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AN INVESTIGATION OP CERTAIN RIEMANN SURFACES 

INTRODUCTION: This paper undertakes to catalogue some of the simpler 

Riemann surfaces associated with certain functions. The functions 

chosen range from same of the more interesting algebraic functions, 

thru the elementary trancendental functions, and some composits of 

algebraic and elementary trancendental functions. 

The technique employed to treat these Riemann surfaces is the 

method of paths of reality (1). An exposition of this method occurs 

in the next section. This technique may be expanded by the use of 

fractional linear transformations and some examples of this approach 

are included. 

The entire discussion is rather informal and intuitive in its 

approach. This was felt more appropriate in that the interest lies 

in the behavior of specific functions rather than in a chain of 

elegant deductions about a class of functions. Due to the almost 

lexical nature of a worts of this sort, there is necessarily a 

great deal of repetition. Whenever this repetition seemed exces¬ 

sively wearing, the details were omitted and little more than the 

results were presented. It is the author’s regret that time pre¬ 

eluded the inclusion of some of the higher trancendental functions, 

seme of which apparently offer very interesting opportunities. 

I should like to acknowledge my very real debt to Dr. Gerald 

R. MacLane, whose suggestions and comments were the sine QUO non 

of this undertaking. 
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THE METHOD OF PATHS OF REALITY : Let w “ f ( z) be a uniform, non- 

constant, meromorphic function defined over the entire z-plane and 

let z « fl(w) be its inverse. Our aim is to construct the sim¬ 

plest (that is, the least ramified) Riemahn surface on which 

z » f!(v) is uniform. We shall say that this surface is the Rie- 

mann surface of the function z * ^(w) and the Riemann surface 

associated with the function w «* f(z). 

The method of paths of reality leans rather heavily on a 

theorem first presented by Darboux (2). 

THEOREM: Let S be a bounded domain in the z-plane bounded by the 

simple closed curve C. Let f(z) be holomorphic at all interior 

points of S and continuous on S \j C. Finally, let f(z) 

map C bi-uniciuely onto a simple closed curve C* of the w-plane. 

Let £Z be the bounded domain bounded by P Then the function 

w = f (z) maps the closed region S onto the closed region 'll. 

bi-uniouely and continuously and, at all interior points, conformally. 

PROOF: Let W be an interior point of £ . The function f(z) - W 

is continuous on S U C, analytic on S, and non-zero on C. As 

z traverses C, then w tranverses T , and since f(z) is bounded 

in S, the right hand member of arg £ f (z) - W} » arg ^w - 

gains 2rr. Hence, the equation f (z) « W has exactly one solu¬ 

tion in S by the argument principle. Now, if W is taken exterior 

to 2 then arg ^ w - wQ is not incremented as z tra¬ 

verses C and hence the equation f (z) - W has no solutions in 

S or on C 



Finally, let W be a point of P , There is one and only one 

point Z of C which corresponds to ¥. Moreover, there are no 

points Z* inside S which correspond to W; for otherwise, w » f( 

would map a neighborhood of Z' which is interior to S into a 

neighborhood of W which would necessarily contain points exterior to 

22 * This we have shown to be impossible. The theorem is proved. 

The hypotheses that S and 22 he bounded are necessary for 

the conclusions of Darboux's theorem. For example, the function 

w = sinh z maps the real axis of the z-plane bi-uniquely into the 

real axis of the w-plane and is holomorphic in the entire plane, but 

assumes all values infinitely often in either half-plane. In the 

sequel we shall be dealing for the most part with unbounded domains. 

Thus, an extention of Darboux's theorem (3) is given. This extention 

depends on one of the Phragmen - lindelof theorems which is quoted. 

THEOREM: Let the domain D be bounded by the simple closed curve y • 

Let f(z) be bounded and holomorphic in D and continuous in 

D U Y - JzQ^ where zQ is on f • Let lira f(z) = c as z on 

V approaches z0; then. lim f(z) * c as z in D approaches 

z0, that is. f (z) is continuous in D U >f . 

And the extention of Darboux's theorem, 

THEOREM: Let w * f(z) be meromorphlc in a domain S bounded by 

the Jordan curve C. Let there be a point wQ with a neighborhood 

N(Wq) in which w * f(z) takes no values for z in S. Let 

w » f(z) map C into the Jordan curve p and let 71. be the 

domain in the w-plane bounded by f and not containing wQ. Let 



there be a finite number oft points zp ... , zq on C dividing C 

into the open arcs C^, ... , Cq. Suppose w » f(z) is continuous 

on St»Ciu...uCq and map bi-uniouelv and continuously onto 

V» for 1 t i £ q, Then, f(z) is continuous in the spherical 

metric on S U C and maps S bi-uniouelv and conformally onto J2> • 

PROOF: Let z0 be a point exterior to S and let \ * l/z-zQ and 

» l/w-w0 map the z-plane and the w-plane bi-uniquely and conformally 

into the f -plane and the 1\ -plane. Let the prime mark indicate an 

image under these maps. Now l/w-w0 = l*(
zo + 1/r) - W^_1 = g(t ) 

is bounded in S' since there is a neighborhood of v\_“ oo exterior 

to ZJ' . Now strike an arc around each » l/z^-zQ containing 

no other point Tj, ... , ^ i+l> ••• * ^ q* These arcs define 

domains Dp which along with the function v\_ “ g( V ) satisfy the 

hypotheses of the Phragmen - Lindelbf theorem. Hence, ^ m g(\ ) 

is continuous in S’ V C* and so w » f(z) is continuous in the 

spherical metric on SUC. Now, S' and g(^) satisfy the hypotheses 

of Darboux' s theorem so that - g(^ ) maps S’ bi-uniquely and 

conformally onto 1 • Hence, w = f(z) maps S bi-uniquely 

and conformally into £ • 

Now let us suppose that w « f(z) is meromorphic in the entire 

z-plane and has the following properties: 

1. ) For all zQ such that f*(z0) " 
we 

are assured that f(zQ) is real; that 

is, all branch points of w - f(z) 

have real affixes. 

2. ) For any path X extending to z » oo 



such that L * lim f(z) as z approaches 

infinity on exists, we are assured 

that L is real; that is, all asymp¬ 

totic values of w «= f(z) are real. 

Riemann surfaces associated with functions with properties 

1.) and 2.) may be treated directly by the method of paths of 

reality. If it is possible to determine a non-singular frac¬ 

tional linear transformation T of the w-sphere into itself such 

that the function w « T“^F(z) has properties 1.) and 2.), 

then we may also treat the function w = F(z). This is due to 

the fact that a non-singular fractional linear transformation and 

its inverse sap the entire complex sphere bi-uniquely and con¬ 

formally into itself, thus distorting but not destroying the 

"shape" of the Riemann surface. 

These two restrictions allow us to study the behavior of the 

function in question by observing points where the function is 

real and still be assured that all essential information is re¬ 

tained. This effects a considerable simplification. 

Consider the locus A of the equation Im f(z) » 0. 

This locus consists of the paths of reality. The curves of 

divide the plane up into a (denumerable) number of domains. These 

domains correspond to half-sheets of the Riemann surface, for: 

THEOREM : Suppose w * f(z) satisfies properties 1.) and 2.) 

and that S is one of the above domains bounded by the path of 

reality . Then w - f(z) maps S bi-uniquely and con¬ 

formally into a half-plane (upper or lower). 



PROOF: Let a be an interior point of the domain S. Then 

b - f(a) is not real and thus falls into either the tipper or 

lower half-plane. Let H be the (open) half-plane containing b. 

By the Monodrany theorem, it suffices to show that the function 

z - ^(w) may be continued from b uniformly throughout H. If 

w *= c were a point on some curve Yc H beyond which 

could not be continued uniformly, then c would be either a 

branch point or an asymptotic value of the function w « f (z). 

But, by properties 1.) and 2.), c is real and hence not on Tf . 

Contradiction. Hence, uniform continuation throughout H is 

possible. 

Often it is highly inconvenient to verify that a given function 

satisfies property 2.), In these cases, the extended form of Dar- 

boux's theorem is brought into play. If we are certain that we 

have found all paths of reality, the hypothesis concerning the 

existence of the neighborhood N(A) is immediate. Then to show 

that a domain S is mapped bi-uniquely and conformally into a 

half-plane we need only check to see that the boundary X of S 

corresponds in a bi-unique manner to the real axis. This gives 

little difficulty since we may show that on each component of X , 

w «= f(z) must vary monotonieally as z traverses that component. 

At non-critical points (f1 » 0) on X the correspondence is 

certainly bi-unique. At a critical point, X has a corner. The 

angle this comer makes must be the sharpest comer made by various 

pieces of 1 which meet at the critical point; for otherwise, a 

piece of ^ would extend into S which is impossible. Hence, 

w * f(z) maps this angle into an angle of tr. Thus, as z crosses 



the vertex, w ■ f(z) continues along the real axis, and we 

are done. 

If we know that the various domains defined by Ba f(z) ■ 0 

correspond^ to upper and lower half-planes, we may divide these 

domains into two sets \<) and Vs) according to the 

corresponding half-plane. If two domains are contiguous along 

some segment of /\. , then they clearly mast be of opposite 

parity. Thus, determining the parity of one of the domains is 

sufficient to determine the parity of all of them. 

Now, to construct the desired Eiemann surface. Let N k oo 

be the number of elements in the sets and ^S^j. and 

mast necessarily have the same number of elements.) Take N copies 

of the w-plane cut along the real axis to form the sets KJ and 

\H5} of half-planes. The Riemann surface is built up according 

to the rule: 

If S* and S’ are contiguous along some arc 

^ connecting two critical points, then HQ 

and are joined along that portion of the 

real axis corresponding to ^ • 

Since the boundary of a domain S^ corresponds to the entire 

real axis of the w-plane, each segment of the real axis of the w- 

plane must connect to some • The same argument holds for 

each domain • Thus, we are assured that this construction 

leaves no "loose ends". 

Is this the desired Riemann surface for the function w « f(z)? 

Certainly we have constructed a covering of the w-plane which is 

locally conformally equivalent to the w-plane. Select some non- 



branch point ¥ in the w-plane and suppose that /((¥) has deter¬ 

minations Zi and Z2 which are distinct. That is, f (Z^) * f(Z2) 

and Zi 4 Z2. Since each region SJc is mapped bi-uniquely into a 

closed half sheet (Darboux's theorem) of the w-plane , then Z^ 

and Z2 must be in two different such regions. Thus, distinct 

determinations of z * /f(w) * are assigned distinct sheets of P. 

Now, choose two distinct points tf^ and W2 of P which eaeh 

cover a non-branch point W in the w-plane. Again, since each 

half-sheet corresponds bi-uniquely to exactly one region, we are 

necessarily assured that ■ /(M^) and Z2 • /(W2) » being 

in distinct regions, are distinct. Hence z “ tf(w) is uniform 

on F, but would not be uniform on any less ramified covering of 

the w-plane. The Riemann surface sought is then P. 
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LIST OF EXAMPLES 

1. w * 7? - 3 Z »     10 

2. w *> z^ - 2 z2   13 

3. w ■ z^ + z“2; w » z11 + z~n       15 

4. w ■ z2j w ■» zn       »... 18 

5* w » exp z      22 

6. w =* tan z     24 

7. w ■ exp z2; w « exp zn        25 

8. w « exp exp z     29 

9. w ■ cos z      31 

10* v * cos z2        33 

11. w - sin3 z          36 

12. w * rr (e - exp cos itz)        40 

13. w ■ cos ✓z       42 

14. w = 2 z - sin 2 z ............................................ 44 

15. w « z sin z        48 

16. w = z~3- sin z        52 



EXAMPLE 1; w - Z3 - 3z. 

The polynomial function w « z
3
 - 3s offers a particularly 

simple example on which to illustrate the method outlined in the 

previous section. To find the critical points, we solve the 

equation dw/dz * 3z2 - 3 = 3(z+l) (z-1) = 0, which shows us 

that the critical points are z * 1 and z ■ -1. We see that 

both the critical points are of order one by observing that 

d^w/dz
2
 • 6z + 0 when z • 1 or -1. The branch points 

corresponding to these critical points are w ■ -2 and w » 2 

respectively. To find the paths of reality we note that 

w = u + iv *= (x + iy)3 - 3(x + iy) - (x3 - 3xy2 - 3x) + i(3x2y-y3-3y) 

is real whenever y = 0 or x
2
 - (l/3)y

2
 « 1. The paths of 

reality then are the real axis and a hyperbola as shown in Figure 1. 

The affixes of the branch points are shown in parentheses by the 

critical points in the z-plane which correspond to them. This pro¬ 

cedure is followed throughout the paper. The search for these cor¬ 

responding points may often be expedited by the use of the result 

that on a component of the boundry of a domain S, the value of w 

must vary monotonically as z traverses the boundary. 

Now, we observe that each of the domains S in the z-plane 

satisfy the hypotheses of Darboux*s theorem and hence correspond to 

half-planes. We employ the rule on page 7 to construct the surface. 

Across the'portions of the real paths corresponding to the segment 

(2, oo ) of the real axis of the w-plane the domain s£ is con¬ 

tiguous to domain Sj, domain s£ is contiguous to domain S^, 

and domain S3 is contiguous to domain S~. Hence, we know 

the interconnections of the half-sheets across the segment (2,op)* 



These Interconnections may be indicated schematically by the dia¬ 

gram below. 

This sort of reasoning is continued for the remaining segments and 

the desired surface is shown in Figure 2. 

From Figure 2 we may determine the branching at w » on • We 

may follow the interchange of the sheets around a path encircling 

w “ ao and no other branch point and see that all three of the 

sheets hang in cycle at this branch point. Hence, we have a branch 

point of order two at w » oo. 

The schematic representation employed here has the advantage of 

yielding an easily grasped picture of the structure of the Riemann 

surface; but has the disadvantage of not being unique. A permutation 

of the subscripts numbering the domains will change the diagram around. 

It seems preferable, however, to learn to live with this ambiguity in 

order to maintain the intuitive utility of the schematic representation. 

The surface for w ■ z? - 3z may be used to construct the sur¬ 

face for any function of the form w « az^ + bz^ + cz + d by means 

of the linear transformations, Z » [iz + w and W ■ ©w ♦ ]& which 

will, upon proper selection of JJ, w, ©, and bring the general 

cubic into the form W ■ - 3Z. 
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EXAMPLE 2: w - z*- - 2z2 

For another example of this ilk, let us consider the function 

w « z4 - 2z2. Here the critical points are z « 0, 1, and -1. 

They are all of order one. The corresponding branch points are 

0, -1, and -1, respectively. The paths of reality may be found by 

the expression 

u + iv = (xA - 6x2 y2 + y4 - 2x2 + 2y2) 

♦ 1(4x3 y - 4xy3 - 4xy) 

which is real whenever xy( x2 - y2 - 1 ) -0. The corresponding 

locus is shown in Figure 2JL In this case the paths of reality are 

both axes and an equilateral hyperbola. The surface is developed 

analogously to that of Example 1, and is shown in Figure 4*. From 

the diagram we see that there is a third order branch point at 

. w * oa 



FIGURE 3 

w 
FIGURE 4 
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EXAMPLE 3: w ■» z2 + 1/z2 and w * zn + l/zn. 

It may well occur that the paths of reality may be expressed 

more readily in polar representation as is shown by the function 

w * z2 ♦ 1/z2. The critical points are 1, -1, i, -i, 0, and 

oo. The branch points are 2, 2, -2, -2, oo, and oo, respec¬ 

tively. Now with z - r exp 1©, we have 

w « r^cos 2© ♦ sin 2©) + (l/r^Ccos 2© - i sin 2©) 

which is real whenever (r2 - l/1*2) sin 2© - 0. Hence, the 

real paths are the circle r » 1 and the co-ordinate axes, 

© « O and © * TT/2. These are shown in Figure j> and the 

associated surface in Figure 6. 

We may generalize this function somewhat and study the sur¬ 

faces associated with the functions w » zn ♦ l/zn where n 

is a positive integer. These functions (due to an unusual geo¬ 

metrical property which does not interest us here) are called the 

functions of the double pyramid. The z-plane is divided into 

&n domains by the paths of reality consisting of the unit circle 

and n equally spaced lines thru the origin which included the 

real axis. The result is shown in Figure 2*. 
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EXAMPLE 4: w “ z2 and w » zn 

While the functions w = z2 and w ■ zn present us with 

simpler situations than those of the foregoing three examples, the 

presentation of them has been deferred to this point in order to 

better demonstrate tneir fundamental nature and their generalization 

to the surface for w » exp z. 

For w - z2, there are critical points of order one at 

z « 0 and z = oo. The branch points are, of course, w - 0 

and w - co • The paths of reality are the loci of the equation 

A 

Im (x + i-J) m (2xy) * 0 which are merely the axes. The surface 

consists of two sheets which are crossed along the segment (0, co) 

and joined along the segment (-oo, 0). See Figures 8 and 9. 

Generalizing to w « zn, we again find that there are 

critical points z » 0 and z » oo, but now the order is n-1. 

For the paths of reality, we write z * r exp 0 and note that 

w * r^cos nQ ♦ 1 sin n9) which is real whenever 0 * 0, rr/n, 

2rr/n, .... , (n-1)rr/n. Hence, the real paths are a set of n 

equally spaced radial lines thru the origin containing the real axis. 

The surface is shown in Figure 10. 

The manner In which the sheets are interconnected for these 

surfaces is typical of the local behavior of the branch points 

associated with zeros of the derivative. In particular, the surface 

associated with an algebraic function could be considered as built 

up of pieces of the surfaces associated with powers. For this rea¬ 

son, this type of branch point is called algebraic. 

The surface for w » z2 may be used to construct the surface 

for any quadratic function as was done for any cubic function in 



example one* To this end, we write 

w * az2 + bz + c *= a(z + b/2a)^ + (c - 

Hence, the linear transformations W * (l//a) (w 

and Z * z - b/2a yield the relation W « Z? 

b2/4a2). 

- c + b2/Aa) 

with which we 

are familiar. 
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EXAMPLE 5: w - ez 

We now turn our attention toward a simple trancendental function, 

the exponential. The derivative has no roots so that there are no 

algebraic critical points. Let us look at the path3 of reality 

w-e3C + iy = ex (cos y + i sin y) 

which is real for y - nn> n » 0, ± 1, ± 2, ± 3, ... . The paths 

of reality are then the pencil of parallel lines y » ntt and the 

domains ^ Sn^ and ^ Sn^ are strips. These alternately 

represent upper and lower half-planes. See Figure 11. For some 

fixed x, as y increases w follows a circle of radius ex 

making a complete circuit about the origin each time a strip is 

traversed. Hence, we may construct the Riemann surface associated 

with w ■ ex by cutting an infinite number of copies of the 

w-plane cut from the origin along the positive real axis. These 

are connected together by attaching the upper shore of the cut on 

one copy to the lower shore of the cut on the succeeding copy to 

form a doubly infinite spiral. See Figure 12. This surface has 

the property that a circuit about the origin results in a change 

of sheets which, of course, was the desired result. This surface 

is commonly called the logarithmic surface, and the critical points 
S 

z - 0 and z = oo are called logarithmic (or trancendental) 

branch points. 
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EXAMPLE 6: vr = tan z 

The function w « tan z has a logarithmic type surface and 

is presented here for comparison. To see this we note the identity 

tan”'*' w » (i/z) log(i + w/i - w). Thus, to investigate w * tan z, 

we need only to study the relation exp (-2iz) » (i ♦ w)/(i - w) 

which, by the fractional linear transformations Z « -2iz and 

W = (i + w)/(i - w), is equivalent to W » exp Z. Hence, the 

surface has logarithmic critical points at w « i and w * -i 

and may be considered as an infinite number of planes connected in 

sequence between these two points in the manner of the logarithmic 

surface. 



EXAMPLE 7; w « exp z^ and vr » exp zn 

We have now reached a point where it is possible to demonstrate 

the behavior of the surface for the composit of two functions in 

terms of the surfaces of the constituent functions. To this end, 

logarithmic surfaces "superimposed* on the square-root surface. To 

see this, we observe that there is a single algebraic critical point 

at z » 0 which is of order one and which has w » 1 for its 

paths of reality are a pencil of equilateral hyperbolas given by 

the relation xy * ntt/2, n * 0, ±1, +2, ... . These are shown 

in Figure 13» The surface is shown in Figure 14. where the Roman 

numerals refer to the quadrant in which the domain lies. Common 

terminology would describe this surface as being a square-root 

surface to each sheet of which is attached a "pair of logarithmic 

ends." 

The surface associated with the function w = exp zn may be 

consider w = exp z^« The associated surface consists of two 

branch point. 

developed quite analogously; it is shown in Figure 15* 
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EXAMPLE 8: w = exp exp z 

As a second example of a surface associated with a composit 

function, we shall consider w = exp exp z. As expected, there 

are no algebraic critical points, but there are transcendental criti¬ 

cal points at w * 0, at w * 1, and at w = oo. The paths 

of reality are given by sin (exp x sin y) “ 0 or 

y » sin"^(ntr exp -x), n « 0, ±1, +2, ... . This locus is found in 

Figure 16. Constructing a schematic of this surface is hardly prof¬ 

itable, but a moment’s reflection will convince one that the surface 

may be considered as a logarithmic surface with branch points at 

w * 1 and w * oo, to each sheet of which is attached another 

logarithmic surface (a pair of logarithmic ends) with branch points 

at 0 and oo. 
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EXAMPLE 9; w - cos z 

A second basic type of Riemann surface with tranjpendental branch 

points is that associated with the function w ■ cos z. For the 

cosine, we find that there are critical points at z = nrr, all of 

order one* The corresponding branch points are w « (-l)n. Since 

a limit as z tends to infinity does not exist for all and 

when it does, the value is w «= oo, there are two tra ital 

branch points at w « oo* The paths of reality are simply the lines 

y - 0, and x * nrr. These paths and the resulting surface are 

found in Figures 1£ and IS* Notice that adjacent sheets interchange 

alternately across the segments (oo, -1) and (+1, oo). This sort 

of behavior will be observed again later. 

This surface, with suitable alterations, is obtained also for 

the functions w * sin z, w = cosh z, and w » sinh z 
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EXAMPLE 10: w - cos z2 

This and the next two examples are composit functions involving 

the cosine and previously studied functions. The function 

w “ cos z2 has algebraic critical points of order one at 

z - ± Vhrr, n - ... , -I, -2, 1, 2, ... , and an algebraic critical 

point of order three at z » 0. The branch points are w » (-l)n 

and w * 1 respectively. The paths of reality are the hyperbolas 

x2 - y2 » nrr for all integral values of n and the axes. These 

are shown in Figure 19, and the surface in Figure 20. This surface 

may be thought of as consisting as a square-root surface with a 

pair of cosinic ends attached to each sheet, or fourth-root surface 

with one cosinic end on each sheet. There are four logarithmic 

branch points at w * oo. 
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EXAMPLE U: w » sin? % 

We shall now consider a composit function contrasting to the 

last example in that the algebraic function and the transcendental 

function are combined in the reverse order. From analogy with the 

previous composit function, we would expect that the surface would 

consist of an infinite number of cube-root surfaces connected to¬ 

gether after the manner of the cosine surface. This is indeed the 

case, as may be shown explicitly. 

For w * sin? z there are algebraic critical points of 

order two at z = ntr; and two transcendental branch points at 

W ■ 00, 

2 2 
The paths of reality are given by the equations 3tan x * tanh y, 

y « 0, and x - (n + l/2)tr. The locus of 3tan^x *= tanh^y may 

be ascertained by studying the graphs: 

at x » + n/6 0t y tends to CD, and passes thru the origin. 

Hence, asymptotically, the plane is divided into vertical strips of 

equal width—characteristic of the sine function (see example nine). 

These real paths are shown in Figure 21. 
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The surface associated with w ■ sin? z is shown in 

Figure 22. The effect of each component of the composit function 

is clearly illustrated. A renumbering of the sheets obscures 

this effect so much that it becomes completely unrecognizable. 
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EXAMPLE 12: w * rr(e - exp cos rrz) 

We shall now consider a composit function consisting of the 

exponential and the cosine functions. It is slightly more con¬ 

venient to take this function in the form w = n(e - exp cos nz). 

The paths of reality are given by the equation sin nx sinh ry • nrr, 

and are found in Figure not a very surprising arrangement in the 

light of the previous cases. To avoid bludgeoning the situation to 

death, details are omitted. 

The surface may be described as consisting of a cosine surface 

interchanging alternately between zero and infinity and between 

rr(e - 1/e) and infinity on each sheet of which is attached a 

logarithmic surface interchanging between fie and infinity. 
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EXAMPLE 13: w *= cos v'z 

The surface associated with the function w « cos v'z has 

been studied by Maclane (4). The derivative has first order roots 

at critical points z » n2^ for positive integral values of n. 

The resulting branch points are w * (-l)n. To find the paths of 

reality let v'z * ^ + i • Hence, whenever 

cos Vz » cos ^ cosh + i sin ^ sinh 

is real, ^ » nrr or - 0. The relation “ 0 yields 

the real axis, and ^ » ntr implies that v'z * nrr + it* Hence 

z « x + iy - (n2 - t2) + i(2nrrt) * Thus, eliminating 

y2 

x * n2 -rfi - —~ which is a pencil of parabolas* These paths of 
4n2rr 

reality are shown in Figure 24. The surface is pictured in Figure 25* 

essentially half of a cosine surface* There is a logarithmic branch 

point at w * oo. 
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EXAMPLE 14: w ■ 2 z - sin 2 z 

We now treat an example of a somewhat different character: the 

function w « 2 z - sin 2 z is not a composit function of the 

basic forms. However, we meet no particular difficulties. The first 

two derivatives f • (a) * 2(1 - cos 2 z) and f"(z) ■ 4 sin 2 z 

both vanish when z = nrr for integral n. But the third, 

f*'(z) - 8 cos 2 z, does not. Hence, we have critical points 

z = nrr of order two. The branch points are w « 2 ntT. 

How, w - u ♦ i v ■ 2(x + i y) - sin 2(x + i y) 

« (2x - sin 2x cosh 2y) + i(2y - cos 2x sinh 2y) 

which is real whenever y ■ 0 or x - 1/2 cos"^ 2y/sinh 2y 

To determine the locus of this equation we proceed as in example 

eleven and examine the curves: 

Thus for the interval (-tr/2, rr/2) the locus is contained between 

x « -rr/4 and x * TT/4, passes thru the origin, and has asymptotes 

x * + TT/4. The paths of reality are shown in Figure 26. The seg¬ 

ments between branch points in the w-plane are given successive even 

numbers. Examining this figure, we note that the surface is con¬ 

structed according to the rule: 
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At the 2 k*'*1 cut, 

for n >2k 

n £2k, n even 

n * 2k - 1 

n 4s. 2k - 3, n odd 

This is pictured in Figure 27. There 

at w * co. 

Sheet n drops into sheet n 

Sheet n drops into sheet n - 2 

Sheet n drops into sheet n + 1 

Sheet n drops into sheet n ♦ 2 

are two logarithmic branch points 



v/ = 22 - 2 Z 

FIGURE 2.6 
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EXAMPLE 15: w « z sin z 

The function w « z sin z has been discussed by Iversen (5). 

There are critical points zQ at the roots of the equation 

z + tan z =* 0. All these critical points are real which may be 

shown by examining the modulus of z + tan z and noting that it 

does not vanish for y * 0. Let zny zn_^ such that zc * 0 

which is one of the roots. À moment’s reflection will convince 

one that the roots may be expressed by z±n » (nnr - en) where 

en increases to TT/2 as n tends to infinity. 

Suppose that the order of these critical points were greater 

than one. Then, when z « zQ, d^/dz2 ■ 2 cos zn - zn sin zn <* 0, 

so that 2 - zn tan zn « 0. But zn *= - tan zn, which implies 

that 2 ♦ ZJJ ■ 0 which is a contradiction since all the zn are 

real. The branch points may be computed to be 

and the real paths reduce to the loci x » 0, y “ 0, and 

y/tanh y + x/tan x - 0. 

To find the locus of y/tanh y + x/tan x * 0, we study 

the graphs: 

f 

/ 
/ 

T 
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There are asymptotes at x * nrr, n * +1, +2, +3, ... • The 

resulting configurations are shown in Figures 28 and 29. The inter¬ 

change of sheets may be expressed as follows: Between vQ and w^ 

all sheets are joined. Between WR and wn+2» sheets and Hk+^ 

interchange for k « -n, -n+2, ... , 0, ..., n-2, n. All others 

being joined. There are two logarithmic branch points at w - co. 

Note the marked resemblance to the surface associated with w *= COS Z. 
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EXAMPLE 16: w » z~^ sin z 

The ftmction w * z”^ sin z has also been discussed by 

Iversen (5)> and indeed bears many similarities to that of 

example fifteen. 

There are algebraic critical points whenever 

dw z cos z - sin g 
dz “ z2 

vanishes, or equivalently, whenever z » tan z. The second 

derivative 
d2* -z2 sin z - 2z cos z * 2 sin z 
dz2 “ £3 

upon substituting z ■ tan z, becomes cos z, which does not 

vanish for z * tan z. Hence, the critical points are of first 

order. Let these critical points be denoted as in the last 

example. This time we may write z+n °= + nn + eQ where en 

increases to rr/2 as n tends to infinity and eQ » 0. The 

corresponding branch points are 

sin z 
9 “ 

cos Zn
‘ 

Hence, wn « cos (nrr ♦ en) * (-l)n cos en. Thus, the branch 

points are distributed alternately on either side of the origin, 

positive for n even and negative for n odd. The magnitude of the 

affixes of the branch points decreases monotonicaUy to zero as n « 0 

increases and is bounded by one. See Figure ^O. 

The real paths are given by 

sin z x cos x sinh y - v sin x cosh v 
z “ x2 + y2 • 

.sin.Zn.. 

This locus splits up into the parts x » 0, y ■ 0, and 

tan x/x » tanh y/y . These paths and their asymptotes are 



determined as in example fifteen. See Figure 30. As in the previous 

example, the surface bears a marked similarity to the cosine surface. 

Successive alternate sheets are joined across successively smaller 

cuts. A diagram would shed more confusion than illumination on the 

structure and is thus emitted. 
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