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ABSTRACT

Vacuum Bloch-Siegert Shift in Landau Polaritons with Ultrahigh Cooperativity

by

Xinwei Li

A two-level system resonantly interacting with an ac magnetic or electric field consti-

tutes the physical basis of diverse phenomena and technologies, including nuclear magnetic

resonance [1], stimulated emission, amplification, Rabi oscillations [2], laser cooling [3],

and quantum information processing [4]. However, despite the seeming simplicity of the

problem, Schrödinger’s equation for this system can be solved exactly only under the ro-

tating wave approximation, which neglects the counter-rotating field component [5]. When

the ac field is sufficiently strong, this approximation fails, leading to a resonance-frequency

shift known as the Bloch-Siegert (BS) shift [6], which is typically minuscule and difficult to

analyze. Here, we report the vacuum BS shift, which is induced by the ultrastrong coupling

of matter with the counter-rotating component of the vacuum fluctuation field in a cavity.

Specifically, an ultrahigh-mobility 2D electron gas inside a high-Q terahertz cavity in a

quantizing magnetic field revealed Landau polaritons with a record high value (3513) of

the ratio of the vacuum Rabi splitting to the polariton linewidth. Unlike the usual BS shift,

we observed an unambiguously large vacuum BS shift up to 40 GHz, which can be exactly

analyzed as a consequence of the ultrastrong coupling of counter-rotating circularly po-

larized radiation and Landau-quantized electrons. This shift, clearly distinguishable from

the photon-field self-interaction effect, represents a unique manifestation of a strong-field

phenomenon without a strong field.
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Chapter 1

Introduction

An electron spin in a static magnetic field naturally precesses in a right-hand circular mo-

tion about the field axis at the Larmor frequency. For an incoming frequency-matching ac

magnetic field, the left-hand circularly-polarized (LCP) component, which rotates in the

opposite direction to the spin motion, goes into and out of phase with the spin twice every

oscillation period. Hence, the cumulative effect of the LCP component of the ac field is

negligible compared to the co-rotating right-hand circularly polarized (RCP) component.

The approach to keep only the latter component is called the rotating wave approximation

(RWA) [5], which significantly simplifies the problem of calculating field-spin interac-

tions. After the Bloch equations were generalized from the magnetic resonance context to

the realm of optical resonance in two-level systems [7], the RWA has been ubiquitously

applied to various light-matter coupling problems so successfully that, in many cases, it is

implicitly made without any justification.

When the applied ac field becomes sufficiently strong, the RWA breaks down, which

results in a shift in the resonance frequency known as the Bloch-Siegert (BS) shift [6],

stemming from interaction with the counter-rotating ac field component. The lowest-order

term in the BS shift is on the order of Ω2
R/ω0, where ΩR is the Rabi frequency and ω0 is the

unperturbed resonance frequency [5]. Higher-order terms of the BS shift have also been

calculated quantum mechanically [8, 9], which have to be taken into account in order to

correctly estimate the magnetic moment values from magnetic resonance experiments [1].

Furthermore, recent studies on circuit quantum electrodynamics (QED) systems [10, 11]
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have revealed frequency shifts that are equivalent to the BS shift in the case of cavity QED.

More recently, a BS shift has been reported for a transition metal dichalcogenide system

driven by circularly polarized sub-bandgap optical fields [12].

Here, we report a vacuum BS shift in a solid-state cavity QED system, which occurs

when the average photon number inside the cavity is much less than one. The shift in

this case is caused by the ultrastrong coupling of matter with the counter-rotating com-

ponent of the vacuum fluctuation field inside the cavity. Such a BS shift was predicted

for atomic cavity QED systems [13], but an observation has been elusive due to the small

dipole moments of atomic transitions. Excitations in solids are better candidates for ob-

serving a vacuum BS shift because of the possibility of entering the ultrastrong coupling

(USC) regime, which is defined by g/ωcav > 0.1; here, g is the light-matter coupling rate,

which is equal to half of the vacuum Rabi splitting (VRS), and ωcav is the cavity photon

frequency. For example, g/ωcav = 1.43 has been achieved using cyclotron resonance (CR)

in a two-dimensional electron gas (2DEG) in semiconductor quantum wells (QWs) [14].

However, no clear demonstration of a vacuum BS shift has been made due to the typically

broad linewidths caused by ultrafast decoherence and lossy cavity designs as well as the

coexistence of competing features in the USC regime [15, 16, 17]. In the context of circuit

QED, several recent studies have demonstrated USC [18, 19, 20, 21, 22], notably achieving

g/ωcav = 1.34 in one study [21]. A ‘quantum’ BS shift, similar to the vacuum BS shift,

has also been reported for a circuit QED system [18]; however, the evidence presented was

based on spectral fitting with a simplified Hamiltonian, which was not derived from first

principles.

In our experiments, electron CR in a Landau-quantized high-mobility 2DEG in a GaAs

QW coupled ultrastrongly with vacuum photons in a high-quality-factor terahertz (THz)

photonic crystal cavity (PCC). In this Landau-polariton system, we simultaneously achieved
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Vacuum
Rabi Splitting

Vacuum
Bloch-Siegert Shift

Figure 1.1 : Schematic diagram for the two circularly polarized photon fields interacting
with the CR of a 2D electron gas (2DEG) in a cavity. The co-rotating CRA mode ex-
hibits vacuum Rabi splitting phenomena, while the counter-rotating CRI mode exhibits the
vacuum Bloch-Siegert shift.
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g/ωcav = 0.36 and an ultrahigh cooperativity C ≡ 4g2/κγ = 3513, where κ and γ are the

photon and matter decay rates, respectively. We found that the probe light polarization

state plays a critical role in exploring USC physics in this ultrahigh-cooperativity system.

As shown in Fig. 1.1, the resonant co-rotating coupling of electrons with CR-active (CRA)

circularly polarized radiation leads to the extensively studied VRS. On the other hand, the

counter-rotating coupling of electrons with the CR-inactive (CRI) mode leads to the time-

reversed partner of the VRS, namely, the vacuum BS shift, as we identified for the first

time.
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Chapter 2

Light-matter interaction beyond the rotating wave
approximation

2.1 A two level system interacting with a monochromatic field

2.1.1 In the Schrödinger picture

In this section, we review the steps of solving the problem of a two level system (TLS)

subject to a classical driving electric field; we will see how the rotating wave approxima-

tion (RWA) is introduced in the procedure, and how it helps to find an exact and succinct

solution of the Schrödinger equation [23].

First, consider the Hamiltonian for the TLS, Ĥ0, the Schrödinger equation is written as

Ĥ0Ψi(r, t) = i~
∂Ψi(r, t)

∂t
, (2.1)

where Ψi(r, t) is the position and time dependent wavefunction, and i = 1, 2 is the level

index. Because Ĥ0 does not show explicit time dependence, we can write the wavefunction

as

Ψi(r, t) = ψi(r)e−iEit/~, (2.2)

and Eq. (2.1) transforms into a time-independent form

Ĥ0ψi(r) = Eiψi(r). (2.3)

Here, Ei is the energy for the i-th level, and the transition frequency of the TLS is ω0 =

(E2 − E1)/~.
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Second, the effect of an oscillating monochromatic light field on the TLS can be writ-

ten as the time-dependent potential energy of an effective electric dipole. Suppose the

light field is polarized along the x direction, assuming the TLS-light interaction is entirely

electric dipolar in nature, the potential energy is

V̂ (t) = exE0 cosωt, (2.4)

where E0 and ω are the light amplitude and frequency, respectively.

The total Hamiltonian is Ĥ = Ĥ0 + V̂ . The time-dependent Schrödinger equation is

ĤΨ = i~
∂Ψ

∂t
, (2.5)

where the wavefunction Ψ is written as the linear combination of the two eigenstates in the

TLS Hilbert space, that is,

Ψ(r, t) =
∑
i

ci(t)Ψi(r, t) =
∑
i

ci(t)ψi(r)e−iEit/~. (2.6)

The coefficients ci(t) are the most important quantities to be determined for this problem.

By plugging Eq. (2.6) into Eq. (2.5), and through several steps of calculation utilizing

the orthogonality conditions of the TLS wavefunctions, the coefficients are written as

ċ1(t) = − i

~
c2(t)V12e

−iω0t (2.7a)

ċ2(t) = − i

~
c1(t)V21e

iω0t. (2.7b)

Vij =
∫
ψ∗i V̂ (t)ψjd

3r is the matrix element of V̂ . It can also be written as

Vij = −E0 cos(ωt)µij

= −E0
2

(
eiωt + e−iωt

)
µij, (2.8)
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where µij = −e
∫
ψ∗i xψjd

3r is the matrix element of the dipole moment. Then Eq. (2.7)

can be rewritten as

ċ1(t) =
i

2
ΩR c2(t)

(
ei(ω−ω0)t + e−i(ω+ω0)t

)
(2.9a)

ċ2(t) =
i

2
ΩR c1(t)

(
e−i(ω−ω0)t + ei(ω+ω0)t

)
, (2.9b)

where ΩR = |µ12E0/~| is the Rabi frequency.

On the right side of Eq. (2.9), there appears a summation of two time harmonic expo-

nentials. It consists of a slowly varying term with frequency ω−ω0 and a fast varying term

with frequency ω + ω0, respectively. The cumulative contribution of the fast oscillating

term, to a very good approximation, can be neglected in the calculation of the coefficients.

This approximation is called the rotating wave approximation (RWA); the name “rotating

wave” should be viewed more intuitively by plotting the state vector as a precessing spin

on a Bloch sphere, and the circularly polarized component of the light field that rotates in

the same direction with the spin is kept, while the other component is omitted. The theory

related to optical Bloch equations and state vector dynamics will be introduced later.

By applying the RWA, and assuming the light frequency coincides with the TLS transi-

tion frequency, that is, δω = ω − ω0 = 0, where δω is the detuning, Eq. (2.9) is simplified

to

ċ1(t) =
i

2
ΩR c2(t) (2.10a)

ċ2(t) =
i

2
ΩR c1(t). (2.10b)

The solution of this equation gives

c1(t) = cos(ΩRt/2) (2.11a)

c2(t) = i sin(ΩRt/2), (2.11b)
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which means that the probability of finding the system in the |1〉, and |2〉 states are

P1(t) = cos2(ΩRt/2) (2.12a)

P2(t) = sin2(ΩRt/2), (2.12b)

respectively. Now, the Rabi frequency ΩR has a clear physical meaning; it is the frequency

of the occupation probability flopping of both the upper and lower states of the TLS. From

the definition ΩR = |µ12E0/~|, the Rabi frequency is proportional to the electric field am-

plitude as well as the dipole transition matrix element. This fact is critical for determining

the resolvability condition for Rabi oscillations in experiments. Obviously all the theoreti-

cal discussions above are assuming a perfect maintenance of coherence. In real materials,

especially in solids, decoherence time is short, such that, in order to observe a Rabi flop-

ping, the driving light field has be strong enough to bring one oscillation period 2π/ΩR to

be shorter than the decoherence time.

Another important implication of Rabi flopping is the formation of dressed states. Con-

sider the probability of occupation oscillates between states |1〉 and |2〉 at a frequency ΩR,

the radiation emitted by the TLS itself (not including the driving field) will thus have an

envelop function at frequency ΩR superimposed on the TLS natural oscillation frequency.

Therefore, in the time domain, the electromagnetic wave emitted from the TLS should form

a beating pattern. The frequency-domain equivalent of a time-domain beating is a splitting

in the energy levels. For a TLS under a driving field, both |1〉 and |2〉 states split into two

with level separations of ΩR, and the TLS effectively transforms into a four level system.

The fluorescence spectrum of a dressed TLS was initially measured by Mollow [24], where

three lines appear; the frequencies are ω0 − ΩR, ω0, and ω0 + ΩR.
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2.1.2 In the Heisenburg picture

The prototype TLS-field interaction problem comes from magnetic resonance. When a

magnetic moment is placed in a static magnetic field, the moment feels a torque in the di-

rection that is perpendicular both to itself and the static field. The moment precesses about

the static field; the handedness of precession is determined by the direction of the field.

Bloch equations describes this dynamics well. A TLS of a more general type, although it

might interact with light field through purely electric-dipolar interactions, surprisingly, can

still be reduced to a magnetic resonance problem. The group of equations that are applica-

ble here are called the optical Bloch equations (OBEs), initially proposed by Feynman [7].

In this section, we try to approach the TLS-field interaction problem from the perspec-

tive of OBEs, which can be easily worked out in the Heisenburg picture [5]. By viewing a

TLS state vector on a Bloch sphere, the essence of the RWA is more straightforward.

The Hamiltonian of the TLS can be written as the z-component of Pauli matrix

Ĥ0 =
1

2
~ω0σ̂z. (2.13)

Recall that the three Pauli matrices satisfy the commutation relation

[σ̂a, σ̂b] = 2iεabcσ̂c, (2.14)

where a, b, and c, can take values from x, y, and z, and εabc is the Levi-Civita symbol. The

total Hamiltonian can then be rewritten as

Ĥ = Ĥ0 + V̂

=
1

2
~ω0σ̂z − µ12E0 cos(ωt)σ̂x

=
1

2
~ω0σ̂z − ~ΩR cos(ωt)σ̂x (2.15)

Note that in the Heisenburg picture, operators instead of state vectors are time-dependent.

The total state vector is Ψ(r) =
∑

i ciΨi(r) where ci’s are not time-dependent, but the Pauli
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matrix operators are varying with time following the equation of motion

i~
∂σ̂i
∂t

= [σ̂i, Ĥ]. (2.16)

By writing out Eq. (2.16) using the total Hamiltonian, and taking the expectation value on

both sides, we get the following equation group for the time-dependent expectation values

of the Pauli matrices defined as si(t) = 〈Ψ| σ̂i(t) |Ψ〉.

ṡx(t) = −ω0sy(t) (2.17a)

ṡy(t) = ω0sx(t) + 2ΩR cos(ωt)sz(t) (2.17b)

ṡz(t) = −2ΩR cos(ωt)sy(t) (2.17c)

These equations is equivalent to a single optical Bloch equation

ṡ(t) = BOBE(t)× s(t). (2.18)

Here, s(t) = (sx(t), sy(t), sz(t)), and from basic properties of Pauli matrices it is easy to

find |s(t)| = 1. BOBE(t) is a quantity that effectively plays the role of a magnetic field in

the OBE; it is given by

BOBE(t) = (−2ΩR cos(ωt), 0, ω0) . (2.19)

In this way, the dynamic of the TLS is fully discribed by the vector s confined on a Bloch

sphere with modulus 1, in an effective magnetic field.

To make the physical picture more clear, we decompose BOBE(t) into an a.c. term and

a d.c. term

BOBE(t) = BAC(t) +BDC

= (−2ΩR cos(ωt), 0, 0) + (0, 0, ω0) . (2.20)
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Here, BDC is analogous to the d.c. magnetic field in the magnetic Bloch equation; it sets

the natural precession direction and frequency of s. Due to this field, even without an

external trigger, s spontaneously starts precessing on the Bloch sphere. BAC(t) is along

the x direction, and it describes the incoming light field as an effective linearly polarized

light field whose magnetic field component is polarized along x. This field is analogous

to the transverse a.c. magnetic field in a magnetic resonance experiment. BAC(t) can be

decomposed into the summation of two circularly-polarized components

BAC = BAC,+ +BAC,−

= (−ΩR cos(ωt), − ΩR sin(ωt), 0) + (−ΩR cos(ωt), ΩR sin(ωt), 0) , (2.21)

whereBAC,+ rotates in the same direction with the natural precession of s underBDC, while

BAC,− counter-rotates with s, and thus goes into and out of phase with s every oscillation

period. The argument that the cumulative effect of BAC,+ is much larger than BAC,− leads

to the RWA, that is, BAC ≈ BAC,+. This is the Heisenburg picture analog of the RWA in

Eq. (2.9). By introducing the concept of a Bloch vector precession on a Bloch sphere, the

RWA becomes the neglect of the counter-rotating circularly polarized a.c. field component,

which is very straightforward and intuitive.

After applying the RWA, it is more convenient to solve the OBE in a rotating frame in

whichBAC,+ looks as though static. The Bloch vector s is transformed into ρ = (u, v, w)

according to 
u

v

w

 =


cos(ωt) sin(ωt) 0

− sin(ωt) cos(ωt) 0

0 0 1



sx

sy

sz

 . (2.22)

The former OBE in Eq. (2.18) is transformed into

ρ̇(t) = Bω
OBE × ρ(t), (2.23)
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where Bω
OBE = (ΩR, 0, ω0 − ω) is the effective magnetic field in the rotating frame. At

resonance (ω = ω0), Bω
OBE only has a nonzero x component responsible for the light field.

Therefore, in the rotating frame, the light field acts as an effective static magnetic field that

applies torque onto ρ and changes its orientation.

2.1.3 The Bloch-Siegert shift

In a previous section, we identified that the co-rotating light field component leads to Rabi

splittings of both upper and lower levels of the TLS; the TLS thus becomes “dressed” by

the co-rotating field. When the counter-rotating a.c. field componentBAC,− is incorporated

in the OBE, the OBE cannot be exactly solved by any means. However, it is possible to

find the first order correction to the TLS transition frequency induced byBAC,−. Bloch and

Siegert [6] first examined this problem, and, through somewhat complicated calculations,

found the first order transition frequency correction. The transition frequency shift due to

the counter-rotating a.c. field component is called a Bloch-Siegert (BS) shift.

One rather intuitive way of deriving the BS shift is given by Treacy [5]. The effective

magnetic field in the rotating frame,Bω
OBE, while incorporatingBAC,−, is rewritten as

Bω
OBE = [−2ΩR(1 + cos(2ωt)), 2ΩR sin(2ωt), ω0 − ω] , (2.24)

where the terms oscillating at frequency 2ωt are due toBAC,−. The spin dynamics inBω
OBE

of this form is extraordinarily complex. However, the resonance condition can be found by

transferring the effective field in to a counter-rotating frame

B−ωOBE = [−2ΩR(1 + cos(2ωt)), − 2ΩR sin(2ωt), ω0 + ω] , (2.25)

where “−ω” represents “counter-rotating”. Near the zero detuning condition, the 2ωt oscil-

lation part has a very close frequency with the natural precession of the Bloch vector. The
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resonance frequency is calculated by equating the this frequency (2ω) with the precession

frequency induced by the component ofB−ωOBE that is time-independent, which gives

2ω =
√

(2ΩR)2 + (ω0 + ω)2. (2.26)

This equation leads to the result of BS shift to the first order to be

δωBS =
(ΩR)2

ω0

. (2.27)

The ratio of the BS shift to the bare transition frequency is

δωBS

ω0

=

(
ΩR

ω0

)2

. (2.28)

Therefore, the ratio of Rabi frequency to the bare transition frequency determines how

important the BS shift is. Typically, in free space experiments on a TLS under strong light

field drive, the ratio ΩR/ω0 cannot be close to 1; this is because if a light field that is so

strong is used, the two level atom can be ionized. However, the condition ΩR/ω0 ∼ 1

can be reached in a light-matter interaction experiment in a photonic cavity, which we will

discuss later.

Another notable approach that can lead to the same result as Eq. (2.27) is given by

Shirley [8]. Based on the Floquet theorem, the time-periodic Hamiltonian of a TLS un-

der a driving light field can be transformed into a time-independent one in the frequency

domain represented as an infinite matrix. The eigenstates of the Floquet Hamitonian are

a ladder of infinite number of Floquet states. Under the RWA, the Floquet Hamiltonian

reduces exactly to a two by two matrix, involving only the two Floquet states that match

the light frequency and satisfy the excitation-number conservation law. While taking the

counter-rotating interaction into consideration, the full infinite matrix, in principle, should

be examined. However, to the first order, the Floquet Hamiltonian still can reduce to a two
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by two matrix, but the eigen-energies of the two states involved in the transition are mod-

ified due to interaction with other Floquet states. Perturbation theory can give the lowest

order energy corrections; the correction is the BS shift, which was calculated to be exactly

the same as Eq. (2.27).

The effect of BS shifts in usual experiments is small compared to the bare transition

frequency as well as the Rabi splitting feature. When the Rabi splitting and BS shift feature

coexist in an experimentally spectrum, there is no way other than performing a fitting to

the spectrum using a model assuming the RWA, and ascribe the deviation of experimental

data from the best fit to be the BS shift. However, such a fitting has freedom in adjusting

multiple parameters, and thus, is not fully convincing.

Magnetic resonance experiments again give a hint of how to solve this problem. In a

typical magnetic resonance experiment, like nuclear magnetic resonance or electron spin

resonance, due to the perfect circular motion of the precessing moment, the Rabi splitting

due toBAC,+ and the BS shift due toBAC,− are separately assigned two circularly polarized

light field modes, without any crosstalk. This means that any frequency shift observed in

the spectra measured by the counter-rotating field BAC,− is unambiguously the BS shift.

Real TLSs with such a circular polarization selection rule is not very common, so in these

cases, observation of a BS shift is still weakly proved by a fitting. However, by using excita-

tions with circular polarization selection rules, one can again use the nice property of being

able to separately observe the Rabi splitting and BS shift in two time-reversed polarization

states. Recently, a BS shift was observed in a two-dimensional transition metal dichalco-

genide using this idea [12]. Exciton transitions in the sample have circular polarization

selection rule for the two time-reversed K and K ′ valleys. Under a strong circularly polar-

ized driving light, one valley exclusively shows an optical Stark shift due to the co-rotating

field, while the other valley exclusively shows a BS shift.
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2.2 Light-matter interaction in an optical cavity

In this section, we consider light-matter interaction in an optical cavity; this subject is

called cavity quantum electrodynamics (QED). The basic model is a TLS interacting with

a quantized light field. For simplicity, we keep every physical process we discuss to be

perfectly coherent and lossless.

In fact, almost everything in the situation of free space TLS-light interaction, such as

the Hamiltonian (Eq. (2.5)), the RWA, the Rabi flopping solution (Eq. (2.12)), and the BS

shift (Eq. (2.27)), is, in principle, applicable to the cavity QED situation. However, the

cavity QED provides an opportunity to investigate the strong light-matter coupling physics

in the absence of a strong light field. Notably, in a cavity, the realization of a large Rabi

frequency ΩR does not need to be supplied by a strong external laser field; instead, the

cavity vacuum fluctuation field induced by zero-point electromagnetic wave energy does

the job.

2.2.1 The vacuum Rabi splitting

The Rabi splitting that occur in free space, and the physics of a “dressed” TLS, becomes

the so-called vacuum Rabi splitting in a cavity QED experiment. Here we show a simple

quantum mechanical derivation of this phenomenon; we do not reuse the equations from the

last sections because classical treatment of light field has trouble in reflecting the physics

of zero-point energy or the existence of a vacuum field.

First, the zero-point energy of a single-mode cavity field is 1
2
~ω. This energy should be

equal of the field energy integrated throughout the whole cavity volume; the relation gives∫
ε0(Evac)

2dV =
1

2
~ω, (2.29)

where ε0 is the vacuum permittivity (assuming the cavity is filled with vacuum rather than
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any dielectric), and Evac is the vacuum electric field amplitude. Considering the standing

wave solution of a cavity mode, we get

Evac =

(
~ω
ε0V

)1/2

, (2.30)

in the field-antinode position of a cavity, where V represents the cavity mode volume. This

relation implies that the better a cavity mode is confined, the stronger a vacuum field is.

A quantized single-mode electric field is written as

E = eEvac
(
â+ â†

)
, (2.31)

where e is the polarization vector, and â (â†) is the annihilation (creation) operator of

cavity photons. Note that although Evac appears in this equation, the photon number is not

necessarily zero.

We first consider the light-matter interaction Hamiltonian which, in the last sections,

was assumed to be electric-dipolar, that is, V̂ = µ · Evac. When the dipole is aligned

perfectly with the cavity mode polarization, the interaction term can be written as

V̂ = µ̂ Evac
(
â+ â†

)
= Evac µ12 σ̂x

(
â+ â†

)
= Evac µ12 (σ̂+ + σ̂−)

(
â+ â†

)
= ~ g0 (σ̂+ + σ̂−)

(
â+ â†

)
. (2.32)

Here, σ̂+ (σ̂−) is the TLS rising and lowering operator, and the coupling rate g0 = µ12 Evac/~.

A comparison with the free space situation reveals that g0 in cavity QED plays the role of

ΩR in free space. Later we will show that the vacuum Rabi splitting, also denoted as ΩR,

is twice the coupling rate. In Eq. (2.32), the terms σ̂+â and σ̂−â† represent the excitation-

number-conserved absorption and emission process of the TLS, respectively. On the other
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hand, σ̂+â† and σ̂−â do not conserve the total excitation number; the neglect of these two

terms is the RWA in this model. Under the RWA, the interaction Hamiltonian is approxi-

mated as

V̂ ≈ ~ g0
(
σ̂+â+ σ̂−â

†) (2.33)

Next, the noninteracting Hamiltonian of the total system is

Ĥ0 =
1

2
~ω0σ̂z + ~ωâ†â, (2.34)

so the total Hamiltonian under the RWA is

Ĥ = Ĥ0 + V̂

=
1

2
~ω0σ̂z + ~ωâ†â+ ~ g0

(
σ̂+â+ σ̂−â

†) . (2.35)

This Hamiltonian is called the Jaynes-Cummings Hamiltonian, which can be exactly rep-

resented as a two by two matrix in the two dimensional Hilbert space formed by the two

basis state vectors |2, n〉 = |2〉 |n〉 and |1, n+ 1〉 = |1〉 |n+ 1〉, where indices “1” and “2”

represent the ground and excited TLS state, and n is the photon number in the cavity. The

total Hamiltonian can be written as

Ĥ = ~

 (n+ 1)ω − 1
2
ω0 g0

√
n+ 1

g0
√
n+ 1 nω + 1

2
ω0

 . (2.36)

Diagonalizing the above matrix, and in the zero detuning condition, we get the coupled

eigenmode frequencies

ω± =

(
n+

1

2

)
ω0 ± g0

√
n+ 1

=

(
n+

1

2

)
ω0 ±

1

2
ΩR, (2.37)

where the Rabi splitting ΩR = 2g0
√
n+ 1. The vacuum Rabi splitting (VRS) is simply the

n = 0 scenario

ΩR(n = 0) = 2g0. (2.38)
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The VRS is induced by the vacuum fluctuation electric field, which has no classical analog.

For a system exhibiting a VRS, only a weak probe light is needed to study the eigen-

frequencies of the hybridized modes. Applying a strong incident light is also interesting

because the VRS scales with the square root of the number of photons in the cavity.

Another important feature of a VRS in cavity QED is its scaling behavior with the

number of TLSs that cooperatively interact with the cavity vacuum field. If N TLSs are

placed at the antinode of the cavity, the coupling rate between light and the TLS ensemble

gN scales with

gN =
√
Ng0. (2.39)

This behavior provides a route to achieve ultralarge VRSs by simply increasing the number

of dipoles in the cavity. Solids are natural hosts for enormous numbers, and large varieties

of electric and magnetic dipoles, and thus, are commonly used in cavity QED experiments.

When ΩR/ω0 ∼ 1, the system reaches the so-called ultrastrong coupling regime (USC).

2.2.2 The vacuum Bloch-Siegert shift

Keeping the full terms of V̂ in Eq. (2.32) leads to the cavity QED analog of a BS shift in

free space, that is, a vacuum BS shift. Specifically, the contribution of σ̂+â†+ σ̂−â leads to

a vacuum BS shift in the resonance frequency. Exact solution of the total Hamiltonian

Ĥ =
1

2
~ω0σ̂z + ~ωâ†â+ ~ g0

(
σ̂+â+ σ̂−â

† + σ̂+â
† + σ̂−â

)
(2.40)

is not possible, but resonance conditions and eigenmode frequencies, like in the free space

situation, can be found. To the first order, the counter-rotating terms lead to a vacuum BS

shift

δωVBS =
(ΩR)2

ω0

, (2.41)
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which is exactly the same as Eq. (2.27), only that the Rabi frequency is replaced by the vac-

uum Rabi frequency. An ultralarge ΩR enabled by the scaling law (Eq. (2.39)) is certainly

advantageous for a clear observation of δωVBS.

Another approach that will also facilitate an experimental observation of a vacuum

BS shift is to use an excitation with circular polarization selection rules, as mentioned in

previous sections. In this way, the VRS and vacuum BS shift separately appear in a pair of

time-reversed polarization states. In our case, we used electron CR in a 2D electron gas.

As shown in Fig. 1.1, the VRS appears in the spectra of the co-rotating CRA mode, while

the vacuum BS shift appears in the counter-rotating CRI mode.

Finally, I would like to mention another important effect that arises simultaneously

with the vacuum BS shift feature in the USC regime (ΩR/ω0 ∼ 1). In the USC regime, the

photon-field-self-interaction effect comes into play, and induces blue-shifts of resonance

frequencies that, like the vacuum BS shift, also scales with (ΩR)2/ω0. A new term should

be added to the Hamiltonian

ĤA2 = κ
(
â+ â†

) (
â+ â†

)
, (2.42)

where ĤA2 is called the A2 terms, or the diamagnetic terms of the total Hamiltonian. The

coefficient κ depends critically on the specific light-matter interacting system under study.

For some systems, ĤA2 is small, like in some circuit QED experiments; for some systems,

it is normal, like electric-dipole excitations in solids; for some systems, the existence of this

term is under debate [25, 26]. Whether ĤA2 exists or not is critical for a Dicke superradiant

phase transition [28, 27]. The total Hamiltonian incorporating all possible terms is

Ĥ =
1

2
~ω0σ̂z+~ωâ†â+~ g0

(
σ̂+â+ σ̂−â

† + σ̂+â
† + σ̂−â

)
+κ
(
â+ â†

) (
â+ â†

)
. (2.43)
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Chapter 3

Samples and experimental methods

3.1 THz time-domain magneto-spectroscopy

We performed transmission time-domain THz magneto-spectroscopy measurements in the

Faraday geometry. THz pulses were generated from a nonlinear (110) zinc telluride crystal

pumped by a Ti: sapphire-based regenerative amplifier (1 kHz, 0.9 mJ, 775 nm, 200 fs,

Clark-MXR, Inc., CPA-2001) via optical rectification. Another small portion of the laser

beam was split for probing THz radiation. The probe beam was delayed by a mechanical

stage, and incident onto the detection zinc telluride crystal together with the transmitted

THz beam for probing THz electric field via the electro-optic sampling method. In RCP

THz transmittance experiments, we used an achromatic THz quarter wave plate to convert

the linearly polarized THz beam into a circularly polarized beam.

In THz time-domain spectroscopy, the THz electric field measured as a function of time

can provide both amplitude and phase information. Here, for obtaining cavity transmittance

spectra, we first measured a THz wave passing through free space as a reference, then

measured under the same conditions, the cavity sample. Power transmittance is defined

as the square of the ratio between Fourier-transformed THz signal intensity spectra of the

cavity sample and the reference T = |Ecavity(ω)/Ereference(ω)|2.

The sample was mounted in a liquid helium cryostat with a variable temperature range

of 1.4-300 K. A magnetic field B up to 10 T was applied to the sample along the propaga-

tion direction of the incident THz wave (Faraday geometry).
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3.2 The 2DEG-cavity sample

A wafer containing multiple GaAs quantum wells (QWs) was grown by molecular beam

epitaxy (MBE). This structure consisted of a total of ten 30-nm-thick GaAs QWs separated

by 160 nm Al0.24Ga0.76As barriers. Silicon doping layers were placed at 80 nm setback

within Al0.24Ga0.76As barriers. The growth temperature was 635◦C, but it was decreased

to 450◦C for the deposition of the silicon atoms to minimize the diffusion of donors. An

electron density per QW of 3.2 × 1011 cm−2 and a mobility of 8.8 × 106 cm2/Vs were

extracted from Hall measurements at 300 mK in the dark. The total electron density of the

multiple QW structure was 3.2×1012 cm−2. Figure 3.1 shows conduction band bottom and

electron density profiles for the studied structure simulated using the nextnano software

package [29].
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Figure 3.1 : Simulated conduction band bottom and electron density profiles of the multiple
QW structure.
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Figure 3.2 : Transmittance spectra for the 2DEG in free space as a function of frequency
and B. Transmittance is defined as the ratio between power spectra at finite field and that
at 10 T. Inset: transmittance spectrum at 3 T, showing a CR linewidth of 340 GHz fit by a
Lorentzian function.

We varied B to tune the cyclotron frequency of the 2DEG, ωc = eB/m∗, where m∗ =

0.067m0 is the electron effective mass; see Fig. 3.2 for 2DEG magneto-transmittance spec-

tra in free space, showing the linear evolution with B of a superradiance-broadened CR

line [30].

In order to integrate the 2DEG sample with a 1D THz photonic crystal cavity, the GaAs

substrate was removed by etching. We used a mixture solution of citric acid (1 g C6H8O7 –

1 mg DI H2O) and hydrogen peroxide (30% H2O2 and 70% H2O by volume) to etch away

the GaAs substrate until the AlAs etch stop layer was reached. The optimized volume ratio

between citric acid solution and hydrogen peroxide was 3:1. After etching, the 2.3-µm-
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thick QW membrane was transfered onto the cavity center defect layer and then, together

with other layers, assembled into the cavity.

𝛾

𝒈

Multi-layer 2DEG: 
Density: 3.2 × 1012 cm−2

𝜅

Figure 3.3 : Schematic diagram for the experimental CR-cavity structure. CR couples with
THz cavity photons at coupling rate g. κ and γ are the photon and matter decay rates,
respectively. The black curve with a red shade shows the electric field distribution of the
first cavity mode.

As shown in Fig. 3.3, the cavity consisted of five silicon wafers whose thicknesses from

left to right were 50µm, 50µm, 100µm, 50µm, and 50µm, respectively. Equal spacings

of 195µm were created in between, forming a spatially alternating refractive index. Since

the thickness of the central silicon layer was twice as thick as the other layers, it created

defect cavity modes within the photonic band gaps that would have resulted for a perfect

photonic crystal structure. Figure 3.4 shows an experimental transmittance spectrum for
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Figure 3.4 : Transmittance spectrum for the cavity without a 2DEG, showing the first and
second cavity modes with FWHMs of 2.2 GHz and 2.4 GHz, respectively.

a bare cavity without a 2DEG, exhibiting two sharp cavity modes with a full-width-at-

half-maximum (FWHM) of 2.2 GHz and 2.4 GHz, respectively. For each cavity mode, the

electric field maximum overlapped with the 2DEG layer to ensure maximum coupling; see

Fig. 3.3 for the electric field amplitude distribution for the first cavity mode. The USC

of CR with cavity photons occurs when ωc is tuned to coincide with a photonic mode

frequency ωnz
cav, where nz is the mode index.

3.3 THz achromatic quarter wave plate

In order to demonstrate polarization selection rules of the VRS and vacuum BS shift phe-

nomena, we need to have a broadband circularly polarized THz probe. We converted our

linearly polarized THz probe beam into a right-hand circularly polarized (RCP) beam by

using an achromatic THz quarter wave plate (QWP). Here, we show the details of our cir-

cular polarization resolved THz spectroscopy experiments, especially basic characteristics

of our custom-made THz achromatic quarter wave plate.



25

1.0

0.8

0.6

0.4

0.2

0.0
2.52.01.51.00.5 2.01.51.00.5

-8 T

-6 T

-4 T

-2 T

0 T

2 T

4 T

6 T

8 T

(a.u., 1 per div.)

(a
.u

., 
1 

pe
r d

iv
.)

Before QWP

After QWP

E
lli

pt
ic

ity

Frequency (THz)

T(
B

)/T
(B

= 
10

 T
) (

5 
pe

r d
iv

.)

Frequency (THz)

a

b

c

d

RCP

RCP probe
2DEG in free space

Before QWP

After QWP

Figure 3.5 : The THz electric field Ey plotted versus Ex a, before and b, after the beam
passes through the THz QWP. A clear conversion from linear to circular polarization can
be observed. c, Ellipticity spectra of the THz field shown in a and b. d, Transmittance
spectra of a 2DEG in free space probed by the RCP THz light at various magnetic fields.
Curves are offset for clarity.

The wave plate adopted a multi-stacked prism-type geometry. It controls the phase

retardation of the two orthogonal THz electric igfield components through multiple total-

internal reflections within the prism [31]. Figure 3.5a and b show the time-domain THz

electric field Ey plotted versus Ex, manifesting the THz polarization states before and after
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the beam passes through the QWP, respectively. Here, the x-y plane is the plane normal to

the propagation direction. Before passing through the QWP, the THz field is in a linearly

x-polarized state, while the electric field clearly engages in a circular motion in the x-

y plane after passing through the QWP. The handedness of the motion suggests that the

beam has become mostly RCP. In order to quantitatively describe the polarization state, we

calculated the ellipticity spectra of the THz fields plotted in Fig. 3.5a and b. The results

are shown in Fig. 3.5c. After the beam passes through the QWP, the ellipticity of the entire

THz frequency bandwidth falls above 0.8, suggesting excellent purity of the RCP light in

the beam; note that an ellipticity of one means that the beam is perfectly RCP. A broadband

THz QWP with such an ideal response has never been used in condensed matter physics

experiments.

As shown in Fig. 3.5d, we measured the transmittance of a 2DEG in free space using

the RCP THz probe. The 2DEG sample and measurement temperature were the same as

those in Fig. 3.2. The spectrum at B = 10 T was used as the reference. We observed clear

CR absorption features at positive B fields, corresponding to the resonant absorption of

the CRA mode. However, in the negative B region, we observed no response, because the

electrons rotate in the opposite direction to the RCP light. This confirms that the electrons

do not interact with the CRI mode of radiation in free space. This result is in sharp contrast

to the data obtained from measurements on the 2DEG-cavity sample shown in the later

section, where the CRI mode frequency shift unambiguously evidences the counter-rotating

light-matter interaction in the USC regime.



27

Chapter 4

Experimental results

Our scheme of probing the VRS and vacuum BS shift is depicted in Fig. 4.1. The energy

versus B relations measured with RCP and LCP probes are mirror symmetric about the

B = 0 axis. Note that, a negative B means a change in polarity compared to a positive B.

When we use a linearly polarized THz probe, i.e., a 50%-50% mixture of RCP and LCP

radiation, in the B > 0 region, the RCP component shows the VRS, while the vacuum BS

shift appears for the LCP component due to the state repulsion between the cavity mode

(black dashed line) and the CR at negative B fields (blue dashed line). When an RCP THz

probe is used, one can separately observe the VRS and the vacuum BS shift in the B > 0

and B < 0 regions, respectively. We demonstrated that the vacuum BS shift exclusively

appears in the CRI mode dispersion and is distinguished from the other unique signature of

the USC regime, i.e., the photon-field self-interaction effect due to the A2 (or diamagnetic)

terms in the Hamiltonian [32].

4.1 Spectra measured with a linearly polarized THz probe

Figure 4.2a shows linearly polarized THz transmittance spectra for the cavity containing

the 2DEG at various B in the first-order anticrossing region (around ω1
cav). This experiment

maps out the solid lines in the positiveB region of Fig. 4.1. Three branches of transmission

peaks are well resolved in the spectra. Two of them are ascribed to the Landau polaritons

arising from the CRA circularly polarized mode that resonantly coupled with CR in a co-
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Figure 4.1 : Schematic diagram for simultaneously probing the VRS and vacuum BS shift
in a Landau polariton system.

rotating manner through the optical conductivity σCRA(ω) = (ne2/m∗)/[γ − i(ω − ωc)],

which has a peak at ω = ωc. They are labeled ‘lower polariton (LP)’ and ‘upper polariton

(UP)’, respectively, based on their frequencies. We see anticrossing of the LP and UP

peaks with a large splitting, ωUP − ωLP, at zero detuning (∆ = ω1
cav − ωc = 0). However,

the value of the coupling strength g is not exactly equal to (ωUP − ωLP)/2 at ∆ = 0 due

to the coupling of CR with other photonic modes, e.g., the second-order cavity mode in

the photonic band gap or transmission modes in the pass bands. We determined g/2π =

150.1 GHz and g/ω1
cav = 0.36 for the first-order anticrossing through theoretical estimation

using device parameters (see a brief summary described below and more details in section

??).

The middle branch seen in Fig. 4.2a is the CRI circularly polarized mode, which, in free

space, is not absorbed by the 2DEG, because the conductivity σCRI(ω) = (ne2/m∗)/[γ −

i(ω+ωc)] does not show a peak for ω > 0. However, because of USC, this mode frequency
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ωCRI redshifts with B through counter-rotating coupling with CR. As we will show below,

the shift of the CRI mode with B is the vacuum BS shift. In the limit of an infinite B,

the CRI mode and the CRA-LP converge onto the true cavity mode frequency ω1
cav of the

system. The asymptotic frequency is also confirmed from the transmittance peak shown in

Fig. 3.4 for the cavity without the 2DEG. The CRI mode closes the ‘polaritonic gap’ that

appears in the CRA dispersion; such an effect was not observed in previous studies [33, 34]

because the CRI mode was not probed. The minisplitting feature observed in the CRI mode

is due to back reflections from the cryostat windows.

As shown in Figs. 4.2b-d, we determined the linewidths of the UP and LP peaks at

∆ = 0 and the CRI mode at 3 T to be 5.5 GHz, 4.8 GHz, and 4.8 GHz, respectively. It

was previously shown that, for systems in the USC regime, UP and LP linewidths are not

necessarily equal to each other [35] or simply given by (κ+γ)/2. In our case, we obtained

κ/2π = 4.5 GHz and γ/2π = 5.7 GHz from theoretical analysis. Here, κ/2π is larger than

the 2.2 GHz linewidth determined for a bare cavity in Fig. 3.4 due to the loss introduced by

the 2DEG. On the other hand, the intrinsic CR decay rate γ/2π is 60 times smaller than the

linewidth of CR for the same sample in free space (inset to Fig. 3.2) due to the suppression

of superradiance [17]. The calculated cooperativity C = 4g2/κγ = 3513 is the highest

reported for an intraband cavity QED system.

4.2 Spectra measured with a circularly polarized THz probe

Figure 4.3 shows the transmittance spectra measured with an RCP THz probe. This exper-

iment maps out the two red solid RCP lines in Fig. 4.1 in both the positive and negative B

regions. The RCP THz probe beam was generated using a THz achromatic quarter wave

plate [31] described in the last chapter. In the positive B region, an RCP beam corresponds

to the CRA mode, so we observed the CRA-UP and CRA-LP branches (red curves) that are
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identical to the CRA-UP and CRA-LP peaks in Fig. 4.2a. The CRI mode, which is absent

in the positive B region, appears in the negative B region (blue curves) as an extension

of the UP; however, the same RCP probe light now counter-rotates with the CR because

the helicity of the electron CR motion changes. The vacuum BS shift is again clearly ob-

served in the CRI mode. Our RCP THz spectra unambiguously demonstrates that the VRS

and vacuum BS shift are a time-reversed pair in the Landau polariton system, with distinct

optical polarization selection rules.

We confirmed that Figs 4.2a and Fig. 4.3 yield the same result if the CRI mode in

Figs. 4.2a is folded about the B = 0 axis to the negative B region. Below, we present

all the dispersion data in a way that is similar to Fig. 4.3, meaning that we measured the

mode frequencies with a linearly polarized probe at positive B fields, but the CRI mode

was folded to the negative B region to show what we obtain when the probe is RCP.
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Figure 4.2 : Landau polaritons in the ultrastrong coupling regime with ultrahigh coopera-
tivity. a, Transmittance spectra measured using a linearly polarized probe in the B region
where CR couples with the first-order cavity mode. The CRA mode splits into the LP and
UP branches, exhibiting anticrossing behavior. The CRI mode redshifts with B. The cav-
ity mode frequency without the 2DEG (ω1

cav) and the CR frequency in free space (ωc) are
shown as dashed red and black lines, respectively. Lorentzian fits for b, the CRI mode at
3 T, c, the UP peak at ∆ = 0, and d, the LP peak at ∆ = 0. The obtained FWHM values
are indicated on the graphs.
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Figure 4.3 : RCP THz transmittance spectra in both the positive and negative B regions.
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Chapter 5

Discussion and analysis

5.1 Semiclassical simulations

Since our 1D photonic-crystal cavity (PCC) integrated with the multiple QW structure had

translational symmetry within the sample x-y plane (z is along the Bragg mirror stacking

direction, i.e., the multiple QW growth direction), we were able to use the transfer-matrix

method (TMM) to reproduce experimental transmission spectra [36]. For an electromag-

netic wave normal incident onto an isotropic multilayer structure, the complex transmission

coefficient t and reflection coefficient r satisfy: t

0

 = Q

 1

r

 . (5.1)

Here, Q is the 2 by 2 transfer matrix calculated from cascading multiplications of the

matrices of the different layers

Q = MN,N−1 · PN−1(dN − 1) ·MN−1,N−2...M2,1 · P1(d1) ·M1,0 , (5.2)

where M and P represent an interface matrix and a propagation matrix, respectively, d is

the layer thickness, and subscripts are layer indexes that range from 0 to N . t and r can be

calculated by t = Q11 − (Q12Q21/Q22), and r = −Q21/Q22, and the power transmittance

and reflectance are T = |t|2 and R = |r|2, respectively.

Material parameters enter Eq. (5.2) through the refractive index of the N -th layer nN in
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the M and P matrices:

MN,N−1 =
1

2

 1 + nN−1/nN 1− nN−1/nN

1− nN−1/nN 1 + nN−1/nN

 (5.3)

PN =

 einN
ω
c
dN 0

0 e−inN
ω
c
dN

 (5.4)

We used nSi = 3.4 for silicon and n0 = 1 for the vacuum spacings. For the 2DEG layer,

we first calculated the DC surface conductivity from the expression σDC = neµ, where n is

the total surface electron density and µ = eτ/m∗ is the electron mobility. The elements of

the Drude conductivity tensor of the 2DEG in a perpendicular magnetic field are given by

σxx =
σDC(1− iωτ)

(1− iωτ)2 + (ωcτ)2
, σxy = − σDCωcτ

(1− iωτ)2 + (ωcτ)2
. (5.5)

In the circular polarization basis, the conductivity eigenvalues for the CR-active and CR-

inactive polarization modes, respectively, are expressed as

σCRA = σxx + iσxy =
σDC

1− i(ω − ωc)τ
, σCRI = σxx − iσxy =

σDC

1− i(ω + ωc)τ
. (5.6)

The bulk dielectric permittivity and refractive index of the 2DEG layer for the CRA and

CRI polarization modes are then calculated as

εCRA = εbg + iσCRA/(ε0ωdQW), εCRI = εbg + iσCRI/(ε0ωdQW). (5.7)

nCRA = (εCRA)1/2, nCRI = (εCRI)
1/2, (5.8)

where we chose the background dielectric permittivity εbg = 3.62 to be the same as GaAs,

and dQW is the total thickness of the multiple QW membrane.

The above material parameters, combined with experimental cavity structure parame-

ters such as layer thicknesses and separations, allowed us to calculate transmission spectra

as a function of magnetic field.
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We extracted the positions of the UP, LP, and CRI peaks in the first and second an-

ticrossing regions. The dispersions are plotted in Fig. 5.1, together with simulation re-

sults obtained using a semiclassical transfer-matrix method with experimental material and

cavity structure parameters. Excellent agreement between experiment and simulation is

achieved.

CRI

CRA-UP

CRA-LP

CRA-LP

CRA-UP

CRI

Expt.

Figure 5.1 : Landau polariton dispersions as a function of B. Experimental polariton peak
positions (open circles) in the first and second anticrossing regions are plotted on top of a
simulated transmittance color contour map, showing excellent agreement. The cavity mode
frequencies and the CR frequency in free space are shown as dashed red and white lines,
respectively. The CRI mode is the CRA-UP branch in the negative B regime.
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5.2 Quantum mechanical model

5.2.1 Derivation of Hamiltonian from fundamental physical laws

We have developed a quantum mechanical model starting from the Maxwell equations

and the Newton equation of charged particles experiencing the Lorentz force. Below, we

show how we derived a quantum Hamiltonian from these fundamental classical mechanical

equations, using a standard quantization procedure [37].

The equation of motion for the position rj of the j-th charged particle with mass mj

and charge ej is expressed as

mj r̈j = ejE(rj) + ej ṙj ×B(rj). (5.9)

Here, the dot “ ˙ ” means the time derivative, and E(r) and B(r) are the vectors of the

electric field and the magnetic flux density, respectively. The Maxwell equations involving

these fields are expressed with the charge density ρ(r) ≡
∑

j ejδ(r − rj) and the electric

current density J(r) ≡
∑

j ej ṙjδ(r − rj) as

∇ ·E(r) = ρ(r)/ε0, (5.10a)

∇ ·B(r) = 0, (5.10b)

∇×E(r) = −Ḃ(r), (5.10c)

∇×B(r) = µ0J(r) + Ė(r)/c2. (5.10d)

Here, ε0, µ0, and c are the permittivity, permeability, and speed of light in vacuum, respec-

tively. Following the standard quantization procedure [37], in the Coulomb gauge, we get

the so-called minimal-coupling Hamiltonian

Ĥ =

∫
dr

[
ε0Ê⊥(r)2

2
+
B̂(r)2

2µ0

]
+
∑
j

[p̂j − ejÂ(r̂j)]
2

2mj

+ V ({r̂j}). (5.11)
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Here, the first and second terms are the energies of the transverse electric field Ê⊥(r)

and the magnetic flux density B̂(r), respectively. The latter is represented with the vec-

tor potential Â(r) as B̂(r) = ∇ × Â(r). On the other hand, the former is expressed

as Ê⊥(r) = −Π(r)/ε0, where Π(r) is the conjugate momentum of the vector poten-

tial satisfying [Â(r), Π̂(r)] = i~δ⊥(r − r′). Here, δ⊥(r) is the transverse delta function

tensor [37]. The last term in Eq. (5.11) represents the Coulomb interaction depending

on the particles’ positions {r̂j}, and the second last term is the kinetic energy for par-

ticle velocity [p̂j − ejÂ(r̂j)]/mj , where p̂j is the conjugate momentum of r̂j satisfying

[r̂j, p̂j′ ] = i~δj,j1.

From the minimal-coupling Hamiltonian, Eq. (5.11), we next derive the Hamiltonian

making some approximations. First, we separate the charged particles into the 2D elec-

tron gas (2DEG) and those composing the background dielectric media, i.e., the photonic-

crystal cavity (PCC). When we can neglect the frequency dependence of the background

relative permittivity εcav(r), we need not explicitly consider the degrees of freedom of the

background charged particles, but their influence can be considered by simply replacing

the vacuum permittivity ε0 with ε0εcav(r) [38] as

Ĥ ≈ Ĥcav +
N∑
j=1

[p̂j + eÂ(r̂j)]
2

2m∗
+ V ′({r̂j}), (5.12)

where

Ĥcav =

∫
dr

[
ε0εcav(r)Ê⊥(r)2

2
+
B̂(r)2

2µ0

]
. (5.13)

Now, the 2DEG consists of N electrons with charge −e and effective mass m∗. The

effective-mass approximation is valid here, since the electrons in our sample move only

near the bottom of the conduction band. While the Coulomb interaction V ′({r̂j}) is mod-

ified from that in Eq. (5.11), thanks to Konh’s theorem [39], we do not have to consider

electron-electron interactions in the following calculations, since we discuss only the linear
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optical response.

We consider that the 1D THz PCC (including the substrate and background medium of

the 2DEG layer) is described by a z-dependent relative permittivity εcav(z). For simplicity,

we consider only the photonic and polariton modes with no in-plane wavevector, and the

electromagnetic fields depend only on z. The transverse electromagnetic fields are in the

x-y plane. The external static magnetic flux densityBs, applied in the z direction, is treated

to be constant in the following calculations. The cavity photon Hamiltonian is expressed as

Ĥcav =

∫
dr

[
ε0εcav(z)Ê(z)2

2
+
B̂(z)2

2µ0

]
(5.14)

=

∫
dr

[
Π̂(z)2

2ε0εcav(z)
+

1

2µ0

(
∂

∂z
Â(z)

)2
]
. (5.15)

The magnetic flux density B̂(z) = ∇ × Â(z) is represented by the vector potential

Â(z). The electric field Ê(z) = −Π̂(z)/[ε0εcav(z)] is represented by the conjugate mo-

mentum Π̂(z) of the vector potential, which satisfies [Âξ(z), Π̂ξ′(z
′)] = i~δξ,ξ′δ(z− z′)/S

for ξ, ξ′ = x, y, where S is an area of the x-y plane.

We assume that the 2DEG is located at z2DEG in the z direction, and the electrons move

freely in the x-y plane. In the long-wavelength approximation, and omitting the electron-

electron Coulomb interaction, the total Hamiltonian given by Eq. (5.12) is rewritten as

Ĥ ≈ Ĥcav +
N∑
j=1

[π̂j + eÂ(z2DEG)]2

2m∗
, (5.16)

where N = nS is the number of electrons for surface density n and area S, m∗ is the elec-

tron effective mass, and π̂j ≡ p̂j +eA0 is the in-plane momentum of the j-th electron with

the static vector potentialA0, with the external magnetic flux density beingBs = ∇×A0.

Introducing π̂± ≡ (π̂x ∓ iπy)/
√

2 and the lowering operator ĉ ≡ (π̂y + iπ̂x)/
√

2m∗~ωc =

iπ̂+/
√
m∗~ωc between the Landau levels satisfying [ĉ, ĉ†] = 1 [40], we can rewrite the
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Hamiltonian as

Ĥ = Ĥcav +
N∑
j=1

π̂j
2

2m∗
+

e

m∗

N∑
j=1

π̂j · Â(z2DEG) +
Ne2

2m∗
Â(z2DEG)2 (5.17a)

= Ĥcav +
N∑
j=1

π̂j
2

2m∗
+

e

m∗

N∑
j=1

[
π̂j,−Â+(z2DEG) + Â−(z2DEG)π̂j,+

]
+
Ne2

m∗
Â−(z2DEG)Â+(z2DEG) (5.17b)

= Ĥcav +
N∑
j=1

~ωc

(
ĉ†j ĉj +

1

2

)
+ i

√
~ωce2

m∗

N∑
j=1

[
ĉ†jÂ+(z2DEG)− Â−(z2DEG)ĉj

]
+
Ne2

m∗
Â−(z2DEG)Â+(z2DEG). (5.17c)

The second term is the energy of the electron cyclotron motion with frequency ωc =

eB/m∗. The third term contains the lowering and raising processes by the non-Hermitian

vector potential

Â±(z) ≡ Âx(z)∓ iÂy(z)√
2

. (5.18)

The last term is the so-called A2 (or diamagnetic) term.

Let us quantize the electromagnetic wave in the medium with relative permittivity

εcav(z), following Ref. [41]. Hamilton’s equations are obtained from Eq. (5.15) for the

ξ = x, y components as

d

dt
Aξ(z, t) =

∂Ĥcav

∂Πξ

=
Πξ(z, t)

ε0εcav(z)
, (5.19a)

d

dt
Πξ(z, t) = −∂Ĥcav

∂Aξ
=

1

µ0

∂2

∂z2
Aξ(z, t). (5.19b)

Then, we can reproduce the wave equation for the vector potential in the frequency domain

as
∂2

∂z2
Aξ(z, ω) +

ω2

c2
εcav(z)Aξ(z, ω) = 0. (5.20)

The eigen-functions and eigen-frequencies of this wave equation correspond to the modes
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of the electromagnetic wave in the medium. However, instead of Eq. (5.20), here we con-

sider the following wave equation for fnz(z) ∝
√
εcav(z)Aξ(z):

1√
εcav(z)

∂2

∂z2
fnz(z)√
εcav(z)

+
(ωnz

cav)
2

c2
fnz(z) = 0. (5.21)

Here, ωnz
cav is the eigen-frequency corresponding to the eigen-function fnz(z). We normalize

fnz(z) as ∫
dz fnz(z)∗fn′

z
(z) = δnz ,n′

z
. (5.22)

We can also show the following completeness:

∑
nz

fnz(z)∗fnz(z
′) = δ(z − z′). (5.23)

For simplicity, here we assume that all the eigen-functions {fnz(z)} are real functions. We

can basically make real eigen-functions from the complex eigen-functions if εcav(z) is a real

function (for example, in vacuum, two propagating waves e±i(ω/c)z can be transformed into

real functions sin[(ω/c)z] and cos[(ω/c)z]). From the complete set of the eigen-functions

and eigen-frequencies, we describe the operators of the vector potential and its conjugate

momentum as

Âξ(z) =
∑
nz

√
~

2ε0εcav(z)ωnz
cavS

fnz(z)
(
â†nz ,ξ

+ ânz ,ξ

)
, (5.24a)

Π̂ξ(z) =
∑
nz

i

√
ε0εcav(z)~ωnz

cav

2S
fnz(z)

(
â†nz ,ξ

− ânz ,ξ

)
. (5.24b)

Here, ânz ,ξ is the annihilation operator of a photon in the nz-th cavity mode with polariza-

tion in the ξ direction, satisfying[
ânz ,ξ, â

†
n′
z ,ξ

′

]
= δnz ,n′

z
δξ,ξ′ . (5.25)

We can check that Eqs. (5.24a) and (5.24b) certainly satisfy [Âξ(z), Π̂ξ′(z
′)] = i~δξ,ξ′δ(z−

z′)/S. Equation (5.24a) also satisfies the wave equation, Eq. (5.20). The Hamiltonian,
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Eq. (5.15), can now be rewritten as

Ĥcav =
∑
ξ=x,y

∑
nz

~ωnz
cav

4

[(
â†nz ,ξ

+ ânz ,ξ

)2
−
(
â†nz ,ξ

− ânz ,ξ

)2]
=
∑
ξ=x,y

∑
nz

~ωnz
cav

(
â†nz ,ξ

ânz ,ξ +
1

2

)
. (5.26)

In general, in addition to these cavity modes (localized mode), there are also continuous

modes (transmission modes).

The non-Hermitian vector potential defined in Eq. (5.18) does not correspond to the

circularly polarized field, which should be expressed as a Hermitian operator as

Âcirc
± (z) =

∑
nz

√
~

2ε0εcav(z)ωnz
cavS

fnz(z)
(
â†nz ,± + ânz ,±

)
, (5.27)

where the annihilation operator is defined as

ânz ,± ≡
ânz ,x ∓ iânz ,y√

2
. (5.28)

In terms of these annihilation operators, the non-Hermitian vector potential, Eq. (5.18), is

expressed as

Â±(z) =
∑
nz

√
~

2ε0εcav(z)ωnz
cavS

fnz(z)
(
â†nz ,∓ + ânz ,±

)
. (5.29)

Here, we introduce an annihilation operator b̂ of a collective excitation of cyclotron

motion as

b̂ ≡ 1√
N

N∑
j=1

ĉj. (5.30)

This operator describes the collective motion excited by the electromagnetic field in the

long-wavelength approximation, while there exist other collective motions with different

amplitudes for different electrons. In fact, we should in principle consider the Landau lev-

els occupied by the electrons and the coupling enhancement by a factor
√
ν + 1 at the ν-th
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level. However, as far as the linear optical response is concerned, the following Hamilto-

nian gives the same results. In terms of b̂ and ânz ,±, the total Hamiltonian, Eq. (5.17c), is

rewritten as

Ĥ = ĤCR + Ĥcav + Ĥint + ĤA2 , (5.31)

where ĤCR, Ĥcav, Ĥint, and ĤA2 represent the Hamiltonian for the 2DEG CR, cav-

ity photons, CR-cavity-photon interaction, and photon-field self-interaction, respectively.

These different contributions are expressed, respectively, as

ĤCR = ~ωcb̂
†b̂ , (5.32a)

Ĥcav =
∞∑

nz=1

∑
ξ=±

~ωnz
cavâ

†
nz ,ξ

ânz ,ξ , (5.32b)

Ĥint =
∞∑

nz=1

i~ḡnz

[
b̂†(ânz ,+ + â†nz ,−)− b̂(ânz ,− + â†nz ,+)

]
, (5.32c)

ĤA2 =
∞∑

nz=1

∞∑
n′
z=1

~ḡnz ḡn′
z

ωc
(ânz ,− + â†nz ,+)(ân′

z ,+ + â†n′
z ,−) , (5.32d)

where the interaction strength at the cyclotron frequency ωc for mode nz is represented,

with the background relative permittivity εbg = εcav(z2DEG) of the active layer, as

gnz =

√
e2ωcn

2ε0εbgm∗ω
nz
cav
fnz(z2DEG). (5.33)

We can define an effective cavity length as Lnz = 2/|fnz(z2DEG)|2 so that Eq. (5.33) can be

written as

gnz =

√
e2ωcn

ε0εbgm∗ω
nz
cavLnz

. (5.34)

The vacuum BS shift results from the counter-rotating coupling of CR and the cavity

vacuum field. In the full Hamiltonian, Eq. (5.31), counter-rotating coupling appears in Ĥint

as products of the CR operators (b̂† and b̂) with the CRI mode photon operators (â†nz ,− and



43

ânz ,−); see Eq. (5.32c). These products are known as the counter-rotating terms (CRTs).

On the other hand, the terms in ĤA2 , given in Eq. (5.32d), affect both the CRA and CRI

modes. When the CR-photon interaction enters the USC regime, both the CRTs and the

A2 terms play nontrivial roles in the polariton physics. We found that only by measuring

the CRI mode can one distinguish the CRT contribution, which exclusively leads to the

vacuum BS shift.

By solving the equations of motion of the full Hamiltonian, taking into account only the

first-order cavity mode, we found that the eigen-frequencies of the CRA and CRI modes

satisfy
ω1

cav

ω
=

{
1− 2g1

2

ω(ω − ωc)

}1/2

, (5.35)

and
ω1

cav

ω
=

{
1− 2g1

2

ω(ω + ωc)

}1/2

, (5.36)

respectively. Equations (5.35) and (5.36) correspond to the dispersion relations of the sys-

tem; the left-hand side is proportional to k1/ω, where k1 = ω1
cav
√
εcav/c is the confinement

wavenumber, and the right-hand side is the effective refractive index. The B-dependent

solutions to Eqs. (5.35) and (5.36) can qualitatively reproduce essential features of the ex-

perimental CRA and CRI mode dispersions in Fig. 4.2a, Fig. 4.3, and Fig.5.1. The positive

solution to Eq. (5.36) shows a vacuum BS shift, ∆ωBS, as a function of B, whereas the so-

lutions to Eqs. (5.35) and (5.36) in the B → 0 limit give ω =
√

(ω1
cav)

2 + 2g12, indicating

a frequency blueshift ∆ωA2(B = 0) =
√

(ω1
cav)

2 + 2g12 − ω1
cav due to the A2 terms. Note

that ∆ωA2(B = 0) is known as the polaritonic gap [42, 33, 34].

In Fig. 5.2, we plot the eigen-frequencies of the system calculated by Eq. (5.35) and

(5.36) as a function of magnetic flux density B. For “+” circularly polarized light (the

CRA mode), we get the VRS feature, as plotted by the blue solid lines. For “−” circularly

polarized light (the CRI mode), we get the vacuum BS shift, as plotted by the red solid line.
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This result is similar to what was observed experimentally.
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Figure 5.2 : Polariton dispersions calculated using a full quantum mechanical model con-
sidering only the first-order cavity mode for the g1/ω1

cav = 0.5 case. B0 is the static mag-
netic field at zero detuning.

5.2.2 Interaction strength

By the transfer-matrix method, we calculated transmission and reflection spectra for the

cavity without a 2DEG, which allowed us to estimate the resonance frequency ωnz
cav of the

nz-th cavity mode. Then, we calculated the electric field E(z) inside the cavity for a

monochromatic incident wave with frequency ωnz
cav. The operator of the electric field is
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expressed as

Êξ(z) = − Π̂ξ(z)

ε0εcav(z)
= −i

∑
k

√
~ωnz

cav

2ε0εcav(z)S
fnz(z)

(
â†nz ,ξ

− ânz ,ξ

)
. (5.37)

Then, the shape of the nz-th eigen-function fk(z) is determined as

fnz(z) ∝
√
εcav(z)Enz(z). (5.38)

In our estimation, we normalize the wave function by its amplitude inside the cavity:∫
inside cavity

dz |fnz(z)|2 = 1. (5.39)

Here, the inside also includes the Si layers comprising the photonic crystal cavity. The

outside of the cavity is considered as photonic reservoirs, by which the photonic loss is

introduced in the cavity quantum electrodynamics calculation. In the estimation of the

interaction strength, we do not need to consider the photonic reservoir (outside the cavity).

The absolute value of fnz(z2DEG) is determined in this way.

The interaction strength gnz in Eq. (5.33) depends on ωc, which changes with the ex-

ternal magnetic field B in the experiment. Here, we define a ωc-independent interaction

strength as

gnz =

√
e2n

2ε0εbgm∗
fnz(z2DEG) =

√
ωnz

cav

ωc
gnz . (5.40)

In other words, gnz is the interaction strength at zero detuning (ωnz
cav = ωc). From the pa-

rameters n, m∗, εbg (determined for reproducing the transmittance spectra), and fnz(z2DEG)

determined by the transfer-matrix method for lowest mode in the empty cavity, we obtained

the interaction strength g1/2π = 0.15 THz between the first cavity mode and CR.

5.2.3 Spectra with and without the counter-rotating and A2 terms

To elucidate quantitative contributions from the counter-rotating terms (CRTs) and the A2

terms in the full Hamiltonian, we calculated polariton spectra while selectively switching
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on and off these terms.

For now, we only consider the nz = 1 photonic mode. Based on the full Hamiltonian,

Eq. (5.31), and using the same notations as in Eq. (5.35), we derived the modified Hamil-

tonians and polariton dispersion equations for both circularly polarized modes (“±”) for a

total of four cases. The results are listed below, and the corresponding polariton dispersions

are plotted in Fig. 5.3.

1. With CTs and A2 terms

Ĥ = ~ωcb̂
†b̂+ i~g1

[
b̂†(â+ + â†−)− (â− + â†+)b̂

]
+

~g12

ωc
(â− + â†+)(â+ + â†−) +

∑
ξ=±

~ωcavâ
†
ξâξ. (5.41)

ω3 ∓ ωcω
2 − ωcav

(
ωcav +

2g21
ωc

)
ω ± ωcωcav

2 = 0 (5.42)

2. With CRTs but without A2 terms

Ĥ = ~ωcb̂
†b̂+ i~g1

[
b̂†(â+ + â†−)− (â− + â†+)b̂

]
+
∑
ξ=±

~ω1
cavâ

†
ξâξ. (5.43)

ω3 ∓ ωcω
2 − (ω1

cav)
2ω ∓ (2g21ω

1
cav − (ω1

cav)
2ωc) = 0 (5.44)

3. Without CRTs but with A2 terms

Ĥ = ~ωcb̂
†b̂+ i~g1(b̂†â+ − â†+b̂) +

~g12

ωc
(â†+â+ + â†−â−) +

∑
ξ=±

~ω1
cavâ

†
ξâξ. (5.45)

ω+ =
ω′cav + ωc

2
±
√

(ω′cav − ωc)2

4
+ g21 (5.46)

ω− = ω′cav (5.47)
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ω′cav = ω1
cav +

g21
ωc

= ω1
cav +

g1
2

ωcav
(5.48)

4. Without CRTs and without A2 terms

Ĥ = ~ωcb̂
†b̂+ i~g1(b̂†â+ − â†+b̂) +

∑
ξ=±

~ω1
cavâ

†
ξâξ. (5.49)

ω+ =
ω1

cav + ωc

2
±
√

(ω1
cav − ωc)2

4
+ g21 (5.50)

ω− = ω1
cav (5.51)

In order to perform realistic theoretical calculations to compare with the experiment,

considering only the nz = 1 photonic mode is not sufficient, so we combined semiclassical

simulations with the quantum mechanical theory described above. Here, we show the pro-

cedure for simulating the transmittance spectra without the contributions from the CRTs

and from the A2 terms.

From the total Hamiltonian, Eq. (5.17b), Hamilton’s equation for Π̂ξ is derived in the

presence or absence of the A2 term (last term in Eq. (5.17b)) as

d

dt
Π±(z, t) =

1

µ0

∂2

∂z2
A±(z, t)− e

m∗S

N∑
j=1


[πj,±(t) + eA±(z, t)] (with A2 term).

πj,±(t) (without A2 term).

(5.52)

Then, the wave equation, Eq. (5.20), is rewritten by the presence of the 2DEG as

∂2

∂z2
A±(z, ω) +

ω2

c2
εcav(z)A±(z, ω) = −µ0J±(ω). (5.53)

Here, the current density is defined with or without the photonic contribution of the elec-

trons’ momentum, depending on the presence of the A2 term as

J±(ω) = − e

m∗S

N∑
j=1


[πj,±(t) + eA±(z, t)] (with A2 terms).

πj,±(t) (without A2 terms).
(5.54)
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Figure 5.3 : Polariton dispersions calculated from four Hamiltonians where CRTs and A2

terms are selectively dropped. a, Full Hamiltonian. b, with the CRTs but without the A2

terms. c, without the CRTs but with the A2 terms. d, without the CRTs and without the A2

terms. B0 is the static magnetic field at zero detuning. g1/ω1
cav = 0.5.

On the other hand, in the classical treatment of light, the non-Hermitian vector potential

in the Hamiltonian is expanded by the amplitude A±(ω) with the± circular polarization as

A±(t) =

∫ ∞
0

dω [eiωtA∓(ω)∗ + e−iωtA±(ω)]. (5.55)

The first and second terms, respectively, correspond to those in Eq. (5.29). From the Hamil-
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tonian, Eq. (5.17b), we get the following relation from the equation of motion of πj,± (the

coefficient corresponds to the Green’s function in the linear response theory):

πj,±(ω) =
±eωc

ω ∓ ωc + i0+
A±(ω). (5.56)

In this way, the CRA (+) circular polarization interacts with CR in the co-rotating manner

as πj,+ ∝ A+/(ω − ωc), which arises from the co-rotating terms b̂†ânz ,+ and b̂â†nz ,+ in

Eq. (5.32c). On the other hand, the CRI (−) circular polarization interacts with CR in the

counter-rotating manner as πj,− ∝ A−/(ω + ωc), which arises from the counter-rotating

terms (CRTs) b̂†â†nz ,− and b̂ânz ,− in Eq. (5.32c). Then, depending on the presence of the

CRTs, Eq. (5.56) is rewritten as

πj,+(ω) =
eωc

ω − ωc + i0+
A+(ω). (5.57a)

πj,−(ω) =


−eωc

ω + ωc + i0+
A+(ω) (with CRTs).

0 (without CRTs).

(5.57b)

Finally, the optical conductivity σ±(ω) = J±(ω)/E±(ω) = J±(ω)/[iωA±(ω)] is expressed,

depending on the presence of the CRTs and the A2 term, as

σCRA(ω) =


ine2

m∗
1

ω − ωc + i0+
(with A2 term)

ine2

m∗
1

ω − ωc + i0+

ωc

ω
(without A2 term)

(5.58a)

σCRI(ω) =



ine2

m∗
1

ω + ωc + i0+
(with CRTs and A2 term)

ine2

m∗
−1

ω + ωc + i0+

ωc

ω
(with CRTs but without A2 term)

ine2

m∗
1

ω + i0+
(without CRTs but with A2 term)

0 (without CRTs and A2 term)

(5.58b)

Then, the relative dielectric function ε±(ω) = εbg + iσ±(ω)/(ε0ωd) of the active layer is
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expressed as

εCRA(ω) =


εbg −

ωplasma
2

ω(ω − ωc + i0+)
(with A2 term)

εbg −
ωplasma

2

ω(ω − ωc + i0+)

ωc

ω
(without A2 term)

(5.59a)

εCRI(ω) =



εbg −
ωplasma

2

ω(ω + ωc + i0+)
(with CRTs and A2 term)

εbg +
ωplasma

2

ω(ω + ωc + i0+)

ωc

ω
(with CRTs but without A2 term)

εbg −
ωplasma

2

ω(ω + i0+)
(without CRTs but with A2 term)

εbg (without CRTs and A2 term)

(5.59b)

Here, the plasma frequency is defined as

ωplasma
2 =

e2n

ε0m∗d
=

2εbgg
2
nz

|fnz(z2DEG)|2d
. (5.60)

By using the above relative permittivities for that of the active layer, we can calculate the

transmission spectra with/without the contributions from the CRTs and A2 term. The CR

decay rate is introduced by replacing i0+ with iγ.

Using the method described above, we simulated polariton spectra for a total of four

cases, where we selectively removed the effective contributions from the CRTs and the A2

terms from the full Hamiltonian; see Figs. 5.4a-d for the results plotted together with exper-

imental data. The simulation takes into account all photonic modes that are interacting with

CR. From the perfect agreement between experiment and theory shown in Fig. 5.4a, devi-

ations appear when either the CRTs or the A2 terms are removed. By comparing Figs. 5.4a

and b, we can confirm that the A2 terms produce an overall blueshift for both polariton

branches and the CRI mode. On the other hand, by comparing Figs. 5.4a and c, we can

confirm that the CRTs only affect the CRI mode, producing a vacuum BS shift as a function

of B. The shift can be quantitatively evaluated by ∆ωBS(B) = ωCRI(B) − ωCRI(B = 0),

where both of the CRI mode frequencies on the right are experimentally measured.
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Figure 5.4 : Distinction between the vacuum Bloch-Siegert shift due to the counter-rotating terms
(CRTs) and the shift due to the A2 terms in the ultrastrong coupling regime. Simulated spectra
a, with both the CRTs and the A2 terms (full Hamiltonian), b, with the CRTs but without the A2

terms, c, without the CRTs but with the A2 terms, and d, without the CRTs and A2 terms. Each
graph includes experimental peak positions as open circles. e, The vacuum Bloch-Siegert shift
(∆ωBS) due to the CRTs as a function of B for the CRI, CRA-UP, and CRA-LP peaks. f, The
frequency shift due to the A2 terms (∆ωA2) as a function of B for the CRI, CRA-UP, and CRA-LP
peaks.
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The unique capability of switching on and off the CRTs and the A2 terms in the sim-

ulations allows us to quantitatively determine the experimentally observed ∆ωBS(B) and

∆ωA2(B). As shown in Fig. 5.4e, in the CRI mode dispersion, ∆ωBS(B) monotonically

increases with B in magnitude and reaches −37 GHz at B = 5 T. On the other hand, as

shown in Fig. 5.4f, both the CRA and CRI mode dispersions blueshift entirely due to the

A2 terms, leading to positive ∆ωA2(B) shifts for all three branches. Note that ∆ωA2(B)

is larger for modes that are more photon-like, which is consistent with the fact that the

A2 terms represent the photon-field self-interaction effect. As the CRA-LP and CRA-UP

branches exchange their relative weights between photon nature and CR nature as a func-

tion of B, their ∆ωA2(B) shifts show a monotonic increase and decrease with B, respec-

tively. The CRI mode is mainly photon-like, thus its ∆ωA2(B) shift remains large, only

slightly increasing with B.
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Chapter 6

Conclusion

We combined an ultrahigh-mobility 2D electron gas with a high-Q THz photonic cavity.

Our device achieved the USC regime with a coupling rate to transition frequency ratio

g/ω0 = 0.36 and a record high cooperativity C = 3513. We unambiguously observed a

large vacuum BS shift due to the counter-rotating coupling of CR-inactive photons with

CR. Furthermore, we derived a comprehensive theoretical model from first principles,

which allows separate analysis of different terms in the light-matter interaction Hamil-

tonian. Specifically, our ability to quantitatively determine the separate contributions from

∆ωBS and ∆ωA2 in our experimental data is crucial for further explorations of phenomena

expected to occur in the USC regime. The CRTs and the A2 terms control the realizability

of many theoretical predictions. The CRTs are crucial for producing the Schrödinger-cat

states [21, 43] and extracavity vacuum photon emissions [44, 45, 46, 47]; the A2 terms

play a decisive role in preventing the occurrence of superradiant quantum phase transi-

tions [27, 48, 49]. Our work will thus enable quantitative evaluation of separate contribu-

tions to provide future possibilities to engineer them at will. Such a capability will help

construct best-designed quantum systems for specific applications of the phenomenon of

ultrastrong light-matter coupling.
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