 2005]. Our results suggest that integrated catalogs documenting the temporal 

variations in foreshock rate, energy, focal mechanism, source location and seismic 

moments can help improve short-term earthquake forecasting techniques.   

3.5. Conclusions 

We document the growth of shear fractures during simulated biaxial tests on 

calibrated numerical analogs of sandstone under confining pressures of 0-50 MPa. We 

track the abundance, location and seismic moment associated with emergent microcracks 

to derive four scale-independent deformation indicators – variance of microcracking 

(MCvar), fraction of microcracks in shear mode of total microcracks (SF), fractal 

dimension of microcrack hypocenters (D2) and slope of the frequency-magnitude moment 

distribution (b-value). Over confining pressures of 0-50 MPa, each deformation indicator 

shows typical time-to-failure characteristics. Pre-failure microcracking is characterized 

by 1) increase in MCvar of one to two orders of magnitude, 2) peak SF ranging from 0.15 

to 0.95, 3) a decline in D2 from 1.65–1.85 to 1.35–1.55 at critical point, and 4) a decline 

in b-value from 1.4–2.3 to 0.8–1.3 at critical point.  

We employ the temporal trends of the calculated microcracking indicators and 

confining pressure as inputs into multilayer perceptron (MLP) to predict time-to-failure 

and stress-to-failure in our sandstone analog. Over confining pressures of 0-50 MPa, our 

MLP predicts time-to-failure and stress-to-failure well (R2 of 0.85 and 0.95 respectively). 
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Our machine learning results suggest that all four deformation indicators (MCvar, SF, D2 

and b-value) improve critical failure prediction, indicating the importance for an 

integrated analysis of precursory signals. Thus, we show that an integrated analysis of 

multiple scale-independent precursory indicators can be utilized with machine learning to 

quantitatively predict critical failure in cohesive rock material.  
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Chapter 4 

Porosity-Permeability Relationships in 

Mudstones from Pore-Scale Fluid Flow 

Simulations using the Lattice Boltzmann 

Method 

4.1. Introduction  

Mudstone comprises 60-70% of sedimentary basin fill. During burial to 5 km, 

mudstone porosity () decreases from 0.9 to 0.05, which coincides with decline in 

permeability (k) of up to 10 orders of magnitude [Neuzil, 1994]. These variations in 

permeability are important for several geological applications such as pore pressure 

development [Lou and Vasseur, 1992], continental slope stability [Dugan and Flemings, 

2000], hydrocarbon retention [England et al., 1987], and shale gas production [Soeder, 

1988]. Accurate prediction of mudstone permeability, however, remains challenging due 

to factors influencing permeability such as grain dimension [Schwartz and Banavar, 

1989], platelet orientation [Clennell et al., 1999], and pore geometry [Bowers and 

Katsube, 2002]. Clay minerals and their dimensions are often suggested as primary 
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controls on mudstone permeability [Olsen, 1962; Dewhurst et al., 1996]. Clay platelet 

length ranges from 0.1 µm to 10 µm [Mondol et al., 2007] and platelets have aspect ratios 

(length/thickness) of 1 to 100 [Santamarina et al., 2002]. This large variation in grain 

dimension is suggested as the dominant controlling factor in mudstone permeability 

spanning 3-4 orders of magnitude for a single porosity value [Dewhurst et al., 1999a; 

Mondol et al., 2008].  

Several models have been proposed to explain mudstone permeability. Many 

models assume a log-linear relationship between permeability and porosity [Rose, 1945, 

Nagaraj et al., 1994; Neuzil, 1994], but fail to explain the observed range of mudstone 

permeability for a given porosity [Yang and Aplin, 2007]. Another model used to predict 

mudstone permeability is the Kozeny-Carman model [Kozeny, 1927; Carman, 1937], 

which requires information on tortuosity, pore shape, specific pore surface area, and pore 

volume. While the Kozeny-Carman relationship can predict the permeability of 

unconsolidated mudstones with reasonable accuracy [Chapuis and Aubertin, 2003], 

various studies document prediction errors of several orders of magnitude [Yang and 

Aplin, 1998; Dewhurst et al., 1999a, b]. In other work, Yang and Aplin [2007] use pore 

size distribution measurements to develop an empirical power law relationship between 

mudstone permeability and mean pore throat radius. Several other studies utilize critical 

path analysis from percolation theory to predict the permeability of clay-rich samples 

using power-law distribution of pore sizes [Hunt and Gee, 2002; Daigle, 2016]. Thus, 

while several models exist to predict mudstone permeability, their application requires 
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knowledge of pore size and tortuosity, and do not directly account for the effect of clay 

platelet geometry.  

To improve mudstone permeability characterization, we develop a model that 

directly includes clay platelet geometry. We employ a three-dimensional, pore-scale 

model using clay platelet dimensions, pore throat widths, platelet orientation, and 

porosity. We use this to evaluate the impacts of clay platelet geometry and porosity loss 

on permeability during burial. We estimate permeability in mudstones of homogenous 

and heterogenous mineralogy from lattice Boltzman simulations of water flow through 

mudstone pore structures and validate our results against compilation of experimental and 

field datasets. Finally, we extend our model to fluid injection by modifying pore structure 

to assess how permeability changes with growth of a microfracture network and with 

propagation of a macrofracture. Thus, with information on clay mineralogy, clay content, 

and porosity, our new approach can help estimate permeability in mudstones subjected to 

compaction and anthropogenic fluid injection from wastewater disposal, hydraulic 

fracturing, and carbon sequestration.  

4.2. Methods 

We build our mudstone models from cuboidal platelets arranged in bedding layers 

with each platelet oriented at an angle θ from the horizontal [Fig. 4.4.1a]. Each clay 

platelet has a thickness () and a length and width (m), where m is the aspect ratio of the 

clay platelets. Pore space between particles is defined by intrabed pores of a finite width 
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(ε) and by interbed pores of length and width (λ) [Fig. 4.1a]. To analyze mineralogy-

specific porosity-permeability behavior of mudstones, we design three homogenous 

mudstone models using (1) kaolinite particles, (2) smectite particles, and (3) clay 

particles of intermediate size. To analyze porosity-permeability behavior of natural 

mudstones, we design two mudstone models of heterogenous mineralogy using smectite, 

illite and chlorite particles.  

 

Figure 4.1: (a) Schematic of initial mudstone structure built from clay platelets 

(grey cuboids) using inputs of platelet thickness () and aspect ratio (m) and 

intrabed (ε) and interbed (λ) pore throat widths and orientation angle with respect 

to horizontal (θ). Flux of fluid in vertical and horizontal direction are represented 

by qv and qh respectively. (b) Mudstone structure after compaction simulated by 

reduction in pore throat widths, ε and λ, and platelet orientation angle (θ). 

4.2.1. Homogenous Mudstone Pore Structures 

In general, kaolinite particles have a length of 1- 10 µm and aspect ratios up to 25, 

whereas smectite particles have a length up to 0.1 µm and aspect ratios up to 100 
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[Mitchell and Soga, 2005]. We simulate kaolinite mudstone starting with =0.76 (m = 20; 

m = 3 µm; ε = λ = 360 nm). We simulate smectite mudstone starting with =0.80 (m = 

50; m = 0.1 µm; ε = λ = 9 nm). We simulate the intermediate mudstone starting with 

=0.73 (m = 35; m = 2 µm; ε = λ = 137 nm). Our initial mudstone porosity of 0.73-0.80 

lies within range of porosity for near-seafloor mud [Daigle and Screaton, 2015; Cook and 

Sawyer, 2015]. Our initial pore widths of 9-360 nm are consistent with pore sizes 

determined from scanning electron microscopy and mercury intrusion porosimetry 

analyses of unconsolidated marine mudstones (1-5000 nm) [Heath, 2010], siliceous 

mudstones (5-750 nm) [Loucks et al., 2009], and London Clay (10-500 nm) [Dewhurst et 

al., 1999b].  

Mineral grains are oriented randomly at deposition [Bennett et al., 1989]. In 

contrast, clay platelets in our model are oriented at the same angle with respect to the 

horizontal, θ [Fig. 4.1a]. Daigle and Dugan [2011] show that a porous medium with 

uniformly distributed grain orientations between θ1 and θ2 can be represented using the 

mean orientation angle (θ) of all grains in the matrix (θ = (θ1+θ2)/2). Clay platelet 

orientations can range between 0° to 90° from horizontal at deposition (θ1 = 0°, θ2 = 90°, 

θ=45°) [Deamer and Kodama, 1990], therefore, we implement an initial platelet 

orientation of θ = 45o in our homogenous mudstone models.  

4.2.2. Heterogenous Mudstone Pore Structures 

We test our modeling approach against the permeability of two natural mudstones 

from the Ursa Basin, Gulf of Mexico [Sawyer et al., 2009]. Sample 1324C-1H-1 is from 
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51.3 meters below sea floor (mbsf) and has a clay mineral weight fraction of 70.4%, 

consisting dominantly of smectite and illite [Table 4.1]. Sample 1324B-7H-7 is from 60.6 

mbsf and has a clay mineral weight fraction of 68.9%, consisting dominantly of smectite, 

illite, and chlorite [Table 4.1]. We adapt our model to include mineral weight fractions of 

smectite, illite, and chlorite to simulate the natural mudstone pore structures of samples 

1324C-1H-1 (model NM1) and 1324B-7H-7 (model NM2).  

Table 4.1: Clay mineralogy of reference samples for mudstone porosity-

permeability behavior. Data from Long et al. [2008], Sawyer et al. [2009] and Day-

Stirrat et al. [2012]. 

 Sample: 1324C-1H-1 Sample: 1324B-7H-7 

Core Top (mbsf) 51.1 60.3 

Initial Porosity 0.59 0.51 

Clay Mineral Fraction (wt. %) 70.4 68.9 

Smectite (wt. %) 82.1 27.3 

Illite (wt. %) 17.9 38.8 

Chlorite (wt. %) Trace 25.0 

Quartz (wt. %) Trace 8.8 

Consolidation Experiment  CRS 799 CRS 015B 

We assume constant density of clay minerals. The modeled volume of each clay 

platelet is calculated as mβ x mβ x β. For our heterogenous mudstone models, we assume 

smectite platelets have an aspect ratio (m) of 50 and a length (m) of 0.1 µm, illite 

platelets have m=20 and m= 2 µm [Santamarina et al., 2012], and chlorite platelets have 
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m=25 and m= 2 µm [Weber et al., 2014]. The maximum number of smectite 

(nosmectite
max), illite (noillite

max)and chlorite (nochlorite
max) platelets in each model is 

calculated as:  

𝑛𝑜𝑠𝑚𝑒𝑐𝑡𝑖𝑡𝑒
𝑚𝑎𝑥 = [0.1 𝜇𝑚 ∗ 0.1 𝜇𝑚 ∗ 0.002 𝜇𝑚]  ∗ 𝑠𝑚𝑒𝑐𝑡𝑖𝑡𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛, (4.1) 

𝑛𝑜𝑖𝑙𝑙𝑖𝑡𝑒
𝑚𝑎𝑥 = [2 𝜇𝑚 ∗ 2 𝜇𝑚 ∗ 0.1 𝜇𝑚] ∗ 𝑖𝑙𝑙𝑖𝑡𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛,   (4.2) 

𝑛𝑜𝑐ℎ𝑙𝑜𝑟𝑖𝑡𝑒
𝑚𝑎𝑥 = [2 𝜇𝑚 ∗ 2 𝜇𝑚 ∗ 0.08 𝜇𝑚]  ∗ 𝑐ℎ𝑙𝑜𝑟𝑖𝑡𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 . (4.3) 

HCF is the highest common factor between nosmectite
max, noillite

max and nochlorite
max. 

The number of smectite (nosmectite), illite (noillite), and chlorite (nochlorite) platelets in each 

model is determined as (nosmectite
max/HCF), (noillite

max/HCF) and (nochlorite
max/HCF) 

respectively. The number of bedding layers in each model (nobeds) is determined as the 

highest common factor between nosmectite, noillite, and nochlorite. The minimum value of 

nobeds is three. The number of smectite (nosmectite
bed), illite (noillite

bed), and chlorite 

(nochlorite
bed) platelets in each bedding layer is calculated as (nosmectite/nobeds), (noillite/ 

nobeds), and (nochlorite/ nobeds) respectively. Each bedding layer is modeled with nosmectite
bed 

smectite platelets, noillite
bed illite platelets, and nochlorite

bed chlorite platelets, distributed 

randomly with intrabed pore throats of diameter ε between platelets.  

The thickness of each bed (Tbed) is equal to the thickness of the largest platelet in 

the bed. For our heterogenous mudstone models NM1 and NM2, the thickest platelets are 

illite platelets, thus Tbed = 0.1 μm. Each cuboidal bedding layer is initialized with 

nosmectite
initial smectite platelets, where  nosmectite

initial is determined as, 
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𝑛𝑜𝑠𝑚𝑒𝑐𝑡𝑖𝑡𝑒
𝑖𝑛𝑖𝑡𝑖𝑎𝑙 =  𝑛𝑜𝑠𝑚𝑒𝑐𝑡𝑖𝑡𝑒

𝑏𝑒𝑑 +
[2 𝜇𝑚∗2 𝜇𝑚∗0.1 𝜇𝑚]

[0.1 𝜇𝑚∗0.1 𝜇𝑚∗0.002 𝜇𝑚]
𝑛𝑜𝑖𝑙𝑙𝑖𝑡𝑒

𝑏𝑒𝑑 +

[2 𝜇𝑚∗2 𝜇𝑚∗0.08 𝜇𝑚]

[0.1 𝜇𝑚∗0.1 𝜇𝑚∗0.002 𝜇𝑚]
𝑛𝑜𝑐ℎ𝑙𝑜𝑟𝑖𝑡𝑒

𝑏𝑒𝑑 .      (4.4) 

nosmectite
initial represents the number of smectite platelets that equal the total volume of all 

platelets (smectite, illite and chlorite) in a bedding layer. Each bedding layer can consist 

of several tiers of smectite layers platelets [Fig. E1a]. The number of smectite tiers (t) is 

determined as the ratio of thickness of smectite platelets and associated interbed pore 

throat diameter (λ) to the thickness of each bed. In our heterogenous mudstone models 

NM1 and NM2, t=Tbed/ (0.002 μm + λ). The initial cuboidal bedding layer is filled with 

nosmectite
initial smectite platelets, arranged in t tiers, separated by intrabed pores of diameter 

λ and interbed pores of diameter ε. We then chose noillite
bed random locations within the 

smectite bedding layer and fill the simulated matrix with illite platelets of dimension 2μm 

x 2μm x 0.1 μm, such that the illite platelets maintain a distance of ε between platelets. 

Similarly, we then chose nochlorite
bed random locations within the bedding layer and fill 

them with chlorite platelets of dimension 2μm x 2μm x 0.08 μm, such that the chlorite 

platelets maintain a distance of ε with other platelets [Fig S1a]. The nobeds simulated beds 

are stacked vertically with interbed pore throat of diameter λ to develop the unrotated 

mudstone model [Fig. E1a, Fig. E1b]. The developed matrix is transformed by input 

grain orientation angle, θ, to simulate the rotated mudstone model [Fig. E1c]. 

To model sample 1324C-1H-1, we simulate mudstone pore structure NM1 starting 

with =0.72 consisting of 81.5% smectite and 18.5% illite. Magnetic susceptibility 

analyses document a range of 0° to 15° for platelet orientations at 51.3 mbsf, 
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corresponding to the burial depth of sample 1324C-1H-1 [Yamamoto and Sawyer, 2012]. 

X-ray diffraction analyses reveal that degree of preferred platelet orientation at 51 mbsf is 

approximately double of observations at seafloor [Day-Stirrat et al., 2012]. We assume 

θ1=0° and θ2=30° at deposition and implement an initial platelet orientation (θ 

=(θ1+θ2)/2)  of 15° at  = 0.72 in mudstone model NM1.  

To model sample 1324B-7H-7, we simulate mudstone pore structure NM2 starting 

with =0.58 consisting of 30.6% smectite, 41.7% illite, and 27.7% chlorite. Magnetic 

susceptibility analyses document a range of 0° to 12° for platelet orientations at 60.6 

mbsf, corresponding to the burial depth of sample 1324B-7H-7 [Yamamoto and Sawyer, 

2012]. X-ray diffraction analyses reveal that degree of preferred platelet at 60.6 mbsf is 

approximately double of observations at seafloor [Day-Stirrat et al., 2012]. We assume 

θ1=0° and θ2=24° at deposition and implement an initial platelet orientation (θ 

=(θ1+θ2)/2)  of 12° at  = 0.58 in mudstone model NM2.  

4.2.3. Lattice Boltzmann Simulations 

We use the open source code OpenLB [Latt, 2008] to simulate water flow through 

mudstone using the lattice Boltzmann method [Appendix D]. We choose the lattice 

Boltzmann method because it has been used successfully to predict the permeability of 

sandstones [Bosl et al., 1998], to estimate sandstone permeability from thin sections 

[Keehm et al., 2004], and to model the development of permeability anisotropy in 

mudstones [Daigle and Dugan, 2011]. We employ the single-relaxation time Bhatnagar-

Gross-Krook model [Qian et al., 1992] and the D3Q19 lattice for our simulations [Martys 
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and Chen, 1996]. Lattice Boltzmann simulations of flow yield fluid flux (q) for an 

applied pressure differential (ΔP); conversions between lattice Boltzmann units and SI 

units are made using guidelines described by Chukwodzie [2011]. For all simulations, we 

apply a constant pressure differential (ΔP) of 88x103 Pa across the model domain in the 

direction of flow and implement the particle bounce-back scheme [Bouzidi et al., 2001] 

along the orthogonal edges. Water (dynamic viscosity, µw = 8.9x10-4 Pa.s; density, ρw = 

1000 kg/m3) is used as the permeating fluid. By applying a constant pressure gradient in 

different directions, we determine vertical water flux (qv), horizontal water flux in the 

plane of platelet rotation (qh1) and horizontal water flux orthogonal to plane of platelet 

rotation (qh2). In our study, we focus on horizontal water flux in the plane of platelet 

rotation (qh1), hereafter referred to as qh [Fig. 4.1a].  

4.2.4. Calculation of Permeability and Tortuosity  

We rearrange Darcy’s law to calculate permeability (k) from our simulation 

results,  

𝑘 =  𝜇𝑤 ∗ 𝑞 ∗ 𝐿  ∆𝑃⁄ ,       (4.5) 

where k is permeability (m2) and L is the length (m) over which pressure 

differential is applied. Vertical permeability (kv) is calculated using water flux in the 

vertical direction (qv) and horizontal permeability (kh) is calculated using water flux in the 

horizontal direction (qh). Permeability anisotropy is calculated as kh/kv. To ensure the 

applicability of Darcy’s Law, we maintain Reynolds Number (Re = (ρw*q* m)/µw) less 

than 10 for all simulations. We do not consider osmotic and electrostatic effects of water 
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flow through the simulated mudstone models, which can diminish permeability especially 

at low porosity conditions [Revil and Pessel, 2002].   

We supplement permeability predictions with calculations of tortuosity (τ) to 

validate our methodology. We adapt the approach of Daigle and Dugan [2011] to 

calculate vertical tortuosity (τv) and horizontal tortuosity (τh) based on porosity (), 

platelet aspect ratio (m) and grain orientation (θ) as,  

𝜏𝑣 = 1 +
8

9
𝑚𝑐𝑜𝑠𝜃 +

2

𝜋
𝑠𝑖𝑛𝜃

(
3𝜋

8(1−𝜑)
−

1

2
)

   and     (4.6)  

𝜏ℎ = 1 +
8

9
𝑚𝑠𝑖𝑛𝜃 +

2

𝜋
𝑐𝑜𝑠𝜃

(
3𝜋

8(1−𝜑)
−

1

2
)

   .    (4.7) 

The average aspect ratio of platelets in our heterogenous mudstone models (NM1 and 

NM2) is calculated as (50*smectite weight fraction + 20*illite weight fraction + 25* 

chlorite weight fraction). We calculate an average aspect ratio of 44.45 and 30.57 for our 

heterogenous mudstone models NM1 and NM2 respectively.  
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Figure 4.2: Porosity-vertical permeability model results (symbols) and best-fit lines 

during compaction for kaolinite, smectite, and intermediate mudstone models. 

Modeled porosity-permeability trends show good correlation with natural and 

experimental mudstone permeability compilation [Neuzil, 1994] and experimental 

data on kaolinite and smectite [Mondol et al., 2008]. 

4.2.5. Mudstone Compaction 

We simulate compaction through simultaneous decline in mudstone porosity and 

grain orientation [Fig. 4.1b]. Porosity loss during compaction is simulated through 

imposed, step-wise reduction of intrabed and interbed pore widths [Table E1, Table E2]. 

After compaction, our modeled mudstones have pore widths of 1-60 nm, which is 
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consistent with pore throat diameters in compacted mudstones measured by X-ray 

diffraction and nitrogen gas-adsorption [Katsube and Williamson, 1994; Kuila and 

Prasad, 2012]. 

Natural and experimental mudstone compaction document a decline in range of 

observed grain orientations [Day-Stirrat et al., 2012] and an increase in horizontal 

bedding character [Aplin et al., 2006]. During compaction of our homogenous mudstone 

models we assume a decline in θ2 from 90° to 0° and θ1=0°. We implement a compaction 

orientation function in our homogenous mudstone models through the prescribed decline 

in representative platelet orientation (θ = (θ1+θ2)/2) from 45o to 0o [Table E1].  

Day-Stirrat et al. [2012] document a decline in range of platelet orientations with 

consolidation at IODP Site 1324, with an increase in preferred horizontal orientation. 

Based on this, we assume θ2 approaches 0° during compaction in the NM1 mudstone 

model (θ1=0° and θ2=30° at deposition). Thus, we simulate compaction of mudstone 

model NM1 with uniform representative grain orientation (θ =(θ1+θ2)/2) declining from 

θ=15° at  = 0.72 to θ=0° at  = 0.32 [Table E2]. Similarly, we assume θ2 approaches 0° 

during compaction in the NM2 mudstone model (θ1=0° and θ2=24° at deposition). Thus, 

we simulate compaction of mudstone model NM2 with uniform representative grain 

orientation (θ =(θ1+θ2)/2) decreasing from θ=12° at  = 0.58 to θ=0° at = 0.25 [Table 

E2]. 

In general, the modeled compaction orientation function replicates the increase in 

horizontal bedding character during compaction in mudstones, observed during natural 
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and experimental compaction. We simulate faster decline in platelet orientation angle at 

high porosity states in our models [Table E1; Table E2], consistent with experimental 

mudstone compaction [Dewhurst et al., 1999a]. Vertical and horizontal permeability is 

calculated during the step-wise compaction of mudstone models [Table E1; Table E2]. 



 
84 

 

  

 

Figure 4.3: Permeability anisotropy (kh/kv) exhibits an inverse correlation with 

porosity () and platelet size (mβ) during compaction of homogenous kaolinite, 

smectite and intermediate mudstone models, and heterogenous NM1 (designed after 

sample 1324C-1H-1) and NM2 (designed after sample 1324B-7H-7) models.    
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Figure 4.4: Porosity-permeability predictions (symbols) and best-fit lines during 

compaction of heterogenous mudstone models NM1 (designed after sample 1324C-

1H-1) and NM2 (designed after sample 1324B-7H-7). Modeled porosity-permeability 

trends of NM1 and NM2 lie within range of mudstone permeability compilation 

[Neuzil, 1994], and show good correlation with experimental data on natural 

mudstones 1324C-1H-1 (Experiment CRS799) and 1324B-7H-7 (Experiment 

CRS015B) respectively  [Long et al., 2008]. 

4.3. Compaction Model Results 

In our kaolinite compaction model, kv decreases from 8.31x10-15 m2 at  = 0.76 to 

6.33x10-19 m2 at  = 0.14 [Fig. 4.2], following a log-linear trend (R2 = 0.99),  

𝑙𝑜𝑔 (𝑘𝑣
𝑘𝑎𝑜𝑙𝑖𝑛𝑖𝑡𝑒) =  6.48 𝜙 − 18.86 .      (4.8) 
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Simultaneously, kh decreases from 1.10x10-14 m2 to 1.43x10-17 m2 [Table E1] and kh/kv 

increases from 1.32 to 22.6 [Fig. 4.3]. The reduction in vertical permeability during 

compaction is accompanied by an increase in vertical tortuosity from 3.98 to 21.64 [Fig. 

E2] and a decrease in horizontal tortuosity from 3.98 to 1.74 [Table E1]. 

In our smectite compaction model, kv decreases from 6.84x10-17 m2 at  = 0.80 to 

1.30x10-23 m2 at  = 0.16 [Fig. 4.2], following a log-linear trend (R2 = 0.99), 

𝑙𝑜𝑔 (𝑘𝑣
𝑠𝑚𝑒𝑐𝑡𝑖𝑡𝑒) =  10.59 𝜙 − 24.44 .     (4.9) 

Simultaneously, kh decreases from 1.33x10-16 m2 to 9.35x10-22 m2 [Table E1] and kh/kv 

increases from 1.94 to 71.9 [Fig. 4.3]. The reduction in vertical permeability during 

compaction is accompanied by an increase in vertical tortuosity from 7.08 to 50.65 [Fig. 

E2] and a decrease in horizontal tortuosity from 7.08 to 1.71 [Table E1]. 

In our intermediate mudstone compaction model, kv decreases from 6.10x10-16 m2 at  = 

0.73 to 1.02x10-20 m2 at  = 0.07 [Fig. 4.2], following a log-linear trend (R2 = 0.98),  

𝑙𝑜𝑔 (𝑘𝑣
𝑖𝑛𝑡) =  6.73 𝜙 − 20.16 .      (4.10) 

Simultaneously, kh decreases from 1.11x10-15 m2 to 4.68x10-19 m2 [Table E1] and kh/kv 

increases from 1.82 to 45.6 [Fig. 4.3]. The reduction in vertical permeability during 

compaction is accompanied by an increase in vertical tortuosity from 6.72 to 41.61 [Fig. 

E2] and a decrease in horizontal tortuosity from 6.72 to 1.83 [Table E1]. 

In our NM1 compaction model (designed after sample 1324C-1H-1), kv decreases from 

1.54x10-16 m2 at  = 0.72 (θ =15°) to 7.09x10-21 m2 at  = 0.32 (θ = 0°) [Fig. 4.4], 

following a log-linear trend (R2=0.99),  

𝑙𝑜𝑔 (𝑘𝑣
𝑁𝑀1) =  10.93 𝜙 − 23.63 .      (4.11) 
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Simultaneously, kh decreases from 1.39x10-15 m2 to 2.66x10-19 m2 [Table E2] and kh/kv 

increases from 8.97 to 37.59 [Fig. 4.3]. The reduction in vertical permeability during 

compaction is accompanied by an increase in vertical tortuosity from 11.30 to 32.95 [Fig. 

E2] and a decrease in horizontal tortuosity from 3.91 to 1.52 [Table E2].  

In our NM2 compaction model (designed after sample 1324B-7H-7), kv decreases from 

3.11x10-17 m2 at  =0.58 (θ=12°) to 4.79x10-20 m2 at  =0.25 (θ=0°) [Fig. 4.4], following 

a log-linear trend (R2=0.99),  

𝑙𝑜𝑔 (𝑘𝑣
𝑁𝑀2) = 8.28 𝜙 − 21.32 .      (4.12) 

Simultaneously, kh decreases from 2.27x10-16 m2 to 1.51x10-18 m2 [Table E2] and kh/kv 

increases from 7.29 to 31.6 [Fig. 4.3]. The reduction in vertical permeability during 

compaction is accompanied by an increase in vertical tortuosity from 12.46 to 26.54 [Fig. 

E2] and a decrease in horizontal tortuosity from 3.69 to 1.60 [Table E2]. 

The modeled decreases in kv and kh during compaction are due to a reduction of pore 

throat widths. Greater values of kh compared to kv occur as interbed pores provide greater 

continuity in pathways for horizontal fluid flow, while clay platelets create a more 

tortuous pathway for vertical flow. Vertical tortuosity increases while horizontal 

tortuosity decreases during compaction which amplifies permeability anisotropy [Fig. 

4.3].  
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Figure 4.5: (a) Schematic of a microfracture network in compacted intermediate 

mudstone model during fluid injection. In our model microfracture width increases 

from 11.42 nm to 377 nm [Table E3] (b) Schematic of macrofracture through 

compacted intermediate mudstone model during fluid injection. In our model, 

macrofracture width increases from 11.42 nm to 2206 nm [Table E4]. 

4.4. Discussion  

4.4.1. Validation of Porosity-Permeability Models 

We compare our modeled porosity-permeability relationships from homogenous 

mudstone models with experimental and field mudstone data [Mondol et al., 2008, 

Neuzil, 1994]. Our kaolinite and smectite models [Eq. 4.8,4.9] show good correlation (R2 

of 0.42 and 0.56) with experimental data [Fig. 4.2]. The modeled porosity-permeability 

relationships lie within range of experimental and natural mudstone datasets [Fig. 2], and 

the intermediate mudstone model [Eq. 4.10] depicts the bulk compaction-permeability 
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behavior of mudstones [Fig. 4.2]. These results validate our modeling approach over 

representative range of grain sizes (0.1-3 µm), aspect ratios (20-50), grain orientations 

(45o-0o), and porosity (0.80-0.07). 

During compaction, our homogenous mudstone models document increasing 

permeability anisotropy from 1.32-1.94 at =0.72–0.80 to 22.6–71.9 at =0.07–0.16 [Fig. 

4.3]. Experimentally determined values of anisotropy in mudstones document an increase 

from 1.5 to 40 during compaction [Arch and Maltman, 1990; Bhandari et al., 2015; Yang 

and Aplin, 2007]. Over =0.80–0.16, predictions of kh/kv from our mudstone models lie 

within range of experimentally documented mudstone anisotropy values [Fig. 4.3]. At 

porosity less than 0.16, when θ=0° in our models, our smectite and intermediate 

mudstone models predict kh/kv of 71.9 and 45.6 respectively, which exceeds the range of 

experimental mudstone anisotropy. This overprediction of kh/kv is due to the simplified 

horizontal layering of platelets when θ=0°. This results in horizontally continuous 

interbed pores and overprediction of kh, resulting in higher anisotropy values. 

Additionally, the vertical stacking of bedding layers of disparate intrinsic permeability in 

our mudstone models results in amplification of permeability anisotropy [Daigle and 

Dugan, 2011]. Finally, natural mudstones document lower values of permeability 

anisotropy due to the presence of larger silt grains which are disruptive to fabric 

development [Schneider et al., 2011]. Since our mudstone models do not account for the 

presence of larger silt particles, we calculate higher values of kh/kv compared to 

documented experimental values in natural mudstones. While the calculated kh/kv values 

lie outside experimentally observed anisotropy values, several field-scale studies infer 
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kh/kv >100 based on basin-scale models [Freeze and Cherry, 1979; Garven and Freeze, 

1984; Bolton et al., 2000; Day-Stirrat et al., 2008]. Our models suggest that high bedding 

character resulting in lateral continuity of interbed pores could explain the larger kh/kv 

values inferred from analysis of natural flow systems.  

Permeability data from the constant rate-of-strain consolidation experiment 

CRS799 on sample 1324C-1H-1 document a decrease in vertical permeability from 

1.08x10-17 m2 at  = 0.58 to 5.39x10-19 m2 at  = 0.46 [Fig. 4.4] [Long et al., 2008]. 

Permeability data from the constant rate-of-strain consolidation experiment CRS015B on 

sample 1324B-7H-7 document a decrease in vertical permeability from 1.61x10-17 m2 at  

= 0.50 to 3.95x10-19 m2 at  = 0.33 [Fig. 4.4] [Long et al., 2008]. Our modeled porosity-

permeability trends for NM1 (designed after sample 1324C-1H-1) and NM2 (designed 

after 1324B-7H-7) show good agreement with experimental consolidation datasets (R2 of 

0.78 and 0.74) [Fig. 4.4]. In particular, the slopes of porosity-log permeability trends 

described by models NM1 and NM2 (10.93 and 8.28 respectively) are very similar to the 

experimental trends described samples 1324C-1H-1 and 1324B-7H-7 (10.65 and 8.16 

respectively) [Long et al., 2008] [Fig. 4.4]. Over the range of experimentally constrained 

data (=0.46 – 0.58), Eq. 4.11 underestimates the permeability of sample 1324C-1H-1 by 

1.56x10-19 m2 - 6.26x10-18 m2. While model NM1 is simulated using clay platelets, 

sample 1324C-1H-1 also has 15 wt.% quartz, 8.6 wt.% plagioclase, and 6.0 wt.% calcite 

[Day-Stirrat et al., 2012]. Similarly, over the range of experimentally constrained data 

(=0.33 – 0.50), Eq. 4.12 underestimates the permeability of sample 1324B-7H-7 by 

1.49x10-19 m2 – 8.91x10-18 m2. While model NM2 is simulated using clay platelets, 
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sample 1324B-7H-7 also contains 17 wt.% quartz, 9.2 wt.% plagioclase, and 4.8 wt.% 

calcite [John and Adatte, 2009]. Our results from models NM1 and NM2 predict slightly 

lower permeability of natural samples as they do not account for the presence of sand, silt 

and marl, which have been shown to have a permeability-enhancing effect in mudstones 

[Yang and Aplin, 2010; Dewhurst et al., 1999a; Schneider et al., 2011]. However, over 

=0.25-0.72 our model results exhibit good capability to predict the permeability of 

natural mudstones with high clay weight fraction. In addition to simulating experimental 

values of vertical permeability, our models also provide an estimate of horizontal 

permeability, permeability anisotropy, and tortuosity. 

Existing experimental values for mudstone tortuosity range from 1 to 34 as 

porosity decreases from 0.9 to 0.05 [Boudreau and Meysmann, 2006; Arch and Maltman, 

1990; Backeberg et al., 2017]. Over =0.16 – 0.8, we calculate values of τv and τh  

ranging from 1.52 to 32.95 [Fig. E2; Table E1; Table E2], which lies within range of 

reported tortuosity values. At porosity less than 0.16, when θ=0° in our models, our 

smectite and intermediate mudstone models predict τv of 50.65 and 41.61 respectively, 

which exceeds the range of experimental mudstone tortuosity. We calculate these larger 

values of τv at low porosity conditions due to the high aspect ratio of clay platelets in our 

smectite and intermediate mudstone models (m=35-50) and the lack of larger particles 

(e.g., silt) which reduce vertical tortuosity in natural mudstones by disrupting fabric 

development [Schneider et al., 2011; Dewhurst et al., 1996]. The increase in τv during 

compaction is accompanied by a decline in τh in our models [Table E1; Table E2], which 

is consistent with experimental observations [Dewhurst et al., 1999a]. This provides 
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additional validation of our model approach. Thus, our methodology of simulating flow 

through mudstone pore structures provides a simple way to make first-order predictions 

of mudstone permeability based on clay composition and dimensions. We extend the 

developed methodology to understand the evolution of permeability during fluid injection 

in compacted mudstones.  
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Figure 4.6: Porosity-vertical permeability model predictions (symbols) and best-fit 

lines during fluid injection accommodated through prescribed growth of 

microfracture network or propagation of a macrofracture. For =0.07-0.32, growth 

of microfracture network (kv
mf) results in greater permeability increase than 

macrofracture propagation (kv
frac). Mudstone permeability compilation [Neuzil, 

1994] shown for reference. 

4.4.2. Permeability During Fluid Injection in Mudstones  

Anthropogenic activities such as wastewater disposal, hydraulic fracturing, and 

carbon sequestration involve injection of large fluid volumes into the subsurface, which 

can increase vertical mudstone permeability by several orders of magnitude [Soeder, 

1988]. The increase in vertical permeability from fluid injection has been attributed to the 
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growth of microfracture networks [Slatt and O’Brien, 2011] and propagation of 

macrofractures [Mayerhofer et al., 2006]. We extend our methodology to understand the 

permeability response of compacted mudstone systems to fluid injection. The compacted, 

intermediate mudstone with  =0.07 and kv of 1.02x10-20 m2 (θ=0°), is used as the starting 

model for fluid injection simulations. Using lattice Boltzmann simulations, we calculate 

evolution of vertical permeability for (a) growth of microfracture network [Fig. 4.5a] 

where we simulate preferential dilation of intrabed pores during fluid injection [Table E3] 

and (b) macrofracture propagation [Fig. 4.5b] where we simulate the increase in 

macrofracture width during fluid injection [Table E4]. In both scenarios, we simulate 

injection which ultimately drives a porosity increase to ~ 0.3, representing the upper limit 

of dilation during fluid injection in compacted mudstones. Following the approach from 

our compaction models, we also evaluate the log-linear relationship between vertical 

permeability and porosity in mudstones during fluid injection.  

As intrabed pore throats (εmf) increase from 11.42 nm to 377 nm in the 

microfracture network model [Fig. 4.5a], vertical permeability (kv
mf) increases from 

1.02x10-20 m2 at  = 0.07 to 2.07x10-16 m2 at  = 0.29 [Fig. 4.6], following the trend (R2 = 

0.92),  

log(𝑘𝑣
𝑚𝑓

) =  18.18 ∅ − 20.58.      (4.13) 

As the macrofracture width (εfrac) increases from 11.42 nm to 2206 nm in the 

macrofracture propagation model [Fig. 4.5b], vertical permeability (kv
frac) increases from 



 
95 

 

1.02x10-20 m2 at  = 0.07 to 1.23x10-16 m2 at  = 0.32 [Fig. 4.6], following the trend (R2 = 

0.91),  

log(𝑘𝑣
𝑓𝑟𝑎𝑐

) =  18.02 ∅ − 21.5 .      (4.14) 

To compare the relative contribution of fracture flow to increases in mudstone 

permeability, we calculate the effective fracture width at each step of simulated fluid 

injection. Effective fracture width for growth of microfracture network (εeff
mf) and 

macrofracture propagation (εeff
frac) are calculated as 

휀𝑒𝑓𝑓
𝑚𝑓

= 𝑛𝑚𝑓 ∗ 휀𝑚𝑓 − 휀𝑖,       (4.15) 

휀𝑒𝑓𝑓
𝑓𝑟𝑎𝑐

= 휀𝑓𝑟𝑎𝑐 − 휀𝑖,        (4.16) 

where nmf is the number of microfractures simulated in our model (nmf=3) and εi is the 

pore throat width of the starting model (εi=11.42 nm). Over =0.10-0.32, we calculate 

greater values of kv
mf than kv

frac [Fig. 4.6]. Simultaneously, εeff
mf increases from 137 nm to 

1100 nm [Table E3], εeff
frac increases from 366 nm to 2190 nm [Table E4]. This indicates 

that the growth of a distributed microfracture network results in greater vertical 

permeability despite lower effective fracture width compared to a single macrofracture.  

We assume that the modeled fracture systems are fractal in nature – 

macrofractures of larger width (εfrac) are spaced more widely whereas microfractures of 

smaller width (εmf) have intergranular spacing. Our models suggest that upon fluid 

injection in low porosity mudstones, the growth of a distributed microfracture network 

yields a greater vertical mudstone permeability compared to propagation of a 
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macrofracture. This is consistent with several experimental, numerical, and field scale 

studies that record greater increase in mudstone permeability upon distributed fracture 

growth compared to a wide macrofracture [Backeberg et al., 2017; Matthäi and Belayneh, 

2004; Dahl et al., 2015]. Recent studies show that productivity of shale gas wells 

increases with the use of micro-proppants (1-50 μm) compared to typical proppants (100-

300 μm) due to greater permeability enhancement provided by microfractures of smaller 

width [Calvin et al., 2017]. Thus, our modeling approach can be used to understand 

mudstone permeability response to fracture geometries. This predictive capability can 

help design injection strategies during anthropogenic activities such as hydraulic 

fracturing, wastewater disposal, and carbon sequestration.  

4.5. Conclusions  

We develop a simple model that predicts mudstone permeability by simulating 

fluid flow through pore structures using the lattice Boltzman method. We validate our 

model against porosity-permeability observations and extend the methodology to predict 

how permeability changes during fluid injection. Our model represents mudstones as an 

assemblage of cuboidal grains with thickness (), aspect ratio (m), orientation (θ) and 

with intrabed (ε) and interbed (λ) pore widths. Compaction models for three homogenous 

mudstones spanning the representative range of clay platelet lengths (0.1 – 3 µm) and 

aspect ratios (20-50) document a variation in mudstone permeability of over 3 orders of 

magnitude. Compaction of homogenous kaolinite and smectite models document log-

linear declines in vertical permeability from 8.31x10-15 m2 at =0.76 to 6.33x10-19 m2 at 
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=0.14, and from 6.84x10-17 m2 at =0.80 to 1.30x10-23 m2 at =0.16 respectively, 

showing good correlation with experimental datasets (R2=0.42 and R2=0.56). 

Additionally, modeled trends of permeability and tortuosity from compaction of 

homogenous mudstone models lie within range of experimentally observed values on 

natural mudstones. We employ our methodology to predict the porosity-permeability 

character of two natural mudstones consisting of smectite, illite and chlorite platelets. 

Over porosity of 0.32-0.58, the porosity-permeability trends described by our 

heterogeneous mudstone models replicating the mineralogical composition of two natural 

mudstones (models NM1 and NM2) show good correlation with experimental datasets 

(R2=0.78 and R2=0.74).  

We extend our methodology to permeability during fluid injection in compacted 

mudstone due to (1) growth of a microfracture network where kv increases from 1.02x10-

20 m2 at  = 0.07 to 2.07x10-16 m2 at  = 0.29 and to (2) propagation of a macrofracture 

where kv increases from 1.02x10-20 m2 at  = 0.07 to 1.23x10-16 m2 at  = 0.32. We 

document that a distributed microfracture network results in greater permeability in 

compacted mudstones (=0.07 – 0.32) despite lower effective fracture width. In 

conclusion, we develop an approach to simulate mudstone permeability during 

compaction or fluid injection using simple inputs of clay platelet type (mineralogy), 

platelet geometry (thickness and aspect ratio) and pore throats (porosity). Thus, our 

model can be used to evaluate fluid flow in mudstone during geological processes or 

anthropogenic activities. 
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Appendix A: Mechanics of RICEBAL 

A detailed description of the DEM code RICEBAL is presented by Morgan [2015], 

describing the calculation of interparticle contact forces, bond breakage, and resultant particle 

motions. This study uses the same methodology, but with one difference: tensile failure of 

interparticle bonds now also depends on interparticle moments due to differential particle 

rotations. We present the details of the interparticle contact mechanics below (including the 

revised tensile failure condition), as they are fundamental to the energy calculations presented in 

the main text. Fig. A1a provides a general schematic for particle interactions, Figures A1b and 

A1c show the force-displacement relationships and interparticle failure criteria.   

Particle interactions occur only at contacts and particle motions are determined using 

Newton’s second law of motion. In this study, we simulate samples for biaxial experiments from 

assemblages of circular particles of different sizes, connected by elastic bonds. Each bond acts as 

two elastic springs and an elastic beam that transmit contact normal force, shear force and 

moment respectively [Guo and Morgan, 2007]. The force-displacement relationships are 

governed by elastic-frictional interactions between particles in compression, and elastic bonds 

that transmit shear stresses, as well as moment and normal stresses between particles in tension 

[Fig. A1b]. In compression, interparticle forces are calculated:  

𝑓𝑛 = 𝑘𝑛𝐴𝛿𝑛  ,      (A1) 

𝑓𝑠 = 𝑘𝑠𝐴𝛿𝑠  ,      (A2) 

𝑀 =  𝑘𝑛𝐼𝜃  ,      (A3) 
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𝐴𝑏 =  𝜋𝑅2  ,      (A4) 

𝐼 =  
1

4
 𝐴𝑅2  ,      (A5)  

where fn is the repulsive normal force, kn is the normal interparticle stiffness, δn is the amount of 

overlap between particles in contact, fs is the shear force, ks is the shear stiffness, δs is the shear 

offset of particle centers, M is the moment, Ө is the angular offset of particles, Ab is the bond 

cross-sectional area, and I is the moment of inertia. R is the effective radius determined from the 

radii of two contacting particles, Ra and Rb given by 

𝑅 =  
2𝑅𝑎𝑅𝑏

𝑅𝑎+𝑅𝑏
   .     (A6) 

We implement the non-linear Hertz-Mindlin theory [Johnson, 1985] to calculate normal 

and shear contact forces (fn and fs respectively), which are related to the elasticity and the contact 

area of overlapping particles as 

 𝑓𝑛 = (
2𝐺𝑝√2𝑅

3(1−𝑣)
) 𝛿𝑛

3/2
    ,    (A7) 

𝑓𝑠 = (
2(3𝑅𝐺𝑝

2(1−𝑣))1/3

(2−𝑣)
) 𝑓𝑛

1/3
𝛿𝑠   .   (A8) 

where Gp and ν are Shear Modulus and Poisson’s ratio of particles respectively. Thus, 

interparticle force-displacement relationships are non-linear in our implementation (e.g., Fig. 

A1b). In RICEBAL, Gp is an input parameter, which is related to Young’s Modulus of the 

particles (Ep) through the equation,  

 𝐸𝑃 = 2𝐺𝑃(1 + 𝑣) .      (A9) 
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Shear forces at unbonded interparticle contacts are limited by frictional resistance along particle 

surfaces (fs
max), as  

𝑓𝑠 < 𝜇𝑝𝑓𝑛 = 𝑓𝑠
𝑚𝑎𝑥 ,      (A10) 

where µp is the coefficient of interparticle friction.   

We implement interparticle bonding to impart cohesion into the material assemblage. 

Each bond has four key mechanical properties: Eb (Young’s modulus), Gb (shear modulus), Tb 

(tensile strength), and Cb (cohesion, i.e., shear strength of bond at fn=0). Bonds connect the 

centers of particles in contact, and bond forces are set to zero when particles are not displaced 

relative to each other (δn=δs=0). When particles are displaced in tension, the bonds support 

tensile and shear forces below predefined tensile strength and cohesion multiplied by bond area, 

𝐴𝑏, which is equal to the area of the smallest particle in contact. When particles are displaced in 

compression, the bonds support shear forces below the predefined shear strength multiplied by 

𝐴𝑏. Bond-induced interparticle forces are calculated as  

𝑓𝑛 = 𝐸𝑏𝛿𝑛𝐴𝑏  ,      (A11) 

𝑓𝑠 = 𝐺𝑏𝛿𝑠𝐴𝑏  .      (A12) 

Shear failure can occur during compressive and extensional displacement of particles, described 

through the following equations [Fig. A1c]:  

In compression (δn>0):  𝑓𝑠 < 𝜇𝑝𝑓𝑛 + 𝐶′𝑏 = 𝑓𝑠
𝑚𝑎𝑥,  (A13) 

In tension (δn<0):  𝑓𝑠 < 𝐶′𝑏(1 −
𝑓𝑛

𝑓𝑛
𝑚𝑖𝑛 ) = 𝑓𝑠

𝑚𝑎𝑥 .  (A14) 
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where  𝐶′
𝑏 =  𝐶𝑏 𝐴𝑏 and fn

min is the minimum tensile force required to break the bond. When 

particles are separated in tension (δn<0), bond tensile forces are limited by tensile strength and 

bond area, defining the tensile failure criterion as 

𝑓𝑛
𝑚𝑖𝑛 = Tb*Ab < - 𝑓𝑛 +

𝑀𝑅

𝐼
 .      (A15) 

A microcrack is defined as a broken bond. Microcracking occurs in shear mode when 

local shear forces exceed the cohesion of bond  [Eq. A13, Eq. A14, Fig. A1c], whereas 

microcracking occurs in tensile mode when local tensile forces exceed the assigned tensile 

strength of the bond [Eq. A15, Fig. A1c]. Tensile failure of bonds can occur through particle 

rotation when tensile forces generated by moment of the particle exceed the assigned tensile 

strength of the bond. For each time step, net force, displacement, and moment are calculated by 

summing components of all contact forces acting on a particle. Net force (Fp) and net moment 

(Mp) are calculated for each particle as 

𝐹𝑝 = 𝑚𝑝ẍ𝑝    ,    (A16) 

𝑀𝑝 = 𝐼𝑝Ӫ𝑝    ,    (A17) 

where mp and Ip are mass and moment of inertia and ẍp and Ӫp are the linear and angular 

accelerations respectively. The particle displacements and rotations are calculated by inverting 

and integrating Eq. A16 and Eq. A17 twice over each time step, to obtain the new particle 

positions and orientations. Then, new contact forces are calculated for the new particle 

configuration and the process is repeated. Particle motions are partially damped at each time step 

to dissipate energy in the system, to recreate the inelastic deformation in rocks [Potyondy and 

Cundall, 2004; Hazzard et al., 2000]. 
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Figure A1: Implementation of two-dimensional DEM used in this study. (a) Schematic 

diagram of particle interactions. Lateral velocity of the boundary ẋb causes displacement 

and overlap with particle 1 of δb-1, imparting a force fb-1 and acceleration of particle 1. The 

resolved velocity ẋ1 and subsequent displacement of particle 1 cause overlap with particle 2 

of δ1-2 imparting a compressional contact force of f1-2 with both normal and shear 

components. In contrast, the resolved velocities ẋ2 and ẋ3 lead to separation of particles 2 

and 3 of δ2-3, imparting tensile force f2-3. The resultant forces and moments acting on all 

particles cause both linear and angular accelerations, which are integrated to determine 

instantaneous velocities and rotations ẋ1, ẋ2, ẋ3, θ̇1, θ̇2 and θ̇3. If the contact shear force 

between particles 1 and 2 is high enough, sliding can occur. Similarly, the bond between 

particles 2 and 3 will break if either tensile or shear stress scaled by bond area exceed the 

bond strengths. See text for details.  (b) Force-displacement relationships. Nonlinear 

(Hertzian) contact relationships operate under compression (δn>0), normal contact (solid 

line), representative noncohesive maximum shear force for μ=0.5 (short dashes), and 

cohesive maximum shear force (long dashes). Linear relationships apply to bonded 

particles in tension (δn<0). (c) Resulting interparticle failure criteria in both compression 

and tension, in terms of normal and shear forces, defining conditions leading to bond 

breakage (long dashed line) and interparticle sliding (solid line). 
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Appendix B: Supplementary Materials for Chapter 2 

Text B1: Interparticle Contact Forces and Bonding in RICEBAL 

For this study, we must develop numerical analogs for sandstone and granite. We do so 

by carrying out numerical experiments on identical initial assemblages, using a range of 

micromechanical properties assigned to assemblage particles, and comparing the responses of the 

numerical material to the mechanical responses of the intended physical material. The 

microparameters of particles and bonds are adjusted iteratively to improve fit of the modeled and 

natural behaviors. The process of retroactive adjustment of micromechanical parameters of a 

Discrete Element model has been successfully used to replicate numerical analogs for sandstone 

[Wang et al., 2008; Cook et al., 2004; Wang and Tonon, 2009] and granite [Hazzard et al., 2000; 

Al-Busaidi et al., 2005; Scholtès and Donzé, 2013]. The initial micromechanical parameters used 

for the sandstone model were geomechanical properties of quartz from Cook et al. [2004]. 

Similarly, the initial micromechanical parameters used for the granite model are derived from Y-

series material described by Morgan [2015].  

In order to calibrate our numerical analogs to specific lithologies, the strength and 

deformability of our numerical samples are matched to the compressive geomechanical 

properties of the natural rocks. We calibrated the macroscopic Unconfined Compressive Strength 

based on the unconfined mechanical behavior of granite and sandstone observed in the 

laboratory [Bobich, 2005; Martin and Chandler, 1994]. We additionally calibrate the 

deformability of sandstone and granite analogs under confined conditions by calibrating the 

Young’s Modulus and Poisson’s Ratio to experimentally observed values. Finally, we calibrate 
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Mohr-Coulomb Cohesion and Angle of Internal Friction of our synthetic materials to replicate 

the confined strength behavior of granite and sandstone observed in the laboratory [Schellart, 

2000; Martin and Chandler, 1994].  

Sample volume, boundary stresses and particle positions through time are used to 

calculate bulk scale properties during biaxial experiments [Fig. B1b]. Boundary stresses of the 

biaxial domain are calculated along the vertical platens and horizontal membranes, by summing 

the forces of the particles along each surface and scaling that sum by the surface area [Fig B1b]. 

Platen and membrane stresses correspond to the maximum and minimum principal stress, S1 and 

S3, respectively. Membrane stresses are maintained at a specified confining pressure. The 

displacement of the platens is used to calculate axial strain (εa).  

Calibration of Young’s Modulus (E): Experimental values of unconfined Young’s 

Modulus are 8 GPa for Berea Sandstone [Bobich, 2005] and 50 GPa for Lac du Bonnet Granite 

[Martin and Chandler, 1994]. The bulk Young’s Modulus in our models is primarily influenced 

by the Young’s Modulus of Particles (Ep), which is controlled by the input elastic 

microparameters of particles, Gp and νp, through Eq. S9. In general, Gp and νp are directly 

correlated to the elastic moduli of the numerical materials. We derive a Young’s Modulus of 

5.28x109 Pa for Berea Sandstone [Fig B2; Table 2.2], attained using values of 2.90x1010 Pa and 

0.33 for Gp and νp, respectively [Table 2.1]. Experimental values of Young’s Modulus of Berea 

sandstone increase from 8 GPa at confining pressure of 0 MPa to 16.66 MPa at confining 

pressure of 50 MPa [Bobich, 2005]. We calculate an increase in Young’s Modulus from 5.28 

GPa to 11.12 GPa as confining pressure is increased from 0 MPa to 50 MPa on calibrated models 

of sandstone [Fig. 2.5a]. Similarly, we derive a Young’s Modulus of 42.07x109 Pa [Fig. B2, 
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Table 2.2] for Lac du Bonnet Granite, using values of 2.00x1011 Pa and 0.26 for Gp and νp 

respectively [Table 2.1]. Experimental values of Young’s Modulus in Lac du Bonnet granite 

increase from 50 GPa at confining pressure of 0 MPa to 60 GPa at confining pressure of 30 MPa 

[Martin and Chandler, 1994]. Similarly, we calculate an increase in Young’s Modulus from 

42.47 GPa to 55.07 GPa as confining pressure is increased from 0 MPa to 50 MPa on calibrated 

models of granite [Fig. 2.6a]. Thus, the calibrated values of confined and unconfined Young’s 

Modulus in our sandstone and granite models lie within range of experimental derived values 

[Bobich, 2005; Martin and Chandler, 1994].  

Calibration of Poisson’s Ratio (ν): Experimental values of unconfined Poisson’s Ratio 

are 0.33 for Berea sandstone [Hart and Wang, 1995] and  0.26 for Lac du Bonnet granite [Martin 

and Chandler, 1994]. The bulk Poisson’s Ratio of our DEM materials show direct correlation 

with the assigned Poisson’s ratio of individual particles (νp). Since individual particles of our 

models cannot fragment during deformation experiments, the elastic deformation of our 

individual particles must mirror the bulk experimental elastic deformation character of 

constituent particles – quartz for sandstone and feldspar for granite. The experimentally-derived 

Poisson’s ratio for quartz ranges from 0.19 – 0.29. We employ a particle Poisson’s Ratio (νp) of 

0.33 [Table 2.1] in our sandstone models to attain a bulk unconfined Poisson’s Ratio of 0.29 in 

our sandstone model [Table 2.2]. We calculate a decline in bulk Poisson’s Ratio from 0.29 to 

0.20 as confining pressure is increased from 0 MPa to 50 MPa on calibrated sandstone models. 

The experimentally derived Poisson’s ratio for feldspar ranges from 0.26 – 0.33. We employ a 

particle Poisson’s Ratio (νp) of 0.26 [Table 2.1] in our granite models to attain a bulk unconfined 

Poisson’s Ratio of 0.20 in our granite model [Table 2.2]. We calculate a decline in Poisson’s 

Ratio from 0.20 to 0.10 as confining pressure is increased from 0 MPa to 50 MPa on calibrated 
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granite models. The calibrated values of confined and unconfined Poisson’s ratio in our 

sandstone and granite models lie within range of experimental derived values Hart and Wang, 

1995; Martin and Chandler, 1994]. 

Calibration of Unconfined Compressive Strength (UCS): Experimental values of UCS are 

85 MPa for Berea Sandstone [Bobich, 2005] and 224 MPa for Lac du Bonnet Granite [Martin 

and Chandler, 1994]. The bulk UCS in our models is primarily influenced by the tensile strength 

of bonds (Tb) and Cohesion of bonds (Cb). The bond strengths, Tb and Cb influence the energy 

required to break bonds in tensile and shear modes, respectively. Scholtès and Donzé [2013] 

suggest that assigned values of Tb and Cb must have a ratio equal to bulk UCS/TS, where TS is 

the tensile strength of the rock, to ensure that micromechanical processes reflect the bulk 

geomechanical behavior of the rock. Experimental values of bulk UCS/TS ratios are 10 for Berea 

sandstone [Bobich, 2005], and 20 for Lac du Bonnet Granite [Martin and Chandler, 1994]. Thus 

in this study, we also maintain a Cb/ Tb ratio of bonds of 10 in our sandstone model and 20 in our 

granite model. The UCS shows a direct correlation with Tb and Cb, properties that are adjusted to 

obtain the best fit to the experimental values, also obeying the guidelines of Scholtès and Donzé, 

2013. We attain a UCS of 85.05x106 Pa for Berea Sandstone [Fig B2; Table 2.2] by employing 

values of 9.00x106 Pa and 9.00x107 Pa for Tb and Cb respectively [Table 2.1]. Similarly, we 

attain a UCS of 233.79 x106 Pa for Lac du Bonnet Granite [Fig B2; Table 2.2] by employing 

values of 6x108 Pa and 1.2x1010 Pa for Tb and  respectively [Table 2.1]. Thus, the calibrated 

values of unconfined compressive strength of our sandstone and granite models lie within range 

of experimental derived values [Bobich, 2005; Martin and Chandler, 1994]. 
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Calibration of Mohr-Coulomb Cohesion (C) and Slope (µ): After attaining the desired 

values of bulk E, νp and UCS, confined compression tests are conducted to attain the desired 

Mohr-Coulomb behavior (C and µ). Experimental values of C and µ are 26.10 MPa and 0.49 in 

Berea Sandstone [Schellart, 2000]. Experimental values of C and µ are 46.00 MPa and 1.05 in 

Lac du Bonnet granite [Martin and Chandler, 1994]. The coefficient of interparticle friction is 

derived from the slope of the Mohr-Coulomb failure envelope. The interparticle friction (µp) is 

adjusted incrementally to attain the best fit to the bulk compressive behavior of Berea Sandstone 

and Lac du Bonnet Granite. We employ µp of 0.4 for our sandstone model, and µp of 0.7 for our 

granite model [Table 2.1] to attain desired Mohr-Coulomb behavior [Fig B3]. The Mohr-

Coulomb failure envelopes are described by the following equations:  

Sandstone model: 𝜏 = 0.55𝜎𝑛 + 29.35 ,   (B1) 

Granite model: 𝜏 = 0.83𝜎𝑛 + 54.60 .    (B2) 

where τ is the shear stress (MPa) and σn is the normal stress (MPa) on the sample. Thus, through 

retroactive adjustment of micromechanical parameters we calibrate the bulk properties of 

numerical analogs for sandstone and granite to experimentally derived geomechanical properties 

of Berea Sandstone and Lac du Bonnet Granite, respectively [Table 2.2].  
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Figure B1:  Particle distribution and growth of microcracks and associated porosity in 

sandstone model during biaxial compression test under confining pressure of 15 MPa (a) 

during preconsolidation, (b) at axial strain of 0.000, and (c) axial strain of 0.0618.    

 

Figure B2:  Unconfined macromechanical properties of calibrated DEM materials used in 

this study. Sandstone model has a Young’s Modulus of 5.28 GPa and unconfined 

compressive strength of 85 MPa. Granite model has a Young’s Modulus of 42.47 GPa and 

unconfined compressive strength of 234 MPa.
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Figure B3: Mohr-Coulomb properties of calibrated DEM materials used in this study. 

Sandstone model has a cohesion of 29.35 MPa and an angle of internal friction of 29° 

(μ=0.55). Granite model has a cohesion of 54.6 MPa and an angle of internal friction of 40° 

(μ=0.83). 

 

Text B2: Calculation of Strain Energy during Biaxial Experiments  

The work done by external stresses resulting in elastic volumetric changes within the 

rock is the quantitative measure of the strain energy (Wint) [Timoshenko and Goodier, 1951]. We 
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implement the methodology presented by Cooke and Murphy [2004] to calculate the strain 

energy stored within rock during each biaxial test using the strain energy density function (V0):  

𝑉0 =  
(1−𝜗2)

2𝐸
 (𝑆1

2 + 𝑆3
2) +

(1+𝜗)

𝐸
 (𝑆13

2 +  𝜗𝑆1𝑆3) ,  (B3) 

where S1 is the axial stress on rock, S3 is the confining pressure on rock, E is the bulk Young’s 

Modulus, υ is the Poisson’s ratio of the material, and S13 is the differential stress. The value of E 

for a rock during a confined biaxial experiment is the slope of the elastic phase of S1-ε1 curve 

[Fig B2]. We calculate an increase in Young’s Modulus from 5.28 GPa to 9.12 GPa as confining 

pressure is increased from 0 MPa to 50 MPa on calibrated models of sandstone [Fig. 2.5a]. 

Similarly, we calculate an increase in Young’s Modulus from 42.47 GPa to 55.07 GPa as 

confining pressure is increased from 0 MPa to 50 MPa on calibrated models of granite [Fig. 

2.6a]. The value ofυ is calculated during the elastic loading phase of each experiment as 

𝜗 =  
휀3

휀1
⁄   .      (B4)  

We calculate a decline in Poisson’s Ratio from 0.29 to 0.2 with increasing confining 

pressure from 0 MPa to 50 MPa on calibrated sandstone models. Similarly, we calculate a 

decline in Poisson’s Ratio from 0.20 to 0.10 as confining pressure is increased from 0 MPa to 50 

MPa on calibrated granite models. The differential stress, S13 is approximated as 

𝑆13 =
𝑆1−𝑆3

2
  .      (B5)  

The total work (Wint) is calculated by summing the calculated energy density over the evolving 

volume of the sample as 

𝑊𝑖𝑛𝑡 =  ∬ 𝑉0 𝑑𝐿  𝑑𝑊𝑝 𝑑𝑍 ,     (B6) 
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where L is the varying length of the sample (m) and Wp is the constant width of the platens 

(0.038) and Z is the constant thickness of the particles (0.008 m). 

Text B3: Estimates of Fracture Energy (Gc) 

Experimental and seismological estimates of fracture energy (Gc (J/m2)) document a 

range of  over seven orders of magnitude [Fig B4]. This large range of calculated fracture energy 

is due to variation in lithology (granite, sandstone, etc.), nature of samples (intact vs. pre-

fractured samples) and methodology (direct shear experiments vs rotary shear experiments). 

Additionally, experimental estimates of fracture energy assume a single plane of deformation 

and require accurate calculation of fracture surface area.  Our estimates of Gc from microcrack 

energy [Eq. 2.12] during simulated biaxial tests complement experimental estimates by 

overcoming the limitations of experimental methods. In our sandstone model, fracture energy 

increases from 6.11 x 104 J/m2 at confining pressure of 0 MPa to 2.98 x 105 J/m2 at confining 

pressure of 50 MPa [Fig B4]. Similarly, in our granite model, fracture energy increases from 

3.21 x 105 J/m2 at confining pressure of 0 MPa to 5.41 x 105 J/m2 at confining pressure of 50 

MPa [Fig B4]. Our methodology improves constraints of fracture energy (Gc) for brittle fracture 

growth in sandstone and granite.    
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Figure B4:  Experimental and seismological estimates of fracture energy (Gc (J/m2)) with 

numerical modeling estimates from this study. Experimental estimates of Gc are calculated 

from slip along fracture plane in intact samples (star) or pre-fractured samples (circles) of 

granite, sandstone, limestone and other lithologies. 
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Appendix C: Supplementary Material for Chapter 3 

Text C1: Micromechanical Parameters and Calibration of Bulk Rock Behavior   

Calibration of Young’s Modulus (E): Experimental value of Youngs Modulus is 8 GPa 

for Berea Sandstone [Bobich, 2005]. The bulk Young’s Modulus in our models is primarily 

influenced by the Young’s Modulus of Particles (Ep), which is controlled by the input elastic 

microparameters of particles, Gp and νp, through Eq. A5. We derive a Young’s Modulus of 

6.48x109 Pa for Berea Sandstone [Fig. C1], attained using values of 2.90x1010 Pa and 0.33 for Gp 

and νp, respectively [Table C1]. Experimental values of Young’s Modulus of Berea sandstone 

increase from 8 GPa at confining pressure of 0 MPa to 16.66 MPa at confining pressure of 50 

MPa [Bobich, 2005]. We calculate an increase in Young’s Modulus from 5.28 GPa to 10.42 GPa 

as confining pressure is increased from 0 MPa to 45 MPa on calibrated models of sandstone. 

Thus, the calibrated values of confined and unconfined Young’s Modulus in our sandstone 

models lie within range of experimental derived values [Bobich, 2005]. 

Calibration of Poisson’s Ratio (ν): Experimental values of unconfined Poisson’s Ratio is 

0.33 for Berea sandstone [Hart and Wang, 1995]. The bulk Poisson’s Ratio of our DEM 

materials show direct correlation with the assigned Poisson’s ratio of individual particles (νp). 

Since individual particles of our models cannot fragment during deformation experiments, the 

elastic deformation of our individual particles must mirror the bulk experimental elastic 

deformation character of constituent particles, quartz for sandstone. The experimentally-derived 

Poisson’s ratio for quartz ranges from 0.19 – 0.29. We employ a particle Poisson’s Ratio (νp) of 

0.33 [Table C1] in our sandstone models to attain a bulk unconfined Poisson’s Ratio of 0.29 in 
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our sandstone model [Table 3.1]. We calculate a decline in bulk Poisson’s Ratio from 0.29 to 

0.20 as confining pressure is increased from 0 MPa to 50 MPa on calibrated sandstone models. 

The calibrated values of confined and unconfined Poisson’s ratio in our sandstone models lie 

within range of experimental derived values [Hart and Wang, 1995]. 

Calibration of Unconfined Compressive Strength (UCS): Experimental value of UCS is 

95 MPa for Berea Sandstone [Bobich, 2005]. The bulk UCS in our models is primarily 

influenced by the tensile strength of bonds (Tb) and Cohesion of bonds (Cb). The bond strengths, 

Tb and Cb influence the energy required to break bonds in tensile and shear modes, respectively. 

Scholtès and Donzé [2013] suggest that assigned values of Tb and Cb must have a ratio equal to 

bulk UCS/TS, where TS is the tensile strength of the rock, to ensure that micromechanical 

processes reflect the bulk geomechanical behavior of the rock. In this study, we maintain a Tb/Cb 

ratios of 10 for our sandstone model [Bobich, 2005]. The UCS shows a direct correlation with Tb 

and Cb, properties that are adjusted to obtain the best fit to the experimental values, also obeying 

the guidelines of Scholtès and Donzé [2013]. We attain a UCS of 89.37x106 Pa for our sandstone 

model [Fig. C1; Table 3.1] by employing values of 3.00x107 Pa and 3.00x108 Pa for Tb and Cb 

respectively [Table C1].  

Calibration of Mohr-Coulomb Cohesion (C) and coefficient of internal friction (µ): After 

attaining the desired values of bulk E, ν and UCS, confined compression tests are conducted to 

attain the desired Mohr-Coulomb behavior (C and µ). Experimental values of C and µ are 26.10 

MPa and 0.49 for Berea Sandstone [Schellart, 2000]. The coefficient of internal friction is 

derived from the slope of the Mohr-Coulomb failure envelope. The interparticle friction (µp) is 

adjusted incrementally to attain the best fit to the bulk compressive behavior of Berea Sandstone. 
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We employ µp of 0.4 for our sandstone models [Table 3.1] to attain desired Mohr-Coulomb 

behavior [Fig. C2]. The Mohr-Coulomb failure envelope of our sandstone model is,  

𝜏 = 0.44𝜎𝑛 + 28.03 ,      (C1) 

where τ is the shear stress (MPa) and σn is the normal stress (MPa) on the sample. Thus, through 

retroactive adjustment of micromechanical parameters we calibrate the bulk properties of our 

sandstone model to experimental datasets of Berea Sandstone [Table 3.1].  

Table C1:  Microparameters used in DEM modeling of sandstone model (calibrated after 

Berea Sandstone). 

Micromechanical Parameter Sandstone Model 

Young’s Modulus of Bonds 

(Eb) 

GPa 

0.2 

Shear Modulus of Bonds (Gb)  

GPa 

0.5 

σc/σt 10 

Tensile Strength of Bonds (Tb)  

MPa 

30 

Cohesion of Bonds (Cb)  

MPa 

300 

Shear Modulus of Particles 

(Gp)  

GPa 

29 

Poisson’s Ratio of Particles (νp) 0.33 

Interparticle friction (µp) 0.4 
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Figure C1:  Unconfined macromechanical behavior of the DEM material calibrated for this 

study. Numerical experiment presented here was carried out under 0 MPa confining 

pressure. 

 

Figure C2: Mohr-Coulomb properties of calibrated DEM material used in this study. 

Berea Sandstone model has a cohesion of 28.03 MPa and an angle of internal friction of 

23.74 degrees. 
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Text C2: Acoustic Energy and Seismic Moment Calculation  

C2a: Calculation of Acoustic Energy associated with microcracking (bond failure) 

The fracture energy associated with each microcrack is calculated as  

𝑊𝑓𝑟𝑎𝑐 = (
1

2𝐶𝑓
) 𝜎𝑐𝑓

2 𝑣𝑓 ,      (C2) 

where Wfrac is the energy associated with an individual micro-fracture (J), Cf is the elastic 

modulus of the bond broken (Pa), σcf is the stress at failure of the bond broken (Pa) and vf is the 

volume of microcrack (m3) [Tang and Kaiser, 1998]. We define the reference volume of each 

microcrack (vf) as half of the total volume of the two particles bounding the broken bond. If the 

microcrack fails in shear, Cf takes the value of shear modulus of the bond (Gb); if the microcrack 

fails in tension, Cf takes the value of Young’s modulus of the bond (Eb). We assume that acoustic 

energy (AEenergy) released during microcracking is 10% of fracture energy, in accordance with 

estimates of radiated elastic energy during fracture growth [Kanamori and Rivera, 2006; Madden 

and Cooke, 2017]. The calculated AEenergy is documented as a function of time [Fig. C3].  

C2b: Spatio-Temporal clustering of Acoustic Energy and Calculation of Seismic Moment 

We calculate the moment magnitude (M) associated with the energy of each microcrack 

[Kanamori, 1983] as   

𝑀 =
2

3
𝑙𝑜𝑔10𝐴𝐸𝑒𝑛𝑒𝑟𝑔𝑦 − 2.9 .     (C3) 

Due to the narrow range of grain size distribution in our models, the energy associated with 

microcrack formation, corresponding to individual bond breakage events, also falls into a narrow 
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range. To correct for the narrow range of grain size distribution, we implement a spatial and 

temporal clustering algorithm developed by Hazzard and Young, 2000. Each time a bond breaks, 

energy is released, and seismic source information is calculated using Eq. S19. However, bond 

breakage in our models releases approximately the same amount of energy and seismic moment 

because of the narrow particle size distribution in our models  [Fig. C4a]. This is not the case for 

real earthquakes and AE, where magnitudes exhibit a larger range that follow a power-law 

frequency-magnitude distribution [Lockner, 1993]. It is therefore postulated that microcracks 

occurring close together in space and time may be a part of the same macro rupturing event. This 

is a realistic assumption as it is known that most seismic events in the field are made up of 

smaller scale ruptures [Scholz, 1968] and that shear fractures generally grow at a finite velocity 

[Madariaga, 1976]. Thus, we implement the spatio-temporal clustering algorithm for 

microcracks developed by Hazzard and Young [2000] for correct moment magnitude calculation 

of AE events [Fig. C5].  

The algorithm follows the following steps:  

• When a bond breaks, the energy of all microcracks in the source region is summed to 

calculate the initial energy of the macrorupture event (E0). The size of the source region 

is chosen as 2400 μm, which is three times the diameter of the largest particle in our 

models [Fig. C5a], as recommended by Hazzard and Young [2000].  

• The calculated energy of all new microcracks [Eq. C2] occurring in the source region 

(Wfrac) is monitored for the duration of the macrorupture event and added to the energy of 

the macrorupture event as 

• 𝐸𝑐 = 𝐸0 + 𝑊𝑓𝑟𝑎𝑐 ,      (C4) 
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where Ec is the total energy of the a clustered macrorupture event.   

 

Figure C3:   Evolution of microcracking and acoustic energy in the sandstone model during 

biaxial compression test under confining pressure of 10 MPa. (a) Applied axial stress and 

microcracking in shear and tensile modes as a function of time and axial strain: 

Deformation stages 1-4 correspond to time of 400 s, 720 s, 1200 s and 1800 s, 

complementing the microcrack distributions in Fig. 1. (b) Spatial distribution of shear and 

tensile microcracks corresponding to deformation markers 1-4 during the biaxial 

experiment. (c) Evolution of acoustic energy from microcrack formation in shear and 

tensile modes as a function of time. 

• The event duration is calculated by assuming that each cluster is an expanding shear 

fracture. Shear fractures propagate as slowly as half the speed of the shear wave velocity 
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of the rock [Madariaga, 1976]; we assume a constant shear wave velocity of 1500 m/s for 

our sandstone analog (from experimental values of shear wave velocity in Berea 

Sandstone provided by Mavko et al. [2009]). For an initial source dimension of 2400 μm, 

we calculate a maximum crack propagation duration of 3.2 μs in our numerical sandstone 

analog [Fig. C5]. We maintain a time step of 2x10-7 s in our simulations, allowing for 

accurate clustering of microcrack energy in our sandstone analog.   

 

Figure C4:  Range of seismic moments from (a) individual microcracks and (b) clustered 

macrocracks. On each box, the central mark indicates the median, and the bottom and top 

edges of the box indicate the 25th and 75th percentiles, respectively. The whiskers extend to 

the most extreme data points not considered outliers, and the outliers are plotted 

individually using the '+' symbol. 

• If no more microcracks form within the source region over the duration of the event, then 

the Ec is the maximum energy of a macrorupture event, and the corresponding moment 

magnitude is calculated as  
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𝑀 =
2

3
𝑙𝑜𝑔10𝐸𝑐 − 2.9 .      (C5)  

 

Figure C5: AE composed of four microcracks. (a) Particles making up AE source. Black 

particles are the parent particles formerly connected by a bond, dark grey particles are in 

contact with parent particles, and light grey particles are in contact with the dark grey 

particles. (b-d) First, second and third stage of AE composed of four microcracks, shown as 

red lines. Time from first bond breakage is shown in each frame. Particles involved in 

energy calculations are colored in grey. New particles added to the source area after 

formation of a new microcrack are colored in black.  

• If another crack occurs within the source area before the end of the monitoring period, 

then it is incorporated into the event. When this happens, the time is set back to zero and 
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source area is expanded to include particles surrounding the new crack. The energy of all 

particles in the expanded source region is then monitored until the duration of the event 

has elapsed and no more cracks form within the source area [Fig. 3.5c,d]. The event 

magnitude is calculated using Eq. C3.  

The implemented spatio-temporal clustering of microcrack energy for seismic moment results in 

a wider range of seismic moments during fracture nucleation and rupture [Fig. C4b], correcting 

for the limitations of discrete particles of limited size distribution.    

Text C3: Calculation of Seismic b-value 

The interpretation of seismic b-value within each time window is conducted using 

guidelines provided by Okal and Romanowicz [1994] and Felzer [2006]. The interpretation of 

seismic b-value within each time window is conducted in the following steps: 

1. We calculate the range of seismic moment (ΔM) as the difference between the largest 

moment magnitude (Mmax) and smallest moment magnitude (Mmin) within each time 

window.  

2. For each time window, we define 100 bins with range (ΔM/100) and develop a 

cumulative frequency-magnitude histogram that counts the number of seismic moments 

in all of the bins up to the specified bin [Fig. C6].  

3. The seismic b-value for each time window is determined as the slope of the moment 

frequency-magnitude distribution [Fig. C6]. To interpret the slope of moment frequency-

magnitude plot for each time window, we employ consistent magnitude cutoffs of 5% 

and 95% of ΔM. The lower limit of 5% of ΔM eliminates the influence of small, 

independent microcracking during b-value interpretation, while the upper limit of 95% of 
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ΔM eliminates the influence of mainshocks on b-value interpretation [Lockner, 1993; 

Boettcher et al., 2009].  

4. We apply a least-squares regression upon the seismic moments lying within 5%-95% of 

ΔM within each time window. Seismic b-value is interpreted as the slope of the fitted line 

[Fig. C6].   

 

Figure C6:  Seismic b-values calculated from time windows during the initiation, 

nucleation, rupture and frictional sliding phase of biaxial test on sandstone analog under 

confining pressure of 10 MPa. Seismic b-value is calculated as the slope of the moment 

cumulative frequency-magnitude distribution of clustered microcrack energy. b-values 

document precursory decline in magnitude during the nucleation phase.    
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Text C4: Calculation of Fractal Dimension (D2) 

The correlation exponent, D2, is estimated from the slope of a log-log plot of C(R) versus 

R within each time window [Fig. C7]. The slope of curve C(R) versus R is estimated using linear 

regression where slope of the curve is maintained greater than zero (eliminating constant values 

of C(R)) [Fig. C7]. The interpretation of the fractal dimension is conducted based on guidelines 

described by Bonnet et al. [2001]:  

• The maximum value of R is chosen as the length of the simulated sandstone sample, 

providing a statistically acceptable representation of microcracking across the area of the 

sample [Fig C7].  

• The value of C(R) is calculated over 2-3 orders of magnitude of R, providing for good 

definition of the exponent D2 [Fig C7]. 

 

Figure C7: Fractal Dimension (D2) calculated as the slope of the correlation integral (C(R)) 

and radius (R) [Eq. 5]. D2 calculated during time windows at t= 400 s, 720 s, 1200 s and 

1800 s respectively, corresponding to strain markers 1-4 in Fig. 1 and Fig. 2 during biaxial 

test on sandstone analog under confining pressure of 10 MPa.  
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Figures C8 – C12: Effect of Confining Pressure on Deformation Indicators 

 

Figure C8: Evolution of microcracking and deformation indicators in sandstone analog 

during biaxial test under confining pressure of 0 MPa. (a) Applied axial stress and 

microcracking in shear and tensile modes documented as a function of axial strain. (b) 

Indicators microcrack variance (MCvar) and shear fraction (SF) exhibit precursory 

increase in magnitude prior to critical failure (c) Calculated increase in range of seismic 

moment magnitudes prior to critical failure. On each box, the central mark indicates the 

median moment magnitude, box indicates the 25th and 75th percentiles, respectively, 

whiskers extend to the most extreme data points not considered statistical outliers, and 

outliers are plotted individually using the '+' symbol. (d) Deformation indicators seismic b-

value and fractal dimension of microcrack location (D2) exhibit precursory decline prior to 

critical failure. 
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Figure C9: Evolution of microcracking and deformation indicators in sandstone analog 

during biaxial test under confining pressure of 20 MPa. (a) through (d) same as Figure C8.  
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Figure C10: Evolution of microcracking and deformation indicators in sandstone analog 

during biaxial test under confining pressure of 30 MPa. (a) through (d) same as Figure C8. 
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Figure C11: Evolution of microcracking and deformation indicators in sandstone analog 

during biaxial test under confining pressure of 40 MPa. (a) through (d) same as Figure C8. 
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Figure C12: Evolution of microcracking and deformation indicators in sandstone analog 

during biaxial test under confining pressure of 50 MPa. (a) through (d) same as Figure C8. 
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Text C5: Details of Multilayer Perceptron (MLP)  

C5a: Architecture of the Multilayer Perceptron (MLP) 

The MLP correlates using an arbitrary function between input deformation indicators 

with target values, time-to-failure (TTF) and stress-to-failure (STF), through iteratively 

application synaptic weights (wxy and wyz) [Fig. C13]. In a multi-layer perceptron, each layer 

computes a vector function in the form:  

𝑧 = 𝑔(𝑊𝑇𝑥 + 𝑏)       (C6) 

where z ∈ RN is a vector of activations of the nodes of the hidden layer, with N nodes;  x ∈ RM is 

a vector of the activations of nodes of the previous layer, with M nodes, W ∈ RMxN is a matrix of 

weights linking nodes in x and z; b ∈ RN is a vector of biases for layer z; and g(*) is an element 

wise non-linear function, known as the activation function. The non-linear activation function 

allows for the neural network to approximate arbitrary functions [Goodfellow et al., 2016]. 

Common activation functions used in geophysical work include logistic sigmoid, hyperbolic 

tangent, rectified linear unit (ReLU) [van der Baan and Jutten, 2000; Goodfellow et al, 2016]. 

Since there is no east rule to determine the optimum architecture of a neural network, we 

evaluate the performance of the MLP by varying number of neurons in the hidden layer and 

activation functions [Basheer and Hajmeer, 2000]. We choose the hyperbolic tangent activation 

function (g(z) = 2/(1+exp(-2*z))-1)) and five hidden neurons (m=5) in our study as it yields good 

performance with a simple architecture [Fig. C14].  

C5b: Training and Testing of the Multilayer Perceptron (MLP) 
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The rows of input matrix correspond to 91 time windows for nine individual biaxial tests 

(91x9 = 819 rows).The columns of the array are confining pressure (CP) and deformation 

indicators microcracking variance (MCvar), shear fraction (SF), seismic b-value and fractal 

dimension (D2) [Fig. C13]. We randomly allocate 70% of this dataset as training dataset and the 

remaining 30% as testing dataset. All data were normalized so each feature would be in the range 

of [0, 1] before training, preventing the network from favoring one input feature over others 

[Goodfellow et al., 2016]. The MLP is first trained on the training dataset: in this phase the MLP 

learns the relationships between data features and the targets TTF and STF.  

The objective function for regression tasks  in our MLP is the MSE-Squared-Error 

(MSE), defined as the average squared difference between the neural network prediction and the 

true target,  

𝑀𝑆𝐸 =  
1

𝑁
∑ |𝑦𝑖 − 𝑦�̅�|

2𝑁
𝑖=1  ,     (Eq. C7) 

where 𝑦𝑖 and 𝑦�̅� are the estimated value and known value for example i, and N is the number of 

training examples. The goal of the MLP is to minimize MSE on the training dataset, which is a 

set of inputs (deformation indicators and confining pressure) with known target values (TTF and 

STF) using gradient descent [Goodfellow et al, 2016]. Thus, the MLP trains by iteratively 

varying connection weights wxy and wyz to optimize fit to desired target values (TTF and STF) 

using the gradient descent algorithm to attain the lowest possible value of MSE [Goodfellow et 

al., 2016] [Fig. 3.3].  The trained MLP is then fed with testing dataset and predicts values for 

TTF and STF [Fig. 3.3].  
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Figure C13: Architecture of Multilayer Perceptron (MLP) employed in our study to 

predict critical failure in sandstone analog during biaxial tests under confining pressures of 

0-50 MPa. 
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Figure C14: Regression performance during testing and training for TTF and STF 

predictions using varying activation functions and number of hidden neurons in MLP. We 

employ the tan sigmoid activation function and  five neurons in the hidden layer as it yields 

good performance and low training time for MLP.  
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Figure C15: Training, testing and combined regression performance of MLP for (a) Time-

to-failure predictions (TTF), and (b) Stress-to-failure (STF) predictions .
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Table C2: Relative Importance calculation of input precursory indicators for stress-

to-failure prediction using MLP Network reveals MCvar and D2 as primary 

predictors. 

 

 

Input Layer-Hidden Layer 

 Input 1: 

Confining 

Pressure (CP) 

Input 2: 

Microcracking 

Variance 

(MCvar) 

Input 3: 

Shear 

Fraction (SF) 

Input 4: 

Fractal 

Dimension 

(D2) 

Input 5: 

Seismic b-value 

Neuron y1 -2.914 -1.790 -0.167 0.491 -1.107 

Neuron y2 -0.826 -0.258 1.606 -1.784 -0.993 

Neuron y3 -0.889 3.846 2.404 0.587 2.298 

Neuron y4 0.558 -0.057 1.432 2.950 3.181 

Neuron y5 0.097 5.691 0.466 0.519 2.308 

Hidden Layer – Output Layer 

Neuron z1 0.126 0.101 -0.766 0.824 0.269 

Connection Weights and Relative Importance 

Neuron y1-z1 0.451 0.277 0.026 0.076 0.171 

Neuron y2-z1 0.151 0.047 0.294 0.326 0.182 

Neuron y3-z1 0.089 0.384 0.240 0.059 0.229 

Neuron y4-z1 0.068 0.007 0.175 0.361 0.389 

Neuron y5-z1 0.011 0.627 0.051 0.057 0.254 

Sum 0.769 1.341 0.786 0.879 1.225 

Relative 

Importance (%) 15.384 26.826 15.716 17.571 24.502 

Rank 5 1 4 3 2 
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Table C3: Relative Importance calculation of input precursory indicators for stress-

to-failure prediction using Artificial Neural Network reveals SF and b-value as 

primary predictors.    

Input Layer-Hidden Layer 

 Input 1: 

Confining 

Pressure 

(CP) 

Input 2: 

Microcracking 

Variance 

(MCvar) 

Input 3: 

Shear 

Fraction 

(SF) 

Input 4: 

Fractal 

Dimension 

(D2) 

Input 5: 

Seismic b-value 

Neuron y1 0.298 -2.763 0.822 -2.328 0.714 

Neuron y2 -1.199 1.674 5.259 -2.537 3.423 

Neuron y3 0.911 -0.477 -1.750 -0.541 -1.558 

Neuron y4 0.192 -0.494 -2.528 -4.188 2.018 

Neuron y5 0.165 -0.657 -0.195 -0.163 -0.444 

Hidden Layer – Output Layer 

Neuron z1 0.098 -0.267 0.384 0.117 -2.298 

Connection Weights and Relative Importance 

Neuron y1-z1 0.043 0.399 0.119 0.336 0.103 

Neuron y2-z1 0.085 0.119 0.373 0.180 0.243 

Neuron y3-z1 0.174 0.091 0.334 0.103 0.297 

Neuron y4-z1 0.020 0.052 0.268 0.445 0.214 

Neuron y5-z1 0.101 0.405 0.120 0.100 0.273 

Sum 0.424 1.066 1.215 1.165 1.131 

Relative Importance 

(%) 8.476 21.319 24.297 23.290 22.618 

Rank 5 4 1 2 3 
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Appendix D: The Lattice Boltzmann Method 

The lattice Boltzmann method (LBM) is a numerical scheme for simulating fluid 

flow problems in terms of a single variable, the particle distribution function. This 

numerical scheme is in contrast to the traditional computational fluid dynamics methods 

that solve the Navier-Stokes equation for macroscopic variables such as pressure and 

velocity. The LBM is derived from microscopic physics and models fluid as a collection 

of particles with distribution of positions and momentum. The upscaled dynamics of 

these particles results in the macroscopic dynamics of the fluid.  

The lattice Boltzmann equation is a discrete form of the continuous Boltzmann equation 

𝜕𝑓𝛼(𝑥,𝑒𝛼𝜕𝑡)

𝜕𝑥
+  𝑒𝛼𝑓𝛼(𝑥, 𝑒𝛼𝜕𝑡) = 𝛺 ,    (D1) 

where fα(x, eα∂t) is the fraction of fluid particles that have traveled distance x in time t in 

any of the phase space directions, represented by α. eα is the vector of velocity direction, 

and Ω is the collision operator.  Evolution of the particle distribution is achieved by 

discretizing and solving a microscopic kinetic equation for the particle distribution 

function (fα(x, eα∂t)) in each time step. Time and space are discretized with velocity 

limited to a finite set of vectors that represent the admissible directions in which the 

particle can travel. In our study, we employ the D3Q19 model [Fig. D1]. 
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Figure D1 - Velocity directions and distribution functions of particles on a typical 

3D lattice node using the D3Q19 model [from Chukwudozie, 2011].   

The D3Q19 model has 18 discrete cubic lattice velocities with a fluid particle at 

rest. Six of the velocity directions are towards the face centers while 12 are towards the 

edge centers of the cubic lattice, defined by the velocity direction as   

𝑒𝛼 =  {

(0,0,0);                             𝛼 = 0
(∓1, 0,0), (0, ∓1, 0), (0,0, ∓1);   𝛼 = 1,2,3,4,5,6

(∓1, ∓1,0), (∓1,0, ∓1), (0, ∓1, ∓1);  𝛼 = 7,8,9,10,11,12,13,14,15,16,17,18

.  (D2) 

The basic LBM algorithm consists of two steps – particle streaming and collision. 

Streaming involves the transfer of particles between nodes along a particular direction, 

mathematically defined as  

𝑓𝛼(𝑥 + 𝑒𝛼𝜕𝑡, 𝑡 + 𝜕𝑡) = 𝑓𝛼
∗(𝑥, 𝑒𝛼𝜕𝑡) ,    (D3) 
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where fα* (x, eα∂t) is the post collision distribution function. The collision step involves 

momentum exchange between particles due to collision with each other at a particular 

node according to 

𝑓𝛼
∗(𝑥, 𝑒𝛼𝜕𝑡) =  𝑓𝛼(𝑥, 𝑒𝛼𝜕𝑡) +  𝛺  .   (D4) 

The collision operator, Ω, accounts for the change in total number of particles in a 

node along a particular direction due to momentum exchange between the particles. 

These two steps are combined with boundary conditions to obtain the macroscopic 

variables of density and velocity as moments of particle distribution functions as 

𝜌(𝑥, 𝑡) =  ∑ 𝑓𝛼(𝑥, 𝑡)18
0   ,    (D5) 

𝑢(𝑥, 𝑡) =
1

𝜌(𝑥,𝑡)
∑ 𝑒𝛼𝑓𝛼(𝑥, 𝑡)18

0   ,    (D6) 

where ρ is the macroscopic density of fluid particles at location x and time t, and u is the 

macroscopic velocity of fluid particles at location x and time t.  

We employ the Bhatnagar-Gross-Krook (BGK) model to approximate the 

collision term [Struchtrup, 2005]. In the BGK approximation, particle distribution 

evolves due to collision tending toward an equilibrium distribution function described by 

the macroscopic velocity at a particular point. The collision term in the BGK model is 

given by 

𝛺 =  
1

𝜆
[𝑓𝛼(𝑥, 𝑒𝛼𝜕𝑡) −  𝑓𝛼

𝑒𝑞(𝑥, 𝑒𝛼𝜕𝑡) ,    (D7) 
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where  fα
eq(x, eα∂t) is the equilibrium distribution function as  

𝑓𝛼
𝑒𝑞(𝑥, 𝑡) = 𝑤𝛼 𝜌(𝑥, 𝑡) [1 + 3𝑒𝛼𝑢 + 9

(𝑒𝛼𝑢)2

2
− 3

𝑢2

2
 .  (D8) 

wα is the weight factor for the α velocity direction and λ is the dimensionless relaxation 

time parameter that measures the rate at which distribution functions tend towards 

equilibrium. Collision is considered a relaxation process that evolves toward an 

equilibrium state since the value of the new distribution function is modified based on its 

deviation from the equilibrium function.  

In LBM, parameterized values of the lattice constants and fluid properties in 

lattice units are used in simulations. The correspondence between the physical system 

being simulated and the parameterized simulation is achieved through the Reynolds 

number. Important lattice constants used for relating measurements in the two systems 

are the lattice resolution (Δx), time step (Δt) and lattice viscosity (μlu). The basic 

conversion from LB units to physical units for single phase flow are 

∆𝑥 =  
𝐿

𝑁𝑖
   ,     (D9) 

𝑢𝑝 =  𝑢𝑙𝑢
∆𝑥

∆𝑡
   ,     (D10) 

𝜇𝑝 =  𝜇𝑙𝑢
∆𝑥2

∆𝑡
   ,     (D11) 

𝑃𝑝 =  𝑃𝑙𝑢 𝜌𝑝
∆𝑥2

∆𝑡
  ,     (D12) 
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𝑃𝑙𝑢 =  𝑐𝑠
2 𝜌𝑙𝑢        (D13) 

where L is the physical length of the domain in i direction, Ni is the lattice size in i 

direction, ulu and up are the macroscopic fluid velocities lattice units and physical units 

respectively,  ulu and up are the macroscopic fluid velocities in lattice units and physical 

units respectively, Plu and Pp are the macroscopic fluid pressures in lattice units and 

physical units respectively, ρlu and ρp are the macroscopic fluid densities in lattice units 

and physical units respectively, and cs is the lattice speed of sound (cs
2 =1/3).  
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Appendix E: Supplementary Material for Chapter 

4 

 

Figure E1:  Scaled-down model of mudstone pore structure NM2 (=0.79), designed 

after sample 1324B-7H-7. The NM2 mudstone model consists of 31% smectite, 41% 

illite and 28% chlorite by volume.  (a) Cross sectional view of NM2 pore structure 

with bedding layers consisting of smectite, illite and chlorite platelets; (b) 

Orthogonal view of NM2; and (c) Cross sectional view of NM2 pore structure with 

platelet rotation (θ=10°) and directions of vertical (qv) and horizontal flow (qh). 
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Figure E2: Vertical tortuosity increases as porosity declines during compaction (τv) 

in homogenous kaolinite, smectite and intermediate mudstone models, and 

heterogenous mudstone models, NM1 (designed after sample 1324C-1H-1) and NM2 

(designed after sample 1324B-7H-7). 

 

 

Table E1: Vertical (qv) and horizontal (qh) flux during compaction of kaolinite, 

smectite and intermediate mudstone models, simulated by step-wise decrease in 

intrabed (ξ), interbed pore throat diameters (λ) and orientation (θ). 
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Model S

te

p 

Porosity 

 

 

 

Intrabed Pore 

Throat Width 

ξ  

Interbed Pore 

Throat Width 
 

λ 

Platelet 

Orientatio

n 

 

Θ 

Vertical Flux  

 

 

qv 

Reynolds 

Number 

Vertical flow 

Rev 

Vertical 

Permeability 

 

kv 

Vertical 

Tortuosity 
 

τv 

Horizontal Flux  

 

 

qh 

Reynolds 

Number 

Horizontal flow 

Reh 

Horizontal 

Permeability 
 

kh 

Horizo

ntal 

Tortuo

sity 

τh 

 

   (nm) (nm) Degrees (m/s)  (m2)  (m/s)  (m2)  

Kaolinite 1 0.76 3.60 x 102 3.60 x 102 45 7.15 x 10-1 2.41 x 100 8.31 x 10-15 
3.98 

1.12 x 10-1 1.88 x 10-2 1.10 x 10-14 
3.98 

Kaolinite 2 0.68 2.60 x 102 2.60 x 102 35 3.56 x 10-1 1.20 x 100 3.42 x 10-15 
5.68 

5.16 x 10-2 8.69 x 10-3 4.96 x 10-15 
4.36 

Kaolinite 3 0.58 1.80 x 102 1.80 x 102 25 9.81 x 10-2 3.31 x 10-1 7.84 x 10-16 
8.15 

1.77 x 10-2 2.99 x 10-3 1.68 x 10-15 
4.53 

Kaolinite 4 0.46 1.20 x 102 1.20 x 102 20 2.63 x 10-2 8.85 x 10-2 1.78 x 10-16 
11.07 

9.27 x 10-3 1.56 x 10-3 8.67 x 10-16 
4.97 

Kaolinite 5 0.35 8.00 x 101 8.00 x 101 15 5.73 x 10-3 1.93 x 10-2 3.42 x 10-17 
14.30 

2.33 x 10-3 3.93 x 10-4 2.16 x 10-16 
5.00 

Kaolinite 6 0.28 6.00 x 101 6.00 x 101 10 1.92 x 10-3 6.49 x 10-3 1.07 x 10-17 
16.61 

8.69 x 10-4 1.47 x 10-4 8.02 x 10-17 
4.29 

Kaolinite 7 0.19 4.00 x 101 4.00 x 101 5 3.91 x 10-4 1.32 x 10-3 2.02 x 10-18 
19.80 

2.60 x 10-4 4.39 x 10-5 2.39 x 10-17 
3.31 

Kaolinite 8 0.14 4.00 x 101 4.00 x 101 0 1.23 x 10-4 4.14 x 10-4 6.33 x 10-19 
21.64 

1.56 x 10-4 2.63 x 10-5 1.43 x 10-17 
1.74 

Smectite 1 0.80 9.00 x 100 9.00 x 100 45 3.56 x 10-1 4.00 x 10-2 6.84 x 10-17 
7.08 

4.18 x 10-2 9.40 x 10-5 1.33 x 10-16 
7.08 

Smectite 2 0.76 7.00 x 100 7.00 x 100 35 2.10 x 10-1 2.36 x 10-2 3.61 x 10-17 
9.31 

5.08 x 10-2 1.14 x 10-4 1.60 x 10-16 
6.88 

Smectite 3 0.72 5.00 x 100 5.00 x 100 25 1.08 x 10-1 1.21 x 10-2 1.63 x 10-17 
12.03 

4.11 x 10-2 9.24 x 10-5 1.29 x 10-16 
6.27 

Smectite 4 0.66 4.00 x 100 4.00 x 100 15 3.50 x 10-2 3.93 x 10-3 4.60 x 10-18 
15.44 

1.66 x 10-2 3.72 x 10-5 5.16 x 10-17 
5.06 

Smectite 5 0.58 3.00 x 100 3.00 x 100 10 5.02 x 10-3 5.64 x 10-4 5.59 x 10-19 
20.10 

3.18 x 10-3 7.15 x 10-6 9.85 x 10-18 
4.63 

Smectite 6 0.45 2.00 x 100 2.00 x 100 5 3.04 x 10-4 3.42 x 10-5 2.77 x 10-20 
27.95 

2.79 x 10-4 6.28 x 10-7 8.59 x 10-19 
3.74 

Smectite 7 0.16 1.00 x 100 1.00 x 100 0 1.84 x 10-7 2.06 x 10-8 1.30 x 10-23 
50.65 

3.06 x 10-7 6.88 x 10-10 9.35 x 10-22 
1.71 

Intermediate 1 0.73 13.71 x 101 13.71 x 101 45 1.39 x 10-1 3.12 x 10-1 6.10 x 10-16 
6.72 

1.75 x 10-2 1.12 x 10-3 1.11 x 10-15 
6.72 

Intermediate 2 0.66 10.28 x 101 10.28 x 101 35 3.73 x 10-2 8.37 x 10-2 1.38 x 10-16 
9.60 

7.07 x 10-3 4.54 x 10-4 4.44 x 10-16 
7.11 

Intermediate 3 0.60 80.00 x 100 80.00 x 100 25 1.73 x 10-2 3.88 x 10-2 5.59 x 10-17 
12.79 

5.78 x 10-3 3.71 x 10-4 3.60 x 10-16 
6.68 

Intermediate 4 0.50 57.14 x 100 57.14 x 100 20 6.95 x 10-3 1.56 x 10-2 1.93 x 10-17 
16.88 

3.00 x 10-3 1.93 x 10-4 1.86 x 10-16 
7.06 

Intermediate 5 0.44 45.71 x 100 45.71 x 100 15 2.98 x 10-3 6.70 x 10-3 7.58 x 10-18 
20.03 

1.45 x 10-3 9.31 x 10-5 8.93 x 10-17 
6.46 

Intermediate 6 0.35 34.28 x 100 34.28 x 100 10 1.06 x 10-3 2.38 x 10-3 2.45 x 10-8 
24.45 

7.22 x 10-4 4.64 x 10-5 4.43 x 10-17 
5.60 

Intermediate 7 0.25 22.85 x 100 22.85 x 100 5 2.48 x 10-4 5.57 x 10-4 5.16 x 10-19 
30.30 

2.33 x 10-4 1.49 x 10-5 1.42 x 10-17 
4.16 

Intermediate 8 0.07 11.42 x 100 11.42 x 100 0 5.54 x 10-6 1.24 x 10-5 1.02 x 10-20 
41.61 

7.68 x 10-6 4.93 x 10-7 4.68 x 10-19 
1.83 
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Table E2: Vertical (qv) and horizontal (qh) flux during compaction of NM1 (designed after sample 1324C-1H-1) and NM2 (designed after 

sample 1324B-7H-7) mudstone models, simulated by step-wise decrease in intrabed (ξ), interbed pore throat diameters (λ) and orientation 

(θ). 
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Number 

Horizontal 

flow 
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Horizontal 

Permeabilit

y 

 

kh 

Horizont

al 

Tortuosit
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τh 

 

   (nm) (nm) Degrees (m/s)  (m2)  (m/s)  (m2)  

NM1 1 0.72 5.05 x 101 5.05 x 101 15 5.03 x 10-2 2.71 x 10-2 1.54 x 10-16 11.30 5.08 x 10-2 7.42 x 10-4 1.39 x 10-15 3.91 

NM1 2 0.67 3.85 x 101 3.85 x 101 10 1.90 x 10-2 1.03 x 10-2 5.19 x 10-17 13.67 2.43 x 10-2 3.55 x 10-4 6.53 x 10-16 3.43 

NM1 3 0.60 2.65 x 101 2.65 x 101 6 3.94 x 10-3 2.12 x 10-3 9.39 x 10-18 17.01 6.22 x 10-3 9.08 x 10-5 1.64 x 10-16 2.94 

NM1 4 0.49 1.45 x 101 1.45 x 101 3 3.36 x 10-4 1.81 x 10-4 6.86 x 10-19 22.45 6.70 x 10-4 9.78 x 10-6 1.73 x 10-17 2.47 

NM1 5 0.32 2.5 x 100 2.5 x 100 0 4.17 x 10-6 2.25 x 10-6 7.09 x 10-21 32.95 1.05 x 10-5 1.53 x 10-7 2.66 x 10-19 1.52 

NM2 1 0.58 6.25 x 101 6.25 x 101 12 1.41x10-2 7.62 x 10-3 3.11 x 10-17 12.46 8.16 x 10-3 1.19 x 10-4 2.27 x 10-16 3.69 

NM2 2 0.50 3.85 x 101 3.85 x 101 9 3.13x10-3 1.69 x 10-3 6.65 x 10-18 15.34 2.63 x 10-3 3.85 x 10-5 7.07 x 10-17 3.60 

NM2 3 0.45 2.65 x 101 2.65 x 101 6 1.31 x 10-3 7.09 x 10-4 2.74 x 10-18 17.51 1.50 x 10-3 2.19 x 10-5 3.96 x 10-17 3.12 

NM2 4 0.37 1.45 x 101 1.45 x 101 3 3.16 x 10-4 1.71 x 10-4 6.46 x 10-19 20.76 5.06 x 10-4 7.39 x 10-6 1.30 x 10-17 2.50 

NM2 5 0.25 2.5 x 100 2.5 x 100 0 2.39 x 10-5 1.29 x 10-5 4.79 x 10-20 26.54 5.96 x 10-5 8.71 x 10-7 1.51 x 10-18 1.60 
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Table E3: Vertical flux (qv
mf) during growth of microfractures through compacted intermediate mudstone, simulated by step-wise increase 

in microfracture width (ξmf).   

 

 

 

 

 

 

 

 

 

Step Porosity 
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fracture 

Width 

ξmf 
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Fracture 

Width 

εeff
mf 

Interbed 
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Vertical Flux  

 

  

qv
mf 

Reynolds 

Number 

Vertical flow 

Rev 

Vertical 

Permeability 

 

kv
mf 

  (nm) (nm) (nm) (m/s)  (m2) 

1 0.07 11.42 x100 0.00 x100 11.42 x100 5.54 x 10-6 1.24 x 10-5 1.02 x 10-20 

2 0.10 57.14 x100 1.37 x 102 11.42 x100 1.56 x 10-4 3.52 x 10-4 2.89 x 10-19 

3 0.13 10.20 x101 2.74 x 102 11.42 x100 1.05 x 10-3 2.37 x 10-3 1.95 x 10-18 

4 0.18 18.28 x101 5.14 x 102 11.42 x100 7.99 x 10-3 1.79 x 10-2 1.48 x 10-17 

5 0.25 29.71 x101 8.57 x 102 11.42 x100 4.68 x 10-2 1.05 x 10-1 8.66 x 10-17 

6 0.29 37.70 x101 1.10 x 103 11.42 x100 1.12 x 10-4 2.52 x 10-1 2.07 x 10-16 
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Table E4: Vertical flux (qv
frac) during propagation of macrofracture through compacted intermediate mudstone, simulated by step-wise 

increase in fracture width (ξfrac).

Step Porosity 
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Width 

ξfrac 
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Fracture 

Width 

εeff
frac 

Interbed 

Pore Throat 
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Vertical Flux  

 

 

 qv
frac 

Reynolds 

Number 

Vertical flow 

Rev 

Vertical 

Permeability 

 

kv
frac 

  (nm) (nm) (nm) (m/s)  (m2) 

1 0.07 11.42 x100 0.00 x100 11.42 x100 5.54 x 10-6 1.24 x 10-5 1.02 x 10-20 

2 0.12 37.71 x 101 3.66 x 102 11.42 x100 9.41 x 10-6 2.11 x 10-5 1.74 x 10-20 

3 0.17 70.85 x 101 6.97 x 102 11.42 x100 1.17 x 10-5 2.64 x 10-5 2.17 x 10-20 

4 0.21 11.09 x 102 1.10 x 103 11.42 x100 3.83 x 10-4 8.60 x 10-4 7.07 x 10-19 

5 0.25 14.74 x 102 1.46 x 103 11.42 x100 5.81 x 10-3 1.31 x 10-2 1.07 x 10-17 

6 0.32 22.06 x 102 2.19 x 103 11.42 x100 6.64 x 10-2 1.49 x 10-1 1.22 x 10-16 



 
165 

 

 

Appendix F: Evolution of Porosity, Permeability, 

Ultrasonic Velocity and Pore Structure in 

Mudstone upon Fluid Injection 

F1. Introduction 

Anthropogenic activities such as wastewater disposal, hydraulic fracturing and 

carbon sequestration involve injection of large fluid volumes into mudstone beds in the 

subsurface. This fluid injection results in the dilation of the mudstone pore structure 

through different mechanisms such as isotropic dilation, microfracturing and 

macrofracture propagation [Backeberg et al., 2017; Mayerhofer et al., 2006; Slatt and 

O’Brien, 2011]. Experimental studies record an increase in vertical mudstone 

permeability of an order of magnitude upon fluid injection volumes corresponding to 2-

5% of sample porosity [Dong et al., 2010; Backeberg et al., 2017]. To understand the 

observed increase in mudstone permeability upon fluid injection, several models employ 

the effective stress law [Terzaghi, 1951], 

𝜎𝑒𝑓𝑓 =  𝜎𝑣 −  𝑃𝑝 ,      (F1) 

where σv is the confining pressure on rock (Pa) and Pp is the pore pressure of fluids (Pa). 

Fluid injection in mudstone results in an increase in Pp and a subsequent decline in σv, a 

process known as unloading [Walsh, 1981].  
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Several models have been proposed to understand the dependence of mudstone 

permeability on effective stress upon fracture growth during fluid injection. Experimental 

observations from Backeberg et al. [2017] derive indicate a log-linear relationship 

between vertical permeability and effective stress in mudstones during fluid injection. 

Carey et al. [2015] utilize X-ray tomography and finite-discrete element modeling to 

propose a linear relationship between vertical permeability and effective stress in Utica 

Shale. Field-scale analysis of shale permeability indicate a log-linear relationship with 

effective stress during fluid injection [Chen et al., 2015]. While several studies have 

quantified the changes in fracture permeability with effective stress during fluid injection, 

the mechanistic response of the mudstone pore structure to injection remain 

unconstrained. During the backflow phase of hydraulic fracturing, only 20-30% of the 

injected water is recovered [Nicot and Scanlon, 2012], indicating that the majority of 

injected fluid resides within the host mudstone matrix [O’Malley et al., 2016]. 

Goodfellow et al. [2015], show that the growth of hydraulic fractures accounts for 18% to 

94% of injection energy, indicating that a large fraction of injected fluid is not stored 

within the induced fractures. This potentially matrix held water can result in productivity 

and environmental concerns. The injected water can reside in small pores within the 

matrix and separate hydrocarbon from the fracture network [Dutta et al., 2012]. 

Additionally, the injected water may mix with salt and metals in the mudstone system 

and migrate to the groundwater leading to contamination of drinking water resources 

[Gallegos et al., 2015]. Thus, it is important to quantify the mechanistic response of the 
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mudstone pore structure to injected fluid to quantify mechanisms of accommodation of 

injected fluid. 

We conduct an experimental investigation into the evolution of the porosity, 

permeability and acoustic velocity in a natural mudstone sample during fluid injection. 

We combine the measured petrophysical characteristics with volumetric changes of the 

sample during fluid injection to infer pore structure changes during fluid injection. We 

employ the petrophysical parameters to understand the partitioning of injected fluid 

between elastic and inelastic deformation within the mudstone sample. Our results can 

improve constraints upon the response of mudstones to fluid injection during 

anthropogenic activities such as wastewater disposal, hydraulic fracturing and carbon 

sequestration.  

F2. Methods 

I measure the porosity (), vertical permeability (kv) and acoustic P-wave velocity 

(Vp), acoustic S-wave velocity (Vs)  during step-wise consolidation and fluid injection in 

mudstone sample 3H-4 from IODP Expedition 308. Sample 3H-4 was cored 

perpendicular to bedding in Hole 1324B at an insitu depth of 18.4 mbsf, corresponding to 

a preconsolidation stress of 416 kPa [Sawyer et al., 2006]. Sample 3H-4 has an initial 

porosity of 0.65 and consists of 1% sand, 36% silt and 62% clay by grain size [Sawyer et 
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al., 2006]. The sample has an initial radius (ri) of 0.0127 m and a height (hi) of 0.033 m, 

corresponding to an initial sample volume (Vi) of 1.66x10-5 m3.  

 

Figure F1: Schematic diagram for the experimental setup used in our experiment 

[from Bhandari et al., 2015].  

The core plug is enclosed in a Viton sleeve and mounted in a National 

Instruments pressure cell held within a temperature-controlled chamber [Fig F1].  The 

setup consists of two pore pressure pumps, one confining pressure pump, a coreholder, 

plumbing lines with valve fittings, temperature control and data acquisition systems. The 

temperature of the setup is maintained at 30° C during the biaxial test. We use two Quizix 

Q5000 pumps to control the pore pressure in the upstream and downstream sides and 
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another Quizix Q5000 pump to control the pore pressure. We used two absolute pressure 

transducers to measure pore pressures in the upstream and downstream reservoirs. 

Temperature and pressure readings are logged using National Instrument’s LABVIEW. 

We use distilled water as the confining fluid and pore fluid. Through our experiment, we 

maintain equal axial and radial pressure, hereby referred to as the confining pressure on 

rock (Cp). Loading and unloading rate for axial, radial and pore pressures was maintained 

at 25 psi/hr.  

 

Figure F2: Schematic of triaxial pressure vessel used in our experiment [from 

Jeppson and Tobin, 2015] 

Laboratory ultrasonic measurements were performed using the National 

Instruments pressure vessel with three 500 kHz central frequency piezoelectric 

transducers embedded in the endcaps [Fig F2]. Sample length was monitored for the 

duration of the experiment using a linear potentiometer displacement transducer attached 

to the axial ram [Fig F2]. 
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F2.1. Stress Pathway for Fluid Injection Experiment 

We conduct two stages of fluid injection in our experiment to analyze the elastic 

and inelastic response of mudstone to fluid injection. In the first stage of loading, the 

confining pressure on rock is increased from 0 psi to 943 psi in five steps [Fig F3], 

Simultaneously, pore pressure in the sample is increased from 0 psi to 379 psi in five 

steps, resulting in an increase in effective stress from 0 to 564 psi [Fig C3]. In the first 

stage of unloading, the pore pressure is increased from 379 psi to 602 in two steps, 

resulting in a decline in effective stress from 564 psi to 341 psi [Fig F3]. Pore pressure is 

reduced from 602 psi to 377 psi to begin the second loading phase. In the second stage of 

loading, the confining pressure on rock is increased from 943 psi to 1876 psi in two steps 

[Fig F3], Simultaneously, pore pressure in the sample is increased from 377 psi to 758 psi 

in two, resulting in an increase in effective stress from 562 psi to 1122 psi [Fig F3]. In the 

second stage of unloading, the pore pressure is increased from 753 psi to 1895 in seven 

steps, resulting in a decline in effective stress from 1122 psi to -20 psi [Fig F3]. We 

conduct vertical permeability (kv), p-wave velocity (Vp), S-wave velocity  (Vs), Axial 

Strain (εa) and radial strain (εr) measurements at each step of loading and unloading. All 

permeability and acoustic measurements are conducted at confining stress states higher 

than insitu overburden stress to of avoid effects of preconsolidation on petrophysical 

signatures. Backpressure saturation was conducted for pore pressures ranging from 125 

psi to 250 psi and saturation was established once stabilized B-values of 0.95 were 

attained [Skempton, 1954]. 
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Figure F3: Evolution of Effective Pressure as a function of prescribed Confining 

Pressure and Pore Pressure pathways during two-stage unloading test on sample 

3H-4.   

F2.2. Strain and Porosity Calculations 

The total volume of sample at each step of loading and unloading (V) is calculated 

using the volume of water injected or removed (ΔVinj) as 

𝑉 = 𝑉𝑖 + ∆𝑉𝑖𝑛𝑗 .     (F2) 

At each step of loading and unloading, we calculate the height of the sample (h) using the 

change height of sample (Δh) recorded by the linear potentiometer displacement 

transducer as  

ℎ = ℎ𝑖 + ∆ℎ  .     (F3) 
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Axial Strain (εa) at each step is calculated as  

휀𝑎 = ℎ
ℎ𝑖

⁄   .     (F4) 

 

Figure F4: Evolution of axial Strain and radial Strain of sample 3H-4 during 

Loading, Unloading Stage 1 and Unloading Stage 2. Unloading Stage 1 is 

characterized by a decline in axial strain, whereas Unloading Stage 2 is 

characterized by a decline in both axial and radial strain.  

Similarly, we calculate the radius of the cylindrical sample (r) and associated 

radial strain (εr) at each step of loading and unloading as 

𝑟 =  √𝑉
𝜋ℎ⁄     ,    (F5) 

휀𝑟 = 𝑟
𝑟𝑖⁄     .    (F6) 

At each step of loading and unloading, we calculate the porosity () of the sample as  
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𝜑 = (𝜑𝑖 ∗ 𝑉𝑖) +  ∆𝑉𝑖𝑛𝑗   ,   (F7) 

where (i * Vi) represents the initial pore volume of the sample at =0.65. The evolution 

of εa, εr and  provides us with a quantitative measure of change in pore structure of the 

mudstone sample [Fig F4; Fig F5]. 

F2.3. Calculation of Vertical Permeability 

At each step of loading and unloading, we calculate vertical mudstone 

permeability by re-arranging Darcy’s Law as 

𝑘𝑣  =  
𝜇∗𝑞∗ℎ

𝐴∆𝑃
  ,      (F8) 

where kv is vertical permeability (m2), μ is the viscosity of the fluid (Pa.s), qv is the 

vertical flux of fluid, and h is the height of the sample (m), and ΔP is the pressure 

differential is applied across the sample (Pa). In our flow through permeability tests, we 

use distilled water as the permeating fluid (dynamic viscosity, µ = 8.9x10-4 Pa.s) and 

maintain a constant pressure differential (ΔP) of 0.51 MPa across the mudstone sample. 

The evolution of vertical permeability (kv) provides a quantitative measure of evolving 

transport properties of mudstone upon fluid injection [Fig F6].  
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Figure F5: Evolution of porosity of sample 3H-4 during Loading, Unloading Stage 1 

and Unloading Stage 2. Porosity rebound from 0.60 to 0.59 during Unloading Stage 

1 indicates elastic dilation, whereas porosity increases from 0.55 to 0.57 during 

Unloading Stage 2 indicates fracture growth.   

F2.4. Compressional (Vp) and Shear Wave (Vs) Velocity 

Ultrasonic velocities (Vp and Vs) exhibit an inverse relationship with effective 

stress rock [Bowers, 1995; Jeppson and Tobin, 2015]. In particular Vp and Vs are strong 

indicators of rock fracture, exhibiting a sharp decline upon fracture initiation in 

mudstones [Kuila et al., 2011; Dewhurst and Siggins, 2006]. At each step of unloading, 

we measure bedding-perpendicular ultrasonic velocities (Vp and Vs) to infer 

accommodation mechanism for injected fluid, especially the onset of fluid injection 

induced fractures [Fig F7; Fig F8]. 
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Figure F6: Evolution of vertical permeability (kv) of sample 3H-4 during Loading, 

Unloading Stage 1 and Unloading Stage 2. kv triples in magnitude during Unloading 

Stage 1 indicates dilation of pore throats; the increase in kv of over two orders of 

magnitude during Unloading Stage 2 indicates fracture growth.  

 

Figure F7: Vp measurements from sample 3H-4 exhibit an inverse relationship with 

effective pressure during Unloading Stage 1 and Unloading Stage 2. 
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Figure F8: Vs measurements from sample 3H-4 exhibit an inverse relationship with 

effective pressure during Unloading Stage 1 and Unloading Stage 2. 

F3. Results 

The first stage of loading corresponds to an increase in the effective stress on the 

sample from 0 to 564 psi in five steps [Fig F3]. We calculate an increase in axial strain 

(εa) from 0 to 0.147, indicating a decline in height of the sample [Fig F4]. 

Simultaneously, we calculate a decline in radial strain (εr) from 0 to -2.3x10-3, indicating 

an increase in radius of the sample [Fig F4]. We calculate a decline in porosity () from 

0.65 to 0.59 during the first stage of loading [Fig F5] and correlated decline in vertical 

permeability (kv) from 1.11x10-14 m2 to 2.26x10-17 m2 [Fig F6].  
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The first stage of unloading corresponds to a decline in the effective stress on the 

sample from 564 psi to 341 psi in two steps [Fig F3]. We calculate a decline in εa from 

0.147 to 0.138, indicating an increase in height of the sample [Fig F4]. Simultaneously, 

we calculate a decline in εr from -2.3x10-3 to -2.94x10-3 indicating a small increase in the 

radius of the sample [Fig F4]. We calculate an increase in  from 0.59 to 0.60 during the 

first stage of unloading [Fig F5] and correlated increase in kv from 2.26x10-17 m2 to 

2.36x10-17 m2 [Fig F6]. Fluid injection during the first stage of unloading corresponds to 

a decline in compressional wave velocity (Vp) from 1597 m/s to 1544 m/s [Fig F7], and a 

decline in in shear wave velocity (Vs) from 606 m/s to 604 m/s [Fig F8]. At the 

conclusion of the first stage of unloading, we reduce the pore pressure from 603 psi to 

377 psi and calculate a decline in porosity from 0.60 to 0.59, indicating that that fluid 

injection in this stage resulted in elastic dilation of pore spaces.  

The second stage of loading corresponds to an increase in the effective stress from 

943 psi to 1876 psi in two steps [Fig F3]. We calculate an increase in axial strain (εa) 

from 1.47x10-1 to 3.44x10-1, indicating a decline in height of the sample [Fig F4]. 

Simultaneously, we calculate a decline in radial strain (εr) from -2.3x10-3 to -8.5x10-2, 

indicating an increase in radius of the sample [Fig F4]. We calculate a decline in porosity 

() from 0.59 to 0.54 during the second stage of loading [Fig F5] and correlated decline 

in vertical permeability (kv) from 2.26x10-17 m2 to 6.51x10-18 m2 [Fig F6].  
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The second stage of unloading corresponds to a decline in the effective stress on 

the sample from 1122 psi to -20 psi in six steps [Fig F3]. We calculate a decline in εa 

from 3.44x10-1 to 3.28x10-1, indicating an increase in height of the sample [Fig F4]. 

Simultaneously, we calculate a decline in εr from -8.5x10-2 to -1.02x10-1 indicating a 

small increase in the radius of the sample [Fig F4]. We calculate an increase in  from 

0.54 to 0.57 during the first stage of unloading [Fig F5] and correlated increase in kv from 

6.51x10-18 m2 to 2.56x10-17 m2 [Fig F6]. Fluid injection during the second stage of 

unloading corresponds to a decline in Vp from 1630 m/s to 1501 m/s, with a sharp decline 

as effective stress on rock approaches zero [Fig F7]. Similarly, we calculate a decline and 

a decline in Vs from 610 m/s to 568 m/s with a sharp decline as effective stress on rock 

approaches zero [Fig F8].  

F4. Discussions and Conclusions 

We develop a simplistic mudstone model to explain the mechanistic pore-scale 

response of the sample to loading and fluid injection. We build our mudstone models 

from cuboidal platelets arranged in bedding layers. Pore space between particles is 

defined by intrabed pores of a finite width (ε) and by interbed pores, each of length and 

width (λ) [Fig F9a]. Vertical permeability is derived from water flux (qv) perpendicular to 

bedding [Fig F9a]. We assume that the dimensions of clay platelets remain constant; 

compaction and fluid injection result in changes to the interbed and intrabed pores.  
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Compaction from equal axial and radial confining pressure results in a reduction 

in interbed and intrabed pore throats [Fig F9b]. The reduction in pore throat diameters 

during loading results in the measured increase in axial and decline in radial strain, 

indicating a decline in the volume of the sample [Fig F4]. The reduction in pore throat 

diameters during loading results in the decline in porosity of the sample [Fig F5] and 

vertical permeability [Fig F6]. 

 

Figure F9: (a) Schematic of mudstone model consisting of clay platelets (grey 

cuboids) and intrabed (ε) and interbed (λ) pore throat widths. Flux of fluid 

perpendicular to bedding direction (qv) is used to calculate the vertical permeability 

(kv). (b) Mudstone model after compaction by reduction in pore throat widths, ε and 

λ.   

We inject 1.5x10-7 m3 of fluid during Unloading Stage 1 resulting in an elastic 

increase in porosity from 0.59 to 0.60. The porosity of the sample exhibiting a linear 
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relationship with effective stress of the form =-1.87x10-5σeff +0.6. The measurements of 

strain and porosity indicate that the injected fluid volume is predominantly 

accommodated by dilation of interbed pores [Fig F10a], resulting in a small increase in 

vertical permeability [Fig F6] and decline in ultrasonic velocities (Vp and Vs) [Fig F7; Fig 

F8].  

 

Figure F10: Schematic of (a) interbed pore dilation in mudstone sample during fluid 

injection in Unloading Stage 1; (b) interbed and interbed pore dilation in mudstone 

sample during fluid injection in Unloading Stage 2 upon pore pressure increase 

from 753 psi to 1500 psi; and (c) macrofracture growth  in mudstone sample during 

fluid injection in Unloading Stage 2 upon pore pressure increase from 1500 to 1821 

psi. 

Fluid injection during Unloading Stage 2 shows two characteristic phases  - the 

first phase consists of five steps as pore pressure is increased from 753 psi to 1500 psi , 

the second phase consists of two steps as pore pressure is increased from 1500 to 1821 

psi. During pore pressure increase from 753 psi to 1500 psi, we inject 2.74x10-7m3 of 
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fluid into the sample, resulting in an increase in porosity from 0.54 to 0.57. The porosity 

of the sample exhibits a linear relationship with effective stress of the form =-1.29x10-

5σeff +0.56. This is similar to the elastic dilation observed in Unloading Stage 1. The 

measurements of strain and porosity indicate that the injected fluid volume is 

accommodated by dilation of intrabed and interbed pores [Fig F10b], resulting in a small 

increase in vertical permeability [Fig F6] and decline in ultrasonic velocities (Vp and Vs) 

[Fig F7; Fig F8]. 

During pore pressure increase from 1500 to 1821 psi, we inject 4.6x10-7m3 of 

fluid into the sample, resulting in an increase in porosity from =-3.84x10-5σeff+0.57. The 

increase in slope of the porosity-effective stress character is accompanied by 3.4 times 

increase in vertical permeability [Fig F6], and a sharp decline in Vp and Vs [Fig F7; Fig 

F8]. The sharp increase in porosity and permeability along with the decline in ultrasonic 

velocities suggests the development of a macrofracture through the sample [Fig F10c].  

The total volume of injected fluid (Vtotal) during Unloading Stage 2 is 7.43x10-

7m3. Based on our measurements of porosity, permeability and ultrasonic velocities that 

the volume of fluid injected during pore pressure increase from 753 psi to 1500 psi 

results in elastic deformation of the mudstone matrix (Vmatrix), whereas the volume of 

fluid injected during pore pressure increase from 1500 to 1821 psi results in inelastic 

deformation from fracture growth (Vfracture). We calculate values of 0.37 and 0.63 for 

values of  Vmatrix/Vtotal and Vfracture/Vtotal respectively. Our results show that approximately 
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37% of the injected fluid is accommodated in the mudstone matrix during fluid injection. 

The loss of injected fluid to the mudstone matrix, accommodated by dilation of pore 

spaces, can explain the poor recovery of fluids during the flowback phase of hydraulic 

fracturing [Nicot and Scanlon, 2012; O’Malley et al., 2016]. Additionally, our results 

indicate that 63% of the injected fluid and corresponding injection energy are partitioned 

into fracture formation. Our results support the results of Goodfellow et al. [2015], 

showing that the growth of hydraulic fractures accounts for 18% to 94% of injection 

energy. Our results indicate that a large fraction of injected fluid is not stored within the 

induced fractures. Our results constrain the pore structure response in mudstones to fluid 

injection and partitioning of fluid between the mudstone matrix and fracture. While more 

experiments are warranted to draw conclusions, our results can be applied to constrain 

injection volumes during anthropogenic fluid injection from wastewater disposal, 

hydraulic fracturing and carbon sequestration.  
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