


 

 

ABSTRACT 

A First Principles Approach to Understand Plasmonic Properties in 
Physical Systems 

by 

Runmin Zhang 

Plasmonic resonances in multiple systems are theoretically investigated with 

a first principles approach. The plasmonic behaviors of doped semiconductor 

nanocrystals are explored with a quantum TDLDA approach and a classical 

hybridization theory.  The origins and properties of plasmonic resonances from a 

wide variety of physical systems are explored using rigorous quantum mechanical 

computations. A universal metrics, the generalized plasmonicity index, is proposed 

to classify plasmonic resonances from other optical resonances. Using the 

generalized plasmonicity index, the plasmonicity of optical resonances in multiple 

systems are quantified, including jellium spheres, atomic-scale metallic clusters, 

nanostructured graphene, and polycyclic aromatic hydrocarbons.  The generalized 

plasmonicity index provides a rigorous way to quantify the plasmonic behaviors in 

ultra-small systems. It also offers a quantitative foundation for the design of devices 

based on molecular plasmonics. 
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Chapter 1 

Introduction 

Localized surface plasmon resonances (LSPRs) has been attracting many 

interests during the past years. As collective oscillations of the conduction electrons, 

plasmons usually happen in visible or near-infrared region of electromagnetic 

spectrum, and typically occur in nanostructures of noble metals, results in enhanced 

scattering and absorption resonance.  By confining and manipulating light within 

these small structures, plasmons can strongly couple with incident light at 

resonance, which leads to multiple applications. including chemical and biological 

sensing,1–4 energy-transfer5,6 and light harvesting,7,8 photodetection,9 and 

photothermal cancer therapy.10  

Plasmons are not limited to metal structures. Free carriers in doped 

semiconductor nanocrystals have been proved to show similar plasmonic 

resonances as metallic materials.11–13  By control the free electron density in doped 

semiconductor nanocrystals, one could achieve not only size- and shape-tunability 
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like metal structure, but also more flexible and active control of resonances. For 

example, using electrochemical charge injection or gating,14,15 it is possible to 

control or switch resonances within a working device. The noble metal-based 

structures, on the other hand, cannot be controlled after fabrication. Once the choice 

of structure parameters, such as shape, size and material, have been locked, the 

resonance frequency is determined. LSPRs in semiconductors can be tunable in a 

large range.13 In fact, a typical doping concentration in semiconductor nanocrystals 

(1016 − 1019𝑐𝑚−3) would lead to a LSPR resonance in THz regime. With higher 

doping concentration, (1021𝑐𝑚−3), one would be able to obtain resonances in LSPRs 

in the mid-infrared or near-infrared regimes, leading to many useful applications 

such as surface-enhanced infrared absorption (SEIRA) spectroscopy or energy-

harvesting in the red side of solar light spectrum.16,17 Previous research of the 

plasmonic behavior of doped semiconductor for single carriers has been 

reported.18–22 However, due to the band-structure of silicon, two branches of 

carriers would arise, light/heavy electrons or transverse/longitude holes. Carriers 

would have different effective masses in two branches, and the theoretical 

description of the whole system is complicated due to interactions between two 

types of carriers. 

On the other hand, apart from changing materials from noble metals to other 

materials such semiconductors, we can also shrink the scale of structures to several 

nanometers. In this context, quantum plasmonics is rapidly growing, in which the 

quantum properties of light-matter interactions are intensively investigated. Here, 

plasmons enable the controlling of light-matter interaction to extreme 
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subwavelength scales, far below than conventional optics.23–26 For ultrasmall 

nanoparticles with less than 1000 conductions, strong sub-wavelength confinement 

and a large surface-volume ratio could make great contributions to photocatalysis 

or sensing.27 In these circumstances, quantum mechanical effects will arise, which 

strongly alters the optical responses of plasmonic structures and makes it 

substantially different from classical predictions. For very small clusters and 

molecules, plasmonic modes would be hard to distinguish from other excitations 

such as single-electron transitions, particularly in systems with only a few 

electrons.28–30 In fact, optical resonances have been investigated in polycyclic 

aromatic hydrocarbon molecules, which is a kind of graphene-like molecules.31,32 In 

this molecule, plasmonic resonances mix with other optical resonances. Although 

these resonances possess several properties of LSPRs, many arguments still persist 

on whether we should classify them as LSPRs. Therefore, one needs to a universal 

method to identify plasmons from other optical resonances. 

In this thesis, we first described a theoretical investigation of plasmonic 

behaviors of doped semiconductor nanocrystals. We proposed a two-carriers 

version of the quantum mechanical time-dependent local density approximation 

(TDLDA) based on a jellium model.33 In this model, the nanocrystals are treated as 

jellium spheres, and the interaction between two different kind of components are 

modeled within the random phase approximation. Our theoretical model predicts 

that one branch of carriers will dominant the resonance, which matches the 

experimental observation. Besides, to understand the fundamental physical 

meaning, we also generalize the plasmon hybridization theory. 
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Next, we focus on the identification of plasmonic resonances. We first stay 

within the RPA framework to understand the essential difference between plasmons 

and other optical resonances.34 To understand the origin of plasmon, we investigate 

the dependence of the size and the number of carriers. These investigations cover 

multiple systems, including traditional noble nanocrystals, doped semiconductor 

nanocrystals, PAH molecules and other graphene structures. We introduce a new 

metric, the generalized plasmonicity index (GPI), to quantify the plasmonic behavior 

in these systems. The GPI is a universal metric, and it can be easily implemented in 

different frameworks. Besides, the GPI provides us another perspective to 

understand behaviors and properties of plasmon resonances. 
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Chapter 2 

Plasmons in Doped Silicon 
Nanocrystals1 

2.1. Introduction 

Doped semiconductor nanocrystals belong a new set of materials that 

support plasmonic resonances from near-infrared to THz regime. Compared to 

traditional plasmonic materials like noble metal nanoparticles, doped 

semiconductor nanocrystals enable a broad tunability of plasmon resonances by 

changing the corresponding doping concentration of carriers.13 Several reports have 

provided experimental or theoretical analysis of LSPRs in II-VI nanocrystals, such as 

ZnO, Cu2-xTe, indium tin oxide or other similar transitional-metal oxides.35–38 In 

                                                        
 

1 Adapted with permission from Zhang, Hui, et al. "Doped silicon nanocrystal plasmonics." ACS 
Photonics 4.4 (2017): 963-970. Copyright 2017 American Chemical Society. 
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these materials, the carrier density is tunable, and it provides an interesting method 

to control plasmon resonances. 

Recently, researchers successfully achieved high-concentration doping in 

silicon nanocrystals. 18–22 By doping phosphorus (P) or boron (B) into silicon, one 

could obtain plasmon resonances around infrared regime with high tunability. 

Previous theoretical research based on single carrier doping failed to explain the 

two-carrier system and their interactions.38–40 Due to the band structure of silicon, 

phosphorus-doped silicon will result in heavy holes and light holes, while boron-

doped silicon lead to longitudinal and transversal electrons. Understanding their 

behaviors needs detailed analysis on the interaction between two types of carriers.  

In this chapter, we first propose a generalized version of time-dependent 

local density approximation approach, in which the interaction between heavy and 

light carriers are included. We applied jellium models to quantify the doped silicon 

nanocrystals within the random phase approximation (RPA) framework.38,39,41 We 

also compared our theoretical results with experimental observations. The 

theoretical absorption cross-section is compared with experimental results with 

different doping concentrations, and excellent agreement is achieved. Moreover, 

although two types of carriers exist in doped semiconductors, our theoretical model 

predicts that only one dominant plasmonic resonance will appear in most cases, 

which matches the experimental results. This result deviates from our intuition, 

since one may expect two peaks will arise due to different effective masses in doped 

silicon nanocrystals. To understand the fundamental physical meaning of our 
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calculation, we also generalize the classical plasmonic hybridization model to two-

component cases.42,43 In this model, we focus on the incompressible deformations of 

two types of carrier fluids, and they interact with each other through Coulomb 

interaction. The hybridization model predicts that two hybridized modes will arise. 

One mode corresponds to the antibonding mode with high energy, and the other one 

corresponds to the bonding mode. For the antibonding mode, the movements of two 

types of carriers are in phase, while in the bonding mode, the movements are out-of-

phase. The energy of the antibonding mode is determined by the doping 

concentration. However, the bonding mode is almost red-shifted to zero due to the 

interaction between the two types of carriers. In fact, although the bonding mode is 

not observed in the experimental absorption spectra, it can be in principle detected 

in a quantum system with a few of carriers.44–46 

2.2. Theoretical Background 

The plasmonic properties of doped nanocrystals with single carriers can be 

investigated within a full quantum description, which is based on Time-Dependent 

Local Density Approximation. In our case, the nanocrystal is simplified as a spherical 

quantum dot, where the crystal shape is ignored. The quantum dot is modeled as a 

jellium sphere, where the background charges are assumed to be uniformly 

distributed within the sphere. Without loss of generality, we assume positive 

background charges. Therefore, the ground state of electronic structures is obtained 

by solving the Kohn-Sham equation:47,48 
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[−
ℏ𝟐

𝟐𝒎𝒆𝒇𝒇
𝛁𝟐 + 𝑽𝑷𝒔(𝒓) + 𝑽𝒙𝒄[𝒏(𝒓)] + 𝑽𝒉[𝒏(𝒓)] + 𝑽𝒊𝒎𝒑(𝝆𝒊𝒎𝒑; 𝒓)]𝝍𝒊 = 𝜺𝒊𝝍𝒊 

Equation 1: Kohn-Sham (KS) equations for a jellium quantum dot 

Here, 𝒎𝒆𝒇𝒇 is the effective mass of electrons. 𝑽𝑷𝒔(𝒓) is the confinement potential of 

QDs, and we choose spherical square-well potential in our system. The height of the 

potential well is determined based on the work function of the material. 𝑽𝒙𝒄[𝒏(𝒓)] is 

the exchange-correlation potential, and we take the form from Ref49.  𝑽𝒉[𝒏(𝒓)] is the 

electron-electron Hatree potential due to the Coulomb interactions, and 

𝑽𝒊𝒎𝒑(𝝆𝒊𝒎𝒑; 𝒓) is the impurity potential from the background charge. 𝝍𝒊 now is the 

single-electro wavefunction with 𝜺𝒊 as its eigenvalue. Note the spherical symmetry 

within our QDs, we can reduce the general Kohn-Sham equations to a radial version: 

[−
ℏ𝟐

𝟐𝒎𝒆𝒇𝒇
∇𝐫𝟐 + 𝑽𝑷𝒔(𝒓) + 𝑽𝒙𝒄[𝒏(𝒓)] + 𝑽𝒉[𝒏(𝒓)] + 𝑽𝒊𝒎𝒑(𝝆𝒊𝒎𝒑; 𝒓) +

ℏ𝟐𝒍(𝒍 + 𝟏)
𝟐𝒎𝒓𝟐

] 𝒖𝒍𝒌(𝒓)

= 𝑬𝒍𝒌(𝒓)𝒖𝒍𝒌(𝒓) 

Equation 2: Radial Kohn-Sham (KS) equations  for a jellium quantum dot 

where 𝒖𝒍𝒌(𝒓) = 𝑟𝑅𝑙𝑘(𝑟) and 𝑅𝑙𝑘(𝑟) is the radial wave function. ℏ
𝟐𝒍(𝒍+𝟏)
𝟐𝒎𝒓𝟐

 is the 

effective centrifugal barrier term corresponding to the angular momentum 𝑙. The 

distribution of dopants will depend on the chemical properties of the dopants and 

the synthesis process.20,50 To account for this difference, we can use different 

expression for the impurity potential. For the bulk doping cases, we can assume that 
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the ions are uniformly distributed within the QDs. In atomic units, the impurity 

potential will be: 

𝑉𝑖𝑚𝑝(𝑟) =

{
 
 

 
 1
2𝜀𝑅𝑠2

(𝑟2 − 𝑡𝑅2)          0 < 𝑟 < 𝑅

−
𝑅3

𝜀0𝑟𝑅𝑠3
                                  𝑟 > 𝑅

 

Equation 3: Impurity potential in bulk doping cases 

Here, 𝑟 represents the radial position, 𝑅 is the radius of the QDs, 𝑅𝑠 is the Wigner-

Seitz radius of electrons, which is defined by 𝑁𝑒 =
𝑅3

𝑅𝑠3
 and 𝑁𝑒 is the total number of 

carriers inside nanoparticle. 𝑡 = 𝜀0+2𝜀
𝜀0

  is a helper term, with 𝜀0 and 𝜀 being the 

dielectric constants for the background environment and the particle respectively. 

For surface doping, the distribution of ions is different, where we assume that the 

ions are located on the surface of the particle with a 𝛿 function manner. The 

corresponding ionic potential is 

𝑉𝑖𝑚𝑝(𝑟) =

{
 
 

 
 −

𝑅2

𝜀0𝑅𝑠3
          0 < 𝑟 < 𝑅

−
𝑅3

𝜀0𝑟𝑅𝑠3
               𝑟 > 𝑅

 

Equation 4: Impurity potential in surface doping cases 
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Until now, we have obtained the ground states of electronic structures of QDs. 

However, the more interesting variable is the optical resonances of QDs, i.e., 

absorption cross-sections or scattering cross-sections. Due to the small size of QDs, 

absorption cross-sections are much larger than scattering cross-sections in QDs. In 

our model, the absorption cross-section is obtained within Random Phase 

Approximation (RPA) frame: electrons are assumed to respond only to the sum of 

external perturbing potential 𝑉𝑒𝑥𝑡(𝑟) and the screening potential 𝑉𝑠𝑐(𝑟), and the final 

equation is solved self-consistently. For the one-carrier system mentioned above, 

the dipolar polarizability reads:38,39,41 

𝛼(𝑟, 𝜔) = 𝛼0(𝑟) + ∫𝑑𝑟𝑝 𝜒(𝑟, 𝜔)𝛼(𝑟𝑝,𝜔) 

𝛼0 = ∫𝑑𝑟′𝑟′2Π0(𝑟, 𝑟′; 𝜔)𝑟2(−𝑟′) + ∫𝑑𝑟′𝑟′2𝑟′2Π(𝑟, 𝑟′; 𝜔)𝑟2𝑅2𝑣1(𝑟′, 𝑅)
𝜀 − 𝜀0
𝜀 + 2𝜀0

 

𝜒(𝑟, 𝜔) =
4𝜋
3
∫𝑑𝑟′𝑟′2Π0(𝑟, 𝑟′; 𝜔)𝑟2

𝑣1(𝑟′, 𝑟𝑝)
𝜀(𝑟𝑝)

+ 𝑟𝑝2Π0(𝑟, 𝑟′; 𝜔)𝑟2𝑉𝑥𝑐[𝑛(𝑟𝑝)]
1
𝑟𝑝2

−
4𝜋
3
∫𝑑𝑟′𝑟′2Π0(𝑟, 𝑟′; 𝜔)𝑟2𝑅2𝑣1(𝑟′, 𝑅)

𝜀 − 𝜀0
𝜀 + 2𝜀0

𝑣2(𝑅, 𝑟𝑝)
𝜀(𝑟𝑝)

 

Equation 5: The dipolar polarizability under RPA framework 

Here, we 𝛼(𝑟, 𝜔) = 𝑟2𝛿𝑛(𝑟, 𝜔) with 𝛿𝑛(𝑟, 𝜔) as the induced dipolar charge density 

at radial position 𝑟 with frequency as 𝜔. We also introduce two auxiliary function 

𝑣1(𝑟, 𝑟′) =
𝑟<
𝑟>2
, 𝑣2(𝑟, 𝑟′) =

𝑑𝑣1(𝑟,𝑟′)
𝑑𝑟

 with 𝑟> = max(𝑟, 𝑟′) , 𝑟< = min(𝑟, 𝑟′). 𝜀(𝑟) gives 
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the local dielectric constant, which equals to 𝜀0 in the medium and 𝜀 in the particle. 

Π0(𝑟, 𝑟′; 𝜔) is the dipolar response function for independent electrons, which takes 

the form from Ref 42. Having obtained the dipolar polarizability, the absorption 

𝜎𝑎𝑏𝑠(𝜔) is obtained from the following relation 

𝛼(𝜔) =
4𝜋
3
∫𝑑𝑟′𝑟′𝛼(𝑟′, 𝜔) 

𝜎𝑎𝑏𝑠(𝜔) =
𝜔
𝑐
𝐼𝑚[𝛼(𝜔 + 𝑖0+)] 

where 𝑐 is the speed of light. 

For two-component systems, we will have two sets of KS equations to 

compute the ground state: 

[−
ℏ2

2𝑚𝑖
∇𝑟2 + 𝑉𝑒𝑓𝑓,𝑙

(𝑖) ] 𝑢𝑙𝑘
(𝑖)(𝑟) = 𝐸𝑙𝑘

(𝑖)(𝑟)𝑢𝑙𝑘
(𝑖)(𝑟)    (𝑖 = 1, 2) 

𝑉𝑒𝑓𝑓,𝑙
(𝑖) (𝑟) = 𝑉𝑃𝑠

(𝑖)(𝑟) + 𝑉𝑥𝑐[𝑛(𝑟)] + 𝑉ℎ[𝑛(𝑟)] + 𝑉𝑖𝑚𝑝[𝜌𝑖𝑚𝑝; 𝑟] +
 ℏ2𝑙(𝑙 + 1)
2𝑚𝑖𝑟2

    (𝑖 = 1, 2) 

Equation 6: K-S equations for two-component system 

Where 𝑉𝑃𝑠
(𝑖)(𝑟) is the confining spherical well potential for two components. 

Since we have two different branches of carriers with different effective masses, we 

need to adjust the confining potential 𝑉𝑃𝑠
(𝑖)(𝑟) to preserve the ratio of doping 
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concentration of two components. For our system with phosphorus doping and 

boron doping, the doping concentrations of different types of carriers are: 

𝑛𝐻 =
(𝑚𝐻
𝑚𝐿
)
3
2

1 + (𝑚𝐻
𝑚𝐿
)
3
2 
𝑛𝑡𝑜𝑡, 𝑛𝐿 =

1

1 + (𝑚𝐻
𝑚𝐿
)
3
2 
𝑛𝑡𝑜𝑡  

𝑛𝑙𝑜𝑛𝑔 =
1
3
𝑛𝑡𝑜𝑡, 𝑛𝑡𝑟𝑎𝑛𝑠 =

2
3
𝑛𝑡𝑜𝑡 

Here, 𝑛𝑡𝑜𝑡  represents the concentration of total carriers, namely, the sum of 

heavy and light holes (longitudinal and transversal electrons). As we mentioned 

above, the dopant distribution in boron-doped silicon QDs is considerably different 

from the phosphorus doped QDs. As a result, the resulted carrier distribution will be 

different as well. The difference will be examined in later sections. 

Similar as a single-component, system, the optical properties of QDs with two 

types of components can be obtained from RPA framework as well. Specifically, we 

generalize Equation 5 into a two-component version. In Equation 5, both 𝛼0(𝑟, 𝜔) 

and 𝜒(𝑟, 𝜔) are proportional to the dipolar response function Π0(𝑟, 𝑟′, 𝜔). In QDs 

with two types of carriers, Π0(𝑟, 𝑟′, 𝜔) can be split into two parts, corresponding to 

heavy and light carriers: 

Π0(𝑟, 𝑟′, 𝜔) = Π10(𝑟, 𝑟′, 𝜔) + Π20(𝑟, 𝑟′, 𝜔) 

Here, we use the subscript to denote two components. Substituting the above 

equation into the calculation of absorption, we have 
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[
𝛼1(𝑟, 𝜔)
𝛼2(𝑟, 𝜔)

] = [1 − 𝜒1
(𝑟, 𝜔) −𝜒1(𝑟, 𝜔)

−𝜒2(𝑟, 𝜔) 1 − 𝜒2(𝑟, 𝜔)
]
−1
[
𝛼0,1(𝑟, 𝜔)
𝛼0,2(𝑟, 𝜔)

] 

and the polarizability reads: 

𝛼(𝑟, 𝜔) = 𝛼1(𝑟, 𝜔) + 𝛼2(𝑟, 𝜔) = [1 − 𝜒1(𝑟, 𝜔) − 𝜒2(𝑟, 𝜔)]−1[𝛼0,1(𝑟, 𝜔) + 𝛼0,2(𝑟, 𝜔)] 

The absorption cross-section can be obtained straightforwardly. 
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2.3. Optical Properties of Doped Silicon nanocrystals 

 

Figure 1: (a) Illustration of the experimental setup for nanoparticle synthesis. 
(b) Schematic of our model:  two branchesof carriers coexist in an 8 nm-

diameter Si nanosphere. The charge distribution of  anti-bonding mode is 
plotted as an example. (c, d)  Carrier distribution for surface boron- (c) and 

bulk P-doping (d) with doping densities as 𝟐. 𝟓, 𝟓, 𝟏𝟎, 𝟐𝟎 × 𝟏𝟎𝟐𝟎𝒄𝒎−𝟑 
respectively. (e, f) The calculated absorption spectra with a damping 

parameter 𝜹 = 𝟎. 𝟏𝒆𝑽. 

The doped silicon QDs are synthesized by a nonthermal plasma process. In 

Figure 1(a), we present the illustration of the experimental setup. Here, a 
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nonthermal plasma process is used to synthesize all QDs.18,20 The electron 

temperature of the plasma ranges from 30000-50000K, and the actual gas 

temperature is around 300K. The synthesis pressure is about 1Torr. We keep the 

flow rate of SiH4 as 0.5sccm, while the flow rates of PH3 and B2H6 are varied to 

achieve different dopant concentration. Besides, Argon is used as the background 

gas to maintain consistent pressures. The precursor gases are flown into the plasma 

reactors, and the gas is dissociated by the radio frequency power applied between 

copper electrodes. After dissociation, the precursor atoms will form particles within 

the plasma region, and these synthesized particles are collected on the substrate for 

post-processing. In Figure 1(b), our model is depicted: two branches of carriers 

coexist in a doped Si QDs, and they are modeled as jellium spheres. They are 

interacting with each other. Since the diameter of QDs used in the experiment is 

larger than 5nm, the band-structure of QDs is bulk-like.51 The background 

polarizability is chosen as 11.97 for bulk Si. In boron-doped Si QDs, the active 

carriers are holes, and the effective masses used for heavy holes and light holes are 

𝑚𝐻 = 0.537𝑚𝑒,𝑚𝐿 = 0.153𝑚𝑒 ,52 where 𝑚𝑒 is the mass of a free electron. For 

phosphorous-doped Si QDs with electron as carriers, the corresponding effective 

masses are 0.916𝑚𝑒 and 0.19𝑚𝑒.52 The damping parameter 𝛿 is fitted to match the 

experimentally observed line widths. 

As we mentioned above, the dopant concentration can be quite different 

depending on the chemical properties and the synthesis procedure. In Figure 1(c, d), 

we present the calculated distribution of carriers in boron- and phosphorus-doped 
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Si QDs. From the X-ray photoelectron spectroscopy,53 it is shown that boron-doped 

Si QDs have most of their dopants on the surface, while the distribution of dopants 

of phosphorus-doped Si QDs is bulk-like. In Figure 1(e, f), the optical properties of 

doped QDs are present as a function of doping concentration. As we can see, the 

profiles of absorption spectra are different for boron- and phosphorus-doped 

systems.  In Figure 2, we further compared the experimental data and the calculated 

absorption spectra with different doping concentrations. Here, all doping 

percentages of the experimental data are fractional precursor flows, which is 

defined by Χ𝐵 = [2𝑄𝐵2𝐻6/(𝑄𝑆𝑖𝐻3 + 𝑄𝐵2𝐻6)] × 100%  and  Χ𝑃 = [𝑄𝑃𝐻3/(𝑄𝑆𝑖𝐻3 +

𝑄𝑃𝐻3)] × 100%, and 𝑄 is the volumetric flow rate of the corresponding precursor gases.  
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Figure 2: Measured (left) and calculated (right) absorption spectra.  (a) 
Oxidized B-doped Si nanocrystals (𝑿𝑩 = 𝟏𝟎%) for as-produced, 2, 18, and 98h 

oxidizaton. The corresponding fitted doping concentration are 1.5, 1.9, 2.0, 
2.3× 𝟏𝟎𝟐𝟎𝒄𝒎−𝟑. (b) Oxidized P-doped Si nanocrystals (𝑿𝑷 = 𝟏𝟎%). The fitted 

doping concentrations are 𝟏. 𝟓, 𝟐. 𝟓, 𝟑. 𝟐, 𝟑. 𝟑 × 𝟏𝟎𝟐𝟎𝒄𝒎−𝟑. (c) Annealed B-doped 
Si Nanocrystals (𝑿𝑩 = 𝟏𝟎%). The fitted doping concentrations are 

𝟏. 𝟓, 𝟐. 𝟓, 𝟑. 𝟐, 𝟑. 𝟑 × 𝟏𝟎𝟐𝟎𝒄𝒎−𝟑. (d) As-produced P-doped Si Nanocrystals with 
different doping concentration. (𝑿𝒑 = 𝟏𝟎, 𝟐𝟎, 𝟑𝟎, 𝟒𝟎, 𝟓𝟎%). The fitted doping 

concentrations are 𝟏. 𝟐, 𝟏. 𝟑, 𝟏. 𝟒, 𝟏. 𝟕, 𝟐. 𝟎 × 𝟏𝟎𝟐𝟎𝒄𝒎−𝟑. The damping parameter 
used is 𝜹 = 𝟎. 𝟏𝟐𝒆𝑽 (a,c) and 0.04eV (b,d). 
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We first present the evolution of absorption spectra with the oxidation process of Si 

Nanocrystals. The experimental measured spectra of B- and P-doped Si 

Nanocrystals is shown in the left panels of Figure 2(a,b). The broad peaks are 

plasmonic resonances that we are interested in, and the sharp peaks in the spectra 

are related to absorption from other bonds or species on the surface, such as C-Hx, 

Si-Hx. An interesting point here is that in B-doped Si Nanocrystals, plasmonic 

features gradually emerge with further oxidation. There is no obvious plasmonic 

peaks initially. With oxidation, a resonance peaks become stronger and blueshifts 

from 1000cm-1 to 1800cm-1. In P-doped Si Nanocrystals, an opposite evolution is 

observed: plasmonic features weakens during the oxidation process, with the initial 

resonance at 1600cm-1. The Cabrera-Mott mechanism tells us that the oxidation rate 

will increase for P-doping,54 and the carriers will recombine with the oxygen ions at 

the surface of Si Nanocrystals, then being trapped at defects at the Si/SiO interface, 

which finally decreases the effective carrier concentration. However, for B-doping, 

the carrier generation is still missing. In Figure 2c shows the annealing process of 

the B-doped Si Nanocrystals. When the annealing temperature is increased from 75 

to 300 ℃, the plasmon resonance become more pronounced, and blueshifts can be 

observed. Clearly, the effective doping concentration is increased during the 

annealing process, which is due to the annealing process frees trapped carriers by 

passivating dangling bond defects.18,55 In Figure 2d, the absorption spectra of 

different 𝑋𝑝 is presented. As we can see, when the doping concentration is 

increased, the plasmon resonance in the as-produced P-doped Si Nanocrystals 
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becomes stronger, and the peak position is blueshifted. In all our calculations, the 

doping concentration is the fitting parameter to match the experimental 

observations. The fitted doping concentrations are consistent with the physical 

mechanism as well as the experimental data. 

 

2.4. Classical Hybridization Model for a Two-Component System 

From the experimental observations in Figure 2, we notice that only one 

dominant peak appears in all cases instead of two, which is surprising. Since we 

have two branches of carriers with different effective masses, we would assume that 

there should be two plasmonic resonances instead of one. To understand the 

intrinsic physics of this phenomena, we generalize the in model used in the 

hybridization theory to a spherical two-component system.43,56 For simplicity, we 

ignore the dielectric background screening. Here, the Lagrangian for incompressible 

multipolar deformation of the conduction fluids is 

𝐿 =
𝑛1𝑚1

2
∑�̇�1,𝑙𝑚(𝑡)
𝑙𝑚

+
𝑛2𝑚2

2
∑ �̇�2,𝑙𝑚(𝑡)
2,𝑙𝑚

−∑[
2𝜋𝑛12𝑒2𝑙
2𝑙 + 1

𝑆1,𝑙𝑚2 (𝑡) +
2𝜋𝑛12𝑒2𝑙
2𝑙 + 1

𝑆2,𝑙𝑚2 (𝑡)
𝑙𝑚

+ (1 − 𝛽)
4𝜋𝑛1𝑛2𝑒2𝑙
2𝑙 + 1

𝑆1,𝑙𝑚(𝑡)𝑆2,𝑙𝑚 (𝑡)] 
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Equation 7: Lagrangin of incompressible multipolar deformation of the 
conduction fluids 

Here, the first two terms are the kinetic energy of the conduction gases, and the 

third and fourth terms describe the repulsive potential energy due to the Coulomb 

interactions. The last term describes the interaction between two components, 

namely heavy/light holes or longitudinal/transversal electrons. For the 𝑖th 

component, the corresponding doping concentration is 𝑛𝑖 , and the effective mass is 

𝑚𝑖. 𝑆𝑖,𝑙𝑚 is the amplitude of the deformation field with the multipolar order as 𝑙, 𝑚.57 

Since the size of our system is small, we can neglect the retardation effects and only 

keep the dipolar mode, which has 𝑙 = 1.  
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Figure 3: (a) Illustration of the plasmon hybridization theory of a two component 
system. (b) Eigenenergies of 𝝎+ and 𝝎− as a function of the screening parameter 𝜷 

with doping concentration as 𝒏𝑯 = 𝒏𝑳= 𝟏. 𝟓 × 𝟏𝟎𝟐𝟏𝒄𝒎−𝟑. (c) The evolution of 
absorption spectra when increasing the screen parameter 𝜷. (d) Total absorption 

spectra and the contributed absorption spectra from each component with different 
doping concentraions. The concentration we used in each panel from top to bottom: 
𝒏𝑯 = 𝒏𝑳 = 𝟏. 𝟓 × 𝟏𝟎𝟐𝟏𝒄𝒎−𝟑; 𝒏𝑯 = 𝟎. 𝟒 × 𝟏𝟎𝟐𝟏𝒄𝒎−𝟑, 𝒏𝑳 = 𝟏. 𝟓 × 𝟏𝟎𝟐𝟏𝒄𝒎−𝟑; 𝒏𝑯 =
𝟏. 𝟓 × 𝟏𝟎𝟐𝟏𝒄𝒎−𝟑, 𝒏𝑳 = 𝟎. 𝟒 × 𝟏𝟎𝟐𝟏𝒄𝒎−𝟑. The background permittivity is chosen as 

𝜺∞ = 𝟏𝟏. 𝟗𝟕, a suitable value for silicon. 

In Figure 3a, we present the illustration of the hybridization model for two-

component system. Here, the intrinsic plasmon resonance of two branches are 𝜔1 

and 𝜔2. The two branches of carriers interact with each other, and result in two 

hybridized branches with new energies 𝜔+,𝜔−. The 𝜔+ mode is a blue-shifted 

antibonding mode, where the surface charges of two branches of carriers are 

aligned, leading to a repulsive interaction. The 𝜔− mode is a red-shifted bonding 

mode, where the movement of surface charges of two branches are opposite. In 

classical electrodynamics, the induced surface charges are strict surface charges, 

which distribution can be represented by Dirac-𝛿 functions. In a quantum 

mechanical model, we will not expect two-dimensional surface charges. Instead, 

nonlocal effects will appear, leading to charge distributions with shifted, broadened, 

and dynamical Friedel oscillations.58 These spatial patterns are important to 

understand the interaction between two components. The interaction may arise due 

to the interference from the relative spatial patterns of two branches.  

To qualitatively account for this effect, we introduce a screening parameter 

𝛽, which describes the screening of the interaction strength between two 
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components. A value with 𝛽 = 0 means there is no screening, and the system 

follows classical hybridization theory. 𝛽 = 1 represents full screening, which means 

there is no interactions between two components, and the two branches of carriers 

are essentially move independently. In the classical limit, 𝛽 = 0, and the calculated 

dipolar plasmon modes are 𝜔+2 = 𝜔𝑠,12 + 𝜔𝑠,22 , 𝜔−2 = 0, where 𝜔𝑠,𝑖2 = 4𝜋𝑛𝑖𝑒2

3𝑚𝑖
 is the 

intrinsic surface plasmon frequency of the component 𝑖. Here, we see that the lower 

energy mode is shifted to zero, leading to a single dominant mode under classical 

limits. Figure 3b displays the dispersion of the hybridized plasmon resonances as a 

function of 𝛽, and Figure 3c shows the evolution of absorption spectra with 

increasing screening factor 𝛽. When 𝛽 = 0, no screening effects are included, and 

the interaction between two branches is maximal. Therefore, only one antibonding 

mode is observable, while the bonding mode is shifted to zero energy. When 𝛽 

gradually increases, the bonding mode start to emerge, lead to a double-peak 

feature. In Figure 3d, the absorption contribution of two components are analyzed 

with the screening factor 𝛽 = 0. 

To verify the above prediction that the screening due to quantum effects 

would lead to double-peak features in absorption spectra, we performed 

calculations based on TDLDA methods to show the evolution from single plasmonic 

resonance to double peak features, and the results are shown in Figure 4. 
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Figure 4: (a) Absorption spectra of different doping concentrations in boron-
doped Si Nanocrystals. The corresponding number of electrons inside 
Nanocrystals, from bottome to top, are 67, 93, 107, 120, and 147. The 

diameter of all Nanocrystals are 8nm. (b) The absorption spectra with 
different radius of Nanocrystals. The doping concentration is 𝟒. 𝟎 × 𝟏𝟎𝟐𝟎𝒄𝒎−𝟑, 

and the total number of electrons are 45, 71, 107, 152 respectively. 

In Figure 4, the evolution of double-peak features in absorption spectra is 

presented with different doping concentration and particle sizes. Here, B-doped Si 

Nanocrystals are used with effective masses as 0.537𝑚𝑒 and 0.153𝑚𝑒 . When the 

number of electrons increase, we observe a clear crossover from double-peak 

spectra to a single dominant resonance peak. When we decrease the radius of the 

particle from 5.0nm to 3.0nm, a similar crossover can be observed, which is 

consistent with our prediction in the classical model. 
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2.5. Conclusion 

We theoretically and experimentally investigate the optical properties of 

doped silicon nanocrystal doped with boron or phosphorus. Due to the band 

structure of Si, boron and phosphorus dopants will introduce two branches of 

carriers with different effective masses. We extend present TDLDA calculations and 

the plasmon hybridization model to incorporate two types of carriers. The 

interaction between two components is a key factor to determine the profile of 

absorption spectra. In classical limit, the strong interaction results in a single 

plasmonic peak. In regimes where the quantum mechanical effects are strong, a 

double-peak feature will emerge in absorption spectra. 
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Chapter 3 

Identification of Plasmonic Resonance 
from Other Optical Resonances2 

3.1. Introduction 

Identification of plasmons is a challenging job in a small system with a few 

electrons. When the total number of carriers is small, the energy gap between 

electronic states increases. Therefore, plasmonic behaviors would be mixed with 

electron-hole (e-h) pair transitions. Both will contribute to optical resonances, and 

the boundary between them become very vague. One can hardly identify which 

mode is plasmonic mode solely based on spectra. Previous studies have explored 

multiple methods to analyze and investigate the emergence and origin of plasmonic 
                                                        
 

2 Adapted with permission from Zhang, Runmin, et al. "How to identify plasmons from the optical 
response of nanostructures." ACS nano 11.7 (2017): 7321-7335.  Further permissions related to the 
material excerpted should be directed to the ACS. 

https://pubs.acs.org/doi/abs/10.1021/acsnano.7b03421
https://pubs.acs.org/doi/abs/10.1021/acsnano.7b03421
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behaviors in few-electron nanoparticles or molecular-scale systems. 28–30,59,60 

However, they start from quantum mechanical descriptions and focus on the 

microscopic characters of the systems, which involves considerable computational 

requirements. As a result, their methods cannot be extended to larger systems. 

Clearly, a universal method or metrics is needed to identify plasmons from other 

optical resonances.  

In this chapter, we first start from TDLDA and RPA framework to investigate 

the difference between plasmonic modes and other optical resonances.38, 53,6142,62 

The evolution of plasmon resonances and single-electron transitions is also 

analyzed in multiple systems. After the thorough analysis, we proposed a universal 

metric, the generalized plasmonicity index (GPI), to identify plasmons from other 

optical resonances. Compared to other methods or metrics,46 the GPI is 

dimensionless and scalable, which can be easily implemented in multiple 

frameworks, as we will show in the chapter. It also helps us understand the 

fundamental properties of plasmon excitations. 

3.2. Theoretical Analysis 

3.2.1. Plasmons and Single-Particle Excitations 

We start from the simplest case – a metallic nanoparticle. Here, we adopted 

the jellium model, where all electrons are described as a conduction electron gas, 

and the background positive ions are assumed to be uniformly distributed within 
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nanoparticles. In Figure 5, the difference between coherent excitations and single 

electron transitions are illustrated. In plasmonic systems, the displacement of 

conduction electrons will expose positive background charges on one side while 

create negative induced charges on the other side. Therefore, interactions due to 

Coulomb potential will generate a restoring force like a harmonic oscillator. 

 

Figure 5: Illustration of the differences between a dipolar plasmon (left) and a 
pure e-h pair excitation (right). The plasmon involves the coherent excitations 

of conduction electrons in the nanoparticle, which can be modeled as 
incompressible deformation of electron gas. Strong surface charges will be 

induced at the interface along with a significant field Eind (the depolarization 
field) inside the nanoparticle. Therefore, plasmonic excitations continue as 

damped oscillations after the driving external field is turned off (vertical 
dashed line in the lower panels). On the other hand, an e-h pair has no 

significant induced field beyond the screened internal Coulomb interaction 
between the hole and the electron: Rabi oscillations induce a time-dependent 

dipolar field as the external field persists, while after decay the electron 



 28 
 

  

recombines with the hole without ringing (schematically illustrated by an 
exponential attenuation instead of a step function).  

The coherent oscillations of the large number of conductions gases will generate a 

significant dipole moment, which is the key factor for the strong coupling between 

the system and the external light. Besides, the significant induced charges also 

contribute the large near field enhancement, which can be utilized in surface-

enhanced Raman scattering. These induced charges are also responsible for a large 

induced electric field 𝐸𝑖𝑛𝑑  inside the nanoparticle, which is essentially the 

depolarization field. 

On the other hand, pure single-electron transitions do not pose the coherent 

properties among all carriers.62 Instead, in single-electron transitions, motions of 

each charge carrier are roughly independent of other carriers. Here, a charge carrier 

is excited to an unoccupied state, and the resulted induced internal field is much 

weaker compared to that generate in plasmons. For different strength of 

interactions between the excited electron and the corresponding hold, this 

excitation can be long-lived or short-lived. For long-lived excitations, we often call it 

an exciton, in which the motion of the electron is correlated with the hole. However, 

this correlation is not collective at all, and one should not regard it as plasmons. In 

fact, a plasmon oscillation strongly depends on the motions of electrons across the 

nanoparticle, and the oscillation is also strongly dependent on the geometry of the 

particle. However, for a single-electron transition, the correlation is a localized 

behavior, which is not related to excitations created in other parts of the 
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nanoparticle. Even we have multiple excitations within the particle, interactions 

among excitons are low, and all of them can be regarded as independent quasi-

particles. 

Another fundamental difference between plasmons and single electron 

transitions are in the temporal regime. In Figure 5, we also illustrate the temporal 

behaviors of induced charges in a semiclassical approximation. With the frequency 

the incident light is near the plasmon resonance 𝜔𝑝, the electron gases will oscillate 

with the applied electric field. When the illumination is suddenly removed, the 

plasmonic oscillation will continue with decreasing amplitude due to the Coulomb 

interactions. Here, the damping is due to the dephasing of e-h pairs that collectively 

form the plasmon, which decay incoherently by e-h recombination. After the 

incident light is removed, the total number of self-sustained oscillations is 

proportional to the quality factor 𝑄 = 𝜔𝑝𝜏.63 In contrast, for the pure e-h pairs, since 

only a single e-h pair is involved, there is no dephasing step after the illumination is 

turned off, and the recombination process of e-h pairs results in a monotonic 

decrease in the induced field. Therefore, the key difference here is: the plasmonic 

oscillations are mainly determined by the induced surface charges, while the pure e-

h pairs of excitons depend on the external field. 
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3.2.2. Identification of Plasmons within the Random-Phase Approximation 

To identify the difference between plasmons and single electron transitions, 

we start from random-phase approximations. To simplify our model, our analysis is 

performed in the momentum space. In the momentum space, the mathematical 

description will be much simplified compared to real-space descriptions. In this 

system, the optical absorption of a nanostructure is determined by the motion of the 

induced charges with respect to the incident field, and it can be calculated from the 

imaginary part of the charge distribution. Based on the linear response theory,64 the 

induced charge distribution 𝛿𝑛(𝒌,𝜔) reads: 

𝛿𝑛(𝒌,𝜔) = 𝜒0(𝒌, 𝜔)𝑣𝑡𝑜𝑡(𝒌, 𝜔) = 𝜒0(𝒌, 𝜔)[𝑣𝑒𝑥𝑡(𝒌, 𝜔) + 𝑣𝑖𝑛𝑑(𝒌, 𝜔)] 

Equation 8: Induced charges in linear response theory 

Here, 𝜒0 is the independent susceptibility for free electrons, which is identical to the 

one we used in Chapter 2. It can be expressed by a sum of Lorentzian terms 

corresponding to each e-h excitation, with the transition matrix elements as the 

weight. 𝑣𝑒𝑥𝑡 is the quasi-static external potential from incident fields, and 𝑣𝑖𝑛𝑑  is the 

induced potential. Since our system is much smaller compared to the wavelength of 

the incident light, the adoption of the quasi-static approximations is valid. When the 

system is illuminated by incident lights, the wave vector and the corresponding 

frequency are correlated by the dispersion relation 𝜔 = 𝑐𝒌. In single electron 

transitions, since the induced field 𝐸𝑖𝑛 is weak, it can be neglected. Therefore, the 
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optical resonance is directly determined by 𝜒0, the susceptibility for independent 

electrons. On the other hand, the induced potential will be much larger than the external 

potential at resonance frequency. Therefore, most contributions to the induced charge 𝛿𝑛 

will come from the induced potential rather than the external field. In RPA theory, the 

induced field will be directly related to the induced charge: 

𝑣𝑖𝑛𝑑(𝒌, 𝜔) =
4𝜋𝑒2

𝑘2
𝛿𝑛(𝒌,𝜔) 

Therefore, the induced charge density in Equation 8 now reads 

𝛿𝑛(𝒌,𝜔) =
𝜒0(𝒌, 𝜔)

1 − 4𝜋𝑒
2

𝑘2 𝜒0(𝒌, 𝜔)
𝑣𝑒𝑥𝑡 (𝒌, 𝜔) = 𝜒(𝒌,𝜔)𝑣𝑒𝑥𝑡(𝒌,𝜔) 

Here, we define a new susceptibility 𝜒 as the interacting RPA susceptibility. 

For single-electron transitions, they have poles in 𝜒0 but not in 𝜒. Apart from the 

poles corresponding to single-electron excitations, there are other poles in 𝜒, where 

1 − 4𝜋𝑒2

𝑘2
𝜒0(𝒌, 𝜔) equals to zero. Around these poles, some new dressed excitations 

are defined. If the energies of these excitations are significantly different from the 

single-electron transitions, these poles will be plasmonic poles, which is enabled by 

the induced potential 𝑣𝑖𝑛𝑑 .  

In simple systems, 𝜒 and 𝜒0 may have analytical forms,65 and the poles of 

these functions will provide us with an excellent tool to identify plasmons from 

other optical resonances. In other complicated systems, we are not able to obtain 

the analytical expressions of 𝜒 and 𝜒0. Therefore, it is not feasible to identify 
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plasmons by comparing poles in 𝜒 and 𝜒0, and we must refer other methods. One 

feasible way is to add a scaling parameter 𝜆 in the Coulomb potential 𝜆 4𝜋𝑒
2

𝑘2
. 

Therefore, the effective susceptibility reads: 

𝜒𝑒𝑓𝑓(𝜆, 𝒌, 𝜔) =
𝜒0(𝒌, 𝜔)

1 − 𝜆 4𝜋𝑒
2

𝑘2 𝜒0(𝒌, 𝜔)
 

Equation 9: The effective susceptibility with a scaling parameter 𝝀 

In calculations, we tune the scaling parameter 𝜆 from 0 to 1. When 𝜆 → 0, the 

effective susceptibility 𝜒𝑒𝑓𝑓 becomes 𝜒0; when 𝜆 → 1, the effective susceptibility will 

recover to the RPA susceptibility.29 During this scaling process, the modes 

corresponding to plasmon modes will shift depending on the value of 𝜆. The single-

electron transitions, however, will be independent of 𝜆. To enable the scaling 

transformation, we will only scale the induced potential 𝑣𝑖𝑛𝑑 . The Coulomb potential 

that determines the electronic structure of the system will not be scaled. 

 

3.2.3. Plasmonicity Index and Generalized Plasmonicity Index 

Recently, Bursi et al. proposed a metrics called plasmonicity index (PI) to 

quantify the difference between plasmons and single-electron transitions or other 

optical resonances in finite structures.46 The PI is proportional to the integral of the 
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squared modulus of the induced potential |𝑣𝑖𝑛𝑑(𝒓,𝜔)|2 over the volume of the 

nanoparticle, which reads: 

𝜂𝑝  =
∫ 𝑑𝒓 |𝑣𝑖𝑛𝑑(𝒓,𝜔)|2

∫ 𝑑𝒓 |𝛿𝑛𝑖𝑛𝑑(𝒓,𝜔)|2
 

Equation 10: Definition of the plamsonic index 

Here, 𝛿𝑛𝑖𝑛𝑑  is the induced charge distribution with the incident light of frequency 𝜔. 

𝑣𝑖𝑛𝑑 = ∫𝑑𝑟′
𝛿𝑛𝑖𝑛𝑑(𝑟′,𝜔)

|𝑟−𝑟′|
 is the induced Coulomb potential. PI captures the fundamental 

difference between plasmons and single-electron transitions. If we plot the PI as a 

function of excitation energies, we can identify plasmon resonances by examining 

peaks in PI. However, the values of PI are not dimensionless, which means for 

different sizes of systems, the amplitude of PI can be in different orders, making it 

impossible to directly compare PI between structures with different sizes. Besides, 

the PI cannot be used to identify plasmonic behavior in classical systems because 

the induced charges are then 2D surface charges. In classical systems, the induced 

charges only locate on the surface of the nanoparticle with the distribution as 

𝛿𝑛𝑖𝑛𝑑(𝒓,𝜔) ∝ 𝛿(𝑟 − 𝑅) 
𝜀(𝜔)−𝜀0
𝜀(𝜔)+2𝜀0

, where 𝜀(𝜔) is the permittivity function of the 

nanoparticle, and 𝜀0 is the permittivity of the local environment. With this expression 

of surface charges, the plasmonicity index will reduce to 

𝜂𝑝 =
∫𝑑𝒓 |𝑣𝑖𝑛𝑑(𝒓,𝜔)|2

∫ 𝑑𝒓 |𝛿𝑛𝑖𝑛𝑑(𝒓,𝜔)|2
=

|𝛽(𝜔)|2 ∫ 𝑑𝒓 |∫ 𝑑𝒓
′
𝛼(𝒓′)
|𝒓−𝒓′||

2

|𝛽(𝜔)|2 ∫ 𝑑𝒓 |𝛼(𝒓)|2
=
∫𝑑𝒓 |∫ 𝑑𝒓

′
𝛼(𝒓′)
|𝒓−𝒓′||

2

∫ 𝑑𝒓 |𝛼(𝒓)|2
= 𝑐𝑜𝑛𝑠𝑡 
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In this expression, the plasmonicity is a constant, and one cannot identify 

plasmonic modes from the spectra of plasmonicity index. 

Clearly, a more universal metric is needed to classify plasmonic resonances 

from other optical resonances. We propose a generalized plasmonicity index (GPI), 

which is denoted by 𝜂. The generalized plasmonicity index is based on the 

electrostatic Coulomb energy in the system associated with the induced charges, 

and it is defined as 

𝜂 =
|∫𝑑𝒓𝛿𝑛(𝒓,𝜔)𝑣𝑖𝑛𝑑∗(𝒓,𝜔)|
|∫ 𝑑𝒓𝛿𝑛(𝒓, 𝜔)𝑣𝑒𝑥𝑡∗(𝒓,𝜔)|

 

Equation 11: Definition of the generalized plasmonicity index 

Here, 𝑣𝑖𝑛𝑑∗ , 𝑣𝑒𝑥𝑡∗  represents the complex conjugate of 𝑣𝑖𝑛𝑑, 𝑣𝑒𝑥𝑡. In the above equation, 

the denominator is proportional to the Coulomb energy generated between the 

induced charge and the incident electromagnetic field. Under the quasistatic limit, 

the denominator is proportional to the total induced dipole moment: 

|∫𝑑𝒓𝛿𝑛(𝒓,𝜔)𝑣𝑒𝑥𝑡∗(𝒓,𝜔)| ≃ 𝐸0𝐷, 𝐷 = |∫𝑑𝒓 𝒅(𝒓,𝜔)| 

with 𝒅(𝒓, 𝜔) = 𝒓𝛿𝑛(𝒓, 𝜔) is the local at position 𝒓, and 𝐸0 is the field amplitude of the incident 

light. 

The generalized plasmonicity index 𝜂 provides us with a powerful tool to 

quantify the plasmonic modes. By measuring the Coulomb energy resulted from the 
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oscillation polarization of the system, a plasmon mode will have a peak at the 

corresponding energy in the GPI spectra, which is due to the large induced potential 

generated by the plasmon mode. However, for single-electron transitions, the 

induced potential 𝑣𝑖𝑛𝑑  is in the similar order of magnitude as 𝑣𝑒𝑥𝑡, leading to a GPI 

close to 1. 

3.2.4. GPI and ab Initio Excitation Energies 

From the view of a microscopic energy decomposition of the energy 

excitation at the RPA level, we can have further understandings of the fundamental 

physics of GPI. From the RPA pseudo-eigenvalue equations in matrix form,66,67 we 

have 

( 𝑨 𝑩
𝑩∗ 𝑨∗) (

𝑿
𝒀) = 𝜔𝐼 (

𝑿
−𝒀) 

Equation 12: Matrix representations of RPA pseudo-eigenvalue equations 

where the matrices A and B are given by 

𝐴𝑎𝑖,𝑏𝑗 = (𝜖𝑎 − 𝜖𝑖)𝛿𝑎,𝑏𝛿𝑖,𝑗 + ⟨𝑎𝑗|𝑖𝑏⟩ − ⟨𝑎𝑗|𝑏𝑖⟩, 𝐵𝑎𝑖,𝑏𝑗 = ⟨𝑎𝑏|𝑖𝑗⟩ − ⟨𝑎𝑏|𝑗𝑖⟩ 

The subscripts i, j and a, b will run over all occupied and virtual orbitals with single-

particles energies 𝜖𝑖, 𝜖𝑗 and 𝜖𝑎, 𝜖𝑏, respectively. The Coulomb interactions are 

represented by two-electron integrals: 

⟨𝑝𝑞|𝑟𝑠⟩ =  ∬𝜙𝑝∗(𝒓1)𝜙𝑞∗(𝒓2)
1

|𝒓1 − 𝒓2|
𝜙𝑟(𝒓1)𝜙𝑠(𝒓2)𝑑𝒓1𝑑𝒓2 
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For the sake of generality, we do not assume a closed-shell ground state. 

Therefore, we choose a non-spin-adapted (i.e., unrestricted or spin-polarized) 

formulation. The vectors X and Y refer to the excitation and de-excitation solutions of the 

RPA equations, respectively. Hereafter we express their components as 𝑋𝑏𝑗 = 𝜌𝑏𝑗𝐼  

and 𝑌𝑏𝑗 = 𝜌𝑗𝑏𝐼 , by exploiting their connection with the expansion coefficients of the 

transition density 

 

𝜌𝐼(𝒓) =∑[𝜌𝑏𝑗𝐼 𝜙𝑏(𝒓)𝜙𝑗∗(𝒓) + 𝜌𝑗𝑏𝐼 𝜙𝑗(𝒓)𝜙𝑏∗(𝒓)]
𝑏𝑗

 

Here, 𝜌𝐼 is the transition density for the excitation I with 𝜌𝐼(𝒓) =

⟨𝐼|Ψ†(𝒓)Ψ(𝒓)|0⟩, where |𝐼⟩ and |0⟩ are respectively the excited and ground states of the 

system and Ψ†(𝒓) and Ψ(𝒓) are respectively the electron creation and annihilation field 

operators. After some algebra operations, we have  

𝜔𝐼 =∑(𝜖𝑎 − 𝜖𝑖)(𝜌𝑎𝑖𝐼∗𝜌𝑎𝑖𝐼 + 𝜌𝑖𝑎𝐼∗𝜌𝑖𝑎𝐼  )
𝑎𝑖

+ ∑⟨𝑎𝑏|𝑖𝑗⟩(𝜌𝑏𝑗𝐼 + 𝜌𝑗𝑏𝐼 )(𝜌𝑎𝑖𝐼∗ + 𝜌𝑖𝑎𝐼∗)
𝑎𝑖,𝑏𝑗

 

The two-electron integrals can be written explicitly as 

∑⟨𝑎𝑏|𝑖𝑗⟩(𝜌𝑏𝑗𝐼 + 𝜌𝑗𝑏𝐼 )(𝜌𝑎𝑖𝐼∗ + 𝜌𝑖𝑎𝐼∗)
𝑎𝑖,𝑏𝑗

= 

∑∬𝑑𝒓1𝑑𝒓2𝜙𝑎(𝒓1)𝜙𝑏(𝒓2)
1

|𝒓1 − 𝒓2|
𝜙𝑖(𝒓1)𝜙𝑗(𝒓2) (𝜌𝑏𝑗𝐼 + 𝜌𝑗𝑏𝐼 )(𝜌𝑎𝑖𝐼∗ + 𝜌𝑖𝑎𝐼∗)

𝑎𝑖,𝑏𝑗

= 
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∬𝑑𝒓1𝑑𝒓2
1

|𝒓1 − 𝒓2|
∑{[∑(𝜌𝑏𝑗𝐼 + 𝜌𝑗𝑏𝐼 )𝜙𝑏(𝒓2)

𝑏𝑗

𝜙𝑗(𝒓2)] (𝜌𝑎𝑖𝐼∗ + 𝜌𝑖𝑎𝐼∗)𝜙𝑎(𝒓1)𝜙𝑖(𝒓1)}
𝑎𝑖

= 

∬𝑑𝒓1𝑑𝒓2
1

|𝒓1 − 𝒓2|
[∑(𝜌𝑎𝑖𝐼∗ + 𝜌𝑖𝑎𝐼∗)𝜙𝑎(𝒓1)𝜙𝑖(𝒓1)
𝑎𝑖

] [∑(𝜌𝑏𝑗𝐼 + 𝜌𝑗𝑏𝐼 )𝜙𝑏(𝒓2)
𝑏𝑗

𝜙𝑗(𝒓2)] = 

∬𝑑𝒓1𝑑𝒓2
𝜌𝐼∗(𝐫1)𝜌𝐼(𝐫2)
|𝐫1 − 𝐫2|

 

The excitation energy in RPA then can be expressed as 

ℏ𝜔𝐼 =∑(𝜖𝑎 − 𝜖𝑖)(𝜌𝑎𝑖𝐼∗𝜌𝑎𝑖𝐼 + 𝜌𝑖𝑎𝐼∗𝜌𝑖𝑎𝐼  )
𝑎𝑖

+∬𝑑𝐫1𝑑𝐫2
𝜌𝐼(𝐫1)𝜌𝐼(𝐫2)
|𝐫1 − 𝐫2|

 

Equation 13: The 𝑰th excitation energy at the RPA level 

The subscripts i, j and a, b will run over all occupied and virtual orbitals with single-

particles energies 𝜖𝑖, 𝜖𝑗 and 𝜖𝑎, 𝜖𝑏, respectively. 𝜌𝑎𝑖𝐼 , 𝜌𝑏𝑗𝐼  and other similar terms are the 

expansion coefficients of the transition density 𝜌𝐼(𝐫). 

In Equation 13, the first term is the contribution from the single-particle 

transitions, and it is essentially a weighted average of single-electron energies 

(𝜀𝑎 − 𝜀𝑖). The second term corresponds to the plasmonic term, and we name it as 

the plasmonic energy of transition I: 

𝐸𝑝𝑙𝑎𝑠,𝐼 = ∬𝑑𝐫𝟏𝑑𝐫𝟐
𝜌𝐼(𝐫𝟏)𝜌𝐼(𝐫𝟐)
|𝐫𝟏 − 𝐫𝟐|
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Both GPI and the plasmonic energy capture the Coulomb interactions within the 

system. By calculating 𝜂(𝜔𝐼) and compare it with 𝐸𝑝𝑙𝑎𝑠,𝐼, it can be shown that 

𝜂(𝜔𝐼) =
𝐸𝑝𝑙𝑎𝑠,𝐼
Γ

 

Equation 14: Proportional relations between GPI and the plamsonic energy 

Where Γ is the damping energy of the transition. From Equation 14, we can 

understand the microscopic nature of the GPI: the GPI is the measure of the 

plasmonic contribution to the excitation energy weighed by the damping of the 

excitation. With a large Coulomb energy and a small damping of charge oscillation, 

we would obtain a pronounced plasmonic modes. The GPI can be calculated for dark 

modes as well. Besides, Equation 14 provides a direct way to calculate GPI for first-

principle approaches which provide transition densities. 

 

3.3. Implementation of the GPI 

3.3.1. Plasmons in Jellium Nanospheres 

We first implement the calculation of GPI in jellium spheres. Here, the 

absorption spectra of jellium nanospheres are calculated, and the corresponding 

electron density, work function, and lattice background polarizability are chosen to 

represent Au. The evolution of the plasmon resonances are calculated. In our 
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calculations, we ignore all interband transitions that can be existed in real materials. 

The absorption spectra obtained with the full RPA susceptibility 𝜒 are denoted as 

𝜎𝑅𝑃𝐴(𝜔), while 𝜎0(𝜔) represents the absorption spectra corresponding to single-

electron transitions calculated with 𝜒0. With the scaling factor 𝜆 inserted, the 

corresponding susceptibility is denoted as 𝜒𝑒𝑓𝑓(𝜆), and the absorption spectra are 

denoted as 𝜎𝜆(𝜔).  

 

Figure 6: Plasmonicity in small metallic NPs: size dependence. (a) Size 
evolution of the absorption spectra for gold spheres with diameters from 2 to 

10 nm, calculated from the full RPA (𝝈𝑹𝑷𝑨(𝝎), solid curves) and the non-
interaction RPA(𝝈𝟎(𝝎), dashed curves) for jellium spheres with the electron 
density as 𝟓. 𝟗 × 𝟏𝟎𝟐𝟐𝒄𝒎−𝟑. The absorption spectra of the classical Drude-Mie 
theory is also included for comparison (dotted curves.)  (b) Induced charge 
density (left column) and field enhancement (right column) at the plasmon 
resonance for particles of diameters D=2 nm (top) and D=10 nm (bottom) 



 40 
 

  

spheres. (c) Color contour plot of 𝝈𝝀(𝝎) for a D=8 nm jellium sphere. The 
vertical axis represents 𝝀 varying from 0 to 1 (see main text). The curved 

streak corresponds to 𝝈𝝀(𝝎), while the vertical line indicates the maximum 
of 𝝈𝟎(𝝎). (d) GPI spectra as a function of incident energy for the same spheres 
as in (a) calculated using the full RPA (solid curves) and classical Drude-Mie 

theory. 

In Figure 6a, we calculate the absorption spectra of 𝜎𝑅𝑃𝐴(𝜔), 𝜎0(𝜔) for gold 

jellium spheres from 2 nm (247 electrons) to 10 nm (30892 electrons), and the 

damping parameter is 0.12eV. We also calculate the absorption spectra using Mie 

theory, where we use a Drude-model dielectric function with 𝜀(𝜔) = 𝜀∞ −
𝜔𝐵2

𝜔(𝜔+𝑖𝛾)
, 

with 𝜀∞ = 9.1, 𝜔𝐵 = 9.07 eV, and a damping of 𝛾 = 0.12 eV. These parameters are 

appropriate for the Johnson and Christy dielectric data68 for Au in the visible range. 

From the absorption spectra, we can see the clear difference between the single-

electron spectra and collective plasmon excitations. The 𝜎𝑅𝑃𝐴(𝜔) spectra, which 

corresponds to plasmonic modes, have a pronounced resonance around 2.7 eV, in 

excellent agreement with the Mie result. On the other hand, the single-electron 

spectra exhibit an asymmetric absorption feature, and the transition energies are 

mostly below 1 eV. Both the plasmon and the single-electron transitions undergo a 

redshift with increasing sphere diameter from 2nm to 10nm. However, this redshift 

appears to saturate beyond 8 nm. These shifts are due to quantum size confinement 

and agree qualitatively with previous studies of size-dependent plasmon resonances 

of NPs.23  To further understand the redshift of the plasmon resonances with 

increasing size, we show the plasmon-induced charge densities and field 
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enhancement at the resonance frequency for diameters of 2 and 10 nm in Figure 6b. 

For the smallest diameter D=2 nm, the induced charges are mostly located inside the 

nanoparticle. The corresponding distribution is in a manner of concentric shells, 

which reflects the discrete electronic structure of the particle. This is in sharp 

contrast with the classical prediction, which predicts that all induced charges should 

located on the surface. When the size of nanoparticles increases, the electronic 

structure becomes denser, and the most parts of the induced charge density are 

moving towards the surface of the structure, which is consistent with the classical 

prediction. The electric field profiles are also shown in Figure 6b. In Figure 6c, we 

present the scaled 𝜎𝜆(𝜔) spectra for a gold sphere with D=8 nm. The plasmonic 

feature can be clearly identified as the dispersive mode 𝜔𝜆 that shifts with changing 

𝜆. When 𝜆 = 0, the dispersive mode is at 0.3 eV; for 𝜆 = 1, the dispersive mode 

appears at 2.7 eV. On the other hand, the single-electron transitions are independent 

of 𝜆. Clearly, the difference between 𝜎𝑅𝑃𝐴(𝜔) and 𝜎0(𝜔) spectra provides a 

straightforward tool to identify plasmons from single-electron transitions.  

In Figure 6d, we show the calculated GPI spectra for the same jellium spheres 

as in in Figure 6a. As we expected, prominent peaks appear in the GPI spectra at 

energies corresponding to plasmon excitations.  In the low-energy region, where 

single-electron transitions are present, the GPI remains flat with values around 

unity. Figure 6d also presents the GPI calculated for a sphere described using the 

classical Drude-Mie model. Again, the plasmon modes can be clearly discerned as 

distinct peaks. Because the distributions of surface charges are different in RPA and 
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classical Drude-Mie calculations (𝛿-function distributions in classical theory versus finite 

distributions of surface charge in the RPA model), the maximum GPI values in the 

classical results are different. Particularly, in the quasistatic classical regime, the GPI will 

have a closed form. Started from Equation 11, we consider a homogeneous sphere of 

radius 𝑅 in uniform external field 𝐸0. In the quasi-static classical regime, the induced 

charge will be 

𝛿𝑛(𝒓) = 𝛿𝑛(𝑟) cos 𝜃 = 𝛿(𝑟 − 𝑅)
3(𝜀(𝜔) − 𝜀0)
𝜀(𝜔) + 2𝜀0

 𝜀0𝐸0 cos 𝜃  

where 𝛿(𝑟) is the Dirac delta function, and 𝜀(𝜔) is the dielectric function of the 

sphere. The induced potential 𝑣𝑖𝑛𝑑(𝒓,𝜔) can be calculated as  

𝑣𝑖𝑛𝑑(𝒓,𝜔) =
1

4𝜋𝜀0
∫𝑑𝒓′

𝛿𝑛(𝒓′)
|𝒓 − 𝒓′|

=
1

4𝜋𝜀0
4𝜋
3
cos 𝜃∫𝑟′2𝑑𝑟′𝛿𝑛(𝑟′)

𝑟<
𝑟>2

= cos 𝜃
𝜀(𝜔) − 𝜀0
𝜀(𝜔) + 2𝜀0

𝐸0 {
𝑅3

𝑟2
      𝑟 > 𝑅

𝑟          𝑟 < 𝑅
= cos 𝜃 𝑣𝑖𝑛𝑑(𝑟, 𝜔) 

where 𝑟< = min(𝑟, 𝑟′) and 𝑟> = max(𝑟, 𝑟′). The external potential 

𝑣𝑒𝑥𝑡(𝒓,𝜔) arise from uniform external fields 𝐸0, which can be expressed as 𝑣𝑒𝑥𝑡(𝒓, 𝜔) =

−𝑬𝟎 ⋅ 𝒓 = −𝐸0(𝜔)𝑟 cos 𝜃. When we substitute them into the definition of GPI, we have 

𝜂 =
|∫𝑑𝒓𝛿𝑛(𝒓, 𝜔)𝑣𝑖𝑛𝑑∗(𝒓, 𝜔)|
|∫𝑑𝒓𝛿𝑛(𝒓,𝜔)𝑣𝑒𝑥𝑡∗(𝒓,𝜔)|

=
|∫𝑑𝑟𝛿𝑛(𝑟) cos 𝜃 𝑣𝑖𝑛𝑑∗ (𝑟, 𝜔) cos 𝜃  𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃𝑑𝜙|
| ∫ 𝑑𝑟𝛿𝑛(𝑟) cos 𝜃 𝑣𝑒𝑥𝑡∗ (𝑟, 𝜔) cos 𝜃 𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃𝑑𝜙 |

=
4𝜋𝜀0𝑅3|𝐸0|2  |

𝜀(𝜔) − 𝜀0
𝜀(𝜔) + 2𝜀0

|
2
 

4𝜋
3 𝜀0𝑅

3|𝐸0|2 |
3(𝜀(𝜔) − 𝜀0)
𝜀(𝜔) + 2𝜀0

|
=  |

𝜀(𝜔) − 𝜀0
𝜀(𝜔) + 2𝜀0

|   .      
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Equation 15: The closed expression of GPI under the quasi-static 
approximation 

We observe that the classical result for the GPI is very similar to the RPA 

result with a pronounced peak at the plasmon energy. From the classical results, we 

also observed that the classical results for the GPI also have a pronounced peak at 

the plasmonic energy. 

We remark that The GPI is dimensionless and its amplitude at the plasmon 

resonances for D=2-10 nm is large, thus signaling plasmonic excitations. Besides, the 

GPI can identify plasmonic behavior even when strong quantum finite-size effects 

are present, as in the D=2 nm NP. Because the GPI is expressed in terms of induced 

charges and Coulomb potentials, which are standard physical quantities, it is a 

straightforward quantity to calculate in any computational method, whether ab 

initio (density- or wave-function based), empirical, or based on classical 

electromagnetism. Importantly, calculation of the GPI is a post-processing 

procedure that can be performed after the time-consuming self-consistent 

calculations of the response functions are carried out, and it does not require 

separate calculations of the self-consistent 𝜎𝑅𝑃𝐴(𝜔) and 𝜎0(𝜔) or the calculation of 

𝜎𝜆(𝜔) spectra for different 𝜆. 

3.3.2. Probing Classical Mie Modes with the GPI 

The GPI can also capture the difference between plasmonic and photonic 

modes in nanoparticles. In NPs with large dielectric constants, incident light can also 
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excite photonic modes. Photonic modes are currently the subject of considerable 

research due to their small losses and sharp resonances.69,70 In Figure 7,we compare 

optical spectra and GPI for Ag and Si nanospheres with diameters of 80 nm. Such large 

particles are not in the quasistatic regime, and thus, we calculate the GPI using Mie 

theory to obtain the induced density, which is then directly plugged into the definition of 

the GPI in Equation 11. In this way, we can extend the validity of GPI to larger systems 

affected by phase retardation (i.e., different parts of the nanoparticle experiencing 

different fields because of the finite speed of light). 
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Figure 7: Plasmonicity in large Ag and Si NPs. (a) Calculated absorption, 
scattering, and extinction of an 80-nm diameter Ag nanosphere described 
using the Johnson and Christy permittivity.68 The insets show the induced-

charge (left) and field-enhancement (right) distributions for the dipolar and 
quadrupolar modes (top to bottom) at the frequencies indicated by arrows in 
the extinction spectrum. (b) Calculated absorption, scattering, and extinction 

of an 80-nm diameter Si nanosphere using Palik permittivity.71 The insets 
show the induced charge (left) and field enhancement (right) distributions for 

the magnetic dipolar resonance (3.0 eV) and electric dipolar resonance (3.3 
eV) (top to bottom). (c) Calculated GPI spectra for the Ag (black) and Si (red) 

spheres. All calculations are performed using Mie theory. 
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The classical Mie theory shows that the Ag NP presents a dipolar resonance 

at ~ 3.3 eV and a quadrupolar mode at ~3.5 eV (Figure 7a). The Si sphere exhibits 

two Mie resonances: a magnetic dipole around 3.0 eV and an electric dipole around 

3.3 eV (Figure 7b). In Figure 7c, the corresponding GPI spectra as a function of 

incident energy for the two particles are calculated. Clear, we can observe that the 

GPI spectrum for the metallic Ag sphere has a clear peak and large GPI values (𝜂 ≫

1), which shows that the Ag resonances are plasmonic. However, the GPI for the Si 

particle does not show a distinct resonance, and lingers around unity, which clearly 

points to the non-plasmonic origin of the resonance modes in Si particles. 

 

3.3.3. Quantifying Plasmon Modes with GPI 

Because the GPI measures the plasmonicity of a mode, we can also use the 

GPI to quantify how “plasmonic” conventional classical plasmons are. More 

importantly, it is of interest to pose the question of which classical plasmonic 

properties contribute to a large GPI.  In Figure 8, we calculated extinction spectra, 

GPI, and maximum electric-field enhancements for spheres made of Ag, Au, and Al as 

a function of energy. In Figure 8a, the solid curves show the extinction spectra of 50-

nm diameter Au and Ag spheres and for 25-nm and 50-nm diameter Al spheres. 
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Figure 8: Plasmonicity in a large NP: Ag, Au, and Al. (a) Left: Extinction cross 
sections for a 50-nm diameter Ag nanosphere in vacuum (solid black) and for 

a 50-nm diameter Au nanosphere placed in either vacuum (solid red) or a 
dielectric medium of refractive index = 3 (dashed red). Right: same for 50-nm 

diameter (solid blue) and 25-nm diameter (dashed blue) Al nanospheres in 
vacuum.  (b) Corresponding GPI spectra. (c) Maximum electric-field 

enhancements. The calculations are performed using classical Mie theory with 
the Ag and Au permittivities taken from Ref.68. and the Al permittivity taken 

from Ref.72 . 



 48 
 

  

The plasmon resonance of the Au sphere overlaps the interband transitions and is 

not particularly intense. This is reflected in the corresponding GPI spectra in Figure 

8b, where the GPI value of Au (solid-red curves) is much less than the GPI value of 

Ag (solid-black curves), indicating a strong damping effect due to interband 

transitions. The dashed-red curves show the redshifted spectra for an Au sphere 

immersed in a dielectric medium. As the plasmon resonance shifts away from the 

interband transitions, it becomes much more pronounced, with a GPI spectrum that 

clearly signals a plasmonic behavior (𝜂 ≫ 1). The spectra for the 50-nm Al sphere 

also exhibit excellent plasmonic character. Because of the large plasmon frequency 

of Al, retardation effects are large, and the dipolar resonance is highly damped by 

radiative losses, thus showing a relatively modest GPI. However, the quadrupolar 

and octupolar Al resonances, with their significantly smaller radiative damping, 

exhibit excellent plasmonic behavior with 𝜂 > 5. The dashed-blue curves show the 

spectra for a smaller Al sphere (25-nm diameter). Here the radiative damping is 

significantly reduced, thus resulting in significantly better plasmonic behavior also 

for the Al dipolar resonance. As already shown for Au, the damping of a plasmon 

resonance degrades the GPI.  In Figure 8c, we show the calculated maximum field 

enhancements outside the spheres, which clearly correlate with the GPI spectra. 

This correlation supports our general notion that better plasmonic materials 

provide larger field enhancements. 
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3.3.4. GPI for Metal and Semiconductor Clusters from TDDFT 

The numerical results presented so far concerned nanoparticles larger than 2 

nm. Here we complete the analysis by computing the GPI at the TDDFT level for 

both metallic and semiconductor nanocrystals in the 1-2 nm size regime.  Our 

results indicate that the picture emerging from the jellium studies above still holds 

when the size of the systems is reduced, approaching the molecular limit. We 

consider the first two members of the series of icosahedral silver clusters 

[Ag13]5+and [Ag55]3−,73,74 where the charges have been chosen to result in a closed-

shell electronic structure, as well as a tetrahedral Ag20 cluster.75 Then we analyze 

two H-passivated cubic diamond silicon clusters (Si10H16 and Si20H36).76 Both 

icosahedral and tetrahedral clusters are centrosymmetric and with overall sizes that 

overlap the smallest jellium spheres analyzed above. The study of two different 

geometric shapes allows us to account also for the effect of the atomic structure on 

the plasmonic properties. 
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Figure 9: Absorption spectra of Ag and Si nanoclusters. The insets show the 
isosurface plots (x, y, and z spatial polarizations, respectively) of the 

imaginary part of the TDDFT induced charge density response calculated for 
the frequencies indicated by arrows in the TDDFT absorption spectra. In 

particular, the excitation energies Eexc and isosurface values iso (the same for 
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the three polarizations) are: (a) [𝐀𝐠𝟏𝟑]𝟓+, Eexc = 3.31 eV, iso = 0.05 bohr-3; (b) 
Ag20 , Eexc = 3.18 eV, iso = 0.05 bohr-3; (c) [𝐀𝐠𝟓𝟓]𝟑−, Eexc = 3.10 eV, iso = 0.05 

bohr-3; (d) Si10H16 , Eexc = 4.84 eV, iso = 0.005 bohr-3; (e) Si29H36 , Eexc = 3.62 eV, 
iso = 0.0005 bohr-3; x, y, and z coordinates relative to the induced charge 

density plots are shown, as reference. 

In Figure 9a-c, we show the TDDFT absorption spectra of the silver clusters. 

Both Ag20 and [Ag55]3− exhibit a dominant optical resonance around 3.1 eV. Some 

smaller peaks at lower energy and some intensity modulations above 3.5-4 eV are 

also visible. In the case of the smaller [Ag13]5+, the spectrum is more structured and 

the 3.1 eV resonance is replaced with a set of discrete quasi-molecular features. All 

absorption properties described here agree with previous theoretical studies.73–75 

The TDDFT absorption spectra of the two hydrogenated silicon nanocrystals Si10H16 

and Si29H36 are shown in Figure 9d and Figure 9e. They represent prototypical non-

plasmonic semiconductor nanoparticles, where excitonic effects are expected to 

dominate.76   
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Figure 10: GPI for the Ag and Si nanoclusters considered here (log scale). GPIs 
are calculated from TDDFT for the peaks selected from Figure 9.  

To better understand the GPI, we selected one peak in the spectrum of each 

system. More specifically, we chose the most intense peak for those systems that 

show a dominant (plasmon-like) peak, while we focus on the absorption edge for 

the remaining systems. For all the selected peaks (indicated by arrows in Figure 9), 

we computed the TDDFT charge density response (insets to Figure 9) and the 

corresponding GPI. The results are shown in Figure 10. The GPIs identify the 

metallic clusters as being more plasmonic than the silicon clusters, in agreement 

with the discussion above. The GPIs for the silicon clusters are about an order of 

magnitude lower than for the Ag clusters. Given that the number of valence 
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electrons in the sp shell is larger in the silicon clusters (four sp electrons per Si 

atom) than in the silver clusters (one s electron per Ag atom), we see that the GPI is 

more sensitive to the nature of the transition than to the number of excitable 

electrons. These results confirm that the silicon cluster transitions have similarly 

low GPI values and thus no plasmonic modes. Note that the GPI values for the silver 

clusters are significantly smaller than those for the jellium spheres and classical 

particles discussed above. Within the GPI metric, the strong optical resonance is 

best described as incipiently plasmonic.  The variation of the GPI with increasing size 

of the silver clusters is nontrivial. Since the damping assumed is the same for all the 

systems, the difference should be related to the different Coulomb energies associated 

with the transitions in the various clusters. 

 

3.3.5. Emergence of Plasmonic Behaviors in a Jellium Sphere 

We now focus on the question that how many electrons are needed for 

collective plasmon modes to appear in a nanoparticle. In Figure 11a, we show the 

absorption spectra 𝜎𝑅𝑃𝐴 and 𝜎0 for a gold nanosphere with diameter D=8 nm as the 

number of electrons increase from 10 to 500. Here, quantum confinement effects 

are small in this case due to the relatively large particle size. The evolution of the 

plasmon resonances is thus determined only by the number of interacting electrons. 

For low electron density (less than 50 electrons in the particle), the absorption 

spectra 𝜎𝑅𝑃𝐴 and 𝜎0 have similar resonance energies - which we refer to as 𝜔𝑅𝑃𝐴 and 
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𝜔0 in what follows - suggesting that the excitations are essentially single-electron 

transitions. However, when the electron density increases (more than 100 

electrons), the two absorption spectra show a considerable peak separation, 

signaling plasmonic behavior. 

 

Figure 11: Plasmonicity in a metallic nanoparticle: dependence on electron 
density. (a) Evolution of absorption spectra,  𝝈𝑹𝑷𝑨 (solid) and 𝝈𝟎 (dashed), for 

increasing number of electrons. The insets show the charge-density 
distributions associated with the plasmons. (b) GPI spectra as a function of 
photon energy for the nanospheres in (a). (c) (Top) Evolution of resonance 

energies (peaks) of 𝝎𝑹𝑷𝑨 (red) and 𝝎𝟎 (black). (Middle) Evolution of the GPI 
values at the resonance 𝜼𝒎𝒂𝒙. (Bottom) Evolution of ∆; see text for definition. 

The dashed horizontal line is ∆=0.5. The diameter of the jellium sphere is D=8 
nm in all cases.   
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The corresponding induced charge-density distributions shown in Figure 11a 

confirm the evolution of the absorption resonance from single-electron transitions 

to plasmonic excitations. At the lowest electron density (10 electrons), the induced 

charges are mostly confined to the interior of the nanoparticle. Conversely, for 

larger electron densities the induced charge distribution becomes more surface-like 

and classical.  

Calculated GPI spectra are presented in Figure 11b. As discussed above, 

plasmonic behavior should result in a clear peak. The GPI spectra for the particles 

with the smallest number of electrons (10-30 electrons) do not exhibit such a 

feature. A distinct peak only begins to appear for ~50 electrons and is relatively well 

developed only around 100 electrons. The absence of a clear peak in the GPI spectra 

for low number of electrons suggests a complementary criterion for identifying 

plasmonic behavior based on the shape of the peak. To this end we introduce the 

quantity ∆= 1 − 𝜂(𝜔→0)
𝜂𝑚𝑎𝑥

, where 𝜂(𝜔 → 0) is the value of the GPI at  zero frequency, 

and 𝜂𝑚𝑎𝑥 = 𝜂(𝜔𝐺𝑃𝐼), where  𝜔𝐺𝑃𝐼 is the energy of the GPI resonance (which has 

coincided with the RPA plasmon resonance 𝜔𝑅𝑃𝐴 in all cases considered so far). In 

the zero-frequency limit, no plasmons are excited and the induced fields screen the 

external fields almost perfectly, leading to 𝜂(𝜔 → 0) = 1 except for very small 

systems with large quantum size effects. A value of ∆ close to 1 implies a well-

defined GPI resonance and is thus a signature of plasmonic behavior. In Figure 11c, 

we plot 𝜔0 and 𝜔𝑅𝑃𝐴 (top), 𝜂𝑚𝑎𝑥  (middle), ∆ (bottom) for the different nanospheres. 

The evolution of 𝜔𝑅𝑃𝐴 clearly shows a square root trend as a function of electron 
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density, as predicted by classical theory, while the peaks of 𝜔0 do not change 

significantly.  The middle panel in Figure 11c shows a monotonic increase of 𝜂𝑚𝑎𝑥  

with electron density, reaching 𝜂𝑚𝑎𝑥 > 2 when the electron number exceeds 100. In 

the bottom panel of Figure 11c, we plot the ∆ values obtained from the GPI spectra 

(Figure 11b) and find that ∆ also increases monotonically with electron density. The 

results in Figure 11 allow us to formulate two equivalent criteria for plasmonic 

behavior: 𝜂𝑚𝑎𝑥 > 2 and ∆> 0.5. All metrics introduced in Figure 11c are consistent 

with plasmonic behavior emerging for NPs with more than 100 electrons in the 

present 𝐷=8 nm nanoparticle. Overall, the GPI and the corresponding Δ quantity 

provide an intuitive approach for quantifying plasmonic behavior in a 

nanostructure. 

 

3.3.6. Plasmons in Polycyclic Aromatic Hydrocarbons and Nanostructured 

Graphene 

Graphene nanostructures exhibit low-energy plasmons that strongly depend 

on the level of electrical doping and geometry.77 When the size of a structure is 

reduced so that it contains only a few carbon atoms, one encounters polycyclic 

aromatic hydrocarbons (PAHs), which were predicted78 and experimentally 

demonstrated31 to exhibit qualitatively similar behavior as graphene. These 

discoveries have stimulated a variety of studies and led to a new subfield of 

plasmonics research, molecular plasmonics. Classification of the optical modes 
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supported by PAHs initially relied upon the F vs. F0 criterion discussed above,78,79 

but as demonstrated below, the GPI provides a more universal criterion to identify 

plasmonic behavior in these systems as well. 

 

Figure 12: (a) Absorption spectrum for the singly charged Nh =4 hexagon 
(containing NC=60 carbon atoms) normalized to the nanotriangle area. (b) The 

corresponding GPI spectrum. (c) Size evolution of the GPI at the plasmon 
resonances of armchair graphene nanotriangles (see carbon atomic structures 

in the insets) doped with a single excess electron. The size Nh denotes the 
number of benzene hexagonal rings spanning each side. The assumed 

damping is 25 meV. Edge carbons are passivated with hydrogen atoms (not 
shown). 

In Figure 12, we present a GPI analysis of the dominant low-energy optical 

features in triangular-shaped PAHs of increasing size (measured by the number of 
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benzene hexagonal rings Nh along the triangle side), doped only with one excess 

electron. We calculate the optical response of these systems following a previously 

reported RPA approach (tight-binding RPA, TB-RPA),80,81 using valence electron 

wave functions from a tight-binding model with one spin-degenerate 𝑝𝑧 orbital per 

carbon site. In Figure 12a, a characteristic TB-RPA absorption spectrum are 

calculated for a PAH of 𝑁ℎ =4 consisting of 𝑁𝑐=60 carbon atoms. The spectrum 

clearly reveals a distinct optical resonance around 1.3 eV. In Figure 12b, the 

corresponding GPI spectrum also displays a maximum at the energy of this peak. 

The dependence of the GPI maximum 𝜂𝑚𝑎𝑥  on PAH size (Figure 12c) reveals a clear 

evolution from plasmon-like behavior (GPI > 7) for the smallest molecule under 

consideration (triphenylene, with 𝑁ℎ=2 and only 𝑁𝑐=18 carbon atoms) to less 

plasmonic character for large sizes as expected.31,78 The molecular plasmon in a PAH 

is enabled by a change of the electronic structure associated with addition (or 

removal) of electrons, while for graphene, it is the injected electrons or holes that 

make up the electron gas sustaining the plasmon. As the structure becomes larger, 

the electron density becomes smaller, resulting in less plasmonic behavior, as also 

shown for the jellium spheres in Figure 11. We thus conclude that very small PAHs 

can display plasmons, even when they are singly charged. In this respect, we note 

that the effective number of electrons contributing to the plasmonic strength is 

augmented in graphene by the nonparabolic band structure of its conduction 

electrons, so that a comparatively small number of doping charge carriers produces 

a larger response than in metals (i.e., systems with nearly parabolic dispersion). 



 59 
 

  

This effect is quantified by the fact that the effective number of charge carriers 

contributing to the response is roughly given by the geometrical average of the 

number of doping charges times the number of carbon atoms, as it has been 

previously investigated for small PAHs.77 This explains why plasmons are sustained 

in these systems even if they have a small number of electrons compared with the 

jellium spheres considered in Figure 11. 

 

Figure 13: (a) Absorption spectra of a 4-nm armchair graphene nanotriangle 
(containing 𝑵𝒄=270 carbon atoms and 𝑵𝒉=9 benzene rings along a side, see 

inset), shown as the number of added electrons increases from 1 to 9. (b) 
Evolution of the GPI associated with the spectra shown in (a). The dashed lines 
are guides to the eye, revealing the evolution of two resonances highlighted in 

(b), where the square (circular) symbols correspond to the lower-energy 
(higher-energy) mode. 

In Figure 13, we consider a graphene nanotriangle of fixed size (Nh=9, with 

NC=270 carbon atoms). The TB-RPA absorption spectra shown in Figure 13a display 

an interesting evolution as the number of doping electrons increases. The spectra 
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exhibit two distinct resonances (low- and high-energy features marked with dashed 

curves as guides to the eye in Figure 13b). The low-energy feature discussed in 

Figure 12 (i.e., the leftmost feature of the Q/e= −1 spectrum in Figure 13a, 

corresponding to the red arrow in Figure 12c) blue shifts when adding electrons, 

following a similar frequency dependence  ~𝑄1/4 on doping charge 𝑄 as in extended 

graphene.80 As inferred from the analysis of Figure 12, the structure is sufficiently 

large to prevent plasmonic behavior with only one doping electron. However, as 

revealed by the GPI spectral analysis (Figure 13b), the low-energy feature becomes 

more plasmonic with increasing electron density. In contrast, the high-energy 

feature in the plotted spectra does not exhibit such behavior and becomes less 

plasmonic with increasing electron density. This feature is associated with the 

HOMO-LUMO interband transition found in the electronic structure of armchair-

edged graphene nanotriangles,59 and is quenched as the LUMO states are populated 

with additional electrons due to Pauli blocking. Consequently, the GPI peak of this 

high-energy feature mostly decreases with doping, unlike the low-energy feature, 

which increases until it saturates at GPI~10. 
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3.4. Conclusion 

We have presented a unified theoretical approach for the identification of 

collective plasmon excitations that can be applied to different complementary 

descriptions ranging from ab initio methods to classical electrodynamics of 

continuous media. In particular, we introduced the generalized plasmonicity index 

(GPI) as a metric for the evaluation of plasmonic behavior. The GPI is directly 

expressed in terms of the light-induced electron density change, a quantity that is 

readily available in virtually any computational scheme. Using this metric, we 

studied the emergence of plasmonic behavior with increasing numbers of electrons 

in a spherical jellium particle. Specifically, we demonstrated that for a quantum 

plasmon mode to display classical behavior for a nanoparticle of nanometer size 

(D=8 nm), around 100 electrons are needed.  We also showed that the GPI can be 

used in conjunction with classical electromagnetic simulations to discriminate 

between plasmonic and photonic modes, and that it represents a metric for 

classifying the quality of a classical plasmon.   

Moving towards the molecular scale, we demonstrated that the GPI also 

provides a physically sound classification of the plasmonic character of optical 

excitations in noble-metal clusters and polycyclic aromatic hydrocarbons.   
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Chapter 4 

Conclusion 

In this thesis, the optical properties of doped Si NCs are experimentally and 

theoretically investigated and compared. Both P- and B-doping results in two 

distinct carriers with different effective masses. The fully quantum mechanical 

TDLDA and classical plasmon hybridization approaches are extended to two 

component plasmon resonances. The interaction between the two different carrier 

components results in two hybridized modes. In the classical limit, the interaction is 

very strong and the low energy bonding modes is redshifted to zero energy and only 

the higher energy antibonding mode is observed in the absorption spectra.  

We also proposed the generalized plasmonicity index, a universal metric to 

identify plasmons from other optical excitations. We have shown that the 

generalized plasmonicity index will display prominent peaks at energies 

corresponding to plasmon excitations, which provides us a straightforward way to 
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identify plasmonic modes. Besides, the GPI can be directly expressed in terms of the 

light induced electron charges, making it implementable in almost all computational 

systems. We also studied the emergence and classifications of plasmons in multiple 

systems. The presented findings present a systematic classification of excitations in 

terms of their plasmonic character that can disclose currently incognito plasmonic-

based physics in optically active nanomaterials. 
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