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ABSTRACT 

The characteristics of a gas bubble plume produced 

by the discharge of gas from a submerged orifice at high 

flowrates is investigated. Flow of the gas and liquid 

mixture into the plume has been found to develop pulsations 

at high gas flowrates, resulting in a plume structure 

different from that produced by uniform bubble flow. 

The plume is modeled as a column of gas bubble "clouds". 

The frequencies of the flow pulsations in the plume are 

obtained by evaluation of the forces acting on a bubble 

cloud forming at the discharge nozzle. The vertical cur¬ 

rent in the plume is investigated by consideration of the 

wake produced by bodies of revolution traveling in line. 

Expressions for the drag force on cylinders (two-dimensional), 

spheres, and disks arranged in line are determined. 

Available experimental data on flow fluctuations in 

gas bubble plumes and drag forces on cylinders, spheres, 

and disks arranged in line are used to evaluate the derived 

expressions. 
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NOMENCLATURE 

Radius of a bubble cloud 

Cross-sectional area of a body in the direc¬ 
tion perpendicular to the flow 

Cross-sectional area of a wake 

Radius of a wake 

Radius of the bubble core of a gas bubble 
plume 

Constant in the field force expression 

Sonic gas velocity at the orifice exit condi- 
ions 

Sonic gas velocity at stagnation conditions 

Constant in the bubble cloud velocity expres¬ 
sion 

Constant in the bubble cloud acceleration 
expression 

Constant in the bubble cloud volume expres¬ 
sion 

Drag coefficient 

Drag coefficient of the first body of two 
bodies in line 

Drag coefficient of the second body of two 
bodies in line, referred to the free stream velocity 

Drag coefficient of the second body of two 
bodies in line, referred to the wake velocity 

Diameter of a body in the direction perpen¬ 
dicular to the flow 

Diameter of a bubble cloud in the direction 
perpendicular to the flow 



Diameter of the bubble core of a gas bubble 
plume at the liquid surface 

Depth of submergence of an orifice 

Height of a column of liquid equivalent to 
atmospheric pressure 

Acceleration due to gravity 

Height (thickness) of a bubble cloud 

Constant in the expression for the drag 
coefficient of a cylinder in a wake 

Constant in the expression for the velocity 
in a wake behind a body of revolution 

Constant in the expression for the drag 
coefficient of a body of revolution in a wake 

Mass of a bubble cloud 

Pressure 

Atmospheric pressure 

Stagnation pressure 

Volumetric flowrate of gas 

Volumetric growth rate of a bubble cloud 

Volumetric rate of entrainment of liquid into 
a bubble cloud 

Volumetric flowrate of gas at standard condi¬ 
tions 

Radial position in spherical coordinates 

Reynolds number 

Surface area 

Time 

Period of flow pulsations in a gas bubble 
plume 

Centerline wake velocity or bubble cloud 
velocity 



Rise velocity of a single bubble 

Centerline velocity in a gas bubble plume 

Rise velocity of a bubble cloud 

Characteristic wake velocity 

Centerline velocity in a gas bubble plume at 
the liquid surface 

Centerline wake velocity defect 

Free stream velocity 

Velocity of a gas at the orifice exit or 
velocity of a liquid 

Distance behind the center of a body, along 
the wake axis 

Non-dimensional distance behind the center 
of a body, along the wake axis 

Location of the minimum wake cross-section 

Distance above the gas source 

Distance from the gas source to a virtual 
origin below the source 

Constant in the expression for Prandtl's 
mixing length 

Ratio of the specific heats for a gas 

Space variable in spherical coordinates 

Ratio of the bubble core radius to the plume 
radius for a gas bubble plume 

Kinematic viscosity 

Density 

Density of a bubble cloud 

Gas density 

Liquid density 

Average centerline density of the gas and 
liquid mixture in a gas bubble plume 



Density of water 

Density of a gas at stagnation conditions 

Density of a gas at the orifice exit, with 
sonic exit velocity 

Space variable in spherical coordinates 

Velocity potential 

Ratio of the bubble cloud density to the 
density of the surrounding liquid 

Subscript denoting the model gas bubble plume 
or the first bubble cloud of two clouds pass¬ 
ing in succession 

Subscript denoting the prototype gas bubble 
plume or the second bubble cloud of two 
clouds passing in succession 



CHAPTER 1 

INTRODUCTION 

Gas bubble plumes in a liquid have been studied in 

connection with pneumatic breakwaters (1), oil spill con¬ 

tainment (2), the prevention of ice formation (3), and 

oil well blowouts (4). In general the plume has been ana¬ 

lyzed in terms of the steady flow of a continuous bubble 

and liquid mixture. This approach has succeeded in 

describing experimental data on gas bubble plumes at some 

water depths and gas flowrates (5, 6, 7). 

However some experiments have indicated that for 

high rates of gas flow from a submerged orifice, the flow 

of the gas and liquid mixture in the plume is not steady. 

Motion pictures of submerged gas jets have shown that at 

high gas discharge rates a pulsating flowfield can develop 

in the region of the injection nozzle (8). Photographs 

of an air bubble plume in water have shown what appear to 

be "clouds" of air bubbles joined by a smaller bubble 

and liquid jet (9). Kobus (5) and Topham (4), in their 

experiments on air bubble plumes in water, noted that 

velocity measurements taken within their test plumes were 

subject to significant fluctuations. Milgram (9) performed 

a statistical analysis of the fluctuating velocity and 

pressure measurements taken in an oil collection funnel 



above an oilwell blowout plume. He indentified three 

different frequency peaks in the power spectra. 

Although these observations indicate a nonsteady 

flowfield in the bubble plume, none of the published 

work found on this subject attempts to quantify these 

fluctuations. Kobus (5) and Ditmars and Cederwall (6) 

assume Gaussian profiles for the vertical water velocity 

and gas distribution in a bubble plume. Although the 

time average of these quantities may give a Gaussian dis¬ 

tribution, experiments indicate that the plume velocity 

and density at a point may vary significantly from their 

average values. The dimensional analysis of bubble pulmes 

performed by Tekeli and Maxwell (7) also describes only 

time averaged characteristics. Although these works 

may provide some understanding of the structure of a gas 

bubble plume, they do not consider explicitly an unsteady 

flowfield and therefore are not applied in the present 

study. 

The objective of this investigation is to describe 

some of the characteristics of a gas bubble plume in a liq¬ 

uid produced by a single submerged orifice discharging gas 

at high flowrates. The two areas studied are the frequen¬ 

cies of pulsations in the plume flow and the vertical cur¬ 

rent produced by the rising gas. 



CHAPTER 2 

FLOW PULSATIONS IN A BUBBLE PLUME 

Experiments with a scale model of the 1979 Campeche 

Bay IXTOC-1 oilwell blowout revealed some characteristics 

of the unsteady flowfield produced by a submerged gas jet. 

Photographs of the model air bubble plume indicated that 

the stream of bubbles in the plume is not uniform, but 

consists of bubble-dense pulses superimposed on a low 

yield bubble stream. 

The pulses were estimated to occur at intervals of 

about one-half second, and appeared despite a steady air 

supply from a high pressure reservoir. These pulses or 

bubble "clouds" may be interpreted as buoyant vortex rings. 

They appeared to form in the region of the injection noz¬ 

zle and maintain their identity as they rose to the water 

surface. 

Observations of the burning gas and surface eruptions 

above the IXTOC-1 plume showed high intensity flares and 

violent eruptions at intervals of about five seconds. 

Milgram's (9) statistical analysis of data from the plume 

confirmed this five-second pulse, and smaller power spectra 

peaks at frequencies of 0.45 and 1.0 Hertz. These observa¬ 

tions seem to establish a similarity between the model and 

prototype flows. 
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The frequencies of plusations in bubble plumes may 

be studied through the use of a mathematical model 

describing the formation and rise of a gas bubble cloud 

(9). If the relatively small momentum of the gas jet is 

neglected in the force balance on the cloud, the expan¬ 

sion velocity of the cloud will initially exceed its rise 

velocity. The top surface of the cloud will move up¬ 

ward at the expansion velocity plus the rise velocity, 

while the lower surface will move downward at the expan¬ 

sion velocity minus the rise velocity. With time the cloud 

diameter increases, causing the expansion velocity to 

decrease, while the rise velocity increases simultane¬ 

ously. Therefore at some time, T, the cloud will separate 

from the well. 

The discharge of gas at a volumetric flowrate Q will 

induce, due to the jet pump effect, the flow of a gas- 

liquid mixture into the cloud with a liquid content of 

QA. The volumetric growth rate of the cloud, Qc, is then 

Qc
= Q + §1 (2-1) 

Conservation of mass requires 

p Q = p Q + n Q (2_2) 
CO J/ jU 

where p , p , and p# are the densities of the cloud, gas, 

and liquid respectively. Substitution of equation (2-1) 

into equation (2-2) gives 

(2-3) 
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where a> = Pç/p^. The value of w depends on the momentum 

flux rate of the gas jet. 

After a time T the cloud has attained a volume Q„T 
c 

and a mass p Q T. The cloud is acted upon by body and c c 

surface forces. The buoyancy force which produces its 

rise velocity is 

Several forces act to retard the rising process. The drag 

force is 

where is the drag coeffecient for the cloud, A is the 

projected area of the cloud in the direction of travel, 

and Ü is the cloud rise velocity achieved after the 

elapsed time T. The projected area may be taken to be 

proportional to the cloud volume divided by the cloud 

height (thickness). Here A will be defined as 

where QqT is the cloud volume and H is a measure for the 

cloud height. Substituting equation (2-6) into equation 

(2-5) and using equation (2-3) for Q gives o 

y = (2-4) 

Dra^ =iplCaAU
1 

(2-5) 

(2-6) 

(2-7) 

The cloud intertia force is 
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where t represents time. Since dm/dt is the cloud mass 

growth rate, p Q , 
c c 

InerK<i = )0 ii + U£ Q0 (2-8) 

Substituting equation (2-3) into equation (2-8) and 

noting that 

Finally the change with time of the velocity field 

about the cloud has to be taken into account. This force 

is given by 

where p is the pressure on the cloud surface, <(> is the 

angle between the vertical and a line from the cloud cen 

ter to a point on the cloud surface, and ds is a differ¬ 

ential area on the cloud surface. For spherical coordi¬ 

nates 

P = (0 P 'c 
rjL (2-9) 

equation (2-8) becomes for t = T 

(2-10) 

(2-11) 

(2-12) 

The pressure p is determined from the nonsteady Bernoulli 

equation, which is 
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(2-13) 

where $ is the velocity potential, v is the liquid velocity 

relative to the cloud, and y is the vertical distance 

from the gas source. Only the nonsteady terms contribute 

to the field force, therefore equation (2-13) is rewritten 

as 

For the moment assume the cloud is spherical. Then the 

potential of the flowfield around the cloud is given by 

where r is the radial distance from the cloud center, a 

is the variable cloud radius, and $ is the flowfield s 

potential for a sphere. The pressure on the cloud surface 

is then given by equation (2-14) with $=$ , or 
S 

Substituting equation (2-15) into the above and differ¬ 

entiating gives 

(2-14) 

(2-15) 

r 

(2-16) 

as the pressure at the cloud surface, where r = a. 
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Substituting equation (2-16) into equation (2-11) 

ds = a2sin<J>d<f>de at the cloud surface, gives /an- ir . 

J p c®5 T -|- 

3 M- cqsd» do ^ cos 4 sind> d<f> d© 
^ Q dt/ . T 

with 

(2-17) 

where a correction factor c' has been applied to account 

for the fact that the cloud is not spherical. Because 

of the irregular shape of the cloud, the value of c' will 

be substantially larger than unity. The cloud radius 

a and the cloud volumetric growth rate Q are related for c 

a spherical cloud by 

Q c “ (2-18) 

Carrying out the differentiation and rearranging results 

in j_ if. _ Qc 
a d*t - 4rrq3 

or 

j_ _£a _  1  I 
d <j 

A 
p£ J (l-co) (2-19) 

where equation (2-3) has been used for Q . The cloud 
G 

volume, Q_T, for a shperical cloud is related to the cloud 
G 

radius by 

QCT= -i-ITfl3 
(2-20) 

Solving for a3 gives «* = JL QcT 
4TT 
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or 

q3 = 3 
4tr . 

i — &■ 
Pzi 

Q T 
IR 

(2-21) 

where again equation (2-3) was used for Q . Substituting 
c 

equation (2-19) and equation (2-21) into equation (2-17) 

gives 

FièU forces =a c_p f f 3 ft P*\ Q T CJM 
i. *J0 J0 [4TrV dt + 

* (2-22) 
3 u (j_ M Q coS^d) 4<|> 4® 
4TT ' PjL* (|— cSj 

If the cloud density is not a function of 0, or r this 

can be integrated to give 

FtcU forces TiM (2-23) 

Having determined the forces acting on the cloud, 

equations (2-4), (2-7), (2-10), and (2-23) can be com¬ 

bined to give Newton's equation of motion as 

Buoyancy = Drag + Inertia + Field forces 

or Q Tj(P^-Pj = ± fô-pj c. ^ +. 

(2-24) 

Multiplying this equation by (1 - u)/(p^ - p^)•1/QT leads to 
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(2-25) 

Combining terms results in 

(2-26) 

The solution of this Riccati type differential equation 

yields the time of formation, T, for a bubble cloud at 

the gas injection nozzle. The constant T represents the 

period of flow pulsations in a gas bubble plume. 

The value of the period T can be estimated by 

introducing plausible expressions for the unknown vari¬ 

ables in equation (2-26). The initial rise velocity can 

be approximated by 

The value of the constant c^ must be greater than unity, 

since the gas jet will remain connected to the cloud for 

some time after separation. In this case the cloud 

will have a mushroom shape. The acceleration is approxi¬ 

mated by the average change in velocity over the period 

of formation 

The cloud height may be considered a characteristic 

dimension of the cloud, related to its volume by 

U = C, • 3-iL 
T 

(2-27) 

dt 
(2-28) 
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or 

Mf = <3 .fiT 
(M (2-29) 

where equation (2-3) has been used for Q . Substitution 
c 

of equations (2-27) and (2-28) into equation (2-26) gives 

(2-30) 

Substituting the expression for H obtained from equation 

(2-29) into equation (2-30) and solving for T results in 

fat-f*] (is.£L! -I- _£*. _|_ cJ) 
.?Fsrc‘4'c* 

(2-31) 

The volumetric gas flowrate at the source, Q, is related 

to the volumetric flowrate at standard conditions, Qq, by 

Q 
tXQ. 
D+D. 

(2-32) 

where D is the depth of the orifice below the liquid 

surface and DQ is the height of a liquid column equivalent 

to atmospheric pressure. Substituting equation (2-32) 

into equation (2-31) gives 

T (2-33) 

In order to numerically evaluate equation (2-33), the 

values of the constants must be estimated. 
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For a mushroom shaped cloud, let c = 2. Taking the 

acceleration as the average change in velocity over the 

period of formation, Cg ** 2. For a cloud height to 

diameter ratio of about one to two, let Cg = 2 and c' =2. 

The drag coefficient used is the value appropriate for 

large gas bubbles in water, Cp = 1.7. Substitution of 

these values into equation (2-33) gives 

Equation (2-34) is an expression for the pulse period T. 

The remaining task is to estimate the density ratio 

o>, defined as cloud density over liquid density. This 

parameter depends on the momentum flux of the gas jet, 

just as the mixture of motive and suction fluids in a 

jet pump depends on the momentum flux of the motive fluid 

jet. In a submerged gas jet 

where p is the gas density and v is the gas velocity. 

For sonic conditions at the orifice, 

where c is the velocity of sound and the * denotes local 

sonic conditions. For isentropic flow of a perfect gas, 

(2-34) 

M.Otoenhjna •flux — p V2" 

the density and speed of sound at the exit are given by 

(2-35) 

and 
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c* - V ( Tpy) (2-36) 

where pQ and cQ are the stagnation density and stagnation 

speed of sound, and Y is the ratio of specific heats for 

the gas. Equations (2-35) and (2-36) combine to give 

O G * - p CL I - A 

** * ~ r0 o\y+\) 
VOM) 

(2-37) 

The sonic velocity may be expressed as 

\rr Co = 
p. 

where pQ is the stagnation,pressure. Substituting the 

last equation into equation (2-37) gives 

p-(rV) 
r/Cr-fl 

(2-38) 

as the momentum flux of a submerged gas jet. The ratio 

of the cloud densities for two different plumes is given 

by the momentum flux ratio of the gas jets, which can be 

written as 

__ C/i 

^ 4. Hi 

Substituting equation (2-38) into the above yields 

W_t 
(X> 

r, r, '( (2-39) 

where the subscripts 1 and 2 will be used to refer to 

model and prototype data respectively, for the IXTOC-1 

gas bubble plume. 
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The pressure at a submerged orifice is 

P= R, D 

where P_ is atmospheric pressure. Substituting this 
cL 

expression into equation (2-39) gives 

as the momentum flux ratio for the model and prototype. 

The cloud density for the IXTOC-1 plume may be 

estimated from the plume density expression of Ditmars 

and Cederwall (6). These authors give 

density, b is the radius of the plume bubble core, U c c 

is the plume centerline velocity, is an experimentally 

determined bubble rise velocity, y is the distance above 

the gas source, and X is the ratio of the bubble core 

radius to the plume radius. Ditmars and Cederwall use 

X = 0.2 and = 0.984 fps to describe Kobus' experimental 

data. Observations of the IXTOC-1 plume (9) give 

D = 36 fps and b = 6.25 ft. at the water surface while c r c 

D * 160 ft and DQ = 33 ft. For a straight expansion cone 

and a virtual origin located a distance yQ below the actual 

(2-40) 

where pp is the plume centerline density, pw in the water 

gas source, 
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Utilizing the values given for D and y , this becomes o o 
bQ = 0.931 + 0.0332y for yQ = 28 ft, which is proportional 

to the value used to describe Kobus' data. For U a 
c 

constant and QQ = 1500 scfs, the expression of Ditmars and 

Cederwall becomes for the IXTOC-1 plume 

This expression gives the following values for the varia' 

tion of center line plume density with height above the 

source. 

T(,q3i+.03îa.^(n,04-S3-yU u [ ^ 

[ 1-04 ‘ . 

or 

P 443 
3T =l_ (/ttl + .oWyJlm-y) 

y (ft) 
160 

140 

120 

100 

80 

60 

40 

20 

0 

0.656 

0.731 

0.749 

0.736 

0.695 

0.610 

0.434 

-0.007 

-1.65 

In the region of developing flow near the source the 

expression does not seem to apply. This data indicates 
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an estimate for the cloud density ratio in the IXTOC-1 

plume of ojg = 2/3. Using this value and 

as the model and prototype parameters, equation (2-40) 

gives 

for the ratio of cloud density to liquid density in the 

model plume. 

Given Milgram's (9) data for the periods of pulsations 

in the IXTOC-1 plume (T = 5 seconds and T = 2.22 seconds), 

equation (2-34) may be solved for the gas flowrates at 

standard conditions which correspond to the measured 

flow Dulses. Solving equation (2-34) for QQ gives 

y1 - 1.4 (air) 

y2 ~ 1*31 (methane) 

Pa = 2117 lbs/ft
2 

P1 = 1.94 slugs/ft3 (water) 

P2 = 2.0 slugs/ft3 (sea water) 

= 6.67 ft 

D2 = 160 ft 

= .133 

(2-41) 

Using p^. << pffl and = PQ/pfflg, this becomes 

(2-42) 
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For the IXTOC-1 plume with T = 5 seconds, equation (2-42) 

which is the estimated gas flow from the well at standard 

conditions. This figure is in agreement with values 

determined by other methods (9). For T = 2.22 seconds, 

equation (2-42) gives QQ = 25,6 scfs, which may correspond 

to a leak in the main well pipe. 

Equation (2-34) may be evaluated for the model 

plume, where the known gas flowrate was QQ = 0.233 sft
3/sec, 

and the value of w calculated from equation (2-40) was 

at = 0.133. Using equation (2-34) with p_ << p„ and 

DQ = P„/p0g, the expression for T is 

Utilizing the values of the constants given for the model 

plume, this equation gives 

gives Qo - ^ (s')3 [I t us * i 

= H82 

(Kin)4 
£117 . fn + rrï J (1.7 + lif 

T = ill 
M*fl +(t.«.7)( 1-7+)(u.z)/(l|I7)j (|-.IW)4 

T = 0.496 seconds 

This is the calculated period of flow pulses in the model 

plume. Observations of surface eruptions produced by the 

model plume indicated a value of T in this range. 



The limited available data indicates that equations 

<2-40) and (2-41) provide a means for estimating the gas 

flow from a submerged orifice at high gas flowrates by 

obervation of the average time interval between maximum 

surface eruptions produced by the bubble plume. 



CHAPTER 3 

THE VERTICAL CURRENT IN A BUBBLE PLUME 

The rising gas in a bubble plume produces a vertical 

flow of liquid towards the surface. If the bubbles are 

concentrated largely in periodic flow pulses or clouds, 

the vertical current developed will be similar to the 

wake produced by bodies of revolution traveling in series. 

The equivalent problem of fixed bodies in a moving stream 

will be studied in order to estimate the vertical current 

in a gas bubble plume at high gas flowrates. 

3.1 Two-Dimensional Case 

Because only a limited amount of experimental data 

was found for the problem of drag on three-dimensional 

bodies in line, the two-dimensional case was studied as 

an aid in evaluating the validity of the general concept. 

Schlichting (10) derived an expression for the two- 

dimensional turbulent wake of a cylinder, at large dis¬ 

tances from the body, using Prandtl's mixing length theory. 

The wake centerline velocity U is 

(3-1) 

where 

(3-2) 
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and is the free stream velocity, is the centerline 

velocity defect, x is the distance from the center of the 

body, Cp is the drag coefficient, and d is the body 

diameter perpendicular to the flow. The mixing length 

constant 3 has a value of 0.18 for cylinders so that for 

this case equation (3-2) can be written approximately as 

McBride (11) determined a minimum wake width for 

cylinders and used this to define the region of appli¬ 

cability for Schlichting's wake expression. The mimimum 

wake width occurs at 

Closer than this distance the velocity defect is approxi¬ 

mated using = U^/2. Townsend (12) indicates that the 

two-dimensional wake may be best represented by use of 

a virtual origin displaced from the center of the body. 

The experimental data of Kostic and Oka (13) and Tanida 

et al. (14) for drag on cylinders in line show that the 

drag force on the downstream cylinder approaches zero for 

center-to-center separation distances around x = 2c^ d. 

Therefore equation (3-3) is rewritten as 

-Kz- 

(3-3) 

X, = 4 CP 4 (3-4) 

(3-5) 

which is equivalent to 
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(3-6) 

Equation (3-6) may be used to determine the drag force 

on a cylinder placed directly behind an identical cylinder 

and in its wake. The drag on the first cylinder in line 

is 

Praj. - _Lp Cr# AUCT 

(3-7) 

where p is the fluid density, A is the cross-sectional 

area of the body, and cD is the drag coefficient of the 
o 

first cylinder. The drag on the second cylinder can be 

expressed as 

-Lp Cp AU 
z- 

CD (3-8) 

where cD* is the drag coefficient of the second cylinder 

referred to the free stream velocity. The drag on the 

second cylinder may also be written as 

(3-9) 

where c_ is the drag coefficient of the second cylinder 
u2 

referred to the wake flow in which the second cylinder 

is immersed.. The velocity Uw is a characteristic velocity 

of the wake. Equating the expressions (3-8) and (3-9), 

CD* U#» ~ 

which can be written as ^ - 
Ç/ = ( \JU\ 

\ U<vJ (3-10) 
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The centerline wake velocity behind the first cylinder is 

given by substituting equation (3-6) into equation (3-1) 

to get 

u 

Factoring out U this becomes 

U - U» ■-(à-) 

r'/t 7 

(3-11) 

where Cp is the drag coefficient of the first cylinder, 
o 

The characteristic wake velocity Uw should be proportional 

to the centerline wake velocity U 

given by 

-72.1 

Assume that U is 
w 

I.-*'(&-*)' (3-12) 

where k^ is an experimentally determined constant. 

Substituting equation (3-12) into equation (3-10) results 

in 

£L (3-13) 

Equation (3-13) gives the ratio of drag coefficients 

C
D*/

C
D for the second cylinder of two cylinders in line. 
2 

The distance x is the center-to-center separation dis¬ 

tance between the cylinders. The value of cD is known 
o 

as a function of Reynolds number. The value of c_ can 
u2 

depend on the turbulence level of the wake. The turbu¬ 

lence in the wake of the first cylinder has an effect 
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equivalent to increasing the Reynolds number of the flow. 

The exact quantitative effect is not known. For Reynolds 

numbers low enough so that the flow around the second 

cylinder does not become supercritical, the relation 

may be used. 

Equation (3-13) was evaluated using data on the drag 

of two cylinders in line taken at Reynolds numbers low 

enough so that equation (3-14) could be applied. The 

value of k^ was chosen to best fit the experimental data. 

Figure 1 shows the comparison of equation (3-13) with the 

data of Kostic and Oka (13) and Tanida et al. (14) for 

k^ = 0.20. This data appears to be adequately correlated 

for center-to-center separation distances greater than 

x = x^. 

The wake velocity defect behind a cylinder is given 

by equation (3-3) as 

where x is the distance behind the cylinder. This 

expression can be used to describe the vertical current 

in a two-dimensional gas bubble plume at high gas flow 

rates. The velocity defect corresponds to the centerline 

plume velocity U_. The free stream velocity corresponds 

to the rise velocity Ur for a bubble pulse or cloud. The 

(3-14) 

(3-15) 
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diameter d represents the cloud height H. The distance 

x is given by 

X =Urt , 0< t < T (3-16) 

where t is the time since the last flow pulse at a par¬ 

ticular level in the plume. As a cloud passes a partic¬ 

ular level in the plume, the plume velocity is given by 

Uc= Ur , 0 < t 5 %r 
(3~1 

As the cloud moves away from the this level, the plume 

velocity becomes 

, H /ur<t < 
X'/Ur (3-18) 

where 

)Cl=-4cPH (3-19) 

from equation (3-4). After the time x^/Uj, until the next 

cloud arrives, equation (3-15) gives the plume velocity as u^r (3-2o) 
which can be rewritten as 

I h 
uc = (ü^ü) , */(*■< t < T <3

'
21) 

Equations (3-17), (3-18), and (3-21) describe the 

nonsteady flow of the vertical current produced in a two- 

dimensional gas bubble plume at high gas flowrates. 
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The rise velocity and cloud height must be determined 

as functions of distance above the gas source. 

These expressions apply for large bubble cloud 

separation distances. For closely spaced bubble clouds, 

the effect of preceding clouds can be important. The wake 

produced by two clouds in succession may be estimated by 

superimposing their wakes, resulting in 

uc“ Uc,+ Uc. 
(3-22) 

where U and U are given by equations (3-17), (3-18), 
C1 c2 

and (3-21), with Cp = Cp for Uc and Cp = Cp* for Uc . 
o 1 2 

3.2 Three-dimensional Case 

The unsteady vertical current produced by gas dis¬ 

charge at high flowrates from a single submerged orifice 

can be approximated by the wake of bodies of revolution 

traveling in line. The limited data found on this problem, 

including the wake behind a disk and the drag on spheres 

and disks in line, is used to evaluate this concept. 

Swain (15) derived an expression for the turbulent 

wake of a body of revolution, at large distances from the 

body, using Prandtl's mixing length theory. The center- 

line wake velocity U is given by 

U = U«— U| (3-23) 

where 
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U. -U„f P1- X Ÿ/3 (3-24) 

Wl4 (cjir ' 
and is the free stream velocity, is the wake 

velocity defect, x is the distance from the center of 

the body, cD is the drag coefficient, A is the cross- 

sectional area, and g is an experimentally determined 

mixing length constant. 

The region of applicability for Swain* s expression 

can be estimated by consideration of the flow around 

the body. The drag on the body is given by 
b 

(3-25) 

0 

where p is the fluid density, b is the wake radius, and 

r is the distance from the wake centerline, For a con¬ 

stant wake velocity U equation (3-25) becomes 

= 2irpu (lU-u'lX (3-26) 
v 1X 

Substituting equation (3-23) into equation (3-26) gives 

The drag may also be expressed as 

p co A 

(3-27) 

(3-28) 

Equating the expressions (3-27) and (3-28) results in 
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J. p c0 au*1 
1/ 

lirpUi (u 
Dividing this equation by pU^2 gives 

The wake cross-sectional area A 
w is 

(3-29) 

(3-30) 

Substituting equation (3-30) into equation (3-29) and 

dividing by Aw gives 

i^i; Ul.1 (3-31) 1 Aw ~ u*v q»/ 
To determine the maximiun value of the ratio A/Aw, which 

corresponds to the minimum wake cross-section, differ¬ 

entiate equation (3-31) with respect to U^/Uœ to get 

Equating the right hand side to zero leads to 

U _ 1_ (3-32) 

The minimum wake cross-section occurs when = U^/2. 

Substituting this value for into equation (3-24) results 

in 
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Solving this equation for x and defining this value 

as x^ gives 

minimum wake cross-section occurs. At this distance 

and beyond Swain's expression is assumed to apply. 

Inside this distance the velocity defect is approximated 

by equation (3-32). 

In her analysis Swain states that the proper origin 

for x might be displaced somewhat from the body center. 

In this case the origin might be displaced by the 

distance x^. An equivalent approach is to rewrite 

equation (3-24) as 

Substituting equation (3-33) into equation (3-34) 

results in 

(3-33) 

where x^ is the distance behind the body at which the 

v / \ 1 
u,= u. f U-X.L (3-34) 

-2-/3 

(3-35) 
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For a body with a circular cross section 

a 

4- 

(3-36) 

Substituting equation (3-36) into equation (3-35) gives 

M, = U.(j= r 
IF Cp .0244 (J 

(3-37) 

for the centerline velocity defect of a disk or a sphere, 

which are used in this study. The value of 3 must be 

determined from experimental data. Equation (3-37) can 

be written as 

where x* is defined as 

(3-38) 

Xtr £ f1' -X- _ (3-39) 

JirCT filW i 

The data of Carmody (16) and Goldstein (17) for the 

turbulent wake of a circular disk were used to evaluate 

equation (3-37). Measured values of ü^/üœ are shown 

plotted against x* in Figure 2. A value of 3 - 0.16 was 

found to give the proper slope of -2/3. This data 

indicates that equation (3-37) should be written 

û B** v 

WVîw 7 
(3-40) 

where kg = constant. For a disk the data indicates kg - 0.30. 
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Equation (3-40) may be used to calculate the drag 

on a body of revolution located directly behind a similar 

body and in its wake. The drag on the first body is 

ip Cp âUo^ (3-41) 

where c^ is the drag coefficient of the first body. The 
o 

drag on the second body can be expressed as 

(3-42) 

where cD* is the drag coefficient of the second body 

referred to the free stream velocity. The drag on the 

second body may also be written as 

v 
= l p A Uw (3-43) 

where cn is the drag coefficient of the second body 
u2 

referred to the wake flow in which it is immersed. The 

velocity U is a characteristic velocity of the wake, 
w 

Equating the expressions (3-42) and (3-43) yields 

= ci?t.Uw 

which can be written as 

£l - /0_ Ÿ (3-44) 

The centerline wake velocity behind the first body is 

given by substituting equation (3-40) into equation (3-23) 

to get 
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(3-45) 

for a body with a circular cross-section and a drag 

coefficient c^ . The equivalent origin displacement used 

in this case was x^//2, which is in agreement with the 

experimental data of Lee (19) and Morel and Bohn (20) for 

drag on spheres and disks in line. 

The characteristic wake velocity Uw should be propor¬ 

tional to the centerline wake velocity U. Assume that Uw 

is given by 

where kg is an experimentally determined constant. Substi¬ 

tuting equation (3-46) into equation (3-44) results in 

Equation (3-47) gives the ratio of drag coefficients 

C
D*/

C
D for the second body of two bodies in line. The 
2 

distance x is the center-to-centçr separation distance 

between the two bodies. The value of c^ is known as a 

function of Reynolds number. The value of cn can depend 

on the turbulence level of the wake. As in the two¬ 

o 

(3-46) 

(3-47) 

o 

dimensional case the turbulence in the wake of the first 

body has the effect of increasing the Reynolds number of 
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the flow. The exact quantitative effect is not known. 

For Reynolds numbers low enough so that thé flow around 

the second body does not become supercritical, it follows 

that 

r r Sî, =• t'p, (3-48) 

Equation (3-47) was evaluated by using data on the 

drag of spheres and disks in line at Reynolds numbers 

low enough so that equation (3-48) could be applied. 

The value of 3 used was that determined for a disk, 

3 = 0.16. The value of kg was chosen to fit the experi¬ 

mental data. Figure 3 shows the comparison of equation 

(3-47) with the data of Rowe and Henwood (18), Lee (19), 

Morel and Bohn (20), and Eiffel for kg = 0.20. This data 

appears to be adequately correlated for center-to-center 

separation distances greater than x = x^. 

In cases where the Reynolds number of the flow is 

in the supercritical region and the drag coefficient is 

independent of the Reynolds number, cn « cn may also 
uo u2 

be expected to apply. This may be the case in some gas 

bubble pulmes. In the IXTOC-1 plume, the plume surface 

velocity and the surface diameter of the bubble flow 

region were estimated as UQ = 36 fps and dQ = 12.5 ft (9). 

This gives a flow Reynolds number of approximately 

R& = u <1 _ (Sb) (ltg) _ i.ii * IO’ 
v ~ 2-31» * I o'5' 

which is well within the supercritical region. 
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Equations (3-13) and (3-47) for the drag coefficient 

Cp* are found to have the same form, including experimental 

constants. The only differences between the two- and 

three-dimensional cases are the definition of the non- 

dimensional separation distance and the power law 

dependence of the wake velocity defect. 

The wake velocity defect behind a body of revolution 

is given by equation (3-40) as 

u,= ka,(_i: 0-49) 
^ 'GTâ -0114 i I 

where x is the distance behind the body. This expression 

can be used to describe the vertical current in a gas 

bubble plume above a single orifice at high gas flowrates. 

The velocity defect corresponds to the plume centerline 

velocity Uc. The free stream velocity corresponds to the 

rise velocity Ur for a bubble pulse or cloud. The diameter 

d represents the bubble cloud diameter, dQ* The distance 

x is given by 

_/=Urt j 0<_ t<T (3-50) 

where t is the time lapse after the last flow pulse at 

a particular level in the plume. As a cloud passes a 

particular level in the plume, the plume velocity is 

given by 

Uc- Mr } 0 < t < H/ur 
(3-51) 
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where H is the cloud height. As the cloud moves away 

from this level, the plume velocity becomes 

^r/Z- j ^ "t ^'/Ur (3-52) 

where 

(3-53) 

from equation (3-33), with the correction factor 1 + kg3/2 

resulting from the experimental constant k2 added to 

Swain's velocity expression. After the time x^/Ur until 

the next cloud arrives, equation (3-49) gives the plume 

velocity as 

Uc = LUr(. 
M4 i 

ÜLI-iU)*.<t <T 
(3-54) 

Equations (3-51), (3-52), and (3-54) describe the 

nonsteady flow in a gas-bubble plume above a single orifice 

at high gas flowrates. They indicate that the vertical 

velocity at a point in the plume varies by at least a 

factor of two. This is consistent with the fact that 

Kobus (5) and Topham (4) observed large flow fluctuations 

in the plumes which they studied. Kobus found it necces- 

sary to measure over a five minute period at each point 

to obtain his velocity profiles, while Topham used six 

one-minute measurement periods for the same purpose. 

The rise velocity and cloud diameter must be deter¬ 

mined as functions of height above the gas source. 
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These expressions apply for large bubble cloud sépara 

tion distances. For closely spaced bubble clouds, the 

effect of preceding clouds can be important. The wake 

produced by two clouds in succession may be estimated by 

superimposing their wakes, resulting in 

UC“ (3-55) 

where U and U_ are given by equations (3-51), (3-52), 
C1 °2 

and (3-54), with c^ = c^ for U and c_ * c * for U_ . 
u uo ci D D c2 
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CHAPTER 4 

CONCLUSION 

The expressions obtained for the period of flow 

pulsations in a gas bubble plume and the drag on two- 

and three-dimensional bodies in a wake have been compared 

with the limited experimental data found on these prob¬ 

lems. More experimental data is needed to properly 

evaluate these expressions, but the following conclusions 

are indicated. 

At high gas flowrates a bubble plume develops flow 

pulsations at a characteristic period which can be related 

to the orifice depth and the type and flowrate of gas. 

These flow pulses result from a nonuniform gas distribution 

in the plume, which appears to contain bubble clouds 

superimposed on a smaller central bubble and liquid core. 

The unsteady vertical current produced in the plume may 

be similar to the wake of bodies of revolution traveling 

in line. 

Swain's expression for the turbulent wake of a body 
t 

of revolution appears to be proportional to the mean wake 

velocity for a sphere and a disk. The ratio of Prandtl's 

mixing length to the wake radius for these bodies is 

obtained as 0.16. 



40 

The drag force on cylinders, spheres, and disks 

arranged in line may be calculated as a function of sépara 

tion distance by consideration of the decay of the wake 

behind the first body, so long as both bodies are in a 

flow regime where the drag coefficient is independent of 

Reynolds number. The drag force on bodies in line may 

be of use in estimating the vertical current produced in 

a gas bubble plume at high gas flowrates. 
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