


ABSTRACT

Investigation of a system with a tunable anharmonic interaction potential using

paramagnetic colloids

by

Elaa Hilou

Colloidal physics dictates properties of many small-scale and large-scale systems

with applications ranging from drug delivery to catalytic reactions. Colloidal systems

can be adopted as emulsion stabilizers or used in liquid crystal displays. Scientists

and engineers have also studied colloids to model the behavior of macroscopic systems

at the atomic level [1]. Colloids are uniquely suited for this application because the

associated length scales are large enough to observe under an optical microscope, yet

small enough so that their dynamics are driven by thermal motion. In this work, we

manipulate magnetically induced and negatively charged colloidal particles in which

we can control their interactions by applying a tunable magnetic field. Magnetically

tunable particles provide us the ability to control the structure and phase behavior

of the colloidal dispersion. Tunability allows for precise manipulation of particle

interactions and thus, particle assembly into colloidal agglomerates that exhibit both

fluid-like and crystal-like properties. These collections of particles nucleate, coalesce,

and grow over time, which are properties of a model system for non-equilibrium

and quasi-equilibrium behaviors. We define quasi-equilibrium as systems that do not

exhibit great changes in morphology, but slowly coarsen over time. A non-equilibrium

state is one undergoing notable changes on its dynamics behavior, such as systems



undergoing nucleation, decomposition, and coalescence. In this case, the system

changes at a scale large enough to a↵ect the energetics and morphological properties

of the system.

This dissertation is divided into two parts, one that focuses on the characterization

of quasi-equilibrated colloidal clusters, which are finite-sized aggregates that form in

a sample with low particle concentration. These aggregates are individual islands of

particles with adequate spacing such that we are able to examine them individually.

The second half of this thesis describes the kinetics that take place when a colloidal

dispersion undergoes quenching, causing a behavior analogous to that of phase sep-

arating systems. We quantify the stability and kinetics of the system by measuring

thermodynamic properties and morphological features as a function of three main pa-

rameters: time, t , field strength, B, and particle concentration, �. We find a scalable

relationship using all three parameter to predict the aggregation kinetics governing

systems that undergo quenching caused by the long-range interactions. We focus our

attention on coupling the bulk and interfacial measurements as we believe that one

can better understand the mechanics and energetics behind a system by studying

these two regimes simultaneously.
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Chapter 1

Introduction

1.1 Magnetic colloidal particles

Colloids are nanoscale to microscale suspensions that are classified by their phase and

the phase of the medium they are dispersed in, called the dispersant. For example,

liquids suspended in other liquids are emulsions, gases in liquids are foams, and liquids

in gases are aerosols [9]. Colloids can be designed to serve a specific purpose via

physical or chemical functionalization [10]. For example, changing their structure for

drug delivery as cargo that targets certain cells in the body [11]. Smaller nano-sized

particles are easily adsorbed at interfaces such as oil-water, which make them useful

for stabilization of emulsions used in cosmetics and pigments and enzyme catalysis in

organic media [12]. The colloids we use are solid particle suspensions in an aqueous

solution. They are made magnetic by adding a magnetic material to the particles,

allowing them to exhibit magnetic properties in the presence of an external magnetic

field.

The colloids used in this thesis are superparamagnetic. They are polymerized

polystyrene particles consisting of iron-oxide nanoparticles embedded within the poly-

mer matrix, allowing them to possess magnetic dipoles. Initially, these dipoles are
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randomly oriented and the net dipole of each particle is negligible. Once a magnetic

field is applied, these small iron oxide particles re-orient in the direction of the applied

magnetic field, generating a net dipole moment in the direction of the field, allowing

for the particles to align head-to-tail. The particles are paramagnetic. Meaning once

the field is removed, the the net dipole relaxes and becomes negligible again.

Paramagnetic particles, are a very useful tool for applications that require precise

positioning and control over the particles [13]. They can also be used for separa-

tion and purification processes, by coating the surface of the magnetic particles with

ligands that bind to specific components inside the solution [14, 15]. After allowing

them to bind, the magnetic particles are collected by applying magnetic field, filtering

out the molecules from the rest of the solution. They can also be used as micromixers

[16] in di↵usion limited systems due to low Reynolds number.

Magnetic colloidal particles can also be used as building blocks for directed assem-

bly of the particles to create one-dimensional magnetic chains making them useful to

study them as models for polymer systems. This example involves using paramag-

netic particles that are coated with DNA or a type of polymer such as polyethylene

glycol (PEG) [17, 16]. The particles are placed in a magnetic field, which leads the

particles to orient into an alignment in the direction of the field. The surface coatings

are used as a way to connect the particles together so that, even after the magnetic

field is removed, the particles are still locked as a chain. The length of the DNA or

polymer can be varied to control the flexibility of the magnetic chains [18].



3

Colloidal particles are small enough to be driven by thermal energy kbT , yet large

enough to allows us to experimentally track the particles and locate their positions.

For that reason, paramagnetic particles were used as a way to study the phase behav-

ior of systems at the atomic level, specifically, melting transitions in two-dimensions

[19, 20]. The advantage of using paramagnetic over nonmagnetic particles is we can

manipulate the long-range interactions between the particles by tuning the magnetic

field strength, while short-range electrostatic repulsion is present due to the surface

charge of the particle, generating an interaction that can be described using Der-

jaguin, Landau, Verwey and Overbeek theory (DLVO), which gives an interaction

potential that follows Lennard Jones-like potential, but with a longer range of attrac-

tion. Detailed description of the pair potential can be found in chapter 2.

Van der Waals forces in this case are negligible and the magnetic attraction and

electrostatic repulsion govern the configuration of the particle positions. Increasing

the magnetic field strength will increase the attraction between the particles, allow-

ing them to overcome thermal energy kbT and assemble into a crystal phase, while

decreasing the field will decrease the attraction between the particles leading to a

phase transition into the liquid phase. Once the magnetic interaction becomes close

to the thermal energy of the system, the particles’ positions becomes uncorrelated

indicating that the system is in its gas phase.

Most studies that involve using paramagnetic colloids as a model have focused

on measurements taken at the equilibrium phase. In other words, when the particles
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have already assembled into their preferred minimum energy state. However, little

information has been found on characterizing the quasi-equilibrium states that occur

before reaching the final phase. Understanding dynamic phase transitions will help us

better predict and control outcomes during material processes that will help enhance

new material properties and prevent any side reactions from occurring before reaching

its final structure.

1.2 Thesis outline

Chapter 2 will introduce some of the background on magnetically tunable colloidal

systems and describe the system used in this study. This includes the experimental

setup and the particle-particle interactions that allows for the particles to assemble

into certain structures. The chapter will also cover the details of the materials and

methods used to calibrate the system.

Chapter 3 will focus on the characterization of the colloidal clusters at their quasi-

equilibrium state. We introduce the methods used to analyze the phase and positional

order of the clusters. Fourier transforms as well as the local orientation order param-

eter were used to understand the structure of our clusters, their stability, as well as

interfacial properties. The second part of this chapter will focus on methods used to

calculate the interfacial energetics of the colloidal clusters. We find the line tension

of the clusters by analyzing the fluctuation of the particles at the interface. We also

calculate the excess free energy of the system, which allows us to find the surface



5

excess entropy; a parameter that is di�cult to measure experimentally.

Chapter 4 presents cluster-cluster coalescence and the relaxation time it take for a

cluster to reach its stable structure when deformed. We treat the clusters as colloidal

droplets that relax back into their circular morphology. We find that the characteristic

time depends significantly on cluster size as well as viscosity of the medium with low

dependence on the interaction potential between the particles.

Chapter 5 focuses on a series of morphological pathways an aggregating system

takes as it attempts to reach its equilibrium state. The morphology is quantified using

Minkowski functionals that are evaluated as a function of time, particle density, as

well as the magnetic field strength applied.

Chapter 6 concludes my work and propose some ideas for those who would like to

apply this system to more application-based research.
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Chapter 2

Particle assembly using an external magnetic field

Controlled assembly can be achieved by modifying the particles’ physical or chemical

properties or by changing the solvent they are dispersed in, which causes a change in

particle-particle interactions [21, 22]. We can also control how particles assemble in

situ, by altering their interactions using external fields such as magnetic [23], acoustic

[24], and electric fields [25] or a combination of the methods mentioned [26, 27]. As

a result, one can construct desired structures by utilizing phase diagrams [28, 29, 30]

that map out the distinct assemblies at di↵erent conditions (i.e. temperature, field

strength, salt concentration, particle densities, etc).

Self-assembled, field-controllable structures are readily formed from magneto-

responsive colloidal particles [31]. They are a conventional tool to use if one desires

to mimic atomic systems, because the particles able to generate isotropic interactions

between each other with the right kind of field, which will be discussed later in this

chapter. The second reason we use magnetic particles is due to their scalability thanks

to the long-range attraction present in the system. This ensures that the kinetic and

energetic properties are consistent throughout the entire sample.

In this chapter, I will cover a brief overview of the previous work involving rotating

magnetic fields as well as the e↵ect of some of the parameters on the behavior of the
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paramagnetic particles. I will then present the interactions that we consider in our

system which allow us to assemble the colloids into two-dimensional aggregates. The

last part of this chapter will describe the experimental set up used as well as the

materials and procedures used to run the experiments.

2.1 Literature on particles in rotating magnetic fields

Du et al. [2] experimentally showed that for a suspension of particles, changing

the magnitude of the magnetic field a↵ects the strength of the interaction potential

between the particles. Phase transitions were observed via optical microscopy and

a phase diagram was constructed representing the parameters that a↵ect the phase

change. In the case depicted in Fig. 2.1, for example, the gas phase is found at a field

strength of 2 Gauss, the liquid phase at 2.2 Gauss, while the crystal phase occurred

at 3.4 Gauss. Quantification of the density changes allow for monitoring statistical

dynamics, such as density changes and melting phenomena.

In order to form the isotopic interactions, a rotational magnetic field is applied to

the particle suspension, which allowed for each particle to be attracted the particles

surrounding it azimuthally and equally in time. The second important parameter to

investigate was the frequency at which the magnetic field rotation should occur. It

required the rotation to be fast enough to allow for the particles to be attracted to each

other azimuthally and continuously, but slow enough to make sure that the particles

do not lose their magnetic susceptibility. This critical frequency was experimentally
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(a) (b)

(c) (d)

(c)

⍴

Figure 2.1 : Paramagnetic particles in an isotropic magnetic field (taken from Ref.[2]).
(a) and (c) represent the solid and liquid phases respectively, while (b) and (d) rep-
resent the Fourier transform of the images. (c) is the diagram describing the phases
present in the system. G is gas, L is liquid, C crystal. The colored points are experi-
mental data and the squares and triangles are simulation results.



9

measure on using a particle pair as shown in Fig.2.2. At low frequencies, the dimer

will follow the external magnetic field and rotate synchronously since the magnetic

torque dominates over the other frictional torques. For example, a dimer consisting

of 2.8 micron paramagnetic particles with a magnetic susceptibility of 0.96 rotating in

a 6 Gauss magnetic field at 0.1Hz will make a 360� sweep angle in 10 seconds [32, 2].

As the field frequency is increased, the frictional torques increase and cause the

dimer to rotate slower than the applied magnetic field, resulting in the dimer becoming

asynchronous with the field, leading to an increasing phase lag where the dimer slows

and reverses directions to realign with the applied field [33, 34, 35]. The average

angular trajectory approaches zero, because it cannot keep up with the field. There

is no longer an e↵ective torque and the sweep angle changes insignificantly over time.

The dimer simply moves stochastically due to thermal energy and is independent the

field’s vector. At about 20 Hz, the pair continued to move stochastically, because the

magnetic torque was balance by the viscous drag. However, they were still locked

together due to their acquired magnetic dipole making 20 Hz the critical frequency

at which the attraction is considered isotropic as shown in Fig. 2.2 .

J.Yan et al. [36] also used rotating magnetic fields to generate colloidal clusters

in quasi two-dimensions by using 1.6 µm diameter Janus magnetic particles, where

half of each silica particle is coated with Ni to acquire its magnetic property. Coat-

ing half a particle with a ferromagnetic material will cause the particle to become

magnetizable on that side. This induces a significant amount of anisotropy and a
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Figure 2.2 : A particle pair under a rotating magnetic field (taken from Ref.[2]). (a)
shows the dependence of field frequency on the rotation of the dimer. (b) shows a
particle pair coming together but not rotating in the presence of the critical frequency
of 20Hz.

magnetic torque on each particle, making the particles themselves rotate with the

field. The coating creates for a detectable color contrast when observed under an

optical microscope allowing them to visually track the particles’ rotation. They es-

tablish a linear relationship between the cluster size and the frequency of its rotation,

! as shown in Fig.2.3(b). They have also looked into phase transition of the colloidal

clusters by changing the magnetic field strength and studied other properties such as

the dynamics and phase behavior of the clusters. However, such a system generates a

strong magnetic torque the causes the cluster to rotate at an velocity high enough to

shear the particles near the edge, making this system anisotropic and incomparable

to equilibrated, atomic systems.

However, it is a great representation for systems that are finite in size and highly

dynamic. For example, they show size dependence of the aggregated cluster on the
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Figure 2.3 : Janus particles under a rotating magnetic field. (a) depicts a schematic of
the local and global rotationally induced particles. (b) plots the correlation between
the cluster frequency, !, and cluster radius R normalized by particle radius d. (c)
and (d) show the dependence of positional order parameter, S, and orientation order
parameter,  6, as a function of cluster size.

degree of order the particles are assembled into. A large cluster increases the possibil-

ity of forming defects and grain boundaries, especially in a system with high kinetic

energy. Fig. 2.3 shows this dependence using two parameters, the structure factor,S,

and the orientation order parameter, 6, of the cluster. Both of which are a quanti-

tative measure of the degree of crystallinity in the system, where 1 is perfect order

and less the one becomes more chaotic. Grain boundaries and dislocation dynamics

were also observed showing how a crystalline structures release these energetically
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high defects in order to reach its minimum free energy.

Pietro et al. [37] also studied the dynamics of small colloidal clusters under ro-

tating fields and showed that the rotation of these clusters behaves di↵erently than

that of a dimer of the same particles. A dimer (or a doublet) under rotational mag-

netic field will rotate along the same frequency until the field frequency increases high

enough that the dimer cannot keep up with the field and decrease its angular velocity.

A single particle or a dimer typically has high dipole relaxation times called the Néel

relaxation time, meaning, the induced dipole in these particles rapidly relaxes once

the magnetic field changes. On the other hand, a cluster of particles will have several

orders of magnitude lower relaxation called the viscoelastic relaxation, which can be

quantified as the following [37]:

�c = (µ0a
2
�
2
H)/(⌘cR) (2.1)

where R is the radius of the cluster, and ⌘c is defined as the e↵ective 2D cluster

viscosity quantified as the center-to-center particle distance multiplied by the viscosity

of the fluid (⌘c = r.). As they increase the frequency of the field, the angular velocity

of the cluster will continue to increase at frequencies higher than the critical frequency

of a dimer. It is believed to be due to the memory e↵ect in the clusters that is not

present in a doublet or chain of particles. This e↵ect is found in our system as well

when we apply high magnetic fields. Another e↵ect to note is the e↵ect of the cluster’s

shape on the rotation. If a cluster is anisotropically shaped, then the particles within
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the cluster will generate a net magnetic torque, causing the cluster to rotate faster.

2.2 The interaction potential energy between paramagnetic

particles in the presence of a magnetic field

Under a constant and uniform magnetic field, superparamagnetic particles contain

induced dipole moments, which interact to form chains of colloidal particles. Once

the field is removed, the particles lose their dipole and the chains re-disperse into a

suspension of Brownian particles. This interaction potential is anisotropic, because

particles are attractive in a particular direction; that of the magnetic field. The

induced dipole moment is a function of the direction of an external magnetic field,

causing the particles to attract or repel, depending on their relative position to the

field as shown in Fig 2.4 (a).

Once the particles are placed under a magnetic field, the resulting e↵ect will

produce an interaction between the particles, which we can quantify theoretically

and experimentally [2]. For a system of paramagnetic particles, one can tune that

interaction by changing the strength of the external magnetic field applied and as

a result, the well-depth of the interaction potential as shown in Fig.2.4 (B). The

well-depth (or potential energy) between a particle pair, Uparticle, will be described in

multiples of kbT as a scaling reference. A pair potential of about 3 kbT will cause the

particles to remain in a disordered, liquid-like state, while a potential energy close to 9

kbT will assemble them into highly ordered structures resembling that of a crystalline
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material.

Figure 2.4 : Particle pair interaction under magnetic field. (a) A schematic of a po-
larized dimer. Their interaction is dependent on their size, the distance between each
other, as well as the angle between the connecting particles and the field direction.
(b) The energy potential for a pair of particles under a rotating magnetic field of
20Hz as a function of center-to-center distance away from each other. The absolute
value of the minimum energy potential increases as one increases the magnetic field
strength applied. The plot is a results of the sum of Eqns. 2.5 and 2.6.

The magnetic interactions between these particles can be computed using the

dipolar model (DM) [2, 38], which gives the potential energy between a particle pair

distance r away from each other and is quantified as:

Umag =
1

4⇡µ0r
3
( ~mi. ~mj � 3( ~mi.r̂)( ~mj.r̂)) (2.2)

where m is a function of the applied field, H0 , r is the center-to-center distance

between the pair of interacting particles, mi andmj are the diploe moments of particle

i and particle j respectively and µ0 is the permeability in vacuum.
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The dipole model does not take into account multipoles, where the particles mu-

tually interact with each other, causing an overlap in the dipolar field, which brings

us the mutual dipole model MDM [32], a more accurate way for calculating the in-

teraction, computationally, MDM di↵ers from DM by adding a term to Hi that takes

into account the dipole induced field Hdip [2]:

Hdip = 1/4(3r(m.r)/r5 �m/r
3) (2.3)

Hi = H0 +
X

j=1

N(Hdip(ri � rj)) (2.4)

where the dipole field induced by particle j on particle i distance (rirj) away from

each other is summed by j = 1, 2, ...N particles. The interactions can be calculated

for higher multi-poles that will eventually converge at some order. Both DM and

MDM give both the magnitude and the direction of the force acting on the parti-

cles. The direction of the force will be dependent on both the particles positions

and the direction of the field. Calculating the interaction using the mutual dipole

model demands higher computational time than that of the dipole model, especially

for multi-body systems. The dipole model is more simplified and can be used to cal-

culate the interaction potential between the particles using less computational time.

Although it is not as accurate as MDM, we estimate the local energy of the system

by summing the pair potential between a center particle and its nearest neighbors.

When placed in a high frequency rotating magnetic field, the dipolar interaction

is azimuthally averaged about each particle. This leads to a modified version of the
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dipole model that is independent of the angle between particle pair and magnetic field

vectors [2], which we use to characterize the internal energy of our system. This model

has also been verified through experimental measurements using inverted Boltzmann

analysis of the interparticle spacing (see ref.[2]). When particles have identical dipole

moments in the direction of the magnetic field, the interaction energy between a pair

of particles can be expressed as:

Umag(r) = �
1

(1� 2�
3 (

a
r )

3)2

✓
2�

(1� a
r )

3)2

(1 + a
r )

3)2

◆
m

2

8⇡µ0r
3

(2.5)

where a is the radius of the particle and � is the magnetic volumetric susceptibility of

the particle, which is a quantitative measurement on how strong a particles response

is to the field. The magnetic dipole is m = 4/3⇡a3H0.

However, this equation accounts only for the magnetic part of the energy potential,

which gives it its attractive term. The repulsion is due to the particles being charged

for stabilization purposes. When the particles are of close proximity to each other

and approach contact, the surface repulsion increases exponentially. It inhibits the

aggregation of particles, which is what gives plot in Fig. 2.4 (b) a positive value

approaching infinity. Charged paramagnetic particles generate a short range repulsion

that can be described using Derjaguin-Landau-Verwey-Overbeek (DLVO) theory.

Derjaguin-Landau-Verwey-Overbeek (DLVO) theory describes the interaction be-

tween colloidal particles, which considers a Van Der Waals (VDW) attractive term

and an electrostatic repulsion term [39]. The negatively charged particle surfaces
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have a short-range repulsive interaction, represented by the DLVO theory for charged

surfaces.

Uelec(r) = (64⇡kbTa⇢1�
2
/

2)e�(r�2a) (2.6)

where b is Boltzmann constant, T is temperature, ⇢1 is the number density of ions

in the solution, 1/ is the Debye length, and � is the reduced surface potential.

In the presence of a magnetic field, the additional long-range dipolar attraction

[38] is significantly greater in range and strength than that of the VDW interaction,

making the VDW term negligible. We represent this interaction using a modified

dipolar model [2] that combines the attractive term (Eqn.2.5) and repulsive term

(Eqn.2.6), leading to an interaction potential that is reminiscent of the Lennard-Jones

potential, but with a longer-range attractive term of r�3 instead of r�6.

2.3 Assembly of paramagnetic particles into quasi two-dimensional

sheets

The systems mentioned in section 2.1 were examples of assembly into 2D structures.

However, our system di↵ers in two ways: first, the particles we use are smaller,

making them highly susceptible to thermal motion and allowing them to rearrange

into di↵erent phase and reach their quasi-equilibrium state. Second, our assembled

structures have significantly less magnetic torque compared to reference [36], making

the global rotation of the aggregate negligible. It is important to note that this

rotation can be amplified due to existing parameters such as viscosity, particle size,
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as well as field strength. This allows us to disregard any complex kinetic energies in

our analysis and focus on studying a single parameter at a time.

2.3.1 Experimental Details

The material used in our study are the paramagnetic particles dispersed in an aqueous

solution and exposed to an external magnetic field. The crossly-linked polystyrene

particles are 1.07 ± 0.08 µm in diameter and coated with carboxylic acid group,

making the surface negatively charged. Iron oxide nanoparticles are embedded with

the polymer matrix, giving the particles their superparamagnetic properties with a

volumetric magnetic susceptibility of 1.4. They were acquired from ThermoFisher

Scientific (Dynabeads MyOneTM). The stock suspension is washed and dispersed an

aqueous solution of 10 mM NaCl. Each particle has a density of about 1.8 g/cm3 so

they settle to the bottom of the chamber. They are slightly elevated from the bottom

surface due to the particles being negatively charged, moving freely in the XY-plane

as shown in the schematic (Fig. 2.5 (b)).

The suspension is injected into a glass chamber that consists of two plasma-cleaned

cover slips (Ted Pella, Inc.): a 22⇥22 mm acting as a top cover, and a 24⇥40 mm as

the bottom surface. After plasma cleaning the cover slips, a 50µm thick Parafilm R�

wafer is placed between the edges of the cover slips. The Parafilm acts as a spacer and,

upon heating, as an adhesive to bind the cover slips. The suspension of paramagnetic

particles of regulated concentration is added to the resulting chamber. The chamber is
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Figure 2.5 : Particles suspended in an aqueous solution inside a chamber. (a) A
schematic of the particles suspended in the glass chamber and settle to the bottom
due to gravity. (b) Electrostatic repulsion prevents the particles from sticking to
the bottom surface. (c) Images of what the dipole moment does to a suspension of
particles in the absence of a magnetic field, applying a constant field and forming
chains over time. A rotating field causes these chains to break due to viscous forces
and form a 2D sheet instead.
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then sealed with epoxy followed by NOA 81 (Norland Optical Adhesive R�) to prevent

any evaporation and capillary leakage from occurring. A schematic of the chamber is

presented in Fig. 2.5 (a).

2.3.2 Experimental setup

The external rotating magnetic field is generated by running an alternating current

through two pairs of solenoids placed orthogonal to each other as shown in Fig. 2.6,

where each pair is called a channel. The power supply used (Agilent N6784A TM)

can be programmed to provide di↵erent current output by selecting di↵erent output

functions. To achieve a circular field, we apply a sine wave to both channels with

a phase lag of ⇡/2 [Hx = H0Sin(!t), Hy = H0Sin(!t + ⇡/2)], generating horizon-

tally the circular field. H0 is the magnitude of the magnetic field and ! is the field

frequency. The chamber with paramagnetic particles is placed at the center, and a

100⇥ oil immersion Olympus R� objective is spatially manipulated using a piezoelectric

stage (Newport ESA-C) and the light source (Fiber-Lite R�) high intensity illuminator

series 180) is illuminated above the sample. Images are captured with a CCD camera

(QImaging R�) and a computer software (Simple PCI R�). The setup is placed on an

optical table (Newport laminar flow isolator, I-2000 series) to eliminate any external

vibrations. The camera has a frame rate of up to 30 fps depending on the frame size

chosen. The camera captures a reflected image from a mirror placed underneath an

inverted oil immersion 100X objective or water immersion 60X objective depending
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on the experiment. Right above the objective is the sample, where it is placed right

in the center of the sinusoidal coils on a holder. The holders position is controlled

using a XYZ-manipulator and the entire set-up except for the computer and power

supply are stabilized on an air-table. The particle center positions are needed for

data analysis and are obtained using a common particle tracking algorithm [40].

Camera

CoilSample
(objective 

underneath)

Figure 2.6 : Experimental setup for generating rotating magnetic fields. The sample
is placed at the center of the coils where the sum of each pair is at its largest value.

When a magnetic field is applied the particles realign forming an aggregation

along the field as schematically illustrated in Fig. 2.5. An optical microscopy image
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is shown in Fig. 2.7, where a magnetic field strength of 10 Gauss and the critical

frequency of 20Hz is applied. The colloids have electrostatic repulsion and Brownian

motion, which allows for the rearrangement of the particles into a configuration that

minimized free energy of the system, which in this case is a circular structure. The

characteristics of the droplets will be discussed in more detail in chapters 3 and 4,

where we investigate the e↵ect of field strength on the droplets’ bulk, interfacial, and

dynamic properties.

2.4 Calibrating the system

There are three main calibrations that need to be considered: first, making sure that

the channels are orthogonal to each other; second, making sure that the magnitude

of the field generated by both channels are equal; and third, making sure that the

Earth’s magnetic field is canceled out. The particles used for this calibration are

2.8µm in diameter particles as they are more responsive to low fields and fluctuate

less compared to the 1.07µm particles, especially if we would like to cancel the Earth

field, which usually is less than 1 Gauss. For example, a 1µm particle pair has an

interaction well depth of -0.23 kbT under a constant field of 2 Gauss, while a 2.8µm

will have a well depth of -2.07 kbT under the same conditions. In other words, 2

Gauss can align the 2.8 µm particles, but 1.07µm will not. This is to be expected

since the relationship between the potential energy and particle size scales as: U✏↵a
6.
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Figure 2.7 : Colloidal cluster formation under a magnetic field rotating at a frequency
of 20 Hz, and a field strength of 10Gauss.
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2.4.1 Calibrating the Coils

We confirm the 90-degree alignment by applying a direct current using one of the

channels and forming a dilute system of colloidal chains. We record a video of the

chain assembled via the first channel then record a second video of the chain aligning

in the direction of the second channel. Using Matlab, we measure the angle by

overlapping the two videos to verify that it indeed the two chambers are orthogonal

with 90� ± 0.1 error.

We control the magnetic field generated by controlling the current passing through

the coils or the voltage applied. To confirm that both channels generate the same

field strength, we measure the magnetic field present in the center of the set up as

a function of voltage for both channels. The relationship is linear in both channels

with a slope of 2 (i.e. If the power supply is applying 5 volts for channel 1, the field

in the center of the two channels will be 10 Gauss in the direction of channel 1).

2.4.2 Canceling of the Earth magnetic field

In order to achieve complete isotropy and precision, we cancel the Earth’s magnetic

field (which is typically less than one Gauss). Even though the e↵ects are not sig-

nificant at high fields, they can a↵ect measurements if one decides to accurately

investigate particle interactions at low fields close to the values of Earth’s magnetic

fields. The Earth magnetic field can be divided into two vector components in the

direction of the two channels and the cancelation is achieved by applying a shift in the
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alternating current running through both channels. In order to find the magnitude

of the shift for each channel, we apply a constant field on channel 1 (i.e. 5 Gauss)

to generate a colloidal chain using the 2.8µm particles in the direction of channel 1,

making sure no other chains or particles are nearby (not only are the 2.8 µm particles

more susceptible to Earth’s field, but it also has significantly less Brownian e↵ects

from compared to that of the 1.07 µm particles).
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Figure 2.8 : Calibration of the Earth’s magnetic field. Red and blue are for channel
1 and green and purple are channel 2. Y-intercept is the Earth shift. In this case, a
shift of 0.2 will be applied to channel 1, while the Earth’s field in the second channel’s
direction is negligible.

We apply di↵erent fields ranging from one to six Gauss with increments of 1 and
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record the values of the field strength in the center using a gaussmeter. We also

measure the field in the opposite direction of the channel by flipping the direction

of the gaussmeter tip. This should give similar values but in the negative direction.

To find the shift in field we plot the field strength as a function of voltage and find

the y-intercept as shown in Fig. 2.8. The negative of that is what we add to the

wave function. The same method is used to calibrate channel 2. We recommend this

calibration at least twice a year.

2.5 Conclusions

We describe the paramagnetic assembly, which will be used in thesis. We describe the

forces that act on these particles under magnetic fields, which in turn allows for fine

tuning of the interactions between the particles, creating two-dimensional colloidal

structures. To achieve an isotropic interaction on each particle, the frequency of

the rotating field needs to reach a critical frequency where the interaction becomes

independent on the angle between the center to center vector and the magnetic field.

Particle size, magnetic susceptibility (the dispersion of the magnetic material in the

particles) and the magnetic field strength are some of many parameters the play a role

in determining the interaction strength between particles. Calibration of the system

is also critical in achieving a circular and isotropic field.
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Chapter 3

Interfacial energetics of two-dimensional colloidal

clusters generated with a tunable anharmonic

interaction potential

Interfacial characteristics are critical to various properties of two-dimensional (2D)

materials such as band alignment at a hetero-junction or nucleation kinetics in a

2D crystal. Despite the desire to harness these enhanced interfacial properties for

engineering new materials, unexpected phase transitions and defects, unique to the

2D morphology, have left a number of open questions. In particular, the e↵ects

of configurational anisotropy, which are di�cult to isolate experimentally, and their

influence on interfacial properties are not well understood. In this work, we begin to

probe this structure-thermodynamic relationship, using the rotating magnetic field

to generate an anharmonic interaction potential in a 2D system of paramagnetic

particles. At low magnetic field strengths, weakly interacting colloidal particles form

non-close-packed, fluid-like droplets, whereas, at higher field strengths, crystallites

with hexagonal ordering are observed. We examine spatial and interfacial properties

of these 2D colloidal clusters by measuring the local bond orientation order parameter

and interfacial sti↵ness as a function of interaction strength. To our knowledge, this

is the first study to measure a tunable interfacial sti↵ness of a 2D colloidal cluster by
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controlling particle interactions using external fields.

3.1 Introduction

Novel two-dimensional (2D) materials have garnered significant interest due to their

enhanced optical, electrical, chemical, and mechanical properties [41, 42, 43, 44]. On

the other hand, changes in molecular structure, chemical composition, or concentra-

tion can lead to unexpected phase transformations which subsequently impacts the

performance of such materials. For example, it is known that a change in the temper-

ature of a system results in thermal expansion; however, since this expansion directly

a↵ects both the thermodynamics and kinetics of the system, it has been di�cult to

decouple the influence on the material’s spatial configuration.

In an e↵ort to investigate these phenomena, colloidal systems have been widely

proposed as appropriate models for molecular systems. This has yielded new infor-

mation concerning the thermodynamics and phase behavior of confined planar 2D

systems [45, 46, 47, 48, 49], and more recently, newly investigated phenomena such

as interfacial premelting with temperature dependent colloidal particles have shown

the importance of interfacial dynamics on 2D material properties. Li et al. use col-

loidal poly(methylmethacrylate) PMMA spheres, which are thermally expandable to

demonstrate surface premelting, where a system can produce a melted interface that

is finite in size before reaching the melting point [3]. See Fig. 3.1 for reference.

Thus far, the majority of interfacial studies of colloidal systems utilize interactions
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Figure 3.1 : A color coded optical microscopy image taken from Ref. [3] that shows
temperature dependant surface premelting using a colloidal system and comparing a
monolayer to a bilayer. Scale bar is 10 µm.

represented by either charged particles, hard-spheres, or depletion interactions [50, 4,

3]; however, many of the interesting properties of 2D molecular systems are governed

by longer-range anharmonic interactions. Colloidal systems with tunable long-range

interactions can be generated with magnetic and electric fields, but few studies have

probed the resulting interfacial properties as a function of interaction strength.

Magnetic Janus particles in a rotating magnetic field have been shown to form

colloidal crystals with a melted interface induced via a shear force [36] illustrating

how dislocations in the bulk crystal migrate to the interface. In this chapter, we

use our system of particles to assemble 2D colloidal clusters with a tunable long-

range anharmonic interaction potential. We characterize their energetics as well as

their interfacial properties as a function of interaction strength. We find that the

thermodynamic quantities are independent of cluster size for the ranges used in this
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study (300 to 1500 particles). We begin by finding the excess internal energy of the

clusters using the modified dipole model followed by a measurement of the interface

fluctuations to calculate the excess free energy. These values can then be used in the

Helmholtz free energy equation to obtain the excess entropy for each cluster. The

finite size of the colloidal clusters allows us to simultaneously investigate both bulk

and interfacial 2D properties. Of particular interest is understanding how increasing

intermolecular interactions increases the configurational anisotropy of the interface,

which in turn leads to a variability in the line tension in crystallites. This has sig-

nificant implications for highly correlated 2D materials where interface anisotropy

impacts various transport properties within the material [51, 52].

3.2 Cluster energetics

Once we apply the rotating field, the particles aggregate and assemble into two-

dimensional clusters and grow to be tens of microns in diameter [Fig.3.2(a)]. In order

to quantify the internal energy of each cluster, we begin by using a dipole model to

calculate the internal energy of each particle [38]. Using this model, the net internal

energy between the paramagnetic colloids can be approximated by the anharmonic

interaction potential [Fig.3.2(b)]: u(r) ⇠ A
r3 where r is the center to center distance

between the particle pair and A is a function of particle size, magnetic susceptibility,

and magnetic field strength [38].

In order to compare this interaction potential to the thermal energy of the system,
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interface.
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we write our energies in multiples of kbT . The magnetic field strength selected for

this set of experiments range from 8 to 12 Gauss which corresponds to pair potentials

with well depths (|u✏|) ranging from 5.2 kbT to 11.7 kbT . Note that these values are

reported as the inverse of the e↵ective temperature, Teff = kbT/u✏, which is typically

used in colloidal systems to more readily compare the magnitude of the interaction

energy. In this study, Teff ranges from 0.19 at 8 Gauss to 0.085 at 11 Gauss.

In a 2D system, the colloidal clusters prefer to form circular shapes to minimize

their line tension, analogous to the minimization of interfacial tension in 3D. We define

line tension, �, as the mechanical work required to increase the interface length which

is a thermodynamic quantity that is independent of molecular structure [39]. The

cluster is a single-component system at quasi equilibrium with constant temperature,

T , cluster area, A, and number of particles, N . The configuration of a cluster at

equilibrium is determined by minimization of the Helmholtz free energy, F , at the

Gibbs interface [53]:

F
�

l
= � +

X

i

(µi�i) (3.1)

Here, F �
/l is the excess Helmholtz free energy per unit length, l, i.e the excess at

the Gibbs dividing surface, �, compared to the bulk value. At the interface, the Gibbs

excess adsorption, �, is zero; thus, line tension is equal to the Helmholtz free energy

per length. In order to compare our energy calculations independently of interfacial

length and cluster size, we normalized our values by a unit length that divides the

cluster into sector cells where the arc length of each cell is defined by a single particle.
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The second thermodynamic relationship to consider is the Helmholtz free energy;

the di↵erence between the potential energy of the system, U , and TS where S is the

entropy. By writing the equation in its excess form (F � = U
�
� TS

�) and given F
�

and U
�, we find the excess entropy of a cluster, a parameter that is experimentally

challenging to obtain. Since the kinetic energy remains constant throughout the

cluster, the excess kinetic energy goes to zero and U
� becomes solely governed by the

anharmonic interaction potential between the particles.

Cluster stability is characterized by examining the potential energy distribution

within a given cluster. Fig.3.2(c) shows a potential energy landscape for a given clus-

ter and the energies of individual particles are illustrated by using a bi-color gradient

scheme. Note that since the energy calculation depends on the neighboring particles,

any topological defects will also a↵ect the energy of the neighboring particles. The

radial change in the cluster’s potential energy per unit length is defined as E:

E(R) = U
�
/l = [u(R)� ub]/l (3.2)

Here, ub is the energy in the bulk averaged over particles a distance, R, away

from the center of the cluster (detailed description of the parameter l can be found in

section 3.3. The particles in the bulk phase have the lowest potential energy (umin),

whereas the energy of the particles increases when approaching the interface as they

begin to experience a change in the configuration of their neighboring particles as

shown in Fig.3.2(d).
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3.3 Calculating the unit length, l

Suppose each particle in the cluster is confined in a sector cell. Each sector has the

same radial and arc length and the dimensions are defined by unit length l as shown

in Fig.3.3. The number of sectors (or particles) increase as we move radially away

from the center of the cluster.

Figure 3.3 : Sector cells of length l that divide the cluster into equal parts.

For example, the number of cells in the first level will be the circumference at 1/2

distance away from the center of mass divided by length l:

2⇡(
1

2
l)
1

l
= ⇡ (3.3)

The number of cells at level 2:

2⇡(
3

2
l)
1

l
= 3⇡ (3.4)
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At level n, the number of cells is (2n-1)⇡. Given the total number of particles in

the cluster, we know the highest level M.

MX

n=1

(2n� 1)⇡ = N , M
2
⇡ = N (3.5)

The length l is then determined by the following relationship:

l =
2⇡R

(2M � 1)⇡
(3.6)

Where M is equal to
p

N/⇡, and R is the radial distance from the center of mass

of the cluster. The length is given in units of microns and normalized by particle

diameter D. This allows us to provide a continuous, even energy distribution along

the interface.

3.4 Cluster tunability and interfacial sti↵ness

3.4.1 Cluster tunability

By increasing the strength of the magnetic field, and by extension the well-depth of

the particle pair potential, the clusters transition from a disordered fluid-like state

to an ordered crystalline state. We quantify the change in the energetic and spatial

characteristics of single 2D colloidal clusters using the analytical methods discribed

below.
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Analytical approximations

The potential energy of a colloidal cluster is determined by calculating the potential

energy between each particle pair using a modified dipolar model [2]. The potential

energy is approximated for a given particle within the cluster by summing the particle-

pair interaction energy with every particle within 10 particle diameters. The interface

is determined by calculating the packing fraction, ⌘, of particles as a function of

distance away from the cluster’s center of mass. In order to generate a spatial profile

of particle density, the packing fraction is measured using annular disks in radial

increments of one particle diameter. The position of the Gibbs dividing line is the

location at which the integral of the density (or packing fraction) curve is equal as

the spatial profile transitions from the bulk of the cluster to the dilute phase. A

non-linear regression is used to model the curve and find the distance at which the

value falls from 90% to 10% [54] representing the interfacial width, W10�90, [55] and

taken to be the limits of the integral. The surface excess energy is the excess potential

energy at the Gibbs dividing line per unit length (E(RGibbs) = U
�
/l).

Spatial Characterization of colloidal clusters

The local bond orientation order parameter,  6, is used to characterize the structural

order throughout each cluster[56, 57, 58]:

 6 =

*
1

N

������

X

i

1

Nn(i)

X

k(i)

exp(i6✓ik)

������

+
(3.7)
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where N is the total number of particles i in a radial region of interest, Nn(i) is the

total number of nearest neighbors for each particle i obtained using a Voronoi diagram,

and ✓ik is the angle of the connecting vector between particles i and k relative to a

reference line (positive x axis, in this case) as shown in Fig. 3.4. The spatial profile is

generated utilizing the same annulus used to calculate the packing fraction. The bond

orientation order parameter quantifies the configuration in the interior domain of the

cluster and follow the change in its crystallinity as the interaction energy between

particles changes. A bond orientational order close to 1 indicates that the system is

in a crystalline phase and as  6 decreases, the thermodynamic state becomes closer

to that of liquid then gas.

Figure 3.4 : A schematic showing the paramters that determine the value of  6.
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Example of a cluster under three di↵erent field strengths

Fig.3.5 shows a cluster containing 710 to 730 particles at interaction potentials of

5.8 kbT [Fig.3.5(a)], 6.6 kbT [Fig.3.5(b)], and 9.8 kbT [Fig.3.5(c)]. At a relatively low

well-depth of 5.8 kbT , particles throughout the entire cluster form a fluid-like disor-

dered phase as shown in Fig.3.5(d). Upon increase of the potential well depth, a

well-ordered microphase forms in the center of the cluster surrounded by a disordered

exterior layer. For clusters with more than 200 particles, the thickness of the dis-

ordered exterior becomes independent of cluster size and is only dependent of the

well depth. As the magnetic field is further strengthened, the crystalline microphase

begins to grow towards the interface resulting in a decrease in the thickness of the

disordered boundary layer until it reaches a thickness of 1-2 particle diameters as

shown in Fig.3.5(f). The radial change in packing density, ⌘, and  6 are also plotted

for each of the clusters [Figs.3.5(g)- 3.5(i)].

The characteristic interfacial width W10�90, which scales with particle diameter,

D, was found using ⌘ and has also been shown to decrease with increasing magnetic

field strength [55]. At well depths of 5.8 kbT , 6.6 kbT , and 9.8 kbT , W10�90 is 6.55D,

6.09D, and 5D. The surface excess energy per unit length is calculated using Eqn.3.2

for each of the three states, and we find E to be 7.2± 0.69 kbT/D, 14.2± 1.21 kbT/D,

and 22.4± 1.25 kbT/D respectively. As the cluster becomes less like a fluid and more

like a crystal, it begins to deviate away from a circular shape to a more faceted

structure. Such azimuthally anisotropic interfaces [Fig.3.5(c)] lead to less accurate
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calculations near that region.

3.4.2 Line tension and interfacial sti↵ness

Line tension, �, is the two dimensional form of the surface tension in three dimen-

sions, while interfacial sti↵ness, �̃, is the crystalline equivalent of surface tension for

fluids. Most interfacial tension descriptions involve the molecular forces that hold

an interface together. At the colloidal scale, it becomes the forces that holds parti-

cles together instead. Aarts et al. have used a colloid-polymer mixture to quantify

this relationship as a result of the system phase separating into a particle-rich and

particle-poor regions [4]. The thermal capillary waves are traced by plotting the in-

tensity distribution as a function of the height, z, along the xy-plane as shown in

Fig. 3.6. Interfaces corresponding to weakly associating particles fluctuate strongly

compared to particles that are strongly associating. These fluctuations can be ana-

lyzed using Fourier methods to find the interfacial tension [59, 60, 4]. High interfacial

fluctuation refers to low surface tension, while low fluctuations are an indication of

high surface tension.

We use Ref. [59] to measure the line tension for our 2D clusters. It is similar to

that of the method used for finding surface tension in the colloid-polymer mixture

case. However, a correlation between the Fourier coe�cients of the radial fluctuation

and line tension is found instead. Fluctuations of the interface are examined using

Fourier analysis to quantify the interfacial sti↵ness as a function of magnetic field
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Figure 3.6 : Confocal microscopy images taken from Ref. [4] that shows thermal
capillary waves from a phase separating colloid-polymer mixture, where green is the
fluorescently labeled PMMA spheres. The interfacial fluctuation is in direct correla-
tion with interfacial tension.
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strength. The correlation function in finite two-dimensions entails finding the radial

distance of the interface from the center of mass as a function of the angle ✓ that is

normal to the interface.

To our knowledge, no previous studies were conducted to find the interfacial en-

ergetics and tension of a tunable system. We can use the same cluster to generate

di↵erent interfacial properties by changing the degree of attraction between the par-

ticles. This results in a phase-like transition where in the case of a droplet-like cluster

forms a circular liquid boundary. Once the magnetic field is increased, there becomes

less freedom between the particles to move around including the interface. A crys-

talline structure has a less periodic interface with more kinks that a↵ect the results

found via the Fourier method and the line tension becomes interfacial sti↵ness, which

includes the anisotropy in the interface. In the liquid case, that anisotropy goes to

zero and interfacial sti↵ness becomes line tension. For the sake of consistency, we will

refer to the interfacial sti↵ness in our calculations described below.

Measuring the interfacial sti↵ness

The fluctuations are represented by the Fourier coe�cients [59, 61]:

R(✓) = R0

"
1 + a0 +

1X

k=1

ak cos (k✓) +
1X

k=1

bk sin (k✓)

#
(3.8)

where R0 is the equilibrium radius of the cluster and ak and bk are the Fourier

coe�cients for mode number k. The interfacial sti↵ness is correlated with the Fourier
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Figure 3.7 : Finding the interfacial fluctuation for our 2D cluster. (a) Optical mi-
croscopy image of a cluster. The dashed white circle is a guide to find the radial
change in the interface position. Scale bar is 10 µm. (b) A Matlab plot of the
particles’ position that shows how the interfacial fluctuation changes azimuthally.

coe�cients as [59]:

⌦
a
2
k

↵
+
⌦
b
2
k

↵
=

2kbT

⇡R0e�

✓
1

k2 � 1

◆
(3.9)

For a two-dimensional system that is discrete and finite in size, one should account

for the measurement uncertainty by estimating the modes at which we reach noise

level. In order to estimate the Fourier modes that are insensitive to noise, we plot

the Fourier coe�cients (ak,bk) on a log-log scale as a function of the Fourier mode,

k, as shown in Fig.3.8(a). The plot has a slope of -2 showing an excellent agreement

with the theoretical predictions in references [59] and [61]. In our system, the noise

level occurs at k higher than 15 to 20 modes. Therefore, the first twenty modes are

considered as further modes are indistinguishable from the noise floor as shown in
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Fig.3.8(a).

As the interaction potential between the particles increases, e� increases and reaches

a saturation value, as shown in Fig.3.8(b). Interestingly, at relatively lower field

strengths the standard deviation in e� is small compared to that observed with stronger

interaction potentials. At low |u✏| where � is the same along the interface, d2�
d✓2 term

becomes negligible and e� ⇡ �. For larger potential energies, however, where the clus-

ter orientation is anisotropic and di↵ers from one crystallite to another, d2�
d✓2 becomes

significant. For this reason, the variation in the interfacial sti↵ness increases as the

clusters become more crystal-like as shown by the increasing scatter in Fig.3.8(b).
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Figure 3.8 : Characterization of the clusters’ interfacial fluctuation. (a) The cor-
relation between the Fourier coe�cients and the mode number reaching noise floor
at k=20. Inset shows the same data set, but with an x-axis of 1/(k2

� 1) to show
that the slope is in agreement with Eqn. 3.9 in Appendix B. (b) Interfacial sti↵ness
values at di↵erent particle pair interactions. Blue dots are experimentally obtained
measurements of interfacial sti↵ness. Blue highlighted area is the standard deviation
of the data. Note that as u✏ increases anisotropy variations increase leading to larger
deviations in the interfacial sti↵ness.
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Averaging measurements over sixty distinct clusters, the interfacial sti↵ness ranges

between 1.73±0.15 and 3.76±1.54 kbT/D. These values correspond to (6.5±0.56)⇥

10�15 and (1.4± 0.58)⇥ 10�14 when converted to units of J/m. As previously stated,

minimization of line tension causes the clusters to take on a circular shape. Although

specific thermodynamic values can be determined as a function of u✏, it is useful to

generalize these interfacial energies in terms of interfacial sti↵ness, e�, which is the

sum of line tension and its second derivative with respect to the angle, ✓, azimuthally

normal to the interface
⇣
e� = � + d2�

d✓2

⌘
, where the second term accounts for the ori-

entation of the interface. As shown in Fig.3.9(a) the interface is isotropic at low

magnetic field strengths. However, at high magnetic fields, shown in Fig. 3.9(c),

the interface becomes anisotropic. Such is also the case for crystal-liquid interfaces

[62, 50] and crystal-crystal grain boundaries [63]. To find the line tension for a crys-

talline structure, one must average out the anisotropy of that. This can be achieved

in two ways: record a cluster long enough to go through many di↵erent morpho-

logical changes, or measure �̃ for many di↵erent clusters where each cluster has a

di↵erent anisotropy profile. Since we did the later, we can take the average of the

data points in Fig.3.8(b) to get an estimation for �. At well depths of 5.8kbT , 6.6 kbT ,

and 9.8 kbT , e� the average values are found to be 1.6± 0.55 kbT/D, 2.5± 0.66 kbT/D,

and 3.7± 1.5 kbT/D respectively.

We compare our line tension measurements to other 2D colloidal systems[64,

65, 66, 67], which mainly involve solid interfaces, and find that the values are on
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Figure 3.9 : An example of combing fundamental thermodynamic equations and
statistical analysis to find parameters that are experimentally di�cult to measure
otherwise, such as the surface excess entropy. (a)-(c) are the same cluster under low
(left) to high fields (right). The table summarizes the measured parameters using the
methods mentioned in the previous sections.
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O(10�1
kbT/D) or O(10�16

� 10�15
J/m). The line tensions were slightly lower than

our liquid-like clusters and at least an order of magnitude less than our crystallites.

We believe our system is able to reach values greater than typical colloidal models

due to the influence of long-range interaction energy caused by the particles near

the interface. Molecular dynamics simulations of 6-12 Lennard-Jones (LJ) systems,

on the other hand, typically show line tensions ranging from O(10�12
� 10�10

J/m)

[68, 69, 70] which are orders of magnitude larger than our values. This is due to

a number of dissimilarities between the two systems, such as length scale, entropic

e↵ects, and the type of interaction driving the phase separation [71].

Since � represents F
�
/l, it is interesting to note that although we use two com-

pletely di↵erent methods to calculate F
�
/l (Fourier expansion of the interfacial fluc-

tuation) and U
�
/l (using the dipole model), both excess energies per unit length fall

under the same order of magnitude.

Once we determine E and �, we can find the excess entropy per unit length using

the following relationship:

S
�
/l = �(� � E)/T (3.10)

We find S
�
/l for each of the three states in Fig.3.9 to be 5.6 kb/D, 11.7 kb/D, and

18.7 kb/D respectively. Note that the excess entropy is an estimation and becomes less

accurate at high fields since the excess Helmholtz free energy per length is equal to �

and not e�. More exact calculation of thermodynamic parameters, such as Helmholtz

free energy, requires an accurate calculation of the spatial anisotropy of the cluster
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in order to obtain a better approximation for S�.

3.5 Cluster Rotation
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Figure 3.10 : Angular velocity and rotational kinetic energy as a function of the
interaction potential well depth.

The clusters rotate slightly, possibly due to a global magnetic remanence within

the cluster caused by relaxation lag between individual particles that are further away

from each other, and those e↵ects are more evident at higher fields. Although the

angular velocity ! is low, we calculate the rotational kinetic energy krotation to confirm

that the it is negligible in comparison to the rest of our energy calculations. Fig. 3.10

shows that indeed, krotation is 2-3 orders of magnitude lower.
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3.6 Conclusions

In summary, we have varied the strength of an anharmonic particle-particle interac-

tion potential to characterize the changing interfacial properties of various 2D colloidal

clusters. Structural parameters, such as the bond order parameter, are correlated

to several thermodynamic quantities such as surface excess energy per unit length,

surface excess entropy per unit length, and line tension. The tunability of the anhar-

monic potential presented here is ideal to study long-range attractive 2D materials.

This class of collective colloidal phenomena form the basis by which 2D interfacial

dynamics can be explored.
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Chapter 4

Dynamic behavior of colloidal clusters

Figure 4.1 : Examples of finite sized clusters merging and relaxing back to their stable
state. (a) Nematic Langmuir films on an air-water interface [5]. (b)Migration and
coalescence of Au nanoparticles on ceramic sheets (TEM). Thermal e↵ect rising from
electron beam [6].

In many thermodynamic studies, systems are often assumed to be at equilibrium

for its mathematical simplicity and computational e�ciency. However, rearrangement

of colloidal clusters and their relaxation dynamics is very important in the field of

statistical physics. It helps us to better understand what happens when a new energy

or perturbation is introduced and how the colloidal aggregate behaves in order to

reach its minimum free energy state. This chapter includes two main perturbations,

first is the application of an anisotropic field to the an assembled cluster. Second is

the merging of two clusters into a single large one. In both cases, the configuration
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is disturbed from its relatively energetically stable state and attempts to reform back

to its circular-like morphology. This is a common mechanism that can be observed

in liquid droplets [66], Langmuir films [5], and catalytic nanoparticles under high

temperatures [6] as shown in Fig. 4.1. Although TEM imaging, for example, has

been used to capture the dynamics of the nanoclusters, it is very challenging to

capture the atomic rearrangements for every time-step with such low resolution. We

present a methodology to investigate such dynamics at di↵erent phases using the

same paramagnetic particle under a rotating magnetic field.

4.1 Viscoelasticity of the colloidal droplets

We find our clusters behave in a very similar manner to those of viscoelastic materials

as they respond to shear and deformation. Two main parameters determine how

a cluster responds so such a disturbance. They are the rheological parameters, g0

and g
00, which are the storage (elasticity) and loss (viscosity) moduli respectively.

This allowed us to examine the system from a rheological prospective and find its

viscoelastic properties as a potential application in material fabrication processes.

We find that viscoelasticity depends largely on how strongly associated particles

are as well as the competition between the interface-driven or bulk-driven relaxation.

For example, a colloidal droplet might be considered highly viscous if the particles

inside the cluster can e�ciently dissipate energy to the surrounding fluid. For that

to occur, particles need to be highly mobile (bares a velocity). This typically occurs
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when the particles are weakly associating, allowing for them to move freely within

the cluster in the can of the application of a perturbation energy. In other words, the

viscosity of a cluster is largely dependent on the interparticle distance and the fluid

surrounding the particles [37] as:

⌘c = ⌘w ⇥ d (4.1)

where, ⌘c is the viscosity of the cluster, ⌘w is the viscosity of the surrounding fluid

(in our case it is water), and d is the interparticle distance between a particle pair.

The interparticle distances fluctuate and rearrange due to transfer in momentum

explained by the viscous dissipation quantified as g00. A perfectly viscous body has a

g
0 of zero where all of the energy caused by shear is dissipated into the surrounding

fluid (the energy is lost).

In a perfectly elastic body (viscous parameter g
00 is zero), on the other hand,

applying shear will cause the particles to deform easily and causing slight expansion or

increase in cluster area, while the energy from shear is consumed during the expansion.

If the particles are fluctuating, they will transfer momentum and some of that energy

will dissipate. A cluster formed under high magnetic fields will be closer to an elastic

system. This is due to the rigidity of the cluster which does not allow for the particles

the freedom to move and energy dissipation to occur. The energy stored in the cluster

is therefore a function of the elastic modulus (g0) [N/m], which is a unit of pressure

and the change in area �A:

Energy storage = ✏ �A (4.2)
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4.1.1 Deformation: stretching a cluster

Circular rotating magnetic fields (CRMF) generate circular clusters or droplets. Ap-

plying an anisotropic or elliptical field on a circular cluster will deform it from its

stable structure. Unlike CRMF, elliptical fields form an anisotropic magnetic torque

and topologies that depend on the ratio between the magnetic field strength gener-

ated by channels 1 and 2 (B1 and B2 respectively). If we wish to achieve an ellipsoidal

magnetic field, we apply di↵erent B for each channel, where increasing the ratio be-

tween B1 and B2 makes the rotational field more asymmetric in the radial direction.

and the higher the ratio, the more elongated the aggregation becomes. Shown in Fig.

4.2 are paramagnetic particles assembling under elliptical magnetic field. The major

axis is of the ellipse is not necessarily in the same direction as the major axis of the

field, because the cluster experiences maximum torque at the major axis (10 Gauss

in this case), causing the particles to align diverging away from the maximum field

in the direction of minimum torque.

If we apply a type of perturbation on a perfectly circular liquid-like cluster, such

as an anisotropic field, it causes the cluster to deform into an ellipsoidal shape. This

shape now stores potential energy to keep it in that morphology. It is not the most

energetically favored state, which is why it requires that stored energy, quantified by

g
0 to maintain that structure. The correlation between the storage modulus and line

tension is as shown in Eqn. 4.3 [37]. Since we can estimate the values of line tension,
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Figure 4.2 : A colloidal droplet under a rotating magnetic field. (a) is under an
ellipsoidal field (b) is the same cluster under a circular field. The time it take to go
from (a) to (b) is the equilibrium time, teq. The values of teq ranges from about 30
seconds to a few minutes depending on the size of the cluster and the magnetic field
strength applied.

�, shown in chapter 3, we can find the elastic modulus of a cluster of size R.

� = ✏.R = g
0
.R (4.3)

4.1.2 Reformation: Relaxation rate of the clusters

We focus our attention to the relaxation of a cluster back to its circular morphology

once the field is turned back into its isotropic state. To quantitatively calculate the

change, we measure the rearrangement of the colloidal particles into a circular droplet

and analyze it by plotting the aspect ratio (Length/Width or L/W)of the two major

axes of a cluster with time. The two major axis were found using the Matlab function

”Regionprops”, where L the major axis and W is the minor axis. An aspect ratio of

one gives a perfect circle while all other values larger than one mean that the cluster
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has taken on an ellipsoidal morphology.

Figure 4.3 : Change in aspect ratio with time after the conversion of the ellipsoid
field of B1/B2 back into a isotropic (circular) one of strength B. Three plots of the
same cluster under di↵erent B. (a) B = 10 Gauss. (b) B = 11 Gauss. (c) B = 11.5
Gauss. The cluster contains about 500 particles.

Both cluster size as well as the magnetic field strength are important parame-

ters that determine the relaxation behavior of clusters. At longer times, the bulk

(or center) of the cluster can become the rate limiting step that determines how

fast it approaches an aspect ratio of one. For example, it is possible for a cluster

with high line tension to be slower than that of a low tension cluster if the bulk is

kinetically trapped which dictates how fast particles re-arrange within the cluster.

Experimentally, one cannot achieve a perfect circle. The droplets do show some form

of spontaneous deformation and rearrangement even after reaching a circular mor-

phology as shown in Fig. 4.4. The dashed lines are a guide to show that at lower

fields, a cluster reaches an aspect ratio of one faster than at high fields. We believe

it is a result of the change in viscoelastic properties of the cluster as we change the

strength of interaction between the particles.
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We believe a cluster size’s role in the relaxation dynamics is due to the interfacial

to bulk ratio that increase with growing cluster size, leading to a competition between

the e↵ect of line tension and viscoelasticity driving the cluster to its equilibrium state.

In a relatively small cluster for example, the interfacial energy plays an important role

in the stability of the cluster, while a large cluster is governed by its bulk properties.

Figure 4.4 : E↵ect of cluster size, N , on the change in aspect ratio over time (B = 9
Gauss) . (a) N = 350 particles. (b) N = 850 particles.

Figure 4.4 shows how interfacial properties can dictate the relaxation of a cluster.

The plot on the left is a representation of a relaxing cluster after being deformed,

where B1 : B2 = 11 : 9. Note how in the case of Fig. 4.4 (a), there are much higher

oscillation in the aspect ratio over time compared to that of 4.4 (b), a cluster that is

about 2.5 larger than (a). How strongly associating the particles within a cluster can

be depicted in Fig. 4.5, where we compare small clusters to relatively larger ones. A

larger cluster results in a more stable assembly of particles within the bulk region and
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contained by an interface with a line tension strong enough to contain the particles

and form a crystalline bulk. Therefore the center of the cluster will cause the crystal

to exhibit more rigid behaviors.

Figure 4.5 : Cluster growth showing how the disorder interface (in red) to ordered
bulk (in blue) ratio changes with cluster size. Scale bar 20 µm.
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Unlike the data shown in Fig. 4.3, increasing the field’s strength (hence the line

tension) will cause the clusters to collapse back into a circle faster as shown in Fig.

4.6(a). At a low field of 10 Gauss, the interparticle distances are high, consequently

the viscous modulus of the cluster is also large. A larger amount of energy dissipation

leads to a rapid release of the potential energy stored within the cluster. On the

other hand, and at 11.5 Gauss, the cluster becomes ridged with a higher elastic

modulus, holding on to the stored energy and making it easier for the cluster to use

that energy to recover. E↵ect of interparticle distance can tested by changing the

salt concentration in the solution. Fig. 4.6(b) shows blue data points representing

clusters formed in a 1mM aqueous solution (NaCl), while the orange data point is

a cluster in 10mM of the salt solution. At higher salt concentration, the distance

between the particles decrease, leading to less energy dissipation into the liquid and

allowing the cluster to use that energy to reform back into a circle.

Figure 4.6 : Relaxation dynamics. (a) correlation between relaxation velocity and
field strength of a 780-particle cluster. (b) correlation between relaxation velocity
and cluster size averaged over fields ranging from 8 Gauss to 12 Gauss.
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4.2 Cluster coalescence

Thus far we have focused on isolated quasi-stable clusters. Interesting interfacial dy-

namics can also be observed when clusters are near each other and begin to coalesce

as shown in Fig.4.7. Previous experiments [72, 6] and simulations [73, 74] have been

performed to capture the coalescence of a variety of nano-scale and micro-scale sys-

tems to investigate changes in morphology and the formation of topological defects

[75]. Here, we follow the dynamics of the colloidal clusters as they coalesce to form

larger aggregates and qualitative illustration on the rearrangement of the particles

over time.

1

0

�6

Figure 4.7 : Coalescence of two clusters into a large cluster under a field frequency of
20 Hz and field strength of 10 Gauss. Scale bar=10 µm.

The coalescence mechanism can be described in four stages. First, clusters trans-
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late towards one another resulting in a migration phase. Next, a neck of particles

connects the clusters, as shown in Fig.4.8. The resulting neck thickens and particles at

the interface rearrange to move particles with  6 closer to unity into the bulk phase

while translating particles with low  6 move to the interface. Finally, the merged

cluster rearranges into a larger cluster that is once again quasi-stable with a circular

morphology. For more crystalline clusters, grain boundaries are observed along the

contact line between two clusters as they merge as shown in Fig.4.8 (c).

0 min 1 min 11 min

0 min 1 min 11 min

0 min 1 min 11 min

1

0

�6

(a)

(b)

(c)

Figure 4.8 : Micrographs of clusters coalescing taken over time at three interaction
potentials (a) u✏ = �5.2 kbT (b) u✏ = �6.6 kbT (c) u✏ = �9.8 kbT . The images are
color-enhanced to indicate the bond orientation order parameter of each particle, and
thus the level of disorder, in each of the three cases. Scale bar 10 µm.
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The relaxation and minimization of the potential energy of a cluster depends

largely on the mobility of the constituent particles. As the magnetic field increases,

the clusters are less mobile and therefore require more time to reach a global minimum

potential energy. In Fig.4.8, the coalescence of colloidal clusters is displayed over time

at three di↵erent interaction potentials. At low fields, the larger cluster has a e� similar

to that of the two original clusters. Coalescence driven formation of topological defects

is evident at higher interactions as shown in Figs.4.8(b) and 4.8(c), and the resulting

grain boundaries can range in thickness depending on the strength of the interaction

potential. At large enough fields, the thickness of the disorder or grain boundary

can be as small as one particle diameter [Fig.4.8(c)]. These grain boundaries then

migrate toward the interface and dissipate (see SM for videos of the coalescence).

The presence of topological defects in a crystalline system slows the progress toward

a minimum free energy state [76]. The coalescence of these crystallites therefore serve

as a promising model for expanding studies that focus on the formation and migration

of topological defects [64, 77].

The relaxation experiments conducted for the coalesce cases begins the moment

the neck connecting the two clusters widens to an aspect ratio of two between the

major and minor axes. We find that the equilibrium time, teq, in the coalescence case

depends largely on cluster size and slightly on the magnetic field strength applied.

Unlike clusters that were deformed using anisotropic field. This might be due to the

momentum [mass ⇥ velocity] caused by the two clusters merging. The equilibrium
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time is also linearly dependent on viscosity of the surrounding fluid (⌘w) [37]. We

confirm the viscosity dependence to find the correlation shown in Fig. 4.9. We

compare teq of clusters under two di↵erent viscosities. The low viscosity is that

of our mentioned water/NaCl solution, while the high viscosity fluid is an order of

magnitude larger. This was achieved by adding glycerol to our aqueous suspension.

The e↵ective viscosities were confirmed by tracking single particles, finding the mean

squared displacement (MSD) and using Stokes-Einstein equation to find the viscosity

of the surrounding fluid.

Figure 4.9 : Dependence of cluster size on equilibrium time after coalescence. The
blue data points represent cluster in an aqueous solution. Orange data points are
clusters in a solution with viscosity 10 times higher than that of those in blue. Note
how the slope increase almost order of magnitude indicating a linear relationship with
⌘w.
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4.3 Conclusions

Colloidal aggregates show viscoelastic properties. Using the proper tools, these prop-

erties can be measured by following the coarsening dynamics or manually applying

a shear force on the system. Viscoelasticity is dependent on many factors, most

notable are cluster size and particle-particle interactions. We find that highly as-

sociating particles means higher line tension that might drive the cluster to relax

back to its original circular shape faster. Therefore, a cluster’s response to shear is

determined by whether the dominating parameter is the interfacial energetics or the

bulk properties of the system. In some, especially during coalescence, we believe that

interface dominates at first, due to the high interface to bulk ratio. Eventually the

bulk of the cluster becomes the driving force to reaching its equilibrium structure.



64

Chapter 5

Visualizing the dynamics of spinodal

decomposition in 2D using paramagnetic colloids

We investigate the dynamic behavior of the superparamagnetic particle suspension

as they undergo phase separation by rapid cooling via the external magnetic field.

This is achieved by instantaneously turning the field on randomly dispersed particles.

The energy potential, or e↵ective temperature, represents the strength of the long-

range attraction between a particle pair. We find that the change in interfacial length

and connectivity of a coarsening system is dependent on the magnetic field strength

applied as well as particle density and scale these parameters using the characteristic

length. By evaluating the morphological profile, one can gather a substantial amount

of the information on the characteristics of a phase separating system beyond that of

the system’s length scale.

5.1 Background

Phase diagrams describe systems at their equilibrium or quasi-equilibrium states.

Most recently, Nikita et al. [7] have been able to develop a complete phase diagram

for paramagnetic particles under rotational fields, which include the critical point,

as well as the spinodal and binodal regimes (see Fig. 5.1). They have also shown
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the shift in the critical point depends largely on the degree of electrostatic repulsion

between the particles, which is quantified as � ( is the inverse screening length and

� is the particle diameter).

Figure 5.1 : Phase diagram of a system of paramgnetic particles at under rotating
fields at di↵erent �. Figure taken from Ref. [7].

The dynamic scaling analysis are typically examined using statistical measure-

ments such as the structure factor and pair correlation functions. However, the type
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of spatial pattern formed and how it develops as it reaches the final configuration

cannot be entirely captured using such methodologies [78].

Investigating out-of-equilibrium microstates is important in the development of new

materials. For example, it helps us better control the microstructures in order to

achieve high e�ciencies [79], or can be used in constructing a feedback control that

eliminates defects and grain boundaries [80]. It also provides models to better under-

stand cases where dynamic phase separation occurs in order to achieve stability in

binary systems such as emulsions [81], polymer mixtures [82], and biological systems

[83]. The phase separation mechanism usually consists of two non-equilibrium stages;

First is the rapid nucleation or decomposition of the initially homogeneous disper-

sion into a heterogeneous system, which is composed of two homogeneous domains of

di↵erent densities, second is the coarsening and growth of these domains into larger

structures.

Studies, for quite some time, have developed theories that explain time-dependent

length scaling dynamics via experiments and simulations by using linear and non-

linear equations [84]. Nonetheless, the evolution of the connectivity of a phase sepa-

rating system have yet to be understood. To investigate such a transition, we use a

system of paramagnetic particles in a time-averaging high frequency AC magnetic field

of 20Hz to generate an isotropic potential interaction. Consequently, particle-particle

interactions can be controlled externally using magnetic fields, then quantitatively

track the morphological changes at di↵erent conditions and correlate these changes
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to their characteristic length scales.

We utilize the Minkowski functionals, which - in two dimensions - find three geomet-

rical measurements: area, A, boundary length, P , and the Euler characteristic, X,

which is a measure of the connectivity of a given system. For a three-dimensional sys-

tem, the functionals are area, volume, the Euler characteristic, and integral mean cur-

vature. This methodology has been employed by Mecke and his group to characterize

systems undergoing spinodal decomposition [78], which generally exhibit non-trivial

geometrical structures. In this chapter, we evaluate our highly tunable system using

this method to capture the sequence of rearrangements it experiences as it pursues

its equilibrium state.

5.2 The phase separation process

Figure 5.2 : Raw optical images of paramagnetic colloidal particles undergoing phase
separation. From left to right are voids, spinodal, and clusters, respectively. Black
scale bar is 300 µm. Inset shows the particles under higher magnification. White
scale bar is 25 µm.

Depending on the strength of the magnetic field applied and the concentration of
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particles within the sample forming voids, clusters, or bicontinuous phases as shown

in Fig.5.2. The concentration, �, is represented by the fraction of particles covering

a select area and measured using an objective with a higher enough magnification to

track individual particles. At low �, once quenched, can form many small clusters

that coarsen over time. For a relatively much higher �, they will instead find sheets

of condensed particles containing small ”gas” pockets that coalesce into larger cav-

ities (Fig.5.2(a)). A concentration that falls between the two extremes will form a

labyrinthine pattern shown experimentally in Fig.5.2(b). This pattern, however, can

be a metastable phase that appears during the decomposition stage, which can break

up into isolated clusters during the coarsening stage (Fig.5.2(c)).

Like any other state diagram, the aggregation (or separation) of our particles only

occur above a minimum attraction potential and particle density as shown in Fig.5.3.

As for the type of phase separation, from a morphological point of view, will depend in

this case on B and �. Fig.5.4(a) shows a schematic diagram highlighting the distinct

pathways of rapid quenching at di↵erent particle concentrations. The colored lines

illustrate the di↵erent pathways a phase separating system takes as it is trying to

reach its equilibrium structure. Beginning with the lowest concentration (green line),

the system starts with a homogeneous phase and forms clusters that coarsen over

time (Fig. 5.4(b) i). A relatively more concentrated system (red and black lines) will

pass through a bicontinuous phase (Fig. 5.4(b) ii, iii). Finally, a homogeneous system

forms voids that coarsen over time (Fig. 5.4(b) iv).
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Figure 5.3 : An experimental diagram that shows the range at which aggregation
(or phase separation) occurs, depending on the magnetic field strength, B in units
of 1/Gauss

2, and the particle fraction density, �. Our data overlaps with theoretical
predictions found in ref. [7]. Cp stands for critical point.
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In the following sections, we will dissect the aforementioned structures using im-

age processing techniques to observe the changes in morphology over time. We will

also show how, and within the time frame studied in this chapter, a system is capable

of starting with a morphological state and end up in another as it coarsens. In some

cases, crossover can happen through all three di↵erent states (voids, spinodal, iso-

lated clusters) before reaching its final most-stable morphology. This is schematically

illustrated in Fig.5.4(b).

Figure 5.4 : E↵ect of applying a rotating magnetic field on a homogeneous dispersion
of paramagnetic colloidal particles. (a) A diagram showing the di↵erent morphological
pathways a system might go through as it is trying to reach a quasi-equilibrium state.
(b) A schematic of the di↵erent pathways that were experimentally observed in our
system.
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5.3 Using Minkowski to identify the morphological states

Minkowski functionals identify spatial patterns using integral geometry (described in

detail in Ref. [78]). If, for example, we are looking at a solution of monodispersed

particles, the total boundary length, P , is the perimeter of a particle as shown in

an optical image multiplied by the total number of particles present in that frame,

while the total area, A, would be the area of a single particle multiplied by the

number of particles. However, when using an objective with low magnification, the

particles become indistinguishable from the background, especially at high � (see

Fig.5.5(a)). Once the magnetic field is applied and the particles begin to aggregate,

the system will evolve from a homogeneous gray image to dark, particle-rich domains

and light domains (representing the areas with low particle concentrations). Detailed

description on the thresholding technique used in this study can be found in section

5.6.

As the system begins to phase separate and coarsen over time, now well-defined dark

regions can be measured. This includes the length of the interfacial boundary, P ,

and the total the area, A. Due to coarsening, the particle-rich area measured and its

boundary will decrease over time and plateau as shown in Fig.5.5(G) and Fig.5.5(H)

respectively. The Euler characteristic on the other hand, essentially represents the

features observed in the image. A positive value of X , in this case, describes a system

in which clusters or islands of particles dominate the topological characteristics in the

examined sample, while a negative value means the number of voids are more than
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that of the number of clusters. The more negative X is, the more voids are present

compared to clusters and vice versa.

The strength of the interaction between the particles play a role in determining

the process the system goes through as it is quenched. Higher magnetic field leads to

higher and faster attraction between the particles making the particle-rich domains

denser and the particle-poor domains less dense. Highly attractive and interacting

particles take up less space than weakly interacting particles, which would explain

why A and P lower in values as we increase the field. Consequently, the same sample

can form voids and continue to coarsen as voids, or begin with voids but eventually

become clusters. This can be achieved by externally tuning the pair potential between

the particles.

5.4 Implementation of the Minkowski functionals

We use the Minkowski measurements to show the evolution in the morphological

changes of a system under the same magnetic field but at di↵erent �. Their dynamics

are then analyzed from the moment we turn on the field until the rearrangement of

their morphologies follow the sequences depicted in the schematic shown in Fig.5.4

(b). Raw optical images of the nucleation to voids or clusters are depicted in Fig.5.6,

which show how they coarsen over time at di↵erent � and a relatively low magnetic

field of 7.5 Gauss.

From our previous studies, we demonstrate that at low magnetic field strengths, the
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Figure 5.5 : Utilizing Minkowski functionals on a system of paramagnetic particles
to demonstrate the e↵ect of field strength on the aggregation kinetics of the system.
(A) through (C) show snapshots of the aggregation at 6.5 Gauss, 7.5 Gauss, as well
as 9.5 Gauss, while (D) through (F) are the same areas at later times. Note that
as a result of increasing B (consequently particle-particle attraction), the number
of large separated clusters of well-defined interfaces will increase when compared to
those under lower B at the same time frame. Scale bar 100 µm. (G) through (I)
are plots of the three functionals, A, P , and X respectively as a function of time at
di↵erent magnetic fields strengths ranging from 6.5 Gauss (dark blue) to 11.5 Gauss
(dark red). The values are normalized by the total number of pixels, Npix, in an
image.
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Figure 5.6 : Optical microscopy images of the time evolution of paramagnetic particles
undergoing phase separation at various densities. Snapshots are taken after 2 min,
20 min, 40 min, and 60 minutes of applying the field. B = 7.5 Gauss. Scale bar 500
µm.
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line tension of the system becomes on the order of the thermal fluctuations [85], which

in turn allows for a higher probability of capturing a system going through spinodal

decomposition as opposed to system under high fields. This might also be due to the

rotation-induced breakage of the bridges connecting the domains that occur under

high magnetic torques. Particularly when the values of the Euler characteristic at

the early stages of decomposition are approaching zero, giving a trend similar to that

shown in Fig.5.5(I) in red.

At a magnetic field of 7.5 Gauss and packing densities of 35% and 20% it is evident

in Fig.5.6 that what is shown are voids and clusters, respectively. However, the in-

termediate packing densities (such as 28% and 22%) require a quantitative measure

of their morphological state. Using the Euler characteristic will not only quantify

the connectivity, but it can also capture cases where a phase inversion might occur,

where a system might initially phase separate into voids but form clusters later on as

it coarsens.

We begin by examining the Euler characteristic on the packing densities mentioned

and plotting them in Fig.5.7. At high � (35%), the particles condense rapidly and

form many voids represented by the negative values of X, which then coarsen via a

combination of Ostwald ripening and coalescence. This is shown in the figure by the

rapid increase in the absolute value of X followed by a steady decrease over the span

of 60 minutes. Within the same time frame and at a slightly lower concentration of

28%, the system begins to approach the spinodal regime. While it might qualitatively
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appear to have reached spinodal, X is still negative and voids dominate. It is at 22%

where the Euler characteristic crosses the zero mark a few minutes after quench-

ing. Comparing these values to a dilute suspension of particles will show positive X

starting from early stages of decomposition as shown in Fig.5.7, which indicates a

nucleation of the many particles into clusters.

A physical interpretation of this phenomena can be achieved by correlating P and X,

which corresponds to the total curvature of the system. A system generally begins to

increase its curvature, followed by a decrease over time. The increase is due to the

formation of the domains with a total curvature of X/P as the system attempts to

minimize its local energy, which is the main reason why decomposition occurs before

coarsening.

A decrease in the number of total domains as the system coarsens to reach its most

energetically favorable state leads to a lower curvature over time as shown in the

right column of Fig.5.7. However, this is generally the case for cluster and voids as

they tend to have higher curvature until the system enters the spinodal regime. In

the case of � of about 28% where it is closely approaching a spinodal but is not quit

there exhibits a faster decrease of curvature that plateaus within the same time frame

compared to �=35% and �=20%.

A more intricate case would be a suspension with a packing density of 22%, where

clusters begin to form soon after it passes through the spinodal regime, however unlike

in the case of �=20%, X plateaus at a positive value close to zero, while P continues
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Figure 5.7 : E↵ect of particle density on the Minkowski measurements at B = 7.5
Gauss. (A) Euler characteristic and boundary length as a function of time. (B) The
absolute value of Euler to boundary length; which represents the curvature in 2D.
Note how the curvature decreases over time to reach a more energetically favorable
boundary, while in the case of � = 22%, the system goes through a curvature of zero
after about 5 minutes, where it implies passing through a spinodal structure that is
coarsening and breaking up into clusters.
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to decrease, leading to a slight increase in curvature over time. This is due to the

fact that parts of the network with weak and thin bridges begin to break o↵, forming

clusters that would rather coalesce with a closer domain that permits higher contact

compared to its former connection.

5.5 Finding the Length scale correlation

Length scaling methods are typically used to monitor feature size, which can be ob-

tained by taking FFT of an image. We measure the characteristic length scale, L, by

finding the wave number, k, from the peak of the radial average of FFT. The wave

vector is inversely correlated to the length scale as k = 2⇡/L. We know from previous

research [86, 87, 28], that the characteristic length scale in the aggregation kinetics

shows a power law dependence with time, L ⇠ t
m. The value of m depends on a type

and dimensions of the system. We would like to find a more comprehensive equation

for L, which will account for both the magnetic field and concentration of the system,

L = f{t, B,�}.

The Hamiltonian of such systems is homogeneous, so we assume that all parameters

t, B, and � are not strongly interdependent and for a most of the part we should

be able to write L = ft(t)fB(B)f�(�). This separation of variables works well for

slowly driven systems, which is true for lower values of magnetic fields. For higher

fields where Upair >> kbT and concentrations, however, it might not be ideal to ex-

trapolate this theme. We analyze L as a function of time for di↵erent fields and
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Figure 5.8 : Length scale correlation with system parameters; time, field, and con-
centration. A) Power law relation between length scale and time, which corresponds
to L ⇠ t

0.4. B) Linear proportionality between the scaled length scale and magnetic
field. C) Master plot that incorporates all conditions which will help predict L as a
function of t at any B and �. Inset shows the power law dependence on concentration.
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concentrations. The data collapses under tm, where m = 0.35� 0.4 (see Fig.5.8(a)).

The m values are shown in the inside graph for di↵erent conditions. This has been

shown previously for 2-D structures [86], thus ft(t) ⇠ t
0.4.

To understand a relationship between the length scale and magnetic field we carried

out experiments at the di↵erent magnetic fields keeping the particle concentration

fixed. The experiments were performed on the same sample by allowing system to

re-disperse uniformly after each experiment. Since the energy of a system under a

rotational field is a function of particle distribution and square of the magnetic field,

we expect to find the size of cluster is proportional to B
2. Here, we are neglecting

higher order interactions, which are less significant. The length scale (⇠
p
size) is

thus expected to evolve proportional to magnetic field, B, assuming an isotropic dis-

tribution. We performed the experiments with di↵erent magnetic fields and scaled L

with t
0.4 (L⇤, which should be a constant) and then take a time average. The < L

⇤
>

is expected to show a linear relationship vs. B, for a particular particle concentra-

tion, �. Fig.5.8 (b) shows < L
⇤
> as a function of magnetic field for di↵erent values

of �. The graph shows the linear correlation between the field and < L
⇤
>. Thus,

ft(t) = B.

Unlike the magnetic field, L is not a trivial function of the particle concentration. For

a higher magnetic field, the line tension is greater and thus system quickly adopts

cluster or voids followed by coarsening. Cluster and voids growth follow aggregation

kinetics shown in numerous studies. On the other hand, for a lower magnetic field,
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system goes from homogeneous- spinodal clusters/voids as we increase the concen-

tration. Spinodal structures evolve slower than a cluster or void phase. The lower

magnetic field allows a bit longer time in metastable phase at higher concentration

since the rearrangement is driven by line tension. We performed experiments with

varying particle concentration keeping the field strength constant. Trends are shown

in internal figure in Fig. 5.8 (c). A typical aggregation kinetics for a 2D system [86]

shows a �0.4 dependency on the length scale dynamics. This assumes a uniform size

Figure 5.9 : Correlation between Minkowski functionals and the length scale of the
system. Note that by using them simultaneously, once can find the point at which
inversion occurs. B = 7.5 Gauss

and growth rate. The power observed is di↵erent for each field and averages around

0.4, (Note: The data available is not abundant to predict this parameter with great

confidence) which we have used to propose a time evolving equation for understanding

the length scale dynamics, l = kB(�t)0.4. Here, k is a constant which mainly depends

on the friction, and di↵usivity. Fig. 5.8 (c) shows the L vs. B(�t)0.4 for the di↵erent

concentrations and magnetic field. The data collapse with a linear trend. Expected

L values at a lower magnetic field (about 7.5G) are slightly less as discussed above.
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Combining the results from the Minkowski functionals with the length scale of the

system results in Fig.5.9. The average length scale is the equivalent of the total pa-

rameter divided by the Euler characteristic [78]. The more regular the shapes are,

such as voids and clusters the better this assumption applies. This is evident in the

last column of the figure, where [P/X]/L is constant or almost constant except for

when �is equal to 20% and it passes through spinodal.

For a homogeneous system (clusters or voids), the � and L are correlated. Here,

features are circular. Thus, the value of (P/X/L) is more or less remains constant

over a coarsening process. This is clearly observed in Fig. 7 (� = 35% voids and �=

20% cluster). For �= 28%, the system is slowly approaching the spinodal regime.

Hence, the overall perimeter (eccentricity) is slowly increasing, keeping the X, L

constant. Since the overall structure is voids (X<0), the P/X/L is slowly becoming

more negative. However, in a given time frame of the experiment the system did not

pass through the spinodal regime. On the other hand, for � =22, the system did

pass through the spinodal regime, in doing so changing the sign of X. This transi-

tion distinctly reflects in P/X/L. This analysis shows a simple and e�cient method

for detecting the spinodal regime and understanding the near spinodal dynamics by

combining the Length scale and Minkowski parameters.
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5.6 Image processing

5.6.1 Thresholding

Image processing plays an important role in the collection of the Minkowski param-

eters, which means that most of the data collected in this study relies heavily on

the images taken during the experimental studies. The intensity of the light source

can di↵er from day to day, consequently, from experiment to experiment. A dilute

suspension will give a lighter shade of gray than that of a concentrated suspension.

Therefore, every video requires a threshold density that can capture the phase sepa-

ration process, while maintaining the same selectivity when sorting every pixel to a

particle dense or a particle poor domain.

Fig.5.10 shows the distribution of pixel intensity of an image before (top) and after

(bottom) applying the magnetic field. The once homogeneous looking distribution

showing a bell curve begins to phase separate and form two distinguished regions

(dark and light). We find the proper density threshold (⇢1th) by using the Matlab

function graythresh, which finds the proper threshold density that minimizes the

intra-class variance. The intra-class correlation is the degree of how data points are

related to a group of points instead of individually. The threshold density of the

image is then utilized to binarize it.

For visual confirmation, we can also plot the Minkowski parameter, U , at di↵erent

⇢1th over time as shown in the Fig. 5.11. Note how the initially homogeneous

suspension represents a bell curve that splits into two grey maximums, one below 0.5
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500 μm

Figure 5.10 : Thresholding using matlab. We use this method to find the optimum
intensity threshold and confirm with the results shown in Fig. 5.10.



85

and one above it. The threshold density in this case is the one that becomes almost

independent of time as it reaches a quasi equilibrium state.
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Figure 5.11 : E↵ect of threshold density on the Minkowski parameter P on optical
images taken using a 60X objective. Note how the mean ⇢1th increases as we decrease
the particles concentration (the relatively lighter image).
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5.6.2 Pixel selectivity

Selectivity in our analysis signifies the ability of our Matlab code to distinguish be-

tween particles and clusters. As well as di↵erentiate between a space caused by an

interparticle distance pre-field and voids that result from the aggregation process once

the magnetic field is applied. In order to achieve that we need to eliminate any ”noise”

that has been binarized but is less than a certain size. This is accomplished via two

methods, the first is using a gaussian filter that processes the images by making them

blurry and more homogeneous.

Figure 5.12 : A schematic that shows how the di↵erent between what we consider a
void and what we do not. It mainly depends on the size of the void. The critical size
of a void is 2(⇡a2).

Second, choosing the binarized region size to be larger than the area of two par-

ticles combined. If a cluster of black or white pixels has an area less than 2(⇡a2), the

”defect” is converted to the color it is being surrounded by as shown in Fig. 5.12. For

example, Matlab will convert a white pixel surround by a sea of black pixels into a
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black one and vice versa. Once these techniques are applied, we use a Matlab package

to find the Minkowski parameters (Geometric measures in 2D/3D images. Copyright

2011 INRA - Cepia Software Platform).

5.7 Conclusion

In summary, we implement the Minkowski functionals on a system of paramagnetic

particles under a rotational magnetic field and demonstrate how the correlation be-

tween the Minkowski parameters, P and X with the length scale, L, will result in a

much more cohesive representation of the kinetics of phase separation that captures

their morphological states and how they coarsen over time. At di↵erent conditions

such as particle concentration and field strength, the system will experience di↵erent

pathways, which is represented by plotting the time evolution of the Minkowski pa-

rameters, curvature, and the characteristic length scale over time. Whether this can

be used as a model system to study phase separation of polymers and lipid bilayers, or

for its wide range of applicability in other materials, one should investigate morpho-

logical measurements in addition length scaling analysis to achieve higher e�ciency

in engineering processes.
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Chapter 6

Conclusions and recommended projects

We developed a model of tunable paramagnetic colloidal particles that exhibit physical

behaviors analogous to those found at the molecular level, particularly their energetic

and morphological properties. This idea is implemented by treating our particles and

analyzing them as we would molecular systems; statistically, dynamically, and ther-

modynamically. We began by studying finite sized clusters at their quasi-equilibrium

structure and find that the microstate of a 2D lattice depends on its bulk and inter-

facial properties. We examined the correlation between the two regions by finding

the excess energetics of the clusters. Three main parameters were evaluated, the line

tension: the equivalent of surface excess free energy, surface excess potential energy,

as well as the surface excess entropy: a parameter that is experimentally di�cult to

quantify.

We extracted the line tension of colloidal droplets by applying Fourier methods on

the interfacial fluctuation. Colloidal droplets are liquid-like clusters form under low

magnetic fields, while clusters under high fields form faceted structures. Consequently,

the values found for crystal-like structures represent the interfacial sti↵ness due to

anisotropy of the interface. The tunability of the anharmonic potential (upair) allows

us to demonstrate how our interfacial energetics do fall within the same order of
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magnitude when compared to the interfacial energetics of other micro and macro

systems.

Once we were able to understand colloidal clusters at their quasi-equilibrium

states, we begin to consider their dynamic behavior such as their deformation and

reformation as well as formation of grain boundaries as a result of their coalescence.

This allows us to examine the system from a rheological point of view and find its

viscoelastic properties. We find that the time it takes for a cluster to reform back to

its stable morphology depends significantly and linearly on cluster size and slighly on

how strongly associating the particles are. Another important factor is the competi-

tion between the interface-driven or bulk-driven relaxation.

Following our investigation of finite-sized colloidal clusters, we focus our attention

to a larger scale of aggregation. This includes increasing the particle concentration of

the system and widening our field of few to find out what happens in the sample as

a whole. Three main morphological structure form during the aggregation process:

voids, a bicontinuous phase, as well as clusters. Using imaging analysis, we use

the Minkowski functions to visualize the pathways of the aggregating system takes

as it is trying to reach its equilibrium state and correlate these pathways to phase

separation dynamics. We quantify the coarsening mechanism by combing common

length scaling correlations functions with Minkowski parameter and find a correlation

between the time dependent change in parameters and the field strength as well as

particle concentration.
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Due to the tunability of this system, one can expand on its fundamental and

physical properties or adopt it for novel applications. Below are some applications

and projects I would like to recommend that take advantage of our system.

6.1 Exploring grain boundary dynamics in crystalline grains

We have briefly touched upon cluster-cluster coalescence as part of the coarsening

process. However, there is much to be explored on the grain boundaries that form as

crystalline grains merge together. Such as their di↵usion from the bulk of the merged

cluster to the interface. Many factors will determine the rate of di↵usion, for example

grain rotation can enhance or decrease the time it takes for a grain boundary to be

release from the system [72, 88].

I recommend measuring the energy at these grain boundaries and the factors that

determine its values. From preliminary results, we find that the main variables that

determine the grain boundary’s dynamics and energetics depend on field strength,

angular velocity of the clusters, as well as their size. One challenging problem is

finding a way to decouple these parameters. For example, increasing the field strength

will simultaneously increase the magnetic torque, hence, will escalate the rotational

frequency of the two merging clusters. Increasing a cluster’s size on the other hand

will cause a decrease in its angular velocity. I recommend beginning with a higher

concentration of particles to form large crystalline sheets. Large enough for rotations

not to occur and consequently eliminate size and velocity e↵ects. This allows one
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to focus on the particle-particle interactions caused by the magnetic field applied.

We find that the field strength plays a role in determining the thickness of that grain

boundary. For example, high fields form grain boundaries that are almost one particle

wide, while a lower field can generate grain boundaries that are a few particles wide.

Figure 6.1 : Merging of two crystalline clusters and snapshots of the FFT images over
time (tb < tc < td).
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The misorientation angle between the two grains is a common analytical method

in grain boundary studies [89]. One can find the angle by applying FFT on the

image as shown in Fig. 6.1 (b) - (c). An image of a single grain will show an inner

ring of 6 bright spots that represent the hexagonal lattice. In our case however,

we see two grains (or 12 bright spots) and the smallest angle between each pair

represents the misorientation angle. The misorientation angle decreases over time

until the grain boundary is released and the two clusters become a single grain. We

illustrate the change in angle over time by plotting it as shown in Fig. 6.2. The figure

shows a periodic oscillation due to the rotation of the two clusters. The maximum

misorientation angle in this case 30 degrees, while the minimum value cannot be

detected. This is due to the fact that the pair of bright points in the FFT image too

close for Matlab to distinguish between them.

6.2 Void formation and elimination during phase transitions

In material manufacturing processes, voids can be present during material process

that involve phase change [90]. It can be desirable phenomena, such as in catalytic

reactors and insulators, or undesirable such as in aerospace applications. One can

optimize and enhance fabrication methods if we can control the interactions between

the particles that make up the material itself [91]. We would like to use our para-

magnetic colloidal system to assess its e�ciency in control these voids. Preliminary

results are shown in Figures 6.3 through 6.5.
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Figure 6.2 : Misorientation angle between two grains as a function of time. The zero
points are errors of when the angle becomes too small.

What makes our system special is its reversibility. Since we can regulate the

magnetic field applied, we can also regulate the interparticle distance allowing the

voids to shrink and expand as we please. For example, increasing the magnetic field

on an amorphous solid structure, will lead to an increase in the order parameter and

forms a crystal. This means that the distances between the particles decrease and

the area taken up by each particle decreases as well. We define, aeff as the e↵ective

area increase relative to the area of a single particle and is calculated as follows:

aeff =
voronoi area� ⇡a

2

⇡a2
100% (6.1)

We note cases where we have seen some voids disappear and others grow over time
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Figure 6.3 : Void formation as result of phase change into a crystalline structure.
Scale bar is 20µm. The optical microscopy images are color coded by  6 of each
particle. The bottom right figure shows the change in crystallinity with time.

Figure 6.4 : Void disappearing over time leaving behind grain boundaries forming a
triple junction. Scale bar is 20µm.
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and hypothesize that the grain boundaries as well as the gaps between the particles

act as sinks for empty spaces. They allow for voids that are close to each other to

connect inducing a behavior similar to that of Ostwald ripening. Annealing is another

phenomena that can be explored. Fig. 6.5 shows an example of how a void behaves

under constant melting and crystallization. The void shrinks during melting and

expands during crystallization. Melting causes the particles to become less ordered

and less attracted to each other, allowing for more space to form between them, taking

up space from the void itself.

Figure 6.5 : A void with a sheet of particles under periodic melting and quenching.
(a) is an optical microscopy image. (b) illustrates the change in void area during
phase change. (c) represents the increase in e↵ective area taken up by each particle
(compared to ⇡a

2). (d) is the bond orientation order over time to quantitatively
demonstrate the phase change.
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This increase the area each particle takes up as shown in Fig. 6.5 (c). However,

due to the constant phase change, the maximum e↵ective area decreases over time

and the slope showing the increase in void size [Fig. 6.5 (b)] decreases every time we

re-increase the field. The slopes were 13.5, 11.4, 7.5, and 5.4 µm
2
/min respectively.

This can be due to annealing where smaller voids have been eliminated during the

process and grain boundaries have been released from the system. If one continues

to apply a low field until the void disappears, it will not re-appear after quenching

again as the nucleation site that allowed for the void to grow ceased to exist, at least

within the proximity of the image taken. This system can be used as a model to

control porosity and void distribution in materials.

6.3 Developing tunable membranes using DNA as linkers be-

tween the assembled particles

This project involves using paramagnetic particles that are DNA coated for the pur-

pose of linking the particles together via a DNA-Linker. The particles would be placed

under a magnetic field to assemble followed by the addition of linker DNA in order

to bind these particles together. The DNA on the surface of the particle consists of

two main parts: a spacer DNA that is used to change the length of the DNA, and a

sticky end that follows the spacer DNA and is used with the combination of linker

DNA to link the particle with its nearest neighbor as shown in Fig. 6.6. The length

of the DNA strings are controlled by changing the number of bases in the spacer
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DNA while keeping the length of the sticky ends constant. Varying the length of the

DNA will allow for changes in the size of the gap between particles once the magnetic

fields has been removed. The biocompatibility and tunability of the system allows

for these sheets to be used as on-o↵ membranes or filters in biological systems. I

also recommend using hydrodynamic simulations to analyze the synthetic membrane

under hydrodynamic conditions to determine the durability of the system under shear

forces. Researchers in other disciples can adopt this system and expand it to be used

for other filtration processes.

Figure 6.6 : Schematic of the DNA linked colloidal structure. (a) Schematic of the
DNA-Linked Colloidal sheet after the removal of the magnetic field. (b) Schematic
that shows spacer DNA, sticky end and linker DNA for two linked colloids. Part (b)
taken from Ref. [8].

6.4 Controlling the optical properties using magnetic fields

Many have attempted to form photonic crystals, structures that can control the prop-

agation of light, out of colloids, by controlling the shape and size of colloids and as-

sembling them. Specific wavelengths propagate depending on the distance between

the particles that make up the crystal, which causes the optical e↵ects similar to
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those seen in opal stones. As the packing of the colloidal sheet depends on the fields

strength, one can take advantage of this property in order to vary the spacing be-

tween the particles. Varying the spacing between the colloids allows for propagation

of wavelengths, especially within the spectrum of visible light. We believe it presents

an opportunity to control the colors that are displayed by tuning the distance between

the particles. There are countless of applications that require the manipulation the

propagation of wavelengths of light. For example, these sheets can be used as a novel

way to develop colored electronic paper, or can be used to signal magnetic property

changes on the micron scale [92]. These optical studies can be used to advance our

current understanding of optics and content propagation.

Figure 6.7 : Our sample when the field is o↵ vs on. At a high enough magnetic field
to generate crystalline sheets, the sample exhibit optical properties. The sample area
is about 5cm2.
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