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Abstract

This thesis studies the isospectral torus of reflectionless Jacobi operators and the

dynamics of its automorphisms. The novel perspective which it hopes to advertise is

one of the joint utility of dynamical techniques and inverse spectral theoretic tech-

niques to address inverse and direct spectral problems, respectively.

The thesis has four chapters. The first is introductory, recalling a variety of def-

initions, theorems, and identities, of which there are two flavors: direct and inverse

spectral. The second chapter, while not particularly new in content, aims to reconcile

these two perspectives by interpreting direct spectral objects in the inverse spectral

language. More specifically, Chapter 2 reinterprets the Lyapunov exponent as the

Green’s function of potential theory in the reflectionless regime, and the density of

states as the harmonic measure of the resolvent domain. It also includes a charac-

terization of those isospectral tori containing quasi-periodic and limit-periodic Jacobi

operators and a proof that, for infinite-gap compacts, most tori contain neither.

Chapter 3 contains the first truly new results; specifically, it contains a proof of

the reducibility of the shift cocycle in the Sodin-Yuditskii regime, resolving a direct

spectral problem with inverse tools. Conversely, the fourth and final chapter uses

Toda dynamics to prove an inverse spectral-theoretic result; namely, that a generic
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isospectral torus contains no discrete Schrödinger operator, and, in fact, only periodic

Schrödinger operators can be reflectionless with two or fewer spectral gaps.
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Chapter 1

Introduction and background

Different materials present different potential energy obstacles for quantum particles

to encounter. The energy spectrum of a potential barrier describes the energy fre-

quencies of wave-particles that are emitted or absorbed by that material. A material’s

spectral properties present critical information about how quantum particles interact

with it; similarly, one can probe materials via quantum particles to determine their

spectral properties. The mathematics of both of these problems – direct spectral

analysis, where one assumes knowledge of the material and asks about the spectrum,

and inverse spectral theory, where one assumes knowledge of the spectrum and asks

about the material – is exceptionally well-studied individually. The focus of this thesis

is their interface.

A simple model describing the evolution of a quantum particle through a fixed

medium is the one-dimensional discrete Schrödinger operator. The medium is mod-

eled by a bounded potential function V : Z → R describing the potential energy

barrier V (n) at each site n on the integer lattice Z. We model quantum particles by

1
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unit vectors ψ ∈ `2(Z), where one interprets the probability of observing the particle

at the integer site n as |ψ(n)|2. The time-evolution of the quantum particle ψ in-

teracting with the potential barrier V is modeled by the time-dependent Schrödinger

equation

i
∂ψ

∂t
= Hψ, (1.1)

where H denotes the discrete Schrödinger operator (DSO) on `2(Z), given pointwise

by

(Hψ)(n) = ψ(n+ 1) + V (n)ψ(n) + ψ(n− 1). (1.2)

The DSO is a discrete analog of the continuum Schrödinger operator

(Lφ)(x) = −φ′′(x) + V (x)φ(x), (1.3)

which outputs the classical total energy of a quantum particle φ supported on R.

Formally, one solves (1.1) via the operator exponential ψ(t) = e−itHψ. This

formalism is made rigorous via the spectral theorem; specifically, for ψ ∈ `2(Z), there

exists a compactly-supported probability measure dµHψ on R whose Fourier transform

agrees with the `2-inner product of ψ with ψ(t):

〈ψ, e−itHψ〉 =

∫
R
e−itxdµHψ (x).

The spectrum σ(H) is the smallest closed set supporting each such measure dµHψ .

The physical interpretation of our model is connected to the spectral theorem

by the RAGE theorem [1, 18, 47], which relates the Lebesgue decomposition of the

spectral measures dµHψ to the long-time “position” of the particle ψ(t). For example,
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localized initial states ψ for which the spectral measure dµHψ is absolutely continuous

(a.c.) escape all compact sets asymptotically in time. When the potential function V

is periodic, as in a crystal, the spectral measure for every initial state ψ is absolutely

continuous; in this case, we say the spectrum σ(H) is purely a.c..

While the perspective of fixing a potential V and studying the solutions ψ(t) to

(1.1) is mathematically appealing, it is somewhat disparate from physical experiment.

In particular, one often utilizes observations about transport properties of quantum

particles in order to deduce information about the structure of the material being

tested. These sorts of experiments, broadly known as spectroscopy, lead one to at-

tempt to invert the above construction. In this context, one finds that a broader class

of operator, the Jacobi operator, is more natural to consider than (1.2).

1.1 Reflectionless Jacobi Operators

We begin by defining the primary object of study of the thesis:

1.1.1 Jacobi operators

Denote by Z the lattice of integers, with half-line sublattices Z+ = Z ∩ [0,∞) and

Z− = Z \ Z+.

Definition 1.1. A whole-line Jacobi operator J = J(a, b) is a bounded self-adjoint

operator on `2(Z) with pointwise action

(Jψ)(n) = an+1ψ(n+ 1) + bnψ(n) + anψ(n− 1), (1.4)
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where a, b ∈ `∞(Z,R) and an > 0 for all n ∈ Z.

Similarly, a half-line Jacobi operator acts on `2(Z+) by (1.4) with the convention

a0 = 0.

We denote the space of all whole-line Jacobi operators by J . We view J as a

subset of (0,∞)Z×RZ by identifying a Jacobi operator J ∈ J with its parametrizing

sequences (a, b). Via this identification, we may endow J with the associated product

topology. This topology can be generated by a metric, e.g.

d(J, J ′) :=
∑
n∈Z

2−|n| (|an(J)− an(J ′)|+ |bn(J)− bn(J ′)|) . (1.5)

Given a probability measure µ of infinite compact support Σ ⊂ R, there exists a

unique half-line Jacobi operator J(µ) acting on `2(N) with spectrum σ(J(µ)) = Σ

exhibiting µ as the spectral measure for the basis vector δ0 [50], where {δn} denotes

the standard basis of vectors with entries

δn(m) =


1 m = n

0 m 6= n.

In this sense, half-line Jacobi operators are universal for cyclic self-adjoint operators

on `2(Z+), which makes their whole-line extensions (1.4) a natural object to study

inverse scattering. By formally taking a0 = 0, we can decouple a whole-line Jacobi

operator into a direct sum of half-line Jacobi operators J± restricted to the left and

right half-lines Z±. By reintroducing the a0 term, whole-line Jacobi operators can be

viewed as a rank-two perturbation of this direct sum:

J = J+ ⊕ J− + a0 (〈·, δ−1〉δ0 + 〈·, δ0〉δ−1) . (1.6)



5

Henceforth, we work in the whole-line setting unless otherwise stated.

The spectrum σ(J) of J , previously defined as the smallest closed set supporting

every spectral measure, is equivalently given by the set of z ∈ C for which J − z

does not have a bounded inverse operator (J − z)−1 acting on `2(Z). Because J is

self-adjoint, σ(J) ⊂ R, and because J is bounded, σ(J) is compact. One common

approach to studying a Jacobi operator is to study this resolvent operator (J − z)−1

for extraspectral energies z /∈ σ(J). On the resolvent set ρ(J) := C \ σ(J), (J − z)−1

is a bounded operator on `2(Z), and can likewise be put into a matrix form with

respect to the basis {δn}. We denote the entries of this matrix

r(n,m; z, J) := 〈δn, (J − z)−1δm〉,

where 〈·, ·〉 denotes the typical inner product on `2(Z). As shorthand, we write

r(n; z, J) := r(n, n; z, J) for the diagonal elements of the resolvent matrix; r(z, J) :=

r(0; z, J) is called the (spectral theoretic) Green’s function for J . By the spectral

theorem, the Green’s function is given by

r(z, J) =

∫
σ(J)

1

x− z
dµJδ0(x); (1.7)

consequently, r(z, J) is analytic on ρ(J).

Similarly, the half-line components J± of J (compare (1.6)) have spectra, resol-

vents, and Green’s functions of their own. We denote by r±(z, J) the Green’s functions

of J±; specifically,

r+(z, J) = 〈δ0, (J+ − z)−1δ0〉,

r−(z, J) = 〈δ−1, (J− − z)−1δ−1〉.
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These half-line functions have particular utility in reconstructing the coefficient se-

quences a, b for J± via their partial fraction decompositions

r+(z, J) = − 1

z − b0 − a2
1

z−b1−···

(1.8)

r−(z, J) = − 1

z − b−1 −
a2
−1

z−b−2−···

. (1.9)

These relations follow readily via iteration from the fact that, for z /∈ σ(J+), if

ψ+ = (J+ − z)−1δ0, then (J+ − z)ψ+ = δ0 (and similarly for J−).

Thus, the problem of determining the coefficient sequences for a half-line Jacobi

matrix with a particular resolvent function is reduced to a sequence of straightforward

residue computations. This convenience does not extend to the whole-line situation;

however, in light of (1.6), we can reconstruct r(z, J) from its half-line analogues r±

and a0; specifically, this relationship is given by the following:

Lemma 1.2. Fix J , let z /∈ σ(J) ∪ σ(J+) ∪ σ(J−), and let r, r± be defined as above.

Then r(−1,−1) r(0,−1)

r(−1, 0) r(0, 0)

 =

r−1
+ a0

a0 r−1
−


−1

.

where we have suppressed z and J from the notation. In particular,

r(z, J) =
1

(r+(z, J))−1 − a2
0r−(z, J)

. (1.10)

Proof. Writing J as in (1.6), denote by J0 the decoupled operator J0 = J− ⊕ J+,

and let K = 〈·, δ−1〉δ0 + 〈·, δ0〉δ−1 be the free coupling term. By (1.6), we have

J = J0 + a0K; thus, by the second resolvent identity, we have

(J − z)−1 = (J0 − z)−1 − a0(J − z)−1K(J0 − z)−1.
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Now we apply the right-hand side in the inner product of each pair of δ0, δ−1 and

compare the systems of equations; e.g.,

〈δ0, (J − z)−1δ0〉 = r+(z, J)− a0r+(z, J)〈δ0, (J − z)−1δ−1〉

which implies

r−1
+ r(0, 0) + a0r(0,−1) = 1.

In a similar fashion, one finds thatr(−1,−1) r(0,−1)

r(−1, 0) r(0, 0)


r−1

+ a0

a0 r−1
−

 =

 1 0

0 1

 ,
which was the claim.

Unsurprisingly, (1.10) reveals that the Green’s function is related to a nontrivial

coupling of the half-line Green’s functions r+ and r−. With the goal of spectroscopy

in mind, what conditions on r(z, J) are amenable to recovery of r± from spectral

information?

1.1.2 The reflectionless condition

The function r(z, J) maps the upper half-plane analytically to itself (compare, for

example, the integral representation (1.7)), and is thus of Herglotz class. Thus, r has

nontangential limits from the upper half-plane for almost every real x ∈ R; that is,

for Lebesgue (and dµJδ0) almost every x ∈ R, the limit

r(x+ i0, J) := lim
ε↓0

r(x+ iε, J)
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exists (including ∞ as a possible limit). Additionally, because r is Herglotz, so is

log(r); thus, it likewise admits a log-Herglotz representation (cf. e.g. [53, Theorem

B.11])

r(z, J) = |r(i, J)| exp

(∫
R

(
1

x− z
− x

1 + x2

)
ξ(x)dx

)
, (1.11)

where

ξ(x) :=
1

π
Im (log (r(x+ i0, J))) .

Let us examine this ξ-function more closely.

Since J is a bounded self-adjoint operator, σ(J) is compact, and can be written

as a closed interval with a countable union of maximal open “gaps” removed:

σ(J) = [E+
0 , E

−
0 ] \

⋃
j∈I

(E−j , E
+
j ). (1.12)

For x ∈ R \ σ(J), r is analytic at x, and thus real-valued. Furthermore, it is not

difficult (either from the definition or from (1.7)) to see that, in each connected

component (E−j , E
+
j ) of R \ σ(J), r is increasing. Consequently, r has at most one

zero xj in each such component. To ensure the formal existence of xj in each gap, we

formally define

xj := sup
(
{x ∈ (E−j , E

+
j ) : r(x, J) < 0} ∪ {E−j }

)
(1.13)

the Dirichlet eigenvalues of J . Finally, note that r is positive on the left infinite gap

(−∞, E+
0 ) and negative on the right infinite gap (E−0 ,∞)

By the above discussion, we have a complete understanding of ξ on the spectral

complement R\σ(J), but in general ξ can be quite complicated on σ(J). However, in
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the special case where ξ is piecewise constant, (1.11) yields a product representation

for r. Thus, we introduce:

Definition 1.3. For a positive measure set B ⊂ R, we say J is reflectionless on B if

a2
0r−(x− i0, J) =

1

r+(x+ i0, J)
(1.14)

for a.e. x ∈ B. We say J is reflectionless if its spectrum has positive Lebesgue

measure |σ(J)| > 0 and J is reflectionless on σ(J).

Since Herglotz functions can be recovered from their boundary data, under the

reflectionless condition (1.14), complete information about the right or left half-line

determines (up to the constant factor a2
0) all information about the other half-line.

In this sense, the reflectionless assumption reduces the whole-line inverse scattering

problem to a half-line one.

Under the assumption J is reflectionless, it follows from (1.14) that

Re(r(x+ i0, J)) = 0

for a.e. x ∈ σ(J). Consequently, the Dirichlet eigenvalues and σ(J) completely

determine ξ:

ξ(x) =



1/2 x ∈ σ(J)

1 x ∈
⋃
j∈I∪{0}(E

−
j , xj)

0 x ∈
⋃
j∈I∪{0}(xj, E

+
j )

with the formal convention that x0 = ∞. From there, one can check that (1.11)



10

simplifies to

r(z, J) =
−1√

(E+
0 − z)(E−0 − z)

∏
j∈I

z − xj√
(E−j − z)(E+

j − z)
(1.15)

for z ∈ C \ σ(J), with the branching of the square root mapping C \ (−∞, 0] into the

right half-plane.

Combining (1.10) and (1.15), we see that at xj ∈ (E−j , E
+
j ), r has a simple zero,

and thus xj must either be a zero of r− or a pole of r+. Label by σj ∈ {±1} whether

xj is a pole of r+ or a zero of r−, respectively; for the remaining gaps for which

xj ∈ {E±j }, take σj = 0 as a matter of convention. The set of pairs {(xj, σj)}j∈I is

called the Dirichlet data for J , and together with Σ := σ(J) form the spectral data

for J . For a fixed spectral set Σ written as in (1.12), we denote the set of admissible

spectral data for Σ by D(Σ); that is,

D(Σ) :=
{
{(xj, σj)}j∈I : xj ∈ [E−j , E

+
j ], σj ∈ {±1}

}
/{(E±j ,−1) = (E±j ,+1)}.

Due to the identification of the left and right endpoints of the gaps, D(Σ) is topolog-

ically a torus of dimension the cardinality of I.

Fix a compact set Σ ⊂ R of positive Lebesgue measure. We would like to under-

stand

J (Σ) := { J ∈ J : σ(J) ⊂ Σ, J reflectionless on Σ} .

Viewed as a subspace of J , J (Σ) is a compact, path-connected metric space [46].

By the above construction, we have seen above that to any J ∈ J (Σ) we can

associate an element D ∈ D(Σ). Under some restrictions on the geometry of the
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compact Σ, we will later see that there is a continuous inverse map making D(Σ)

homeomorphic to J (Σ).

1.2 Isospectral dynamics

One method of exploring J (Σ) is by studying its automorphisms. While there are

many automorphisms of J (Σ), we turn our attention to a few special cases.

1.2.1 Shift and reflection dynamics

Consider the shift operator S : CZ → CZ, which acts on vectors ψ by (Sψ)(n) =

ψ(n+ 1). Restricted to `2(Z), this operator is unitary, with adjoint S∗ = S−1. Thus,

conjugation of a bounded linear operator by S preserves the spectrum; in particular,

if J is a Jacobi operator, then

σ(J) = σ(SJS−1).

As shorthand, we define SJ := SJS−1. On the level of the parametrizing sequences

a and b, conjugation of J by S corresponds to shifting a and b, that is,

SJ(a, b) = J(Sa, Sb).

In other words, S simply changes one’s perspective of the origin. It is not too difficult

to check from the definitions that, for any n ∈ Z, one has

r(n; z, J) = r(z,SnJ).

More interesting is the fact that S preserves the reflectionless property:
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Proposition 1.4. If J is reflectionless, then so is SJ , and conversely.

Proof. Suppose (1.14) holds for some x ∈ σ(J). It suffices to show that

a2
1r−(x− i0,SJ) =

1

r+(x+ i0,SJ)
, (1.16)

where we have replaced the a0 in (1.14) by a1 because a1(J) = a0(SJ). But this

follows readily from (1.8) and (1.9). Specifically,

r−(x− i0,SJ)−1 = b0 − x+ a2
0r−(x− i0, J)

= b0 − x+ r+(x+ i0, J)−1

= a2
1r+(x+ i0,SJ),

where the first equality is (1.9), the second is (1.14), and the third is (1.8). Since

this holds equally well for any x such that (1.14) holds, (1.16) holds for almost every

x ∈ σ(J).

A profoundly important realization of the last decade, proved by Remling [45,

Theorem 4], is that the set of isospectral reflectionless Jacobi operators J (Σ) acts

as an attractor for the dynamics of S on the broader set of Jacobi operators J with

essential absolutely continuous spectrum Σ; the precise statement is Theorem 1.11

below.

Similarly, consider the reflection operator R : CZ → CZ acting on vectors ψ by

(Rψ)(n) = ψ(−n−1). Notice that R2 is the identity operator, and restricted to `2(Z),

R is unitary and self-adjoint, i.e. an involution. Thus, conjugation of a bounded linear

operator by R preserves the spectrum; in particular, for a Jacobi operator J ,

σ(J) = σ(RJR−1).
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Following the notation from before, we define RJ := RJR−1. On the level of the

parametrizing sequences a and b, R acts by

RJ(a, b) = J(RSa,Rb).

In other words, R switches the half-lines on which J+ and J− act in (1.6). Comparing

(1.8) and (1.9) we see that, with this notation,

r−(z, J) = r+(z,RJ). (1.17)

Applying (1.17) to (1.10), it is simple to conclude that

r+(z, J)r(z,RJ) = r−(z, J)r(z, J).

Once more, we see that R not only preserves the spectrum, but also preserves the

reflectionless property:

Proposition 1.5. If J is reflectionless, then so is RJ , and conversely.

Proof. Suppose (1.14) holds for some x ∈ σ(J). It suffices to show that

a2
0r−(x− i0,RJ) =

1

r+(x+ i0,RJ)
. (1.18)

But this follows again from (1.17). Specifically,

a2
0r−(x− i0,RJ) = a2

0r+(x− i0, J)

= r−(x+ i0, J)−1

= r+(x+ i0,RJ)−1,

where the first equality is (1.17), the second is (1.14), and the third follows from

(1.17) using that R−1 = R.
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1.2.2 Toda dynamics

Consider a bounded linear operator A on `2(Z). Denote by A+ the “upper triangular

part” of A with respect to the basis of vectors δn, and by A− the “lower triangular

part”; e.g.,

〈δm, A+δn〉 =


〈δm, Aδn〉 n > m

0 n ≤ m,

and similarly for A−. Fix a nonconstant polynomial P . The Toda flow (for P ) is the

integral curve J(t) of Jacobi operators satisfying the Lax pair

∂tJ = [P (J)+ − P (J)−, J ]. (1.19)

Because P (J)+−P (J)− is a bounded operator, there exists a unique solution to (1.19)

for any bounded Jacobi initial condition J0 [53, Theorem 12.6]. When there exists a

monic polynomial P so that

[P (J)+ − P (J)−, J ] = 0. (1.20)

we say J is stationary for P .

Denote by TP (t) the time t action of the Toda flow for P ; that is, the Jacobi matrix

J(t) = TP (t)J0 should solve the Lax pair (1.19) with TP (0)J0 = J0. An important

fact about the Toda flow is that it is given by a unitary equivalence:

Proposition 1.6 (Theorem 12.5, [53]). Fix a polynomial P . Then TP (t)J0 is unitarily

equivalent to J0 for all t ∈ R.

Thus, we see that the flow TP preserves spectral properties. In fact, this flow also

preserves the reflectionless condition:
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Proposition 1.7 (Corollary 1.3, [40]). If J is reflectionless, then so is TP (t)J .

This is not as elementary to see as Propositions 1.4 and 1.5 without introducing

further machinery unnecessary to the remainder of the thesis; thus, we defer to [40]

for the proof. However, as a consequence, we see that, for a fixed polynomial P , the

R-action TP (t) descends as a continuous-time dynamical system to J (Σ).

For particular choices of polynomial P , the Toda flow induces a system of differ-

ential equations on the parametrizing sequences a, b ∈ `∞. The critical facts about

the Toda flow that we employ are summarized in

Proposition 1.8. For any non-constant polynomial P :

1. [40, Corollary 1.3] Suppose J(t) is the unique solution to (1.19) with J(0) =

J0 ∈ J (Σ), where Σ = σ(J0). Then J(t) ∈ J (Σ) for all t ∈ R.

2. [53, Theorem 12.8] The stationary solutions ∂tJ = 0 of (1.19) are finite-gap

reflectionless Jacobi operators.

3. [53, Corollary 12.10] For any J ∈ J (Σ),

min {deg(P ) : J stationary for P} = # {spectral gaps in Σ}+ 1,

with the convention that min{∅} =∞.

We note that property (3) above is not stated verbatim from its cited source; we

offer its proof in Chapter 4 below.
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1.2.3 Ergodic and almost-periodic Jacobi operators

The hull of a Jacobi operator J is the `∞ × `∞-closure of its S-orbit:

hull(J) := clos`∞×`∞ ({SnJ : n ∈ Z}) .

In general, the hull of a Jacobi operator can be very large; in certain special cases,

however, it is quite small. For example, if J is periodic, i.e. if there exists some

integer p > 0 such that SpJ = J , then hull(J) is finite, and conversely. In terms of

the shift dynamics, the next smallest possible “size” for hull(J) is compactness; this

motivates the following

Definition 1.9. A Jacobi operator J is almost-periodic when hull(J) is compact in

`∞ × `∞.

Periodic Jacobi operators are almost-periodic; however, the class of almost-periodic

Jacobi operators is far more broad and significantly more interesting. A prominent ex-

ample of an almost-periodic Jacobi operator is the famous Almost-Mathieu Operator

(AMO), given by

(Hλ,α,ωψ)(n) = ψ(n+ 1) + 2λ cos(2π(nα + ω))ψ(n) + ψ(n− 1), α /∈ Q.

In fact, a Jacobi operator is almost-periodic if and only if its parametrizing sequences

can be generated by sampling a continuous function on a toral rotation; that is, if

there exists continuous functions A,B : TI → R and some ω ∈ TI , α ∈ RI such that

(an, bn) = (A,B)(ω + nα),
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where T = R/Z is the unit interval with its endpoints identified and I denotes some

countable indexing set. This is a special case of the broader class of ergodic Jacobi

operators, which are those whose parametrizing sequences are generated by sampling

a measurable function f : Ω → R2 along the Z-orbit of some ergodic transformation

T on a measure space (Ω, dχ).

The set of pointwise shift limits of J is called the right shift-limit set of J , denoted

ω+(J), defined as

ω+(J) :=
⋂
m≥1

closJ ({SnJ : n ≥ m}) .

In a sense this is the boundary of the hull; however, note the differences in topology

here: the topology on hull(J) is much stronger than the product topology on ω+(J)

induced by the metric (1.5). What’s more, when J is almost-periodic, the hull and

shift-limit sets are topologically the same, and conversely:

Proposition 1.10. J is almost-periodic if and only if (ω+(J), TJ ) = (hull(J), T`∞×`∞)

agree as topological spaces.

Proof. Since the parametrizing sequences for J are bounded, there exists some con-

stant C > 0 such that (a, b) lies in the compact set [0, C]Z × [−C,C]Z. Because this

compact set is invariant under S, closJ ({SnJ : n ≥ m}) is a closed subset of a com-

pact set and is thus compact. Consequently, ω+(J) is an intersection of a decreasing

sequence of compact sets, and is itself compact. If (ω+(J), TJ ) = (hull(J), T`∞×`∞),

then the hull is compact, and we have almost-periodicity.

To prove the converse, first suppose J ′ ∈ hull(J). Then, by definition of the hull,

there exists a sequence nj → ∞ such that SnjJ → J in `∞ × `∞. Hence J ′ is also
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a pointwise limit of shifts of J , i.e. d(SnjJ, J ′) → 0, and J ′ ∈ ω+(J). On the other

hand, suppose J ′ ∈ ω+(J). Then J ′ is a pointwise limit of shifts of J , i.e. there is a

sequence of integers nj →∞ such that d(SnjJ, J ′)→ 0. By compactness of the hull,

every subsequence of {SnjJ}j≥1 has a `∞× `∞ convergent sub-subsequence; and their

limits must be J ′. Thus, J ′ ∈ hull(J), and (hull(J), T`∞×`∞) = (ω(V ), TJ ).

A remarkable result of Remling relates absolute continuity of the spectrum to

the right shift-limit sets; specifically, if Σac(J) denotes an essential support for the

absolutely continuous parts of the spectral measures dµ+ for J+, then:

Theorem 1.11 (Remling, [45]). For any J ′ ∈ ω+(J), J ′ is reflectionless on Σac(J).

As an immediate corollary of this theorem and Proposition 1.10, we see

Corollary 1.12 (Kotani, [36, 37]). If J is almost-periodic and |σ(J) \ Σac(J)| = 0,

then J is reflectionless.

We will later describe Σac(J) explicitly as the vanishing set of the Lyapunov

exponent for J . This provides myriad examples of reflectionless Jacobi operators

with which to work; for example, periodic Jacobi operators are reflectionless, as is

the subcritical (λ < 1) AMO.

1.2.4 The hull as a compact abelian group

Suppose J is almost-periodic. Because hull(J) is defined as the smallest closed set

containing J which is invariant under the shift S, it inherits the structure of a compact

abelian group (CAG) with identity element J . The action of S on this compact group
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is minimal and thus uniquely ergodic, and so there is a unique translation-invariant

Haar measure dJ giving hull(J) unit mass. This gives us the ability to study average

properties of elements of the hull. We detail a few important such quantities.

The density of states dνJ for an ergodic Jacobi operator J with base dynamics

(Ω, dχ, T ) is a positive Borel measure on Σ with the defining property that, for any

continuous function g : Σ→ R, one has

∫
Σ

g(x)dνJ(x) :=

∫
Ω

〈δ0, g(J(ω))δ0〉dχ(ω). (1.21)

It is, in this sense, the average of the spectral measures dµJ
′

δ0
over all J ′(ω). When J is

almost-periodic, we have minimality of the shift on the hull and translation-invariance

of Haar measure, dνJ = dνJ ′ for any J ′ ∈ hull(J), and in this case we drop J from

the notation when there is no need to distinguish between separate hulls.

Denote the dual operation by ∗; that is, for a group G, define the dual group as

G∗ := Hom(G,T).

Viewed as a CAG, the hull has an associated dual object which we now define. There

is a natural homomorphism Ψ : Z → hull(J) given by Ψ(n) := SnJ , which in turn

induces a dual homomorphism Ψ∗ : hull(J)∗ → T. Letting π : R → T denote the

typical covering map, the frequency module of J is defined as

M(J) := π−1 (Ψ∗(hull(J)∗)) .

One can often deduce certain properties of Jacobi operators by studying its frequency

module; in particular, the frequency module captures the frequencies which appear
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in Fourier approximations to the sampling function generating J under sufficient

regularity thereof.

There are a few special cases regarding the CAG hull(J) which we would like to

name. We say that J is quasi-periodic when hull(J) is finitely generated, and we say

that J is limit-periodic when hull(J) is totally disconnected. With some work, one

can convince oneself that J is quasi-periodic if and only if the sequences (a, b) are

generated by sampling a continuous function along the orbit of a toral rotation on a

finite-dimensional torus. Furthermore, J is limit-periodic if and only if the sequences

(a, b) are uniform limits of a family of periodic sequences; that is, if there exist a

sequence of periodic Jacobi operators Jn such that

lim
n→∞

‖J − Jn‖op = 0,

where ‖ · ‖op denotes the operator norm for operators on `2(Z). Since the only totally

disconnected, finitely generated CAGs are finite, it follows that J is quasi-periodic

and limit-periodic if and only if J is periodic.

Define the integrated density of states (IDS) as

N(x) := ν((−∞, x]).

Because dν is supported on the spectrum, N is piecewise constant on the complement

in R. The frequency module is fundamentally related to the IDS by way of the

Gap-Labelling Theorem, due to Johnson and Moser:

Theorem 1.13 (Gap-labelling theorem, [32]). Let J be an almost-periodic Jacobi

operator with spectrum Σ. Then for every x ∈ R \ Σ, N(x) ∈M(J).



21

1.2.5 The Jacobi cocycle and Lyapunov exponent

Consider the time-independent Schrödinger equation

Jψ = zψ, z ∈ C. (1.22)

Solutions to (1.22) correspond to “standing wave” solutions to (1.1). When the

spectrum of J is purely absolutely continuous, however, there are no `2 solutions to

(1.22). That being said, one can always construct formal solutions to (1.22) given two

consecutive entries ψ(n − 1), ψ(n) by viewing (1.22) as a linear recurrence relation

via (1.4). Specifically, define the Jacobi cocycle by

AJ(z) :=
1

a1

z − b0 −1

a2
1 0

 , (1.23)

and its iterates by

An
J(z) :=



ASnJ(z)ASn−1J(z) · · ·ASJ(z)AJ(z), n > 0

I n = 0

(AS−1J(z) · · ·ASn+1J(z)ASnJ(z))−1 n < 0

. (1.24)

Then it is not hard to check that ψ ∈ CZ solves (1.22) if and only if, for every n ∈ Z,

one has  ψ(n)

anψ(n− 1)

 = An
J(z)

 ψ(0)

a0ψ(−1)

 . (1.25)

In this sense, we can identify the solution space ker(J − zI) ⊂ CZ as a 2-dimensional

complex vector space, whereupon multiplication by AJ(z) effects the action of S.
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Interest in solutions to (1.22) is motivated by interest in qualitative spectral prop-

erties. Often the growth rates in n of such solutions can reveal information about

the spectral properties of J ; for example, there exists a solution ψ ∈ `2 to (1.22) if

and only if J has point spectrum at z. By (1.25), one might attempt to understand

this growth by studying how the norm of the matrix An
J(z) grows in n. With this in

mind, we define the Lyapunov exponent of J at z as

L(z, J) := lim
n→∞

log ‖An
J(z)‖
n

For ergodic Jacobi operators, we define similarly the (averaged) Lyapunov exponent

at z as

L(z) :=

∫
Ω

L(z, J(ω))dχ(ω).

This limit exists for every z ∈ C by Kingman’s subadditive ergodic theorem, and is a

subharmonic function on C by a theorem of Craig and Simon [14]. Remarkably, the

Lyapunov exponent can be realized in terms of the density of states by way of the

famous Thouless formula:

Theorem 1.14 (Thouless formula). Let J be an ergodic Jacobi operator with spectrum

Σ. Then

L(z) =

∫
Σ

log |x− z|dν(x)− logA, (1.26)

where A is given by

A := lim
n→∞

(a1a2 · · · an)1/n .
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We see from (1.26) that L(z) is harmonic on C \ Σ. Thus, it can be realized as

the real part of an analytic function on C \ Σ. Denote by v(z) the imaginary part

of this function, and let 2πθ(z) = v(z). We call θ(z) the rotation number of J at z,

for reasons we will later see. It turns out that, for x ∈ R \ Σ, the rotation number is

related to the IDS by

θ(x) =
1

2
(1− N(x)). (1.27)

Thus, the rotation number θ has boundary values for x ∈ Σ given by (1.27).

While all of these are dynamical quantities, we will see that for Jacobi operators

with sufficiently regular spectrum, they can be determined geometrically.

1.3 The Sodin-Yuditskii functional model

Previously we saw that the reflectionless Jacobi operators are characterized by a

compatibility condition (1.14) on their half-line Green’s functions. Motivated by this,

we investigate analytic functions on multiply-connected domains.

1.3.1 Domains of Widom Type

Let Σ ⊂ R be a compact subset of positive Lebesgue measure written as a closed

interval with a countable union of maximal open gaps removed:

Σ = [E+
0 , E

−
0 ] \

⋃
j∈I

(E−j , E
+
j ) (1.28)

and let Ĉ \ Σ denote the complement of Σ in the Riemann sphere. By the Koebe

Uniformization Theorem, the domain Ĉ \ Σ is uniformized by the disk D; that is,
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there exists a locally injective analytic surjection z : D→ Ĉ \ Σ and a Fuchsian deck

group Γ of Möbius transformations acting freely on a fundamental set F such that

Ĉ \ Σ ∼= D/Γ. Because Σ has positive Lebesgue measure, it has positive logarithmic

capacity cap(Σ) (cf. (4.10) below), and the Myrberg theorem (e.g. [55, Theorem 16])

implies that Γ is a Fuchsian group of convergence type; that is,

∑
γ∈Γ

(1− |γ(0)|) <∞. (1.29)

For ζ0 ∈ D, define the Blaschke product

bζ0(ζ) :=
∏
γ∈Γ

γ(ζ0)

|γ(ζ0)|
γ(ζ0)− ζ
1− ζγ(ζ0)

with zeroes at each γ(ζ0) ∈ D, notating the special case ζ0 = 0 by b(ζ) := b0(ζ). That

these products converge follows precisely from the convergence condition (1.29). The

Blaschke products bζ0 are bounded analytic with unimodular boundary values:

|bζ0(ξ)| = 1, ξ ∈ ∂D.

Furthermore, one has the following characterization of the logarithmic derivative of

b:

b′

b
(ζ) =

∑
γ∈Γ

γ′(ζ)

γ(ζ)
.

Denote by dm the normalized arc-length measure on the unit circle ∂D, and

consider the Hardy space Hp = Hp(D), p > 0 of analytic functions on the disk

satisfying a certain integrability condition

Hp :=

{
f : D→ C analytic : sup

0<r<1

∫
∂D
|f(rξ)|pdm <∞

}
,



25

and the space N of functions of bounded characteristic

N :=

{
f : D→ C analytic : sup

0<r<1

∫
∂D

log+ |f(rξ)|dm <∞
}
.

Here, log+ |c| = max{log |c|, 0}. For 0 < q < p, one has the inclusions Hp ⊂ Hq ⊂ N .

Furthermore, if f ∈ Hp, then Fatou’s theorem says f has Lp almost-everywhere

existent radial limits; that is, f(ξ) := limr→1 f(rξ) exists for almost every ξ ∈ ∂D,

and

sup
0<r<1

∫
∂D
|f(rξ)|pdm =

∫
∂D
|f(ξ)|pdm.

Thus, Hp embeds isometrically into Lp(∂D) by identifying a function with its radial

limit.

Fix a character α ∈ Γ∗ = Hom(Γ,T), and consider now the α-automorphic sub-

spaces of Hp and Lp given by

Lp(Γ, α) :=
{
f ∈ Lp(T) : f(γ · ζ) = e2πiα(γ)f(ζ) for all γ ∈ Γ

}
,

Hp(Γ, α) := Lp(Γ, α) ∩Hp

Character automorphisms on the disk correspond to multi-valued analytic functions

in the domain D/Γ. The functions bζ0(ζ) are each character-automorphic; we denote

their characters µζ0 , again shortening µ := µ0.

When Σ is regular for the Dirichlet problem, it has a family of (potential theoretic)

Green’s functions gĈ\Σ(z, z0), uniquely characterized as the smallest positive harmonic

function on Ĉ \ Σ \ {z0} with logarithmic pole at z0. From the definition of bζ0 , one

can check that we have

gĈ\Σ(z(ζ), z(ζ0)) = − log |bζ0(ζ)|. (1.30)
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Following our notation as before, we denote g(z) := gĈ\Σ(z,∞) as shorthand. Green’s

function g(z) has exactly one critical point cj within each gap (E−j , E
+
j ) of Σ.

Definition 1.15. We say that Σ is Regular Parreau-Widom (or Σ ∈ [RPW ]) if Σ is

regular for the Dirichlet problem and satisfies the Parreau-Widom condition

PW(Σ) :=
∑

cj :∇g(cj)=0

g(cj) <∞. (1.31)

Denote by ζcj the preimage of cj in the fundamental domain F under the covering

map z. When Σ ∈ [RPW ], we may furthermore define the analytic function

∆(ζ) :=
∏
j∈I

bζcj (ζ)

normalized by the condition ∆(0) > 0. This function is again a character automor-

phism, with character υ. Notice that

∆(0) = exp

(∑
j∈I

log |bζcj (0)|

)

= e−PW(Σ),

so the condition Σ ∈ [RPW ] is honestly in use here.

The following results of Pommerenke are fundamental in allowing us to proceed:

Theorem 1.16 ([41]). If Σ ∈ [RPW ], then b′(ζ) ∈ N , and b′ = ∆(ζ)ψ(ζ), where ψ

is an outer function with

|ψ(ξ)| =
∑
γ∈Γ

|γ′(ξ)|, a.e. ξ ∈ ∂D.

Furthermore, for each α ∈ Γ∗, there exists a bounded linear operator Pα : ∆H∞ →

H∞(Γ, α) given by

Pαf :=
b

b′

∑
γ∈Γ

e−2πiα(γ)(f ◦ γ)
γ′

γ
(1.32)
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such that

(Pα∆f)(0) = ∆(0)f(0), f ∈ H∞. (1.33)

Finally, there exists a positive-measure fundamental set E ⊂ ∂F ∩ ∂D satisfying

1.
∣∣∣∂D \⋃γ∈Γ γ(E)

∣∣∣ = 0,

2. Γ acts dissipatively on
⋃
γ∈Γ γ(E),

3. limr↑1 b(rξ), limr↑1 b
′(rξ) exist for all ξ ∈ E.

In particular, it follows from a result of Widom [60] that H∞(Γ, α) (and thus Hp(Γ, α),

p ≥ 1) is nontrivial when Σ ∈ [RPW ].

1.3.2 The Direct Cauchy Theorem and the functional model

Fix a character α ∈ Γ∗ and consider now the space H2(Γ, α). It inherits the Hilbert

space structure of L2; that is, for f, g ∈ H2(Γ, α), we define the inner product

〈f, g〉 :=

∫
∂D
f(ξ)g(ξ)dm.

For any point ζ0 ∈ D, the point evaluation functional at ζ0 is continuous on H2(Γ, α).

Thus, by the Riesz representation theorem, there exists a family of functions kαζ0 ∈

H2(Γ, α) with which the inner product is the point evaluation functional:

〈f, kαζ0〉 = f(ζ0), f ∈ H2(Γ, α).

We write kα := kα0 .

We now further restrict our class of admissible compacts Σ.
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Definition 1.17. We say that the compact Σ satisfies the Direct Cauchy Theorem

(DCT), or Σ ∈ [DCT ], if for all f ∈ H1(Γ, υ),

∫
∂D

f

∆
dm = 〈f,∆〉 =

f

∆
(0). (1.34)

The condition (1.34) has many equivalent formulations and consequences [30]; for

us, the most important of these will be

Lemma 1.18. Suppose Σ ∈ [RPW ]. Then the map k : Γ∗ × D → C given by

k(α, ζ) := kα(ζ) is continuous if and only if Σ ∈ [RPW ] ∩ [DCT ].

Proof. By [52, Footnote 12], the map k : Γ∗ → H2 given by k(α) := kα is uniformly

continuous. Then one has that

|k(β, ζ)− k(α, ζ0)| ≤ |kβ(ζ)− kβ(ζ0)|+ |kβ(ζ0)− kα(ζ0)|

can be made sufficiently small for (β, ζ) in a small neighborhood of (α, ζ0).

Consider the normalized reproducing kernel

eα :=
kα

‖kα‖
∈ H2(Γ, α)

From this function, we define a family of functions belonging to L2(α) by

eαn := bneα−nµ, n ∈ Z. (1.35)

The family {eαn}n∈Z forms an orthonormal basis for L2(Γ, α). With respect to this ba-

sis, multiplication by the uniformization map z adopts the tridiagonal Jacobi operator

structure:
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Theorem 1.19 ([52]). Let Σ ∈ [RPW ]∩[DCT ]. Then multiplication by z on L2(Γ, α)

is a Jacobi operator J(α) with respect to the basis {eαn}n∈Z; namely,

zeαn = an(α)eαn−1 + bn(α)eαn + an+1(α)eαn+1 (1.36)

for bounded real sequences a, b depending continuously on α. Specifically, an(α) =

A(α− nµ), bn(α) = B(α− nµ), where, A and B are defined by

A(α) = cap(Σ)
eα0 (0)

eα+µ
0 (0)

(1.37)

B(α) =
cap(Σ)

b′(0)

(
∂ζ log

(
eα0
eα+µ

0

)
|ζ=0

)
+

(zb)′(0)

b′(0)
(1.38)

We likewise define the dual Hardy space H̃2(Γ, α) := H2(Γ, ν − µ− α) related to

the orthogonal complement of H2(Γ, α) ⊂ L2(Γ, α) by

bH̃2(Γ, α) = ∆L2(Γ, α)	H2(Γ, α).

H̃2(Γ, α) has a dual basis

ẽαn := eυ−µ−αn , n ≥ 0. (1.39)

which has radial limits almost everywhere on ∂D agreeing with

ẽαn(ξ) =
∆

b
eα−(n+1)(ξ), ξ ∈ ∂D, (1.40)

(cf. Proposition 3.8 below). We note explicitly the following relation for future

reference:

Lemma 1.20. For all ζ ∈ D,

bnẽα−(n+1)(ζ) = ẽα−nµ−1 (ζ)
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Proof. This follows immediately from the definition (1.39).

In this dual basis, multiplication by z is represented by the reflected Jacobi matrix

J̃(α) = RJ(α), with R denoting conjugation by the reflection operator as above:

Proposition 1.21. As functions in L̃2(Γ, α) := L2(Γ, υ − µ− α), we have

zẽαn = a−n(α)ẽαn−1 + b−n−1(α)ẽαn + a−n−1(α)ẽαn+1; (1.41)

that is, J̃(α) = RJ(α).

Proof. This follows immediately from the definition (1.39) of ẽαn and Theorem 1.19

with the observation that z is real-valued on ∂D and the identity (1.40).

Consequently, one can check

Theorem 1.22. Suppose Σ ∈ [RPW ] ∩ [DCT ], and let α ∈ Γ∗. The Jacobi matrix

J(α) given by (1.36) is reflectionless, and its half-line Green’s functions r± satisfy

r+(z(ζ)) = − eα0 (ζ)

a0(α)eα−1(ζ)
(1.42)

r−(z(ζ)) = − ẽα0 (ζ)

a0(α)ẽα−1(ζ)
. (1.43)

Conversely, every J ∈ J (Σ) arises as J = J(β) for some β ∈ Γ∗.

One may ask how often Σ ∈ [RPW ] ∩ [DCT ]. While the conditions are difficult

to check directly, there is a reasonable geometric condition on Σ guaranteeing that

[DCT ] is satisfied. We say that Σ is homogeneous if there exists a positive constant

τ > 0 such that

|Σ ∩Br(x)| ≥ τr, for all 0 < r < 1 and all x ∈ Σ.
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Proposition 1.23 ([52], Theorem H). If Σ is homogeneous, then Σ ∈ [RPW ] ∩

[DCT ].

It is worth noting that homogeneity of Σ is strictly stronger than the assumption

Σ ∈ [RPW ] ∩ [DCT ] [61, Proposition 1.4]; however, homogeneity is simpler to check

directly.

Perhaps the most remarkable aspect of this theory – and what enables a vast

majority of our analysis – is that the correspondence between reflectionless Jacobi

operators J (Σ) and characters Γ∗ simultaneously linearizes the shift and Toda dy-

namics above:

Theorem 1.24. Suppose Σ ∈ [RPW ] ∩ [DCT ] is written as in (1.28) and P is a

nonconstant polynomial. Then

1. [52, Theorem C] SJ(α) = J(α − µ) for all α ∈ Γ∗, where µ is the character of

the complex Green’s function b0. Specifically,

µj = ωΣ((−∞, E−j ],∞), j ∈ I. (1.44)

2. RJ(α) = J(υ − µ − α) for all α ∈ Γ∗, where υ is the character of the Widom

function ∆.

3. [57, Theorem 1.3] There exists ξP ∈ Γ∗ such that TP (t)J(α) = J(α − tξP ) for

all α ∈ Γ∗ and all t ∈ R.

With all of these results established, we proceed with the content of the thesis.



Chapter 2

Spectral dynamics via inverse

methods

In this chapter, we interpret fundamental objects from the direct spectral analysis

of almost-periodic Jacobi operators in terms of the Sodin-Yuditskii functional model,

and conversely.

2.1 Results in this chapter

The results in this chapter are largely a collection of known results; we simply wish

to collect their statements and proofs in one place for simplicity and later use. The

first theorem identifies the Lyapunov exponent and density of states measure in the

absolutely continuous and ergodic regime as the Green’s function and equilibrium

measures of the resolvent domain; this fact can be found in, e.g., [50, Theorem 1.15].

When the boundary of this domain is regular, we have an explicit expression for the

32
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Parreau-Widom constant:

Theorem 2.1. For any J which is ergodic and absolutely continuous, the Lyapunov

exponent agrees with the potential theoretic Green’s function on the resolvent set:

L(z) = gĈ\Σ(z,∞)

and the density of states measure agrees with the equilibrium measure:

dν = ωΣ(dx,∞)

=
−1

π
√

(x− E+
0 )(x− E−0 )

∏
j∈I

x− cj√
(x− E+

j )(x− E−j )
dx.

Consequently, the derivative of the Lyapunov exponent has the following product rep-

resentation in R \ Σ:

L′(x) =
−1√

(x− E+
0 )(x− E−0 )

∏
j∈I

x− cj√
(x− E+

j )(x− E−j )
.

Suppose in addition the spectrum Σ = σ(J) is regular in the sense of potential theory.

Then:

1. The Lyapunov exponent vanishes L(x) = 0 for every x ∈ Σ.

2. The Parreau-Widom constant is given explicitly by

PW(Σ) = −
∫

Σ

log

(
−
√

(x− E+
0 )(x− E−0 )L′(x)

)
dν(x). (2.1)

The second result in this chapter studies the special subclasses of almost-periodic

Jacobi operator discussed in the introduction. In particular, the theorem concludes

that, when Σ ∈ [RPW ]∩ [DCT ], the dynamical nature of every J ∈ J (Σ) is uniquely

characterized by Σ:
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Theorem 2.2. Suppose Σ ∈ [RPW ] ∩ [DCT ]. Let Γ be the corresponding Fuchsian

group, µ be the character generated by the harmonic frequencies (1.44), and let Γ0 :=

ker(µ) < Γ. Then we have the following:

1. Every J ∈ J (Σ) is quasi-periodic if and only if Γ/Γ0 is finitely generated.

2. Every J ∈ J (Σ) is limit-periodic if and only if Γ/Γ0 is all torsion.

3. Every J ∈ J (Σ) is periodic if and only if it is both quasi- and limit-periodic.

Furthermore, for a generic infinite-gap Σ ∈ [RPW ]∩ [DCT ], none of the above hold.

Here, the genericity is measure-theoretic and topological in terms of the coordi-

nates of µ ∈ T|I|.

2.2 The Lyapunov exponent and the density of

states

We prove Theorem 2.1 in a handful of propositions:

Proposition 2.3. Let J be an ergodic Jacobi operator with positive-measure spectrum.

If the Lyapunov exponent L vanishes almost-everywhere on the spectrum Σ, then it

agrees with the potential-theoretic Green’s function on the resolvent set:

L(z) = gĈ\Σ(z,∞),

and the density of states agrees with the equilibrium (and harmonic) measure:

dν = ωΣ(dx,∞)
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Proof of Proposition 2.3. The Lyapunov exponent is subharmonic, harmonic on C\Σ

with logarithmic pole at∞ by the Thouless formula (1.26), and 0 almost-everywhere

on the spectrum by assumption. Since these properties uniquely define the Green’s

function, we have L(z) = g(z).

Again by the Thouless formula (1.26), we have for z ∈ C \ Σ

g(z) =

∫
Σ

log |x− z|ωΣ(dx,∞)− log(cap(Σ))

=

∫
Σ

log |x− z|dν(x)− log(A)

= L(z).

Thus, we have agreement of the following two analytic functions in C+ (for a fixed

branching of the logarithm):∫
Σ

log(x− z)ωΣ(dx,∞)− log(cap(Σ)) =

∫
Σ

log(x− z)dν(x)− log(A)

For each z ∈ C \ Σ, notice that the difference quotient

1

w − z
(log(x− z)− log(x− w)) =

1

w − z
log

(
1− z − w

x− w

)
= O((x− w)−1)

is dominated by an integrable function for w sufficiently close to z; thus, by the

dominated convergence theorem, one has that∫
Σ

1

x− z
ωΣ(dx,∞) =

∫
Σ

1

x− z
dν(x)

for z ∈ C\Σ. Applying the Stieltjes inversion formula to these equal Borel transforms,

we conclude that the harmonic measure and density of states measures agree; that is,

ωΣ(dx,∞) = dν,
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as claimed.

Notice that, if Σ is regular for the Dirichlet problem, Green’s function vanishes

everywhere on the boundary of the domain, and thus the radial limits L(x + i0) =

g(x+ i0) = 0 vanish for every x ∈ Σ.

We can also compute the explicit form of the Radon-Nikodym derivative by way

of an unpublished result of Nazarov-Volberg-Yuditskii:

Proposition 2.4 ([39]). Let FΣ denote the Cauchy transform of the harmonic mea-

sure on Σ; that is,

FΣ(z) =

∫
Σ

ωΣ(dx,∞)

x− z
.

Then

lim
ε↓0

Re(FΣ(x+ iε)) = 0 a.e. x ∈ Σ. (2.2)

In particular, if Σ ∈ [RPW ], the harmonic measure ωΣ(dx,∞) has the following

density:

ωΣ(dx,∞) =
−1

π
√

(x− E+
0 )(x− E−0 )

∏
j∈I

x− cj√
(x− E+

j )(x− E−j )
dx. (2.3)

Proof. Denote by ΣN the N -gap approximant to Σ; that is,

ΣN := [E+
0 , E

−
0 ] \

⋃
j≤N

(E−j , E
+
j )

and let ωN(dx) := ωΣN (dx,∞) be the associated harmonic measure and FN the

associated Cauchy transforms. By monotonicity of the domains, ωN converges weak-

∗ to ω, and consequently FN converges uniformly to F on compact subsets of C \ Σ.
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By definition, notice that for each N ,

(x− E+
0 )FN(x) < 0 for x < E+

0 or x > E−0 .

Furthermore, since

Im

(
z − E+

0

x− z

)
> 0 for z ∈ C+, x ∈ ΣN ,

it follows that (z − E+
0 )FN (resp., (z − E+

0 )F ) is an analytic map from C+ to itself;

i.e. a Herglotz function. Thus, we can define in C+ the function

HN(z) := log
(
−(z − E+

0 )FN(z)
)

(and analogously H). Letting fN (resp. f) be the imaginary part of HN , fN has

radial limit from the upper half-plane supported on [E+
0 , E

−
0 ]. Then for z ∈ C+, it

follows that

FN(z) =
−1

z − E+
0

exp

(
1

π

∫
fN(x)dx

x− z

)
,

F (z) =
−1

z − E+
0

exp

(
1

π

∫
f(x)dx

x− z

)
.

The functions fN take values in [−π, 0] and converge weakly to f in L2 by compact-

open convergence of FN to F . By Mazur’s lemma, some convex combinations of the

fN converge to f pointwise almost-everywhere.

For N ∈ Z+, the representation (2.3) for ωN is classical (cf. Proposition 4.6

below); in particular, there exist values cNj ∈ (E−j , E
+
j ), 1 ≤ j ≤ N such that, for

z ∈ C+,

FN(z) =
−1√

(z − E+
0 )(z − E−0 )

∏
j≤N

z − cNj√
(z − E+

j )(z − E−j )
.
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One readily computes from the branching of the square root that fN(x+ i0) is −π/2

for almost every x ∈ ΣN (and, in particular, for almost-every x ∈ Σ). Thus, every

convex combination of fN above is −π/2 almost-everywhere on Σ, and (2.2) follows.

Thus, we have that F has purely imaginary radial limits on Σ; furthermore, by

definition one has F is purely real on R \ Σ – in particular, F (x) > 0 for x < E+
0

and F (x) < 0 for x > E−0 . Note furthermore that F is the derivative of the Green’s

function gĈ\Σ, and thus contains exactly one zero cj in each gap (E−j , E
+
j ). As a

consequence, we find (up to sets of measure zero)

Arg (F (x+ i0)) =



π/2 x ∈ Σ,

π x ∈ (E−j , cj)

0 x ∈ (cj, E
+
j )

with the convention that c0 = ∞ in the infinite gap. The density (2.3) follows from

the fact that, by Stieltjes inversion,

ωΣ(dx,∞)

dx
=

1

π
Im(F (x+ i0))

and the exponential representation of F above. Furthermore, absolute continuity

follows since this limit is finite and non-zero almost-everywhere when Σ ∈ [RPW ].

We finish up the proof of Theorem 2.1 with the following observation:

Proposition 2.5. Suppose Σ is as above and is regular in the sense of potential

theory. Then the Parreau-Widom constant is given explicitly by (2.1).

Proof. By regularity, we have that g(E±j ) = 0 for all j ∈ I. Consequently, we have
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that

g(cj) =

∫ cj

E−j

g′(x)dx

= −
∫ E+

j

cj

g′(x)dx.

Since g′(x) = FΣ(x) for x in the gaps, we have

g(cj) =
1

2

(∫ cj

E−j

∫
Σ

ωΣ(dx,∞)

x− y
dy −

∫ E+
j

cj

∫
Σ

ωΣ(dx,∞)

x− y
dy

)

= −
∫

Σ

log

 x− cj√
(x− E+

j )(x− E−j )

ωΣ(dx,∞),

where the first step is by the Fundamental Theorem of Calculus and the second is by

Fubini’s theorem. The representation (2.1) follows by definition and equality of dν

and ωΣ(dx,∞).

The total content of the above three Propositions is Theorem 2.1, since absolutely

continuous ergodic families of Jacobi operators have almost-everywhere vanishing

Lyapunov exponent by Kotani theory [49].

In passing, we note the following nice corollary, which can be found in Simon [50]:

Corollary 2.6. Let J be an ergodic Jacobi operator with almost-everywhere vanishing

Lyapunov exponent. Then one has

lim
n→∞

(a1 · · · an)1/n = cap(Σ). (2.4)

Proof. We actually have two proofs of this fact. On the one hand, this can be com-

puted directly from (1.37) using the reproducing kernel bounds from Lemma 3.6. On

the other, this can likewise be seen as a corollary of Proposition 2.3 by the Thouless

formula.
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2.3 The hull subgroup of Γ∗

For a fixed character β ∈ Γ∗, we define its shift-hull to be the β-coset of the smallest

closed subgroup generated by µ; that is,

Ω(β) := closΓ∗ ({β + nµ}n∈Z)

= β + Ω(0Γ∗).

The group Ω := Ω(0Γ∗) is a closed subgroup of a compact free abelian group, and

thus is itself compact abelian (though not necessarily free).

2.3.1 Duality and the frequency module

We begin with a basic algebraic result:

Lemma 2.7. Let Γ0 = ker(µ). Then Ω∗ ∼= Γ/Γ0.

Proof. Let Γ0 = ker(µ). This is clearly a closed normal subgroup of Γ. The result

follows by the first isomorphism theorem.

Henceforth, fix a system Γ̄ ∼= Γ/Γ0 of representative elements of the quotient.

Consider the generating homomorphism Ψ : Ω∗ → T given by

Ψ(γ̃) = γ̃(µ), γ̃ ∈ Ω∗,

= µ(γ),

where γ is the element of Γ̄ mapping to γ̃ ∈ Ω∗ under the canonical isomorphism

in Pontryagin duality; furthermore, denote by π : R → T the typical covering map.
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Then the frequency moduleM for J(0Γ∗) is defined as the pullback by π of the image

of Ω∗ under Ψ; that is,

M := π−1(Ψ(Ω∗)).

Corollary 2.8 ([52]). The frequency module M is given by

M = {µ(γ) + k}γ∈Γ̄, k∈Z .

By definition of the dual space, we have

µ(δ) = µ(γ) ⇐⇒ δ = γ ∈ Γ/Γ0, (2.5)

where here we may interpret elements of Ω∗ as representative homology classes in

Γ/Γ0 by Pontryagin duality and Lemma 2.7.

As a consequence of Theorem 2.1 we observe the following fact:

Proposition 2.9. For almost every x ∈ Σ and every β ∈ Γ∗, we have

dν

ωΣ(dx)
(x) =

∫
Ω

∏
j∈I

x− xj(α + β)

x− cj
dχ(α) (2.6)

= 1. (2.7)

Proof. Suppose f ∈ C(Σ,R) is a continuous real-valued function on the compact Σ.

Then, for any J = J(β) ∈ J (Σ), one has

〈δ0, f(J)δ0〉`2 = 〈eβ0 , f(z)eβ0 〉L2 .
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In particular, if J = J(β) ∈ J (Σ), then∫
Σ

f(x)dνJ(x) =

∫
Ω

〈eα+β
0 , f(z)eα+β

0 〉dχ(α)

=

∫
Ω

∫
∂D
f(z(ξ))|eα+β

0 (ξ)|2dm dχ(α)

=

∫
∂D
f(z(ξ))

∫
Ω

|eα+β
0 (ξ)|2dχ(α) dm

=

∫
Σ

f(x)

(∫
Ω

|eα+β
0 (ξx)|2dχ(α)

)
ωΣ(dx,∞)

=

∫
Σ

f(x)
dν

ωΣ(dx)
ωΣ(dx,∞).

The first and second equalities follow from the definition of the density of states and

the functional model; the interchange of integrals is admissible by the Fubini-Tonelli

theorem, and the last equality is by mutual absolute-continuity of the density of states

and harmonic measure. The proposition follows from Theorem 2.1 and (3.8) (which

we will show independently of this proposition below).

2.3.2 Special subclasses of almost-periodic Jacobi operators

Because Ω is a closed subgroup of a torus, it has a decomposition into free and torsion

parts:

Ω ∼= T|IF | ×
∏
j∈IT

Z/pjZ. (2.8)

By requiring pj+1/pj ∈ Z, the decomposition (2.8) is unique. We wish to emphasize

that it is not necessarily the case that |IF | + |IT | agrees with the cardinality of the

gap set |I|; in fact, the subcritical Almost Mathieu Operator is an example of a

reflectionless Jacobi operator with homogeneous spectrum ([15]) where |IF | = 1,

|IT | = 0, and |I| =∞ .
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Recall that, in the introduction, we defined three special classes of almost-periodic

Jacobi operator: quasi-periodic, limit-periodic, and periodic. These special subclasses

can, in the reflectionless setting, be reinterpreted in terms of the cardinalities of the

generating sets of the free and torsion parts of Ω.

Lemma 2.10. For every J ∈ J (Σ):

1. J is quasi-periodic if and only if |IF |+ |IT | <∞.

2. J is limit-periodic if and only if |IF | = 0.

3. J is periodic if and only if J is quasi-periodic and limit-periodic.

In particular, the dynamical nature of J is uniquely determined by Σ.

Proof. This is a restatement of the definitions based on Corollary 2.8.

As a consequence of Lemma 2.10, we will henceforth refer to compacts Σ ∈

[RPW ]∩[DCT ] as being quasi-periodic (respectively, limit-periodic, periodic) if there

exists a quasi-periodic (resp., limit-periodic, periodic) Jacobi operator J ∈ J (Σ).

This result has a neat corollary completely characterizing limit-periodic compacts.

Corollary 2.11. Σ is limit-periodic if and only if ωΣ((−∞, E−j ],∞) ∈ Q for all

j ∈ I.

Proof. By Theorem 1.19, µj = ωΣ((−∞, E−j ],∞); if µj ∈ Q, then there exists pj such

that pjµj = 0 mod 1. In this case, it is easy to see that

closΓ∗
(
{nµ}n∈Z

) ∼= ∏
j∈I

Z/pjZ
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has no free subgroup. On the other hand, if there exists j ∈ I such that µj /∈ Q,

closT
(
{nµj}n∈Z

) ∼= T includes as a subgroup of Ω, and J cannot be limit-periodic by

Lemma 2.10.

2.3.3 Generating compact sets

In light of some recent results [12, 58], we would also like to propose the following

special class of compact set Σ:

Definition 2.12. We say a compact Σ ∈ [RPW ] ∩ [DCT ] (and similarly a Jacobi

operator J ∈ J (Σ)) is generating when Ω = Γ∗.

In the language of [12], Σ is generating if and only if Γ∗ has a canonical generator.

By Theorem 1.19, generating compacts are generic (both measure-theoretically and

in the sense of the Baire category theorem) among all compacts in [RPW ] ∩ [DCT ]

topologized and measured by their vectors of harmonic frequencies of bands; we will

later demonstrate a more direct sense of genericity in the finite-gap setting.

Proposition 2.13. The following are equivalent:

1. Σ is generating.

2. ker(µ) = [Γ,Γ] is the commutator subgroup of Γ.

3. {µj}j∈I are rationally independent.

Proof. Suppose first that Ω = Γ∗. Because Γ is free on |I| generators, Ω∗ = Γ∗∗ ∼=

Γ/[Γ,Γ] by a straightforward calculation. By Lemma 2.7 and Pontryagin duality,

ker(µ) = [Γ,Γ] is the commutator subgroup.
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Suppose now that there exist integers p1, · · · , pk such that
∑k

j=1 pjµj = 0 mod 1.

Then because µ ∈ Γ∗ is a homomorphism mapping into an abelian group, γ =∏k
j=1 γ

pj
j ∈ ker(µ) = [Γ,Γ]. Because Γ is free, the only element of this form in the

commutator is the identity, so pj = 0 for all j, i.e. {µj}j∈I is rationally independent.

Finally, if {µj}j∈I is rationally independent, then the orbit {nµ}n∈Z of µ is dense

in Γ∗, i.e. Ω = Γ∗.

As an immediate corollary, one has that

Corollary 2.14. Suppose Σ is generating and has at least two connected components.

Then:

1. Σ is not limit-periodic.

2. If Σ is infinite-gap, then Σ is not quasi-periodic.

Generating compacts are important because they allow access to any point of

Γ∗ by iterations of the shift. We will later take advantage of this fact to describe

admissible spectra of discrete Schrödinger operators.

We conclude the proof of Theorem 2.2 by noting the genericity; specifically, it is

generically the case (among shift vectors µ) that {µj}j∈I are rationally independent.

It follows from Proposition 2.13 that Γ/Γ0
∼= Z|I|; if I is infinite, then Γ/Γ0 is not

finitely generated and torsion-free.



Chapter 3

L2 reducibility in the

Sodin-Yuditskii regime

For a regularity class P (e.g., C0, Cω, L2) of functions, we say that the Jacobi cocycle

AJ(x) is P-reducible to M if there exists a function U ∈ P(hull(J), SL2(C)) such

that, for each n ∈ Z,

U(SnJ)An
J(x)U(J)−1 = Mn. (3.1)

Due to its relation to growth rates of solutions, questions of reducibility of the Jacobi

cocycle (1.23) have been well-studied [5, 7, 17, 29, 34, 36, 37]. In the very special

case where Hλ = J(1, λb) is a discrete Schrödinger operator (i.e., an = 1) with an-

alytic quasiperiodic potential function bn := V (ω + nα), V ∈ Cω(Td), Hadj Amor

[29] showed analytic reducibility of the shift cocycle (1.23) at energies where the ro-

tation number θ(x) is Diophantine or rational relative to α/2 when λ is sufficiently

small. This work was a discrete generalization of an analogous result for the contin-

46
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uum Schrödinger operator due to Eliasson [17]. Avila and Krikorian later concluded

Cω-reducibility for almost every x ∈ Σac(J) for one-frequency quasiperiodic discrete

Schrödinger operators H with a uniform smallness assumption on λ under the as-

sumption of analyticity of the potential V : R/Z→ R and the recurrent Diophantine

condition on the frequency [7, Theorem A]. In this chapter, we prove reducibility at

almost-every spectral energy for the class J (Σ) for Σ ∈ [RPW ]∩ [DCT ] without any

assumptions on the frequency at the cost of a reduction to L2 regularity.

3.1 Results in this chapter

For a fixed compact Σ ∈ [RPW ] ∩ [DCT ], define the following matrix functions:

H(ζ) :=

b(ζ) 0

0 b−1(ζ)

 , ζ ∈ D;

E(θ) :=

exp(2πiθ) 0

0 exp(−2πiθ)

 , θ ∈ [0, 1).

The main result of this chapter is the following:

Theorem 3.1. For each α ∈ Γ∗, there exists a subset Σ0(α) ⊂ Σ satisfying intR(Σ) ⊂

Σ0(α) such that |Σ \ Σ0(α)| = 0. Let J = J(α). With this notation, we have the

following:

1. If z ∈ C \ Σ and z(ζ) = z, then AJ(z) is C0-reducible to H(ζ).

2. If x ∈ Σ0(α) (resp., x ∈ Σ0(α) ∩ intR(Σ)), then AJ(x) is L2-reducible (resp.,

C0-reducible) to E(θ(x)), where θ(x) is the rotation number (1.27).
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Theorem 3.1 represents an improvement over previous consequences of Kotani

theory at the cost of stronger assumptions. Specifically, Kotani theory yields that

AJ(x) is conjugate to a rotation for almost every x ∈ Σac(J) [7, Theorem 2.2];

however, this rotation need not be constant in that it may depend on the element of

the hull.

Similarly, Theorem 3.1 is a generalization of previous work of Christiansen-Simon-

Zinchenko [13, Theorem 9.2] at the cost of weaker conclusions. Christiansen-Simon-

Zinchenko prove Cω-reducibility (although not specifically in the form (3.1), it follows

readily from their arguments), but under the far stronger assumption that Σ is a finite

union of closed intervals.

Our approach to the proof of Theorem 3.1 is substantially different from the

KAM-type methods utilized in the dynamical community, in that our approach is

constructive. We instead appeal to the functional model for reflectionless Jacobi

operators developed by Sodin and Yuditskii in [52]. As a simple application of our

Theorem 3.1, we are able to establish an equivalent formulation of the reflectionless

condition under our spectral assumptions:

Theorem 3.2. Let Σ ∈ [RPW ] ∩ [DCT ] and suppose J is a Jacobi operator with

σ(J) = Σ. Then the following are equivalent:

1. J ∈ J (Σ), i.e. J is reflectionless.

2. J is almost-periodic and its cocycle AJ(x) is L2-reducible to a constant rotation

at almost every x ∈ Σ.

The new content of this theorem is that (1) implies (2). This is a straightforward
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consequence of Theorem 3.1:

Proof. Suppose J ∈ J (Σ). By Theorem 1.19, J is almost-periodic and purely abso-

lutely continuous, and Theorem 3.1 applies.

On the other hand, suppose J is almost-periodic with hull Ω and that the cocycle

AJ(x) is L2-reducible to a constant rotation. Then we claim the Lyapunov exponent

L(x) :=

∫
Ω

lim
n→∞

1

n
log ‖An

J(x)‖dχ

is zero for almost-every x ∈ Σ. If this is true, then by Theorem 1.11, it follows that

J is reflectionless, i.e. J ∈ J (Σ).

Since AJ(x) is L2-reducible to a constant rotation, there exists a matrix function

Ux ∈ L2(Ω, SL2(C)) such that (3.1) holds with M = E(θ). Then

1

n

∫
Ω

log ‖An
J(ω)(x)‖dχ =

1

n

∫
Ω

log ‖Ux(ω + nα)E(nθ(x))Ux(ω)−1‖dχ

≤ 1

n

∫
Ω

(log ‖Ux(ω + nα)‖+ log ‖Ux(ω)‖) dχ

≤ 1

n
log

(∫
Ω

‖Ux(ω)‖2dχ

)

tends to zero as n grows. Here, the first equality is (3.1); the second line follows from

submultiplicativity of the operator norm, Ux ∈ SL2(C), and ‖E(θ)‖ = 1; and the

last line follows from Jensen’s inequality and translation-invariance of Haar measure.

Thus, the Lyapunov exponent vanishes for almost every x ∈ Σ and J ∈ J (Σ) by

Theorem 1.11, as claimed.

By studying the relevant functions in this model, we can reinterpret the reducibil-

ity question in terms of radial limits of certain functions on the disk. In this sense,
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our methods are similar in nature to the proof of [13, Theorem 9.2]; however, due

to the potentially fractal nature of the spectrum in the general homogeneous setting,

substantial new difficulties arise which one must address. With these new difficulties

comes an apparent cost of regularity.

This cost of regularity is admittedly somewhat severe. If we could improve the

regularity of the conjugacy from L2 to L∞, we could apply reducibility to resolve cases

of the Schrödinger conjecture. For example, when our theorem does imply bounded

regularity, we recover the following known consequence of Kotani theory:

Corollary 3.3. Suppose J is an absolutely continuous almost-periodic Jacobi operator

with homogeneous spectrum satisfying |σ(J) \ intR(σ(J))| = 0. Then the Schrödinger

conjecture holds for J , i.e. solutions to (1.22) are uniformly bounded for almost every

x ∈ σac(J).

Of course, if we assume Theorem 3.1 holds, Corollary 3.3 follows immediately:

Proof of Corollary 3.3. A vector u ∈ CZ solves (1.22) if and only if un

anun−1

 = An
J(x)

 u0

a0u−1

 (3.2)

for all n ∈ Z. Our Jacobi operator J satisfies the assumptions of Theorem 3.1, so we

may find the full measure set Σ0. Because |σ(J) \ intR(σ(J))| = 0, we may as well

take Σ0 = intR(σ(J)). Suppose x ∈ Σ0, and denote by M = ‖Ux‖∞. Then from (3.1)

and (3.2), we have

|un|2 + |un−1|2 ≤M2(|u0|2 + |u−1|2)
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for all n ∈ Z. In particular,

|un| ≤M
√
|u0|2 + |u−1|2

is uniformly bounded in n.

We hope that our methods might be amenable to improvement in such a way that

we might be able to prove L∞ regularity of the conjugacy; however, at this time we

have no such proof.

3.2 Observations from the functional model

We establish some simple observations regarding the special functions z, b, and kα

relevant to the functional model.

3.2.1 Reproducing kernel bounds and identities

We begin with a basic uniform estimate on the reproducing kernels kαζ0 :

Lemma 3.4. For any α ∈ Γ∗ and any ζ0 ∈ D,

‖kαζ0‖
2 = kαζ0(ζ0) ≤ 1

1− |ζ0|2
. (3.3)

In fact, one has the slightly stronger bound

‖kαζ0‖
2 ≤ min

γ∈Γ

{
1

1− |γ(ζ0)|2

}
. (3.4)

Proof. This bound follows from the reproducing property of kαζ0 , its holomorphicity

on the disk, and the Cauchy-Schwarz inequality. Specifically, using the reproducing



52

kernel for the usual Hardy space H2, one has

‖kαζ0‖
2 =

∣∣∣∣〈kαζ0 , 1

1− tζ0

〉∣∣∣∣
≤ ‖kαζ0‖

1√
1− |ζ0|2

,

and (3.3) follows. That (3.4) holds follows because kαζ0 is (−α)-automorphic in ζ0.

Another application of Cauchy-Schwarz and the reproducing property immedi-

ately implies the simple

Corollary 3.5. For any α ∈ Γ∗, ζ0 ∈ D, and f ∈ H2(Γ, α), one has

|f(ζ0)| ≤ ‖f‖min
γ∈Γ

{
1√

1− |γ(ζ0)|2

}
. (3.5)

Similarly, there is a uniform lower bound on the reproducing kernels at the origin:

Lemma 3.6 (Widom). For any α ∈ Γ∗,

∆(0) ≤ ‖kα‖ ≤ 1. (3.6)

Furthermore, these inequalities are sharp.

Proof. The lower bound follows from Cauchy-Schwarz and (1.33); specifically,

|〈∆, kα〉| = |〈Pα∆, kα〉|

= ∆(0)

≤ ‖∆‖‖kα‖

= ‖kα‖.
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The upper bound comes from the fact that H2(Γ, α) is a closed subspace of H2; this

space has reproducing kernel at the origin given by the constant function 1, and thus

kα must be the projection PH2(Γ,α)1 of 1 into this subspace.

To see the inequalities are sharp, notice that, because H2(Γ, υ) ⊂ H1(Γ, υ), it

follows from (1.34) that we have

kυ(ζ) = ∆(0)∆(ζ).

Similarly, since the constant function 1 ∈ H2(0Γ∗) ⊂ H2, we have

k0Γ∗ (ζ) = 1.

We intend to use the functional model and the spectral theorem to translate back

and forth between the disk and the resolvent domain. With this in mind, it is not a

difficult exercise to check that

Lemma 3.7. Harmonic measure on Ĉ \Σ with pole at ∞ is the pushforward by z of

normalized Lebesgue measure dm on the circle.

Proof. The covering map z is conformal from the disk to Ĉ \ Σ; thus, for any Borel

subset B ⊂ Σ, the function

ωΣ(B, z(ζ)) =

∫
B

ωΣ(dx, z(ζ))

is harmonic on the disk. By the Poisson integral formula,

ωΣ(B, z(ζ)) =

∫
z−1(B)

Re

(
ξ + ζ

ξ − ζ

)
dm,

and in particular

ωΣ(B,∞) =

∫
z−1(B)

dm.
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Recall now the system of orthonormal vectors

eα0 := kα/‖kα‖

eαn := bneα−nµ0

and their duals with values a.e. on ∂D given by

ẽαn(ξ) :=
∆

b
eα−(n+1)(ξ), ξ ∈ ∂D.

The system (eαn)n∈N spans H2(Γ, α), and the system (eαn)n∈Z spans L2(Γ, α). With

these conventions established, we note the following Wronskian-type identity, whose

proof we recreate from [58] for completeness:

Proposition 3.8 (Lemma 4.4, [58]). For every α ∈ Γ∗, there exists a unique divisor

D(α) =
∑

j∈I(xj, σj) ∈ DΣ such that

eα0 (ζ) =

√√√√∏
j∈I

z− xj
z− cj

bζcj
bζxj

∏
j∈I

b
(1+σj)
ζxj

(3.7)

with the branching of the square root taking C \ (−∞, 0] to the right half plane. Fur-

thermore, for almost every ξ ∈ ∂D,

|eα0 (ξ)|2 =
∏
j∈I

z(ξ)− xj
z(ξ)− cj

. (3.8)

Furthermore, for any ζ ∈ D \ Γ(0) we have the following Wronskian-type identity

relating the basis and dual basis elements:

W (ζ, α) := a0(α)
(
eα0 ẽ

α
0 − eα−1ẽ

α
−1

)
(ζ) (3.9)

= −∆

b

(∫
Σ

1

x− z(ζ)
ωΣ(dx,∞)

)−1

(3.10)
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Proof. Fix an α ∈ Γ∗, and consider J = J(α) and z ∈ C \Σ. By (1.15) and (2.3), we

have

r(z, J) =
−1√

(E+
0 − z)(E−0 − z)

∏
j∈I

z − xj√
(E−j − z)(E+

j − z)

=

∫
Σ

∏
j∈I

x− xj(α)

x− cj
1

x− z
ωΣ(dx,∞).

On the other hand, by the functional model we have

r(z, J) =

∫
∂D

|eα0 (ξ)|2

ξ − z
dm

=

∫
Σ

|eα0 (z−1(x))|2

x− z
ωΣ(dx,∞).

Comparing these equalities yields (3.8). Consequently, we see that

eα0 ẽ
α
−1b(ξ) = ∆(ξ)

√∏
j∈I

x− xj
x− cj

, ξ ∈ ∂D. (3.11)

Taking the outer part of the relationship (3.8) and finding the inner part of e0 via

(3.11) yields (3.7) for an appropriate choice of signs σj.

Additionally, by

r(−1, 0; z, J) =

∫
Σ

eα−1(z−1(x))eα0 (z−1(x))

x− z
ωΣ(dx,∞)

= r(0,−1; z, J)

=

∫
Σ

eα−1(z−1(x))eα0 (z−1(x))

x− z
ωΣ(dx,∞),

we have that

r(−1, 0; z, J) =

∫
Σ

Re(eα0 e
α
−1)

x− z
ω(dx,∞). (3.12)
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From the functional model, we likewise have the relation

r(−1, 0; z, J) =
−a0(α)

r+(z, J)−1r−(z, J)−1 − a2
0(α)

=
1

a0(α)

eα0 ẽ
α
0(

eα0 ẽ
α
0 − eα−1ẽ

α
−1

) ,
that is,

r(−1, 0; z(ξ), J) =
1

a0(α)

eα0 e
α
−1(ξ)(

eα0 e
α
−1(ξ)− eα−1e

α
0 (ξ)

) , ξ ∈ ∂D. (3.13)

Computing the density of (3.12) via Stieltjes inversion, we have that

1

π
Im(r(−1, 0;x+ i0, J)) = Re(eα0 e

α
−1)ω(dx,∞).

Computing the left-hand side, we get

1

πa0(α)

Re(eα0 e
α
−1)(

eα0 e
α
−1(ξ)− eα−1e

α
0 (ξ)

) = Re(eα0 e
α
−1)ω(dx,∞) (3.14)

After multiplication by b/∆, we note that we get precisely the boundary values of

the reciprocal of (3.10); thus, we can extend the result into the disk’s interior.

3.2.2 Radial limits of certain functions on the disk

In this section, we collect some relevant results on the important functions developed

above.

The action of the Fuchsian deck group Γ ∼= π1(Ĉ \ Σ) of Möbius transformations

on D has a fundamental set F with interior

intC(F) := {ζ ∈ D : |γ′(ζ)| < 1 for all γ ∈ Γ \ {id}}. (3.15)
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The difference F \ intC(F) consists of a union of |I| circular line segments {C+
j }j∈I

meeting ∂D orthogonally. We may choose those orthocircular segments C+
j in the

upper-half plane C+.

The Fuchsian group Γ is generated by Möbius transformations {γj}j∈I which map

the fundamental domain F into the partial disks D+
j bounded by the orthocircles C+

j

(note that the inverse transformations γ−1
j will map F into D−j , the disk bounded by

the orthocircle C−j ). More precisely, if we denote by ρ+
j reflection with respect to the

orthocircle C+
j , the generator γj is given by

γj(z) = ρ+
j (z). (3.16)

For each element γ ∈ Γ, there is a pair of minimal open disks D±γ bounded by

orthocircles C±γ into which γ±1 maps the fundamental domain F . (To be precise,

C±γ is the perpendicular bisector between 0 and γ±1(0) in the hyperbolic metric on

the disk.) As the word length of γ grows, the disks D±γ nest and accumulate on the

boundary; we denote by Λ(Γ) ⊂ ∂D the set of all such limiting points. If Γ is finitely

generated, Beardon proved that there exists s < 1 such that Λ(Γ) is of Hausdorff

dimension s (and this is used extensively in [13]); however, in the infinitely-generated

regime, this is no longer guaranteed.

The covering map z is a locally injective analytic map respecting the action of Γ;
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we fix uniquely such a map by the following properties:

z(γ(ζ)) = z(ζ), ∀γ ∈ Γ

z(0) =∞,

ζz(ζ)|ζ=0 > 0.

The covering map z has a simple pole at 0, and so in local coordinates may be written

z(ζ) =
c−1

ζ
+ c0 + · · · , ci ∈ R, (3.17)

where the ci ∈ R by our normalizations.

By definition, z(ζ) tends to R as ζ tends to ∂D inside the simply-connected fun-

damental domain F . By the strong form of the reflection principle and the Riemann

mapping theorem, it follows that we may continuously extend z to ∂F ∩∂D. We now

clarify some aspects of this extension to the boundary.

When Σ ∈ [RPW ], the harmonic measure is mutually absolutely continuous with

respect to Lebesgue measure on Σ (cf. e.g. (2.3)). As such, z preserves sets of zero

measure:

Lemma 3.9. A subset EZ ⊂ ∂F ∩ ∂D has zero Lebesgue measure if and only if

ΣZ := z(EZ) ⊂ Σ has zero Lebesgue measure on R.

Proof. If EZ ⊂ ∂F ∩ ∂D is of zero Lebesgue measure, then so is the countable union

EΓ
Z :=

⋃
γ∈Γ

γ(EZ)

because Möbius transformations γ preserving the disk restrict to diffeomorphisms of

the circle.
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Consider the characteristic function of EΓ
Z , χZ . By construction, χZ ∈ L1(Γ,0Γ∗)

is character-automorphic and L1. Thus, one has

0 =

∫
∂D
χZ dt

=

∫
ΣZ

ω(dx)

by Lemma 3.7. Because Σ ∈ [RPW ], harmonic measure ω(dx) is mutually absolutely

continuous with respect to Lebesgue measure on Σ. Thus, the Lebesgue measure of

ΣZ is likewise zero.

On the other hand, if ΣZ ⊂ Σ has Lebesgue measure zero, it has harmonic measure

zero. Consider EZ := z−1(ΣZ) and follow the above argument in reverse.

Since z extends continuously to the boundary, we can identify uniquely certain

preimages of points in the compact Σ. Denote by ξx the preimage under z of x ∈ Σ

in ∂F ∩ ∂D ∩ C+. We note the following straightforward topological result:

Lemma 3.10. For x1, x2 ∈ R, one has [x1, x2] ⊂ Σ if and only if the arc [ξx1 , ξx2 ] ⊂

∂F ∩ ∂D.

Proof. Consider the connected component of the preimage under z of the set

{x+ iε : x ∈ (x1, x2), ε > 0}

lying in the fundamental domain F . By conformality, this preimage is an open

triangular sector S ⊂ F of D , and by the continuous extension of z, ∂S ∩ ∂D =

[ξx1 , ξx2 ] ⊂ ∂F ∩ ∂D.

Consequently, one has the simple
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Corollary 3.11. For Σ ∈ [RPW ], one has

int∂D(∂F) = z−1(intR(Σ)) ∩ ∂F . (3.18)

Furthermore,

Λ(Γ) ⊂ ∂D \ int∂D(∂F). (3.19)

Proof. That (3.18) holds follows immediately from Lemma 3.10 and the fact that Σ

is closed.

Suppose ξ ∈ int∂D(∂F). Then ξ is uniformly bounded away from every gap edge

ξ±j by Lemma 3.10, and thus ξ is uniformly bounded away from any γ(0) by the action

of Γ on F ; that is to say, (3.19) holds.

Following Pommerenke [41], we utilize the following lemma of Frostman:

Lemma 3.12 ([23]). Let ξ ∈ ∂D. Then, if |b(ξ)| = 1 and b′(ξ) 6=∞ exist,

|b′(ξ)| =
∑
γ∈Γ

|γ′(ξ)|. (3.20)

Additionally, when the series in (3.20) converges, then |b(ξ)| = 1 and b′(ξ) 6= ∞

exist.

When (3.20) is finite, Cargo [11] proved that the radial limit limr↑1 b(rξ) exists

and agrees with b(ξ).

As in Theorem 1.16, we define

E := {ξ ∈ ∂F ∩ ∂D : (3.20) converges}.
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This is a full-measure subset of ∂F ∩ ∂D [41]. For each ξ ∈ E, the radial limit z(ξ)

exists and lies in Σ, and by Lemma 3.9, z(E) is full-measure in Σ. For each x ∈ z(E),

denote by ξx its preimage in E ∩ C+.

We wish to clarify further some of those points lying in this set. From Lemma

3.12, we establish the following simple consequence:

Lemma 3.13.

int∂D(∂F) ⊂ E

Proof. Noting that

γ′(ζ) =
1− |γ(0)|2

(1− γ(0)ζ)2

<
1− |γ(0)|

(1− γ(0)ζ)2
,

the series (3.20) converges by (1.29) provided ξ /∈ Λ(Γ). By (3.19), ξ ∈ int∂D(∂F)

implies ξ /∈ Λ(Γ).

Note that by precomposing with a conformal map of bounded derivative preserving

F and sending ζ0 to 0, one can prove the analogs of all of the above lemmas for bζ0

for any ζ0 ∈ F . Thus, our set E is a full-measure limit set for any of our Green’s

functions bζ0 , as well as the inner part ∆ of the derivative b′ by Theorem 1.16 and

Lemma 3.12.

Proposition 3.14. Suppose ξx ∈ E. Then

b(ξx) = e2πiθ(x), (3.21)

where θ is the fibered rotation number (1.27).
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Proof. Recall that − log |b(ζ)| = g(z(ζ)) is the Green’s function for Ĉ \ Σ. By reg-

ularity of Σ, it follows that |b(ξ)| = 1 for ξ ∈ E. Since g(z) = L(z) by Theorem

2.1, the harmonic conjugate to g is 2πθ, where θ is the fibred rotation number (1.27).

Equation (3.21) follows.

Corollary 3.15. For ξx ∈ E,

H(ξx) = E(θ(x)).

We also have radial limits of the Wronskian term:

Proposition 3.16. W has a finite, nonzero radial limit W (ξx) for every x ∈ intR(Σ)

and almost every x ∈ Σ.

Proof. We have already considered the radial limits of the inner factor ∆/b; consider

the outer factor.

Because Σ ∈ [RPW ], ω(dx) is mutually absolutely continuous to Lebesgue mea-

sure on Σ; thus, its Borel transform is finite and nonzero almost everywhere.

Now suppose x ∈ intR(Σ) and consider the integral term in (3.10), which has a

product representation analogous to (2.3). The sum

∑
j∈I

log

(
1 +

E+
j − cj
z− cj

)
+ log

(
1 +

cj − E−j
z− cj

)
has terms which converge absolutely uniformly in some δ neighborhood of x, since

∑
j∈I

|E+
j − cj|
|z − cj|

≤
∑
j∈I

|E+
j − E−j |
δ

≤ |E
−
0 − E+

0 |
δ

converges. Thus, the product converges uniformly in this neighborhood, and to a

nonzero limit.
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3.3 Reducibility of the Jacobi cocycle

With the preparations made above, the way ahead is clear: reinterpret the Jacobi

cocycle in terms of the functional model, use our generalized eigenfunctions eαn to

conjugate to a diagonal matrix, and take radial limits to the boundary where possible.

The details follow.

3.3.1 A transfer matrix conjugacy

Fix a ζ ∈ D \ Γ(0) and α ∈ Γ∗. Since ζ ∈ D \ Γ(0), W (ζ, α) is finite and nonzero.

Denote by U(ζ, α) the SL2(C) matrix

U(ζ, α) =
1√

W (ζ, α)

 eα0 (ζ) ẽα−1(ζ)

a0(α)eα−1(ζ) a0(α)ẽα0 (ζ)

 .
This matrix has a uniform bound in α on its operator norm:

Lemma 3.17. Fix ζ ∈ D \ Γ(0), and let ā0 := supα∈Γ∗ a0(α). Then, denoting

Cζ :=

√
(1 + ā2

0|b(ζ)|−2)

|W (ζ, α)|(1− |ζ|2)

we have the uniform bound

1√
2
Cζ ≤ ‖U(ζ, α)‖ ≤ Cζ . (3.22)

Proof. This follows from Corollary 3.5 and the fact that the operator norm of a matrix

M is bounded above by
√

tr(MM∗) and below by
√

tr(MM∗)/2.

We remark that additionally, since Σ ∈ [RPW ] ∩ [DCT ], one could also prove

this lemma via invertibility and continuity in α of U(ζ, ·) and compactness of Γ∗, but

with a non-explicit constant Cζ .
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Notice that, by the Jacobi recursion (1.36) and the α-independence of W (ζ, α),

for J = J(α) we have the following identity:

Proposition 3.18. For any ζ ∈ D \ Γ(0), n ∈ Z, and α ∈ Γ∗

An
J(α)(z(ζ))U(ζ, α) = U(ζ, α− nµ)

bn(ζ) 0

0 b−n(ζ)

 . (3.23)

Proof. First, note that the α-independence of W (ζ, α) means we can ignore the con-

stant factor (
√
W (ζ, α))−1 in the definition of U(ζ, α) (since U(ζ, α) and U(ζ, α−nµ)

appear on the left- and right-hand side of (3.23), respectively) provided ζ is not a

zero of W (ζ, α), i.e. ζ ∈ D \ Γ(0).

By Theorem 1.19 and the definition of eαn, we have

a1e
α
1 = (z− b0)eα0 − a0e

α
−1

= a1be
α−µ
0 .

Similarly, by Proposition 1.21 and Lemma 1.20, we have

a1ẽ
α
−2 = (z− b0)ẽα−1 − a0ẽ

α
0

= a1b
−1ẽα−µ−1 .

Because a1(α) = a0(α − µ), we see (3.23) holds for ζ ∈ D \ Γ(0) and n = 1. By

invertibility of U(ζ, α), (3.23) follows by iteration.

Remark 3.19. The conjugacy (3.23) allows us to explicitly compute the Lyapunov

exponent as the Green’s function on the resolvent set. Let J = J(α) ∈ J (Σ), and

recall the definition of the Lyapunov exponent

L(z) := lim
n→∞

1

n
log ‖An

J(z)‖.
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Fix a z ∈ C \ Σ, and let ζ ∈ D \ Γ(0) be such that z(ζ) = z. Then notice that,

by Lemma 3.17, Proposition 3.18, U(ζ, α) ∈ SL2(C), and submultiplicativity of the

operator norm, we have

‖An
J(z(ζ))‖ ≤ |b(ζ)|−n ‖U(ζ, α)−1‖ ‖U(ζ, α− nµ)‖ (3.24)

≤ C2
ζ |b(ζ)|−n. (3.25)

Since log(x) is increasing, we see that

L(z(ζ)) ≤ − log |b(ζ)| = g(z(ζ)),

where the equality is (1.30). On the other hand, An
J(z) has entries polynomial in z.

One entry of An
J(z) is monic degree n, and each other entry has degree at most n−1.

Consequently, one has the asymptotics

L(z)− log |z| = o(1) |z| → ∞. (3.26)

So L(z) is a positive harmonic function on Ĉ \ Σ with logarithmic pole at ∞

bounded above by Green’s function g(z); since Green’s function is the smallest such

function, equality follows.

3.3.2 The full-measure set of energies

Recall

Ω(α) = closΓ∗{α + nµ : n ∈ Z}

the µ-hull of α and our full-measure set E ⊂ ∂D of well-behaved boundary values.
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Theorem 3.20. For each α ∈ Γ∗, there exists a subset Σ0 = Σ0(α) ⊂ Σ with

|Σ \ Σ0| = 0 and intR(Σ) ⊂ Σ0 such that, for every x ∈ Σ0 the radial limit kβ+nµ(ξx)

exists for almost every β ∈ Ω(α).

We prove this theorem piecewise. To begin, define a set A(α) ⊂ Ω(α) × Σ as

follows:

Aj(α) := {(β, x) ∈ Ω(α)× Σ : eβj (ξx) exists}, j ∈ {−1, 0},

A(α) := A0(α) ∩ A−1(α) ∩ (Ω(α)× z(E))

with cross-sections in the β- and x-directions

Aβ := {x ∈ Σ : (β, x) ∈ A(α)},

Ax := {β ∈ Ω(α) : (β, x) ∈ A(α)},

respectively.

Lemma 3.21. For each α ∈ Γ∗, A(α) is measurable and of full measure in the product

measure dχ× dx. Furthermore, if (β, x) ∈ A(α), then (β + µ, x) ∈ A(α).

Proof. Note that by Lemma 3.9, (Ω(α)× z(E)) is measurable and of full measure in

Ω(α) × Σ; thus, it suffices to show Aj(α) is measurable and full measure for j ∈

{−1, 0}.

A0(α) is measurable because it is the set of values where the limits of a family of

measurable functions exist. Namely, one has

A0(α) =
{

(β, x) : (lim sup Re(kβ(rξx))− lim inf Re(kβ(rξx)))

+ (lim sup Im(kβ(rξx))− lim inf Im(kβ(rξx))) = 0
}
,
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which is the zero set of a measurable function. A−1(α) is measurable analogously, and

so A(α) is measurable. Notice that, if (β, x) ∈ A(α), then by the recursion (1.36),

(β + µ, x) ∈ A(α).

Because A(α) is measurable, the characteristic function χA(β, x) is measurable.

This function is bounded uniformly by the constant function 1, which is integrable

because Ω(α) × Σ is a finite measure space with our chosen measures. Note that,

since each eβ0 ∈ H2, it has almost-everywhere existent radial limits; thus, by Lemma

3.9, A0(α)∩Aβ has full measure. The set A−1(α)∩Aβ is of full measure because, by

eβ0 (ξx) = b(ξx)e
β−µ
−1 (ξx),

we have A−1(α) ⊃ ((Tµ, id)(A0(α))) ∩ (Ω(α)× z(E)), which has full-measure by the

translation invariance of the Haar measure dχ.

Thus, for every β ∈ Ω(α), |Aβ| = |Σ|. Then, by Fubini’s theorem, we have that

∫
A(α)

dχ× dx =

∫
Ω(α)

(∫
Aβ

dx

)
dχ

=

∫
Ω(α)

|Σ|dχ

= |Σ|

as claimed.

Consider now the set of “bad” energies

B(α) :=

{
x ∈ Σ :

∫
Ax

dχ < 1

}
.

Corollary 3.22. B(α) has zero Lebesgue measure.
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Proof. Suppose |B(α)| > 0. Then by Fubini’s theorem and Lemma 3.21,

|Σ| =
∫

Σ

(∫
Ax

dχ

)
dx

=

∫
Σ\B(α)

1dx+

∫
B(α)

(∫
Ax

dχ

)
dx

< |Σ \B(α)|+ |B(α)|,

a contradiction.

Finally, as a consequence of Proposition 3.8, we yield the following

Lemma 3.23. For each x ∈ intR(Σ), Ax = Ω(α), and eβ0 (ξx) ∈ C0(Ω(α)).

Proof. Suppose x ∈ intR(Σ) and consider the infinite product in (3.7). This product

has a finite radial limit at ξx if and only the sum

∑
j∈I

xj − cj
x− cj

converges absolutely, where the xj = xj(β) depend continuously on β ∈ M(α) by

[DCT ]. But this is clear; since x ∈ intR(Σ), the sum converges uniformly as in the

proof of Proposition 3.16. Thus, the product converges uniformly in β ∈ Ω(α), and

depends continuously on β, as claimed.

3.3.3 Reducibility

Choose x ∈ Σ0(α), and consider the function Ux : Ω(α)→ SL2(C) given by

Ux(β) := U(ξx, β). (3.27)

This function exists by our previous considerations.
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Proposition 3.24. For x ∈ Σ0(α),

Ux ∈ L2(Ω(α), SL2(C)).

Additionally, for x ∈ intR(Σ),

Ux ∈ C0(Ω(α), SL2(C)).

Proof. That Ux is L2 follows immediately from the definition, Fubini’s theorem, and

Proposition 3.16. Namely, because eβ0 ∈ L2(α) is a unit vector for any β ∈ Ω(α), we

have

∫
Ω(α)

∫
Σ0(α)

|eβ0 (ξx)|2dx dχ = 1,

so for almost every x ∈ Σ0(α), eβ0 (ξx) ∈ L2(M(α)).

Thus it suffices to show Ux is uniformly bounded in Hilbert-Schmidt norm for

almost every β ∈ Ω(α) for every x ∈ intR(Σ). Since a0(β) is uniformly bounded on

Γ∗ and the Blaschke products ∆ and b have radial limit of modulus 1 at ξx, it then

suffices to bound the radial limits of the reproducing kernels eβ0 (respectively, eβ+µ
0 )

in Ω(α). But this is the content of Lemma 3.23. Thus, we have that

‖Ux‖∞ ≤
2‖eβ0 (ξx)‖∞√
|W (ξx)|

(
1 + ā2

0

)
,

is finite for each x ∈ intR(Σ).



Chapter 4

Exploring J (Σ) via Toda flow

In this chapter, we probe the isospectral manifold J (Σ) via Toda flows to draw

a variety of conclusions about reflectionless Jacobi operators. The content of this

chapter is largely taken from [56].

4.1 Results in this chapter

Our first result concerns the constraints placed on the shift dynamics by the presence

of a discrete Schrödinger operator (DSO) (1.2) in the isospectral torus:

Theorem 4.1. Fix a positive-measure compact Σ ⊂ R, and suppose there exists a

DSO HV ∈ J (Σ). Then either V is a constant potential V = C, or the dynamical

system (J (Σ),S) is not minimal.

Note that Theorem 4.1 makes no assumption on Σ beyond positive-measure and

compact; in particular, the result applies to sets with infinitely many spectral gaps.

Furthermore, Theorem 4.1 does not merely hold for the topology of pointwise con-
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vergence on J (Σ); it holds for any topology under which the limit of a DSO remains

a DSO.

We denote by Knα the set of n-gap compact subsets of R of logarithmic capacity

α:

Knα := {Σ ⊂ R : Σ n-gap compact, cap(Σ) = α}.

Similarly, we denote Kn the set of all n-gap real compacts, and by Kα the set of

finite-gap compact subsets of R of capacity α:

Kn =
⋃
α>0

Knα, Kα =
∞⋃
n=1

Knα.

Recall that, by Corollary 2.6, the logarithmic capacity of a finite-gap compact Σ can

be determined as the limit of the geometric means of the off-diagonal sequences of

Jacobi operators in the isospectral torus [51, 52]:

cap(Σ) = lim
n→∞

(a1a2 · · · an)1/n, J(a, b) ∈ J (Σ).

Consequently, if Σ = σ(HV ) for some DSO HV , then Σ /∈ Kα for any α 6= 1.

As a consequence of Theorem 4.1, we find the following characterization of atypi-

cality of reflectionless DSOs:

Theorem 4.2. The set of finite-gap compacts Σ ∈ K1 for which there exists a DSO

H ∈ J (Σ) is meager and has measure zero.

By a meager set, we mean a countable union of nowhere dense sets in the relevant

topology. Here, the topology and measure on K1 is induced by a topology on each Knα;

namely, any Σ ∈ Kn can be identified uniquely by its ordered 2(n + 1) distinct gap
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edges. The topology and measure are then induced by inclusion of the corresponding

vector in R2(n+1). In this sense, we have the following

Proposition 4.3. For each positive integer n and real α > 0, the set of Σ ∈ Knα with

rationally dependent harmonic frequencies is meager and has Lebesgue measure zero.

We clarify precisely the topology and measure and prove this proposition below.

As an aside, the restriction to Σ ∈ K1 is technically necessary here to make the

theorem statement nontrivial; indeed, we will see later that Kn1 is codimension 1

inside Kn. However, if we were to extend our definition of DSO to include any Jacobi

operator with constant off-diagonal sequence a, all of our theorems would remain true

without any restriction on the capacity of Σ.

The dichotomy in Theorem 4.1 raises a follow-up question of its own: under the

assumption that there exists a DSO H ∈ J (Σ), to what extent can the shift dynamics

fail to be minimal? We are able to prove the following partial result in this direction:

Theorem 4.4. Suppose Σ ∈ Kn1 for n = 0, 1, or 2. If there exists a DSO H ∈ J (Σ),

the dynamical system (J (Σ),S) is periodic.

Of course, without the assumptions of finite-gap and reflectionless, the conclusion

of Theorem 4.4 fails completely: one can construct limit-periodic DSOs with pure

point spectrum and finitely many gaps [43], and the subcritical AMO and Pastur-

Tkachenko class of DSOs are reflectionless with homogeneous infinite-gap spectra

[15, 21]. But it would be very interesting to construct an example of a reflectionless

Jacobi operator with periodic off-diagonal, aperiodic main diagonal, and finite-gap

spectrum.



73

4.2 Spectral atypicality of discrete Schrödinger op-

erators

Thanks to the bookkeeping we have taken care of above, we are already in position

to prove the above theorems.

4.2.1 Reflectionless DSOs preclude minimal shift dynamics

Proof of Theorem 4.1. Consider the Toda lattice, given by (1.19) with P (z) = z. The

associated system of differential equations is

∂tan = an(bn+1 − bn), (4.1)

∂tbn = 2(a2
n − a2

n−1). (4.2)

Suppose there exists a DSO H ∈ J (Σ) and that (J (Σ),S) is minimal. Then, by

minimality of the shift and the topology on J (Σ), every J = J(a, b) ∈ J (Σ) has

an = 1 for all n. Consider an arbitrary J0 ∈ J (Σ), and let J(t) solve (1.19) with

J(0) = J0. By Proposition 1.8, J(t) ∈ J (Σ) for all t, and thus an(t) = 1 for all t ∈ R

and all n ∈ Z. But then ∂tan = 0, and by (4.1) bn+1 = bn for all n ∈ Z.

From here, the proof of Theorem 4.2 is simple (modulo Proposition 4.3):

Proof of Theorem 4.2. Fix an Σ ∈ Kn1 , n ≥ 1, and suppose there exists a DSO

H ∈ J (Σ). Since Σ has at least one spectral gap, H = HV does not have constant

potential V , so the dynamics (J (Σ),S) are not minimal by Theorem 4.1. But by

Theorem 1.19, the dynamical system (J (Σ),S) conjugates to ((R/Z)n, Tµ). Since
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(J (Σ),S) is not minimal, some entries of µ are rationally dependent. This condition

is meager and measure zero by Proposition 4.3.

We extrapolate the ideas used above to prove Theorem 4.4.

Proof of Theorem 4.4. Fix a compact Σ with zero, one, or two open spectral gaps.

We prove by case analysis on the number of gaps:

1. If Σ has no spectral gaps, J (Σ) is a singleton set. If J (Σ) contains a DSO

HV , HV must be stationary for (4.1) with an = 1 for all n; in particular,

HV = S + S−1 + C is 1-periodic.

2. Suppose Σ has one spectral gap. Then if J (Σ) contains a DSO HV , V cannot

be constant, and the shift dynamics thus cannot be minimal by Theorem 4.1.

Thus, the lone harmonic frequency must be rational, and by Theorem 1.19, the

dynamical system (J (Σ),S) is periodic, as claimed.

3. Suppose Σ has two spectral gaps, and suppose there is a DSO HV ∈ J (Σ).

Then by Proposition 1.8, HV is stationary for some monic degree 3 polynomial

P (z) = z3 + c1z
2 + c2z. Noting that (1.20) is linear in the choice of polynomial

P , it is a long but straightforward calculation (cf. [53, Equation (12.44)]) to see

that, from ∂tbn = 0 and an = 1, we have

(bn+1 − bn−1)(bn+1 + bn + bn−1) = −c1(bn+1 − bn−1).
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Thus, for some constant C = −c1, at least one of

bn+1 + bn + bn−1 = C (4.3)

bn+1 = bn−1 (4.4)

must hold for every n ∈ Z. We claim that, if one of (4.3) or (4.4) holds for bn

for all n ∈ Z, then bn can assume only finitely many distinct values.

If bn+1 = bn−1 for every n, b is 2-periodic and we are done. Otherwise, there

exists some n0 for which bn0+1 6= bn0−1. By shifting a finite number of times, we

may assume this n0 = 1. Thus, we have

b2 = C − (b0 + b1). (4.5)

We proceed inductively. Denote by

B := {(bi, bj), 0 ≤ i 6= j ≤ 2}

the set of all possible distinct pairs taken from {b0, b1, b2}, listed with multi-

plicity. Here, we have passed to considering distinct pairs (bi, bj) because it

is more challenging to proceed inductively via our relations (4.3), (4.5) when

multiplicities are not taken into account.

Suppose that the pair (bn, bn−1) ∈ B, and consider the pair (bn+1, bn). If (4.4)

holds, we are clearly done by assumption; otherwise, bn+1 = C−(bn+bn−1). But

by our assumption that (bn, bn−1) ∈ B, we have bn+bn−1 ∈ {C−b0, C−b1, b0+b1}.

In any case, bn+1 = C − (bn + bn−1) implies bn+1 ∈ {b0, b1, b2} \ {bn}, and hence

(bn+1, bn) ∈ B. This shows that bn takes finitely many values for n ≥ 0. One
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can clearly apply the identical argument in reverse by the symmetry of (4.3)

and (4.4) to conclude the same for n < 0.

Consequently, one sees that, if (1, b) is stationary, bn can assume only finitely

many values. But because HV ∈ J (Σ) and Σ is finite-gap, bn is an almost-

periodic sequence by Theorem 1.19. An almost-periodic sequence taking finitely

many values is periodic, so HV ∈ J (Σ) is periodic.

So, in each case, the existence of a DSO H ∈ J (Σ) implies that H is periodic. Thus,

the compact Σ must be of periodic type; that is, ωj ∈ Q for each j = 1, · · · , n (see,

e.g., [51, Corollary 5.5.19]). By Theorem 1.19, it follows that the dynamical system

(J (Σ),S) is periodic.

Remark 4.5. We are thankful to Dr. Jake Fillman for pointing out that some of our

methods extend beyond the class of DSOs. Namely, we call J0 = J0(a) an off-diagonal

Jacobi operator (ODJO) if it is of the form

(J0u)n = anun−1 + an+1un+1.

Theorem 4.1 holds with “DSO”, “HV ”, and “V ” replaced by “ODJO”, “J0(a)”, and

“a”, respectively, by noting that (4.2) must be zero under the assumption of minimal-

ity of (J (Σ),S). Consequently, the natural analogue of Theorem 4.2 likewise holds

for the ODJO class. However, our methods do not immediately extend to the proof

of Theorem 4.4, because the assumption that bn = 0 leads to certain degeneracies in

the Toda hierarchy.
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4.2.2 Harmonic frequencies are typically rationally indepen-

dent

In this section, we prove Proposition 4.3.

Fix a compact Σ ∈ Kn, and write it as a closed interval without a finite union of

maximal open gaps as in (1.28):

Σ = [E+
0 , E

−
0 ] \

n⋃
j=1

(E−j , E
+
j ).

Associated to the compact Σ is a degree 2(n+ 1) polynomial Q given by

QΣ(z) =
n∏
j=0

(z − E+
j )(z − E−j ) (4.6)

It is not hard to see that this polynomial is positive in R \ Σ.

The following is classical, but we reproduce a proof (found in this form in [48])

for the sake of completeness:

Proposition 4.6. Fix a compact Σ ∈ Kn. There exists a unique monic critical

polynomial PΣ(z) of degree n so that

∫ E+
j

E−j

PΣ(x)√
QΣ(x)

dx = 0, j = 1, 2, ..., n. (4.7)

If we write

PΣ(z) = zn − c1z
n−1 − ...− cn−1z − cn,

then the vector ~c with (~c)j = cj is the unique solution to the linear system A~c = ~b,
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where

(A)jk =

∫ E+
j

E−j

xn−k√
QΣ(x)

dx

(~b)j =

∫ E+
j

E−j

xn√
QΣ(x)

dx.

Proof. By definition, if there exists a unique ~c solving A~c = ~b as claimed, then the

critical polynomial exists. Thus, it suffices to show the linear equation has a unique

solution, i.e. that the matrix A is non-singular.

Suppose otherwise. Then there exists a nonzero polynomial P of degree at most

n− 1 so that (4.7) holds. Since Q is positive on each gap (E−j , E
+
j ), P must change

sign on the interior of each gap (E−j , E
+
j ), j = 1, 2, ..., n. But then P has at least n

zeroes, contradicting our assumption on its degree.

Thus, for each n-gap compact Σ ⊂ R, we find an associated probability measure

given by

dρΣ(x) =
1

π

n∑
j=0

|PΣ(x)|√
|QΣ(x)|

χ[E+
j ,E

−
j+1](x)dx (4.8)

where here we interpret E−n+1 := E−0 . In fact, (4.8) is the equilibrium measure for Σ

[59]; that is, dρΣ is the unique probability measure µ supported on Σ minimizing

E(µ) =

∫
Σ

∫
Σ

log(|x− y|−1)dµ(x)dµ(y).

Recall that the equilibrium measure agrees with harmonic measure for domains with

boundary of positive capacity (e.g., [44, Theorem 4.3.14]). Thus, we may equivalently

define the frequency vector µ ∈ Rn from Theorem 1.19 by

µj = ρΣ((−∞, E−j ]), j = 1, 2, · · · , n.
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Because the pushforward of harmonic measure via a conformal bijection is the har-

monic measure, the frequency vector µ ∈ Rn is scaling-invariant; that is,

ω(αΣ) = ω(Σ), α > 0. (4.9)

One could likewise check this fact by a straightforward calculation using Proposition

4.6 and (4.8).

Fix a number n ∈ N, and denote

T n = {(x1, · · · , xn) ∈ Rn : x1 < x2 < · · · < xn}.

Any compact Σ ∈ Kn written (1.28) can be parametrized by a vector in T 2(n+1) by

reading off endpoints from left to right:

Σ 7→ (E+
0 , E

−
1 , E

+
1 , E

−
2 , · · · , E+

n , E
−
0 )>

We identify Kn to T 2(n+1) in this way, and note that Kn can be naturally viewed as

a R+ bundle over Kn1 fibred over the capacity

cap(Σ) := exp(−E(ρΣ)). (4.10)

Proposition 4.7. Fix an α > 0. The space Kn is homeomorphic to Knα × R+.

Proof. Consider the map hα : Kn → Knα × R+ given by

hα(Σ) :=

(
α

cap(Σ)
Σ, cap(Σ)

)
.

Because capacity scales linearly [44, Theorem 5.1.2]

cap(αΣ) = α cap(Σ), α ∈ R+,
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the function hα is a bijection, with continuous inverse

h−1
α (Σ, β) =

β

α
Σ.

The capacity cap(Σ) is continuous and positive on Kn by Proposition 4.6 and (4.8).

Thus, hα is likewise continuous, and hα is a homeomorphism, as claimed.

Lemma 4.8. The coefficients cj above depend analytically on the gap edges of Σ.

Proof. By nonsingularity of the matrix A, if we show that terms like

mj(Σ) :=

∫ E+
j

E−j

xn√
QΣ(x)

dx (4.11)

are analytic in each E±k , we are done, because the cj are linear combinations of entries

of A−1 and ~b above. Since QΣ is positive and bounded away from zero on (E−j , E
+
j )

when varying E±k , k 6= j, (4.11) is clearly analytic for all except E±j . By symmetry

in ±, it suffices to prove that the terms (4.11) are analytic in E+
j .

Denote by x(t) = E−j + (E+
j − E−j )t. By substitution, we have

mj(Σ) =

∫ 1

0

x(t)n√
QΣ(x(t))

(E+
j − E−j )dt,

and this integrand is evidently analytic in E+
j in a sufficiently small neighborhood

around Σ. Because

(E+
j − x(t))(x(t)− E−j ) = t(1− t)(E+

j − E−j )2,

there exists a constant C such that the integrand is locally uniformly bounded by the

integrable function

C√
t(1− t)

.
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Thus, by Fubini and Morera’s theorems, if we complexify the variable E+
j , then for

any sufficiently small path around Σ

∮
mj(Σ)dE+

j = 0,

and mj(Σ) is analytic.

Define a map ω : Kn → T n which outputs the frequency vector ω(Σ) ∈ T n of a

compact Σ ∈ Kn. By (4.9), this map is constant on the R+ fibres over Knα. We wish

to investigate the “typicality” of rational independence of the frequency vector with

respect to the input compact Σ. With this in mind, we explore some properties of

the map ω:

Proposition 4.9. The map ω : Kn → T n is real analytic. Furthermore, if B ⊂ T n

has measure zero, ω−1(B) likewise has measure zero.

Proof. Coordinate-wise analyticity of ω : Kn → T n follows from an argument exactly

analogous to that in the proof of Lemma 4.8 above. Consider now the Jacobian Dω

of ω. By Sard’s theorem, the critical set X ⊂ Kn of values for which the Jacobian is

not surjective has zero measure image under ω, that is, |ω(X)| = 0.

Define a new analytic function g : Kn → R given by

g(Σ) =
∑

~m∈[1,2(n+1)]n

det((Dω(Σ))~m)2

where (Dω)~m is the matrix formed by the n columns of (Dω) indexed by ~m. The

Jacobian is surjective (and thus ω a submersion) for all those Σ for which g(Σ) 6= 0.

By analyticity of g, either {Σ : g(Σ) = 0} is (Lebesgue) measure zero in Kn or g is
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constantly zero. If g is constantly zero, then the set of critical points X is the whole

domain Kn. Thus, if g were constantly zero, then the image of ω must be of zero

measure. But this is certainly false; the bands of n-gap compacts can have arbitrary

harmonic measures [19, 54].

Thus, {Σ : g(Σ) = 0} has (Lebesgue) measure zero, and ω is almost-everywhere a

submersion. Thus, the preimage of a measure zero set has measure zero [42].

Let q ∈ Zn, k ∈ Z, and denote Bq,k = {v ∈ Rn : q · v = k} ∩ T n. Of course, Bq,k is

a translation of a closed proper subspace of T n, and thus is nowhere dense. Denote

by B =
⋃
q∈Zn

⋃
k∈ZBq,k. This set is a countable union of nowhere dense sets, i.e. a

meager set. We claim that

Lemma 4.10. ω−1(Bq,k) is nowhere dense and has measure zero.

Proof. Bq,k is a closed subset of T n of positive codimension, and thus of measure zero.

By continuity, ω−1(Bq,k) is likewise closed, and by Lemma 4.9 ω−1(Bq,k) has measure

zero. A closed, measure zero subset of Euclidean space is nowhere dense.

We can now address the

Proof of Proposition 4.3. Consider the set A ⊂ Kn of n-gap compacts whose fre-

quency vectors are rationally dependent; that is, A = ω−1(B). That A is meager

follows from the definition and Lemma 4.10. Because B is a countable union of zero

measure sets, B likewise has measure zero. By Proposition 4.9, ω−1(B) has measure

zero in Kn. Finally, because ω is fibre-wise constant, for each α > 0,

ω−1(B) = (ω−1(B) ∩ Knα)× R+,
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and it follows that ω−1(B)∩Knα is meager and has zero measure under the pushforward

measure induced by hα.

4.3 Resolving Proposition 1.8

Fix a compact Σ ∈ Kn and consider the polynomial QΣ(z) defined as in (4.6) above:

QΣ(z) =
n∏
j=0

(z − E+
j )(z − E−j ).

Apply the square root with the typical branching and expand Q
1/2
Σ away from the

convex hull of the spectrum as

Q
1/2
Σ (z) = −zn+1

∞∑
j=0

cj(Σ)z−j, |z| > max{|E+
0 |, |E−0 |}. (4.12)

We intend to address the proof of property (3) from Proposition 1.8, given the

following statement from [53]:

Proposition 4.11 (Corollary 12.10, [53]). Let J ∈ J (Σ). Then J is stationary for

a Toda polynomial

P (z) = zm+1 − c1z
m − · · · − cmz

of degree m + 1 if and only if there exists a polynomial Qm−n of degree m − n such

that cj = cj(Σ̃), where QΣ̃ is given by

QΣ̃(z) = Q2
m−n(z)QΣ(z).

Proposition 4.12 (Proposition 1.8, (3)). If J is stationary for P , then the spectrum

of J has at most deg(P ) − 1 (open) spectral gaps. Furthermore, for each Σ ∈ Kn,
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there exists a polynomial P of degree n + 1 so that every J ∈ J (Σ) is stationary for

P .

Proof. Let Σ = σ(J), and suppose J is stationary for P of degree m + 1. Since J

is stationary, J ∈ J (Σ) with Σ finite-gap by Proposition 1.8 (2). Suppose Σ has n

gaps. Then, by Proposition 4.11, we have

P (z) = zm+1 − c1z
m − · · · − cmz,

where cj = cj(Σ̃) are determined as in (4.12) for some polynomial QΣ̃(z) of degree

2(m + 1). Furthermore, we have that QΣ(z), a polynomial of degree 2(n + 1), is a

factor of QΣ̃(z). But for this to be true, it must be the case that 2(m+ 1) ≥ 2(n+ 1);

that is, that m = deg(P )− 1 ≥ n.

Now, suppose Σ ∈ Kn, and define a sequence of coefficients cj = cj(Σ) as in (4.12).

Then taking Qm−n(z) = 1 in Proposition 4.11 shows that J is stationary for P .



Bibliography

[1] Werner Amrein and Vladimir Georgescu. On the characterization of bound states

and scattering states in quantum mechanics. Helv. Phys. Acta, 46:635–658, 1973.

[2] Joachim Asch and Andreas Knauf. Motion in periodic potentials. Nonlinearity

11:175–200, 1998.

[3] Artur Avila. The absolutely continuous spectrum of the almost Mathieu opera-

tor. arXiv preprint arXiv:0810.2965, 2008.

[4] Artur Avila. On the Kotani-Last and Schrödinger conjectures. J. Amer. Math.

Soc., 28(2):579–616, 2015.

[5] Artur Avila. Global theory of one-frequency Schrödinger operators. Acta Math.,

215(1):1–54, 2015.

[6] Artur Avila and David Damanik. Absolute continuity of the integrated density of

statesfor the almost Mathieu operator with non-critical coupling. Invent. Math.

172:439–453, 2008.

[7] Artur Avila and Raphaël Krikorian. Reducibility or nonuniform hyperbolicity

for quasiperiodic Schrödinger cocycles. Ann. of Math. 164:911–940, 2006.

85



86

[8] Ilia Binder, David Damanik, Michael Goldstein, and Milivoje Lukic. Al-

most periodicity in time of solutions of the KdV equation. arXiv preprint

arXiv:1509.07373, 2015.

[9] Ilia Binder, David Damanik, Milivoje Lukic, and Tom VandenBoom. Almost

periodicity in time of solutions of the Toda lattice. C. R. Math. Rep. Acad. Sci.

Canada, to appear.

[10] Jonathan Breuer, Eric Ryckman, and Barry Simon. Equality of the spectral and

dynamical definitions of reflection. Commun. Math. Phys., 295(2):531–550, 2010.

[11] Gerald Cargo. Angular and tangential limits of Blaschke products and their

successive derivatives. Canad. J. Math, 14:334–348, 1962.

[12] Jacob Christiansen, Barry Simon, Peter Yuditskii, and Maxim Zinchenko.

Asymptotics of Chebyshev polynomials, II. DCT subsets of R. arXiv preprint

arXiv:1709.06707, 2017.

[13] Jacob Christiansen, Barry Simon, and Maxim Zinchenko. Finite gap Jacobi

matrices, I. The isospectral torus. Constr. Approx., 32:1–65, 2010.

[14] Walter Craig and Barry Simon. Subharmonicity of the Lyapunov index. Duke

Math. J., 50(2):551–560, 1983.

[15] David Damanik, Michael Goldstein, Wilhelm Schlag, and Mircea Voda. Homo-

geneity of the spectrum for quasi-periodic Schrödinger operators. J. Eur. Math.

Soc., to appear.



87

[16] David Damanik and Peter Yuditskii. Counterexamples to the Kotani-Last con-

jecture for continuum Schrödinger operators via character-automorphic Hardy

spaces. Adv. Math., 293:738–781, 2016.

[17] H̊akan Eliasson. Floquet solutions for the 1-dimensional quasi-periodic

Schrödinger equation. Commun. Math. Phys., 146:447–482, 1992.

[18] Volker Enss. Asymptotic completeness for quantum mechanical potential scat-

tering. Commun. Math Phys., 61(3):285–291, 1978.

[19] Alexandre Eremenko and Peter Yuditskii. Comb functions. In Recent advances

in orthogonal polynomials, special functions, and their applications, volume 578

of Contemp. Math., pages 99–118. Amer. Math. Soc., Providence, RI, 2012.

[20] Jake Fillman. Ballistic transport for limit-periodic Jacobi matrices with applica-

tions to quantum many-body problems. Commun. Math. Phys., 350:1275–1297,

2017.

[21] Jake Fillman and Milivoje Lukic. Spectral homogeneity of limit-periodic

Schrödinger operators. Journal of Spectral Theory, to appear.

[22] Jake Fillman, Darren Ong, and Tom VandenBoom. Spectral approximation

for CMV operators with an application to quantum walks. arXiv preprint

arXiv:1712.04620, 2017.

[23] Otto Frostman. Sur les produits de Blaschke. Kungl. Fysiogr. Sällsk. i. Lund

Förh. 12:169–182, 1942.



88

[24] Fritz Gesztesy and Helge Holden. Soliton equations and their algebro-geometric

solutions. Vol. I: (1 + 1)-dimensional continuous models, volume 79 of Cam-

bridge Studies in Advanced Mathematics. Cambridge University Press, Cam-

bridge, 2003.

[25] Fritz Gesztesy, Helge Holden, Johanna Michor, and Gerald Teschl. Soliton equa-

tions and their algebro-geometric solutions. Vol. II: (1 + 1)-dimensional discrete

models, volume 114 of Cambridge Studies in Advanced Mathematics. Cambridge

University Press, Cambridge, 2008.

[26] Fritz Gesztesy, Konstantin Makarov, and Maxim Zinchenko. Essential closures

and AC spectra for reflectionless CMV, Jacobi, and Schrödinger operators revis-

ited. Acta Appl. Math., 103(3):315–339, 2008.

[27] Fritz Gesztesy and Peter Yuditskii. Spectral properties of a class of reflectionless

Schrödinger operators. J. Funct. Anal., 241(2):486–527, 2006.

[28] Fritz Gesztesy and Maxim Zinchenko. Local spectral properties of reflectionless

Jacobi, CMV, and Schrödinger operators. J. Differential Equations, 246(1):78–

107, 2009.
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