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Abstract 

Advances in Thermodynamic Modeling of Nonpolar Hydrocarbons and 

Asphaltene Precipitation in Crude Oils 

 By 

Mohammed I. L. Abutaqiya 

In this work, we present improved correlations to calculate PC-SAFT parameters for 

hydrocarbon components based on molecular weight and refractive index (or 

density) at 20 °C without prior knowledge of the hydrocarbon family. We use the 

correlations to develop a fully predictive approach for the modeling of the 

temperature- and pressure-dependence of density of crude oils and petroleum 

fractions (e.g. gasoline, diesel, and jet fuels). These hydrocarbon mixtures are treated 

as lumped-solvents and are modeled with PC-SAFT parameterized from simple 

laboratory measurements of molecular weight and refractive index (or density) at 20 

°C without detailed knowledge of composition.  

The approach is also extended to the modeling of live oils under gas injection. The 

predictive capability of the model is tested against 591 density measurements and 

116 bubble point measurements from 32 crude oils from around the world. The 

model can predict, without any tuning parameters, density and bubble pressure with 

an accuracy of 1.06% and 4.82%, respectively, for live oils and their gas blends.  

We also develop a hydrocarbon characterization factor based on molecular weight 

and refractive index. The new characterization factor, called the aromatic ring index 
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(ARI), can clearly distinguish between different families of hydrocarbons and provide 

an indication of the number of aromatic rings in the component. ARI us used 

throughout this work as a measure of aromaticity.  

The developed correlations and ARI concept are implemented in a characterization 

procedure for modeling polydisperse asphaltenes from a crude oil produced in deep-

water. We use probability distributions to represent the maltenes and asphaltenes 

which allows for the generation of any number of pseudo-components without the 

need of extra tuning parameters. We perform a sensitivity analysis to investigate the 

implications of treating asphaltenes as a mono- or a poly-disperse mixture. 

From the modeling results of the UAOP envelope for the deep-water oil, we observe 

that PC-SAFT predicts a minimum in the upper critical solution temperature 

(MUCST). We develop a semi-empirical model that accurately captures the low-

temperature behavior of the LLE phase boundary. The model is based on a linear 

extrapolation of normalized cohesive energy (LENCE).  

Finally, in search for a better model than the widely-used classical cubic EOS, we 

conclude this research work by presenting a general formulation of the newly-

developed cubic-plus-chain (CPC) equation of state which hybridizes the classical 

cubic EOS with the chain term from SAFT. The general formulation allows the use of 

any cubic EOS (e.g. vdW, SRK, PR,…etc.) as a reference with any radial distribution 

function (e.g. Carnahan-Starling, Elliott,…etc.) for the chain term. This formulation 

facilitates future research for the improvement of CPC EOS for the final purpose of 

modeling polymer and crude oil systems. 
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Chapter 1  

 

Introduction 

1.1. Research motivation 

Thermodynamic modeling of the phase behavior and volumetric properties of hydrocarbons 

using equations of state (EOS) is of importance to the oil and gas industry throughout its 

various stages ranging from oil production, transportation, and refining. Thermodynamic 

models are used to calculate the amounts of different phases at equilibrium, their composition, 

and volumetric properties which are important inputs for the design of separators, reactors, and 

distillation columns. Thermodynamic models are also used to predict asphaltene precipitation 

from crude oil systems during production which provides crucial information for the 

investigation of deposition tendency in the wellbore. Modeling offers an economically 

attractive alternative to conducting experiments especially when predictions are required 

outside the feasible experimental conditions. This is only valuable when the used model is 

predictive and can provide accurate results with little to no tuning parameters.    

By far the most accurate thermodynamic models in the chemical industry are equations of state 

based on the Statistical Associating Fluid Theory (SAFT) first introduced by Chapman et al.1,2 

Applications of SAFT-type equations such as the Perturbed Chain version (PC-SAFT) to the 
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modeling of phase behavior and volumetric properties of crude oil systems requires the use of 

correlations to calculate the SAFT parameters for crude oil pseudo-components. Most of the 

correlations available in the literature are family-specific (e.g. alkanes, benzene derivatives, 

polynuclear aromatics…etc.) implying that a detailed compositional analysis is required for 

their implementation. In the absence of such a detailed analysis, it is customary to tune an 

“aromaticity” parameter to match available experimental data of density and bubble pressure.3–

5 In search for a fully-predictive thermodynamic model for volumetric properties of crude oils, 

it is necessary to develop a general set of correlations to parameterize the equation of state 

from easily measured properties at ambient conditions without prior knowledge of the 

hydrocarbon family. Additionally, all correlations available in the literature are optimized to 

match available PC-SAFT parameters of pure components (i.e. m, 𝜎, and 휀/𝑘). Since these 

parameters are not originally obtained experimentally, the more plausible approach is to 

optimize these correlations by minimizing the error of the predicted density and bubble 

pressure. This approach can fine-tune the predictive capability when using such correlations 

which is valuable in search of a fully-predictive thermodynamic model for crude oil systems.  

Although SAFT-type EOS provide superior predictions when compared to cubic EOS in 

modeling volumetric properties and phase behavior of complex mixtures, especially in systems 

containing components with significant size differences, it has been recently observed6 that 

SAFT-type EOS shows a minimum in the upper critical solution temperature when modeling 

the liquid-liquid equilibria of polymer-solvent and asphaltene-oil systems. This, in some cases, 

leads to significant overprediction of the liquid-liquid phase boundary at very low 

temperatures. Although cubic EOS are not suitable for predictive modeling of polymer or 

asphaltene systems, their behavior in the low-temperature region is more favorable.  
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1.2. Research objectives 

The research objectives of this work are:  

1. Develop a fully predictive model for density and bubble pressure of crude oil 

systems. For this purpose, new PC-SAFT correlations are developed using readily 

available measurements such as molecular weight and refractive index or density 

at 20 °C. These correlations will be developed such that they are not family-

specific. Additionally, the correlations are fine-tuned to minimize the error in 

bubble pressure and density predictions rather than matching the PC-SAFT 

parameters of the components in the database. 

2. Develop a new hydrocarbon characterization factor (or aromaticity) using 

molecular weight and refractive index at 20 °C.  

3. Implement the developed correlations and aromaticity concept in the modeling of 

polydisperse asphaltenes in heavy crudes. The crude characterization is 

implemented using mass distributions to facilitate the extension to any number 

of pseudo-components of maltene or asphaltene fractions. 

4. Investigate the low temperature behavior of LLE predicted by PC-SAFT and 

develop a model to accurately predict experimental data in that region.  

5. Develop a general formulation of the Cubic-Plus-Chain (CPC) EOS which is a 

hybrid between the classical cubic EOS and the chain term in SAFT. The new 

formulation enables the use of any cubic EOS as the reference fluid and any radial 

distribution function in the chain term which facilitates research to find the 

optimal combination that yields best density and bubble pressure predictions.  

1.3. Thesis outline 

In Chapter 2 we present a review on crude oil characterization methods and their use 

with equations of state for the purpose of modeling PVT properties and asphaltene 

precipitation from crude oil systems. Chapter 3 presents the development of the new 
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PC-SAFT correlations from molecular weight and refractive index or density at 20 °C. We 

demonstrate the performance of the developed correlations in modeling bubble 

pressure, density, and derivative properties of pure nonpolar hydrocarbons. We 

conclude Chapter 3 by introducing a new characterization factor than can distinguish 

between different families of nonpolar hydrocarbons. The new characterization factor 

can be viewed as an aromaticity parameter and will be used in subsequent chapters in 

analyzing hydrocarbon mixtures and pseudo-components.  

In Chapter 4 we show how the developed correlations can be used with PC-SAFT in a 

fully predictive manner to capture the temperature- and pressure-dependence of density 

for a variety of complex hydrocarbon mixtures including diesel fuels, jet fuels, rocket 

propellants, and crude oils. Modeling results are also shown for the phase behavior and 

volumetric properties of live crude oils with various amounts and types of injection 

gases.  

In Chapter 5 we utilize the new correlations and aromaticity parameter for the purpose 

of thermodynamic modeling of polydisperse asphaltenes from a heavy oil produced from 

deep-water reservoir. The developed characterization procedure is based on the gamma 

distribution for representing the maltenes and asphaltenes.  

From investigation of the deep-water oil we observe that PC-SAFT predicts a minimum 

in the upper critical solution temperature (MUCST). In Chapter 6 we present a semi-

empirical model based on a Linear Extrapolation of Normalized Cohesive Energy 

(LENCE) to calculate the asphaltene onset pressure in the low temperature region.  We 
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show several case studies where LENCE can be used to accurately predict AOP and even 

detect discrepancies in experimental data in the low temperature region. 

We conclude this work by presenting a general formulation of the newly-developed 

Cubic-Plus-Chain (CPC) equation of state in Chapter 7. The new formulation facilitates 

future investigation of CPC performance using any cubic EOS as a reference and any 

radial distribution function (RDF) for the chain term. Using the general formulation, we 

were able to study the effect of reference EOS and RDF on the calculated critical 

compressibility factor (𝑍𝑐) as a function of segments number (𝑚). We show brief 

examples of modeling VLE and LLE for various mixtures to ensure that the presented 

mixing and combining rules are appropriate. In Chapter 8 we present conclusions and 

directions for future research. 
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Chapter 2  

 

Review on Characterization and 

Thermodynamic Modeling of Crude Oils 

2.1. Introduction 

Crude oils are hydrocarbon mixtures consisting of thousands of components that belong 

to various families such as paraffins, naphthenes, benzene derivatives, and polynuclear 

aromatics. The simplest and, usually, most abundant hydrocarbon in crude oil is 

methane. Other non-hydrocarbons can also exist in crude oils including nitrogen, carbon 

dioxide, and hydrogen sulfide. These non-hydrocarbons along with components ranging 

from C1-C6 and the isomers (e.g. iC4 and iC5) are considered well defined components 

which can be easily identified using compositional analysis techniques such as gas 

chromatography.  Components heavier than C7, commonly referred to as the C7+ fraction, 

cannot be experimentally separated into the constituting pure components due to the 

high number of components and experimental limitations.7 The characterization of the 

C7+ fraction has gained widespread attention in the past few decades.3,7–9 In this chapter, 

we first introduce a brief introduction about equations of state. Then we present a review 

of the most commonly used experimental and modeling techniques to characterize the 
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C7+ fraction. We also present several published formulations on how the C7+ 

characterization can be used along with an equation of state (e.g. cubic EOS or SAFT-

based) to model reservoir fluids with emphasis on the modeling of asphaltene 

precipitation. We conclude the chapter by presenting a list of the most commonly used 

characterization factors to classify crude oils.  

2.2. Equations of State 

By far the most widely-used models in the chemical industry are equations of state (EOS) 

which are thermodynamic models relating pressure-volume-temperature behavior for 

substances and their mixtures. Equations of state can be used to calculate the amounts of 

different phases present at equilibrium, their composition, and volumetric properties. 

Equations of state can be broadly categorized as cubic or non-cubic depending on the order of 

the equation in terms of volume. Cubic equations of state are widely popular due to their 

simplicity and favorable computational speed. In these models, molecules are represented as 

interacting spheres. The first equation of this class is the one proposed by van der Waals in 

187310. Several practical modifications to the vdW EOS have been proposed, including 

equations by: Redlich-Kwong (RK)11, Soave-Redlich-Kwong (SRK)12, Peng-Robinson 

(PR)13, and many others14–16. The SRK and PR are the most widely used cubic equations of 

state and can provide accurate predictions for vapor/liquid equilibria calculations.  However, 

these models fail in accurately predicting liquid densities unless a Péneloux17 volume 

correction is implemented. Additionally, cubic EOS cannot accurately predict the phase 

behavior of systems consisting of components with significant size differences.4,18 

https://www.sciencedirect.com/science/article/pii/0378381282800022#!
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Advanced non-cubic EOS have emerged as strong candidates to overcome the limitation 

inherent in cubic EOS. Chapman et al.1,2 developed the Statistical Associating Fluid Theory 

(SAFT) equation of state by extending Wertheim’s first order perturbation theory.19–22 In 

SAFT, molecules are represented as flexible chains with spherical segments and 

associating sites. SAFT has proven to accurately predict the phase behavior for molecules with 

large size differences and complex fluids23,24 Several variations of SAFT have been proposed 

by changing the reference fluid or interaction potential.25–29 Of particular interest is the 

Perturbed Chain version of SAFT (PC-SAFT) developed by Gross and Sadowski.25 PC-

SAFT is favored over other variations mainly due to its availability in commercial 

simulators such as: VLXE|BLEND® of VLXE ApS 30, Multiflash® of KBC-Yokogawa31, and 

PVTsim® of Calsep32. Similar to SAFT, it has been shown that the PC-SAFT EoS can 

accurately capture the phase behavior of complex systems such as polymer solutions33–37 and 

asphaltenes in crude oil systems with variations in temperature and composition.38,5,39,40 

In order to define non-associating molecules using PC-SAFT, three simulation parameters are 

required: number of segments (𝑚), segment diameter (𝜎), and segment-segment interaction 

energy (휀/𝑘). These parameters are obtained for each non-associating component by tuning to 

bubble pressure and saturation density. Representative simulation parameters for several 

components are available in the literature.25,41 For associating molecules, two additional 

parameters are required: association energy (휀𝐴𝐵), and association volume (𝜅𝐴𝐵).  

Another advanced equation of state is the Cubic Plus Association (CPA) originally 

proposed by Kontogeorgis et al.42 The authors used the classical SRK to represent the 

physical interactions and the association term from SAFT to represent the chemical 
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interactions.  Li and Zhang et al. proposed another form of CPA using SRK by changing 

the temperature-dependence of the attractive energy parameter (𝑎).43 Firoozabadi 

developed a version of CPA that uses PR EoS to represent the physical interactions.44 CPA 

requires five simulation parameters per component, namely: critical pressure (𝑃𝑐), 

critical temperature (𝑇𝑐), acentric factor (𝜔), association energy (휀𝐴𝐵), and association 

volume (𝜅𝐴𝐵). 

2.3. Experimental determination of a reservoir fluid composition 

Once a bottom-hole live oil sample arrives at a laboratory, it is flashed at standard 

pressure and temperature (1.01 bar and 15 °C). The phase amount and molecular weight 

of the flashed gas and flashed liquid are measured and are used to calculate the zero-flash 

gas-to-oil ratio (GOR). The composition of the flashed gas and flashed liquid are also 

measured and are used along with the calculated GOR to mathematically generate the 

live oil composition. The gas phase composition is measured using gas chromatography 

(GC) whereas the liquid phase composition is measured using either GC or by performing 

a true boiling point distillation (TBP).  

2.3.1. Gas chromatography (GC) 

GC is the most commonly used technique to analyze the composition of flashed gas and 

liquid phases since it is cheaper and faster to implement than TBP distillation. The GC 

analysis can generate detailed identification for most components up to a carbon number 

fraction of C9. A carbon number fraction of C9 includes components in the boiling range 

of 0.5 °C above nC8 and 0.5 °C above nC9 according to the definition of Katz and 
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Firoozabadi45. For carbon numbers C10-C35, GC analysis can only provide information on 

the weight fraction of each boiling cut. Such boiling cuts and the corresponding molecular 

weight of each cut are defined by the standard values reported by Katz and Firoozabadi.45 

For the C36+ fraction, the molecular weight is calculated based on the average measured 

stock tank oil (STO) molecular weight and the values of the other carbon cuts which were 

obtained from Katz and Firoozabadi. Clearly, the molecular weights obtained in this 

method are approximations that are not necessarily representative of the true values. 

2.3.2. True boiling point (TBP) distillation 

TBP distillation allows for a more detailed analysis of the carbon fractions that constitute 

the dead oil but is more expensive and time-consuming than GC analysis. The 

components are here separated based on the boiling range of each carbon fraction, with 

boiling range defined by Katz and Firoozabadi45. The distillation occurs at ambient 

pressure for fractionation of components lighter than C10. For heavier components, 

vacuum distillation is conducted to prevent thermal cracking of the carbon fractions at 

elevated temperature.  

The molecular weight and density of each cut is measured at standard conditions, 

implying that experimental molar and volumetric amounts of the various cuts can also 

be reported along with the mass amount. It is worth mentioning that the molecular 

weight of each cut measured this way is more accurate than the molecular weight 

measurement of the whole STO sample since there is a limited span in the molecular 

weight within a cut as compared to the whole sample.7 The uncertainty in molecular 
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weight measurement is 2% for each carbon fraction and 5% for the plus fraction whereas 

it is at least 10% for the zero-flash stock tank oil.7 

2.4. Characterization of the plus fraction 

The compositional analysis of crude oil is usually determined up to carbon fraction of C35 

and the remaining is reported as a plus fraction C36+. For equation of state modeling it is 

necessary to de-lump the plus fraction into a reasonable number of pseudo-components 

and properly assign them simulation parameters. The general approach followed in the 

literature7,8 is to de-lump the plus fraction into single-carbon-number fractions (SCN) 

then lump into a reasonable number of multiple-carbon-number (MCN) groups. The de-

lumping process is usually performed using probability distributions (e.g. gamma 

distribution). In this section, we will present the most commonly used methods to 

characterize the C7+ fraction for the purpose of equation of state modeling.  

2.4.1. Whitson characterization 

Curtis Whitson8 was the first to introduce the concept of using probability density models 

such as the 3-parameter gamma function to represent the molar distribution of the plus 

fraction. The probability density function is represented by: 

𝑝(𝑥) =
(𝑥 − 𝜂)𝛼−1exp [(𝑥 − 𝜂)/𝛽]

𝛽𝛼Γ(𝛼)
 (2.1) 

Where 𝛼 is the shape parameter, 𝛽 is the rate parameter, 𝜂 is the minimum value of the 

distribution, Γ is the gamma function, and 𝑥 is the continuous property being modeled. 

In representing the molar distribution of the plus fraction 𝑥 is the molecular weight. The 
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rate parameter 𝛽 can be expressed in terms of the other 𝛼, 𝜂, and the distribution average 

(i.e. 𝑀𝑊̅̅ ̅̅ ̅̅+) using: 

𝛽 = (𝑀𝑊̅̅ ̅̅ ̅̅+ − 𝜂)/𝛼 (2.2) 

Since average molecular weight and minimum molecular weight of the distribution can 

be determined experimentally, the shape parameter 𝛼 is the only fitting parameter that 

can be tuned to match data from TBP distillation analysis.  

The cumulative probability function 𝑃(𝑥) is the integral from 𝜂 to 𝑥: 

𝑃(𝑥) = ∫ 𝑝(𝑥)𝑑𝑥
𝑥

𝜂

 (2.3) 

Which is also equivalent to the mole fraction of the components with molecular weights 

less than 𝑥. The average molecular weight of a carbon fraction between 𝑀𝑊𝑖  and 𝑀𝑊𝑖+1 

is given by: 

𝑀𝑊̅̅ ̅̅ ̅̅ 𝑖 = 𝜂 + 𝛼𝛽
𝑃(𝑀𝑊 ≤ 𝑀𝑊𝑖+1, 𝛼 + 1) − 𝑃(𝑀𝑊 ≤ 𝑀𝑊𝑖, 𝛼 + 1)

𝑃(𝑀𝑊 ≤ 𝑀𝑊𝑖+1, 𝛼) − 𝑃(𝑀𝑊 ≤ 𝑀𝑊𝑖+1, 𝛼)
 (2.4) 

The main idea in Whitson’s approach is to fit a gamma distribution to available single 

carbon number data of mass fraction and molecular weight (e.g. until C9) and use the 

distribution to generate carbon fractions heavier than C9. Whitson et al. showed that the 

gamma distribution can accurately describe the molar distribution for 44 crude oil 

samples with 𝛼 ranging from 0.397-2.835.46 It is worth mentioning that 𝛼 = 1 represents 

the exponential distribution, 𝛼 < 1 represent accelerated exponential distribution, and 

𝛼 > 1 yield a left-skewed distribution.8 Whitson et al also showed that the gamma 



13 

 

distribution can be used to represent the boiling point distribution for petroleum 

fractions.46  

Whitson presented a detailed formulation on how to estimate the number of MCN groups 

for adequate plus-fraction representation using an EOS. He proposed a lumping method 

such that each pseudo-component contains a wider range of molecular weights and that 

components with similar molecular weight can be distributed between more lumped 

pseudo-components. The following equations are used for the Whitson lumping 

procedure for 𝑁𝑔 number of MCN groups: 

𝑁𝑔 = 𝑖𝑛𝑡(1 + 3.3 log (𝐶𝑁
𝑚𝑎𝑥 − 𝐶𝑁

𝑚𝑖𝑛)  (2.5) 

𝑀𝑊𝐼 = 𝑀𝑊𝑚𝑖𝑛 ∗ (exp(
1

𝑁𝑔
) ∗ ln (

𝑀𝑊𝑚𝑎𝑥

𝑀𝑊𝑚𝑖𝑛
))

𝐼

 (2.6) 

Where Ng is the number of lumped fractions, “int” is integer of the function between 

brackets, 𝐶𝑁
𝑚𝑎𝑥  is the carbon number of the heaviest fraction, 𝐶𝑁

𝑚𝑖𝑛 is the carbon number 

of the lightest fraction, I is the index running through 𝑁𝑔, and 𝑀𝑊𝐼 is the molecular weight 

separating each MCN group. Whitson also presented correlations for estimating physical 

properties such as critical temperature (𝑇𝑐), critical pressure (𝑃𝑐), and acentric factor (𝜔) 

as a function of specific gravity and boiling point along with mixing rules to calculate 

properties of the lumped fractions for use with cubic equations of state.  
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2.4.2. Pedersen characterization 

Pedersen et al. 7,47 presented a characterization procedure for the plus fraction according 

to an exponential distribution between mole fraction and carbon number: 

𝐶𝑛 = 𝐴 + 𝐵𝑙𝑛𝑧𝑛 (2.7) 

Where 𝐶𝑛 is the carbon number of the pseudo-fraction and 𝑧𝑛 is its mole fraction. This 

equation is used to de-lump the plus fraction into a certain number of SCN fractions (e.g. 

80 or 200). Constants A and B are fitting parameters specific to each crude which are fit 

over all components such that the mass balance is satisfied (i.e. the mole fraction and MW 

of the plus fraction must match that for the average of the de-lumped SCN fractions). The 

authors suggested choosing C80 as the maximum pseudo-fraction for light or medium oils 

while C200 should be chosen for heavy oils. The MW of a given carbon fraction can be 

determined from: 

𝑀𝑊𝑛 = 14𝐶𝑛 − 4 (2.8) 

The densities of the plus fraction are assumed to be represented by a similar exponential 

distribution: 

𝜌𝑛 = 𝐶 + 𝐷𝑙𝑛𝐶𝑛 (2.9) 

where C and D are fitting parameters which are tuned such that the overall density of the 

plus fraction is equal the average density of the de-lumped SCN. 



15 

 

Once the molecular weights and densities are estimated, the following equations may be 

used to determine Tc, Pc, and  for each fraction: 

𝑇𝑐 = 𝑐1𝜌 + 𝑐2𝑙𝑛𝑀𝑊 + 𝑐3𝑀𝑊 +
𝑐4
𝑀𝑊

 (2.10) 

𝑙𝑛𝑃𝑐 = 𝑑1 + 𝑑2𝜌
𝑑5 +

𝑑3
𝑀𝑊

+
𝑑4

𝑀𝑊2
 (2.11) 

𝑚 = 𝑒1 + 𝑒2𝑀𝑊 + 𝑒3𝜌 + 𝑒4𝑀𝑊
2 (2.12) 

𝑚 = 0.480 + 1.574𝜔 − 0.176𝜔2 (SRK) (2.13) 

𝑚 = 0.37464 + 1.54226𝜔 − 0.26992𝜔2 (PR) (2.14) 

The coefficients c1-c4, d1-d5, and e1-e4 can be found from Pedersen et al.48 for SRK and PR 

EoS.  

After characterizing the plus fraction and assigning the simulation parameters for the 

sub-fractions, the components are lumped in order to reduce the number of fractions to 

a reasonable number for EOS calculations. Pedersen et al. recommended obtaining the 

thermodynamic properties of the lumped fractions on a weight-based grouping 

approach. One approach is to lump the sub-fractions into three (or more) pseudo-

components of equal weight percent. Another approach is to use the Whitson lumping 

scheme presented in section 2.4.1. 
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In addition to the cubic EoS parametrization shown earlier, Pedersen et al. also suggested 

a PC-SAFT characterization method based on similar principles. After characterizing the 

plus fraction into sub-fractions up to C80 (or C200 for heavy oils), the Paraffins, 

Naphthenes, and Aromatics distribution (PNA) for each carbon number is found using 

the procedure of Nes and Westen.49 This approach makes use of the Riazi and Daubert50 

correlations for calculating the refractive index n: 

𝑛 = (
1 + 2𝐼

1 − 𝐼
)
0.5

 (2.15) 

Where I is found from: 

𝐼 = 3.583 × 10−3𝑇𝐵
1.0147 (

𝑀𝑊

𝜌
)
−0.4787

          for 𝑀𝑊 < 200 (2.16) 

𝐼 = 1.4 × 10−3𝑇𝐵
1.09 (

𝑀𝑊

𝜌
)
−0.3984

                  for 𝑀𝑊 > 200 (2.17) 

Then, the PNA distribution can be found from: 

𝑣 = 2.51(𝑛 − 1.4750) − 𝜌 + 0.8510 (2.18) 

𝑤 = 𝜌 − 0.8510 − 1.11(𝑛 − 1.4750) (2.19) 

%𝐴 = 430𝑣 +
3,660

𝑀𝑊
                                          for 𝑣 > 0 (2.20) 

%𝐴 = 670𝑣 +
3,660

𝑀𝑊
                                          for 𝑣 < 0 (2.21) 
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𝑅 = 820𝑤 + 10,000/𝑀𝑊                               for 𝑤 > 0 (2.22) 

𝑅 = 1,440𝑤 + 10,600/𝑀𝑊                            for 𝑤 < 0 2.23) 

%𝑁 = 𝑅 −%𝐴 (2.24) 

where TB is the normal boiling point of the pseudo-fraction. For the characterization 

pseudo-fractions, TB is found from: 

𝑇𝐵 = 97.58 𝑀𝑊0.3323𝑆𝐺0.04609 (2.25) 

The three PC-SAFT parameters for carbon number fraction i are found from: 

𝑚𝑖 = 𝑚𝐶7 + 2.82076 × 10−2 × (
𝑀𝑊𝑖

𝜌𝑖
−
𝑀𝑊𝐶7

𝜌𝐶7
) (2.26) 

휀𝑖 ×𝑚𝑖

𝑘
= (휀𝑚)𝐶7 + 7.97066 × (𝑀𝑊𝑖 × 𝜌𝑖

0.25 −𝑀𝑊𝐶7 × 𝜌𝐶7
0.25 −𝑀𝑊𝐶7 × 𝜌𝐶7

0.25 (2.27)      

Where 

𝑚𝐶7 = 𝑃 − 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛(𝑖) × 𝑚𝑃𝐶7 + 𝑁 − 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛(𝑖) × 𝑚𝑁𝐶7 + 𝐴

− 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛(𝑖) × 𝑚𝐴𝐶7 
(2.28) 

𝑀𝑊𝐶7 = 𝑃 − 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛(𝑖) × 𝑀𝑊𝑃𝐶7 + 𝑁 − 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛(𝑖) × 𝑀𝑊𝑁𝐶7 + 𝐴

− 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛(𝑖) × 𝑀𝑊𝐴𝐶7 
(2.29)      
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𝜌𝐶7

=
𝑀𝑊𝐶7

𝑃 − 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛(𝑖) ×
𝑀𝑊𝑃𝐶7
𝜌𝑃𝐶7

+𝑁 − 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛(𝑖) ×
𝑀𝑊𝑁𝐶7
𝜌𝑁𝐶7

+ 𝐴 − 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛(𝑖) ×
𝑀𝑊𝐴𝐶7
𝜌𝐴𝐶7

 (2.30)      

sub-indices PC7, NC7 and AC7 correspond to properties of pure paraffinic C7, Naphthenic 

C7, and aromatic C7, respectively. The  parameter of each sub-fraction is found by 

matching the liquid density of the sub-fraction at atmospheric pressure and 288.15 K. 

2.4.3. SARA-based characterization 

The characterization of crude oil using the Saturates-Aromatics-Resins-Asphaltenes (SARA) 

analysis has been in continuous development over the past years.5,24,38,51 The method was 

originally developed to be used with PC-SAFT EOS to study asphaltene precipitation in crude 

oil systems. In general, these developments followed the same lumping procedure for crude 

oil components but differed in the parameter estimation technique. 

The gas and liquid phases are characterized separately and then combined to form the live oil 

based on the gas-to-oil ratio reported from the zero-flash experiment. The gas phase is 

characterized as seven components: six pure components which are nitrogen (N2), carbon 

dioxide (CO2), hydrogen sulfide (H2S), methane (C1), ethane (C2), propane (C3), and one 

pseudo-component which is “heavy gas”. The heavy gas consists of C4
 and heavier fractions 

in the flashed gas. Experimental flashed gas compositional data is required as an input for gas-

phase characterization. 

The liquid phase is represented by as three pseudo-components: saturates, aromatics + resins 

(A+R), and asphaltenes. Experimental flashed liquid compositional data is required as an input 
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for the liquid-phase characterization. Also, SARA analysis is required as an input in order to 

know the relative amounts of saturates, A+R, and asphaltene in the crude oil that form the plus 

fraction. Accurate determination of the molecular weight of each sub-fraction is not possible 

in the absence of experimental data. It is usually assumed that carbon fractions lighter than C10 

are mainly composed of saturates. The C10+ fraction is split into saturates, A+R, and 

asphaltenes such that the reported SARA analysis is satisfied. The molecular weight of the C10+ 

fraction in the saturates is assumed to be 0.9 that of the A+R.52 Since asphaltenes are mainly 

composed of C10+ fraction, their molecular weight is a tuning parameter. Knowledge of 

asphaltenes MW and the average MW of the C10+ fraction (from experiments) allows the 

determination of the MW of C10+ in saturates and A+R. Figure 2.1 presents a schematic of 

the SARA-based characterization approach. 

 

Figure 2.1. Schematic of the SARA-based characterization method (image adapted from Khaleel 

et al.)53 

The simulation parameters required for modeling using the PC-SAFT EoS are dependent on 

the type of system under study. For the modeling of non-associating systems where dispersion 

forces dominate, each non-associating component requires definition of three PC-SAFT 
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parameters: the number of segments per molecule (m), the segment diameter (), and the 

segment-segment interaction energy (/k). For the modeling of associating components where 

polar-polar interactions are significant, two additional PC-SAFT parameters are required per 

component; the association energy (AB) and association volume (AB). In the SARA-based 

method, it is assumed that dispersion forces dominate the phase behavior of crude oil and, 

therefore, only three PC-SAFT parameters are required to be defined per component. This 

assumption follows from the work of Buckley and coworkers who established that asphaltene 

phase behavior is dominated by polarizability and not polarity.54,55 Furthermore, it was shown 

in several research articles that the PC-SAFT EoS without the association term can accurately 

capture the precipitation of asphaltene in crude oil systems due to changes in temperature and 

composition.38,5,39,40,56 Because the phase behavior of asphaltenes, the heaviest and most 

polarizable fraction of crude oil, is not dominated by polar interactions; it is expected that this 

should be also the case for the lighter and less polarizable components of crude oils.. 

For pure components, the three PC-SAFT parameters are available in the literature.25 For 

pseudo-components the PC-SAFT parameters are obtained from correlations. An advantage of 

using the PC-SAFT EoS is that the simulation parameters represent some molecular 

characteristics of the modeled components. Gonzalez et al.56 correlated the PC-SAFT 

parameters of different homologous series of hydrocarbons such as alkanes and polynuclear 

aromatics (PNA) based only on their molecular weight. Figure 2.2 shows the relation between 

the PC-SAFT parameters and molecular weight for n-alkanes and PNA. 
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Figure 2.2. Variation of PC SAFT parameters as a function of MW for n-alkanes and PNA. (image 

adapted from Gonzalez et al.)56 

The heavy gas and saturates pseudo-fractions are assumed to consist of n-alkanes. Therefore, 

the PC-SAFT parameters can be obtained from the correlations of Gonzalez et al. based on 

their molecular weight. 

According to the latest development of the characterization procedure proposed by Punnapala 

and Vargas5, the PC-SAFT parameters for the A+R pseudo-fraction are obtained by 

introducing an aromaticity factor (A+R) which ranges from 0 to 1 representing n-alkanes and 

PNA, respectively. Therefore, the correlation for each PC-SAFT parameter for the A+R 

pseudo-component is calculated as a linear combination of the alkanes’ correlation and the 

PNA’s correlation from Gonzalez et al.56 weighed by the aromaticity parameter as shown in 
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eqs. (2.31-(2.33. The aromaticity of the A+R pseudo-fraction is then fit to match bubble 

pressure and density of reservoir fluid at saturation.  

𝑚 = (1 − 𝛾𝐴+𝑅)(0.0257 𝑀𝑊+ 0.8444) + 𝛾𝐴+𝑅(0.0101 𝑀𝑊 + 1.7296) (2.31) 

𝜎(Å) = (1 − 𝜸𝑨+𝑹) (4.047 − 4.8013
ln (𝑀𝑊)

𝑀𝑊
) + 𝜸𝑨+𝑹(4.6169 −

93.98

𝑀𝑊
) (2.32)  

휀
𝑘⁄ (𝐾) = (1 − 𝜸𝑨+𝑹) (exp (5.5769 −

9.523

𝑀𝑊
)) + 𝜸𝑨+𝑹 (508 −

234100

𝑀𝑊1.5
) (2.33) 

For cases where asphaltene precipitation studies are required, the PC-SAFT parameters for the 

asphaltene pseudo-fraction are obtained by fitting molecular weight and aromaticity of 

asphaltene (asphaltene) to match the available data for the onset of asphaltene precipitation.5 It 

is worth noting that this definition of aromaticity may sometimes lead to a value of asphaltene 

aromaticity that is lower than the aromaticity of the A+R fraction. For example, Punnapala et 

al. 5 reported an aromaticity of 0.69 for the A+R fraction and 0.292 for asphaltenes. This is not 

typical since asphaltenes are the heaviest and most aromatic fraction of crude oil. 

2.5. Modeling of asphaltene precipitation 

Asphaltenes are polydisperse components that constitute the heaviest and most 

polarizable fraction of crude oils. They are defined based on solubility as the fraction of 

crude oil that is insoluble in light paraffins such as n-pentane or n-heptane but soluble in 

aromatic solvents such as toluene and benzene. Changes in pressure, temperature, and 

composition during oil production may cause asphaltenes to precipitate and 
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subsequently deposit in the near wellbore region or production tubing. Asphaltene 

deposition on the walls of the tubing decreases the flow and may eventually cause a 

blockage and shutdown of the well. Costs for intervention to remove the deposited 

asphaltenes can be as little as $0.5 MM U.S. for onshore reservoirs and as high as $3.0 MM 

U.S. for deep-water offshore reservoir, excluding the cost of lost revenue.57 

Asphaltene precipitation is a necessary, but not a sufficient, condition for deposition. 

Therefore, knowledge of the conditions at which asphaltenes precipitate is crucial for the 

flow assurance engineer.  In order to obtain knowledge of when asphaltenes precipitate 

from a crude oil, one needs to examine the petroleum fluid phase envelope, which can be 

obtained experimentally or using a model. Figure 2.3 depicts a typical phase envelope 

for a petroleum fluid modeled using PC-SAFT. When the pressure in the reservoir is high 

enough (Point A), asphaltenes are soluble in the oil and the system is in a single phase. 

When the pressure drops to the upper asphaltene onset pressure (UAOP), asphaltenes 

come out of solution and form a separate phase (Point B). As pressure decreases, the 

system reaches the bubble point (BP) and gas starts to come out of solution (Point C). At 

this point the driving force for asphaltene precipitation reaches a maximum. As the 

pressure is further decreased from the bubble point, the light ends evaporate and the 

remaining oil becomes heavier causing it to become a better solvent for asphaltenes. This 

continues until the pressure reaches the lower asphaltene onset pressure (LAOP), where 

asphaltenes are once again in solution (Point D). As pressure falls below the LAOP (Point 

E), gas continues to evaporate and the system is in the two-phase region. Note that the 

UAOP curve is considered a LLE boundary, while the BP and LAOP curves are VLLE 

boundaries. 
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Figure 2.3. Typical asphaltene phase envelope for a petroleum fluid modeled using PC-SAFT. 

UAOP: Upper Asphaltene Onset Pressure, BP: Bubble Point, LAOP: Lower Asphaltene Onset 

Pressure, L: Liquid phase, LLE: Liquid-Liquid Equilibria, VLLE: Vapor-Liquid-Liquid Equilibria.6 

Oil companies rely on high-pressure high-temperature (HPHT) experiments on oil 

samples to obtain the UAOP and BP at different temperatures. The most common 

experimental techniques are: near infrared light (NIR) spectroscopy, and high-pressure 

microscopy (HPM).58 In NIR spectroscopy, light is passed through an oil sample while it 

is being isothermally depressurized and the transmittance is measured. When 

asphaltene aggregates form a micron size aggregate, they scatter NIR light causing the 

transmittance to drop. The pressure where transmittance drops is reported as the 

experimental UAOP. HPM is usually used in conjunction with NIR spectroscopy to 

visually validate the measured onset.58 These HPHT experiments are time-consuming, 

expensive, and subject to significant experimental uncertainty. Running an experiment 

to obtain a single UAOP point takes 24 hours, or longer, and costs up to $30,000.59 

Furthermore, Vargas et al. showed a case study where they observed inconsistencies  in 

the reported UAOP experimental values from NIR spectroscopy and HPM.60 The reported 
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UAOP decreased upon injection of light hydrocarbon gas, while it is expected to increase 

since light gases usually destabilize asphaltenes. The authors were able to pinpoint the 

experimental uncertainty in several data points using PC-SAFT EoS.60 

Thermodynamic modeling of asphaltene precipitation provides a valuable tool that can 

complement the experiments. Several thermodynamic models for asphaltene 

precipitation have evolved during the past few decades. The models for asphaltene 

precipitation can be broadly classified into two schools of thought: micellar and solubility 

theories.  In the micellar theory approach, asphaltenes are assumed to exist as suspended 

solid particles that are sterically stabilized by resins.61–67 Within the micellar theory 

framework, polar interactions between resins and asphaltenes are assumed to dominate 

the phase behavior of asphaltenes. On the other hand, within the solubility theory 

framework, dispersion forces between asphaltenes and other components are assumed 

to dominate the phase behavior. Experimental evidence presented by several 

researchers validates the assumption that dispersion forces dominate the asphaltene 

phase behavior68–76 which refutes the ideas behind the micellar theory. 

Models supporting the solubility theory assumptions are mainly based on equations of 

state and regular solution theory of Scatchard-Hildebrand77,78 or Flory-Huggins.79,80 

(Appendix A provides a new insight on the geometric mean and arithmetic mean 

approximation in Regular Solution Theory). In these models, asphaltene precipitation is 

modeled either as a liquid-liquid or a solid-liquid equilibrium problem. Hirschberg et al.81 

developed one of the earliest asphaltene precipitation models based on Flory-Huggins 

solution theory. Several other models based on Flory-Huggins theory have been 
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proposed since then, for example: de Boer plot82, Flory-Huggins-Zuo83, and Yarranton and 

coworkers.84–86 These models require the calculation of the solubility parameter of 

asphaltenes and are relatively simple. However, models based on Regular Solution 

Theory, in general, do not explicitly account for the compressibility effects which are 

important for systems of molecules with large size differences.40 For that reason, 

equations of state are used since they are capable of modeling the effect of pressure, 

temperature, and composition on the volumetric properties.  

Cubic equations of state (CEOS) such as Peng-Robinson (PR)13 and Soave-Redlich-Kwong 

(SRK)12 have found extensive use in the petroleum industry due to their simplicity and 

high calculation speed. Several models for asphaltene precipitation using CEOS have been 

proposed in the literature.87–93 These models, in general, can reproduce the experimental 

data to which they are tuned. However, the models usually do not perform well in 

matching experimental data when predictions are attempted outside the fitting range.4 

Cubic equations of state suffer major limitations in predicting liquid density and phase 

behavior of systems of components with large size differences.40Although liquid density 

predictions may be improved through the use of a Péneloux volume shift17, the predictive 

capabilities of CEOS in modeling asphaltene precipitation are still limited.4 

More advanced equations of state have emerged as strong candidates to overcome the 

limitations of classical CEOS. Examples of such equations are SAFT94,95 and its variations 

(e.g. PC-SAFT). PC-SAFT has been successfully applied for modeling asphaltene 

precipitation from crude oil systems at varying temperatures and compositions, without 

including the association term.4,40,60,96–102 This is in-line with experimental evidence that 
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asphaltenes phase behavior is dominated by London dispersion forces, and not by polar-

polar interactions.68–76  

The cubic-plus-association (CPA) EOS have also been successfully applied for the 

modeling of asphaltene precipitation with changes in temperature and composition.43,103–

110 Alhammadi et al. showed that there is no advantage of using CPA (with association) as 

compared to PC-SAFT (without association) in terms of modeling onset of asphaltene 

precipitation.111 Arya et al. compared CPA, PC-SAFT with association, and PC-SAFT 

without association on seven petroleum fluids and concluded that association is 

necessary to capture the phase behavior of asphaltenes.105 The authors’ conclusion was 

based on two cases (out of seven) that showed deviation from experimental data when 

the association term is not included in the model. For those two cases, including 

association improved the results only when a temperature-dependent association 

energy term (휀𝐴𝐵) is used. Incorporating temperature-dependence for association 

energy adds even more tuning parameters which gives the model more degrees of 

freedom, improving the ability to correlate the data, but not necessarily increasing the 

predictive capabilities of the model.  

In addition to theoretical models, semi-empirical models for modeling the onset of 

asphaltene precipitation have also been developed. Wang and Buckley proposed the 

Asphaltene Instability Trend (ASIST) which is a linear relationship between the 

refractive index of the dead oil at the onset (𝑃𝑅𝐼) and the square root of the molar volume 

of the precipitant (𝑣𝑝).112 The model requires experimental measurements of asphaltene 

onset from dead oil samples with different precipitants to find the coefficients of the 
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linear model. The model can then be extrapolated to live oils using PVT data or an EOS to 

capture the effect of composition, temperature and pressure on 𝑣𝑝, and thus predict the 

refractive index at the onset (𝑃𝑅𝐼), assuming that temperature and pressure effects on 𝑃𝑅𝐼 

are negligible. The model can produce the UAOP phase diagram for the live oil by 

considering that the mixture of dissolved light gases is the asphaltene precipitant. This 

approach is usually repeated for different aging times for the dead oil experiments to find 

the appropriate aging time that matches the UAOP of the live oil obtained from HPM 

experiment. Usually, 5-hour aging time produces AISIST predictions that best match 

measured onset pressures.113 

Another semi-empirical model was proposed by Vargas et al.114 The authors investigated 

a synthetic live oil at 65 °C using PC-SAFT EoS with injection of several precipitants 

including C1-C15 and CO2. The modeling results indicate that a linear relationship exists 

between a normalized residual internal energy at the onset (�̃�𝑟𝑒𝑠) and the mole fraction 

of the precipitant. The normalized residual internal energy function is: 

�̃�𝑟𝑒𝑠(𝑇, 𝑃, 𝒛𝒊) =
𝑢𝑚𝑖𝑥
𝑟𝑒𝑠 (𝑇, 𝑈𝐴𝑂𝑃, {𝒛𝒊}mix)

𝑢𝑑𝑜
𝑟𝑒𝑠(𝑇, 𝐵𝑃, {𝒛𝒊}𝑑𝑜)

=
𝑣𝑚𝑖𝑥𝛿𝑚𝑖𝑥

2 (𝑇, 𝑈𝐴𝑂𝑃, {𝒛𝒊}mix)

𝑣𝑑𝑜𝛿𝑑𝑜
2 (𝑇, 𝐵𝑃, {𝒛𝒊}do)

 
(2.34) 

where 𝑇 is temperature, 𝑈𝐴𝑂𝑃 is upper asphaltene onset pressure at 𝑇, 𝐵𝑃 is bubble 

pressure at 𝑇, 𝒛𝒊 is the composition vector,  𝑣 is molar volume, and 𝛿 is the Hildebrand 

solubility parameter. Subscript mix refers to mixture (dead oil + gas mixture) and do 

refers to dead oil. The residual internal energy of the live oil is normalized with respect 

to the residual internal energy of the dead oil at the same temperature but at the bubble 

pressure. The authors described a general method to construct the P-x diagram for 
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asphaltene precipitation, including the bubble pressure curve from knowledge of 

�̃�𝑟𝑒𝑠(𝑇, 𝑃) for different precipitants at different compositions. 
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Chapter 3  

 

Improved Correlations for PC-SAFT 

Parameters and a New Characterization 

Factor for Hydrocarbons 

3.1. Introduction 

PC-SAFT EOS has been extensively used for modeling pressure-volume-temperature 

properties and asphaltene precipitation in crude oil systems.4,91,115–118 In the development and 

implementation of any crude oil characterization using PC-SAFT EOS, it is customary to use 

correlations that relate the physical properties of the petroleum pseudo-fractions to the PC-

SAFT simulation parameters 𝑚,𝜎, 𝑎𝑛𝑑 휀/𝑘. Most of the correlations in the literature relate the 

PC-SAFT simulation parameters to molecular weight for every homologous series.97,116,119 

Examples of such correlations are shown in Table 3.1. These correlations are developed such 

that the difference between the calculated and reported simulation parameters is minimized. 

However, since the PC-SAFT simulation parameters are not experimentally measured, the 

more plausible approach for developing such correlations is to optimize the coefficients such 

that the error in predicting the bubble pressure and saturation density is minimized. This is 

especially justified considering the known fact that a set of PC-SAFT parameters that predicts 

specific bubble pressure and saturation density curves is not necessarily unique. This approach 
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allows for fine-tuning the developed correlations for improved density and bubble point 

predictions. Another area for improvement in these published correlations is that they are 

family-specific. Therefore, a detailed compositional analysis of the mixture of interest is 

necessary in order to be able to perform the modeling task.  

Table 3.1. Example correlations of PC-SAFT parameters as a function of molecular weight for 

different homologous hydrocarbon series. 

  Hydrocarbon Family 

Correlation Parameter n-Alkanes Benzene Derivatives (BD) 
Polynuclear Aromatics 

(PNA) 

Gonzalez97 

𝑚 0.0257 𝑴𝑾+ 0.8444 0.0223 𝑴𝑾+ 0.751 0.0101 𝑴𝑾+ 1.7296 

𝜎 4.047 − 4.8013
𝑙𝑛(𝑴𝑾)

𝑀𝑊
 4.1377 −

38.1483

𝑴𝑾
 4.6169 −

93.98

𝑴𝑾
 

휀/𝑘 𝐸𝑥𝑝 (5.5769 −
9.523

𝑴𝑾
) 0.00436 𝑴𝑾+ 283.93 508 −

234100

(𝑴𝑾)1.5
 

Liang (1)116 

𝑚 0.02569 𝑴𝑾+ 0.8709 0.02576 𝑴𝑾+ 0.2588 - 

𝑚𝜎3 1.7284 𝑴𝑾+ 18.787 1.7539 𝑴𝑾− 21.324 - 

𝑚휀/𝑘 6.8248 𝑴𝑾+ 141.14 6.6756 𝑴𝑾+ 172.4 - 

Liang (2)116 

𝑚 0.02569 𝑴𝑾+ 0.8709 0.02576 𝑴𝑾+ 0.2588 - 

𝑚𝜎3 1.7284 𝑴𝑾+ 18.787 1.7539 𝑴𝑾− 21.324 - 

𝑚휀/𝑘 6.8311 𝑴𝑾+ 124.42 - 

The objectives of the work presented in this chapter are`: 

1. Develop a new set of general correlations to calculate the PC-SAFT parameters of 

nonpolar hydrocarbons using easily measurable properties (i.e. MW, refractive index, 

and density) without prior knowledge of the hydrocarbon family. For this purpose, 

two sets of correlations will be developed using either refractive index or density at 
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20 °C. The developed correlations will be optimized such that the error in predicting 

saturation pressure and saturation density using PC-SAFT is minimized for the 

components used in the database, rather than matching their PC-SAFT parameters 

directly. 

2. Test the developed correlations in predicting density and derivative properties of 

pure components at high-pressure and high-temperature as compared to using the 

default PC-SAFT parameters.   

3. Formulate a new hydrocarbon characterization factor based on molecular weight and 

refractive index to distinguish between different families of nonpolar hydrocarbons. 

3.2. PC-SAFT parameters from molecular weight and refractive 

index or density at 20 °C 

In order to develop general PC-SAFT correlations that do not require specification of the 

hydrocarbon family, it is necessary to use at least two physical properties as descriptors for the 

substance; a size parameter and an interaction energy parameter. Here we will use molecular 

weight as a size parameter. The interaction energy parameter can be: true boiling point (𝑇𝑏), 

density (𝜌), or refractive index (𝑛𝐷). The true boiling point is the most difficult to measure 

amongst these three properties, especially for very heavy components. Density and refractive 

index are both easily measured and are related through several correlations.120,121 In this work, 

we will develop two sets of correlations using either refractive index or density as the 

interaction energy parameter. More conveniently, the function of refractive index (𝐹𝑅𝐼,20) at 20 

°C and 1 atm is used instead of refractive index which is defined as:122,123 

𝐹𝑅𝐼,20 =
𝑛𝐷20
2 − 1

𝑛𝐷20
2 + 2

 (3.1) 
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where 𝑛𝐷20 is the refractive index at the sodium D-line at 20°C and 1 atm. For convenience, 

the subscript 20 in 𝐹𝑅𝐼,20 is dropped in the remainder of this manuscript. 

We propose the following correlations for PC-SAFT parameters using 𝑀𝑊 and 𝐹𝑅𝐼: 

𝑚 = 𝐴1𝐹𝑅𝐼
𝐴2𝑀𝑊𝐴3 (3.2) 

𝑚𝜎3 = 𝐴4𝐹𝑅𝐼
𝐴5𝑀𝑊𝐴6 (3.3) 

𝑚휀/𝑘 = 𝐴7𝐹𝑅𝐼
𝐴8𝑀𝑊𝐴9 (3.4) 

where 𝐴1 − 𝐴9  are optimization constants. This set of correlations is here termed ASV-𝐹𝑅𝐼. 

Alternatively, the following equations are used if density is used as the interaction energy 

parameter: 

𝑚 = 𝐵1𝜌20
𝐵2𝑀𝑊𝐵3 (3.5) 

𝑚𝜎3 = 𝐵4𝜌20
𝐵5𝑀𝑊𝐵6 (3.6) 

𝑚휀/𝑘 = 𝐵7𝜌20
𝐵8𝑀𝑊𝐵9 (3.7) 

where 𝐵1 − 𝐵9 are optimization constants and 𝜌20 is the density at 20 °C and 1 atm. These 

correlations are here termed ASV-𝜌.   

The components used in the database to optimize the correlations consist of: 16 n-alkanes, 20 

benzene derivatives, and 10 naphthalene derivatives. The information needed for each 

component are: 

1. Molecular weight, density at 20 °C and 1 atm, and refractive index data at the 

sodium D-line and 20 °C and 1 atm.121,124 

2. DIPPR125 correlation coefficients to calculate bubble pressure and saturation 

density.  

For each set of correlations the constants are optimized simultaneously for all 46 components 

in the database to minimize the error in PC-SAFT prediction of bubble pressure and saturation 
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density at reduced temperatures 𝑇𝑟 = 0.6 and 0.8. The initial guess fed to the optimization 

routine correspond to the values that provide the best match to the PC-SAFT simulation 

parameters collected from the literature.25,41 The final set of optimized constants is shown in 

Table 3.2. The errors in bubble pressure and saturation density predictions are shown in Table 

3.3. The resulting PC-SAFT parameters from the optimized correlations are shown in 

Table 3.4. 

Table 3.2. Optimized coefficients for the developed PC-SAFT correlations. 

PC-SAFT 

parameter 

ASV-𝑭𝑹𝑰 eqs. (3.2)-(3.4) ASV-𝝆 eqs. (3.5)-(3.7) 

Constant Value Constant Value 

𝑚 

𝐴1 0.01936 𝐵1 0.04523 
𝐴2 -0.73697 𝐵2 -0.94229 
𝐴3 0.89580 𝐵3 0.87699 

𝑚𝜎3 

𝐴4 0.46444 𝐵4 1.08798 
𝐴5 -0.82074 𝐵5 -0.80085 
𝐴6 1.04724 𝐵6 1.05528 

𝑚휀/𝑘 

𝐴7 18.84256 𝐵7 17.80577 
𝐴8 0.12116 𝐵8 0.01328 
𝐴9 0.85992 𝐵9 0.84058 

 

Table 3.3. Errors in bubble pressure and saturation density using the proposed correlations. 

Component 
MW 
[g/mol] 

𝑭𝑹𝑰 
[-] 

𝝆𝟐𝟎 
[g/cm3] 

AAPD (ASV-𝑭𝑹𝑰) AAPD (ASV-𝝆) 

BP 
[%] 

𝝆𝒔𝒂𝒕 
[%] 

BP 
[%] 

𝝆𝒔𝒂𝒕 
[%] 

nC5 72.15 0.2193 0.6262 9.41 0.71 10.11 3.47 

nC6 86.18 0.2289 0.6548 3.60 0.20 6.93 2.81 

nC7 100.20 0.2359 0.6837 0.08 0.54 1.40 1.04 

nC8 114.23 0.2411 0.7029 1.69 0.65 1.63 0.48 

nC9 128.26 0.2455 0.7192 3.18 0.84 2.66 0.50 
nC10 142.28 0.2479 0.7300 0.61 0.60 1.08 0.50 

nC11 156.31 0.2512 0.7402 1.39 0.62 0.92 0.51 

nC12 170.33 0.2536 0.7495 0.76 0.59 0.63 0.52 
nC13 184.36 0.2560 0.7564 0.77 0.83 0.65 0.75 

nC14 198.39 0.2578 0.7596 0.85 0.55 4.65 0.41 
nC15 212.41 0.2591 0.7685 2.71 0.48 3.65 0.47 
nC16 226.44 0.2598 0.7701 5.49 0.73 7.82 0.62 

nC17 240.47 0.2619 0.7780 6.47 0.51 8.08 0.32 

nC18 254.49 0.2630 0.7768 6.41 0.70 13.11 1.18 
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nC19 268.52 0.2640 0.7855 7.87 1.00 9.68 0.52 

nC20 282.55 0.2649 0.7886 11.22 0.72 13.03 0.24 

Benzene 78.11 0.2947 0.8780 6.33 2.45 1.53 0.66 
Toluene 92.14 0.2926 0.8685 3.48 1.19 2.27 0.71 
Ethylbenzene 106.17 0.2921 0.8678 5.39 0.68 10.12 0.88 
m-Xylene 106.17 0.2928 0.8643 0.76 0.54 2.11 0.64 

o-Xylene 106.17 0.2966 0.8799 10.11 1.41 5.46 0.34 
p-Xylene 106.17 0.2920 0.8610 0.20 0.61 2.56 0.70 
nC3-Benzene 120.19 0.2901 0.8630 11.74 1.22 15.90 2.00 

nC4-Benzene 134.22 0.2890 0.8610 10.85 1.04 14.97 1.75 
nC5-Benzene 148.24 0.2879 0.8583 9.26 0.81 13.25 0.73 
nC6- Benzene 162.27 0.2873 0.8581 9.64 0.63 13.81 0.92 
nC7- Benzene 176.30 0.2869 0.8576 7.87 0.81 12.05 1.36 
nC8- Benzene 190.32 0.2863 0.8562 7.32 0.70 11.28 1.08 
nC9- Benzene 204.35 0.2860 0.8557 5.19 0.76 8.57 1.17 
nC10- Benzene 218.38 0.2857 0.8551 4.28 0.78 8.13 1.15 
nC11- Benzene 232.40 0.2855 0.8548 3.55 0.83 7.29 1.20 
nC12- Benzene 246.43 0.2853 0.8556 1.82 0.82 6.25 1.39 

nC13- Benzene 260.46 0.2851 0.8545 0.23 0.77 3.81 1.19 
nC14- Benzene 274.48 0.2850 0.8553 0.43 0.79 4.85 1.28 
nC15- Benzene 288.51 0.2848 0.8540 1.25 0.77 2.33 1.13 

nC16- Benzene 302.54 0.2847 0.8541 3.69 0.72 4.20 1.06 

1-Methylnaphthalene 142.20 0.3499 1.0202 23.51 0.04 31.38 1.30 

2-Methylnaphthalene 142.20 0.3441 1.0058 27.07 0.07 33.60 1.02 
1-Ethylnaphthalene 156.22 0.3450 1.0082 6.40 0.52 13.19 1.63 

2-Ethylnaphthalene 156.22 0.3421 0.9922 8.54 0.26 18.86 1.79 
1-Propylnaphthalene 170.25 0.3385 0.9897 6.14 0.70 3.66 0.54 
1-Butylnaphthalene 184.28 0.3337 0.9738 5.56 0.66 2.72 0.79 
1-Pentylnaphthalene 198.30 0.3293 0.9656 3.48 0.49 3.31 0.65 

1-Hexylnaphthalene 212.33 0.3256 0.9566 2.54 1.36 4.41 0.72 
1-Nonylnaphthalene 254.41 0.3175 0.9371 7.66 0.94 4.65 0.98 

1-Decylnaphthalene 268.44 0.3154 0.9322 8.67 1.06 5.65 1.04 

  Average 5.77 0.75 7.79 1.00 
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Table 3.4. Calculated PC-SAFT parameters for pure components using ASV-𝐹𝑅𝐼 and ASV-𝜌 

correlations. 

 ASV-𝑭𝑹𝑰 ASV-𝝆 

Component 
𝒎 
[-] 

𝝈 

[Å] 
𝜺/𝒌 
[𝑲] 

𝒎 
[-] 

𝝈 

[Å] 
𝜺/𝒌 
[𝑲] 

nC5 2.736 3.735 227.1 2.996 3.641 215.4 
nC6 3.108 3.764 234.0 3.357 3.688 223.3 
nC7 3.480 3.789 238.9 3.679 3.728 231.5 
nC8 3.850 3.812 242.3 4.021 3.763 236.6 
nC9 4.214 3.832 245.1 4.356 3.793 240.8 
nC10 4.593 3.852 246.2 4.704 3.819 243.3 
nC11 4.948 3.868 248.1 5.042 3.843 245.7 
nC12 5.306 3.884 249.4 5.373 3.865 247.9 
nC13 5.656 3.899 250.7 5.710 3.885 249.4 
nC14 6.009 3.912 251.6 6.065 3.902 249.7 
nC15 6.365 3.925 252.1 6.369 3.920 251.9 
nC16 6.726 3.938 252.1 6.723 3.936 251.8 
nC17 7.056 3.949 253.3 7.019 3.952 253.7 
nC18 7.401 3.960 253.7 7.388 3.965 252.8 
nC19 7.744 3.970 254.0 7.663 3.979 255.0 
nC20 8.086 3.980 254.2 7.983 3.992 255.5 

Benzene 2.363 3.719 291.7 2.336 3.717 296.7 
Toluene 2.754 3.751 288.3 2.728 3.752 291.8 
Ethylbenzene 3.131 3.778 286.4 3.092 3.784 290.1 
m-Xylene 3.125 3.777 287.0 3.103 3.783 289.0 
o-Xylene 3.095 3.776 290.2 3.052 3.786 294.0 
p-Xylene 3.131 3.778 286.3 3.115 3.782 287.9 
nC3-Benzene 3.516 3.802 283.5 3.465 3.811 287.3 
nC4-Benzene 3.892 3.824 281.4 3.826 3.835 285.5 
nC5-Benzene 4.267 3.843 279.5 4.187 3.857 283.6 
nC6- Benzene 4.634 3.861 278.1 4.533 3.878 282.6 
nC7- Benzene 4.996 3.878 276.9 4.878 3.897 281.6 
nC8- Benzene 5.359 3.893 275.7 5.224 3.915 280.4 
nC9- Benzene 5.716 3.907 274.7 5.564 3.931 279.5 
nC10- Benzene 6.071 3.920 273.8 5.901 3.947 278.6 
nC11- Benzene 6.423 3.933 273.0 6.234 3.961 277.9 
nC12- Benzene 6.773 3.944 272.3 6.557 3.975 277.6 
nC13- Benzene 7.120 3.955 271.6 6.892 3.988 276.7 
nC14- Benzene 7.465 3.966 271.0 7.210 4.001 276.4 
nC15- Benzene 7.809 3.976 270.4 7.543 4.012 275.5 
nC16- Benzene 8.151 3.986 269.9 7.862 4.024 275.0 

1-Methylnaphthalene 3.560 3.815 330.9 3.430 3.879 335.0 
2-Methylnaphthalene 3.605 3.816 326.2 3.476 3.877 330.5 
1-Ethylnaphthalene 3.914 3.834 325.8 3.767 3.899 330.1 
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2-Ethylnaphthalene 3.939 3.835 323.4 3.824 3.896 325.1 
1-Propylnaphthalene 4.287 3.853 319.6 4.133 3.916 323.3 
1-Butylnaphthalene 4.651 3.870 314.8 4.498 3.931 317.4 
1-Pentylnaphthalene 5.016 3.886 310.4 4.836 3.947 314.0 
1-Hexylnaphthalene 5.377 3.900 306.6 5.180 3.961 310.5 
1-Nonylnaphthalene 6.441 3.939 298.1 6.189 4.000 302.4 
1-Decylnaphthalene 6.790 3.950 295.9 6.519 4.012 300.3 

As shown in Table 3.3, both sets of correlations provide reasonable density predictions for 

the three hydrocarbon families with an average absolute percent deviation (AAPD) of 0.75% 

for ASV-𝐹𝑅𝐼 and 1.00% for ASV-𝜌. The bubble pressure estimates are satisfactory with AAPD 

of 5.77% and 7.79% for ASV-𝐹𝑅𝐼 and ASV-𝜌, respectively. Bubble pressure predictions for 1-

methylnaphthalene and 2-methylnaphthalene yield the highest deviations for both models. In 

general, the performance of the models is better for the heavier hydrocarbons in each family, 

making them good candidates for crude oil applications.   

A comparison between the error in bubble pressure and saturation density predictions of the 

developed correlations and other correlations from the literature are shown in Figure 3.1. The 

two sets of correlations developed by Liang et al.116 differ in the segment-segment interaction 

energy parameter (휀/𝑘). In Liang (1) correlations, alkanes and benzene derivatives use 

different correlations for 𝑚휀/𝑘. In Liang (2) correlations, the authors observed that a universal 

line can be obtained for 𝑚휀/𝑘 as a function of molecular weight for different families of 

hydrocarbons and used this universal curve in testing different crude oil characterization 

scenarios.116  As can be seen in Figure 3.1, using Liang (2) correlations lead to notable 

deviations in bubble pressure for n-alkanes and benzene derivatives. All other correlations 

provide comparable accuracy for the modeling of bubble pressure and saturation density of n-

alkanes and BD’s, with the correlations from this work having a slight advantage. In comparing 

predictions for PNA between the Gonzalez97 and the correlations developed in this work, it 
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can be observed that the Gonzalez correlations yield significant deviations to experimental 

data. This is mainly because the Gonzalez correlations were developed to match simulation 

parameters for naphthalene, anthracene, and tetracene whereas the correlations in this work are 

developed to match 10 naphthalene derivatives. Naphthalene, anthracene, and tetracene were 

not included in the database since they are in the solid state at 20°C.  

 

Figure 3.1. Comparison between bubble pressure and saturation density predictions of the 

correlations developed in this work and other correlations from the literature. The other 

correlations are shown in Table 3.1. 

The proposed correlations are developed on a database with molecular weights ranging from 

72-302 g/mol. In order to assess the predictive capability of the models on data outside the 

training range, a cross validation experiment is conducted. Cross validation is the process of 

splitting the entire data set into 𝑘 number of portions then use a number of these portions (e.g. 

𝑘 − 1) to train the model while the remaining portion is used to test the model. The process of 

selecting the train set and test set is repeated until all data points in the whole sample have been 

used at least once in a test sample. A schematic of 3-fold cross validation (𝑘 = 3) is shown in 

Figure 3.2. The AAPD reported from a cross validation process is the average AAPD from 

the various test samples. Table 3.5 shows the error analysis for a 3-fold cross validation 
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scenario conducted on the 46 components in the database using the proposed correlations. The 

number of points correspond to the number of bubble pressure and saturation density 

predictions used in the train/test set. The AAPD from a 3-fold cross validation for ASV-𝐹𝑅𝐼 is 

6.97% for BP and 0.82% for 𝜌𝑠𝑎𝑡  whereas the AAPD for ASV-𝜌 is 7.99% for BP and 1.06% 

for 𝜌𝑠𝑎𝑡 . These statistics provide an estimate of the expected deviations from the developed 

correlations when components other than the ones used in this work are modeled, given that 

these components fall into the same hydrocarbon families. 

 

Figure 3.2. Schematic of 3-fold cross validation used in this work to assess the predictive 

capability of the developed model. 

Table 3.5. Error analysis for 3-fold cross validation using the ASV correlations. 

Experiment 
Train set Test set AAPD (ASV-𝑭𝑹𝑰)  AAPD (ASV-𝝆)  

No. of points No. of points BP 𝜌𝑠𝑎𝑡 BP 𝜌𝑠𝑎𝑡 
1 124  60 6.76 0.79 7.07 0.92 

2 124 60 6.31 0.69 7.34 1.02 

3 124 60 7.85 1.00 9.55 1.24 

  Overall 6.97 0.82 7.99 1.06 

3.3. Modeling of high-pressure and high-temperature properties of 

pure components 

In this section we will investigate the performance of the developed correlations in modeling 

high-pressure and high-temperature thermodynamic properties for pure components and 
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compare the results with those obtained from the default PC-SAFT parameters.  This 

investigation is performed in order to gain insight into which modeling capabilities of PC-

SAFT are improved or lost when using the developed correlations. For this purpose, 

predictions of density as well as derivative properties at high-pressure and high-temperature 

are studied. The derivative properties include isochoric heat capacity (𝐶𝑣), isobaric heat 

capacity (𝐶𝑝), speed of sound (𝑢), Joule-Thomson coefficient (J-T), isothermal compressibility 

(𝜅), and isobaric volume expansivity (𝛼). For more details on the definitions and computational 

aspects of these properties, the reader is referred to the book of Michelsen and Mollerup.126  

Density data are available for various pure hydrocarbons at temperatures in the range of 283-

343 K and ambient pressure.127 The derivative properties of n-heptane, n-dodecane, benzene, 

and toluene are here studied with experimental data taken from NIST REFPROP.128 A 

summary of the pure component experimental data used in this section is shown in Table 3.6. 

Table 3.6. Description of available experimental data for pure components. 

Component Properties 
P range  T range 

Reference 
[bar] [K] 

n-Hexane Density 1 283 - 343 [127] 

n-Heptane Density, 𝐶𝑣, 𝐶𝑝, 𝑢,  J-T, 𝜅, 𝛼 1-500 283 - 448 [127,128] 

n-Octane Density 1 283 - 343 [127] 

n-Decane Density 1 283 - 343 [127] 

n-Dodecane Density, 𝐶𝑣, 𝐶𝑝, 𝑢,  J-T, 𝜅, 𝛼 1-500 283 - 448 [127,128] 

n-Pentadecane Density 1 283 - 343 [127] 

Benzene Density, 𝐶𝑣, 𝐶𝑝, 𝑢,  J-T, 𝜅, 𝛼 1-500 283 - 448 [127,128] 

Toluene Density, 𝐶𝑣, 𝐶𝑝, 𝑢,  J-T, 𝜅, 𝛼 1-500 283 - 448 [127,128] 

p-Xylene Density 1 283 - 343 [127] 

1-Methylnaphthalene Density 1 283 - 343 [127] 

Predictions of density of several pure components as a function of temperature using 

ASV-𝐹𝑅𝐼 and ASV-𝜌 are shown in Figure 3.3. Both models show good overall performance 

with accuracy of less than 1% of experimental density in the temperature range 283-343 
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K. The performance of each model in the prediction of the individual components can be 

inferred from the deviations reported previously in Table 3.3. For example, in Figure 

3.3(a) the ASV-𝐹𝑅𝐼 model shows the highest deviation for benzene, whereas as shown Figure 

3.3(b) the ASV-𝜌 model shows the highest deviation for n-hexane. Both observations are in 

line with the relatively higher deviations in saturated liquid density reported in Table 3.3 for 

each model. Nonetheless, as mentioned earlier the correlations perform better for heavier 

hydrocarbons of each family. Additionally, the overall accuracy in density prediction of less 

than 1% is valuable given that the components were parameterized solely from properties 

measured at ambient conditions.   

 

Figure 3.3. Parity plots for density modeling using PC-SAFT parametrized by (a) ASV-𝐹𝑅𝐼 and (b) 

ASV-𝜌 correlations. Experimental data are at 1 bar and 283 – 343 K taken from Wang et al.127 

The predictions of the derivative properties using default PC-SAFT parameters is 

generally not as accurate as the predictions of saturation density and bubble 

pressure.117,129,130  Derivative properties generally present a serious challenge for any 

equation of state. Nonetheless, PC-SAFT still outperforms the classical cubic equations of 

state, especially in the modeling of speed of sound.130 Several authors suggested different 

reparameterization approaches for 𝑚,𝜎, 𝑎𝑛𝑑 휀/𝑘 in PC-SAFT to improve speed of sound 
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predictions.130,131 Therefore, it is relevant to investigate how the reparameterization 

proposed in this work would affect speed of sound and other derivative properties for 

the pure components. 

The derivative properties of n-heptane, n-dodecane, benzene, and toluene are shown in 

Figure 3.4 (20 bar) and Figure 3.5 (500 bar). These plots show the simulation results 

using default PC-SAFT parameters (solid lines), ASV-𝐹𝑅𝐼 (dashed lines), and ASV-𝜌 

(dotted lines). In general, the three approaches lead to overlapping predictions implying 

that the predictive capability of PC-SAFT using default parameters is not significantly 

affected when using the proposed correlations. The results also confirm previous 

research that PC-SAFT does not accurately capture the temperature dependence of the 

speed of sound.130  

Figure 3.6 shows the difference between the AAPD obtained using the developed 

correlations and the AAPD obtained from using default PC-SAFT parameters. This 

measure indicates whether an improvement or a loss of accuracy is incurred using the 

developed correlations; negative values imply that the corresponding correlation 

predicts experimental data with a lower AAPD than the default PC-SAFT parameters (i.e. 

better match to experimental data). The errors presented in Figure 3.6 include modeling 

results in the range of P = 20 – 500 bar and T = 293 – 448 K.  

As can be seen in Figure 3.6, the ASV-𝐹𝑅𝐼 correlations provide slight improvements in 

the prediction of isochoric heat capacity (𝐶𝑣) and almost identical predictions of isobaric 

volume expansion (𝛼) as compared to default PC-SAFT parameters. The ASV-𝜌 

correlations provide improved predictions of isochoric heat capacity (𝐶𝑣), speed of sound 
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(𝑢), and isothermal compressibility (𝜅). The improvement or loss of accuracy in all 

properties is generally within a difference of 1% as compared to using default PC-SAFT 

parameters, except for the J-T coefficient prediction using ASV-𝜌. This relatively high 

deviation occurs because of a single data point approaching the inversion temperature 

(J-T = 0) where a small difference in the predicted value causes a very large percent 

deviation. Overall, the quality of the predictions using ASV-𝐹𝑅𝐼 and ASV-𝜌 are comparable 

to using the default PC-SAT correlations. This further proves the applicability and value 

of these correlations in the modeling of nonpolar hydrocarbons. 
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Figure 3.4. Modeling results at P = 20 bar for (a) isochoric heat capacity, (b) isobaric heat 

capacity, (c) speed of sound, (d) Joule-Thomson coefficient, (e) isothermal compressibility, and 

(f) isobaric volume expansion. Markers represent experimental values.128 Predictions are done 

with PC-SAFT using default parameters (solid lines), ASV-𝐹𝑅𝐼 (dashed lines), and ASV-𝜌 (dotted 

lines).  
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Figure 3.5. Modeling results at P = 500 bar for (a) isochoric heat capacity, (b) isobaric heat 

capacity, (c) speed of sound, (d) Joule-Thomson coefficient, (e) isothermal compressibility, and 

(f) isobaric volume expansion. Markers represent experimental values.128 Predictions are done 

with PC-SAFT using default parameters (solid lines), ASV-𝐹𝑅𝐼 (dashed lines), and ASV-𝜌 (dotted 

lines). 
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Figure 3.6. Relative error compared to using default PC-SAFT parameters in the prediction of 

density, isochoric heat capacity (𝐶𝑣), isobaric heat capacity (𝐶𝑝), speed of sound (𝑢), Joule-

Thomson coefficient (J-T), isothermal compressibility (𝜅), and isobaric volume expansion (𝛼) for 

n-heptane, n-dodecane, benzene, and toluene in the pressure range 20-500 bar and temperature 

range 293-448 K (1260 data points). 

3.4. Formulation of a new hydrocarbon characterization factor 

The developed correlations in the previous section motivated the development of a new 

characterization factor to classify hydrocarbons using MW and 𝐹𝑅𝐼. The most commonly used 

characterization factor for hydrocarbons is the one developed by Watson and Nelson:132 
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(1.8𝑇𝑏)

1
3

𝑆𝐺
 (3.8) 

Where 𝑇𝑏 is the true boiling point in K and 𝑆𝐺 is the specific gravity at 15.6 °C and 1 atm.  

Values for 𝐾𝑤 of 12.5 or greater indicate compounds that are predominately paraffinic.132 

Lower values indicate hydrocarbons that are naphthenic or aromatic. Highly aromatic 
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can clearly identify paraffinic compounds (𝐾𝑤 > 12.5), it cannot be used to clearly distinguish 

between naphthenic and aromatic compounds as pointed out by Watson and Nelson.132  

In searching for a new characterization factor that can clearly distinguish between different 

hydrocarbon families, we investigated the behavior of the ratio of the size parameter to the 

interaction energy parameter (i.e. MW/𝐹𝑅𝐼). It is found that the ratio MW/𝐹𝑅𝐼 yields monotonic, 

almost-parallel straight lines for different families of hydrocarbons when plotted against MW 

as shown in Figure 3.7.  

 

Figure 3.7. Relation between MW/𝐹𝑅𝐼 and MW for different families of hydrocarbons. 

For a given molecular weight, the value of MW/𝐹𝑅𝐼 is different for each hydrocarbon family, 

with n-alkanes having the highest value. With these observations, we design a characterization 

factor based on a perturbation away from the n-alkane straight line. The parameter is assigned 

arbitrary values of 0 for paraffins and 2 for naphthalene derivatives for reasons that will be 

revealed shortly. Using the equations of the straight lines for n-alkanes and naphthalene 

derivatives in Figure 3.7, and performing linear interpolation, the new characterization 

parameter, here called the Aromatic Ring Index (ARI), is defined as: 
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𝐴𝑅𝐼 = 𝑓(𝑴𝑾,𝑭𝑹𝑰) =
2 [
𝑴𝑾
𝑭𝑹𝑰

− (3.5149𝑴𝑾+ 73.1858)]

(3.5074𝑴𝑾− 91.972) − (3.5149𝑴𝑾+ 73.1858)
 (3.9) 

In order to test the behavior of the newly-developed characterization factor, additional 

components from the cycloalkane family are added to the existing database.121 Figure 3.8(a) 

shows a plot of the calculated ARI using eq. (3.9) for different families of hydrocarbons. 

Figure 3.8(b) shows the calculated Watson characterization factor for the same set. It can be 

clearly seen that unlike the Watson factor, ARI can clearly distinguish between different 

families of hydrocarbons. Average values of the calculated ARI and the standard deviation for 

each family are shown in Table 3.7. 

 

Figure 3.8. Variation of (a) the newly developed Aromatic Ring Index and (b) Watson 

characterization factor for various components. 

Table 3.7. Mean values for aromatic ring index (ARI) for each hydrocarbon family. ARI reported 

as: mean(standard deviation) from the sample of studied components. 

ARI Family 

0.00 (0.01) Paraffins 

0.35 (0.04) Cycloalkanes 

0.95 (0.05) Benzene derivatives 
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Another important feature of ARI, and the reason we give it this specific name, is that it 

gives an indication about the number of aromatic rings in the component of interest. The 

parameter is designed such that It yields a value of 0 for n-alkanes and 2 for naphthalene 

derivatives. With this definition, it is found that benzene derivatives yield a value of ARI 

= 0.95 which is roughly an indication of the number of aromatic rings in this class of 

components. In Table 3.8 we present calculated values of ARI for various components 

where we also added the iso-alkane 3-methylpentane and the naphthalene derivative 1-

phenylnaphthalene. The ARI of the iso-alkane yields a similar value to n-alkanes 

indicating that they consist of the same hydrocarbon groups (i.e. saturated H-C bonds). 

1-phenyl naphthalene has an ARI of 2.90 which is in close agreement with the number of 

aromatic rings it contains. Note that 1-phenylnaphthalene is solid124 at 20 °C whereas the 

ARI was designed using refractive index of the liquid phase at 20 °C. If a liquid-like value 

of 𝐹𝑅𝐼,20 is used to calculate ARI for 1-phenylnaphthalene, a slightly higher value than 

2.90 is expected (since 𝐹𝑅𝐼,20
𝑠𝑜𝑙𝑖𝑑 > 𝐹𝑅𝐼,20

𝑙𝑖𝑞𝑢𝑖𝑑). This implies that a value closer to 3.00 is 

expected which is in line with the molecular structure of 1-phenylnaphthalene. 

Therefore, ARI provides an estimate of the aromaticity of a component if aromaticity is 

defined as the number of aromatic rings.  

Although cyclo-alkanes do not contain aromatic rings, a non-zero ARI is still calculated 

that is in between the values for n-alkanes and benzene derivatives. The physical 

properties of cyclo-alkanes also lie in between those of n-alkanes and benzene derivative 

when comparisons are made for the same molecular weight. Such properties include 

density, refractive index, true boiling point, and hydrogen/carbon ratio. Therefore, the 
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obtained ARI for cycloalkanes is reasonable and can be thought of as an “effective” 

number of aromatic rings. 

Table 3.8. Calculated aromatic ring index (ARI) using eq. (3.9) for example components. 

Component Structure ARI 

n-undecane 
 

0.00 

3-methylpentane 

 

0.01 

cyclopentane 

 

0.42 

benzene 

 

1.00 

p-xylene 

 

1.00 

1-methylnaphthalene 

 

2.00 

1-phenylnaphthalene 

 

2.90* 

*component is in solid phase at 20°C. A higher ARI is expected using liquid-like 𝐹𝑅𝐼,20. 

3.5. Conclusion and final remarks 

In this chapter we developed improved correlations to calculate PC-SAFT simulation 

parameters (𝑚,𝜎, 휀/𝑘) using molecular weight and refractive index or density at 20 °C as 

descriptors. Instead of matching PC-SAFT parameters directly, the 9 coefficients in the 

correlation are fine-tuned to simultaneously match bubble pressure and saturation 
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density of 46 components belonging to families of n-alkanes, benzene derivatives, and 

naphthalene derivatives.  

The accuracy of the developed correlations and the optimization approach is investigated 

by modeling density and derivative properties of pure components at high-pressure and 

high-temperature. The results show that using the developed correlations yield 

comparable predictions to using default PC-SAFT parameters in modeling density and 

derivative properties at HPHT conditions. This is an indication of the applicability of the 

proposed PC-SAFT parametrization approach from simple measurements of MW and 

𝐹𝑅𝐼(or 𝜌) at 20 °C. The developed correlations do not require specification of the 

hydrocarbon family, making them attractive for the predictive modeling of complex 

hydrocarbon mixtures using PC-SAFT as will be shown in the following chapter. 

The success of representing several hydrocarbon families using MW and 𝐹𝑅𝐼 motivated 

the development of a new hydrocarbon characterization factor using these two 

properties. The newly developed characterization factor, called aromatic ring index 

(ARI), can clearly distinguish between different families of hydrocarbons including, n-

alkanes, cyclo-alkanes, benzene derivatives, and naphthalene derivatives. The new 

characterization factor can also provide an indication of the number of aromatic rings 

present in the component, making it a reasonable representation of the aromaticity. In 

the following chapters we will investigate how the ARI varies for mixtures composed of 

different hydrocarbon families and crude oils.  
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Chapter 4  

 

Predictive Modeling of Density and 

Bubble Pressure of Complex 

Hydrocarbon Mixtures 

4.1. Introduction 

An important application of the PC-SAFT correlations proposed in Chapter 3 is the extension 

to modeling volumetric properties of hydrocarbon mixtures without knowledge of detailed 

compositional analysis. This can be accomplished by treating the mixture as a lumped solvent 

(or pseudo-pure) whose PC-SAFT parameters can be obtained from measurements of the 

solvent’s molecular weight and 𝐹𝑅𝐼 (or density) at 20 °C. This allows for the modeling of 

volumetric and derivative properties of the mixture of interest at various pressures and 

temperatures. This approach, usually referred to as the lumped solvent approach, has been 

previously implemented in the literature for modeling volumetric and transport properties of 

hydrocarbon mixtures. Abutaqiya et al.117 used the lumped solvent approach with PC-SAFT to 

model a wide range of PVT experiments for several crude oils from the Middle East region. 

Their model required one tuning parameter (solvent aromaticity) to match density and bubble 

pressure. Rokni et al.129 used the same approach also with PC-SAFT to model volumetric and 



53 

 

derivative properties of diesel and jet fuels. Their model did not require tuning parameters and 

was parameterized using molecular weight and hydrogen-to-carbon ration of the fuel.  Other 

researchers used the lumped solvent approach with PR EOS to model volumetric and viscosity 

of hydrocarbon mixtures.133,134  

In this chapter, we will test the predictive capability of the developed PC-SAFT correlations 

using the lumped solvent approach parametrized by the mixture’s MW and 𝐹𝑅𝐼,20 (or 𝜌20). A 

schematic explanation of the lumped solvent approach followed in this work is shown in 

Figure 4.1. We will show predictions for well-defined binary and ternary mixtures (Section 

4.2), and for dead oils and petroleum fractions (Section 4.3). We will also use the Aromatic 

Ring Index (ARI) developed in Chapter 3 to gain some insight into the content of the studied 

mixtures. 

 

Figure 4.1. Schematic for the modeling of volumetric properties of hydrocarbon mixtures using 

the lumped solvent approach. 

4.2. Well-defined hydrocarbon mixtures 

The binary and ternary hydrocarbon mixtures studied in this section are taken from the work 

of Wang et al.127 and are shown in Table 4.1. The reader is referred to ref. [127] for more 
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information on the experimental procedure and purities of the hydrocarbons used. Wang et 

al.127 also reported experimental data of density in the temperature range 283.16 – 343.14 K 

for the mixtures shown in Table 4.1. Experimental data for isothermal compressibility (𝜅) 

and thermal expansion (𝛼) were obtained from DIPPR REFPROP128 in the temperature 

range 283.16 – 343.14 K for all mixtures except B3 and T3 since p-xylene is not available in 

the database.  

Table 4.1. Properties of binary and ternary mixtures used for the modeling investigation.127 

 Mixtures Composition (mol%) 𝑴𝑾 𝒏𝑫,𝟐𝟎 𝝆𝟐𝟎 

Comp 1 Comp 2 Comp 3 𝒛𝟏 𝒛𝟐 𝒛𝟑 [g/mol] [-] [g/cm3] 

B1 n-Heptane n-Dodecane - 63.0 37.0 - 126.18 1.4047 0.716 

B2 n-Heptane Toluene - 47.9 52.1 - 96.00 1.4345 0.764 

B3 Toluene p-Xylene - 53.6 46.4 - 98.64 1.4957 0.864 

T1 n-Hexane n-Decane n-Dodecane 33.5 33.3 33.2 132.83 1.4080 0.722 

T2 n-Hexane n-Dodecane Toluene 33.3 33.4 33.3 116.24 1.4254 0.751 

T3 Toluene Benzene p-Xylene 33.3 33.7 33.0 92.04 1.4968 0.867 

Treating the mixtures in Table 4.1 as lumped solvents, the corresponding PC-SAFT 

parameters using ASV-𝐹𝑅𝐼 and ASV-𝜌 are calculated and are shown in Table 4.2. In addition, 

the Aromatic Ring Index (ARI) developed in Chapter 3 (eq. (3.9)) is calculated for each 

mixture and is also shown in Table 4.2. Before showing the modeling results, we will discuss 

the values of ARI for the studied mixtures. 

The ARI of mixtures B1 and T1 is roughly 0 indicating that these mixtures are mainly 

composed of components that do not contain aromatic rings, which agrees with their 

compositional analysis (Table 4.1). Mixtures B3 and T3 have an ARI of roughly 1 which also 

agrees with their compositional analysis given that all components are benzene-derivatives. 

Mixtures B2 and T2 have ARI of roughly 0.5 and 0.3, respectively which agrees with their 

compositional analysis since B2 have a higher content of benzene derivatives (52.1 mol%) 

than T2 (33.3 mol%). These findings indicate that the developed ARI provides a reasonable 
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description on the average aromaticity of the mixture. Understandably, a value of 0.5 for ARI 

does not necessarily mean that a mixture, say binary, is composed of alkane/BD but can also 

be obtained from a mixture of naphthene/BD for a specific composition. Therefore, the ARI 

should not be used to infer the detailed content of the mixture, rather it should be used to obtain 

a description of the mixture on average. The only safe inference that can be made from ARI 

about the content of the mixture is if the ARI is close to 0. In this case, the mixture is 

predominately composed of nonaromatic components.  

4.2.1. Modeling density and derivative properties 

The predictions of density, isothermal compressibility, and thermal expansion as a function of 

temperature using the PC-SAFT parameters in Table 4.2  are shown in Figure 4.2, Figure 

4.3, and Figure 4.4, respectively. Modeling is also performed using the original de-

lumped solvent with default PC-SAFT parameters for each mixture but the results are not 

shown on Figure 4.2, Figure 4.3, and Figure 4.4 to avoid crowding the figures. A 

comparison in the AAPD of the predictions using the lumped solvent approach and the 

original de-lumped solvent approach is shown in Table 4.3. 

Table 4.2. Calculated Aromatic Ring Index (ARI) and PC-SAFT parameters for the hydrocarbon 

mixtures studied in this work treated as lumped solvents. 

  ASV-𝑭𝑹𝑰 ASV-𝝆 

Mixture ARI 
𝒎 

[-] 

𝝈 

[Å] 

𝜺/𝒌 

[K] 
𝒎 

[-] 

𝝈 

[Å] 

𝜺/𝒌 

[K] 

B1  0.02 4.161 3.830 244.71 4.312 3.788 239.90 

B2  0.51 3.111 3.771 260.69 3.191 3.739 257.80 

B3 0.99 2.932 3.764 287.04 2.911 3.766 289.67 

T1  0.02 4.334 3.839 245.76 4.475 3.801 241.37 

T2 0.33 3.743 3.809 254.83 3.836 3.778 251.85 

T3 0.99 2.752 3.750 288.22 2.730 3.751 291.36 
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Figure 4.2. Predictions of density as a function of temperature at 1 bar using PC-SAFT for (a) 

binary and (b) ternary mixtures treated as lumped solvents parameterized by ASV correlations. 

Markers represent experimental data.127 Solid lines represent ASV-𝐹𝑅𝐼 . Dashed lines represent 

ASV-𝜌. 

 

 

Figure 4.3. Predictions of isothermal compressibility as a function of temperature at 1 bar using 

PC-SAFT for (a) binary and (b) ternary mixtures treated as lumped solvents parameterized by 

ASV correlations. Markers represent experimental data.128 Solid lines represent ASV-𝐹𝑅𝐼 . Dashed 

lines represent ASV-𝜌. 
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Figure 4.4. Predictions of isobaric volume expansion as a function of temperature at 1 bar using 

PC-SAFT for (a) binary and (b) ternary mixtures treated as lumped solvents parameterized by 

ASV correlations. Markers represent experimental data.128 Solid lines represent ASV-𝐹𝑅𝐼 . Dashed 

lines represent ASV-𝜌. 

 

Table 4.3. Average absolute percent deviation (%) for the prediction of density (𝜌), 

compressibility (𝜅), and volume expansion (𝛼) for mixtures in the temperature range 283.16 – 

343.14 K and 1 bar using different approaches to obtain PC-SAFT parameters of the mixtures. 

Mixture 
ASV-𝑭𝑹𝑰 (lumped) ASV-𝝆 (lumped) Default (de-lumped) 

𝝆 𝜿 𝜶 𝝆 𝜿 𝜶 𝝆 𝜿 𝜶 

B1 0.46 19.08 2.39 0.20 19.71 1.37 1.12 22.52 1.81 

B2 0.48 20.30 2.13 0.58 22.62 1.89 0.71 20.23 2.21 

B3 1.20 - - 0.47 - - 1.62 - - 

T1 0.39 24.67 2.41 0.20 25.31 1.57 1.00 27.94 1.88 

T2 0.04 15.71 3.81 0.16 15.14 3.34 0.89 17.95 3.62 

T3 1.59 - - 0.63 - - 1.47 - - 

Average 0.69 19.94 2.68 0.38 20.69 2.04 1.14 22.16 2.38 

The results show good agreement to experimental data with AAPD of 0.69% and 0.38% 

using ASV-𝐹𝑅𝐼 and ASV-𝜌, respectively. Interestingly, the density predictions using the 

lumped solvent approach show better agreement to experimental data than using the original 

solvent with default PC-SAFT parameters. Although the lumped solvent approach is expected 

to produce comparable predictions to the default (de-lumped) approach, it is not generally 

expected to be superior for other systems. The density predictions for the aromatic mixtures 
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B3 and T3 using ASV-𝐹𝑅𝐼 show relatively higher deviations mainly because they contain 

benzene and toluene, both of which are predicted with less accuracy using ASV-𝐹𝑅𝐼 as 

discussed previously (Figure 3.3). Given the simplicity of the proposed model, these results 

are still of practical significance especially since they were generated without knowledge of 

the composition of the mixture. 

The predictions of isothermal compressibility and thermal expansion show high deviations to 

experimental data for all three approaches. Since the modeling results using the de-lumped 

approach show such high deviations to experimental data, it can be concluded that the 

deviations are a result of the equation of state and not the developed correlations nor to the 

lumping approach. The similarity of the predictions is an indication that the proposed approach 

of lumping the solvent and parametrizing it using the developed correlations is reasonably 

accurate in representing the original mixture, even for the modeling of derivative properties.  

4.2.2. Modeling phase behavior 

The proposed approach can be extended to the modeling of the phase behavior of mixtures 

comprised of a multicomponent solvent in addition to known amounts of light gases and/or 

heavy components. The phase behavior of a multicomponent solvent is thermodynamically 

expected to be different than that of the same solvent treated as pseudo-pure. However, when 

known amounts of light gases and/or heavy components are added to the multicomponent 

solvent, it is possible to model the phase behavior of the overall system (e.g. gas:solvent:heavy) 

by lumping only the solvent components and maintaining the resolution of the gas and heavy 

components.  
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In this section, we will investigate the modeling of the full phase diagram (bubble curve and 

dew curve) for multicomponent mixtures. The binary and ternary mixtures shown previously 

in Table 4.1 are treated as the solvents to which we add different amounts of light gases 

(propane, carbon dioxide, and hydrogen sulfide) and 1-methylnaphthalene as the heavy 

component. The modeling is performed by lumping the solvent and parametrizing it using the 

ASV correlations. The results of the phase boundary are compared to the results obtained when 

the solvent is treated as a mixture with default PC-SAFT parameter. Figure 4.5 presents the 

modeling results of the phase boundary for the various systems using ASV-𝐹𝑅𝐼 (lumped 

solvent) and default PC-SAFT parameters (de-lumped solvent). These systems were 

investigated by Sisco and Abutaqiya et al.133 using Peng-Robinson EOS. The results using 

ASV-𝜌 for the lumped solvent are not shown in Figure 4.5  to avoid cluttering the figures. 

As shown in Figure 4.5, the phase envelopes using the lumped solvent almost completely 

overlaps with the phase envelopes using de-lumped solvent for the systems containing B2, B3, 

or T3. For the other solvents, there is a systematic deviation between the predictions using 

lumped and de-lumped solvent approach. The same systematic deviation was observed by 

Sisco and Abutaqiya et al.133 using PR EOS. This deviation occurs because solvents B1, T1, 

and T2 contain n-dodecane which is heavier than 1-methylnaphtalene in terms of molecular 

weight and cohesive energy. Therefore, when lumping those solvents, the heaviest component 

in the system is not the same when comparing the lumped and de-lumped solvent; for the de-

lumped solvent the heaviest component is n-dodecane whereas for the lumped solvent the 

heaviest component is 1-methylnaphtalene. This is expected to yield different phase envelopes, 

especially for the dew curve since the dew point is driven by the heaviest component in the 

mixture. 
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Figure 4.5. Modeling the phase diagram of hydrocarbon mixtures with various light gases and 1-

methylnaphthalene. Solid lines represent results using the original de-lumped solvent with 

default PC-SAFT parameters. Dashed lines represent results using lumped solvent parameterized 

by ASV-𝐹𝑅𝐼 . Compositions are in molar ratio (gas:solvent:1-MN).  

For the other solvents (B2, B3, and T3) the added light gases (and heavy component) are 

significantly different than the lightest (and heaviest) components in the solvent. For practical 

purposes, the proposed approach and correlations are safer to implement for the purpose of 
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calculating the bubble curve with the addition of light gases since the lightest component in 

the solvent is generally expected to be much heavier than the added gas. This is true for crude 

oil applications where the dead oil can be considered as the solvent which mainly contains 

components heavier than n-heptane. The bubble point of the gas + dead oil (i.e. live oil) is 

mainly driven by methane which is significantly lighter than n-heptane.  

4.3. Petroleum fractions and crude oils 

The main motivation of the work presented thus far is the modeling of hydrocarbon 

mixtures where detailed compositional analysis is not available. This is the case for crude 

oils and petroleum fractions where it is customary to report average properties of the 

different cuts (i.e. molecular weight, density, true boiling point…etc.) but not 

composition. In such cases, the lumped solvent approach becomes very attractive if the 

EOS parametrization of the petroleum cut is performed correctly.  

For dead oils (i.e. oils that have been flashed at ambient pressure to liberate all dissolved 

gases) and petroleum fractions (i.e. cuts obtained from atmospheric and vacuum 

distillation such as naphtha, kerosene, diesel…etc.) the lumped solvent approach can be 

implemented similar to what was previously shown in Section 4.2. For live oils (i.e. oils 

at high pressure and high temperature where gas is in solution), it is necessary to 

characterize the gas separately from the liquid with enough resolution on the light 

components in order to capture the effect of gas injection on the density of the live fluid. 

Details of live oil modeling will be discussed in Section 4.3.2. From here onwards, we 
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will limit the modeling results to those obtained using the ASV-𝜌 correlations since these 

correlations have proven more consistent and reliable than ASV-𝐹𝑅𝐼 .  

We will start our modeling investigation by first performing an important consistency 

check for the developed ASV-𝜌 correlations by studying several dead oils and petroleum 

distillation fractions where average MW and 𝜌20 data are available. Once these 

parameters are fed to ASV-𝜌 to calculate PC-SAFT parameters, density at 20 °C can be 

calculated from the EOS and compared to the input 𝜌20. If the two values match, it is an 

indication that the developed correlations provide a reliable and consistent 

parametrization of PC-SAFT. Any other extensions to modeling density (and other 

properties) at other temperatures and pressures is then solely dependent on the 

accuracy of the EOS used. We have collected data on several crude oils and petroleum 

fractions from around the world and performed this consistency check. The results are 

shown in Table 4.4 along with calculated values of the aromatic ring index (ARI) for each 

fraction. If refractive index data (needed for the calculation of ARI) is not available, the 

Lorentz-Lorenz expansion proposed by Vargas and Chapman120 is used to calculate 𝐹𝑅𝐼,20 

from the reported density: 

𝐹𝑅𝐼,20 = 0.5054𝜌20 − 0.3951𝜌20
2 + 0.2314𝜌20

3  (4.1) 
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Table 4.4. Predicted density at 20 °C for various petroleum cuts and crude oils using ASV-𝜌 

correlations along with calculated Aromatic Ring Index (ARI) from (3.9. 

Fraction 𝑴𝑾 
[g.mol-1] 

𝝆𝟐𝟎
𝑬𝒙𝒑

 
[g.cm-3] 

𝑭𝑹𝑰,𝟐𝟎
𝑬𝒙𝒑

 
[-] 

𝒎 
[-] 

𝝈 
[Å] 

𝜺/𝒌 
[K] 

𝝆𝟐𝟎
𝑪𝒂𝒍𝒄 

[g.cm-3] 
AAPD 

[%] 
ARI 

[-] 
Ref. 

Petroleum Cuts 
US diesel B0 2015 215.0 0.8218 0.2769** 6.043 3.936 268.40 0.8201 0.21 0.63 [135] 
US diesel B0 2016 215.0 0.8316 0.2801** 5.976 3.938 271.47 0.8299 0.20 0.74 [135] 
US jet JP-8 3773 160.0 0.7951 0.2684** 4.811 3.861 262.88 0.7953 0.02 0.47 [136] 
US jet A4685 157.5 0.8031 0.2709** 4.700 3.859 265.56 0.8034 0.03 0.55 [137] 
US RP-1 148.0 0.8046 0.2714** 4.443 3.845 266.64 0.8048 0.03 0.58 [138] 
US jet naphtha  144.0 0.8010 0.2656 4.356 3.838 265.77 0.8012 0.02 0.45 [139] 
US high-boil naphtha 142.4 0.7590 0.2562 4.538 3.826 252.54 0.7587 0.04 0.22 [139] 
US kerosene 162.3 0.8040 0.2656 4.821 3.866 265.56 0.8042 0.03 0.39 [139] 
US fuel oil 227.5 0.8580 0.2831 6.097 3.957 279.12 0.8556 0.28 0.83 [139] 
Kuwait naphtha 104.0 0.7150 0.2451 3.644 3.745 241.27 0.7107 0.60 0.17 [140] 
Kuwait kerosene 154.4 0.7910 0.2641 4.686 3.852 261.93 0.7912 0.02 0.38 [140] 
Kuwait diesel oil 229.8 0.8600 0.2841 6.138 3.960 279.64 0.8575 0.29 0.86 [140] 
Kuwait gas oil 324.8 0.9280 0.3069 7.738 4.056 296.97 0.9186 1.01 1.87 [140] 
Kuwait cut #1 202.0 0.8370 0.2778 5.623 3.924 273.77 0.8360 0.12 0.67 [140] 
Kuwait cut #8 337.0 0.9189 0.2955 8.067 4.063 293.79 0.9087 1.11 1.40 [140] 
Gasoline 31 API#1 236.0 0.8316 0.2749 6.485 3.960 270.55 0.8287 0.35 0.53 [140] 
Gasoline 31 API#2 244.0 0.8551 0.2814 6.504 3.973 277.51 0.8517 0.40 0.76 [140] 
VGO 31 API#1 321.0 0.9065 0.2915 7.830 4.049 290.52 0.8976 0.99 1.20 [140] 
Iran TCVR* (400,82) 149.4 0.8251 0.2749 4.375 3.852 273.03 0.8254 0.04 0.66 [141] 
Iran TCVR (400,293) 145.4 0.8085 0.2749 4.355 3.842 268.05 0.8087 0.03 0.67 [141] 
Iran TCVR (425,22) 163.1 0.8319 0.2775 4.688 3.874 274.31 0.8322 0.03 0.71 [141] 
Iran TCVR (425,162) 169.8 0.8322 0.2800 4.855 3.883 274.00 0.8324 0.02 0.76 [141] 
Iran TCVR (450,10.5) 179.0 0.8296 0.2805 5.100 3.895 272.66 0.8295 0.01 0.77 [141] 
Iran TCVR (450,82) 197.8 0.8447 0.2841 5.473 3.921 276.39 0.8439 0.09 0.87 [141] 
Crude Oils (Stock Tank Oil) 
GoM crude C2  290.3 0.9042 0.3050** 7.186 4.024 290.87 0.8975 0.74 1.70 [142] 
UAE crude B59  208.0 0.8347 0.2812** 5.784 3.931 272.76 0.8334 0.15 0.77 [117] 
Crude F01  217.6 0.8487 0.2858** 5.923 3.944 276.68 0.8469 0.21 0.92 [143] 
Crude F03 188.3 0.8284 0.2791** 5.339 3.906 271.78 0.8280 0.05 0.72 [143] 
Crude F05  218.3 0.8652 0.2914** 5.834 3.949 281.78 0.8633 0.22 1.09 [143] 
Crude F07  175.3 0.8200 0.2763** 5.063 3.888 269.85 0.8200 0.00 0.66 [143] 
Crude F08  178.4 0.8121 0.2738** 5.188 3.890 267.19 0.8120 0.01 0.58 [143] 
Crude F09  180.6 0.8185 0.2759** 5.206 3.894 269.08 0.8184 0.02 0.64 [143] 
Crude F10  183.5 0.8182 0.2758** 5.280 3.898 268.84 0.8180 0.03 0.63 [143] 
Crude F12  194.8 0.8357 0.2815** 5.454 3.916 273.73 0.8350 0.08 0.79 [143] 
UAE crude B7 212.9 0.8460 0.2849** 5.829 3.939 276.06 0.8445 0.18 0.89 [5] 
UAE crude U1 212.0 0.8670 0.2920** 5.675 3.942 282.64 0.8655 0.18 1.11 [5] 
Venezuela M1 243.0 0.8870 0.2989** 6.261 3.979 287.44 0.8836 0.39 1.37 [144] 
GoM crude J1 229.0 0.8654 0.2914** 6.083 3.960 281.36 0.8629 0.29 1.11 [145] 
Crude C 245.6 0.8800 0.2934 6.366 3.980 285.16 0.8764 0.40 1.19 [127] 
Crude S 220.4 0.8970 0.2966 5.687 3.958 291.57 0.8948 0.24 1.26 [127] 
UAE crude U8 213.0 0.8460 0.2849** 5.832 3.939 276.05 0.8445 0.18 0.89 [52] 
Athabasca Bitumen 539.2 1.0078 0.3449** 11.168 4.197 315.43 0.9823 2.52 4.79 [146] 
*TCVR: Thermally Cracked Vacuum Residue (T in K, residence time in min). ** 𝐹𝑅𝐼 calculated using 𝜌𝐸𝑥𝑝  and eq. (4.1).   
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The results shown in Table 4.4 indicate the wide applicability of the ASV-𝜌 correlations 

in modeling various petroleum cuts and crude oils from around the world. The predicted 

density at 20 °C is generally within 1% accuracy from the experimental value. The density 

predictions seem to slightly deviate as the molecular weight of the petroleum cut 

increases. This may be due to the increased sulfur content and other heteroatoms in 

heavier petroleum fractions, which is not accounted for in the development of the 

correlations. The worst prediction corresponds to the Athabasca bitumen (AAPD 2.52%) 

which consists of almost 50 wt% resins and asphaltenes.146 Given the simplicity of the 

approach and the complexity of the chemical structure of the bitumen, these results are 

still remarkable.  

4.3.1. Modeling of dead oils at HPHT conditions 

Using the PC-SAFT parameter in Table 4.4, predictive modeling can be performed for 

temperature- and pressure-dependence of density for the respective petroleum fraction. 

The temperature-dependence of various crude oils and petroleum fractions at 1 bar are 

shown in Figure 4.6 and are compared to experimental data. The predictions show 

excellent match to the available data with AAPD of 0.44%.  
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Figure 4.6. PC-SAFT predictions of density as a function of temperautre for various crude oils and 

petroleum fractions. AAPD: 0.44%. Experimental data are taken from the respective reference for 

each fraction shown in Table 4.4. 

Predictions of the pressure-dependence of density for various petroleum fractions are 

shown in Figure 4.7. The results shown in Figure 4.7 indicate that the pressure-

dependence of density for petroleum fractions is accurately predicted only for pressures 

up to approximately 400 bar (5800 psi). Above this pressure, PC-SAFT progressively 

overestimates the density.  The same behavior was also observed for diesel B0 2015.  

 

 

 

 

 

 

0.65

0.75

0.85

0.95

260 310 360 410 460 510

D
e

n
s
it

y
 /

 g
.c

m
-3

Temperature / K

Exp
PC-SAFT

Crude S

Crude C

Diesel B0 2016

Diesel B0 2015

Jet JP-8 3773 RP-1



66 

 

 

  

Figure 4.7. PC-SAFT predictions of density as a function of pressure at various temperatures for 

(a) jet JP-8 3773 [AAPD: 0.57%] , (b) jet A 4685 [AAPD: 0.25%], (c) RP-1 [AAPD: 0.39%], and (d) 

diesel B0 2016 [AAPD: 1.81%]. Experimental data are taken from the respective reference for 

each fraction shown in Table 4.4. 

In order to better understand the cause of the overestimation of density at high 

pressures, we will investigate the modeling of n-decane at high pressure using PC-SAFT 

since n-decane can be considered a light diesel fuel.  Figure 4.8(a) shows that PC-SAFT 

(with default nC10 parameters) also overestimates the density at high pressures (>400 

bar). This is an indication that our lumped-solvent modeling approach and EOS 

parametrization with ASV-𝜌 yields result that are consistent with pure components.  

Using default PC-SAFT parameters which were optimized to match saturation pressure 
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and saturation density of pure components leads to this overestimation of density at high 

pressures.  If the PC-SAFT parameters were tuned to match subcooled liquid density, a 

better match to experimental data would be obtained as shown in Figure 4.8(b) for nC10. 

Understandably, this will significantly sacrifice the accuracy of bubble pressure 

predictions for nC10.  

  

Figure 4.8. PC-SAFT predictions for density of n-decane at high pressures using (a) default PC-

SAFT parameters25: 𝑚 = 4.66, 𝜎 = 3.838 Å, 휀/𝑘 = 243.87 𝐾, and (b) re-tuned PC-SAFT 

parameters to subcooled liquid density: 𝑚 = 6.10, 𝜎 = 3.53 Å, 휀/𝑘 = 244.02 𝐾. Experimental 

data are taken from Liu et al.147 

For the sake of comparison, the PC-SAFT parameters for diesel B0 2016 are also tuned to 

match the subcooled liquid density and the results are shown in Figure 4.9. These 

observations indicate that using the lumped-solvent approach with PC-SAFT can yield 

good predictions of the high-pressure density for petroleum fractions only if the 

correlations used to parameterize PC-SAFT were trained to match high-pressure liquid 

density of pure components rather than saturation pressure and saturation density. This 

is especially true when one observes the similarity of how the PC-SAFT parameters 

changed for nC10 and the diesel fuel upon re-tuning. To match high-pressure liquid 
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density of nC10, a higher 𝑚 and a lower 𝜎 was required with 휀/𝑘 almost remaining the 

same when compared to default parameters.  The same trends are observed for the diesel 

fuel. We will not attempt to re-optimize the ASV-𝜌 correlations to match high-pressure 

liquid density since we do not want to sacrifice the modeling of the phase behavior 

(bubble pressure) for reservoir fluids. With the exception of highly-undersaturated 

reservoirs, the density predictions using ASV-𝜌 are expected to be within 1%. 

 

Figure 4.9. PC-SAFT predictions for density of diesel B0 2016 at high pressures using re-tuned 

PC-SAFT parameters to match subcooled liquid density: 𝑚 = 8.07, 𝜎 = 3.58 Å, 휀/𝑘 = 270.49 𝐾. 

AAPD: 0.26%. 

4.3.2. Modeling of live oils with gas injection at HPHT conditions 

At sufficiently high pressures inside the reservoir, gases are dissolved in crude oil causing 

its density and other volumetric and transport properties to change. A wide range of PVT 

experiments is usually conducted to understand the volumetric changes of the live oil as 

a function of pressure, temperature, and composition (i.e. gas injection). In this section 

we will use the lumped solvent approach to study the effect of these operating variables 

on the density and bubble pressure of live oils and their gas blends. 
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In order to properly model the effect of gas injection on the bubble pressure of crude oil, 

the gaseous components must be separately characterized. In order to properly model 

the dew point (e.g. for gas condensates), the heavy fraction must be characterized in 

enough detail. Since here we are showing applications of the lumped solvent approach 

where we lump the stock tank oil without the need of exhaustive compositional analysis 

of the heavy fractions, we are limited only in investigating bubble pressure of live oils. 

4.3.2.1. Characterization of gas phase 

In order to obtain the composition of the live oil, we start with the flashed gas and flashed 

liquid obtained from the ambient flash experiment. The flashed liquid (STO) is treated as 

a single lumped pseudo fraction and is parametrized using experimental 𝑀𝑊𝑆𝑇𝑂 and 

𝜌𝑆𝑇𝑂 . Similar to previous work38,102,117, we will treat the gaseous components as a mixture 

of 7 components: N2, CO2, H2S, C1, C2, C3, and C4+ (or heavy gas). Therefore, the live oil is 

modeled as a mixture of 8 components including the lumped STO. The PC-SAFT 

parameters for the well-defined gases are obtained from the literature.25 The heavy gas 

is assumed to consist of n-alkanes and its PC-SAFT parameters are obtained from the 

ASV-𝜌 correlations eqs. (3.5)-(3.7). The density of heavy gas needed for ASV-𝜌 is 

calculated from the experimental MW of heavy gas and the following correlation: 

𝜌20
𝑛−𝑎𝑙𝑘𝑎𝑛𝑒 =

𝑀𝑊

1.161 ∗ 𝑀𝑊 + 30.328
 (4.2) 

which is here developed from the n-alkane database studied in Chapter 3. A schematic 

of the modeling approach is shown in Figure 4.10. The approach described in this section 
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is similar to the single-liquid-fraction (SLF) approach of Abutaqiya et al.117 The main 

difference is that here we will use ASV-𝜌 correlations to parametrize the lumped STO and 

heavy gas pseudo-components. This allows for fully predictive modeling, unlike what 

was previously done by Abutaqiya et al.117 where one tuning parameter (STO 

aromaticity) was required. The set of kij used is similar to the one used by Abutaqiya et 

al.117 with two modifications: 𝑘𝑆𝐿𝐹−𝐶1 = 0.032 𝑎𝑛𝑑 𝑘𝑆𝐿𝐹−𝐶𝑂2 = 0.12. 

In some cases, the flashed gas and flashed liquid properties are not reported for the crude 

oil of interest. Instead, the composition of the combined live oil is reported up to C7+ (or 

heavier plus fraction) along with 𝑀𝑊 and 𝜌 of the plus fraction. In these cases, we will 

treat the components nC4, iC4, nC5, iC5, and C6 as the heavy gas pseudo-fraction whereas 

the C7+ is considered the lumped stock tank oil. 

 

Figure 4.10. Schematic of the modeling approach for live oils with gas injection. 
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4.3.2.2. Crude oil database 

A database of 32 reservoir fluids from around the world are collected to investigate the 

predictive capability of the proposed approach in modeling the density and bubble 

pressure of live oils and their gas blends. A summary of the investigated crude oils is 

given in Table 4.5.  

Table 4.5. Summary of PVT properties for crude oils under investigation. 

Crude Oil 
𝑴𝑾𝑺𝑻𝑶 

[g.mol-1] 
𝝆𝑺𝑻𝑶* 
[g.cm-3] 

𝑻𝒓𝒆𝒔 
[K] 

BP 
[bar] 

𝑪𝟏 
[mol%] 

𝑯𝟐𝑺 
[mol%] 

SLF 
[mol%] 

Ref. 

B59 208.0 0.8347 393.7 173.5 34.2 - 36.7 [117] 
F03 188.3 0.8284 387.4 254.6 45.9 - 31.5 [143] 
F05 218.3 0.8652 394.3 144.8 26.6 0.4 46.1 [143] 
F07 175.3 0.8200 393.2 152.9 31.3 - 41.2 [143] 
F08 178.4 0.8121 393.2 152.0 32.2 - 39.6 [143] 
F09 180.6 0.8185 394.3 271.6 47.6 2.3 27.9 [143] 
F10 183.5 0.8182 394.3 244.7 47.2 0.4 30.1 [143] 
C2 290.3 0.9042 399.3 131.4 26.1 - 50.9 [142] 
B7 212.9 0.8460 394.3 274.5 46.0 5.3 24.8 [117] 
B72 189.0 0.8197 408.2 272.1 48.9 8.2 14.5 [117] 
U1 212.4 0.8670 373.2 57.6 12.5 - 71.6 [5] 
B97 201.9 0.8404 394.3 163.9 32.0 - 39.9 [117] 
B16 204.0 0.8402 399.8 197.9 37.7 - 33.3 [117] 
S2 193.5 0.8227 393.7 157.9 32.6 - 34.6 [117] 
U8 195.5 0.8239 399.8 76.1 19.1 0.7 59.4 [52] 
S5 193.0 0.8329 397.0 158.8 31.1 - 37.3 [117] 
S1 191.0 0.8230 394.3 145.7 34.8 - 41.7 [5] 
R(4)W(N5)** 242.0 0.8638 342.0 91.4 22.8 - 46.0 [148] 
R(4)W(N118S) ** 238.0 0.8680 342.0 95.7 23.7 - 44.8 [148] 
R(4)W(S4) ** 236.0 0.8627 342.0 86.7 21.6 - 47.5 [148] 
R(4)W(S26) ** 257.0 0.8699 342.0 84.1 21.3 - 47.0 [148] 
R(4)W(S59) ** 226.0 0.8636 342.0 97.0 22.8 - 47.9 [148] 
R(2)W(1) ** 231.0 0.8570 337.6 24.3 6.1 0.5 64.8 [148] 
R(2)W(2) ** 224.0 0.8550 326.5 26.0 5.6 - 67.0 [148] 
R(2)W(3) ** 233.0 0.8595 333.2 26.2 7.1 - 67.2 [148] 
R(2)W(10) ** 258.0 0.8722 337.6 34.9 10.0 1.4 71.0 [148] 
R(2)W(11) ** 237.0 0.8579 335.4 25.8 6.8 - 66.8 [148] 
R(2)W(14) ** 261.0 0.8612 335.9 35.9 10.8 0.5 72.9 [148] 
Tahiti_GoM 237.1 0.8817 367.2 173.5 37.5 - 45.6 [91] 
M1 243.0 0.8870 405.9 200.1 32.6 3.6 40.5 [144] 
J1_GoM  229.0 0.8654 399.0 200.0 27.3 - 35.7 [145] 
S14 181.0 0.8290 397.0 76.3 16.8 0.1 63.1 [60] 
*measured at 60 °F and 1 atm. 
**R(#)W(##) means reservoir # and well ##. 
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4.3.2.3. Modeling density  

Experimental data for the density of live oils are obtained from the constant composition 

expansion (CCE) experiment.  In this experiment, the monophasic sample is kept at 

reservoir temperature and is pressurized to a selected initial pressure. The sample is 

then de-pressurized, and the volume is recorded as a function of pressure. Bubble 

pressure is also obtained from the CCE experiment at the specific temperature. The CCE 

experiment is performed on the live oil and its gas blends. 

Figure 4.11(a) shows the predicted liquid density from the proposed modeling approach 

for various live oils as a function of pressure. The temperature at which each experiment 

is conducted is shown next to each crude. The predictions show good match to 

experimental data with AAPD of 0.95%. Figure 4.11(b) shows a parity plot for the 

density predictions for oil/gas blends with various gas injection amounts and 

composition. Again, the predictions show a good match to experimental data. 

 

Figure 4.11. Predictive density modeling using PC-SAFT and the proposed method for (a) live 

oils at reservoir temperature [AAPD: 0.95%] and (b) live oils with injection gas at reservoir 

temperature [AAPD: 0.98% for HC, 1.28% for CO2, and 1.12% for N2]. 
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4.3.2.4. Modeling phase behavior  

From the CCE experiment for live oils, bubble pressure is also obtained and reported. 

Figure 4.12(a) shows a parity plot for the predictions of live oil bubble pressure of the 

32 fluids studied in this work. Lines for the ±10% deviation limits are also shown for 

guidance. As can be seen, except for one case, the bubble pressure of live oils is predicted 

with AAPD of less than 10% for a wide range of bubble pressures: 24.3–274.5 bar (352– 

3980 psi). This is an indication of the wide applicability of the proposed approach and 

validity of the correlations. Figure 4.12(b) shows predictions of bubble pressure as a 

function of gas injection for various crudes and gases. Once again, the model shows good 

predictive capability for a wide range of bubble pressures.  

 

Figure 4.12. Predicted bubble pressure for (a) live oils at reservoir temperature presented as a 

parity plot [AAPD: 4.84%], and (b) oil/gas blends with various injection gases [AAPD: 4.21%]. 

In order to further test the predictive capability of the proposed model, we will 

investigate the case of crude S14 in which there exists a known experimental inaccuracy 

in the measured bubble pressure.60 In this case, the service laboratory reported very 

similar bubble pressures at 10% and 20% gas injection (138.9 and 140.7 bar, 

respectively), raising a flag about the accuracy of at least one of these measurements. 
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Vargas et al.60 used a SARA-based characterization methodology with one tuning 

parameter to match live oil bubble pressure and saturation density. The authors showed 

that the experiment with 10% gas injection is flawed, not only from bubble pressure 

predictions, but also from asphaltene onset pressure predictions.  

Figure 4.13 shows the prediction of bubble pressure as a function of injection gas using 

our developed predictive model. As can be seen from the figure, the model shows an 

unreasonably high deviation in the prediction of bubble pressure at 10% injection 

indicating that the experiment is inaccurate which is in agreement with the findings of 

Vargas et al.60 It is worth mentioning that our findings are completely predictive unlike 

the findings of Vargas et al.60 who used the bubble pressure of the live oil to parametrize 

their model. Additionally, these authors used 3 pseudo-components to describe the liquid 

phase (Saturates, Aromatics + Resins, and Asphaltenes) whereas in our proposed 

approach we only used one pseudo-fraction in the liquid phase. 

 

Figure 4.13. Predicted bubble pressure as a function of gas injection for S14 at 397 K. The 

reported bubble pressure at 10% injection is inaccurate60 and the model can detect this 

inaccuracy since the absolute percent deviation (APD) is 23.3%.  
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Figure 4.14 shows the predicted P-T phase envelopes for various reservoir fluids and 

their gas blends. 

 

 

 

Figure 4.14. Predicted PT phase envelope using PC-SAFT with the proposed lumped solvent 

approach for various live oils and their gas blends. Lines represent PC-SAFT predictions. Filled 

circles represent experimental data. Open squares represent the critical point. 
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In general, the model can capture the temperature dependence of the bubble pressure 

for reservoir fluids within reasonable accuracy, except for cases with CO2 injection. 

Interestingly, it is observed from Figure 4.14(f) that injection of CO2 does not necessarily 

increase the bubble pressure of the oil/gas blend.  There exists a specific temperature 

below which the bubble pressure decreases upon CO2 injection. This behavior was 

previously observed by Gonzalez et al.98 in the modeling of asphaltene precipitation using 

PC-SAFT. The authors reported that there is a crossover temperature below which CO2 

acts as an asphaltene solvent and above which it acts as a precipitant. The authors did 

not, however, mention the existence of such crossover temperature behavior in the VLE 

curve. Arya et al.105 argued that the crossover temperature behavior in the LLE curve 

observed by Gonzalez et al.98 is a modeling artifact which can be prevented if the 𝑘𝑖𝑗  

between CO2 and asphaltenes is increased (from 0.11 to 0.19). We also observe here that 

this behavior can be prevented if the 𝑘𝑖𝑗  between SLF-CO2 is increased. Although this will 

improve the qualitative description of the experimental data, the quantitative description 

will be significantly sacrificed. Note that as shown in Figure 4.14(f), the predictions of 

bubble point at the highest temperature (reservoir temperature) is actually accurate. 

However, the temperature dependence at lower temperatures is not accurately captured 

upon CO2 injection. To our knowledge, the observation of the crossover temperature in 

the LLE and VLE curves upon CO2 injection has not been supported by experimental 

evidence. It is likely that it is necessary to take into account the quadripolar interactions 

between CO2 molecules in the equation of state, which is currently not accounted for in 

the form of PC-SAFT used in this work.  
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As a final note to this section, it is worth mentioning that the dew point curves shown in 

Figure 4.14 are not expected to be accurate in representing the true dew curve. This is 

because the dew curve is dominated by the heaviest fraction in crude oil. Since we are 

lumping all heavy fractions into a single fraction, the predicted dew temperature from 

our model (at a given pressure) is expected to be lower than the true value. 

4.3.2.5. Error analysis  

The experimental data investigated for live oil modeling were all obtained from the 

constant composition expansion (CCE) experiment for various oils.  The following 

statistical measures are used to analyze the errors in the predictions for all available 

experimental data:   

𝐴𝑃𝐷𝑖(%) =
|𝑥𝑖,𝑀𝑜𝑑𝑒𝑙 − 𝑥𝑖,𝐸𝑥𝑝|

𝑥𝑖,𝐸𝑥𝑝
× 100 (4.3) 

𝑀𝑎𝑥 𝐴𝑃𝐷𝑖(%) = max(
|𝑥𝑖,𝑀𝑜𝑑𝑒𝑙 − 𝑥𝑖,𝐸𝑥𝑝|

𝑥𝑖,𝐸𝑥𝑝
× 100) (4.4) 

𝐴𝐴𝑃𝐷(%) =
1

𝑁
∑

|𝑥𝑀𝑜𝑑𝑒𝑙 − 𝑥𝐸𝑥𝑝|

𝑥𝐸𝑥𝑝
× 100 (4.5) 

𝐵𝑖𝑎𝑠(%) =
1

𝑁
∑

𝑥𝑀𝑜𝑑𝑒𝑙 − 𝑥𝐸𝑥𝑝

𝑥𝐸𝑥𝑝
× 100 (4.6) 
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𝑆𝐷(%) = √
∑(𝐴𝑃𝐷𝑖 − 𝐴𝐴𝑃𝐷)2

1 − 𝑁
 (4.7) 

Where 𝑁 is the number of data points, 𝐴𝑃𝐷𝑖  is the absolute percent deviation in the 

prediction of data point 𝑖, 𝐴𝐴𝑃𝐷 is the average absolute percent deviation, 𝑆𝐷 is the 

standard deviation of the sample of absolute errors. The statistical analysis of the model 

predictions is shown in Table 4.6. 

Table 4.6. Error analysis for the modeling of density and bubble pressure for 32 reservoir fluids. 

 
N 
[-] 

AAPD 
[%] 

Bias 

[%] 

Max APD 
[%] 

SD 
[%] 

Density 
Live Oils 181 0.95 -0.37 2.62 0.76 
Oil/gas blends 410 1.10 +0.35 2.79 0.67 
Overall 591 1.06 +0.13 2.79 0.70 
Bubble pressure 
Live Oils 32 4.84 -0.49 17.89 3.66 
Oil/gas blends 84 4.81 +0.87 18.73 3.98 
Overall 116 4.82 +0.49 18.73 3.88 

The statistical analysis shows an overall AAPD of 1.06% and 4.82% for density and 

bubble pressure, respectively, for reservoir fluids and their gas blends. Although density 

measurements can be conducted with accuracy of much less than 1%, it is important to 

note that there are other factors that contribute to experimental error besides the error 

in the density measurement itself. The live oil in our model is constructed from measured 

composition and amount of the flashed gas along with molecular weight and density of 

the flashed STO. Experimental error from all these measurements will ultimately affect 

the model predictive capability since they are all input. For those reasons, the AAPD of 

1.06% for density prediction is very reasonable and show the strong predictive capability 

of the model. 
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The bias of density and bubble pressure predictions shown in Table 4.6 indicate that the 

model does not preferentially underpredict or overpredict the experimental data of both 

properties. The maximum deviation in the bubble pressure of live oils (17.89%) and the 

oil/gas blends (18.73%) both correspond to the same crude oil (crude S1). This is the 

only crude amongst the 32 studied crudes where predicted bubble pressure significantly 

deviates from 10%. Understandably, if the experimental bubble pressure is trusted and 

it is desired that the model matches this data, then 𝑘𝑖𝑗  between SLF and C1 must be tuned. 

It is found that it is possible to exactly reproduce the reported live oil bubble pressure 

for all 32 crudes using  𝑘𝑖𝑗  values between -0.008 to 0.0585. The need for such small 

corrections is an indication of the validity of the proposed model. Note that 𝑘𝑖𝑗  does not 

significantly affect the predicted density. Unlike bubble pressure predictions which are 

affected by the correlations used and binary interaction parameters, the density 

predictions are mainly characteristic of the correlations. The low AAPD in density 

prediction is an indication of the strong predictive capability of the proposed model. If it 

is desired, however, to tune the density to obtain a perfect match to an experimental 

value, a correction to the ASV-𝜌 correlations must be used (e.g. a multiplying factor for 

m). 

4.4. Conclusion and Final Remarks 

In this chapter we demonstrated how from simple laboratory measurements of 

molecular weight and refractive index (or density) it is possible to accurately model the 

density and bubble pressure of hydrocarbon mixtures at high-pressure and high-
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temperatures. Of particular importance are the accurate predictions in modeling crude 

oils and petroleum fractions without the need of a detailed liquid compositional analysis. 

By treating the petroleum fraction as a lumped solvent and parametrizing it using the 

developed correlations, it is possible to accurately predict density and bubble pressure 

with PC-SAFT without the need of adjustable parameters. The predictive capability of the 

model was tested against 591 density measurements and 116 bubble point 

measurements from 32 crude oils from around the world. The model can predict density 

and bubble pressure with an accuracy of 1.06% and 4.82%, respectively. In addition, we 

tested the model against bubble pressure data with prior knowledge about the existence 

of an experimental inaccuracy. The model showed the ability to detect the experimental 

uncertainties in bubble pressure without the need of adjustable parameters.  
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Chapter 5  

 

Characterization and Modeling of 

Polydisperse Asphaltenes 

5.1. Introduction 

The lumped-solvent approach presented thus far along with the newly-developed 

correlations for PC-SAFT parameters proved accurate in modeling density and bubble 

pressure of reservoir fluids. However, the approach of characterizing stock tank oil as a 

single lump is not expected to yield reasonable results for other applications such as for 

liquid dropout in gas condensates and asphaltene precipitation. In these applications, a 

more detailed description of the stock tank oil with a higher number of pseudo-

components is required. 

Most of the asphaltene modeling work done in the literature using PC-SAFT makes use of 

the SARA analysis to characterize the dead oil.4,18,98,100,111,114,118,149–154 There are three 

main challenges present in all of these SARA-based models: 

1. The number of pseudo-components used to characterize the maltene fraction is 

limited to 3 (saturates, aromatics, and resins), making these formulations not 

suitable for extensions to, for example, modeling of gas condensate systems where 

more than 3 components is generally required. 
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2. Obtaining the molecular weight for the SARA fractions is not straightforward 

since these are not readily available from experiments and it is common for 

researchers to make several assumptions or use heuristics for that purpose.  

3. It is common in some cases that researches report an aromaticity of asphaltenes 

that is lower than the Aromatics+Resins pseudo-fraction155, which is 

unreasonable since asphaltenes are the heaviest and most aromatic fraction of 

crude oil. 

These shortcomings are addressed in this chapter where we present a formulation to 

characterize and model polydisperse asphaltenes in crude oil systems using probability 

distributions for both maltene and asphaltene fractions. The PC-SAFT correlations and 

aromatic ring index (ARI) developed in Chapter 3 will be used to parametrize the 

pseudo-fractions and gain insight into their aromaticity.  

5.2. Characterization methodology 

Whitson156 was the first to introduce the use of a gamma distribution to represent the 

molar composition of crude oils. Other crude oil characterizations followed, which can be 

considered as special cases of the gamma distribution: Pedersen method157 and Chi-

Square method.158 In order to be able to use the ASV-𝜌 correlations in our 

characterization, we require molecular weight and density distribution for the stock tank 

oil. Both properties are assumed to follow the gamma distribution, according to: 

𝑝(𝑥) =
(𝑥 − 𝜂)𝛼−1exp [(𝑥 − 𝜂)/𝛽]

𝛽𝛼Γ(𝛼)
 

(5.1) 
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Where 𝛼 is the shape parameter, 𝛽 is the rate parameter, 𝜂 is the minimum value of the 

distribution, Γ is the gamma function, and 𝑥 is molecular weight or density. The rate 

parameter 𝛽 is related to the distribution average (�̅�) and other distribution parameters 

through: 

𝛽 = (�̅� − 𝜂)/𝛼 (5.2) 

The average molecular weight and average density of the STO are readily available from 

experiments.  We will set the minimum values of the MW and 𝜌 distribution are set to 86 

g.mol-1 and 0.72 g.cm-3, respectively, which are representative of a C6 carbon number.  

The shape parameter 𝛼 for each distribution can be obtained by optimization to 

reproduce true boiling point (TBP) distillation data on the crude oil of interest. In the 

absence of TBP data, 𝛼 can be assumed equal to 1 which, in some way, reduces to the 

exponential distribution characterization of Pedersen.157  

In this work, we will make the distinction that the use of gamma (or any other) 

distribution to represent the plus fraction of crude oil can only generate information on 

molecules in a non-aggregated state.  That is, the heaviest part of this distribution is 

representative of asphaltene monomers and not aggregate. Our modeling approach for 

asphaltenes using PC-SAFT assumes that the molecules are in a pre-aggregated state. In 

practice, this implies that the molecular weight of asphaltenes used in a specific modeling 

study is not only related to the nature of asphaltenes in that oil, but also on other factors 

affecting the extent of aggregation including aging time, temperature,…etc. This 
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distinction is not commonly made in modeling asphaltene precipitation with probability 

distributions. An example is the Pedersen157 method which assumes that asphaltenic and 

non-asphaltenic fractions of the C50+ fraction have the same molecular weight but 

different simulation parameters.  

Another distinction that we will make in our development is that resins are assumed to 

constitute the lightest part of the asphaltene distribution. This implies that we will 

assume that resins can also aggregate like asphaltenes. We will use the gamma 

distribution for molecular weight to obtain information on the monomer molecular 

weight (𝑀𝑊𝑚) of the resins + asphaltene fraction. Knowing the monomer molecular 

weight, we then tune a multiplier (�̅�) of the monomer molecular weight, which is an 

indication of the average extent of aggregation: 

𝑀𝑊̅̅ ̅̅ ̅̅ = �̅�𝑀𝑊𝑚  (5.3) 

If asphaltenes are treated as a monodisperse fraction, then the aggregate molecular 

weight 𝑀𝑊̅̅ ̅̅ ̅̅  is obtained directly from eq. (5.3). If asphaltenes are treated as a 

polydisperse fraction, then we use a gamma distribution to represent the extent of 

aggregation for the various cuts, similar to the approach of Yarranton et al. 92,159,160 and 

Tavakkoli et al.154  with average molecular weight of the distribution given eq. (5.3) and 

an additional tuning parameter 𝛼: 

𝑓(𝑟) =
1

𝑀𝑊𝑚Γ(𝛼)
[

𝛼

(�̅� − 1)
]
𝛼

(𝑟 − 1)𝛼−1 exp [
𝛼(1 − 𝑟)

(�̅� − 1)
] 

(5.4) 
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where 𝑟 and �̅� are given by 𝑀𝑊/𝑀𝑊𝑚 and 𝑀𝑊̅̅ ̅̅ ̅̅ /𝑀𝑊𝑚, respectively, 𝑀𝑊 is the molecular 

weight of the Asphaltene sub-fraction, 𝛼 is the shape parameters for the distribution, and 

𝑀𝑊𝑚 is the molecular weight of the pre-aggregated asphaltene monomer.  

For purposes of modeling the asphaltene onset pressure (AOP), treating asphaltenes as 

a monodisperse fraction is enough to capture the phase behavior. However, if the 

objective is to study the amounts of precipitated asphaltenes, it is necessary to 

characterize asphaltenes as a polydisperse mixture. 

For polydisperse asphaltenes, we will optimize the distribution parameters 𝛼 and to 

asphaltene fractionation data obtained via the “Indirect Method”161. In the Indirect 

Method, asphaltene fractionation experiments using different n-alkane precipitants (i.e. 

nC5, nC6, nC7, and nC8) are performed to quantify the amount of asphaltenes precipitated 

as a function of precipitant volume. The asphaltene pseudo-components are then defined 

based on solubility cuts: C5-C6, C6-C7, C7-C8, and C8+ asphaltenes. For example, C5-C6 

asphaltenes are those that are insoluble in nC5 but soluble in nC6. PC-SAFT parameters 

are tuned to precipitation amounts at 90 vol% of precipitant in order to remove kinetic 

effects on precipitation that are more likely to impact measurements performed at lower 

concentrations of the precipitant. 

In this chapter, we will show an application for the proposed methodology in modeling 

polydisperse asphaltenes of crude oil C2 which is produced from deep-water Gulf of 

Mexico. Asphaltenes from crude C2 are fractionated as 4 fractions: C5-C6, C6-C7, C7-C8, and 

C8+ asphaltenes.  The live oil is constructed from flashed gas and flashed liquid similar to 
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the original SARA-based characterization approach. A schematic of the methodology is 

shown in Figure 5.1. 

The maltenes can be characterized as several pseudo-components with equal weight 

fractions. However, in this study we will use the measured Saturates and Aromatics wt% 

from the SARA analysis to obtain their molecular weight and density from the gamma 

distribution with 𝛼 = 1 since no TBP data are available. Saturates pseudo-components 

are assumed to constitute the first portion of the distribution with a fraction equal to the 

Saturates wt% from SARA analysis. Aromatics are assumed to constitute the portion of 

the distribution heavier than Saturates with a fraction equal to the wt% of Aromatics.   

 

Figure 5.1. Proposed methodology for modeling polydisperse asphaltenes 

The binary interaction parameters (𝑘𝑖𝑗) between the asphaltene fractions (including 

resins) and n-alkane precipitants (including saturates) is calculated using the 

correlation149: 
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𝑘𝑖𝑗 = 𝐴 + 𝐵 ∗ 𝑀𝑊𝑛−𝑎𝑙𝑘𝑎𝑛𝑒 + 𝐶 ∗ 𝑀𝑊𝐴𝑠𝑝  (5.5) 

with values of A, B, and C of: 3.027E-02, -2.55E-04, and 1.23E-05, respectively.  

5.3. Characterization results 

The compositional analysis, table of PVT properties, and asphaltene fractionation 

analysis for crude oil C2 is provided in Table 5.1, Table 5.2, and Table 5.3, respectively. 

The details of the experimental setup for measuring asphaltene precipitation amounts 

using the Indirect Method can be found elsewhere.161,162 The optimized a and 𝑀𝑊̅̅ ̅̅ ̅̅  for the 

polydisperse distribution are 1.05 and 1029.9 g/mol, respectively. Note that the 

optimized 𝑀𝑊̅̅ ̅̅ ̅̅  is a weight-average molecular weight. The corresponding mole-average 

molecular weight (𝑀𝑊̅̅ ̅̅ ̅̅𝑛) is 901.5 g/mol. The resulting set properties and PC-SAFT 

simulation parameters for the pseudo-fractions in crude oil C2 are shown in Table 5.4 

with binary interaction parameters shown in Table 5.5. Simulation results for the 

Indirect Method with various n-alkane precipitants are shown in Figure 5.2. Note that 

only two asphaltene onset concentration (AOC) measurements were performed due to 

limited amount of crude oil sample. These measurements correspond to nC5 and nC7 

precipitants. Comparison between experimental PVT data and modeling results from PC-

SAFT is shown in Table 5.6. 
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Table 5.1. Compositional analysis for Crude C2. 

Component 
MW Gas  Gas  Liquid  Liquid  Overall  Overall  

(g/mol) (wt%) (mol%) (wt%) (mol%) (wt%) (mol%) 

H2S 34.1 - - - - - - 

N2 28.0 0.520 0.571 - - 0.049 0.283 

CO2 44.0 1.195 0.836 - - 0.113 0.415 

C1 16.0 27.706 53.159 0.004 0.076 2.620 26.397 

C2 30.1 15.748 16.101 0.024 0.237 1.508 8.103 

C3 44.1 19.877 13.871 0.157 1.035 2.019 7.400 

i-C4 58.1 3.689 1.954 0.078 0.388 0.419 1.164 

n-C4 58.1 11.427 6.053 0.355 1.774 1.401 3.896 

i-C5 72.2 4.279 1.824 0.318 1.282 0.692 1.551 

n-C5 72.2 5.452 2.324 0.656 2.639 1.108 2.483 

C6 86.2 4.986 1.780 1.396 4.704 1.735 3.254 

C7 95.4 2.883 0.930 2.088 6.354 2.163 3.665 

C8 109.5 1.416 0.398 2.750 7.286 2.622 3.871 

C9 121.9 0.562 0.142 2.675 6.369 2.476 3.281 

C10 134.0 0.192 0.044 2.725 5.903 2.485 2.998 

C11 147.0 0.043 0.009 2.514 4.964 2.280 2.507 

C12 161.0 0.005 0.001 2.291 4.131 2.075 2.083 

C13 175.0 0.000 0.000 2.418 4.011 2.190 2.022 

C14 190.0 0.000 0.000 2.251 3.440 2.039 1.734 

C15 206.0 0.020 0.003 2.352 3.315 2.132 1.673 

C16 222.0 - - 2.180 2.852 1.975 1.438 

C17 237.0 - - 2.084 2.554 1.888 1.288 

C18 251.0 - - 1.956 2.262 1.771 1.140 

C19 263.0 - - 1.976 2.181 1.789 1.100 

C20 275.0 - - 1.753 1.850 1.587 0.933 

C21 291.0 - - 1.706 1.702 1.545 0.858 

C22 305.0 - - 1.613 1.535 1.460 0.774 

C23 318.0 - - 1.301 1.188 1.178 0.599 

C24 331.0 - - 1.517 1.331 1.374 0.671 

C25 345.0 - - 1.360 1.144 1.231 0.577 

C26 359.0 - - 1.440 1.165 1.305 0.587 

C27 374.0 - - 1.354 1.051 1.226 0.530 

C28 388.0 - - 1.477 1.105 1.337 0.557 

C29 402.0 - - 1.261 0.911 1.142 0.459 

C30+ 783.4 - - 51.970 19.261 47.065 9.711 

MW (g/mol)  30.8 290.3 161.6 
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Table 5.2. PVT properties for Crude C2. 

Property Value 

𝑃bub(psi) at 259 °F 1905 

𝜌bub(g/cc) at 259 °F 0.761 

Zero-flash GOR (scf/stb) 381 

𝜌STO(g/cc) at 60 °F, 14.7 psi 0.9042 

𝑀STO(g/mol) 290.3 

Saturates (wt%) 49.9 

Aromatics (wt%) 19.8 

Resins (wt%) 19.2 

C5 Asphaltenes (wt%) 11.1 

 

Table 5.3. Asphaltene fractionation for Crude C2. 

Asphaltene Fraction wt% 

C5 Asph  11.1 

C6 Asph  10.9 

C7 Asph  10.1 

C8 Asph  8.9 

 

Table 5.4. PC-SAFT simulation parameters and properties of crude C2 fractions. 

Component 
𝒘𝒊 
[wt%] 

𝑴𝑾 

[g.mol-1] 

𝝆 
[g.cm-3] 

ARI* 

[-] 
𝒎 

[-] 

𝝈  

[Å] 

𝜺 𝒌𝑩⁄  
[K] 

H2S 0.00 34.08 - - 1.6517 3.0737 227.34 
N2 0.05 28.01 - - 1.2064 3.3130 90.96 
CO2 0.11 44.01 - - 2.0729 2.7852 169.21 
C1 2.57 16.04 - - 1.0000 3.7039 150.03 
C2 1.46 30.07 - - 1.6069 3.5206 191.42 
C3 1.84 44.10 - - 2.0020 3.6184 208.11 
HG 3.24 69.54 0.6261 0.00 2.9014 3.6333 215.67 
Sat 45.28 190.62 0.7871 0.32 5.4366 3.9529 269.47 
Arom 17.97 403.83 0.9221 2.33 9.0464 4.1642 305.02 
Resins 17.42 732.28 1.0739 6.89 13.7577 4.2865 331.45 
Asph1 0.18 1041.00 1.2041 14.69 16.8143 4.4008 365.06 
Asph2 0.73 1064.97 1.2144 15.48 17.0169 4.4085 367.72 
Asph3 1.09 1116.44 1.2364 17.34 17.4378 4.4246 373.46 
Asph4 8.08 1656.92 1.4699 31.07 20.9448 4.5668 434.30 
*ARI: Aromatic Ring Index calculated from eq. (3.9) with FRI calculated from reported density and eq. 
(4.1). 

 

 

 

 



90 

 

 

Table 5.5. Non-zero binary interaction parameters for Crude C2. 

 H2S N2 CO2 C1 C2 C3 HG Sat 

H2S -        

N2 0.09 -       

CO2 0.0678 0 -      

C1 0.062 0.03 0.05 -     

C2 0.058 0.04 0.097 0 -    

C3 0.05 0.06 0.10 0 0 -   

HG 0.07 0.075 0.12 0.0100 0.0200 0.0150 -  

Sat 0.09 0.14 0.13 0.0200 0.0200 0.0200 0.0000 - 

Arom 0.015 0.158 0.18 0.0200 0.0200 0.0200 0.0120 0.0070 

Resin 0.015 0.158 0.18 0.0636 0.0600 0.0564 0.0329 0.0020 

Asph1 0.015 0.158 0.18 0.0636 0.0600 0.0564 0.0329 0.0020 

Asph2 0.015 0.158 0.18 0.0636 0.0600 0.0564 0.0329 0.0020 

Asph3 0.015 0.158 0.18 0.0636 0.0600 0.0564 0.0329 0.0020 

Asph4 0.015 0.158 0.18 0.0636 0.0600 0.0564 0.0329 0.0020 

 

Table 5.6. Comparison between experimental PVT data and PC-SAFT for Crude C2. 

Property Experimental PC-SAFT APD* (%) 

𝐵𝑃 (psi) at 259 °F 1905 1792.1 6.0 

𝜌bub(g/cc) at 259 °F 0.761 0.757 0.5 

𝜌STO(g/cc) at 60 °F, 14.7 psi 0.9042 0.9002 0.4 

                        *APD: Absolute Percent Deviation 

The aromatic ring index (ARI) reported in Table 5.4 for the pseudo-fractions shows an 

increase in aromaticity as fractions get heavier, which is in line with experimental 

observations. Also, the calculated ARI of Saturates (0.32) lies between ARI of n-paraffins 

and naphthenes, which is also consistent with the chemical structure of Saturates.  These 

are indications that the proposed methodology yields consistent and reasonable 

representation of the pseudo-fractions. They are also indicative of the validity of the 

proposed ARI as a parameter to represent the aromaticity of the pseudo-fractions.  
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Figure 5.2. Indirect Method measurements at 21 oC and 1 atm (markers) along with PC-SAFT 

modeling results (solid lines). Asphaltene onset concentrations (AOC) measured to be 31 vol% 

for nC5 and 34 vol% for nC7. Measurements are done with 1-day aging time. 

The modeling results for PVT data shown in Table 5.6 show good agreement with 

experiments. Furthermore, the modeling results of precipitated amounts of asphaltenes 

at 90 vol% of different precipitants (Figure 5.2) are in reasonable agreement with 

experimental data. As will be demonstrated later, if asphaltenes are treated as a 

monodisperse fraction it is not possible to obtain a reasonable match to experimental 

data from Indirect Method. 

An important observation from Figure 5.2 is that the asphaltene onset concentrations 

(AOC) for nC5 and nC7 are underpredicted by PC-SAFT. This apparent discrepancy can be 

explained by considering the effect of aging time on Indirect Method measurements. As 

discussed by Tavakkoli et al.154, the AOC for a given precipitant is significantly affected 

by sample aging time. If the asphaltenes are aged longer, they become more unstable and 

require a lower amount of precipitant to drive asphaltenes out of solution (i.e. lower 
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AOC), up until the point that equilibration occurs and precipitation is no longer a function 

of aging time. The authors also pointed out that aging time has no pronounced effect on 

the precipitated amounts at 90 vol% precipitant, suggesting that equilibration is nearly 

instantaneous at these conditions because of the high driving force. Thus, when driving 

force for precipitation is low, which is the case at the AOC, aging time has a significant 

effect on Indirect Method measurements, whereas the effect of aging time is negligible 

when driving force is high. Because PC-SAFT is a thermodynamic model, the simulation 

results are expected to be representative of only equilibrium conditions (i.e. infinite aging 

time). Because of the relatively short aging time for crude oil C2 (1 day) and differences 

in driving force across the range of precipitant concentrations, it is expected that 

measurements for 90 vol% precipitant represent equilibrium conditions while the AOC 

measurement is likely higher than it would be if asphaltenes were given a longer aging 

time. Thus, the PC-SAFT predictions showing good agreement at 90 vol% precipitant and 

underprediction of AOC is likely more representative of equilibrium behavior than the 

Indirect Method measurements performed with low driving force for precipitation. 

5.4. Modeling HPHT asphaltene precipitation 

Reliable assessment of potential asphaltene deposition problems requires that the 

thermodynamic model can accurately predict the asphaltene phase behavior and PVT 

properties of crude oil at production conditions. Crude C2 is produced from a deep-water 

reservoir with injection of 55 mol% hydrocarbon gas. The composition of injection gas 

and production conditions for crude oil C2 are shown in Table 5.7. 
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Table 5.7. Production conditions for Crude C2. 

Preservoir (psi) 20000 

Treservoir (°F) 259 

Pwellhead (psi) 6000 

Twellhead (°F) 140 

Gas injection (mol%) 55 

Gas composition (mol%) 

H2S 0.00 

N2 0.23 

CO2 0.26 

C1 84.59 

C2 6.64 

C3 5.03 

HG 3.25 

Experimental HPHT UAOP measurements were performed by the service laboratory for 

the live oil at 120 °F and 259 °F and with 55 mol% gas injection at 165 °F and 259 °F. The 

live oil sample was found to be stable at the two studied temperatures as no asphaltene 

onsets were detected. For the case of 55 mol% injection, the service laboratory reported 

asphaltene onset pressures at 165 °F and 259 °F. PC-SAFT predictions for the HPHT 

phase envelope with 55 mol% injection is shown in Figure 5.3(a) in a pressure-

temperature (P-T) projection. The phase envelope at reservoir temperature (259 °F) is 

shown in Figure 5.3(b) in a pressure-composition (P-x) projection. The model shows 

good agreement to experimental AOP for the 55 mol% gas injection measurement 

performed at 259 °F. Additionally, the model predicts that asphaltenes are stable in the 

live oil sample, which is observed experimentally (the experimental data point at 0% 

injection is shown in Figure 5.3(b)). However, the modeling results deviate significantly 

from the experimental AOP measured at 165 °F. The asphaltene phase envelope 

predicted by PC-SAFT shows a minimum upper critical solution temperature (MUCST) 

that is higher than 165 °F. This behavior of the liquid-liquid phase boundary is observed 
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for other oil samples and is a common feature of SAFT-type models (as will be 

investigated in more detail in Chapter 6). Regardless, the onset experiment performed 

at 165 °F was not conducted properly. This onset was obtained during sample cooling 

from reservoir temperature (259 °F) down to the original target temperature of 150 °F 

at fixed pressure (19,500 psi). During the cooling process, asphaltene particles were 

observed at 165 °F and this value was reported as the precipitation onset temperature at 

P = 19,500 psi. This experimental procedure is not the standard technique for measuring 

precipitation onset as thermal equilibration typically requires substantially more time 

than mechanical equilibration. For this reason, it is suspected that the reported onset is 

inaccurate and that the true asphaltene onset would be significantly higher than the 

reported value. It is worth mentioning, however, that it is possible to match both 

experimental data points using PC-SAFT if a temperature-dependent average extent of 

aggregation (�̅�) is used. This approach can be justified when considering that the 

molecular weight used in this work is that of an asphaltene aggregate, which can be 

significantly affected by temperature. Decreasing the molecular weight of asphaltenes 

has the consistent effect of shifting the asphaltene phase envelope in the bottom-left 

direction. Therefore, a lower asphaltene molecular weight can be used to capture the 

UAOP at 165 °F. However, given that the reported onset at 165 °F is unreliable, the 

modeling results at the lower temperature are not further improved. Also, note that if 

temperature-dependent extent of aggregation for asphaltenes implemented, care must 

be taken to ensure that the model accuracy of Indirect Method results is not 

compromised.  
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Figure 5.3. Asphaltene phase envelope for crude oil C2 (a) P-T projection at 55 mol% gas 

injection, (b) P-x projection at reservoir temperature 259 °F.  

Although modeling asphaltene precipitation onsets is important for understanding the 

thermodynamic conditions at which asphaltenes are unstable, it is insufficient for the 

purpose of investigating asphaltene deposition. Asphaltene deposition is a complex 

multistep phenomenon that is related to various thermodynamic and rheological 

properties of the co-existing phases. The thermodynamic properties most relevant to 

deposition modeling include densities, compositions, phase amounts, and component 

partitioning between the precipitated and continuous phases as a function of the 

operating conditions. For the sake of demonstration, these properties are investigated as 

a function of pressure at fixed reservoir temperature. In this work, the “bulk phase” is 

defined as that phase which is stable above the UAOP and the “onset phase” is that which 
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forms at the UAOP. Figure 5.4 shows variations of phase fraction and phase density of 

the bulk and onset phases as a function of pressure for the case of C2 with 55% injection 

at reservoir temperature. The plots in Figure 5.4 simulate equilibrium fluid 

depressurization, moving from right-to-left, at fixed temperature, and the 

depressurization range is chosen such that the starting pressure is above the UAOP and 

the final pressure is below the LAOP.  

As shown in Figure 5.4(a), the fluid is a single liquid phase (L1) at high pressures. As 

pressure decreases, the first vertical dashed line is crossed, which corresponds to the 

UAOP. At the UAOP, the single-phase fluid splits into two liquid phases, a bulk phase (L1) 

that is lean in asphaltenes and a newly-formed liquid phase (L2) that is rich in 

asphaltenes. The asphaltene-rich onset phase is denser than the bulk phase as shown in 

Figure 5.4(b). As pressure decreases from the UAOP, more heavy fractions transfer from 

the bulk to the onset phase, causing the density of the bulk phase to decrease due to both 

volume expansion and composition changes. As the pressure is further decreased, the oil 

reaches the bubble point and a gas phase begins forming. Three phases exist between 

this pressure and the pressure corresponding to last vertical dashed line (LAOP). As 

gases liberate from L1, its density sharply increases as shown in Figure 5.4(b). At the 

LAOP, sufficient amounts of the light components have liberated from phase L1 that it 

solubilizes phase L2, causing L2 to disappear. At all pressures below the LAOP, two phases 

exist: one liquid and one gas phase.  
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Figure 5.4. Variation of (a) phase fraction and (b) density for the bulk (L1) and onset (L2) phases 

during depressurization of C2 with 55 mol% gas injection at 250 °F. Dashed vertical lines denote 

saturation pressures (from right-to-left: UAOP, BP, LAOP).  

Interestingly, the density of the asphaltene-rich phase forming at the UAOP decreases 

during depressurization, even though it is expected that more asphaltenes are 

precipitating in that phase. In order to understand the reason for this decrease, we look 

at the compositions of the asphaltene-lean and -rich phases. Figure 5.5(a) shows 

precipitation curves for each pseudo-component during the depressurization. The 

precipitation curves are expressed as the mass of each component in the newly-formed 

(onset) phase to the total mass of that component present in the existing liquid phases. 

For example, the precipitated Asphaltene fraction in Figure 5.5(a) at T and P is 

calculated from: 
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Asph Precipitated (wt wt⁄ )% = 100 ∗  
wt. Asph in L2

wt. Asph in L1 +wt. Asph in L2
 

(5.6) 

Figure 5.5(b) and (c) show the composition of the heavy fractions in L1 and L2, 

respectively. As can be seen from  Figure 5.5(a), asphaltenes show the highest percent 

precipitation into the asphaltene-rich phase, which keeps increasing until reaching a 

maximum at the bubble point. Below which asphaltene dissolve back into L1 and the 

percent precipitation decreases with decreasing pressure until pressure reaches the 

LAOP where it goes to zero. Saturates, Resins, and Aromatics show similar percent 

precipitation trends as pressure decreases, but with values lower than asphaltenes.  

Interestingly, even though percent precipitation of asphaltenes is the highest amongst 

the components, the asphaltene composition in L2 decrease as pressure decreases as 

shown in Figure 5.5(c). This explains why the density of L2 decreases with 

depressurization (Figure 5.4(b)). The reason asphaltene composition decreases is that 

the driving force for precipitation is high enough to also co-precipitate Saturates, Resins, 

and Aromatics into L2. Even though percent precipitation for these components shown 

in Figure 5.5(a) is low compared to asphaltenes, these percentages are with respect to a 

much larger total amounts in the oil (almost 80 wt%) of Saturates, Aromatics, and Resins. 
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Figure 5.5. (a) Ratio of the mass of each component in onset phase to its total mass in existing 

liquid phases. (b) composition of various components in bulk phase and (c) composition in the 

onset phase. Results are for depressurization of C2 at 250 °F and 55 mol% gas injection. Dashed 

vertical lines denote saturation pressures (from right-to-left: UAOP, BP, LAOP).  
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The laboratory that performed experiments on C2 at 259 °F with 55% injection captured 

images of the oil sample during the depressurization experiment. Those images at 

pressures of 12868 psi and 9908 psi are shown in Figure 5.6 along with the PC-SAFT 

predictions of asphaltene weight composition in the onset phase. 

 

 

Figure 5.6. High pressure microscopy (HPM) images of crude oil C2 captured during 

depressurization experiments. The experiment was performed at 259 °F with 55 mol% gas 

injection. Corresponding modeling results using PC-SAFT are also shown. 

Predictions from PC-SAFT show that the asphaltene-rich phase formed at the onset of 

precipitation contains 70 wt% asphaltenes. This values falls in the range of typical 

asphaltene-rich phase as reported in the literature.163,164  

In the HPM image in Figure 5.6 at higher pressure, which is near the UAOP, the 

precipitated asphaltene particles look more rigid and solid-like, while at the lower 
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pressure, the asphaltene particles are softer and more liquid-like, implying a decrease in 

asphaltene composition in the onset phase as predicted by PC-SAFT. Additionally, the 

brightness of the continuous phase shown in Figure 5.6 significantly increases at the 

lower pressure, indicating that a large fraction of the heavier components have 

precipitated out. These results are at least in qualitative agreement with the PC-SAFT 

modeling results that shows a decrease in asphaltene composition and an increase in 

composition of the lighter fractions going into the asphaltene-rich phase. The lower 

density of the bulk phase and the decreasing asphaltene composition during 

depressurization are in line with the increasing brightness of the continuous phase 

shown in Figure 5.6.  

5.5. Sensitivity analysis 

In this section the assumption of polydisperse asphaltenes is analyzed and compared to the 

monodisperse approach. Additionally, a sensitivity analysis is performed to understand the 

influence of the gamma distribution parameters (𝛼 and 𝑀𝑊̅̅ ̅̅ ̅̅ ) on the modeling results of Indirect 

Method. 

5.5.1. Monodisperse vs. polydisperse asphaltenes 

The assumption of a monodisperse or a polydisperse asphaltene fraction has varying 

implications on the simulation results and the appropriate choice depends largely on the 

objective of the modeling study. Figure 5.7(a) shows a comparison of Indirect Method 

simulation results using the monodisperse (solid line) and polydisperse (dashed line) 

characterization approaches. Figure 5.7(b) shows a comparison for modeling the HPHT 



102 

 

asphaltene phase envelope and bubble curve for crude C2 with 55% injection. The 

monodisperse modeling results shown in Figure 5.7(b) are obtained by lumping the four 

asphaltene fractions into a single fraction having the number-average molecular weight of the 

four original fractions (1527.3 g/mol).  

 

Figure 5.7. Comparison between modeling results for Crude C2 using polydisperse (dashed line) 

and monodisperse (solid line) asphaltene characterization for (a) Indirect Method at 21 °C and 

(b) HPHT asphaltene phase envelop with 55 mol% injection. The BP curves in (b) for 

monodisperse and polydisperse approaches are overlapping and visually indistinguishable. 

From Figure 5.7(a), PC-SAFT predicts that a higher concentration of precipitant is 

required to induce precipitation when asphaltenes are assumed monodisperse. This 
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result is reasonable since the onset of precipitation is driven mainly by the heaviest 

asphaltene fraction. The heaviest fraction with the polydisperse approach (Asph4) has a 

molecular weight of 1656.9 g/mol whereas the heaviest fraction with the monodisperse 

approach has a molecular weight of 1527.3 g/mol. This implies that asphaltenes are more 

stable in solution when characterized as monodisperse, requiring a higher amount of 

precipitant to induce precipitation. 

On the other hand, the amounts of precipitated asphaltenes as a function of precipitant 

volume are significantly overpredicted when a monodisperse approach is used. Because 

the monodisperse approach assumes that all asphaltenes partition equivalently, the 

precipitated amounts at 90 vol% precipitant are much higher than what is obtained from 

the polydisperse modeling results. Even if the average molecular weight of the 

monodisperse fraction is retuned, the model is still not capable of reproducing the 

experimental data for the different n-alkane precipitants. Treating asphaltenes as a 

polydisperse mixture provides enough resolution on the different asphaltene fractions 

allowing them to precipitate separately with different precipitants, which is necessary to 

accurately predict asphaltene precipitation and subsequent deposition. 

The predictions of asphaltene onset pressure (AOP) for the live oil with 55% gas injection 

is shown in Figure 5.7(b) using both the monodisperse and polydisperse approaches. 

Similar to Indirect Method results, treating asphaltenes as a monodisperse fraction yields 

more stable asphaltene as compared to the polydisperse approach, given the average 

molecular weight is fixed. The predicted asphaltene onset pressure at each temperature 

is consistently lower using a monodisperse approach. The predictions of bubble 
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pressure, however, are almost completely overlapping for the monodisperse and 

polydisperse approaches. These observations are in line with the modeling results 

previously obtained in Chapter 4 where we showed that even with a single liquid 

fraction (which is analogous to a monodisperse fraction) it was possible to model the 

bubble point of crude oils given that we are providing enough resolution on the light 

fractions (i.e. methane, ethane, propane).  

Figure 5.8 shows a comparison in the predicted precipitated asphaltene amounts during 

depressurization at HPHT with the mono and polydisperse approaches for crude C2 with 

55% gas injection. The results show that even though the monodisperse approach leads 

to more stable asphaltenes (i.e. lower AOP), the maximum precipitated amount at the 

bubble pressure is still higher compared to the polydisperse fraction. This further 

supports previous observations of how treating asphaltenes as monodisperse causes all 

asphaltenes to partition equivalently; overpredicting the precipitated amounts when 

compared to the polydisperse mixture with the same average molecular weight.  

 

Figure 5.8. Comparison between modeling of percent asphaltene precipitation using mono- and 

polydisperse asphaltens characterization for C2 + 55% gas injection at 259 °F. 

0

20

40

60

80

100

0 5000 10000 15000 20000

P
e
rc

e
n
t 

P
re

c
ip

it
a
te

d
 (
w

t%
)

Pressure (psi)

Asph (Monodisperse)

Asph (Polydisperse)

T = 259  F



105 

 

5.5.2. Effect of 𝜶 and 𝑴𝑾̅̅ ̅̅ ̅̅  on modeling of Indirect Method 

The parameters of the gamma distribution (𝛼 and 𝑀𝑊̅̅ ̅̅ ̅̅ ) are here studied to understand their 

effect on the modeling results of the Indirect Method experiment. The mass fraction of each 

asphaltene component is fixed by the experimentally measured values. Therefore, the gamma 

distribution parameters 𝛼 and 𝑀𝑊̅̅ ̅̅ ̅̅  only affect the molecular weight of each asphaltene 

subfraction, which subsequently affects the modeling results. Figure 5.9 shows the effect of 

𝛼 and 𝑀𝑊̅̅ ̅̅ ̅̅  on the molecular weight of each asphaltene subfraction, including Resins.  

 

Figure 5.9. Efect of gamma distirbution parameters on the molecular weights of the asphaltene 

pseudo-fractions generated from the distribution. (a) effect of shape parameter 𝛼, (b) effect of 

𝑀𝑊̅̅̅̅ ̅̅ . 
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Figure 5.10 shows the effect of the shape parameter 𝛼 while Figure 5.11 shows the effect 

of the average molecular weight 𝑀𝑊̅̅ ̅̅ ̅̅  of the distribution. The dashed lines on the gamma 

distribution curves in Figure 5.10 and Figure 5.11 represent the molecular weight 

boundaries of the different cuts: Resins, Asph1, Asph2, Asph3, and Asph4. 

 

 

 

Figure 5.10. Effect of 𝛼 on modeling results of Indirect Method. Left side shows the gamma 

distribution functions and the right side shows modeling results for Indirect Method 

corresponding to each distribution. Dashed lines on left side represent the boundaries of 

different cuts. Dashed lines on the right side correspond to optimized modeling results (𝛼 =
1.05 and 𝑀𝑊̅̅ ̅̅ ̅̅ = 901.5 𝑔/𝑚𝑜𝑙). 
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From observation of Figure 5.10, higher values of the shape parameter 𝛼 yields predictions 

of lower precipitated asphaltene amounts at 90 vol% for all precipitants. Additionally, the 

asphaltene onset concentration (AOC) consistently shifts to higher values for all precipitants 

as 𝛼 increases, implying that asphaltenes are stable.  

The observed phenomena occur because an increasing 𝛼 yields a distribution that approaches 

a normal distribution centered around 𝑀𝑊̅̅ ̅̅ ̅̅ . As 𝛼 increases for a fixed value of 𝑀𝑊̅̅ ̅̅ ̅̅ , the 

molecular weights of the lightest and heaviest fractions approach the value of 𝑀𝑊̅̅ ̅̅ ̅̅ , yielding a 

lower molecular weight for the heaviest fraction (Asph4). This can be also observed from the 

results shown in Figure 5.9(a). Since the onset of precipitation is driven primarily by the 

heaviest fraction, more precipitant is required to induce phase-splitting for higher values of 𝛼 

and an increase in AOC is observed. Note that changes of the 𝑀𝑊 of the heaviest fraction 

become less notable if 𝛼 increases to very large values. For that reason, changes in the AOC 

also become less notable as shown in Figure 5.10.  

Although the number-average molecular weight of the Resins and four Asphaltenes is kept 

constant, the number-average molecular weight for the four Asphaltene pseudo-fractions 

decreases with increasing 𝛼. Since the Indirect Method only quantifies precipitation of 

asphaltenes, the effect of increasing 𝛼 is a decrease in the precipitated amount at 90 vol%. 

again, as 𝛼 increases to very large values the changes will become less notable because the 

molecular weight of all fractions becomes like that of the fixed 𝑀𝑊̅̅ ̅̅ ̅̅ . 

The sensitivities of the modeling results of the Indirect Method to changes in average 

molecular weight 𝑀𝑊̅̅ ̅̅ ̅̅  are shown in Figure 5.11.  
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Figure 5.11. Effect of 𝑀𝑊̅̅̅̅ ̅̅  on modeling results of Indirect Method. Left side shows the gamma 

distribution functions and the right side shows modeling results for Indirect Method 

corresponding to each distribution. Dashed lines on left side represent the boundaries of different 

cuts. Dashed lines on the right side correspond to optimized modeling results (𝛼 = 1.05 and 

𝑀𝑊̅̅̅̅ ̅̅ = 901.5 𝑔/𝑚𝑜𝑙). 

Increasing 𝑀𝑊̅̅ ̅̅ ̅̅  causes an increase in the predicted asphaltene precipitation amounts and a 

decrease in the predicted AOC for all precipitants, as higher molecular weights correspond to 

more unstable asphaltenes. This is because increasing 𝑀𝑊̅̅ ̅̅ ̅̅  will cause an increase in all pseudo-

fractions. For very high 𝑀𝑊̅̅ ̅̅ ̅̅ , the precipitation curves for different precipitants become similar 

because the asphaltene fractions are so unstable that even the weakest precipitant (nC8) can 
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force significant amounts of asphaltenes out of solution. For lower average molecular weight 

of the distribution, the precipitation curves are more distinguishable and further apart. The 

same observation also holds for AOC trends.  

It is worth mentioning that, regardless of the 𝛼 and 𝑀𝑊̅̅ ̅̅ ̅̅  values used, the shape of the 

precipitation curves predicted by PC-SAFT are qualitatively similar: the precipitated amounts 

increase sharply after the onset then reach a limiting value or, in some cases, curve back down. 

This behavior has been experimentally reported by Tavakkoli et al.154 when asphaltenes are 

aged for a very long time, which is indicative of reaching an equilibrium state. 

5.6. Conclusion and final remarks 

PC-SAFT modeling of a high-asphaltene high-resin content crude oil is performed using 

a polydisperse asphaltene characterization method and the previously developed PC-

SAFT correlations in Chapter 3. In this work, asphaltenes are characterized as four 

pseudo-fractions with weight composition obtained by n-alkane titration experiments. 

The molecular weights of the asphaltene pseudo-fractions are obtained using a gamma 

distribution function. Resins are included in the asphaltene mass distribution and are 

assumed to be the lightest cut of the asphaltene fraction. The methodology requires 

tuning of two distribution parameters: the shape parameter 𝛼 and average molecular 

weight 𝑀𝑊̅̅ ̅̅ ̅̅  for the polydisperse asphaltenes. Although the methodology was applied to 

4 asphaltene pseudo-fraction and a resins fraction, it can be extended to any number of 

pseudo-fractions without increasing the number of model tuning parameters.  
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The calculated aromatic ring index (ARI) for the resulting maltene and asphaltene 

pseudo-fractions shows a reasonable trend of increasing aromaticity for the heavier 

fractions. Additionally, the modeling results show good match to Indirect Method 

titration experiment as well as HPHT PVT and asphaltene precipitation data. In fact, 

available microscopy images at HPHT indicate that the composition of asphaltenes in the 

asphaltene-rich phase decreases during depressurization., which is in qualitative 

agreement with the PC-SAFT modeling results. 

A sensitivity analysis is performed to show the effect of treating asphaltenes as mono- or 

-polydisperse mixture. It is found that treating asphaltenes as a monodisperse mixture 

yields more stable asphaltenes (i.e. a higher concentration of precipitant is required to 

induce precipitation). Despite that, the predicted amounts of precipitated asphaltenes is 

much higher compared to the polydisperse approach for the same average molecular 

weight of asphaltenes. The results presented in this chapter indicate that for the purpose 

of accurate modeling of asphaltene precipitation amounts and subsequent deposition, it 

is necessary to include the effect of polydispersity in the model. 
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Chapter 6  

 

A Linear Extrapolation of Normalized 

Cohesive Energy (LENCE) for Fast and 

Accurate Prediction of Asphaltene Onset 

Pressure 

6.1. Introduction 

Knowledge of the conditions at which asphaltenes precipitate from petroleum fluids is 

useful in the development of enhanced oil recovery scenarios and field development 

plans. Although PC-SAFT has shown exceptional ability in predicting asphaltene 

precipitation conditions under various conditions, the behavior of PC-SAFT at low 

temperature in not favorable. There are some undesirable characteristics of PC-SAFT 

that may discourage its implementation. In addition to the computational cost associated 

with the use of PC-SAFT, the LLE phase boundary predicted by PC-SAFT seems to rapidly 

increase at lower temperatures as was shown in Chapter 5 for crude C2. In this chapter, 

we will investigate the low temperature behavior of the LLE phase boundary and develop 

a semi-empirical model called LENCE for the quick calculation of the asphaltene onset 
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pressure with improved low-temperature behavior. Most of the material presented in 

this chapter are published in ref. [6]. 

6.2. Low-temperature behavior of UAOP predicted by PC-SAFT 

Several researchers have studied the effect of temperature and composition on 

asphaltene phase behavior using PC-SAFT4,40,60,90,96–102,105,165. The authors presented 

UAOP phase envelopes similar to the one shown previously in Figure 2.3, where at lower 

temperature the curve becomes very steep and seems to approach infinite slope. The 

authors never explained, however, how the curve further extends in the low-temperature 

region or whether it terminates at a specific point.  Artola et al.166 used SAFT-VR to study 

the UAOP boundary and showed similar steep behavior for lower temperatures.  Artola 

et al.166 investigated the behavior at higher temperatures (up to 1340 °F) and showed 

that the high-temperature phase boundary eventually curves back similar to a VLLE 

envelope. Boesen et al.90 used PC-SAFT and showed similar trends for the UAOP curve at 

low and high temperatures. These observations seem to be characteristic of SAFT-based 

models. However, none of the authors elaborated on UAOP phase behavior in the lower 

temperature region. Further investigation using PC-SAFT EOS is conducted on crude oils 

from the literature to understand the behavior of the UAOP curve at lower temperatures. 

The properties of crude oils studied in this work are shown in Table 6.1. The composition 

of hydrocarbon gases to different crudes is shown in Table 6.2. PC-SAFT simulation 

parameters used for this investigation are taken from literature and are shown in Table 

6.3. Binary interaction parameters (𝑘𝑖𝑗) can be found in the respective reference for each 

crude.  
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Table 6.1. PVT properties of the investigated crude oils.  

Property Crude S14 Crude S1 Crude U8 Crude B7 Crude J1 Crude M1 

STO MW (g/mol) 181 191 196 213 229 243 

STO density (g/cm3) 0.8290 0.8230 0.8239 0.8460 0.8654 0.8870 

GOR (scf/stb) 356 798 385 1616 900 700 

Reservoir T (°F) 255 255 260 250 255 271 

Reservoir BP (psi) 1102 2088 1103 3973 3045 2902 

Saturates, wt% 68.6 75.6 80.6 44.9 57.4 53.0 

Aromatics, wt% 22.3 20.1 17.4 46.3 30.8 28.1 

Resins, wt% 6.5 4.1 1.5 6.7 10.4 13.9 

Asphaltene wt% 0.5 0.2 0.5 2.1 1.4 3.6 

Reference [60] [102] [118] [102] [145] [144] 

 

Table 6.2. Composition of hydrocarbon (HC) injection gases for different crudes. 

Component HC S14 HC S1 HC U8 

N2 0.65 0.40 0.83 

CO2 6.73 2.89 0.49 

H2S 0.03 0.00 4.96 

C1 60.57 71.31 73.54 

C2 13.70 11.91 11.34 

C3 10.19 7.22 5.19 

Heavy gas 8.13 6.26 3.65 

Reference [60] [102] [118] 
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Table 6.3. PC-SAFT simulation parameters for the crudes under investigation 

Interesting behavior of the UAOP phase boundary is revealed as shown in Figure 6.1(a) 

for Crude S14 with 20% gas injection. The observations discussed in this section are 

general for asphaltene phase behavior predicted by PC-SAFT of all crudes studied 

irrespective of gas composition and amounts. It is found that PC-SAFT shows that there 

is a minimum temperature at which an UAOP boundary exists, where the slope of the 

UAOP curve becomes infinite. For S14 +20% gas injection, this temperature is around 

155.1 °F. This temperature is here called the Minimum Upper Critical Solution 

Temperature (MUCST).  
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C1 16.04 16.84 1.00 3.70 150.03 16.04 34.83 1.00 3.70 150.03 
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A+R 257.68 13.65 5.67 4.12 367.33 256.1 7.53 7.18 3.97 270.33 
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C3 44.10 4.74 2.00 3.62 208.11 44.10 4.20 2.00 3.62 208.11 
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C3 44.10 0.00 2.00 3.62 208.11 44.10 6.73 2.00 3.62 208.11 
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Saturates 207.60 23.85 5.97 3.93 254.05 210.1 25.3 6.24 3.92 252.5 
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Figure 6.1. PC-SAFT modeling of asphaltene phase behavior of S14 + 20% gas injection: (a) 

asphaltene phase envelope showing the Hyper Asphaltene Onset, (b) percent asphaltene 

precipitated during depressurization at three different temperatures. HAOP: Hyper Asphaltene 

Onset Pressure, UAOP: Upper Asphaltene Onset Pressure, BP: Bubble Pressure, LAOP: Lower 

Asphaltene Onset Pressure. 

The UAOP boundary does not terminate at the MUCST. Instead, PC-SAFT predicts a very 

steep phase boundary that curves back forming a new onset curve. This new hypothetical 

onset curve is here called the Hyper Asphaltene Onset Pressure (HAOP). Note that the 

phase envelope in Figure 6.1(a) is plotted on a semi-logarithmic scale. On a normal scale 

the HAOP curve is steep as will be demonstrated later in this investigation. Above the 

100

1000

10000

100000

1000000

0 100 200 300 400 500 600

P
re

s
s
u

re
 /

 p
s
i

Temperature /  F

HAOP

UAOP

BP

LAOP

LLLE

VLLE

VLE

(a)

0% 100%

T3 = 200  F (>MUCST)

HAOP

UAOP

BPLAOP

0% 100%

Percent Asphaltene  Precipitated

T2 = 155.1  F  (=MUCST)

HAOP = UAOP

LAOP BP

100

1000

10000

100000

1000000

0% 100%

P
re

s
s
u

re
 /

 p
s
i

T1 = 152  F  (<MUCST)

LAOP

No UAOP

BP

(b)



116 

 

HAOP, asphaltenes are forced out of solution forming an asphaltene-rich phase. This may 

be explained by the difference in compressibility between the asphaltene-lean and -rich 

phases. These observations (i.e. HAOP and MUCST) seem to be characteristic of 

asphaltenes predicted from SAFT-based models at lower temperatures and are general 

for any crude oil regardless of the characterization method. In fact, this behavior is not 

only predicted on crude oil systems. PC-SAFT predicts the same behavior also for the LLE 

boundary of polymer-solvent systems at lower temperatures.  

Figure 6.1(b) shows PC-SAFT predictions of percentage of asphaltenes precipitated at 

three temperatures during depressurization from a pressure above HAOP to a pressure 

below LAOP. These precipitation curves provide valuable insight into the asphaltene 

phase boundaries at different temperatures. At T < MUCST, PC-SAFT predicts no upper 

(or hyper) asphaltene boundary implying that asphaltenes are intrinsically unstable at 

all pressures above the bubble pressure. A LAOP, however, still exists at sufficiently low 

pressure. At T = MUCST, the UAOP and the HAOP boundaries meet and only one 

asphaltene phase boundary exists (above bubble pressure). At T > MUCST, the separation 

of HAOP and UAOP boundaries can be clearly seen. It is worth noting that as pressure 

increases well above the HAOP, PC-SAFT predicts that almost all asphaltenes precipitate 

out of solution. 

In order to further explain the observations of Figure 6.1, we will analyze the variation 

of asphaltene solubility (or equilibrium concentration denoted by Ceq) as a function of 

pressure at different temperatures. The asphaltene equilibrium concentration is the 

maximum concentration that can be obtained without causing a phase split. This value 
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can be calculated using PC-SAFT. If the total concentration of asphaltenes in the system 

is higher than Ceq, then a phase split occurs where an asphaltene-rich phase will form. 

Figure 6.2 shows the variation of asphaltene solubility as a function of pressure at two 

temperatures: (a) 200 °F and (b) 155.1 °F for the same crude studied earlier (S14 + 

20%HC). At all regions where total asphaltene concentration is greater than asphaltene 

solubility, a liquid-liquid phase split occurs. Interestingly, Figure 6.2(a) shows that at 

pressures between UAOP and HAOP the asphaltene solubility initially increases with 

increasing pressure to reach a maximum and then starts to decrease. This switch in the 

solubility leads eventually to the formation of an asphaltene-rich phase when solubility 

decreases below the total asphaltene concertation at extremely high pressure (HAOP).  

At T = MUCST as shown in Figure 6.2(b), the asphaltene solubility is always lower than 

the total asphaltene concentration for pressures above LAOP. This indicates that a liquid-

liquid phase split is inherent at all such pressures. The solubility still reaches a maximum 

which corresponds to the point where the UAOP and HAOP curves meet. Increasing 

pressure further will decrease solubility to almost zero, implying that all asphaltenes will 

come out of solution similar to what was observed earlier in Figure 6.1(b) where 100% 

of the asphaltene precipitate out at very high pressures.  



118 

 

 

 

Figure 6.2. Asphaltene solubility and total concentration as a function pressure for S14+20% HC 

at (a) T = 200 °F and (b) T = 155.5 °F. 

The presence of the HAOP has not been observed experimentally in the literature and 

might be a mere artifact of SAFT-based models. In fact, van Schlit et al.167 reported that 

predictions of the LLE boundary for carbon dioxide (CO2)/cyclohexene oxide 

(CHO)/poly(cyclohexene carbonate) (PCHC) system using PC-SAFT show large 

deviations at lower temperatures. The authors observed that the predicted LLE curve 

from PC-SAFT becomes very steep at lower temperatures and significantly over-predicts 

available experimental data. In lieu of the modeling results presented thus far, it seems 

0

5

10

15

20

25

30

100 1000 10000 100000

A
s
p

h
a

lt
e

n
e

 C
o

n
c

e
n

tr
a

ti
o

n
 (

g
/L

)

Pressure/psi

Solubility

Total Concentration

HAOPUAOPLAOP

BP

(a) T = 200 °F (>MUCST)

0

5

10

15

20

25

30

100 1000 10000 100000

A
s
p

h
a

lt
e

n
e

 C
o

n
c

e
n

tr
a

ti
o

n
 (

g
/L

)

Pressure/psi

Solubility

Total Concentration

HAOP = UAOPLAOP

BP

(b) T = 155.1 °F (=MUCST)



119 

 

that the MUCST and HAOP behavior is predicted for the CO2-CHO-PCHC system and is the 

reason for the observed deviations.  

6.3. Development of the Linear Extrapolation of Normalized Cohesive 

Energy (LENCE) Model for UAOP Calculation 

Following the approach of Vargas et al.114 we propose a normalized cohesive energy 

function of the following form along the UAOP boundary: 

�̃�𝑟𝑒𝑠(𝑇, 𝑈𝐴𝑂𝑃, 𝒛𝒊) =
𝑢𝑚𝑖𝑥
𝑟𝑒𝑠 (𝑇, 𝑈𝐴𝑂𝑃, {𝒛𝒊}𝑚𝑖𝑥)

𝑢𝑑𝑜
𝑟𝑒𝑠(𝑇, 𝑈𝐴𝑂𝑃, {𝒛𝒊}𝑑𝑜)

=
𝑣𝑚𝑖𝑥𝛿𝑚𝑖𝑥

2 (𝑇, 𝑈𝐴𝑂𝑃, {𝒛𝒊}𝑚𝑖𝑥)

𝑣𝑑𝑜𝛿𝑑𝑜
2 (𝑇, 𝑈𝐴𝑂𝑃, {𝒛𝒊}𝑑𝑜)

 (6.1) 

where  �̃�𝑟𝑒𝑠 is normalized residual internal energy at the onset, 𝑇 is temperature, 𝑈𝐴𝑂𝑃 

is upper asphaltene onset pressure at 𝑇, 𝒛𝒊 is the composition vector, 𝑣 is molar volume, 

and 𝛿 is the Hildebrand solubility parameter. Subscript mix refers to mixture (dead oil + 

gas mixture) and do refers to dead oil. The residual internal energy here is not normalized 

with respect to dead oil at the bubble pressure as was proposed by Vargas et al.114 

Instead, it is normalized with respect to dead oil at the same pressure at which the live 

oil mixture is evaluated (i.e. upper onset pressure). This formulation simplifies the 

calculation of �̃�𝑟𝑒𝑠 at different temperatures since the only pressure required is the onset 

pressure. Note that the numerator and denominator in eq. (6.1) represent properties in 

the liquid phase. Also, dead oil in the denominator refers to stock tank oil obtained from 

the zero-flash experiment. 

Using the simulation parameters in Table 6.3 we can construct the UAOP curve for each 

oil with different injection gases. We use the commercial simulator Multiflash® 31 of KBC 
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(a Yokogawa company) to calculate UAOP using PC-SAFT EoS. Once the UAOP curve is 

constructed, we evaluate �̃�𝑟𝑒𝑠(𝑇, 𝑈𝐴𝑂𝑃, 𝒛𝒊) using PC-SAFT at conditions along the UAOP 

curve using eq. (6.1) and plot the results as a function of temperature. Interestingly, a 

linear relation between �̃�𝑟𝑒𝑠(𝑇, 𝑈𝐴𝑂𝑃) and 𝑇 is observed for a wide range of crudes, 

temperatures, and injection gases as shown in Figure 6.3. These results cover a range of 

onset pressures between 1590 - 18579 psi and temperatures up to 700 °F. Utilization of 

this linear trend can significantly simplify the UAOP calculation problem and provide a 

quick and accurate construction of the UAOP curve.  

The minimum temperature at which each straight line in Figure 6.3 is constructed 

depends on the modeled fluid. Each fluid (i.e. oil/gas blend) has a unique MUCST which 

increases as more gas is injected. At temperatures below the MUCST no upper asphaltene 

onset pressure exists according to PC-SAFT. Therefore, it is not possible to obtain a value 

of �̃�𝑟𝑒𝑠 in that temperature range. Additionally, it was observed that the sudden increase 

in onset pressure predicted by PC-SAFT as temperature approaches MUCST leads to 

deviations from the linear trend for �̃�𝑟𝑒𝑠. Therefore, the minimum temperature limit for 

each straight line is chosen such that it is at least 20 °F higher than the predicted MUCST. 

As mentioned earlier, the slope of the P-T curve as predicted by PC-SAFT approaches −∞ 

as temperature approaches MUCST, eventually curving back and forming the HAOP 

curve. Since this observation has not yet been proven experimentally, only PC-SAFT 

predictions away from MUCST are used. In a sense, the linear trend is assumed to be valid 

away from MUCST (i.e. higher temperatures) and predictions performed in the low 

temperature region can be considered as a linear extrapolation from the higher 
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temperature range, where PC-SAFT seems to be more reliable. For this reason, the model 

is called LENCE: Linear Extrapolation of Normalized Cohesive Energy.  

 

 

 

Figure 6.3. Linear trend in normalized cohesive energy along the AOP curve for the six crudes 

with different injection gases. The composition of the hydrocarbon (HC) gas for each crude can 

be found in Table 6.2. �̃�𝒓𝒆𝒔 at onset is calculated from eq. (6.2) using PC-SAFT. 
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As can be seen from Figure 6.3, miscible gas injection has the consistent effect of shifting 

the straight line downward (i.e. reducing �̃�𝑟𝑒𝑠 at onset). There are two factors affecting 

�̃�𝑟𝑒𝑠 at onset upon gas injection: composition and pressure. As gases are injected, the 

oil/gas blend becomes lighter and the asphaltene onset pressure becomes higher. The 

composition change has the effect of decreasing the cohesive energy of the oil/gas blend, 

meaning that the numerator in eq. (6.1) decreases. Since gas injection does not affect the 

denominator of eq.2 (i.e. stock tank oil), the effect of composition upon gas injection is a 

reduction of �̃�𝒓𝒆𝒔. The higher the GOR for the petroleum fluid, the lower its �̃�𝑟𝑒𝑠 value. 

This can be seen by inspection of Figure 6.3(d) which shows that the crude with highest 

GOR in this investigation (B7) has the lowest �̃�𝑟𝑒𝑠 values as compared to other crudes. 

Note that �̃�𝑟𝑒𝑠 values in Figure 6.3 are all less than 1 because the oil/gas blends are 

lighter than the STO.  

The other factor affecting �̃�𝑟𝑒𝑠 upon gas injection is pressure increase. Increasing 

pressure causes a decrease in molar volume and an increase in solubility parameter for 

the live oil and dead oil. Since live oil is more compressible, pressure mainly affects the 

numerator in eq.(6.1). The overall effect of increasing pressure is an increase in �̃�𝑟𝑒𝑠. 

However, the effect of composition on �̃�𝑟𝑒𝑠 at the onset is much more dominant than the 

effect of increased pressure. Therefore, the overall result is a decrease in  �̃�𝑟𝑒𝑠 upon gas 

injection. 

The linear trends in Figure 6.3 correspond to cases where an upper asphaltene onset 

exists across the temperature range. These are cases where the UAOP and BP curves are 

separated from one another and a liquid-liquid region exists in between them as shown 
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in Figure 6.4.a. The relation between �̃�𝑟𝑒𝑠 and temperature along the UAOP boundary is 

fairly linear (Figure 6.4.b). For demonstration purposes, we also show the cohesive 

energy (𝑢𝑟𝑒𝑠) for live oil + 20% gas and the dead oil in Figure 6.4.c. These values 

constitute the numerator and the denominator of �̃�𝑟𝑒𝑠, respectively. As asphaltenes 

become more stable in the oil (e.g. decreasing gas injection), the UAOP and BP curves 

come closer to each other and eventually overlap (Figure 6.4.d). The region where they 

overlap is represented by line B-C in Figure 6.4.d. In this region, one can imagine a 

hypothetical extension of the UAOP curve below the BP curve. This UAOP boundary (LLE) 

that lies below the BP boundary (VLE) is thermodynamically unstable because of the 

presence of a vapor phase.  Therefore, no UAOP (or LAOP) boundary exists at 

temperatures in this region. The stable phase boundary is a bubble point represented as 

a VLE, not a VLLE, since no asphaltene-rich phase is present along the bubble curve in 

this case. This distinction between VLE and VLLE to represent the bubble point becomes 

crucial in developing the solution procedure to construct the stable UAOP curve from 

LENCE model as will be discussed in Section 6.4. It is worth mentioning that in cases 

when asphaltenes are stable (i.e. no UAOP or LAOP exist), a HAOP is still predicted by PC-

SAFT. 

Figure 6.4.e shows a plot of �̃�𝑟𝑒𝑠 as a function of temperature for live S14 across the 

boundary starting from point A to B (LLE boundary), then continuing along the VLE 

boundary (B-C) and back along the LLE boundary (C-D).  
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Figure 6.4. (a) Asphaltene phase envelope for S14 +20% HC with (b) the corresponding �̃�𝒓𝒆𝒔 

along the phase boundary, and (c) the corresponding �̃�𝒓𝒆𝒔 for live oil and dead oil. (d) Asphaltene 

phase envelope for live S14 with (e) the corresponding  �̃�𝒓𝒆𝒔 along the phase boundary, and (f) 

the corresponding �̃�𝒓𝒆𝒔 for live oil and dead oil. Black markers are evaluated at UAOP conditions 

while red markers are evaluated at BP conditions. 

Interestingly, the linear trend is observed only along the LLE boundary and deviates from 

the line once �̃�𝑟𝑒𝑠is evaluated along the VLE boundary. This interesting behavior suggests 

that if a straight line is constructed from data in regions A-B and C-D then linearly 

interpolated in region B-C, it seems possible that the LENCE model can be used to trace 

the hypothetical LLE boundary that exists below the bubble point. The resulting 

hypothetical AOP curve from this interpolation is shown in Figure 6.4(d) as a dashed 

line. We will discuss the methodology of constructing the LLE from LENCE in Section 6.4. 
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Note that the hypothetical LLE curve from the LENCE does not show an “exact” extension 

to the curve predicted by a phase boundary search algorithm. This is because the LLE 

curve shown is very steep and is close to MUCST of live S14 (91 °F). However, given the 

simplicity of the model and the fact that no multiphase boundary search algorithm is 

implemented to obtain the hypothetical LLE curve, the results are remarkable. The 

cohesive energies of the live oil and dead oil along the phase boundary are shown in 

Figure 6.4(f). Interestingly, when examining the cohesive energies of the live oil and 

dead oil separately, the switch in behavior of �̃�𝑟𝑒𝑠 along the UAOP and BP is not easily 

seen. Only when a normalized cohesive energy is used that we observe such interesting 

behavior. 

6.4. Procedure to construct UAOP curve from the LENCE model 

The results shown previously suggest that it is possible to construct the asphaltene phase 

envelope (LLE curve) for a petroleum fluid by means of LENCE. This requires knowledge 

of two parameters; the slope, A, and intercept, B, of a line relating �̃�𝑟𝑒𝑠 to temperature 

along the UAOP curve: 

�̃�𝑟𝑒𝑠 = 𝑨 × 𝑇 + 𝑩               (along the UAOP curve) (6.2) 

where parameters A and B are specific to each crude and are functions of composition 

but independent of the temperature.  So far we have used UAOP data calculated from PC-

SAFT and a phase boundary search algorithm (implemented through Multiflash®31) to 

find the UAOP boundary and obtain parameters A and B for different crudes and their gas 

blends. However, the objective of this work is to construct the UAOP curve from LENCE 

as an alternative technique to using a phase boundary algorithm. Therefore, it is desirable 
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to determine representative parameters for the LENCE model a priori and, subsequently, 

construct the UAOP curve for the petroleum fluid of interest. An attractive approach to 

obtain representative A and B parameters for the LENCE model is to tune to experimental 

UAOP data from NIR and HPM. Once these A and B are obtained, �̃�𝑟𝑒𝑠 at any temperature 

can be calculated from eq. (6.2), which is then used in eq. (6.1) to implicitly solve for the 

onset pressure. For example, let us assume that we have two experimental onset 

pressures for some crude; AOP1 and AOP2 at T1 and T2, respectively. Note that in this 

work AOP refers to the UAOP. The steps to construct the LLE curve using LENCE for this 

crude are as follows: 

Step 1: Calculate �̃�1
𝑟𝑒𝑠(𝑇1, 𝐴𝑂𝑃1, 𝒛𝒊) and �̃�2

𝑟𝑒𝑠(𝑇2, 𝐴𝑂𝑃2, 𝒛𝒊) from eq. (6.1) using PC-

SAFT. Note that the composition of the live (and dead) oil is the same at both points.  

Step 2: Obtain the linear coefficients A and B in eq. (6.2) by performing a linear 

interpolation for the points (�̃�1
𝑟𝑒𝑠, 𝑇1) and (�̃�2

𝑟𝑒𝑠, 𝑇2). If LENCE is tuned to more than 

two AOP points, a linear regression is required to find A and B. 

Step 3: Choose a temperature, T3, at which an onset pressure is to be calculated. 

Evaluate �̃�3
𝑟𝑒𝑠 from eq. (6.2) at T3 using the optimized A and B coefficients obtained 

in step 2.  

Step 4: Find the pressure at which �̃�𝑟𝑒𝑠 calculated using PC-SAFT matches �̃�𝑟𝑒𝑠 

calculated from LENCE (Step 3) at T3. This pressure is the desired AOP at T3. 

Step 5: Repeat steps 3-4 at other temperatures to construct the full AOP curve. 

These steps can be used to construct the LLE curve for a crude oil at other temperatures 

knowing two AOP data points. For pressure iteration in step 4, various numerical 
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techniques can be used to update the pressure guess and find the solution such as Secant 

Method or Bisection. Here we use the Secant Method to converge to the desired solution. 

The pressure guess using the Secant Method is updated according to:  

𝑃𝑛+2 = 𝑃𝑛+1 − 𝑓(𝑇, 𝑃𝑛+1)
𝑃𝑛+1−𝑃𝑛

𝑓(𝑇,𝑃𝑛+1)−𝑓(𝑇,𝑃𝑛)
                 (6.3) 

with objective function 𝑓(𝑃) defined as: 

𝑓(𝑇, 𝑃) = �̃�𝑃𝐶−𝑆𝐴𝐹𝑇
𝑟𝑒𝑠 − �̃�𝐿𝐸𝑁𝐶𝐸

𝑟𝑒𝑠            (at fixed 𝑇 and 𝒛𝒊) (6.4) 

where �̃�𝑃𝐶−𝑆𝐴𝐹𝑇
𝑟𝑒𝑠  is normalized cohesive energy calculated from PC-SAFT and �̃�𝐿𝐸𝑁𝐶𝐸

𝑟𝑒𝑠  is 

calculated from LENCE (eq. (6.2)). The algorithm requires specification of initial guesses 

𝑃0 and 𝑃1 to calculate the numerical derivative. We use values of 1000 psi and 1001 psi 

for 𝑃0 and 𝑃1, respectively for all crudes studied in this work. The algorithm usually 

requires 7-10 iterations to converge to the desired AOP within a tolerance of 10-3 psi. In 

order to accelerate convergence, the AOP converged at a specific temperature is used as 

an initial guess for the next temperature while generating the phase envelope. This 

process requires approximately 2-4 seconds of computational time (with an Intel(R) i-7 

processor at 2.90 GHz) to construct a complete UAOP phase envelope composed of 31 

points.  This computational speed is at least 5 times faster than using a multiphase 

boundary search algorithm. More details on computational time comparison between 

LENCE and a multiphase boundary search algorithm will be discussed in Section 6.6. 

Note that using LENCE alone, one cannot predict the temperatures at which asphaltenes 

are stable in solution (no onset). In other words, LENCE generates the complete LLE 

boundary, even if the boundary is thermodynamically unstable as shown by the dashed 
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line in Figure 6.4(c). Therefore, in order to correctly predict the asphaltene phase 

envelope, a bubble pressure calculation is also required. As mentioned earlier, at 

temperatures where an AOP exists, the bubble point is a VLLE point since the bubble 

forms in the region where two liquid phases are present. At temperatures where no AOP 

exists, the bubble point is a VLE point since the bubble forms in the region where only a 

single liquid phase is present. Understandably, performing a phase boundary search for 

a 3-phase system is more complex and requires more computational time than a 2-phase 

system. It is possible to assume the presence of only one liquid phase for the purpose of 

calculating the bubble point. This calculated BP is an approximation to the true BP and 

we will here call it the pseudo-bubble point (pseudo-BP). Figure 6.5 shows the 

asphaltene phase envelope for crude M1 with pseudo-and true BP curves. The figure is 

generated with Multiflash®31 using PC-SAFT. The GOR was changed to 660 scf/bbl 

(instead of 700 scf/bbl) for the purpose of demonstration since at GOR of 700 scf/bbl the 

asphaltenes are unstable at all temperatures. As can be seen from Figure 6.5, the pseudo-

BP is indeed a simplification which deviates from the true BP as the moles of the second 

liquid (asphaltene rich phase) increases. Nonetheless, although the pseudo-BP is an 

approximation in the region where an AOP exists, it is exact in regions where no AOP 

exists. In other words, the region where the true AOP and the true BP curves intersect is 

represented exactly by a VLE curve. Therefore, in order to find the region at which 

asphaltenes are stable in the LLE curve predicted by the LENCE model, a simple VLE 

phase boundary search is sufficient.  
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Figure 6.5. Asphaltene phase envelope for Crude M1 with GOR 660 scf/bbl showing the pseudo- 

and true- BP. The pseudo- and true- BP curves overlap when no asphaltenes precipitate. 

Since asphaltenes have a high molecular weight, it is common that the second liquid 

phase exists in relatively small molar quantities. As a result, the pseudo-BP 

approximation is generally expected to yield acceptable values, particularly when 

asphaltene content is low. For the crudes studied in this work and for temperatures up 

to 600 °F, the pseudo-BP approximation can yield values as close as 0.1% from the true 

BP, while the maximum deviation is around 8%.  

With the introduction of the pseudo-BP approach, the solution procedure for 

constructing the LLE curve using LENCE model proposed in this work is complete. If the 

pseudo-BP curve intersects the LLE curve that is predicted by the LENCE model, the LLE 

portion below the pseudo-BP is considered unstable. The phase boundary in that 

temperature range is a bubble point (VLE). The pseudo-BP curve in this work is 

calculated from PC-SAFT using Multiflash®31. A schematic of the complete solution 

procedure using LENCE model is depicted in Figure 6.6. An example calculation on how 

to use LENCE is provided in Appendix B. 

2000

2500

3000

3500

4000

4500

5000

0 200 400 600 800
P

re
s

s
u

re
 /
 p

s
i

Temperature /  F

UAOP

BP

M1 (660 scf/bbl)

pseudo-BP (VLE)

true-BP (VLLE)

L region
(stable Asph.)

LLE region
(unstable Asph.)



130 

 

 

Figure 6.6. Flow diagram describing the solution procedure to construct UAOP curve using 

LENCE model. 
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6.5. Applications of LENCE model to real petroleum systems 

The procedure described in Section 6.4 is here implemented with real AOP data from 

published literature to construct the asphaltene phase boundary and investigate the 

capabilities of the proposed model. All experimental data used in this work were 

obtained using NIR and HPM and can be found in Table 6.4. 

6.5.1. Crude J1: Upper and lower critical solution temperature behavior from 

LENCE 

In order to demonstrate some of the interesting features of the LENCE model, the 

asphaltene phase envelope for Crude J1 is generated by tuning LENCE coefficients to 

match the four experimental AOP data points for the live oil reported by Jamaluddin et 

al.145. The regressed LENCE model is shown in Figure 6.7(a) while the resulting 

asphaltene phase envelope from LENCE is shown in Figure 6.7(b). Note that the �̃�𝑟𝑒𝑠 

data shown in Figure 6.7(a) represent values that are calculated using PC-SAFT at the 

four reported AOPs using the simulation parameters in Table 6.3. Interestingly, despite 

the linear nature of the model, the resulting asphaltene phase envelope still exhibits the 

upper- and lower- critical solution temperature behavior (UCST and LCST) which was 

previously observed by Vargas et al.168 for crude J1 using PC-SAFT with a multiphase flash 

algorithm. The LENCE model shows that at lower temperatures, increasing temperature 

will dissolve asphaltenes in solution (UCST) whereas at higher temperatures increasing 

the temperature will force asphaltenes out of solution (LCST). 
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Table 6.4. Selected experimental AOP data for crudes studied.* 

 

 

Crude Injection Temperature / °F BP / psi AOP / psi 
S

1
1
0
2
 

 250 2306 2356 

+5% HC 165 2003 2801 

 130 1740 3451 

+10% HC 

250 2559 3209 

165 2066 3764 

130 1880 4677 

+15% HC 
250 2723 3737 

165 2305 4297 

+30% HC 
250 3409 6985 

165 2976 9153 

U
8

1
6
9
 Live Oil 

260 1089 N.D. 

180 964 N.D. 

150 891 2208 

120 823 4208 

+10% HC 260 1526 3092 

+20% HC 260 1962 4629 

+30% HC 260 2378 7486 

B
7

1
0

2
 +20% CO2 

250 4250 5200 

180 3833 5654 

118** 3280 6211 

+30% CO2 

250 4630 6427 

180 4092 7440 

118** 3625 8000 

J
1

1
4

5
 

Live Oil 

300 3060 3800 

260 2900 3650 

230 2700 4050 

190 2500 5400 

M
1

1
4

4
 

Live Oil 

271 2902 4500 

182 2568 4200 

94 1922 3700 

*Additional experimental data are available in the literature but are now shown here. Only data 
relevant to our investigation are shown. 

**AOP points were not reported in the original work of Punnapala and Vargas102 due to suspected 

inaccuracy in measurements 
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Figure 6.7. (a) Regressed LENCE model to match �̃�𝒓𝒆𝒔 for 4 experimental UAOPs for live oil J1. 

(b) Resulting asphaltene phase envelope for J1 obtained using the LENCE model. BP is calculated 

as a VLE using PC-SAFT. Experimental data are taken from Jamaluddin et al.145.  

Artola et al.166 used SAFT-VR with a multiphase flash algorithm and showed that the LLE 

boundary at very high temperatures eventually curves back creating what the authors 

called a “sideways-S” shape. We showed earlier that the LLE boundary predicted by PC-

SAFT in the lower temperature region curves back forming what we call the HAOP 

boundary. LENCE model does not exhibit this behavior in the aforementioned conditions.  

At very high temperatures, the resulting phase envelope from LENCE decreases 
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monotonically while at low temperatures it does not curve back and form the HAOP 

boundary. Since the HAOP behavior has not yet been proven experimentally and the 

observations of Artola et al. only occur at very high temperatures, the behavior of the 

LENCE model seems suitable for conventional upstream engineering applications.  

6.5.2. Crude S1 and U8: Accurate prediction of AOP as a function of temperature 

Since the LENCE model requires at least two AOP data points as input, we are interested 

in investigating the capability of LENCE model to predict AOPs at temperatures that are 

not used in the regression. Crude S1 is produced from an onshore reservoir and was 

investigated by Punnapala and Vargas102 under hydrocarbon gas injection. Two sets of 

experimental AOP data are available (5% and 10% HC) with three AOP data points in 

each set (250 °F, 165 °F, and 130 °F). We perform the tuning of LENCE coefficients to 

match the AOPs at 250 °F and 165 °F and perform predictions at 130 °F. Figure 6.8 shows 

the predictions from the LENCE model for S1 with 5 and 10% HC injection. The LENCE 

model prediction for the third point at 130 °F shows excellent agreement with 

experimental data. It is found that if any two AOP points are used for the tuning, the third 

point is still accurately captured using LENCE. Other sets of AOP data at different gas 

injections (15% and 30%) are available for S1 but with only 2 AOPs per set. Therefore, 

these sets cannot be used to assess the predictive capability of the LENCE model. 
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Figure 6.8. Prediction of asphaltene phase envelope from the LENCE model after tuning to two 

AOPs for (a) S1 + 5% HC and (b) S1 + 10% HC. Experimental data are taken from Punnapala and 

Vargas102. 

Crude U8 is produced from an offshore reservoir and was investigated by Abutaqiya et 

al. 118 under hydrocarbon gas injection. Four AOP experiments were conducted for the 

live oil (Table 6.4). No onset was detected at 260 °F and 180 °F while an onset was 

detected at 150 °F and 120 °F. The LENCE coefficients are tuned to match the two 

detected onsets while predictions are made at other temperatures. The resulting phase 

envelope is shown in Figure 6.9. In this case, the pseudo-BP intersects the LLE curve 

from the LENCE model in the region between 190 – 410 °F. This indicates that no 

asphaltene onset exists in this region and that the part of the LLE curve below the pseudo-

BP is unstable (shown as a dashed line in Figure 6.9). This is in agreement with the 

experimental data at 260 °F since no onset is detected. The LENCE model predicts that 

an onset exists at 180 °F which is close to the bubble point curve (within 300 psi). True 

onsets that are close to the bubble point are usually difficult to detect and can be easily 

bypassed if equilibration time is not sufficient. Therefore, the small deviation observed 

at 180 °F between LENCE and the lab test may be acceptable for practical applications. 
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Figure 6.9. Prediction of asphaltene phase envelope for live U8 from the LENCE model. Dashed 

LLE curve represents the unstable boundary. Experimental data are taken from Abutaqiya et al.118 

6.5.3. Crude B7: Detecting experimental uncertainties in AOP measurements 

The LENCE model can also be used to detect experimental uncertainties in AOP 

measurements if two reliable data points are available. Crude B7 was investigated by 

Punnapala and Vargas102 under CO2 injection. The authors reported that good predictions 

from PC-SAFT are obtained for experimental data at 250 °F and 180 °F for cases with 

20% and 30% CO2 injection. The authors did not include the AOP at 118 °F in their 

comparison because of prior knowledge that the AOP measurement was inconclusive. In 

this work previously neglected measurement are include in the comparison to 

investigate the capability of the LENCE model to capture the experimental uncertainty. 

Figure 6.10 shows the asphaltene phase envelope from the LENCE model for 20% and 

30% CO2 injection after tuning to AOPs at 250 °F and 180 °F. Figure 6.10 also shows the 

predicted asphaltene phase envelope from PC-SAFT as per the work of Punnapala and 

Vargas102. Note that the HAOP and UAOP curves as predicted by PC-SAFT are shown with 

the same color on Figure 6.10.  

0

2000

4000

6000

8000

10000

0 200 400 600 800

P
re

s
s

u
re

 /
 p

s
i

Temperature /  F

UAOP Exp

BP Exp

UAOP LENCE

BP PC-SAFT (VLE)

Live U8

predicted

Live U8

tuned

predicted



137 

 

The LENCE model predicts an AOP at 118 °F that is higher than the reported value for 

both cases (20% and 30% CO2 injection). Interestingly, PC-SAFT predicts no onset at 118 

°F for both cases. The predicted MUCST for B7 + 20% CO2 is 122.8 °F while that for B7 + 

30% CO2 is 146.4 °F, both of which are higher than 118 °F. PC-SAFT predicts that 

asphaltenes are always unstable above the bubble pressure at 118 °F. However, PC-SAFT 

provides good match to experimental data at higher temperatures. The predicted LLE 

boundary from PC-SAFT and LENCE are similar at higher temperatures, but LENCE 

exhibits a behavior closer to the experimental data trend at lower temperatures. This is 

one of the most important features of LENCE as it can be regarded as an extrapolation of 

PC-SAFT behavior from the high temperature (where PC-SAFT is very accurate) to the 

low temperature (where PC-SAFT may not perform as well).  

The binary interaction parameter (𝑘𝑖𝑗) between Asphaltenes and CO2 plays an important 

role in determining MUCST predicted by PC-SAFT. A 𝑘𝑖𝑗  value of 0.195 between 

Asphaltenes and CO2  is used in order to be able to reproduce the asphaltene curve 

envelope from the reported PC-SAFT simulation parameters for B7102. Although 𝑘𝑖𝑗  

values can significantly affect the phase boundary calculations using PC-SAFT, it is found 

that 𝑘𝑖𝑗  values have an insignificant influence on the performance of the LENCE model.  
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Figure 6.10. Asphaltene phase envelope from the LENCE model and PC-SAFT for (a) B7 +20% 

CO2 and (b) B7 +30% CO2. LENCE model coefficients are tuned to onsets at 250 °F and 180 °F. 

Experimental data are taken from Punnapala and Vargas 102. 

The accuracy of the predictions using the LENCE model at 118 °F can be validated by 

looking at the experimental NIR plots obtained during isothermal depressurization.  

Figure 6.11 shows the NIR transmittance plots for B7 with 20% and 30% CO2 injection 

along with the predicted onset from the LENCE model. In a standard isothermal 

depressurization experiment, a monophasic sample is charged at the desired 

temperature and an initial maximum pressure.  During depressurization, NIR light is sent 

through the sample and the light transmittance is measured on the other side of the cell. 

Initially, when no asphaltenes precipitate and the fluid is monophasic, decreasing 
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pressure causes the fluid to expand and thus increases light transmittance. When 

asphaltenes start precipitating and forming a micron-size particle, the NIR light is 

scattered in the sample which causes a reduction in transmittance. The reduction in 

transmittance continues as depressurization proceeds. Figure 6.11(a) shows that light 

transmittance started decreasing way before the reported onset of 6211 psi.  The LENCE 

model predicts an onset that lies very close to the point at which light transmittance 

started decreasing which is higher than the reported value. 

For the case of B7 + 30% CO2  shown in Figure 6.11(b), the light transmittance started 

decreasing at the beginning of the experiment indicating that asphaltenes had already 

started to precipitate and that the initial pressure (10000 psi) is lower than the expected 

AOP.  The predicted onset from the LENCE model (10400 psi) is likely to be more 

accurate in this case than the reported onset (8000 psi). In any case, the LENCE model 

could have helped in the design of the experiment to ensure that the initial pressure is 

higher than the AOP and that asphaltenes are stable in solution at the beginning of the 

experiment.  
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Figure 6.11. Experimental NIR plots during isothermal depressurization at 118 °F of (a) B7 + 

20% CO2 and (b) B7 + 30% CO2. The plots also show the predicted onset from the LENCE model. 

6.5.4. Crude M1: Modeling unusual asphaltene phase behavior 

Although the LENCE model is derived based on simulation results from PC-SAFT and 

makes use of PC-SAFT to calculate �̃�𝒓𝒆𝒔, the LENCE model offers improved computational 

characteristics as compared to using PC-SAFT with a multiphase flash algorithm, 

especially in the low temperature region. As shown previously in Figure 6.10, it is 

possible that an experimental AOP is at a temperature lower than MUCST temperature 

predicted by PC-SAFT. This is expected to introduce difficulties during the optimization 
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of PC-SAFT simulation parameters for the asphaltenes pseudo-fraction mainly due to the 

limited flexibility in controlling the shape of the phase envelope. On the other hand, the 

optimization process in the LENCE model is a simple linear regression to find the 

coefficients A and B in eq. (6.2). Additionally, the LENCE model offers more flexibility in 

controlling the shape of the phase envelope and can be tuned to match any two AOP data 

points.  It is necessary, therefore, that accurate AOP data points are used as an input to 

the LENCE model. Crude M1 is a good example to demonstrate the flexibility of the LENCE 

model to match experimental data as compared to PC-SAFT. Crude M1 is from the 

Maracaibo basin of western Venezuela. Gonzalez et al.144 reported an unusual phase 

behavior for the asphaltenes in crude M1 as asphaltene onset pressures decrease with 

decreasing temperature. Arya et al.105 investigated crude M1 using CPA and PC-SAFT 

(with and without including the association term). The authors showed that CPA and PC-

SAFT (with association) can reproduce the asphaltene phase behavior of M1 if a 

temperature-dependent association energy is used. However, without the association 

term, the authors concluded that PC-SAFT is not capable of matching the phase envelope. 

Figure 6.12 shows the simulation results using the LENCE model and PC-SAFT (without 

association) for crude M1. The simulation parameters for PC-SAFT (without association) 

are taken from Arya et al.105 and are shown in Table 6.3. The LENCE coefficients are 

tuned to match the three AOP points for live M1. The results in Figure 6.12 indicate the 

capability of the LENCE model to generate a phase envelope that matches experimental 

data even if the data follow an unusual trend. On the other hand, predictions from PC-

SAFT (with a multiphase flash algorithm) do not capture the unusual trend in 

experimental data. Changing the simulation parameters for asphaltenes (𝑚, 𝜎, and 휀/𝑘) 
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does not improve the simulation results. The sensitivity of the asphaltene phase envelope 

due to changes in the PC-SAFT simulation parameters of asphaltenes is shown in Figure 

6.13. The values used for m are: [30.82, 32.82, 35.82, 37.82, 40.82]. The values used for 

 are: [4.42, 4.44, 4.46, 4.48, 4.50] Å. The values used for /k are: [407.4, 410.4, 413.4, 

416.4, 419.4] K. As can be seen from Figure 6.13, the three simulation parameters have 

almost similar effect on the asphaltene phase envelope, mainly shifting it diagonally 

upward or downward. This behavior may cause difficulties during optimization of 

simulation parameters since the objective function is expected to be fairly flat and a non-

unique solution may exist. Optimization using the LENCE model, however, is fairly 

straight forward and a unique answer is guaranteed. When accurate experimental data 

are available, the LENCE model provides an easy and reliable way of constructing the 

asphaltene phase envelope and assessing the accuracy of experimental measurements at 

other temperatures. 

 

Figure 6.12. Asphaltene phase envelope for M1 using the LENCE model and PC-SAFT. LENCE 

coefficients are tuned to match the three AOP points. Experimental data are taken from Gonzalez 

et al.144. 
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Figure 6.13. Effect of asphaltene simulation parameters (a) m, (b) , and (c) /k on the 

asphaltene phase envelope for M1 using a multiphase flash algorithm. Solid lines represent the 

base case and dashed lines represent the sensitivity results. Asphaltene phase envelope is 

generated using Multiflash® of KBC (a Yokogawa company). Simulation parameters for other 

components and binary interaction coefficients are kept constant. 

The fact that PC-SAFT (without association) is not capable of matching the three AOP 

data points for M1 does not necessarily mean that association is needed to describe the 

asphaltene phase behavior as suggested by Arya et al.105. The authors included the 

association term and matched the AOP points for M1 only when a temperature-

dependent association energy, 휀𝐴𝐵(𝑇), was used.  Including temperature-dependence to 

the simulation parameters is expected to give more flexibility to the model to match AOP 

data points, even if association is not included. For example, careful inspection of the 

results in Figure 6.13 suggests that if temperature-dependent simulation parameters 
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𝑚,𝜎, 𝑜𝑟 휀/𝑘 are used, it is possible to reproduce the experimental data for M1 using PC-

SAFT without the association term. The results obtained from LENCE can be considered 

similar to the results obtained from PC-SAFT if temperature-dependent simulation 

parameters are used. Temperature-dependence in LENCE is explicit. Therefore, the 

model offers flexibility similar to that obtained from PC-SAFT with temperature-

dependent simulation parameters, but without overly complicating the solution and 

optimization procedures. 

6.6. Computational time 

LENCE model offers several advantages in modeling asphaltene onset of precipitation as 

compared to using a multiphase flash algorithm. One of the main advantages is the fast 

computational speed in generating the asphaltene phase envelope. Figure 6.14 shows a 

comparison of computational speed between LENCE model and a multiphase flash 

algorithm using PC-SAFT. The average computational time using LENCE is 4.88 s for 31 

UAOP calculations, whereas the average time using a multiphase flash algorithm is 23.51 

s. The calculations are performed with an Intel(R) i-7 processor at 2.90 GHz. The 

multiphase flash algorithm used here implements stability analysis170 to initialize a trial 

onset phase and a Newton Raphson approach to converge for the UAOP boundary171.  

Details of the algorithm are discussed in a separate publication171. The time comparison 

is performed by generating the phase envelopes for the oil/gas blends shown previously 

in Figure 6.3. Note that these oil/gas blends do not necessarily correspond to the blends 

for which there exist experimental data. The blends in this section are chosen for 

demonstration purposes. Each oil/gas blend contains 31 UAOP data points. 
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Computational time for generating the 31 UAOP points for each oil/gas blend is 

calculated and the average for the three blends is taken for each crude oil. The average 

absolute percent deviations for the calculated UAOP from LENCE as compared to the 

values from PC-SAFT (using a multiphase flash algorithm) are shown in Table 6.5.  

 

Figure 6.14. Comparison of computational time between LENCE model and a full multiphase 

flash algorithm using PC-SAFT to generate UAOP curved for the oil/gas blends shown in Figure 

6.3. Time shown is the average time to calculate 31 UAOP points for each of the three oil/gas 

blends. 

The computational time using LENCE model shown in Figure 6.3 is calculated based on 

an initial pressure guess of 1000 psi for all 31 UAOP points. If the pressure guess for the 

next temperature is updated based on converged values from previous temperature, the 

calculation time can be further reduced by 50%. 

The LENCE model shows improved speed because it requires calculation of properties of 

a single liquid phase with known composition whereas in a multiphase flash algorithm 

several phases must be considered with compositions that are not known a priori to find 

the phase partitioning that will minimize the total Gibbs Energy of the system. This 
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minimization procedure requires extreme care in implementation to ensure convergence 

to the absolute minimum, especially in cases when heavy components are present in very 

small amounts. Regardless, a multiphase flash algorithm is necessary if the objective is to 

calculate the amount of precipitated asphaltenes at specific conditions of temperature 

and pressure. UAOP calculated from LENCE may be used as an initial guess for the 

multiphase flash engine to accelerate convergence. For the purpose of modeling the 

asphaltene onset of precipitation as a function of temperature, the LENCE model offers 

an efficient and reliable alternative to the multiphase flash algorithm.  

Table 6.5. Error analysis for calculated UAOP using LENCE as compared to PC-SAFT (using a 

multiphase flash algorithm) for different oil/gas blends. LENCE coefficients for each blend are 

shown in Figure 6.3. 

Crude Injection AAPD 

S14 

+10% HC 4.26 

+20% HC 2.79 

+30% HC 1.70 

S1 

+5% HC 2.57 

+15% HC 2.80 

+30% HC 2.27 

U8 

+10% HC 3.40 

+20% HC 3.18 

+30% HC 1.80 

B7 

+20% CO2 2.71 

+30% CO2 2.98 

+40% CO2 1.72 

J1 

Live 1.83 

+10% N2 1.16 

+20% N2 0.73 

M1 

Live 2.62 

+10% CO2 2.21 

+20% CO2 2.14 

Overall 2.38 
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6.7. Variations of LENCE: use of cubic EOS to calculate �̃�𝒓𝒆𝒔 

The LENCE model requires calculation of �̃�𝑟𝑒𝑠 as a function of temperature, pressure, and 

composition which was obtained thus far using PC-SAFT EoS. In this section, we will 

investigate the behavior of LENCE when Peng-Robinson EOS is used for the calculation 

of �̃�𝑟𝑒𝑠.   Additionally, the PC-SAFT simulation parameters used previously were obtained 

from the SARA-based characterization methodology where the STO was characterized 

into 3 pseudo-fractions (saturates, A+R, and asphaltenes). However, since LENCE uses 

the value of the cohesive energy of the whole mixture to perform the extrapolation, there 

is no need for a detailed characterization of the asphaltene pseudo-fraction. The molar 

amount of asphaltenes in the mixture is too low to have a pronounced effect on the 

cohesive energy of the live oil. Therefore, the lumped solvent approach (Chapter 4) is 

expected to perform well with LENCE. The characteristics of the asphaltenes in the crude 

of interest will be reflected in the optimized LENCE linear coefficients (A and B). The only 

requirement for the characterization method used with LENCE is that it can accurately 

capture the bubble pressure so that we can infer the areas where the LLE line predicted 

by LENCE intersects the BP curve in regions where asphaltenes are stable. In this section, 

we will use the lumped solvent approach to characterize the crude oils and then use 

LENCE to construct the UAOP curve using both PC-SAFT and PR in the calculation of �̃�𝑟𝑒𝑠. 

It is worth mentioning that using LENCE with the lumped solvent approach and PC-SAFT 

yields almost identical results for the UAOP boundary that was shown previously in all 

case studies.   
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6.7.1. Correlations to calculate critical properties 

In order to implement the lumped solvent characterization approach with Peng-Robinson EOS, 

we need to develop correlations similar to the ASV-𝜌 correlations developed in Chapter 3, 

but for 𝑇𝑐, 𝑃𝑐, 𝑎𝑛𝑑 𝜔: 

𝑇𝑐 = 𝐶1𝜌20
𝐶2𝑀𝑊𝐶3 (6.5) 

𝑃𝑐 = 𝐶4𝜌20
𝐶5𝑀𝑊𝐶6 (6.6) 

𝜔 = 𝐶7𝜌20
𝐶8𝑀𝑊𝐶9 (6.7) 

where 𝐶1 − 𝐶9 are optimization constants and 𝜌20 is the density at 20 °C and 1 atm. The same 

database previously used in Chapter 3 is here used to optimize the coefficients, which are 

shown in Table 6.6. 

Table 6.6. Optimized coefficients for the critical property correlations in eqs. (6.5) - (6.7) using 

the same hydrocarbons database in Chapter 3. 

Critical 

Parameter 
Constant Value 

𝑇𝑐 

𝐶1 192.1 
𝐶2 0.6340 
𝐶3 0.2736 

𝑃𝑐 

𝐶4 4264.0 
𝐶5 1.5530 
𝐶6 -0.9726 

𝜔 

𝐶7 0.00262 
𝐶8 -0.8948 
𝐶9 0.9962 

With these correlations, the lumped solvent characterization can be performed for the 

crude oil of interest where the STO is parameterized from its 𝑀𝑊 and 𝜌20 similar to what 

was previously done in Chapter 4. 
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6.7.2. Results 

In all the results shown in this section, we will adjust the binary interaction parameter 

between methane and SLF for both PR and PC-SAFT in order to obtain a good match to 

the experimental BP. The reason is that we would like to investigate the effect of the EOS 

in calculating �̃�𝑟𝑒𝑠 and its effect on the resulting LLE curve from LENCE, keeping the 

predictions of VLE in both models the same. 

Figure 6.15 shows a comparison between LENCE (PC-SAFT) and LENCE (PR) using the 

lumped solvent approach in modeling the UAOP phase envelope of live crude J1. In both 

cases, LENCE coefficients are tuned using all four experimental UAOP data points. The 

open circles in Figure 6.15(a) represent the calculated values of  �̃�𝑟𝑒𝑠 from each EOS at 

the experimental UAOP. The regressed lines for each EOS are the LENCE lines from which 

the UAOP will be constructed. 

 

Figure 6.15. (a) Regressed LENCE model to match �̃�𝒓𝒆𝒔 for 4 experimental UAOPs for live oil J1 

using PC-SAFT and PR. (b) Resulting asphaltene phase envelope for J1 obtained using the LENCE 

(PC-SAFT) and LENCE (PR). Experimental data are taken from Jamaluddin et al.145 

The regressed line in Figure 6.15(a) using PC-SAFT show a better fit to the experimental 

data than using PR EOS as evident by the resulting correlations coefficient (R2). This 
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observation is also evident from the resulting UAOP curve as shown in Figure 6.15(b). 

Note the similarity between the UAOP curve using LENCE (PC-SAFT) which uses the 

lumped solvent approach and the one shown earlier in Figure 6.7 using the SARA-based 

method. 

LENCE (PC-SAFT) yields an improved discerption of the UAOP boundary as compared to 

LENCE (PR), especially in the upper critical solution temperature region. The UAOP curve 

using LENCE(PR) seems flatter than that obtained from LENCE(PC-SAFT). This 

characteristic is also true when the phase envelopes are generated using a multiphase 

flash algorithm for both EOS. This is an indication that the temperature and pressure 

dependence of �̃�𝑟𝑒𝑠 as calculated by an equation of state is linked to how the equation of 

state models the UAOP curve. It is also an indication that this dependence is modeled 

more accurately with PC-SAFT than with PR EOS.   

Figure 6.16 shows comparison between LENCE (PC-SAFT) and LENCE (PR) for the cases 

investigated earlier in sections 6.5.2 (crude S1) and section 6.5.3 (crude B7). The UAOP 

curves predicted by LENCE (PR) also show a flatter behavior as compared to LENCE (PC-

SAFT). The predictions using LENCE (PR) seem slightly better than LENCE (PC-SAFT) for 

the UAOP at the lowest temperature of S1+5% HC as shown in Figure 6.16(a).  It is worth 

mentioning that due to the slow asphaltene aggregation kinetics, it is more likely that the 

true UAOP at the lowest temperature be bypassed (i.e. reported value of UAOP is lower 

than the true equilibrium, value). Since thermodynamic models provide equilibrium 

results, it is expected that the model yields onsets that are slightly above the reported 

value. Figure 6.16(b) shows that predictions of LENCE(PR) yield a lower UAOP than 
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experimental value at the lowest temperature, which is not a reasonable result. 

Therefore, the predictions of LENCE (PR) outside the tuning range seem to be inaccurate.   

 

 

Figure 6.16. UAOP phase envelopes using LENCE with the lumped solvent characterization 

approach using PC-SAFT and PR EOS.  

Figure 6.16(c) and Figure 6.16(d) show a comparison between LENCE(PC-SAFT) and 

LENCE(PR) for the case of B7 which was shown previously to contain inaccurate UAOP 

experimental data at the lowest temperature. Although the predictions from LENCE(PR) 

seem closer to the experimental data, it was shown before that these data are inaccurate 

(section 6.5.3) and that the predictions from LENCE(PC-SAFT) are provide more 

reasonable values. The UAOP predicted by LENCE(PR) for B7+30% CO2 is 9440 psi, 

whereas it was shown previously in Figure 6.11 that the UAOP is most likely higher than 

10,000 psi, which is in agreement with LENCE(PC-SAFT) predictions.  

0

2000

4000

6000

8000

10000

0 200 400 600 800

P
re

s
s
u

re
 /

 p
s
i

Temperature /  F

S1 + 5% HC

tuned

predicted

(a)

0

2000

4000

6000

8000

10000

0 200 400 600 800

P
re

s
s
u

re
 /

 p
s
i

Temperature /  F

UAOP Exp
BP Exp
UAOP LENCE-SAFT
UAOP LENCE-PR
BP PC-SAFT
BP PR

S1 + 10% HC

tuned

predicted

(b)

0

4000

8000

12000

16000

20000

0 200 400 600 800

P
re

s
s
u

re
 /

 p
s
i

Temperature /  F

B7 + 20% CO2

(c)

tuned

0

4000

8000

12000

16000

20000

0 200 400 600 800

P
re

s
s
u

re
 /

 p
s
i

Temperature /  F

B7 + 30% CO2

(d)

tuned



152 

 

As a last note, since the cubic EOS in general requires less computational time than SAFT-

based models, using LENCE(PR) also requires less computational time as compared to 

LENCE(PC-SAFT). It is found that to construct a UAOP phase envelope consisting of 31 

points, it takes LENCE(PR) about 0.86 s as compared to 2.28 s when using LENCE(PC-

SAFT).  

6.8. Conclusion and Final Remarks 

The LENCE model developed in this work can be used to predict the temperature 

dependence of asphaltene onset pressure in petroleum fluids where at least two reliable 

AOP data points are available. The model is also capable of detecting experimental 

uncertainties in reported AOP data and generating the asphaltene phase envelope even 

in cases where AOP data follow an unusual trend. Using LENCE to generate the 

asphaltene phase envelope has the following advantages: 

1. Simple optimization procedure.  

2. Simple, fast, and reliable calculation of the AOP. 

3. Improved LLE behavior in the lower temperature region. 

We also demonstrated how cubic equations of state such as PR can be used in conjunction 

with LENCE to construct the AOP phase boundary. The results indicate that the AOP 

phase boundary from LENCE(PR) is flatter than that from LENCE(PC-SAFT) which is also 

a characteristic of the AOP envelope obtained using a multiphase flash algorithm. 

LENCE(PR) does not seem to yield accurate results as compared to LENCE(PC-SAFT).
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Chapter 7  

 

Formulation of a General Cubic-Plus-

Chain (CPC) Equation of State 

7.1. Introduction 

The work presented thus far was primarily based on PC-SAFT EOS where we successfully 

formulated methodologies that showed excellent predictive capabilities for modeling 

PVT properties and asphaltene precipitation in crude oil systems. The accuracy and 

applicability of SAFT-based models, however, come at the expense of complexity and 

computational speed. For applications requiring only a limited number of equilibrium 

calculations, SAFT-based models are fast enough that many researchers are willing to 

pay the time penalty to obtain more accurate results. However, for computations like 

multiphase pipe flow or reservoir simulation that sometimes require millions of calls to 

the equation of state function, SAFT-based models are prohibitive, and the cubic equation 

of state models, despite their well-known deficiencies, remain the most popular for these 

applications. 

Sisco and Abutaqiya et al.172 presented the cubic-plus-chain (CPC) equation of state 

which is a framework for modifying the classical cubic equations of state by adding a term 



154 

 

to account for energy change due to monomer bonding to form a chain.172 CPC adds the 

SAFT chain term173 to a cubic equation of state model, making it a conceptually attractive 

framework for describing the physics of nonpolar chain-like molecules such as high 

molecular weight alkanes and polymer systems which are known to be poorly described 

by the classical cubic equation of state models. 

SAFT-based models have shown some undesirable characteristics for liquid-liquid phase 

splitting of asphaltic crude oils at low temperatures. As shown in Chapter 6, we identified 

the “minimum upper critical solution temperature” (MUCST) predicted by PC-SAFT. 

Below this temperature and above the bubble pressure of the oil, the PC-SAFT model 

predicts that asphaltenes are inherently unstable in the bulk oil and that increasing 

pressure cannot dissolve asphaltenes back in solution. This drawback in the SAFT 

models, along with their relatively slow execution times, motivated the development of 

CPC EOS.  

In this chapter, we present a general formulation of the CPC EOS which can be used with 

any reference cubic EOS and any radial distribution function (RDF) to form the chain. The 

formulation presented in this chapter will facilitate further research and development of 

CPC EOS to optimize its performance. We will also shed some light into the functional 

behavior and critical compressibility trends predicted by CPC. Most of the material 

presented in this chapter are published in ref. [172]. 
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7.2. Theory 

Classical cubic EOS such as Redlich-Kwong (RK)11, Soave-Redlich-Kwong (SRK)12, and 

Peng-Robinson (PR)13 are amongst the most popular in this class. The pressure equation 

of a cubic EOS can be written in the following generic form:  

𝑃 =
𝑛𝑅𝑇

𝑉
(1 +

𝐵

𝑉 − 𝐵
) −

𝐴

(𝑉 + 𝛿1𝐵)(𝑉 + 𝛿2𝐵)
 (7.1) 

where 𝐴 and 𝐵 quantify the attraction force and excluded volume of the molecules, 

respectively, and 𝛿1 and 𝛿2 are constants specific to the EOS. For vdW, 𝛿1 = 𝛿2 = 0. For 

RK and SRK, 𝛿1 = 1, 𝛿2 = 0. For PR, 𝛿1 = 1 + √2, 𝛿2 = 1 − √2. 

For CPC, the pressure of the fluid is calculated by combining the generic cubic EOS with 

the chain term from SAFT, yielding: 

 

𝑃𝐶𝑃𝐶 =
𝑛𝑅𝑇

𝑉
(1 +

�̅�2𝐵

𝑉 − �̅�𝐵
) −

�̅�2𝐴

(𝑉 + 𝛿1�̅�𝐵)(𝑉 + 𝛿2�̅�𝐵)

−
𝑛𝑅𝑇

𝑉
[
�̅�𝐵

𝑉
∑𝑛𝑖(𝑚𝑖 − 1)

𝑁𝐶

𝑖

g′(𝑉)

g(𝑉)
] 

(7.2) 

where �̅� is the mole-average chain length or segment number and g(𝑉) is the radial 

distribution function (RDF) evaluated at contact. 

The CPC model molecule is shown in Figure 7.1. The interaction energy (𝐴) and excluded 

volume (𝐵) describe segment properties and the chain length (𝑚) extends the segment 

properties over the length of the chain molecule. 
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Figure 7.1 CPC model molecule. Interaction energy (𝐴) and excluded volume (𝐵) of the monomer 

are extended over the length of the chain (𝑚). When 𝑚 = 1, the CPC model molecule becomes a 

single spherical monomer like the cubic EOS model molecule. 

In terms of the reduced residual Helmholtz, the cubic-plus-chain (CPC) equation of state 

is written: 

𝐹 =
𝐴𝑅(𝑇, 𝑉, 𝒏)

𝑅𝑇
= �̅�𝑎mon + 𝑎chain (7.3) 

where the monomer term (mon) accounts for the repulsive (rep) and attractive (att) 

contributions of the monomer and the chain term accounts for the monomer bonding 

contribution.  

The monomer and chain terms of CPC are given by: 

 𝑎mon = 𝑎rep + 𝑎att (7.4) 

 𝑎rep = −𝑛 ln(1 − 𝛽)  

 𝑎att = −
𝐴

𝐵𝑅𝑇(𝛿1 − 𝛿2)
ln [

1 + 𝛿1𝛽

1 + 𝛿2𝛽
]  

𝐴

𝑚𝐵
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 𝑎chain = −∑𝑛𝑖(𝑚𝑖 − 1) ln g(𝛽)

𝑖

  

where the repulsive and attractive contributions are given by the generic cubic EOS, and 

the chain contribution is given by SAFT. The reduced volume (𝛽) is defined as a ratio of 

the excluded volume of the chain to the total volume of the system: 𝛽 = �̅�𝐵/𝑉. 

From the equation for the residual Helmholtz energy, any thermodynamic property of 

interest can be calculated via differentiation. For example, the compressibility factor 

equation is obtained by differentiating the CPC Helmholtz function with respect to 

volume or density. Deriving the compressibility factor equation from the reduced 

residual Helmholtz energy function can be done via either of the following relations: 

 𝑍 = 1 −
𝑉

𝑛
(
𝜕𝐹

𝜕𝑉
)
𝑇,𝑛

= 1 +
𝛽

𝑛
(
𝜕𝐹

𝜕𝛽
)
𝑇,𝑛

 (7.5) 

The compressibility factor equation for CPC written in terms of the reduced volume (𝛽) 

is given by: 

 𝑍𝐶𝑃𝐶 = 1 + �̅�𝑍mon + 𝑍chain (7.6) 

 𝑍mon(𝛽) =
�̅�𝛽

𝑛
[

𝑛

1 − 𝛽
−

𝐴

𝐵𝑅𝑇
[(1 + 𝛿1𝛽)(1 + 𝛿2𝛽)]

−1]  

 𝑍chain(𝛽) = −
1

𝑛
∑𝑛𝑖(𝑚𝑖 − 1)𝛽

g′(𝛽)

g(𝛽)
𝑖
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The mixing rules for CPC are given by: 

�̅� =∑𝑥𝑖𝑚𝑖

𝑖

 (7.7) 

�̅�2𝐴 =∑∑𝑛𝑖𝑛𝑗𝑚𝑖𝑚𝑗a𝑖𝑗
𝑗𝑖

  

�̅�𝐵 =∑𝑛𝑖𝑚𝑖𝑏𝑖
𝑖

  

The CPC mixing rules for 𝐴 and 𝐵 reduce to the classical cubic EOS mixing rules when 

𝑚𝑖 = 1 for all components. Also, the chain contribution to the pressure equation and 

Helmholtz energy is zero when all 𝑚𝑖 = 1. 

The combining rules for a𝑖𝑗 and 𝑏𝑖𝑗 are given by: 

a𝑖𝑗 = √a𝑖a𝑗(1 − 𝑘𝑖𝑗) (7.8) 

𝑏𝑖𝑗 =
1

2
(𝑏𝑖 + 𝑏𝑗)  

7.3. Estimation of CPC parameters 

7.3.1. Parameters a and b 

CPC is fully parameterized when the mole numbers (𝑛𝑖), monomer interaction energy 

(a𝑖), monomer excluded volume (𝑏𝑖), and chain length (𝑚𝑖) are defined for each 

component in the mixture. One way of obtaining parameters a𝑖 and 𝑏𝑖 for each 
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component is by forcing a match to the experimental 𝑇𝑐 and 𝑃𝑐  which is the approach 

most commonly used within the framework of classical cubic EOS. The difference 

between the CPC approach and classical cubic is that the derived a𝑖 and 𝑏𝑖 in CPC to force 

a match to the critical point are functions of 𝑇𝑐, 𝑃𝑐 , and 𝑚. This implies that there is one 

degree of freedom (𝑚) for each component which can be obtained by tuning to 

experimental bubble pressure and density.  

By matching the critical point, the expressions for a𝑖 and 𝑏𝑖 are as follows (the derivation 

can be found in Appendix C): 

a𝑖 = Ωa(𝑚)
𝑅2𝑇𝑐

2

𝑃𝑐
𝛼 (7.9) 

𝑏𝑖 = Ω𝑏(𝑚)
𝑅𝑇𝑐
𝑃𝑐

  

where Ωa(𝑚) and Ω𝑏(𝑚) are calculated by: 

 Ωa(𝑚) =
1

𝑚2
[
𝛽𝑐𝑍𝑐

2

𝜆mon
+ (𝑚 − 1)𝛽𝑐𝑍𝑐

𝜆chain

𝜆mon
] (7.10) 

 Ω𝑏(𝑚) =
1

𝑚
𝛽𝑐𝑍𝑐 

 

with: 

𝜆𝑐𝑢𝑏𝑖𝑐 = −𝑓1 + (1 − 𝛽𝑐)(𝛽𝑐𝑓2 + 𝑓1) (7.11) 
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𝜆𝑐 𝑎𝑖𝑛 = 1 + 𝛽𝑐𝑔
′(𝛽𝑐) − (1 − 𝛽𝑐)[−𝛽𝑐

2𝑔′′(𝛽𝑐) − 2𝛽𝑐𝑔
′(𝛽𝑐) − 1]  

Functions 𝑓1 − 𝑓3 are related to the chosen reference cubic EOS: 

𝑓1(𝛽𝑐) =
𝛽𝑐

(1 + 𝛿1𝛽𝑐)(1 + 𝛿2𝛽𝑐)
 (7.12) 

𝑓2(𝛽𝑐) =
1 − 𝛿1𝛿2𝛽𝑐

2

(1 + 𝛿1𝛽𝑐)2(1 + 𝛿2𝛽𝐶)2
  

𝑓3(𝛽) =
𝛿1
2𝛿2

2𝛽𝑐
3 − 3𝛿1𝛿2𝛽𝑐 − 𝛿1 − 𝛿2

(1 + 𝛿1𝛽𝑐)3(1 + 𝛿2𝛽𝑐)3
  

The critical compressibility 𝑍𝑐 in eq. (7.10) is calculated from: 

𝑍𝑐 = 𝑚𝑍𝑐
𝑐𝑢𝑏𝑖𝑐 + (1 −𝑚)𝑍𝑐

𝑐 𝑎𝑖𝑛 (7.13) 

𝑍𝑐
𝑐𝑢𝑏𝑖𝑐 =

1

(1 − 𝛽𝑐)(1 + 𝑓1/𝜆𝑐𝑢𝑏𝑖𝑐)
  

𝑍𝑐
𝑐 𝑎𝑖𝑛 = [𝑓1

𝜆𝑐 𝑎𝑖𝑛

𝜆𝑐𝑢𝑏𝑖𝑐
+ 1 + 𝛽𝑐𝑔′(𝛽𝑐)]

1

(1 + 𝑓1/𝜆𝑐𝑢𝑏𝑖𝑐)
  

The derivatives of the radial distribution function are: 

𝑔′(𝛽) =
𝜕𝑙𝑛𝑔(𝛽)

𝜕𝛽
 (7.14) 

𝑔′′(𝛽) =
𝜕2𝑙𝑛𝑔(𝛽)

𝜕𝛽2
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The value of 𝛽𝑐 in the above equations is the solution to the following equation: 

2(2𝛽𝑐 − 1)

(1 − 𝛽𝑐)3
− 2(

(1 − 𝑚)

𝑚
[𝛽𝑐

2𝑔′′(𝛽𝑐) + 2𝛽𝑐𝑔
′(𝛽𝑐) + 1 ]

+
1

(1 − 𝛽𝑐)2
) [
𝛽𝑐

2𝑓3(𝛽𝑐) − 𝑓1(𝛽𝑐)

𝛽𝑐𝑓2(𝛽𝑐) − 𝑓1(𝛽𝑐)
]

+
(1 − 𝑚)

𝑚
[𝛽𝑐

3𝑔′′′(𝛽𝑐) + 2𝛽𝑐
2𝑔′′(𝛽𝑐) − 2𝛽𝑐𝑔

′(𝛽𝑐) − 2]

= 0 

(7.15) 

where the only unknown is 𝛽𝑐 which can be easily solved using the secant method. 

7.3.2. Parameter m 

Parameters 𝑎𝑖 and 𝑏𝑖 can be determined from experimental 𝑇𝑐 and 𝑃𝑐  for a given value of 

𝑚𝑖. Values of 𝑚𝑖 for pure components can be obtained by tuning to saturation liquid 

density and saturation pressure. Sisco and Abutaqiya et al.172 showed that tuning 𝑚𝑖 

improves the prediction of bubble pressure for CPC-RKE (i.e. using RK for the monomer 

and Elliott RDF) as compared to RK EOS for heavy alkanes. The authors also showed that 

liquid density predictions are improved as compared to RK but they are still not better 

than those obtained from PC-SAFT, likely because of the critical point matching. Table 

7.1 shows a list of optimized values for 𝑚𝑖 for selected alkanes, benzene derivatives, and 

gases. 
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Table 7.1. Critical properties and CPC-RKE chain length (𝑚) for select n-alkanes, benzene 

derivatives, and nonhydrocarbon gases. 𝑚 for each component is tuned to DIPPR174 correlations 

for saturation pressure and density. 

Component 
𝑀𝑊 𝑇𝑐 𝑃𝑐 𝑚 

[g/mol] [K] [bar] [-] 

n-alkanes 

methane 16.043 190.6 45.99 0.8733 

ethane 30.070 305.3 48.72 1.3301 

propane 44.096 369.8 42.48 1.7047 

butane 58.123 425.1 37.96 2.0854 

pentane 72.146 469.7 33.70 2.6278 

hexane 86.177 507.6 30.25 3.1708 

heptane 100.203 540.2 27.40 3.7948 

octane 114.231 568.7 24.90 4.4125 

nonane 128.26 594.6 22.90 4.9937 

decane 142.285 617.7 21.10 5.6575 

undecane 156.312 639.0 19.50 6.2173 

dodecane 170.338 658.0 18.20 6.8653 

tridecane 184.365 675.0 16.80 7.5387 

tetradecane 198.392 693.0 15.70 8.0164 

pentadecane 212.419 708.0 14.80 8.7008 

hexadecane 226.446 723.0 14.00 9.1951 

heptadecane 240.473 736.0 13.40 10.0490 

octadecane 254.49 747.0 12.70 10.6229 

nonadecane 268.527 758.0 12.10 11.1571 

eicosane 282.553 768.0 11.60 11.7654 

     

benzene derivatives 

benzene 78.114 562.05 48.95 2.2503 

toluene 92.141 591.75 41.08 3.0329 

ethylbenzene 106.165 617.2 36.06 3.4995 

p-xylene 106.165 616.2 35.11 3.7226 

naphthalene 128.17 748.4 40.5 3.5002 

1-methylnaphthalene 142.20 772 36 4.0738 

     

gases 

nitrogen 28.014 126.19 33.96 0.8100 

hydrogen sulfide 34.081 373.1 90 1.1574 

carbon dioxide 44.010 304.13 73.77 2.3921 
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7.4. CPC function behavior 

7.4.1. Isotherms  

The classical cubic equations of state produce a maximum of three volume roots, a 

minimum of one which lies in the real domain and some of which may lie in the complex 

domain. Because CPC modifies the classical cubic EOS with the chain term from SAFT, it 

will not produce the same function behavior as the classical cubic EOS and should not be 

solved analytically as the function can be quartic or higher-order depending on the radial 

distribution function (RDF) and its effect on the behavior of the chain term. 

Writing CPC with the pure-component form of the RK EOS and the Elliott RDF (CPC-RKE) 

yields the following EOS in terms of the reduced volume (𝛽): 

 𝑃 =
𝑅𝑇

𝐵
[

𝛽

1 − 𝛽
−

𝐴

𝐵𝑅𝑇
(
𝛽2

1 + 𝛽
) +

(1 − 𝑚)

𝑚
𝛽 g(𝛽)] (7.16) 

 g(𝛽) = (
1

1 − 0.475𝛽
)  

This form can be rearranged to yield a polynomial in 𝛽 of the form: 

 𝛽4 + 𝐶3𝛽
3 + 𝐶2𝛽

2 + 𝐶1𝛽 + 𝐶0 = 0 (7.17) 

indicating that CPC-RKE is 4th order in volume, one order higher than the classical cubic 

EOS. The coefficients of the CPC-RKE polynomial are given by: 
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The 4th order polynomial in 𝛽 means that CPC-RKE yields four volume roots at a specified 

pressure and temperature. However, this additional volume root has been found to 

always correspond to an unphysical value of 𝛽. Inside the feasible range (𝛽 ∈ (0, 1)), CPC-

RKE shows a maximum of three real roots for 𝛽, similar to the classical cubic EOS. The 

highest of these real roots corresponds to the reduced liquid volume, the lowest 

corresponds to the reduced vapor volume, and the intermediate root does not have a 

physical meaning.  An important implication of this behavior is that, within the feasible 

range, the predicted isotherms using CPC-RKE are similar in shape to those predicted by 

the classical cubic EOS. Figure 7.2 shows P-V isotherms from RK, CPC-RKE (Redlich-

Kwong monomer with Elliott RDF) and CPC-RKCS (Redlich-Kwong monomer with 

Carnahan-Starling RDF) for n-decane at different reduced temperatures. Note that the 

critical isotherms for RK, CPC-RKE, and CPC-RKCS in Figure 7.2 almost completely 

overlap. The similar behavior of CPC-RKE and CPC-RKCS as compared to the classical 

cubic EOS within the feasible range implies that they have similar computational 



165 

 

characteristics. The simulation parameters used to generate the results in Figure 7.2 are 

given in Table 7.2. 

 

Figure 7.2. P-V isotherms predicted by RK, CPC-RKE, and CPC-RKCS for n-decane. RKE 

corresponds to a RK monomer with Elliott RDF. RKCS corresponds to a RK monomer with 

Carnahan-Starling RDF. In the feasible region of reduced volume (𝛽 ∈ (0, 1)), CPC shows a 

maximum of three volume roots, like the classical cubic EOS. Additional roots occur outside the 

physically allowable domain. 

Table 7.2. CPC simulation parameters for n-decane. 

Component 
𝑀𝑊 𝑇𝑐 𝑃𝑐  𝑚 

[g/mol] [K] [bar] [-] 

n-decane 142.285 617.7 21.10 5.6575 

When using a numerical volume solver algorithm, only values of 𝛽 in the feasible range 

are considered, meaning that the computational procedure for CPC, regardless of RDF, is 

similar to that of RK as the two models behave similarly in the feasible range. This is an 

advantage over other non-cubic equations of state (e.g. BWR,175 PC-SAFT,25…etc.) that 

can show false roots in the feasible range. The primary computational disadvantage for 

CPC relative to the classical cubic EOS is that the initialization of 𝛽 is more refined for the 
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classical cubic EOS, so convergence will often take an extra iteration or two, but this 

causes a mostly negligible difference in computational time for CPC relative to the 

classical cubic EOS. 

7.4.2. Critical compressibility (𝒁𝒄) 

The classical cubic EOS is known for to predict a constant 𝑍𝑐 for all components (e.g. 

𝑍𝑐
𝑣𝑑𝑊 = 0.3750, 𝑍𝑐

𝑅𝐾 = 1 3⁄ , 𝑍𝑐
𝑃𝑅 = 0.3074. The addition of the chain term in CPC means 

that 𝑍𝑐 is no longer constant and that it is a function of 𝑚𝑖 which is a more realistic 

representation. With the general form of CPC derived earlier, various cubic equations of 

state can be used in the monomer contribution term and various RDFs can be used in the 

chain contribution term to investigate how the critical compressibility changes with m.  

Figure 7.3 shows plots for the critical compressibility factor (𝑍𝑐) as a function of chain 

length (𝑚) for vdW, RK, and PR with the Elliott and Carnahan-Starling RDFs. Note that 

for 𝑚 =  1, the predicted 𝑍𝑐 reduces to that of the reference cubic used for the monomer. 

The plots for 𝑍𝑐 vs. 𝑚 look nearly identical regardless of RDF, and all monomer equations 

of state with any RDF seem to converge to 𝑍𝑐 = 1/3 as chain length grows. These 

observations are not in line with the experimental trend for 𝑍𝑐 as a function of n-alkane 

length (which can be viewed as a sort of chain length) since 𝑍𝑐 = 0.286 for methane and 

decreases as chain length increases, as shown in Table 7.3. However, it is known that 

classical or mean-field EOS are expected to yield 𝑍𝑐 values that are greater than the 

experimental values in order to obtain a reasonable representation of densities.16,176 

Therefore, despite the observed deviations from experimental 𝑍𝑐, it is still possible that 

CPC matches liquid density accurately away from the critical point.  
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Figure 7.3. Critical compressibility factor (𝑍𝑐) as a function of chain length (𝑚) for CPC-vdW, CPC-

RK, and CPC-PR with the Elliott RDF. For 𝑚 = 1, the critical compressibility factor of CPC reduces 

to that of the monomer EOS. 

 

Table 7.3. CPC-RKE chain length (𝑚) and experimental critical compressibility factor (𝑍𝑐) for n-

alkanes from methane to decane. 

Component 𝒎𝑪𝑷𝑪−𝑹𝑲𝑬  𝒁𝒄 (Exp) 

methane 0.8733 0.286 

ethane 1.3301 0.279 

propane 1.7047 0.276 

n-butane 2.0854 0.274 

n-pentane 2.6278 0.270 

n-hexane 3.1708 0.266 

n-heptane 3.7948 0.261 

n-octane 4.4125 0.256 

n-nonane 4.9937 0.252 

n-decane 5.6575 0.247 
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7.5. Modeling phase behavior of mixtures 

Once the simulation parameters for pure components (a𝑖, 𝑏𝑖, 𝑚𝑖) are defined, the average 

chain length (�̅�), interaction energy (𝐴), and excluded volume of the monomer (𝐵) can 

be calculated for mixtures from the mixing and combining rules in eqs. (7.7)-(7.8). With 

𝐴, 𝐵, and �̅� defined, the CPC pressure equation, as well as any other thermodynamic 

property, can be calculated from the residual Helmholtz function (eq. (7.3)) and its 

derivatives. 

In the next sections, phase behavior modeling is first performed for standard molecules 

that have experimentally measurable critical points and whose simulation parameters 

are determined from the tuning approach presented in Section 7.3. Then, a 

polymer/solvent cloud point calculation is shown. The systems modeled in this section 

were first modeled with PC-SAFT by Gross and Sadowski25,36 to show the superior 

performance of PC-SAFT over one of the earliest versions of SAFT proposed by Huang 

and Radosz.177,178 Here, we compare CPC-RKE to PC-SAFT to illustrate how well the 

proposed CPC framework does in predicting phase behavior relative to arguably the most 

widely used non-cubic equation of state for nonpolar hydrocarbons. It is not expected 

that CPC-RKE should outperform PC-SAFT in predicting the phase behavior of these 

systems for two key reasons. First, the PC-SAFT parameters for pure components are 

tuned to match saturation pressure and density while CPC-RKE is forced to match the 

critical point and only one parameter (𝑚) is tuned to saturation pressure and density. 

Second, PC-SAFT is a much more computationally expensive algorithm which accounts 

explicitly for effects that are not considered in CPC-RKE. For example, the RDF in CPC-
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RKE produces a single value that is independent of temperature while the RDF in PC-

SAFT produces a 𝑁𝐶 x 𝑁𝐶 matrix with temperature-dependence on the diameter of the 

monomer segment. The primary utility of CPC is that it is a computationally inexpensive 

equation of state that accounts for the major contributions to the phase behavior of long-

chain nonpolar components that are missing from the classical cubic equation of state.  

7.5.1. Standard molecules 

P-xy diagrams for three hydrocarbon binary mixtures are provided in Figure 7.4, Figure 

7.5, and Figure 7.6 showing the predictive capability of CPC-RKE relative to PC-SAFT. 

These three systems pair a light gas with different types of hydrocarbon solvents. In the 

first system, methane is paired with a light n-alkane. In the second system, ethane is 

paired with a heavy n-alkane. In the third system, propane is paired with an aromatic 

compound.  

The CPC-RKE simulation parameters for the pure components can be found in Table 7.1, 

and the PC-SAFT simulation parameters can be found in the work of Gross and 

Sadowski.25 With the pure component parameters defined, the only tunable parameter 

for these systems is the 𝑘𝑖𝑗 that modifies the cross-interaction energy between unlike 

components. For all cases shown in this section, 𝑘𝑖𝑗 = 0, so the predictions are performed 

without tuning to mixture experimental data. CPC-RKE shows good agreement to the 

experimental data and outperforms PC-SAFT in some cases.   
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Figure 7.4. Vapor-liquid equilibrium (VLE) of methane/n-butane mixture. Comparison of CPC-

RKE and PC-SAFT to experimental data. 𝑘𝑖𝑗 = 0 for both cases. Experimental data from Sage et 

al.179 

 

Figure 7.5. Vapor-liquid equilibrium (VLE) of ethane/n-decane mixture. Comparison of CPC-RKE 

and PC-SAFT to experimental data. 𝑘𝑖𝑗 = 0 for both cases. Experimental data from Reamer and 

Sage.180 
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Figure 7.6. Vapor-liquid equilibrium (VLE) of propane/benzene mixture. Comparison of CPC-

RKE and PC-SAFT to experimental data. 𝑘𝑖𝑗 = 0 for both cases. Experimental data from Glanville 

et al.181 

7.5.2. Polymers 

The classical cubic equation of state models, with a𝑖 and 𝑏𝑖 tuned to match the critical 

point, are incapable of describing polymer physics to any acceptable degree of accuracy. 

Other researchers that have attempted to perform polymer modeling with standard 

cubic models have focused on changing the expressions for calculating a𝑖 and 𝑏𝑖 of the 

polymer component and/or using mixing rules in terms of excess Gibbs.182–185 These 

types of models have not been shown to accurately predict solid-liquid or liquid-liquid 

equilibria at high pressures. CPC-RKE, which applies a simple chain modification to the 

cubic equation of state, is capable of modeling high-pressure liquid-liquid equilibria for 

polymer/solvent systems.  

To illustrate, a cloud point calculation with CPC-RKE is performed for a polymer/solvent 

system and compared to PC-SAFT.36 The results are shown in Figure 7.7. 
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Figure 7.7. Liquid-liquid equilibrium (LLE) of polypropylene (PP)/n-pentane system. 

Comparison of CPC-RKE and PC-SAFT to experimental data. Experimental data from Martin et 

al.186 𝑘𝑖𝑗 for PP/n-pentane with CPC is given by: 𝑘𝑖𝑗(𝑇) = 0.0011 𝑇(℃) − 0.177. 

The performance of CPC-RKE in predicting saturation pressures for polymers is driven 

primarily by the chain term, which is largely dependent on the RDF. As mentioned before, 

the RDF used in this work for CPC-RKE is single-valued and temperature-independent, 

whereas the RDF in PC-SAFT is a 𝑁𝐶 x 𝑁𝐶 matrix where each value in the matrix is 

temperature-dependent. This lack of temperature-dependence on the molecule volume 

in CPC-RKE is likely the reason that a temperature-dependent binary interaction 

parameter is required to capture the cloud point trends correctly. The PC-SAFT and CPC 

simulation parameters for polypropylene are given in Table 7.4. 

Table 7.4. Simulation parameters for PC-SAFT and CPC-RKE for polypropylene. 

  PC-SAFT CPC-RKE* 

Component 
𝑴𝑾 𝒎/𝑴𝑾 𝝈 𝝐 𝒌⁄  𝒎/𝑴𝑾 𝛀  𝛀𝒃 

[kg/mol] [-] [Å] [K] [-] [-] [-] 

polypropylene (PP) 50.4 0.0235 4.1 217 0.0120 0.177 0.046 
*Ωa, Ω𝑏 are used in eq. (7.9 to define a𝑖 and 𝑏𝑖 
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7.6. Conclusion and Final Remarks 

We presented a general formulation of CPC along with mixing and combining rules to 

calculate mixture properties and perform VLE and LLE calculations. Unlike classical cubic 

EOS, CPC can model cloud point and density of polymer systems within a physical 

thermodynamic framework. 

The general formulation of CPC presented in this chapter allows for the investigation of 

various reference cubic EOS to represent the monomer, radial distribution functions for 

the chain term, and alpha functions to represent the temperature dependence of the 

interaction energy. Using this general formulation, we showed that the behavior of CPC 

using the RDF of Elliot or Carnahan-Starling are both cubic within the physical region. 

This is a clear computational advantage over other non-cubic models such as SAFT-based 

EOS.  We also showed that the critical compressibility predicted by CPC converges to a 

value of 1/3, regardless of the reference cubic EOS used.  This behavior is contrary to 

experimental observations but does not necessarily mean that CPC is not capable of 

modeling liquid density. Interestingly, using vdW as the reference cubic EOS for CPC 

yields trends that are qualitatively similar to the experimental trend (i.e. decreasing with 

increasing chain length) but still overpredicting the values. Several models in the 

literature, including SAFT, overpredicts the critical compressibility and yet yield highly 

accurate liquid densities (away from the critical point). Appropriate scaling can be 

implemented to obtain the proper trend of critical compressibility if it is of interest to 

model near-critical fluids.  
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Chapter 8  

 

Conclusions and Future Work 

8.1. Predictive modeling for crude oils 

In this work we developed improved correlations to calculate PC-SAFT simulation 

parameters (𝑚,𝜎, 휀/𝑘) for nonpolar hydrocarbons using molecular weight and refractive 

index (or density) at 20 °C. Instead of matching PC-SAFT parameters directly, the 

coefficients in our correlations are fine-tuned to match bubble pressure and saturation 

density of 46 pure components belonging to families of n-alkanes, benzene derivatives, 

and naphthalene derivatives.  

The main advantage of the developed correlations is that they do not require 

specification of the hydrocarbon family. This is especially attractive for the purpose of 

modeling crude oils and petroleum fractions where an exhaustive compositional analysis 

is not readily available. We presented a simple methodology for modeling temperature- 

and pressure-dependence of density of dead oils and petroleum fractions (i.e. gasoline, 

diesel, and jet fuels). In this approach, the petroleum fraction of interest is treated as a 

pseudo-pure component (or a lumped solvent) with PC-SAFT parameters obtained from 

the newly-developed correlations and the mixture’s molecular weight and refractive 
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index (or density) at 20 °C. Modeling results of various dead oils and petroleum fractions 

show excellent predictive capability of density at high temperatures and pressures up to 

470 K and 400 bars when molecular weight and density at 20 °C are used to parameterize 

the correlations.  

We also formulated a methodology to implement the lumped-solvent approach for 

predictive modeling of live oils with gas injection. The predictive capability of the model 

was further tested against 591 density measurements and 116 bubble point 

measurements from 32 crude oils from around the world. The model can predict, without 

any tuning parameters, density and bubble pressure with an accuracy of 1.06% and 

4.82%, respectively. In addition, we tested the model against bubble pressure data with 

prior knowledge about the existence of an experimental inaccuracy. The model showed 

the ability to detect the experimental uncertainties in bubble pressure without the need 

of adjustable parameters. 

Future work in this area should mainly focus on improving the predictive capability of 

the correlations that use molecular weight and refractive index (here called ASV-𝐹𝑅𝐼 

correlations). It is found that ASV-𝐹𝑅𝐼 yield density predictions with AAPD of 2-3%, unlike 

ASV-𝜌 which yields density predictions with AAPD of <1% for crude oils and petroleum 

fractions. Improving ASV-𝐹𝑅𝐼 correlations is of importance because measurements of 

refractive index are more favorable than measurements of density for several reasons:127 

1) it requires reduced volume of sample., 2) it is faster, 3) it requires simple and 

infrequent calibration, and 4) risk of fouling is significantly reduced.     
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8.2. Development of new characterization factor for hydrocarbons 

We developed a new hydrocarbon characterization factor from molecular weight and 

refractive index at 20 °C. The characterization factor, called aromatic ring index (ARI), 

can clearly distinguish between different families of hydrocarbons including n-alkanes, 

cyclo-alkanes, benzene derivatives, and naphthalene derivatives, unlike the well-known 

Watson characterization factors which shows overlap in cyclo-alkanes and benzene 

derivatives and requires knowledge of true boiling point which is not as easily measured. 

The new characterization factor can also provide an indication of the number of aromatic 

rings present in the component, making it a reasonable representation of the aromaticity. 

Additionally, ARI was calculated for various well-defined mixtures with known 

compositions and the results indicate that ARI values of these mixtures show reasonable 

trends in accordance to their content. For example, binary and ternary mixtures of n-

alkanes yield ARI value of 0.0 whereas binary and ternary mixtures of benzene-

derivatives yield ARI value of roughly 1.0.  The reasonable trends in ARI were also 

observed for crude oil pseudo-fractions and showed increasing values with heavier 

components, with asphaltenes having the highest ARI.  

8.3. Characterization and modeling of polydisperse asphaltenes 

We presented a characterization methodology to model polydisperse asphaltenes in a 

crude oil produced from deep-water using PC-SAFT and the developed correlations. The 

polydisperse nature of asphaltenes is captured by fractionating the asphaltenes based on 

alkane titration experiments. The molecular weight of the polydisperse asphaltenes are 



177 

 

obtained from a gamma distribution. The monomer asphaltene molecular weight is 

obtained from the heavy end of the molecular weight distribution of the stock tank oil. 

The formulated methodology allows for a various number of maltene and asphaltene 

pseudo-fractions without the need of additional tuning parameters.   

A sensitivity analysis is performed to understand the implications of the assumption of 

polydisperse asphaltenes. The results indicate that treating the asphaltenes as a 

monodisperse fraction yield more stable asphaltenes (i.e. requiring more volume of 

precipitant to induce precipitation, or a lower AOP for the live oil at high T). Despite that, 

the predicted amounts of precipitated asphaltenes is always higher when they are 

treated as monodisperse. This in mainly because when asphaltenes are treated as 

monodisperse, all asphaltenes will partition equally to the onset phase since they have 

the same solubility, whereas when polydispersity is considered the least soluble 

asphaltenes will precipitate first, followed by the second least soluble, …etc. 

Subsequently, it was only possible to reproduce titration experiments using the Indirect 

Method when a polydisperse mixture of asphaltenes was considered. For the purpose of 

modeling of asphaltene precipitation amounts and deposition, taking asphaltene 

polydispersity into account is crucial in obtaining accurate and representative results. 

Future work in this area should focus on how accurately the proposed modeling 

framework performs in modeling systems that require additional detail on the maltene 

pseudo-fraction. An example of such systems is modeling liquid drop out in gas 

condensates. This will test the ability of the developed correlations and modeling 

methodology in capturing the dew point curve and gas condensation.  
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8.4. LENCE model for improved LLE modeling at low temperatures 

We developed a semi-empirical model to accurately capture the liquid-liquid phase 

boundary at low temperatures where PC-SAFT shows a sharply increasing onset curve. 

It was observed that a normalized cohesive energy function is linearly related to 

temperature along the UAOP curve for various crude oils with various amounts of gas 

injection. We developed a methodology to construct the UAOP curve using a linear 

extrapolation of normalized cohesive energy (LENCE), where we calculate cohesive 

energy using PC-SAFT. The LENCE model can be used to predict the temperature 

dependence of asphaltene onset pressure in petroleum fluids where at least two reliable 

AOP data points are available. The model is also capable of detecting experimental 

uncertainties in reported AOP data and generating the asphaltene phase envelope even 

in cases where AOP data follow an unusual trend. The model does not require a phase 

boundary search algorithm and, therefore, is much faster in calculating AOP. 

In the work presented thus far for LENCE, we only investigated the temperature-

dependence of AOP. Extension of LENCE to capture the composition-dependence of the 

asphaltene onset pressure is an important step in order to be able to perform predictions 

of asphaltene onset with gas injection. Consistent trends are observed in the LENCE 

coefficients as gases are injected as shown in Figure 6.3 which implies that it is possible 

to develop a fully predictive model that also includes the composition-dependence. 

Furthermore, in this work we used both PC-SAFT and PR calculate �̃�𝑟𝑒𝑠 for the 

implementation of LENCE. We showed that the modeling results using LENCE(PR) are 

not as accurate as LENCE(PC-SAFT). Alternatively, it is possible to obtain �̃�𝑟𝑒𝑠  indirectly 
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from experimental measurements since �̃�𝑟𝑒𝑠 is related to the Hildebrand solubility 

parameter (𝛿) and molar volume (𝑣) which are both readily obtained experimentally or 

by application of simple-empirical models.112,120 The temperature and pressure 

dependence of solubility parameter can be derived from thermodynamic principles as 

was shown by the work of Wang et al.187 The challenge in this approach is to accurately 

capture the composition dependence of solubility parameter so that live oil properties 

can be calculated from dead oil measurements. 

8.5. Cubic-Plus-Chain (CPC) EOS 

PC-SAFT EOS was used throughout this research work due to its high accuracy which is 

necessary for the development of predictive models for crude oil systems. Classical cubic 

equations of state fail in modeling liquid density of pure components and phase behavior 

of systems with significant size differences such as asphaltene and polymer systems. 

Despite that, cubic equations of state are arguably the most widely used EOS in the 

industry, simply due to their favorable computational characteristics. This motivated the 

development of cubic-plus-chain (CPC) EOS which is an equation that hybridizes the 

classical cubic EOS with the chain term from SAFT, first introduced by Sisco and 

Abutaqiya et al.172 In this work, we presented a general formulation of CPC that allows 

the use of any reference cubic EOS (e.g. vdW, RK, SRK, PR,…etc.) with any radial 

distribution function for the chain term (e.g. Carnahan-Starling, Elliott,…etc.). We also 

showed examples of modeling VLE and LLE using CPC for hydrocarbon mixtures. The 

general formulation is presented such that the critical temperature and pressure which 

are fed to the EOS are reproduced by the EOS. 
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Future work in this area includes re-optimizing the critical temperature and critical 

pressure for the pure components to obtain an improved match to experimental bubble 

pressure and density. This approach was first implemented by Ting et al.188 who re-

optimized the critical constants for long chain hydrocarbons and showed that PR EOS can 

yield very good bubble pressure and liquid density predictions. With the general CPC 

formulation presented in this chapter, this approach can be investigated using various 

permutations of reference cubic EOS, RDF, and alpha function in order to arrive at the 

most suitable combination for CPC.   

Once we arrive at a CPC formulation that can accurately capture liquid density and bubble 

pressure for pure components, all the work presented in this research can be re-visited 

with CPC instead of PC-SAFT. Correlations for 𝑇𝑐, 𝑃𝑐 , and 𝑚 can be developed as a function 

of 𝑀𝑊 and 𝐹𝑅𝐼,20 (or 𝜌20) and the predictive modeling for crude oils and petroleum 

fractions can be tested. Additionally, the characterization procedure presented in 

Chapter 5  was formulated in a general manner such that it can be applicable to any 

equation of state. Of course, the predictive capability is still highly dependent on the 

accuracy of the equation of state, but the characterization methodology is the same. Since 

CPC is showing promising results in modeling polymer systems, it should be expected 

that it performs well for modeling asphaltene precipitation. Finally, extensions of LENCE 

using CPC EOS can be easily implemented. The main advantage of CPC compared to PC-

SAFT is its more favorable computational characteristics making it a good candidate as 

an engineering model for the oil and gas industry.
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Appendix A 
 

A Note on the Geometric and Arithmetic 
Mean Approximation in Regular Solution 

Theory  

Regular Solution Theory (RST) is based on the assumptions of zero excess entropy 

and excess volume for solutions. This implies that the excess Gibbs (𝑔𝐸) of a mixture 

is equal to the excess internal energy (𝑢𝐸). The expression for 𝑢𝐸  of a binary mixture 

subject to RST assumptions is: 

𝑢𝐸 = 𝑣𝜑1𝜑2(𝑐11 − 2𝑐12 + 𝑐22) (A.1) 

where 𝑣 is molar volume of mixture, 𝜑𝑖 is volume fraction of 𝑖, 𝑐𝑖𝑖 is the cohesive 

energy density of pure 𝑖, and 𝑐12 is the cross cohesive energy density between 

components 1 and 2. An important assumption in RST is that the cross cohesive 

energy density between two components follows the geometric mean approximation: 

𝑐12 = √𝑐11𝑐22 (A.2) 
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which upon substitution in A.1 and utilizing the relation between cohesive energy 

density and solubility parameter, i.e. 𝑐 = 𝛿2, we can derive the well-known activity 

coefficient model of a component in a binary mixture using RST: 

𝑅𝑇𝑙𝑛𝛾1 = 𝑣1𝜑2
2(𝛿1 − 𝛿2)

2 (A.3) 

However, if the arithmetic mean approximation is imposed to calculate 𝑐12: 

𝑐12 =
𝑐11 + 𝑐22

2
 (A.4) 

and substituted in eq. A.1, it is immediately clear the result is 𝑢𝐸 = 0, implying an 

ideal solution.  This is a strange result that is difficult to explain since the implication 

is that any two components regardless of the differences in their cohesive energy 

density would always form an ideal solution of the cross cohesive energy density is 

assumed to follow an arithmetic mean approximation. We will show next two 

different paths of deriving eq. A.3; one starting from cohesive energy density similar 

to the original approach of Hildebrand189, and the other starting from vdW equation 

of state and utilizing the interaction energy parameter 𝑎. We will show that if the 

geometric mean approximation is imposed (for 𝑐12 𝑜𝑟 𝑎12), both approaches 

converge to the same expression shown in eq. A.3. However, if the arithmetic mean 
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approximation is used, the results are different and we no longer obtain the 

unreasonable ideal solution result mentioned earlier. 

Original derivation of RST from cohesive energy density 𝒄 

The starting point in the original derivation of RST is the assumption that cohesive 

energy density of a mixture can be calculated using a quadratic mixing rule based on 

averaged by the volume fraction of each component: 

𝑐𝑚𝑖𝑥 =∑∑𝜑𝑖𝜑𝑗𝑐𝑖𝑗

𝑛𝑐

𝑗=1

𝑛𝑐

𝑖=1

 (A.5) 

From the definition of cohesive energy density 𝑐 = −𝑢𝑟𝑒𝑠/𝑣 and assuming zero excess 

volume, one obtains for a binary mixture: 

𝑐𝑚𝑖𝑥 =
−𝑢𝑟𝑒𝑠

𝑣
=
𝜑1
2𝑐11 + 2𝜑1𝜑2𝑐12 + 𝜑2

2𝑐22
𝑥1𝑣1 + 𝑥2𝑣2

 (A.6) 

Using the definition of volume fraction 𝜑𝑖 = 𝑥𝑖𝑣𝑖/𝑣: 

−𝑢𝑟𝑒𝑠

𝑣
=
𝑥1
2𝑣1

2𝑐11 + 2𝑥1𝑥2𝑣1𝑣2𝑐12 + 𝑥2
2𝑣2

2𝑐22
(𝑥1𝑣1 + 𝑥2𝑣2)2

 (A.7) 

From expression of 𝑢𝑟𝑒𝑠 of the mixture we can derive the excess internal energy 𝑢𝐸: 

𝑢𝐸 = 𝑢 − (𝑥1𝑢1 + 𝑥2𝑢2) = 𝑢𝑟𝑒𝑠 − (𝑥1𝑢1
𝑟𝑒𝑠 + 𝑥2𝑢2

𝑟𝑒𝑠) (A.8) 
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Inserting expression for 𝑢𝑟𝑒𝑠 from eq. A.7 into eq. A.8 with some algebraic 

manipulation we get: 

𝑢𝐸 = 𝑔𝐸 = 𝑣𝜑1𝜑2(𝑐11 − 2𝑐12 + 𝑐22) (A.9) 

where 𝑣 = 𝑥1𝑣1 + 𝑥2𝑣2. This is the expressions shown earlier in eq. A.1, from which 

we assume geometric mean approximation for 𝑐12 and obtain the excess Gibbs for a 

regular solution: 

𝑔𝐸 = 𝑣𝜑1𝜑2(√𝑐11 −√𝑐22)
2

 (A.10) 

from which we can easily derive eq. A.3 for activity coefficient of i. If we assume 

arithmetic mean approximation for 𝑐12 we obtain excess Gibbs equal zero, implying 

ideal solution which we claim to be an unreasonable result: 

𝑔𝐸 = 𝑣𝜑1𝜑2 (𝑐11 − 2
(𝑐11 + 𝑐22)

2
+ 𝑐22) = 0 (A.11) 

Derivation of RST from vdW EOS 

Now we will perform the derivation starting from vdW EOS rather than eq. A.5. Using 

the vdW EOS, the residual internal energy of a mixture is related to the attraction 

energy parameter 𝑎 according to: 

𝑢𝑟𝑒𝑠 = −
𝑎

𝑣
 

 

(A.12) 
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which upon substitution of vdW mixing rule for 𝑎 of a binary mixture leads to: 

𝑢𝑟𝑒𝑠 = −
𝑥1
2𝑎11 + 2𝑥1𝑥2𝑎12 + 𝑥2

2𝑎22
𝑥1𝑣1 + 𝑥2𝑣2

 

 

(A.13) 

From which 𝑢𝐸  can be derived as: 

𝑢𝐸 = −[
𝑥1
2𝑎11 + 2𝑥1𝑥2𝑎12 + 𝑥2

2𝑎22
𝑥1𝑣1 + 𝑥2𝑣2

] +
𝑥1𝑎11
𝑣1

+
𝑥2𝑎22
𝑣2

 

 

(A.14) 

With some algebraic manipulation leads to: 

𝑢𝐸 = 𝑣𝜑1𝜑2 (
𝑎11

𝑣1
2 +

𝑎22

𝑣2
2 − 2

𝑎12
𝑣1𝑣2

) (A.15) 

which is also equivalent to 𝑔𝐸  under RST assumptions. Now if we assume the 

geometric mean approximation for 𝑎12 = √𝑎11𝑎22, then eq. A.15 reduces to:  

𝑢𝐸 = 𝑔𝐸 = 𝑣𝜑1𝜑2 (
√𝑎11
𝑣1

−
√𝑎22
𝑣2

)

2

 (A.16) 

Observing that 𝛿𝑖
2 = 𝑐𝑖𝑖 = −𝑢𝑖

𝑟𝑒𝑠 𝑣𝑖⁄ = 𝑎𝑖𝑖 𝑣𝑖
2⁄ , eq. A.16 reduces to the same 

expression for 𝑔𝐸  obtained earlier in eq. A.10: 

𝑢𝐸 = 𝑔𝐸 = 𝑣𝜑1𝜑2(√𝑐11 −√𝑐22)
2

 (A.17) 

However, if we assume arithmetic mean for 𝑎12 = (𝑎11 + 𝑎22)/2 and plug in eq. 

A.15, we no longer obtain ideal solution results as was obtained earlier from the 
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original derivation of RST. Rather, we obtain the following solution model (after some 

algebraic manipulation): 

𝑢𝐸 = 𝑔𝐸 = 𝑣𝜑1𝜑2 (
𝑣2 − 𝑣1
𝑣1𝑣2

) (𝑐11𝑣1 − 𝑐22𝑣2) (A.18) 

Interestingly, this new solution model can predict both positive and negative 

deviation from Raoult’s law unlike the RST model which can only predict positive 

deviation (see eq. A.10). It is not our intention to prove that the arithmetic mean is a 

better approximation than the geometric mean. Rather, our point is to emphasize that 

the ideal solution result obtained from RST assuming arithmetic mean on 𝑐12 is an 

artifact, and that a qualitatively reasonable solution model can be derived from 

arithmetic mean approximation on 𝑎12.  

In search for an explanation on why RST predicts an ideal solution when arithmetic 

mean approximation is assumed on 𝑐12, we analyze the starting points of each 

approach. We will show next that the starting point for RST (i.e.  

𝑐𝑚𝑖𝑥 = ∑ ∑ 𝜑𝑖𝜑𝑗𝑐𝑖𝑗
𝑛𝑐
𝑗=1

𝑛𝑐
𝑖=1 ) can actually be derived from 𝑎𝑚𝑖𝑥 = ∑ ∑ 𝑥𝑖𝑥𝑗𝑎𝑖𝑗

𝑛𝑐
𝑗=1

𝑛𝑐
𝑖=1   only 

if the geometric mean approximation is assumed on 𝑎12. 

𝑎𝑚𝑖𝑥 =∑∑𝑥𝑖𝑥𝑗𝑎𝑖𝑗

𝑛𝑐

𝑗=1

𝑛𝑐

𝑖=1
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Noting that 𝑎 = 𝑐𝑣2 and substituting back for a binary mixture: 

 𝑐𝑚𝑖𝑥𝑣
2 = 𝑥1

2𝑣1
2𝑐11

2 + 2𝑥1𝑥2𝑎12 + 𝑥2
2𝑣2

2𝑐22
2  (A.19) 

We need to express 𝑎12 in terms of 𝑐12. Let’s do that while assuming the geometric 

mean approximation for 𝑎12: 

𝑎12 = √𝑎11𝑎22 = √𝑣1
2𝑐11𝑣2

2𝑐22 = 𝑣1𝑣2√𝑐11𝑐22 (A.20) 

Substituting back into A.19 yields and rearranging yields: 

𝑐𝑚𝑖𝑥 =
𝑥1
2𝑣1

2𝑐11
2 + 2𝑥1𝑥2𝑣1𝑣2√𝑐11𝑐22 + 𝑥2

2𝑣2
2𝑐22

2

𝑣2
 (A.21) 

=𝜑1
2𝑐11 + 2𝜑1𝜑2√𝑐11𝑐22 + 𝜑2

2𝑐22 (A.22) 

The expression shown in A.22 is the quadratic volume average mixing rule of 

cohesive energy density obtained when 𝑐12 is assumed to follow the geometric mean 

approximation. This is indeed the starting point of RST (eq. A.5) but here derived 

from vdW EOS and assuming the geometric mean on 𝑎12. Since the geometric mean 

assumption is inherent in eq. A.5, it does not consistent to attempt to use the 

arithmetic mean approximation at any later stage of the derivation. This explains why 

using arithmetic mean on 𝑐12 yields unreasonable results such as the prediction of an 

ideal solution model. 
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Appendix B 
 

Example AOP Calculation Using LENCE 
Model 

Example: Generate the UAOP phase envelope for live crude U8 using oil composition and 

simulation parameters shown in Table 6.3 by tuning LENCE model to live oil UAOP data 

shown in Table 6.4. Plot the phase envelope from T = 100 °F to 700 °F. 

Solution: The two UAOP data points used to obtain LENCE coefficients are: T1 = 120 

°F, AOP1 = 4208 psi, T2 = 150 °F, AOP2 = 2208. 

Step 1: Calculate �̃�1
𝑟𝑒𝑠(120 °𝐹, 4208 𝑝𝑠𝑖, 𝒛𝒊) and �̃�2

𝑟𝑒𝑠(150 °𝐹, 2208 𝑝𝑠𝑖, 𝒛𝒊) from eq. (6.1) 

using PC-SAFT. The composition of the dead oil used in the denominator of eq. (6.1) is 

obtained by normalizing the compositions of Saturates, A+R, and Asphaltenes shown in Table 

6.3. The calculation of �̃�𝑟𝑒𝑠 can be performed using Multiflash®31. The results are shown in 

Table B.1.  

Table B.1. Calculated �̃�𝒓𝒆𝒔 at experimental onset for live oil U8 using PC-SAFT 

T / °F UAOP exp. / psi �̃�𝑟𝑒𝑠 

120 4208 0.64524 

150 2208 0.64828 

Step 2: Obtain the linear coefficients A and B in eq. (6.2) by performing a linear 

interpolation for the points �̃�1
𝑟𝑒𝑠(120 °𝐹, 4208 𝑝𝑠𝑖, 𝒛𝒊) and �̃�2

𝑟𝑒𝑠(150 °𝐹, 2208 𝑝𝑠𝑖, 𝒛𝒊) . 

The linear coefficients can be analytically calculated as follows: 

𝐴 =
�̃�2
𝑟𝑒𝑠 − �̃�1

𝑟𝑒𝑠

𝑇2 − 𝑇1
=
0.64828 − 0.64524

150 − 120
= −𝟏. 𝟎𝟏𝟑𝟖 × 𝟏𝟎−𝟒 °𝐹−1 

𝐵 = �̃�2
𝑟𝑒𝑠 − 𝐴 ∗ 𝑇 = 0.64828 − (−1.0138 × 10−4) ∗ 150 = 𝟎. 𝟔𝟔𝟎𝟒𝟒 

The regressed line for LENCE model is shown schematically in Figure B.1 from 100 

°F to 700 °F along with the calculated �̃�𝑟𝑒𝑠 at the two experimental UAOP points. 
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Figure B.1. Regressed  LENCE coefficients after tuning to UAOP of live U8. 

Step 3: Choose a temperature, T, at which an onset pressure is to be calculated. Let 

us start with T = 100 °F. Evaluate �̃�𝑟𝑒𝑠 from eq. (6.2) at T = 100 °F using the optimized 

A and B coefficients obtained in step 2: 

�̃�𝐿𝐸𝑁𝐶𝐸
𝑟𝑒𝑠 (100 °𝐹) = −1.0138 × 10−4 ∗ 100 [°𝐹] + 0.66044 = 𝟎. 𝟔𝟓𝟎𝟑𝟏 

Step 4: Find the pressure that will satisfy �̃�𝑟𝑒𝑠 = 0.65031 at T = 100°F as predicted 

by PC-SAFT. This can be performed in two ways: graphically and numerically. For the 

graphical method, calculate �̃�𝑟𝑒𝑠 at T = 100 °F using PC-SAFT as a function of pressure 

and plot the results, as shown in Figure B.2. The pressure at which �̃�𝑃𝐶−𝑆𝐴𝐹𝑇
𝑟𝑒𝑠 =

�̃�𝐿𝐸𝑁𝐶𝐸
𝑟𝑒𝑠 = 0.6503 is the onset pressure predicted by LENCE. For the case of live U8 at 

T = 100 °F, the predicted UAOP is 6861 psi. 

y = -1.0138E-04x + 0.66044

0.58

0.60

0.62

0.64

0.66

0 200 400 600 800
Temperature /  F

PC-SAFT calculated

Regressed Line

Live U8

(a)



205 

 

 

Figure B.2. Obtaining UAOP from LENCE model graphically at T = 100 °F. 

The other approach (which is more convenient for computer programming) is to 

numerically find the pressure that will satisfy �̃�𝑃𝐶−𝑆𝐴𝐹𝑇
𝑟𝑒𝑠 = �̃�𝐿𝐸𝑁𝐶𝐸

𝑟𝑒𝑠 . This is done by 

iterating pressure using the Secant method according to: 

𝑃𝑛+2 = 𝑃𝑛+1 − 𝑓(𝑇, 𝑃𝑛+1)
𝑃𝑛+1 − 𝑃𝑛

𝑓(𝑇, 𝑃𝑛+1) − 𝑓(𝑇, 𝑃𝑛)
  

with objective function 𝑓(𝑇, 𝑃) evaluated at 100 °F and defined as: 

𝑓(100 °𝐹, 𝑃) = �̃�𝑃𝐶−𝑆𝐴𝐹𝑇
𝑟𝑒𝑠 (100°𝐹, 𝑃) − �̃�𝐿𝐸𝑁𝐶𝐸

𝑟𝑒𝑠 (100°𝐹, 𝑃)  

The iterations are initiated with 𝑃0 = 1000 𝑝𝑠𝑖 𝑎𝑛𝑑 𝑃1 = 1001 𝑝𝑠𝑖 and continue until 

the pressure difference between last and current iteration P is 10-3 psi. Table B.2 

shows the values of pressure and objective function as iteration proceeds. The UAOP 

at 100 °F predicted by LENCE is 6861.4 psi which is obtained in 7 iterations. 
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Table B.2. Values of 𝑃 and 𝑓(𝑇, 𝑃)  during the pressure iteration to find UAOP at 100 °F 

Iteration # Pn / psi Pn+1 / psi 𝑓(100 °𝐹, 𝑃𝑛) 𝑓(100 °𝐹, 𝑃𝑛+1) P / psi 

0 1000 1001 −4.335 × 10−3 −4.334 × 10−3 − 

1 1001 4762.503 −4.334 × 10−3 −1.129 × 10−3 3761.503 

2 4762.503 6088.394 −1.129 × 10−3 −3.773 × 10−4 1325.891 

3 6088.394 6753.434 −3.773 × 10−4 −5.028 × 10−5 665.039 

4 6753.434 6855.696 −5.028 × 10−5 −2.639 × 10−6 102.234 

5 6855.696 6861.332 −2.639 × 10−6 −1.969 × 10−8 5.663 

6 6861.332 6861.375 −1.969 × 10−8 −7.783 × 10−12 4.258 × 10−2 

7 𝟔𝟖𝟔𝟏. 𝟑𝟕𝟓 𝟔𝟖𝟔𝟏. 𝟑𝟕𝟓 −𝟕. 𝟕𝟖𝟑 × 𝟏𝟎−𝟏𝟐 −𝟐. 𝟖𝟔𝟔 × 𝟏𝟎−𝟏𝟖 𝟏. 𝟔𝟖𝟑 × 𝟏𝟎−𝟓 

Step 5: Repeat steps 3-4 at other temperatures from 100 °F to 700 °F to construct the 

full AOP curve. The resulting asphaltene phase envelope is shown in Figure B.3. 

 

Figure B.3. Asphaltene phase envelope for live U8 using LENCE model tuned to the shown 

UAOP points. 

Step 6: Calculate the pseudo-BP in the temperature range 100 °F to 700 °F using PC-

SAFT. This is performed here with Multiflash®31. If the pseudo-BP curve intersects the 

LLE curve from LENCE, the region of intersection is the region where asphaltenes are 

stable (no onset). In the case of live U8, the pseudo-BP curve intersects the LLE curve 

(obtained from LENCE) in the temperature range 190 °F – 400 °F. Therefore, this is 
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the region where no onset is detected. The stable phase boundary is a true VLE bubble 

point. The final phase envelope for U8 is depicted in Figure B.4. 

 

Figure B.4. Final asphaltene phase envelope for live U8 using LENCE model tuned to the 

shown UAOP points. The LLE curve shown with a dashed line below the pseudo-BP is 

unstable.  
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Appendix C 
 

Derivation of a and b Parameters in a 
General CPC EOS 

  

𝑍𝐶𝑃𝐶 = 𝑚𝑍𝑐𝑢𝑏𝑖𝑐 + (1 −𝑚)𝑍𝑐 𝑎𝑖𝑛 (C.1) 

𝑍𝐶𝑃𝐶 = 𝑚 [
1

1 − 𝛽
−

𝑎

𝑏𝑅𝑇
𝑓1(𝛽)] + (1 − 𝑚)[1 + 𝛽𝑔′(𝛽) ] 

(C.2) 

𝜕𝑍𝐶𝑃𝐶

𝜕𝛽
= 𝑚 [

1

(1 − 𝛽)2
−

𝑎

𝑏𝑅𝑇
𝑓2(𝛽)] + (1 − 𝑚)[𝛽𝑔′′(𝛽) + 𝑔′(𝛽) ] 

(C.3) 

𝜕2𝑍𝐶𝑃𝐶

𝜕𝛽2
= 𝑚 [

2

(1 − 𝛽)3
−

2𝑎

𝑏𝑅𝑇
𝑓3(𝛽)] + (1 − 𝑚)[𝛽𝑔′′′(𝛽) + 2𝑔′′(𝛽) ] 

(C.4) 

Where 𝑓1 − 𝑓3, 𝑔(𝛽) and its derivatives are defined as: 

𝑓1(𝛽) =
𝛽

(1 + 𝛿1𝛽)(1 + 𝛿2𝛽)
 

(C.5) 

𝑓2(𝛽) =
1 − 𝛿1𝛿2𝛽

2

(1 + 𝛿1𝛽)2(1 + 𝛿2𝛽)2
 

(C.6) 

𝑓3(𝛽) =
𝛿1
2𝛿2

2𝛽3 − 3𝛿1𝛿2𝛽 − 𝛿1 − 𝛿2
(1 + 𝛿1𝛽)3(1 + 𝛿2𝛽)3

 
(C.7) 

𝑔′(𝛽) =
𝜕𝑙𝑛𝑔(𝛽)

𝜕𝛽
 

(C.8) 
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𝑔′′(𝛽) =
𝜕2𝑙𝑛𝑔(𝛽)

𝜕𝛽2
 

(C.9) 

𝑔′′′(𝛽) =
𝜕3𝑙𝑛𝑔(𝛽)

𝜕𝛽3
 

(C.10) 

where 𝛿1 and 𝛿2 are constants characteristic of each cubic EOS. 

The criticality condition for a pure component in terms of compressibility derivatives 

can be written as: 

−𝛽𝑐 (
𝜕𝑍

𝜕𝛽
)
𝑇

− 𝑍 = 0 
(C.11) 

𝛽𝑐
2 (
𝜕2𝑍

𝜕𝛽2
)
𝑇

− 2𝑍 = 0 
(C.12) 

Substituting the 1st and 2nd derivatives of compressibility from eqs. C.3 and C.4 into 

the criticality condition yields: 

𝑚[−
𝛽𝑐

(1 − 𝛽𝑐)2
+
𝑎𝛽𝑐
𝑏𝑅𝑇𝑐

𝑓2(𝛽)] + (1 − 𝑚)[−𝛽𝑐
2𝑔′′(𝛽𝑐) − 𝛽𝑐𝑔

′(𝛽𝑐) ]

− 𝑚 [
1

1 − 𝛽𝑐
−

𝑎

𝑏𝑅𝑇𝑐
𝑓1(𝛽𝑐)] − (1 − 𝑚)[1 + 𝛽𝑐𝑔

′(𝛽𝑐) ] = 0 

(C.13) 

𝑚[
2𝛽𝑐

2

(1 − 𝛽𝑐)3
−
2𝑎𝛽𝑐

2

𝑏𝑅𝑇𝑐
𝑓3(𝛽𝑐)] + (1 − 𝑚)[𝛽𝑐

3𝑔′′′(𝛽𝑐) + 2𝛽𝑐
2𝑔′′(𝛽𝑐) ]

− 𝑚 [
2

1 − 𝛽𝑐
−

2𝑎

𝑏𝑅𝑇𝑐
𝑓1(𝛽𝑐)] − (1 − 𝑚)[2 + 2𝛽𝑐𝑔

′(𝛽𝑐) ]

= 0 

(C.14) 
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Re-arranging C.13 and C.14: 

−
𝛽𝑐

(1 − 𝛽𝑐)2
+
𝑎𝛽𝑐
𝑏𝑅𝑇𝑐

𝑓2(𝛽𝑐) −
1

1 − 𝛽𝑐
+

𝑎

𝑏𝑅𝑇𝑐
𝑓1(𝛽𝑐)

+
(1 − 𝑚)

𝑚
[−𝛽𝑐

2𝑔′′(𝛽𝑐) − 2𝛽𝑐𝑔
′(𝛽𝑐) − 1 ] = 0 

(C.15) 

2𝛽𝑐
2

(1 − 𝛽𝑐)3
−
2𝑎𝛽𝑐

2

𝑏𝑅𝑇𝑐
𝑓3(𝛽𝑐) −

2

1 − 𝛽𝑐
+

2𝑎

𝑏𝑅𝑇𝑐
𝑓1(𝛽𝑐)

+
(1 − 𝑚)

𝑚
[𝛽𝑐

3𝑔′′′(𝛽𝑐) + 2𝛽𝑐
2𝑔′′(𝛽𝑐) − 2𝛽𝑐𝑔

′(𝛽𝑐) − 2]

= 0 

(C.16) 

Simplifying eqs. C.15 and C.16: 

−
1

(1 − 𝛽𝑐)2
+

𝑎

𝑏𝑅𝑇𝑐
[𝛽𝑐𝑓2(𝛽𝑐) + 𝑓1(𝛽𝑐)]

+
(1 − 𝑚)

𝑚
[−𝛽𝑐

2𝑔′′(𝛽𝑐) − 2𝛽𝑐𝑔
′(𝛽𝑐) − 1 ] = 0 

(C.17) 

2(2𝛽𝑐 − 1)

(1 − 𝛽𝑐)3
−

2𝑎

𝑏𝑅𝑇𝑐
[𝛽𝑐

2𝑓3(𝛽𝑐) − 𝑓1(𝛽𝑐)]

+
(1 − 𝑚)

𝑚
[𝛽𝑐

3𝑔′′′(𝛽𝑐) + 2𝛽𝑐
2𝑔′′(𝛽𝑐) − 2𝛽𝑐𝑔

′(𝛽𝑐) − 2]

= 0 

(C.18) 

Re-arranging eq. C.17 with respect to 𝑎/𝑏𝑅𝑇𝑐: 

𝑎

𝑏𝑅𝑇𝑐
=

(1 − 𝑚)
𝑚 [𝛽𝑐

2𝑔′′(𝛽𝑐) + 2𝛽𝑐𝑔
′(𝛽𝑐) + 1 ] +

1
(1 − 𝛽𝑐)2

𝛽𝑐𝑓2(𝛽𝑐) − 𝑓1(𝛽𝑐)
= 0 

(C.19) 

Substituting eq. C.19 into C.18: 
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2(2𝛽𝑐 − 1)

(1 − 𝛽𝑐)3
− 2(

(1 − 𝑚)

𝑚
[𝛽𝑐

2𝑔′′(𝛽𝑐) + 2𝛽𝑐𝑔
′(𝛽𝑐) + 1 ]

+
1

(1 − 𝛽𝑐)2
) [
𝛽𝑐

2𝑓3(𝛽𝑐) − 𝑓1(𝛽𝑐)

𝛽𝑐𝑓2(𝛽𝑐) − 𝑓1(𝛽𝑐)
]

+
(1 − 𝑚)

𝑚
[𝛽𝑐

3𝑔′′′(𝛽𝑐) + 2𝛽𝑐
2𝑔′′(𝛽𝑐) − 2𝛽𝑐𝑔

′(𝛽𝑐) − 2]

= 0 

(C.20) 

The value of 𝛽𝑐 that satisfies eq. C.20 is the critical reduced volume from CPC EOS. 

This value is used to calculate critical compressibility and simulation parameters a 

and b.   

Dividing eq. C.2 by m and rearranging: 

1

1 − 𝛽𝑐
=
𝑍𝑐
𝑚
+

𝑎

𝑏𝑅𝑇𝑐
𝑓1(𝛽) −

(1 − 𝑚)

𝑚
[1 + 𝛽𝑔′(𝛽) ] 

(C.21) 

Inserting C.21 into C.17: 

1

(1 − 𝛽𝑐)
(
−𝑍𝑐
𝑚

−
𝑎

𝑏𝑅𝑇
𝑓1(𝛽) +

(1 − 𝑚)

𝑚
[1 + 𝛽𝑔′(𝛽) ])

+
𝑎

𝑏𝑅𝑇𝑐
[𝛽𝑐𝑓2(𝛽𝑐) + 𝑓1(𝛽𝑐)]

+
(1 − 𝑚)

𝑚
[−𝛽𝑐

2𝑔′′(𝛽𝑐) − 2𝛽𝑐𝑔
′(𝛽𝑐) − 1 ] = 0 

(C.22) 

Multiplying by 1 − 𝛽𝑐 and grouping 𝑎/𝑏𝑅𝑇𝑐  terms: 
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𝑍𝑐
𝑚
=

𝑎

𝑏𝑅𝑇𝑐
[−𝑓1 + (1 − 𝛽𝑐)(𝛽𝑐𝑓2 + 𝑓1)]

+
(1 − 𝑚)

𝑚
[1 + 𝛽𝑐𝑔

′ − (1 − 𝛽𝑐)(𝛽𝑐
2𝑔′′ + 2𝛽𝑐𝑔

′ + 1)] 

(C.23) 

Let: 

𝜆𝑐𝑢𝑏𝑖𝑐 = −𝑓1 + (1 − 𝛽𝑐)(𝛽𝑐𝑓2 + 𝑓1) (C.24) 

𝜆𝑐 𝑎𝑖𝑛 = 1 + 𝛽𝑐𝑔
′ − (1 − 𝛽𝑐)(𝛽𝑐

2𝑔′′ + 2𝛽𝑐𝑔
′ + 1) (C.25) 

Critical compressibility from eq. C.23 simplifies to: 

𝑍𝑐 =
𝑎𝑚

𝑏𝑅𝑇𝑐
𝜆𝑐𝑢𝑏𝑖𝑐 + (1 −𝑚)𝜆𝑐 𝑎𝑖𝑛 (C.26) 

From eq. C.5 we can obtain expressions for 𝑎 in terms of 𝑇𝑐 , 𝑃𝑐 , 𝑎𝑛𝑑 𝑉𝑐. Note that 𝑏 can 

be written in terms of 𝑇𝑐, 𝑃𝑐, 𝑎𝑛𝑑 𝑉𝑐 (or 𝑍𝑐) from the definition of 𝛽𝑐: 

𝛽𝑐 =
𝑚𝑏

𝑉𝑐
 → 𝑏 =

𝛽𝑐𝑉𝑐
𝑚

=
𝑍𝑐𝛽𝑐𝑅𝑇𝑐
𝑚𝑃𝑐

 
(C.27) 

To obtain expression of 𝑎, we manipulate eq. C.26: 

𝑃𝑐𝑉𝑐
𝑅𝑇𝑐

=
𝑎𝑚

𝑏𝑅𝑇𝑐
𝜆𝑐𝑢𝑏𝑖𝑐 + (1 −𝑚)𝜆𝑐 𝑎𝑖𝑛 

𝑎𝑚

𝑏𝑅𝑇𝑐
𝜆𝑐𝑢𝑏𝑖𝑐 =

𝑃𝑐𝑉𝑐
𝑅𝑇𝑐

− (1 −𝑚)𝜆𝑐 𝑎𝑖𝑛 

𝑎𝑚2

𝛽𝑐𝑉𝑐𝑅𝑇𝑐
𝜆𝑐𝑢𝑏𝑖𝑐 =

𝑃𝑐𝑉𝑐
𝑅𝑇𝑐

− (1 −𝑚)𝜆𝑐 𝑎𝑖𝑛 

(C.28) 
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𝑎 =
𝛽𝑐

𝑚2𝜆𝑐𝑢𝑏𝑖𝑐
𝑃𝑐𝑉𝑐

2 −
(1 −𝑚)

𝑚2

𝜆𝑐 𝑎𝑖𝑛

𝜆𝑐𝑢𝑏𝑖𝑐
𝛽𝑐𝑅𝑇𝑐𝑉𝑐 

Now we substitute expressions for 𝑎 and 𝑏 into the compressibility equation C.2: 

𝑍𝑐
𝑚
=

1

1 − 𝛽𝑐
−

𝑚𝑃𝑐
𝑍𝑐𝛽𝑐𝑅2𝑇𝑐2

𝑓1 [
𝛽𝑐

𝑚2𝜆𝑐𝑢𝑏𝑖𝑐
𝑃𝑐𝑉𝑐

2 −
(1 −𝑚)

𝑚2

𝜆𝑐 𝑎𝑖𝑛

𝜆𝑐𝑢𝑏𝑖𝑐
𝛽𝑐𝑅𝑇𝑐𝑉𝑐]

+
(1 − 𝑚)

𝑚
[1 + 𝛽𝑔′ ] 

(C.29) 

Simplifying: 

𝑍𝑐
𝑚
 =

1

1 − 𝛽𝑐
−

𝑓1𝑍𝑐
𝑚𝜆𝑐𝑢𝑏𝑖𝑐

+
(1 −𝑚)

𝑚
𝑓1
𝜆𝑐 𝑎𝑖𝑛

𝜆𝑐𝑢𝑏𝑖𝑐
+
(1 −𝑚)

𝑚
[1 + 𝛽𝑔′ ] 

(C.30) 

Combining terms that contain 𝑍𝑐: 

𝑍𝑐
𝑚
[1 +

𝑓1
𝜆𝑐𝑢𝑏𝑖𝑐

] =
1

1 − 𝛽𝑐
+
(1 −𝑚)

𝑚
[𝑓1

𝜆𝑐 𝑎𝑖𝑛

𝜆𝑐𝑢𝑏𝑖𝑐
+ 1 + 𝛽𝑐𝑔

′] 

𝑍𝑐 = 𝑚
1

(1 − 𝛽𝑐) [1 +
𝑓1

𝜆𝑐𝑢𝑏𝑖𝑐
]
+ (1 −𝑚)

[𝑓1
𝜆𝑐 𝑎𝑖𝑛

𝜆𝑐𝑢𝑏𝑖𝑐
+ 1 + 𝛽𝑐𝑔

′]

[1 +
𝑓1

𝜆𝑐𝑢𝑏𝑖𝑐
]

 

𝑍𝑐 = 𝑚𝑍𝑐
𝑐𝑢𝑏𝑖𝑐 + (1 −𝑚)𝑍𝑐

𝑐 𝑎𝑖𝑛 

Where 

𝑍𝑐
𝑐𝑢𝑏𝑖𝑐 =

1

(1 − 𝛽𝑐) [1 +
𝑓1

𝜆𝑐𝑢𝑏𝑖𝑐
]
 

(C.31) 



214 

 

𝑍𝑐
𝑐 𝑎𝑖𝑛 =

[𝑓1
𝜆𝑐 𝑎𝑖𝑛

𝜆𝑐𝑢𝑏𝑖𝑐
+ 1 + 𝛽𝑐𝑔

′]

[1 +
𝑓1

𝜆𝑐𝑢𝑏𝑖𝑐
]

 

Finally, substitute expressions for 𝑍𝑐 into 𝑉𝑐 = 𝑍𝑐𝑅𝑇𝑐/𝑃𝑐  and then into eq. C.28 to 

obtain final expression for 𝑎 and 𝑏: 

𝑎 =
1

𝑚2
[
𝛽𝑐𝑍𝑐

2

𝜆𝑐𝑢𝑏𝑖𝑐
− (1 −𝑚)

𝑍𝑐𝜆
𝑐 𝑎𝑖𝑛𝛽𝑐
𝜆𝑐𝑢𝑏𝑖𝑐

]
𝑅2𝑇𝑐

2

𝑃𝑐
 

(C.32) 

𝑏 =
𝛽𝑐𝑍𝑐
𝑚

𝑅𝑇𝑐
𝑃𝑐

 
(C.33) 

We observe that, similar to classic cubic EOS, these expressions can be written in the 

general form: 

𝑎 = Ω𝑎
𝑅2𝑇𝑐

2

𝑃𝑐
 

(C.34) 

𝑏 = Ω𝑏
𝑅𝑇𝑐
𝑃𝑐

 
(C.35) 

where Ω𝑎 and Ω𝑏 are now functions of 𝑚. 


