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ABSTRACT 

Solar beams can be concentrated by various optical systems in 

order to obtain energy at high temperatures. Among the various 

concentration devices the main criteria for classification deal 

with the optical systems used. In this work only concentrators 
ft 

using reflecting systems are considered. 

Host of the previous work done with these concentrators dealt 

with mathematically well defined systems. The method of analysis 

of these concentrators was simple but subjected to the problem of 

having-nonuniform intensity distributions on the absorber. 

The lack of a uniform intensity profile can disrupt the per¬ 

formance characteristics of the collection system and even ruin 

the absorber. Changing the geometries of the reflectors could 

alleviate this problem. The geometries, though, will no longer 

be mathematicaly well defined. A method of analysis developed 

in this work will study these mathematically complicated reflectors. 

Finite elements are used to develop a model for solar concen¬ 

trators. This model accommodates the size of the solar disk when 

considering the incident field, and can also study complex reflector 

and absorber geometries. 

The present work has some limitations such that it is not 

general enough to handle many types of concentrators. These 
% 

concentrators include secondary concentrators of double reflector 

systems and any other system that deals with ill-defined or broad 

incident fields. The model has been developed so that improvements 

in relaxing its limitations can be made. 
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The method of analysis makes use of simple analytic geometry 

for the solution of specular reflections. All elements are assumed 

to be planar and specular properties are interpolated over the 

elements. The use of these elements is studied in three different 

models and only one of them is used in the final computer program. 

Two of these models use a type of ray tracing technique. This 

involves subdividing the incident field into small beams. Each 

beam is represented by a ray, and the ray is traced through all 

its reflections. The first method uses only one ray per element 

and does not lend itself well to accounting for solar size. The 

second method divides the beam on a reflectoï element into nine 

rays. This method is better at accounting for solar size. 

The specular factor model is the final variation of use of the 

basic analysis. It uses specular factors which are analogous to 

view factors for diffuse radiation to anlayze solar concentrators. 

The results are very accurate for single reflections. 

The second of the foregoing ray tracing models is chosen for 

use in the computer program. These results are compared with the 

previous works and some original results dealing with conical 

reflectors are examined. Although improvements in the division 

of the beam into nine rays and in handling various incident fields 

need to be made, the developed model and its computer application 

work quite well. 
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I. INTRODUCTION 

Solar radiation can be concentrated to obtain high intensities 

by using various optical systems. The collection area of this 

energy will be small compared to the collection area of unconcen¬ 

trated sunlight. This effect has several advantages. First, since 
% 

the intensity is high, energy at high temperatures can be extracted 

and even though the temperature is high the reduction in area 

reduces the amount of heat loss by convection and reradiation. 

In addition, the smaller area will reduce the cost of manufacturing 

the collecting system. 

Concentrators consist of two or three major parts. The 

collecting area is called the absorber. A lens or reflector serves 

as the concentrating optical system. Often, a transparent cover 

is placed over the concentrator to further reduce heat loss and 

prevent the accumulation of dust and water. 

Concentrators are classified according to many criteria 

including the type of optical system used. Concentrators using 

reflectors are the subject of this work. Other criteria for 

classification include types of mounting and orientation of the 

systems or the amount of concentration that can be achieved. 

Types of reflectors include two dimensional or trough reflectors 

and three dimensional reflectors. Although both of these reflectors 

can be considered, the main study focuses on three dimensional 

reflectors. The three dimensional reflectors are usually designed 

with surfaces of revolution that can be described with simple 

mathematical expressions. This makes the analysis of the focusing 
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characteristics simple. Some complications might arise from the use of 

these reflectors. Nonuniform intensity profiles can generate sharp 

changes in the temperature distributions and as a result the thermal 

loss characteristics would change. If optimizing the energy extraction 

from the absorber is the purpose of concentrator design, then ignorance 

in this problem can be harmful. 

To analyze the intensity distribution, the incident radiation 

field and the reflector geometry must be known. The analysis 

presented here accounts for the size of the solar disk, and may 

be used to evaluate radiation from a primary reflector of a two 

reflector system. ' The shape of the reflector does not have to 

be defined by simple expression. Furthermore, some work is done 

to try to achieve a relatively uniform intensity distribution on 

some typical absorbers. 

1.1 Related Works 

Burkhard and Shealy (1) worked with both two and three dimen¬ 

sional concentrators and obtained an equation for the shape of a 

reflecting surface which distributes light in a specified manner. 

This equation was a differential energy balance equation which 

was subsequently solved numerically assuming a uniform distribu¬ 

tion. Although this is a relatively simple means of calculating 

the proper reflector shape, the method becomes complex if the 

absorber shape is not simply expressible or the distribution 

becomes non-uniform. 

Wijeysundera (2) examined various three dimensional concentrators 

for misorientation effects using a finite element technique. Since 

he did not consider the size of the solar disk, only one node per 
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element was used. The areas of these elements, when projected in 

the direction of the incident beam, are the same. This makes the 

method used a true raytracing technique. Wijeysundera considered 

the following geometries: (i) Conical Reflector - Cylindrical 

Absorber, (ii) Conical Reflector - Base as Absorber, (iii) Spherical 

Reflector - Cylindrical Absorber, and (iv) Parabolic Reflector - 

Disk Absorber. These combinations use geometries expressible by 

simple mathematical relations. Though the intensity distribution 

is not considered, the results are very helpful for examining 

concentrators that might need piecewise tracking. 

Evans (3) studied the intensity distribution on a flat 

absorber in the focal plane of a perfect parabolic trough concen¬ 

trator. He used an empirical equation for the sun's intensity 

distribution and included surface slope errors. A schematic 

representation of the results is shown in Figure 1. 

The intensity distribution over the absorber of the FMDF 

(Fixed Mirror/Distributed Focus) concentrator was studied by 

O'Neil (4). A closed-form solution based on cone optics was used 

to find this distribution. The method involves tracing cones 

instead of rays so the size of the solar disk may be accounted for. 

As shown in Figure 2, the concentration varies by a factor of 20 

from one end of the absorber to the other. O'Neil makes no sugges¬ 

tions as to how this could be corrected. 

1.2 Intensity Distribution and Incident Field Effects 

As found in the previous works, most concentrators yield a 

non-uniform intensity distribution. Only in concentrators designed 

specifically for uniform distribtuion is this flat intensity profile 
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certain. There may be some region in the distribution where the 

intensity is undesirably high. This makes it necessary for some 

change to be made in the concentrator design. Although the 

intensity may not be completely flattened, this change should at 

least partially alleviate the problem. The spike in Figure'2 is 

an example of this problem. 

The intensity spike becomes undesirable in several cases. A 

good example is the use of photovoltaic cells. A severe spike 

could set up internal circuit loops which greatly reduce the 

efficiency of the cell. The spike might also cause extreme 

temperature gradients which may result in warping, separation from 

the conducting grid, or even cracking. Some of these problems would 

render the cell virtually useless. 

Problems caused by differential heating are also apparent in 

standard heat transfer fluid systems. Host of these devices employ 

coatings, platings, and brazed or soldered joints. A non-uniform 

intensity distribution can cause peeling and cracking of coatings 

and platings and warping or cracking of joints. These effects are 

very detrimental to the efficiency of the system because they greatly 

reduce the amount of energy absorbed and/or transferred to the fluid. 

It is important to know the intensity distribution on the ab¬ 

sorber of a concentrating collector. It is also important to be 

able to change this distribution, if necessary. Prerequisite to 

the study of this distribution is the familiarity of the radiation 

field. 

The collimated incident field which is generally studied is 

rarely encountered in nature. If the sun is considered a point 



Position, y/f 

Figure 1. A Schematic Concentration Distribution in 
Focal Plane of Cylindrical Parabolic 
Concentrator (3) 
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Postion, r/R 

Figure 2. A Schematic Concentration Distribution for Fixed 
Mirror/Distributed Focus Collector (4) 
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source, collimated light results. The sun, however, is not a point 

source. It has a definite angular size when viewed from Earth. 

The actual value may change due to atmospheric magnification and 

the elliptical nature of Earth’s orbit. The net effect, though, 

if the divergence of the solar image (the reflected image of the sun 

on the absorber). 

Another type of incident field is that which strikes the second¬ 

ary reflector of a two stage concentrator. The two stage concentrator 

can be used with a solar thermal or a photovoltaic system. Both line 

and point focus type reflectors are employed. An advantage of using 

this type system (as depicted in [5]) is that the flux distribution 

can be made more uniform. An analysis should be able to account 

for the field resulting from a primary reflector. 

Examples of the intensity distributions on absorbers are 

easily shown when some simplifying assumptions are made. Relatively 

few assumptions were made in the development of Figures 1 and 2, 

which were taken from literature. They show the intensity distri¬ 

butions for a perfect parabolic trough concentrator and a fixed 

mirror/distributed focus concentrator respectively. 

A concial reflector with its base as an absorber is another 

simple example. The reflector is chosen such that a ray reflected 

from the top edge strikes the outer edge of the absorber on the 

opposite side. The incident field is considered collimated for 

purposes of demonstation. The local concentration ratio is constant 

since the system is entirely axis symmetric. These values are 

calculated in-theiAppendix and shown in Figure 3. The effect of the 

finite size of the sun would only slightly round off these curves, 
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and the undesirable high intensity region would still exist. 

If the absorber is cylindrical, as shown in Figure 4, the 

concentration varies along its axis. Although this variation is 

not as severe as in the case of the flat absorber, it is still 

undesirable. The concentration distribution for this collector is 

also calculated in the Appendix. 

These four concentrators demonstrate the large variations in 

intensity or concentration on the absorber. They also show that 

this distribution depends heavily on the geometry of the system. 

The unanswered question deals with the effects of geometry when 

the reflector and absorber have been changed to geometries which 

are not expressible by simple mathematical relations. 
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Position, r/R 

Figure 3. A Schematic Concentration Distribution for Conical 

Reflector with Base as Absorber 
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2R ... o 

Figure 4. A Schematic Concentration Distribution for Conical 
Reflectors with Cylindrical Absorbers 
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II. ANALYSIS 

The following shows the development of several models which 

may be used in a computer program. Each model is capable of 

analyzing the radiation falling on the absorber. 

II.1 Purpose of Work 

A concentrator model capable of finding the effects of various 

geometries must be developed. The model will be of use in finding 

the characteristics of the solar image for a concentrating solar 

collector. This includes finding the shape and the intensity 

distribution within the reflected image of the sun on the absorber. 

The main characteristics of the initial model are as follows: 

1. The geometry of the reflector does not have to be specified 

with a simple mathematical relationship. 

2. The geometry of the absorber does not have to be specified 

with a simple mathematical relationship. 

3. Finite elements to represent the reflector and the absorber 

are used. 

4. All elements are considered planar. 

5. The reflector and absorber do not need to be axis- 

symmetric. 

6. The model must accommodate both the size of the solar 

disk and collimated light. 

The model must be such that room for improvement is allowed. 

In the initial stages of the model development there will be some 

simplifications. For example, even though it is necessary for 

the model to account for a widespread incident field, the initial 
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model must be developed otherwise. Room for improvement includes 

accounting for this type of field. Also, since the model will be 

approximate, an improvement with respect to its accuracy must be 

possible. The implementation of the model will be in modular form 

so each section may be improved upon. 

Once a simplified kernel is developed, it will serve as a 

starting point for a much more sophisticated model. Several of 

these basic models are available, and each one must be developed 

individually. Their compliance with the above characteristics 

must be examined, and the best one will be selected for use in a 

computer program. 

II.2. Basic System Analysis 

Although there are several models, they all have several things 

in common. The most important of these is the basic method for 

analysis of specular reflections. This method uses simple analytic 

geometry. 

Consider three systems as shown in Figure 5. The first, System 

1, is arbitrary and will be the reference system. System 2 is 

defined with respect to one of the reflecting elements such that the 

2 axis is normal to the element plane. System 3 is defined with 

respect to an absorbing element, and its z axis is normal to the 

plane of that element. The origins of Systems 2 and 3 are located 

by the position vectors R2 and R^ respectively, which are written 

in terms of System 1. 

Several transformations will be used here. T^ transforms 

a vector of System 1 to one in terms of System 2. The subscripts 

of the transformations signify the systems considered. The first 
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Figure 5. A Schematic Model Representation of Absorber, 
Reflector and Reference System 



14 

shows the original system, and the second shows the final system. 

- —1 -T 
Note that T2^ = T^2 * since these are orthogonal transformations. 

An incident beam strikes the reflector at the point P on the 

reflector plane. P is located by r in terns of System 2. The 

reflection of this beam strikes the absorbing plane at Q which is 

located by s in terms of System 3. The vector s is the only unknown. 

Let the matrix [Â] be written. 

[Â] 
10 0 
0 10 
0 0-1 

where A is the reflection transformation. The incident beam 1^ 

is written in terms of System 1. J^, thé reflected beam, may be 

written 

~1 " ^215 ^12-1 

where is also in System 1. 

If X is the distance between P and Q, then simple vector 

addition yields 

?3 + ^31s - R2 + T21r + X 

or 

s - Tu [CRj + T21r) - Rj] + x Tu JX 

Let 

S “ ^13 ^~2 + ^21'^ “ -3^ 

and 

b 
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The above expression can be reformed in terms of s, c, X, and b as 

s * c + X b 

Expanding this yields 

s± ■ c± + X.b^ 

Because Q lies on the absorbing plane s^ * 0 and 

X * - c3/b3 

Finally 

S1 ’ cl " bl(c3/k3> 

s2 - c2 - l>2(c3/b3) 

The components of s may easily be found by these expressions. 

Consider now a line passing through P such that J, is included 

in the line. In all but two cases, this line must intersect the 

absorbing element. The first of these cases occurs when the planes 

are parallel. If the angle of incidence is 90°, then the reflection 

stays on the reflector plane. If the angle of incidence is 90°, 

however, the particular problem is ignored. This case then will 

not arise. The second case, which is also ignored, occurs when the 

reflected beam is parallel to the absorbing plane. In this instance 

the point Q is either non-existent or becomes a line. 

In the cases to be considered then this line through P must 

intersect the absorbing element. The case solved above assumed 

that the intersection was in the positive direction. This of 
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course Is the only viable solution to the specular reflection problem. 

Suppose that the intersection occurs in the negative direction. 

This case must be automatically disregarded. The problem cannot be 

avoided when the model is set up, and it is not a viable solution. 

The solution to this problem is as follows 

~3 + *31S " ~2 + ^wl~ ” X -1 

The same vector addition is used in this case. 

The vector s is found by 

s - i13 [®2 + T21r> - E3] - X 

Choosing the previous notation 

ç - i13 [<R2 + T21r) - R3] 

b ^13 -1 

the expression becomes 

s * c - X b 

From the expansion 

X - c3/b3 

Since X represents the length of the vector it must be a 

positive number. 

If Q is reached by traveling in the positive direction, s is 

found by 



where 

X = -c3/
b3 

On the other hand, if Q is reached by traveling in the negative J 

direction, s is found by 

s » ç + X (-b) 

where 

In both cases X must be positive. If X is calculated as for the 

first case, the following will occur; for Q in the positive 

direction X is greater than zero, but for Q in the negative 

direction X will be less than zero. If X is calculated as a 

negative number, then the case will be ignored. 

It should be noted that in some cases the incident beam may 

be used instead of the reflected beam. This would occur if P 

was being examined for shading. In this case the incident beam 

is simply retraced. The reflection transformation becomes the 

retrace transformation. A is written 

[Â] 
-10 0 
0-10 
0 0-1 

Once A has been changed, the problem continues as if a reflected 

ray was being traced. 
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The above analysis is used with any model that employs planar 

elements. Another important procedure used with planar elements 

involves locating the point Q with respect to the absorbing element. 

In all these planar element models it is important to determine 

whether or not the point of intersection Q falls within an absorbing 

element. A method for this determination depends on how the absorbing 

elements are defined. In the models developed, the elements will be 

defined by four points. The points define four lines which form 

the sides of the element. Line 1 is defined by points 1 and 2. 

Line 2 is defined by points 3 and 4. Line 3 and 4 are defined by 

points 2 and 3 and 1 and 4 respectively. 

Examining these lines in the system of the element with the 

x axis horizontal, lines 1 and 2 are roughly horizontal, and lines 

3 and 4 are roughly vertical. The equations for lines 1 and 2 may 

be written 

m^x^ + 

and 

y2 - m2x2 + b2 

where m^ and m2 are the slopes defined as Ay/Ax and b^ and b2 are y 

axis intercepts. 

These equations may be slightly modified to get 

t^ = m^x - y + b 

and 

t2 * m2
x " y + b2 
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The coordinates of the point Q are applied, and a value for t is 

easily found.. If Q is above a line, t will be negative; if it is 

below, t will be positive. Of course, if Q is on a line, then t 

will be zero. So if t^ and t^ have different signs, then Q lies 

between the lines 1 and 2. 

Lines 3 and 4 are now considered 

x3 = m3y3 + b3 

and 

v* + b. 

where m3 and are the slopes defined by Ax/Ay and b3 and b^ are the 

x axis intercepts. Changing the method of defining lines 3 and 4 

eliminates the confusion caused when m3 and m^ have opposite signs. 

After modifying these equations 

t3 « m3y - x + b3 

t4 - m4y - x + b3 

Again using the coordinates of Q yields its position relative to 

lines 3 and 4. 

If Q lies between lines 1 and 2 and also 3 and 4 then it is 

in the element. Of course, Q is considered inside the element if 

it lies on any of the sides of the element. 

All models using four sided elements use a method similar to 

this one. If the four points describe an element that does not 

conform to the pattern described earlier, some rotations within 
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the element system may be necessary. In this case the method 

becomes much more complex. 

Not much can be done to improve the accuracy of planar element 

assumption for absorbing elements. This assumption can be 

improved upon for reflecting elements. When the model deals with 

a three dimensional concentrator, the use of planar elements with 

constant specular properties becomes inaccurate. Radiation falling 

normal to the aperture should be reflected radially from all parts of 

the reflector. A planar reflector element only reflects radially 

from the azimuthal (with respect to the reference system) center. 

Only small errors arise because of this when normal radiation is 

encountered. When the radiation is not normal to the aperture, the 

amount of error increases. 

The specular properties of the reflector elements must be 

changed according to the azimuthal position. First, consider the 

element system. The projection of the x axis onto the reference 

system’s horizontal plane points radially outward. The z axis of 

this system is normal to the plane of the element. The incident 

beam I may be written in terms of the system. The rules of specular 

reflection show that only the z component of I is changed. These 

rules cause radiation falling on the azimuthal center of the 

element to be reflected radially. Radiation falling elsewhere on 

the element is not reflected properly. 

This results from the element system z axis being in the radial 

direction at the azimuthal center of the element. For proper re¬ 

flections, the z axis should be in the radial direction at all 

positions in the element. Specular properties will remain constant 



21 

for radial changes In position. 

To correct for azimuthal position the element system is rotated 

such that the z axis is parallel to the reference vertical. 

” cos 0 sing. 

0 1 0 

_-sing^ 0 cosg 

The element system z axis has an angel of g^ with the reference 

vertical. The second system is rotated by ± yx so the x axis points 

in the radial direction 

C°
S
YX 

-sinyx 

_ 0 

sinyx 0 

cosyx 0 

0 1_ 

The element has an azimuthal span of 2y. y is a fraction of y 

and will be determined later. This third system is rotated back 

until the x axis is parallel to the element plane again. 

Fcosg2 0 

0 1 

_sing2 0 

-sing2 

0 

cosg2 

The entire rotation is 

[T2!’ 

cosyxcos$^cosg2+sing^sin$2 sinyxcosg2 cosyxsing^cosg2-cosg^sing 

cosy - siny cosg, 
'x 1 

- sinyx sin$1 

cosyxcosg^sing2-sing^cosg2 sinyxsing2 cosyxsing^sing2+cosg^cosg 

For the x axis of the new system to be parallel to the element 
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plane the 1, 3 element of T must be zero. 

cosYxsinS^cos02~sin62CosS^ * 0 

or 

tan$2 “ cosyxtan$2 

Notice that the angle g will be larger at the center of the element 

than at the corners. Since the planar element approximation places 

the center of the element closer to the central vertical axis, the 

effects of these two errors will cancel each other out. 

To find YX the azimuthal position within the element must be 

found. Since axis symmetric concentrators are considered here, 

the elements will be of a standard trapezoidal shape. Consider the 

following element and point P. 

For the element system shown here, there is no change of proper¬ 

ties in the x direction. The y direction represents the azimuthal 

direction in the reference system. The value of X represents the 

position of P with respect to the y = 0 position. 

X - 

Consider the projection of the element onto the reference 

system horizontal plane. Let M be the radial distance, through 

the center of the projection, to the radial position of P. This 
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can be used to find 

tanyx “ L2y,M 

The value of y at the corners is known to be y and 
'x ' 

tany » L^/M 

Since 

L2 - X Lx 

tanyx ■ X L/M = X tany 

y is found by 
'x J 

y ■ tan”1 (X tany) 
X 

The system must be rotated by -y on the side of the element towards 

nodes 1 and 2 and by yx on the side towards nodes 3 and 4. X then 

will be negative toward 1 and 2 and positive towards 3 and 4. 

T may be used to interpolate the specular reflection properties 

of the element depending on where the reflection takes place. To 

implement this interpolation the incident beam is written in terms 

of the system after interpolation. The z component is reversed, 

and the properly reflected beam results. Any other vectors may 

also be changed into this new system. 

Each model diverges here in its use of the point Q, the use of 

the method•of locating Q with respect to the element, and the use 

of interpolation. In that light these uses must be discussed with 

the individual models. 
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II.3 Model Discussion 

There are many ways to use the previous analysis in a model. 

Two common ways, piecewise ray tracing and specular factor analysis, 

are examined here. Two models are developed using piecewise ray 

tracing, while specular factor analysis yields only one model. 

II.3a Piecewise Ray Tracing 

Ray tracing is a method in which the incident field of radiation 

is divided into equal parts. Each part is represented by a ray. 

The reflected rays can then be traced and intersections with the 

absorber can be found. 

This method may also be used by dividing the reflector into 

elements. In order that true ray tracing be established, the area of 

each element projected in the direction of the radiation must be 

the same. The division of the reflector into elements then must 

be done during the execution of the problem. This leads to many 

difficulties, especially to the computer application of this method. 

Piecewise ray tracing is a variation of ray tracing. It is not 

true ray tracing because the elements of the reflector are chosen 

before the problem is begun. This means that the incident field 

is not divided into equal parts. The amount of energy assigned to 

each ray is dependent on the size of the element involved. The 

problem is simplified because there is no need to separate the 

reflector into elements during the problem solution. The computer 

application is more general because it does not require an equation 

for the shape of the reflector. Piecewise ray tracing may be done 

in several ways. 

One-Node Model 
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The piecewise ray tracing one-node model is the simplest 

possible model. The energy falling on the element under consideration 

is assigned to a ray which strikes the center of the element. The 

direction of the reflected ray is found by applying the previously 

discussed analysis. 

Recall that the position of the intersection point on the 

absorbing plane, s is found by 

s - T13 [(R2+T21r) - R3] + X 

For single reflections the origin of the reflecting system is at 

the node of the element being considered. Since the incident beam 

strikes there, r * 0 and s is found 

3 - T13 <E2 + R3) + xi13J3 

The position within an element for multiple reflections is known, 

s will be calculated from the original equation then in multiply 

reflecting cases. 

Assuming the postion of each corner of the elements are 

known and the transformations into each element system are known, 

a basic outline for implementing the piecewise ray tracing one- 

node model could be written as follows. 

I. REFLECTED ENERGY 

Repeat for each reflector element. 

A. Preliminary 

1. Calculate the amount of energy falling on the element 

2. Find the position of the node by 
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R2 » 1/4 (R£ + R2 + R2 + R^) 

c c c c 
where R^, R2> R^, and R^ are the positions of the 

element corners. 

B. Shading 

Retrace the incident beam to find 

s * c + Xb where 

c - T13 (R2 + R3) 

b =-T13 (I) 

1. Absorber 

Examine each absorber element for an intersection. 

R3 is the position of the center of an absorber element, 

and T13 is the transformation to that system. If an 

intersection is found, then the reflector element in 

question is shaded and should be disregarded. 

2. Reflector 

Examine all other reflector elements for an intersection. 

R3 in this case is the position of the node of a reflector 

element and T^3 transforms a vector in the reference 

system to the element system. If an intersection is 

found, the element is shaded. 

C. Single Reflections 

Follow the reflected beam to find s 

s ■ c + Xb 
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where 

S - *13 «2 ' ?35 

and 

T13T21AT12?1 

1. Absorber 

Examine the absorber for an intersection. ië the posi¬ 

tion of the node of an absorber element, and is the 

transforamtion to that system. If more than one inter¬ 

section is found, choose the intersection with the shortest 

length of the reflected beam. 

Add the energy of the reflected beam to the energy falling 

on the intersected element. If no intersection is found, 

continue; otherwise, return to I.A and choose another 

element. 

2. Reflector 

Examine the reflector for an intersection. R^ and 

refer to a reflector element. Again if more than one 

intersection is found, choose the short length of the 

reflected beam. Retain the value of s, b, and the number 

of the reflector element intersected for use in multiple 

reflection calculations. 

If no intersection is found, the singly reflected beam 

passes out of the concentrator, and the element should be 

disregarded. 

D. Multiple Reflections 
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Follow the multiply reflected beam to find s 

s = c + Xb 

S ■ T13 (?2+T21^ ' -3 

- “ T13T21AT12Ïl 

The element system 2 refers to the element intersected by 

the previous reflection. then is the location of the center 

of that element and T^ and are the properly interpolated 

transformations for the element. I and r are the properly 

interpolated values of b and s respectively which were deter¬ 

mined by the previous reflection calculation. 

1. Absorber 

Examine the absorber for an intersection. and 

refer to an absorber element. The reflected energy must 

be reduced according to the reflectivity and the number of 

reflections. 

The same rules apply to the intersections found here that 

appear in the handling of single reflections. 

2. Reflector 

Examine the reflector for an intersection. R^ and T^ 

refer to a reflector element. 

The same rules apply here as with singly reflected beams. 

If no intersection is found, the beam passes out of the 

concentrator, and the element is ignored. If an inter¬ 

section is found, retain, s, b, and the number of the 

intersected element, and return to the beginning of 
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Multiple Reflections. 

II. DIRECT ENERGY 

Repeat for each absorber element. 

A. Preliminary 

1. Calculate the amount of energy that should fall on the 

element. 

2. Find the position of the absorber node 

R2 = 1/4 (Rj + R2 + R^ + R£) 

B. Shading 

Retrace the incident beam to find s 

s » ç + Xb 

S - *13 <?2 + ?3> 

s --hsh 
1. Absorber 

Check the absorber elements for shading. R^ and 

refer to another absorber element. If an intersection 

is found or the angle of incidence is greater than 90°, 

then the element is shaded. If the element is not 

shaded, then continue. 

2. Reflector 

Check the reflector elements for shading. R^ and 

refer to a reflector element. If the element is not 

shaded, then add the amount of radiation found in the 

preliminary section to the energy falling on the element. 
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Once this stage has been reached the results may be presented. 

The effects of diffuse external radiation and diffuse reradiation 

will not be considered here. 

The advantage of this model is its simplicity. It may be used 

very quickly and easily. The concentrator may be divided into a 

large number of elements to obtain accurate results. The only 

possible way to account for the solar size is to integrate over 

the entire solar disk. This integration must be done numerically 

so the model will have to be executed several times. Each execu¬ 

tion will use a different incident field. If the intergration is 

not done, then the sizes of the absorber elements are dictated by 

the reflector element size and the solar disk size. This model 

does not conform well to the the specifications previously discussed. 

Nine-Node Model 

The piecewise ray tracing nine-node model is similar to the 

one-node model but is more complex. Instead of representing the 

reflected beam from an element with one ray, nine rays are used. 

On the original element, each of the nine nodes serves as an origin. 

For multiply reflected rays the position with the element is given 

with respect to the first node. 

An element will be divided as follows: 

3 6 2 

4 8 1 
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Since each node represents a different area, the energy allotted 

to each node will be different. One quarter of the energy falling 

on the element is allotted to node 9; one eighth of the energy falls 

on nodes 5, 6, 7, and 8. The remaining one quarter of the energy is 

divided among the four corners. 

The solar disk is easily accounted for by adjusting the angle 

of incidence at nodes 1 to 8. The angle of incidence is adjusted 

to give the largest amount of divergence of reflected energy. Each 

incident beam is adjusted by the amount of the solar half angle 

towards the center node, node 9. The resulting reflected beams 

will diverge away from the node 9. 

Assuming the positions of the corners of all the elements are 

known along with the proper transformations, an outline for imple¬ 

mentation of this model would be as follows: 

I. REFLECTED ENERGY 

Repeat for each reflector element. 

A. Preliminary 

1. Find the amount of energy that should fall on the element. 

2. Calculate the position vector of each node. 

*2 

R2 *2 

*2 *3 

*2 = *4 

$2 = 1/2 (§£ + R^) 
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§2 - 1/2 (§2 + Rj) 

§2 » 1/2 (R® + R®) 

' R® - 1/2 (R® + R®) 

§2 » 1/4 (R^ + R® + R® + R®) 

3. Correct the incident beam for each node. (Method will 

be discussed when programming is discussed.) 

B. Shading 

For each node, N, of the reflector element, retrace the 

incident beam to find s. 

s » c + Xb 

S - *13 (?2 - ?3> 

5 " *13 -1 

1. Absorber 

Examine the absorber elements for an intersection. R^ 

refers to corner number 1 of an absorber element, and 

is the transformation into the system of that element. 

If an intersection is found, then the node under consid¬ 

eration is shaded, and it should be disregarded. The 

energy given to its incident beam is lost. 

If, after examining all nine nodes, each one is.shaded 

then the entire element is shaded, and a new element should 

be examined. (Return-to A.) . 

2. Reflector 
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Examine the reflector elements for an intersection. R^ 

refers to corner 1 of a reflector element and is the 

transformation into the system of that element. 

If an intersection is found, then the node under con¬ 

sideration is shaded and should be exempt from futther 

calculations. 

Again if all nine nodes are shaded, the element should 

be disregarded, and a new element should be examined. 

C. Single Reflections 

For each node, N, of the reflector element trace the reflect¬ 

ed beam to find the point of intersection with the plane of 

another element, s. 

S m 

c * 

b » 

1. Absorber 

Examine each absorber element for an intersection. 

R^ refers to the corner of an absorber element, and 

also refers to that element. 

If one intersection is found, the energy from that node 

is added to the amount of energy falling on the absorber 

element. 

If more than one intersection is found, the length of the 

reflected beam, X, must be examined. The intersection 

with the smallest X will be counted, and the energy of 

c + Xb 

*13 <?2 - ?3> 

T13 T21AT12Ïl 
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the reflected beam will fall on the intersected element. 

If no intersection is found, then continue. 

2. Reflector 

If a ray has not intersected an absorber element, 

examine all reflector elements for an intersection. R^ 

refers to corner 1 or node 1 of a reflector element, and 

refers to that element. 

The intersection of shortest length should be chosen if 

more than one intersection is found. 

The value of s and b should be retained for the chosen 

element so they may be used to calculate multiple 

reflections. 

If no intersection is found, then the reflected beam 

passes out of the concentrator, and the node should be 

since the reflected energy is lost. 

D. Multiple Reflections 

For each node, N, trace the multiply reflected beam starting 

with the second reflection. Find the point s by 

s = c + Ab 

- - 
ç - T13 [($£ + T21r) - R3 ] 

b 

System 2 in this case refers to an intersected element which 

N1 
is found from a previous calculation. R^ is the position of 

corner 1 of a multiply reflecting element. The superscript 

N shows the number of the node on the original element whose 
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II. 

ray is being traced. refers to this same element. 1^ and 

r are actually b and s determined in the previous calculations. 

1. Absorber 

The absorber is inspected for any intersection by the 

multiply reflected beam. and refer to an absorber 

element. 

If an intersection is found, the energy of the beam is 

added to the amount of energy falling on the intersected 

element. If more than one intersection is found, then 

the intersection with the smallest is chosen. 

If no intersection is found, then continue. 

2. Reflector 

The reflector elements are inspected for an intersection. 

R^ and T^^ refer to a reflector element. 

If an intersection is found, an additional reflection 

is indicated. The amount of energy left in the ray after 

imperfect reflections must be examined. If it is too low, 

the energy can be assumed lost. Again the intersection 

with the smallest X is choosen if more than one intersec¬ 

tion is found. 

If no intersection is found, the ray is lost, and the node 

may be disregarded. 

DIRECT ENERGY 

Repeat for each absorber element. 

A. Preliminary 

1. Calculate the amount of energy that should fall on the 

element. 
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2. Find the postion vectors of each of the nodes in the 

same manner that they were found for reflector elements. 

B. Shading 

Repeat for each node, N, of the reflector element. 

Find the position of intersection of the retraced incident 

ray with the plane of another element, s. 

c + Xb 

*13 <?L,s + ?3> 

6 --T13Ï1 

1. Absorber 

Examine the absorber elements for an intersection. 

and refer to an absorber element. 

If an intersection is found, then the node is shaded. 

No energy falls on the node under consideration. 

If no intersection is found, then continue. 

2. Reflector 

Examine the reflector elements for an intersection. 

R^ and refer to a reflector element. 

If an intersection is found, then the node is shaded, 

and no direct energy hits it. 

If no intersection is found, then the node is not shaded, 

and direct energy does strike it. 

Recall that for any reflected energy the reflecting element 

system must be interpolated according to the position of the re¬ 

flection point. Of course the value of X mentioned previously 
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will be -1 or 1 at nodes 1, 2, 3, 4, 5, and 7 and 0 at nodes 6, 8, 

and 9. X must be calculated for multiple reflections. 

The solar disk size may be easily accounted for in this model 

which is its main advantage. The model is, however, significantly 

more complex than the single node approach if the solar disk is 

considered to be infinitely small. 

Using this model, broad fields of incident radiation may be 

considered. The model conforms well to the specifications 

previously mentioned. 

II.3b Specular Factor Model 

The specular factor model is relatively simple in concept, 

but its implementation is rather complex. The amount of energy 

that falls on an absorber element from a reflector element depends 

on the specular factor between the two. The specular factor is 

analogous to the geometric factor or view factor except specular 

energy is considered instead of diffuse. 

The specular factor is defined as the fraction of the energy 

leaving an area in a given direction that falls on another area. 

This has obvious applications to specular reflection. Since the 

direction of reflection is easily calculated, the specular factor 

between two elements may be found, and the concentrator can be 

analyzed in that manner. The absorber may be analyzed until the 

sum of the specular factors from a reflector element reaches one. 

Dealing with multiple reflections is fairly complex. If the 

reflected beam from an element if partially intercepted by the 

absorber, then the amount of energy used in the multiple reflection 

calculation must be reduced. Because of the nature of the model, 
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the entire area of the reflector elements must be used. This creates 

some error in the approximation. The specular factor from tbe.- 

original element to each reflector element is calculated. The 

elements for which the specular factor is not zero are multiply 

reflecting elements. 

The specular factor multiplied by the amount of energy leaving 

the previous element (which has been reduced if the absorber has 

been intersected) is the amount of energy striking the multiply 

reflecting element. To account for this reflection this amount 

of energy is reflected from the entire element. This procedure 

repeats until all the elements have been inspected, or the sum of 

the specular factors reaches one. It is easy to see how drawn out 

this process is. 

The calculation of the specular factor is relatively simple in 

concept but is rather complex in practice. On the plane of an 

absorbing element the reflector element will project a reflected 

image. The shape of this image will vary according to the shape 

of the reflecting element. If the reflecting element is a quadri¬ 

lateral, then the image will also be a quadrilateral. This image 

may or may not have an intersection with the absorbing element. 

If it has no intersection, then .the specular factor is zero. If 

there is an intersection, then its area is calculated. The area 

of the intersection divided by the area of the reflected image is 

the specular factor. Even though this seems simple, the calcula¬ 

tion of the intersection is fairly complex. Assuming the elements 

are quadrilateralas and the four corners of the reflected image are 

known, the specualr factor can be found by the following process. 
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First examine all the reflected image corners in relation to 

the absorber element. If the points are all above, all below, all 

to the right, or all to the left, then the specular factor is zero. 

If all the points are inside the absorber, the specular factor is 

one. Next examine the corner points with respect to the image. If 

all the points are within* the reflected image the specular is the 

absorber element area divided by the image area. If none of these 

cases has occurred, find the intersections of the line segments of 

the reflected image with those of the absorber element. These 

points, along with any absorber points that lie within the image 

and any image points that lie within the absorber, define the 

intersection, and the specular factor is this area divided by the - 

image area. 

Recall that when examining a point as to its relative position 

to a quadrilateral, the quadrilateral should be strictly defined. 

The reflected image may not be a well-behaved quadrilateral. This 

complicates the method discussed previously of determining whether 

or not a point is within a quadrilateral element. 

The implementation of this model is very similar to the two 

models previously discussed. Instead of looking for intersections, 

specular factors are found, and the entire element is vised for 

multiple reflections. 

This method is significantly more accurate than the piecewise 

ray tracing type model when single reflections are concerned. 

Multiple reflections are not well taken care of though. Since the 

entire element must be used for each reflection a great deal of 

error will occur after only two reflections. Also this model is 
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significantly more time consuming than the previous models. 
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III. PROGRAMMING 

The piecewise ray tracing nine-node model seems to best ful¬ 

fill the requirements set forth previously. The one-node model 

while being fast and simple will not account for the solar size. 

The specular factor model fills all requirements but is rather 

cumbersome and would be awkward to implement. The nine-node model 

leaves a large amount of room for expansion or further development 

and is not as awkward as the specular factor model. Therefore, 

the nine-node model was chosen for implementation in the computer 

program. 

The program has been developed so that changes may be easily 

made. The main program is short and in essence merely an outline 

for the actual workings of the program. These workings are developed 

in modular form by use of several subprograms. In order to 

further develop the program or keep it abreast of developments in 

the model, only the subprograms need be altered. Also it is 

very easy to simply add subprograms if it is necessary. This 

form makes the program very versatile Indeed. 

In order to help explain the program the main program and each 

subprogram will be discussed separately. A conceptual flowchart 

will also be included to further clarify the workings of each 

program. 

Main Program 

The main program again is an outline for the entire program. 

It resembles the outline given when the model was first discussed. 

The first step in this outline is obtaining the input. The reason 
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this step is worthy of mention is that different data are read if 

the system is axis symmetric or not. The absorber and reflector 

are treated separately in this case. The position vectors for all 

the corners of the elements are always read. If the absorber or 

reflector is axis symmetric, then the angle between the element 

normal and the reference system vertical is given. If it is not, 

then the transformation to the element system is given. 

After the data is read, then the main program follows the 

previous outline very closely. 

Subprogram INTER 

This function subprogram determines whether or not a beam 

strikes within a particular element. INTER may take on the value 

of zero or one. If the beam falls within the element, a one is 

returned. 

INTER is used more often than any other routine in the program. 

The workings of this routine have been previously discussed and 

the flow chart is self-explanatory. Note that the arguments 

to this program are written in terms of the element system where 

the node one is the origin. These arguments include the position 

of corners of the element and the position of the intersection 

on the plane of the element. 

Subprogram FININT 

Although FININT is a fairly straight forward subroutine, it 

returns several important values. FININT inspects a group of 

elements for intersections by a set of rays originating from one 

element. These beams may be either reflected or retraced incident 

rays. They originate from each node of the above element which if 
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it is in the given group of elements is not inspected for an inter¬ 

section. Naturally, if more than one intersection is found, the 

intersection which has the shortest beam length is chosen. Note 

also that if a node has been previously shaded there will be no 

ray originating from it. 

If the node is not shaded and an intersection is found, the 

number of each intersected element is returned. For each inter¬ 

sected element the position of the intersection within the element 

and the incident beam on the element are also returned. These 

values are important for use when multiple reflections occur, and 

they help determine whether or not the intersecting beam strikes 

the front or the back of the element. Once an intersection has 

been found the node from which the beam originates is considered 

shaded. The final value returned is an index for each node which 

indicates whether or not it is shaded. 

Subprogram SHADE 

Subroutine SHADE determines which if any of the nodes on a 

reflector element are shaded. It uses the subroutine FININT and 

the only value it returns is the shading index that was discussed 

previously. SHADE is the first subprogram in the main procedure 

that inspects other elements for intersections. 

Subprogram SNGREF 

SNGREF examines the rays leaving a particular reflector element 

for intersections with other elements. The absorber is examined 

first for rays reaching it by a single refelction. The rays that 

do not strike the absorber are examined for intersections with the 

reflector. These reflector intersections indicate multiple reflections. 
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Of course any previously shaded node has its ray neglected. 

Subprogram MULREF 

Subroutine MULREF is equivalent to subroutine FININT. The 

only exceptions are that it deals with multiple reflections and 

treats only one ray at a time. The method of calculating the 

position of an intersection on the plane of an absorbing element 

is slightly more complicated than for the single reflection case. 

Otherwise, the values returned exactly the same as those from 

FININT. 

Subprogram MULTI 

Subroutine MULTI accounts for all multiple reflections. 

Results from the subprogram SNGREF show whether any ray from the 

original element undergo any of these type reflections. Each 

multiply reflected ray is traced until one of the following occurs: 

a) it strikes the absorber, b) it passes out of the concentrator 

through the aperture or any other gap, or c) it undergoes too many 

reflections. 

Subprogram DIRECT 

Subroutine DIRECT simply finds the amount of direct radiation 

falling on the absorber. DIRECT uses a method almost exactly like 

that used in SHADE. The only difference is that DIRECT considers 

the amount of energy falling on the elements instead of just being 

concerned with shading. 

Subprogram CORECT 

Subroutine CORECT is the routine which corrects the incident 

ray so that the finite size of the sun is accounted for. The method 

used is fairly simple but does require explanation. 



45 

Two coordinate systems are important in this case. The element 

system is the first, and the system with its z axis pointing 

back along the incident ray is the second. Figure 6 shows the 

latter system. The vector extends to the center node of the 

element. A2 is the projection of this vector onto the x-y plane 

of the system shown. The unit vector a then points toward the 

center node while remaining in the x-y plane of this system. The 

unit vector b is opposite the direction of the corrected beam. 

This beam, then, could be written 1. 1 

-a^sin o I 

-a„sina > 
Z I 
-cos a J 

where a is the half angle of the solar disk. This of course is in 

the system shown and must be converted back to the element system. 

The original incident beam has been tilted toward the center 

of the element. When this ray is reflected, the reflected ray will 

be divergent from the center of the element. This alone accounts 

for the finite size of the sun. All the reflected rays from an 

element diverge from the center, providing the cone effect which 

occurs in nature. 

The remaining subprograms are relatively simple compared to 

the previously mentioned ones. Because of this, they are only 

briefly described and are not flowcharted. First subroutine 

SUBDIV finds the locations of the nine nodes of an element. 

ENERG is a subroutine that calculates how much energy is attributed 

to each node. It uses several other very small subprograms. 
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Subroutine TRANS is very important because it is used to calculate 

the transformations from the reference system to all the element 

systems. NEWT is a simple subroutine that develops a transformation 

to interpolate the transformations developed in TRANS when necessary. 

Finally, OUTPUT reorganizes some of the data and presents it in a 

neat fashion. 

The program is indeed very versatile. For example, if a more 

accurate method for accounting for single reflections can be 

developed, it is easy to implement it by simply replacing SNGREF. 

Another improvement could be made by increasing the speed of a 

function like INTER. Again, the subprogram can simply be replaced. 

Many other improvements could be made. The fact that these 

improvements can be made, however, implies that the program is 

much less than perfect. In the first writing of the program some 

restrictions have necessarily been included. It is important to 

know these restrictions in order to be familiar with the limitations 

of the program. 



III.l Flowcharts 

MAIN 

Read Input and Find Trans¬ 

formations if system is axis- 

symmetric. 

Repeat for all reflector 

elements. 





INTER 



ÇReturn 
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r 

FININT 

CT Begins 

Repeat for each node in the 

given element. 

If the node is shaded, move 

to the next node. 

Repeat for each element in 

the given group of elements 

to be inspected for intersec¬ 

tions . 

If the element being checked 

for an intersection is the 

same as the element that the 

ray originates from, then 

move to the next element in 

the group. 

Determine the point of inter¬ 

section and the length of the 

beam to the plane of the 

element being inspected. 

t 



 ï  

If the length is negative, the 

inspected element lies behind 

the original element. Move to 

the next element. 

Determine whether or not the 

above intersection lies within 

the inspected element. 

If the intersection is not in 

the element or the length is 

longer than a length for a 

previous intersection falling 

inside an element, then move 

to the next element. 

r If the intersection is a valid 

one, i.e. it falls within the 

element and has the shortest 

length, then continue. 

Record the number of intersected 

element, the position within the 

element, and the new incident beam 

CRetum ^ 



SHADE 

CT Return^ 



SNGREF 



i 
If intersections are found, 

multiple reflections have 

occured. Information about 

the multiple reflection is 

relayed to the main program. 

CTReturn 



MULREF 

CBegin 

If ray being traced has been 

shaded, return. 

Repeat for each element in 

the given group of elements, 

to be inspected for intersections. 

If the element being checked 

for an intersection is the same 

as the multiply reflecting 

element, then move to the next 

element in the group. 

Determine the point of inter¬ 

section and the length of the 

beam to the plane of the 

element being inspected. 

If the length is negative, the 

inspected element lies behind 

the reflecting element. Move 

to the next element. 



 1  
Determine whether or not 

the above intersection lies 

within the inspected element. 

If the intersection is not in 

the element or the length of 

the beam is longer than a 

length from a previous 

intersection falling within an 

element, then move on to the 

next element in the group. 

If the intersection is valid, 

i.e. it falls within the element 

and has the shortest beam 

length, then continue. 

Record the number of the inter¬ 

sected element, the position 

within the element and the 

new incident bear on the 

element. 

Ç~Return^> 



59 

MULTI 



 i  
If no intersection with the 

absorber is found and the upper 

limit for reflections has not 

been exceeded, inspect the 

reflector for further reflec¬ 

tions and return to point 1. 

If more than 10 reflections 

have occured or the energy 

of the ray has been reduced 

to one-half its original valve 

move to the next ray. J 
CT Return 
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DIRECT. 



Çgeturn 
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III.2 Limitations 

Although several of the restrictions and limitations of this 

program are due to its being in developmental stages, most are 

not. For example, some restrictions must be placed on the selection 

of elements. 

The shape and orientation of elements must be proper in order 

for the function INTER to work. As an example consider an element 

of an axis symmetric concentrator. The orientation of the element 

system is such that its z axis is normal to the element plane and 

its y axis is tangential to a circle around the axis of the con¬ 

centrator. For INTER to work properly, the element must be 

correctly given in this system. Observe the system from the positive 

z direction. 

The element is a quadrilateral in the x-y plane. It is defined 

by four lines which meet at the four nodes. The positions of the 

nodes are input to the program. For INTER to work properly the 

nodes must be numbered in a counter-clockwise manner starting from 

the lower left hand corner. 

The procedure used in INTER causes some other restrictions. 

With the numbering system given above the following restrictions 

arise. First, if a point is not above the line between nodes 1 

and 2 and below the line between nodes 3 and 4, it may not be within 

the element. Next if a point is both to the left of the line 

defined by nodes 1 and 4 and to the right of the line defined by 

nodes 2 and 3, then it may not be in the element. Although these 

two restrictions seem complex, they are easy to comply with. The 

shape of an element that would violate them is very rare in the 
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application of this model to solar concentrators. 

Another restriction which is rarely encountered arises when 

either of the lines between node 1 and 2 or 3 and 4 are vertical 

or either of the lines between 2 and 3 or 1 and 4 are horizontal. 

The procedure breaks down in this case and a correct answer is 

seldom returned. Although problems due to this restriction are 

not as rare as those with the previous restrictions, they are 

easier to correct. Restrictions, therefore, on the shape of an 

element are rarely violated. When violated, they are easily 

corrected. 

The size of the element is also an important consideration. 

Although this factor is not critical to the actual operation of 

the program, the accuracy of the results depends on the sizes of 

absorber elements relative to those of the reflector. Since this 

method is a ray tracing analysis, considerable error can be incurred 

simply by the improper choice of absorber elements. The angular 

size of the sun is compensated for in the program, so no adjustment 

is necessary on that account. 

Each reflector node covers the area of approximately half the 

element area. The minimum size of the absorber elements should be 

half the size of the reflector elements. The maximum size is 

arbitrary and depends on the individual application. Note, however, 

that if the minimum size of the absorber elements is chosen, 

considerable error may still occur. For reasons of accuracy the absorber 

elements should be about the same size as the reflector elements. 

This restriction is relaxed somewhat for axis symmetric concentrators. 

If any error is incurred in the azimuthal direction, it will be 
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compensated for by the other elements. 

The size restriction is especially important with line con¬ 

centrating systems. Line concentrators include conical reflectors 

with cylindrical absorbers and spherical concentrators. A small 

error in the placement or size of the absorber elements can 

disrupt the results. In this case, disregarding the azimuthal 

size, the absorber elements should be twice as large as the re¬ 

flector elements. These restrictions are due to the actual method 

used and the accuracy of the results relative to the choice of 

elements. 

Limitations include the fact that any surface roughness due 

to the actual manufacture of these reflectors cannot be accounted 

for. Also, the method of interpolation of specular reflection 

properties is less than perfect. Although the effects of using 

planar reflectors instead of curved ones is somewhat compensated 

for, a little more adjustment may be necessary. 

Although a broad incident field may be considered here, the 

program will not automatically account for it. These limitations 

do need to be relaxed. They are not critical, though, to the 

initial development of the program. The restrictions on size and 

shape of elements are not oppressive if some preliminary thought 

is given to the design of the reflector and absorber systems. 



IV. RESULTS 

The results generated by the use of the nine-node piecewise 

ray tracing model should be compared to some previous works before 

any new results are examined. This will demonstrate whether or 

not the model is valid. 

IV.1 Related Works 

First examine a conical reflector with its base as an absorber. 

Collimated light is used since it was used in the previous works. 

Of course the first sét of results to be examined deals with the 

intensity distribution. Figure 7 shows the results produced when 

the model is applied to this concentrator, and the incident field is 

normal to the aperture. These results should be compared to Figure 

3. The data for Figure 3 was generated in a theoretical analysis 

shown in the Appendix. Notice that the two figures are very similar. 

The main deviation is at the outer edges of the absorber. There 

are several possible causes for this error. 

Since a computer is used here, a gap between the absorber 

and reflector could have been included. This would cause some 

of the reflected rays from the inside and the outside of the 

reflector to be lost. The results showed that this did indeed 

happen, but not to a large extent. Two other reasons (which 

are due to programming)Could also cause this deviation. As 

previously mentioned, the method of interpolation is less than 

perfect. This interpolation causes the reflections from the 

edges of the element to be different from those at the center. 

If this error was large enough, the radiation from the center 
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Figure 7 A Schematic Concentration Distribtuion for Conical 
Reflector with Base as Absorber - Results From 
Application of Nine Node Model. 
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could reach the wrong element on the absorber. Since, however, 

the absorber elements were rather large, the possibility of this 

occurring is low. 

The second and most probable programming error could be in 

the division of energy between the nodes of a reflector element. 

Nodes 2, 3, and 6 of these trapezoidal elements represent larger 

areas that 1, 4, and 8, but 1, 2, 3, and 4 all are attributed the 

same amount of energy. Nodes 6 and 8 are also this way. This 

effect will be compensated for on the interior elements, but the 

innermost and outermost elements will be left in error. 

Other than these small errors, the model works properly for 

calculation of intensity distribution. The characteristics of 

this concentrator when the incident field is not normal to the 

aperture are also very important. Figure 8 shows the comparison 

of the work done by Wijeysundera (2) to the results of the nine- 

node model. The two sets of results are so close that no dis¬ 

cussion is even necessary. 

In dealing with intensity distribution and the effects of a 

angular misorientation, the nine-node piecewise ray tracing model 

works well for this concentrator. Although some errors were un¬ 

covered, they appear to be minor. Of course other concentrators 

need to be examined. Since this concentrator is an area focusing 

type, a line concentrator is examined next. 

A conical reflector with a cylindrical absorber is such a 

concentrator. The model is applied to these concentrators where 

the inside radius of the reflector is the same as that of the absorber. 

An important parameter on these concentrators is the ratio of the 
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aperture diameter to the cylinder diameter. The Appendix shows 

the analysis for the intensity distribution where the ratio above 

is 5 and 10. Figure 4 shows these results graphically. 

Applying the nine-node model to these concentrators yields 

the results shown in Figure 9. The profiles are very close to 

the ones shown previously. There is a bit of scatter of some of 

the points. 

Examining the profile at h =0, the base of the cylinder, the 

same errors as with the previous concentrator are apparent. First, 

the results do bear out the possibility of computer error. The 

rays reflected from the innermost reflector nodes are lost. This 

and the improper distribution of energy over the element can explain 

the errors at the base of the cylinder, and the slight error at the 

top of the cylinder. 

The scattering of data for the middle absorber elements should 

be examined in light of the restrictions on element size. In the 

particular concentrator shown here, the absorber elements are 

approximately the same size as the reflector elements. Azimuthal 

size is not Considered of course. When smaller reflector elements 

are used, the profiles do indeed converge on those shown where the 

broken lines due to extrapolation are considered. The choice of 

these results was made to demonstrate the necessity of proper 

element selection. 

Wijeysundera (2) also considered the effects of angular mis- 

orientation on these concentrators. The graphic comparison of 

results is shown in Figure 10. The two plots do not compare as 

well here as with the previous concentrator. Since Wijeysundera’s 
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2R 
o 
   

Position h/h 
o 

Figure 9. A Schematic Concentration Distribution for a 
Conical Reflector with a Cylindrical Absorber 
Results from the Application of the Nine Node 
Model. 
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method was also approximate, it is difficult to tell which model 

is more accurate. Also he does not give any indication of a com¬ 

parison with experimental data. It is also evident that he does 

not use concentrators in which the inside radius of the reflector is 

the same as the radius of the cylinder. The effects of this 

difference will be discussed later. 

Another line focusing concentrator is a spherical reflector 

with a conical or cylindrical absorber. A conical absorber was 

used here. The results generated here can be compared to those 

presented by O'Niel (4). The absorber size on the present model 

is larger than that used by O'Niel, but Figure 11 shows that the 

profile shapes are very similar. 

The nine-node model appears to work very well indeed. There 

is a small amount of error in the calculation of intensity profile, 

but this may be attributed to the fact that this is only the first 

writing of the program. In dealing with angular misorientation, 

the model works very well. Accounting for the solar size does not 

present any problems, but the improper distribution of energy over 

the element would have some effects. Although this error would become 

more pronounced as the solar size increased, the model works well 

enough to examine some new results. 

IV.2 New Results 

Since the computer results may be trusted, the results generated 

when new parameters are used may be examined. Wijeysundera, in his 

consideration of conical reflectors with cylindrical absorbers, 

did not examine the effects of varying the ratio of the inside 

radius of the reflector to the radius of the cylinder. A ratio 
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Position, r/R 

Figure 11. A Schematic Concentration Distribution for a Spherical 
Reflector with a Conical Absorber - Results from the 
Application of the Nine Node Model. 
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of one was used in Figure 10 for the concentrator examined by the 

nine-node method. Although Wijeysundera does not indicate what 

ratio he uses it is apparent that it is not 1. 

Figure 12 shows the comparison of results when the ratio is 

varied. The ratios used here are 1.0, 1.5, and 2.0. Note that 

only the cylinder is used as an absorber. A gap exists between 

the absorber and the reflector. The property examined here is 

the ratio of the reflected energy falling on the absorber with a 

finite amount of misorientation to the amount of reflected energy 

with no misorientation. The curves generated by these data are 

not significantly different from those generated when the total 

energy is considered. 

At small angles of misorientation the results are very in¬ 

teresting. As the ratio rc/
r
c is increased, misorientation has less 

effect. The property is easily explained. As the gap between 

absorber and reflector increases so does the amount of reflected ‘ 

energy lost through it. At small amounts of misorientation, some 

of the energy that is lost due to reflection errors is recovered. 

Some of the radiation which is reflected from behind the absorber 

and is lost through the gap from normal radiation intercepts the 

absorber. This could not occur if this portion of the reflector 

was shaded. As the gap increases, less of the reflector is shaded. 

When rQ/
r
c is 1 then any misorientation would cause a significant 

amount of shading. The combined effects of these two phenomena 

cause misorientation to effect the results as in Figure 12. 

When the misorientation increases past 10°, another effect 

comes into play. This effect is difficult to analyze. It can 
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be assumed that in all three concentrators, the absorber is shading the 

reflector to some extent. This shading negates the recovery of any of 

the energy that falls through the gap at no misorientations. Energy is 

also being lost through the aperture to a much greater extent. The 

combined effect of these three phenomena causes some peculiar results. 

When r /r *1.5, the ratio ‘increases above that for r /r *1.0. When r / 
o c * o c o 

r =2.0, the ratio drops below that for r /r *1.0. These are curious results 
c ’ r o c 

and can only be explained by the complex interaction of the three 

phenomena discussed above. It appears though that the best choice of the 

three collectors for small misorientation is the one with r /r *2.0 
o c 

since it is affected the least at small angles. 

It would seem illogical to design concentrators that would have 

the large gaps apparent in those examined above. So much of the 

useful energy is lost through this gap. An alternative to this 

simple design would employ a compound absorber. In this case the 

base of the cone and the cylindrical absorber are included. The 

gap no longer exists and much more reflected and direct energy can 

be collected. 

The characteristics of this type of concentrator under mis¬ 

orientation are shown in Figure 13. The same ratios of x IT are 
o c 

used. The effects of varying rQ/rc are. not as pronounced here as 

with the previous case. As rQ/
r
c is increased, Ig/IQ increases 

only slightly. This seems to indicate that the assumption th^t 

some lost radiation is recovered at small misorientations in the 

previous concentrators was correct. 

The concentrator with r /r ■ 2.0 is still the better concentrator 
o c 

when concerned with the effects of misorientation. The intensity 
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profile is very odd, and the construction of a concentrator such 

as this would be very difficult indeed. Since the concentrator 

with r /r = 1.0 is not much different from the others when misori- 
o c 

entation is considered, it would be the best choice since it is easy 

to construct. 
<# 

The spherical concentrator shown in Figure 11 should be briefly 

examined. The absorber used in this case was much larger than the 

one used by O’Niel (4). The effects of this change are noteworthy. 

First of all since the absorber has a larger diameter, the concentra¬ 

tion will not be as high. This is not surprising. The intensity 

profile seems to be more uniform than the one shown in Figure 2. 

The spike seen near the top of the absorber is not as pronounced in 

Figure 11. The effects of enlarging only the upper poriton of the 

concentrator would be to flatten the intensity profile, while the 

concentration remains relatively high. 



V. RECOMMENDATIONS 

The nine-node model and its computer implementation both work 

well. The author has several recommendations regarding future 

work done on and with this program. 

The first of these recommendations deals with the errors discussed 

previously. There is definitely some error in the division of 

energy among the nodes of a reflector element. This error is 

especially pronounced when the size of the solar disk is considered. 

The amounts used in the present work were set at 1/16 for the corner 

nodes, 1/8 for the edge centered nodes, and 1/4 for the center node. 

Although these values were not arbitrarily chosen, not a great deal 

of research was done on them. Consideration of the shape of the 

elements and the relative sizes of the areas that the nodes represent 

must be given. Once the proper values have been established, the sub¬ 

program ENERG can easily be modified to accommodate them. Although 

this problem is not critical some improvement would greatly increase 

the accuracy of the program. 

Another problem which is more annoying than critical to the 

results deals with the interpolation routine, NEWT. The use of 

planar elements involves a slight displacement of the center nodes 

from the curvature of the actual concentrator. If the angle $ 

between the element z axis and the reference z axis was the same 

at the center and at the corners, the reflected ray would also be 

displaced. The amount of this displacement depends on the posi¬ 

tioning of the absorber. Even though B does change between the 

corners and the center, there is still some displacement. The 
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farther the absorber is from the reflector element, the larger the 

error caused by this displacement. 

Special care must be taken when the concentrator is prepared 

for use in the model. If care is not used, considerable error could 

be caused by this simple error. This makes the problem annoying. 

Investigation into NEWT and the interaction of the absorber and reflec¬ 

tor could bring to light some relief for this predicament. This 

would be one way of relaxing the restrictions on the specifications 

of elements. Naturally the more these restrictions are relaxed 

the easier the program is to use. 

Another way to relax* these restrictions is to improve the 

function INTER. Work with this subprogram can follow two lines. 

The first line would make INTER more general and able to handle 

quadrilateral elements with various shapes. Even the requirement 

that the elements be four sided could be relaxed. This would make 

the concentrator extremely easy to set up. 

The second line of improvement for INTER deals with its speed. 

A great deal of investigation would be necessary to make any progress 

here. The two improvements in INTER do not really go hand in hand. 

The first would probably make the function longer, while the second 

would tend to streamline it and place more restrictions on the 

elements. The predicament could be overcome though with a good 

deal of work. 

The final recommendation dealing with the model has to do with 

accounting for large radiation fields. With this model the best 

way to deal with this type of field is in a piecewise fashion. 

The field would be divided into a set of smaller fields. Each 
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of the smaller fields is dealt with as if it had a finite size 

just as the solar disk does. 

This improvement is the most important of all and should be 

the first to be implemented. It involves a rewriting of the main 

program and possibly some subprograms. Although it will make the 

program longer and more cumbersome, it will also give the user 

a great deal more power. The model will be able to handle virtually 

any concentrator or part of any concentrator system. 

A great deal more work can be done in the study of various 

concentrators. The major effort should deal with the improvement 

of the intensity profile on new collectors. Even in its present 

stages the model is suitable for such applications. It can be 

used as an analytical tool for any proposed concentrator. The nine- 

node piecewise ray tracing model is a very powerful tool for the 

study of solar concentrators. 
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APPENDIX 

Calculation of Intensity Distribution for Conical Concentrators 

The intensity on the absorber of a concentrating system is 

proportional to the local concentration ratio. In Figs. 1-4 the 

local concentration ratio instead of the actual intensity as a 

function of position is plotted. The work here is concerned with 

the calculation of local concentration ratios. 

The first concentrator to be examined is the conical reflector 

with its base as an absorber. For simplicity, collimated light is 

assumed. The effects of solar size will be slight. The following 

is a schematic of this Concentrator. The size is chosen so that 

the rays reflected from the top of the concentrator strike the 

outer edge of the absorber. 

Since the concentrator is axis symmetric the concentration 

ratio will be constant at a given radius. The illuminated area will 

be a differential ring. The ring is illuminated in three ways. 

The first two are illuminations from the reflector and the third 

is due to direct radiation. The contributions of these three must 

be added. 

Consider the energy falling on the absorber from the reflector. 
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The energy falling on a ring of the reflector is given by 

dEi " 1 2*ri ^ 

where I is the intensity of the incident field. The energy falling 

on the absorber is 

dE2 » F 27rr2 dr2 

where F is the intensity on the absorber ring due to the reflection 

from the above reflector ring. Studying the geometry reveals that 

r^ ■ (r^-R) tan0 tan (180-20) 

and 

r2 = (r^-R) tan0 tan (180-20) - r^ 

The width of the differential rings are associated by 

dr2 ■ [tan0 tan (180-20) -1] dr^ 

The concentration ratio is defined by 

C " F/I 

Assuming the reflectivity of the system is unity 

dEj^ » dE2 

and 

1 » I 2TT r^dr^/F 2ir r2dr2 

The concentration is easily written 

C (r2,ri) - r1dr1/r2dr2 
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The value of may he both positive or negative depending on 

which half of the reflector is considered. If this change in sign 

is neglected and the problem is non-dimensionalized, then C may be 

written 

C(r^) = | (r^/R)/[(r^/R-l)tan0tan(18O-20) -r^/R] (tan8tan(180-28)-l) | 

Adding the three portions of the total concentration 

Writing r^/R in terms of ^/R yields 

r^/R = [^/R + tan0tan(18O-20)]/[tan8tan(18O-20)-l] 

Setting r2/R * 1 will generate the maximum radius for the reflector. 

Consider the following concentrator. In this case a cylindrical 

target is used. 

C * C(r^) + C(r*) + 1 r. 2 
constant 

The schematic in Figure 3 is for a 60° concentrator. 

o R 

The height of the intersection h is given by 

h = (r^-rQ) (tan0 + cot20) 

and the maximum height of the cylinder is 
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h = (R -r ) (tan® + cot20) 
o o o 

The nondimensional height of the illuminated ring is given by 

h/h = (r. /r-1)/(R/r-1) 
O 1 o o o 

The energy falling on the reflecting ring is given by 

dE^ «= I 2ir r^ dr^ 

and the energy on the illuminated absorber ring is 

dE„ » F 2ir r dh 
Z o 

The local concentration ratio is found by the same process as with 

the previous concentrator. 

C » F/I "« r, dr,/r dh 
1 i o 

The width of the absorber ring, dh, may be written in terms of dr^. 

dh = (tanQ + cot20)dr^ 

Finally 

C = (r^/rQ)[l/(tan9 + cot20)] 

The schematic representation of this is shown in Figure 4. The 

angle of the cone is 60° and the two curves were calculated for 

R /r =5. and R /r - 
o o o o 

,10. 
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