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ABSTRACT 

An Efficient Computational Scheme for Solving 

Nonlinear, Two-Point Boundary-Value Problems 

via the Method of Adjoint Variables 

by 

Estelle M. Coker 

A method for solving nonlinear differential equations of 

the form x - <f>(x,t) =0, 0 £ t <_ 1, subject to boundary condi¬ 

tions of the form w(x(0)) = 0, ÿ(x(l)) = 0/ is developed. It 

is assumed that t is a scalar, x and <J> are n-vectors, u is a 

p-vector, and ^ is a q-vector, with p + q ** n. The method is 

based on the consideration of the performance index P, the 

cumulative error in the differential equations and the boundary 

conditions. 

The differential equations and the boundary conditions are 

linearized about a nominal function x(t); the linearized system 

is embedded into a more general system by means of a scaling 

factor a, 0 <_ a <_ 1, applied to each forcing term. The varia¬ 

tions per unit stepsize A(t) = Ax(t)/a are governed by a system 

of n linear differential equations, subject to p separated ini¬ 

tial conditions and q separated final conditions. Then, the 

system is solved employing the method of adjoint variables. 
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The scaling factor a is determined by a bisection pro¬ 

cess, starting from a = 1, so as to ensure the decrease of the 

performance index P. Convergence to the desired solution is 

achieved when the inequality P £ e is met, where e is a small, 

preselected number. 

Two updating schemes are considered, called Scheme (a) and 

Scheme (b) for easy identification. In Scheme (a), the initial 

point x(0) is updated according tox(O) =x(0) +aA(0), and the 

new nominal function x(t) is obtained by forward integration 

of the nonlinear differential equations. In Scheme (b), the 

function xCt) is updated according to x(t) = x(t) + aA(t). Four 

numerical examples are solved using the ITEL AS/6 computer of 

Rice University. 

The computational scheme developed here for the method of 

adjoint variables is particularly efficient, in that it minimizes 

the algorithmic work per iteration, namely, the number of inte¬ 

grations to be performed in order to solve the linear, two-point 

boundary-value problem. In the method developed by Roberts and 

Shipman (Ref. 4), the number of integrations is n, where n is 

the number of state variables. In this thesis, we show that the 

number of integrations can be reduced to q, where q < n is the 

number of final conditions. 
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1. 'introduction 

In recent years, 'considerable attention has been devoted 

to the solution of linear and nonlinear two-point boundary- 

value problems (Refs. 1-5). For linear systems, four major 

techniques are available: (i) method of complementary functions; 

(ÜÏ method of particular solutions; (iii) method of adjoint 

variables; and (iv) method of the Riccati transformation. For 

nonlinear systems, standard quasilinearization or modified quas¬ 

ilinearization can be employed; then, the resulting linearized 

system can be solved with any of techniques (i) through (iv). 

In this thesis, we focus our attention on the method of 

adjoint variables (Ref. 4), used in combination with modified 

quasilinearization (Refs. 1-2). The driving idea is to develop 

an efficient computational scheme for the method of adjoint 

variables, so as to minimize the algorithmic work per iteration, 

namely, the number of integrations to be performed in order to 

solve the linear, two-point boundary-va lue problem. Asstaming 

that the boundary conditions are of the separated type, Roberts 

and Shipman (Ref. 4) had indicated that the number of integra¬ 

tions to be performed at each iteration is n, where n is the 

number of state variables. In this thesis, we show that the 

number of integrations can be reduced to q, where q < n is the 

number of final conditions. 



Page 2 

2 Statement of the Problem 

We consider the nonlinear differential system 

x - <j>(x,t) = 0, 0 < t < 1, (1) 

subject to the separated boundary conditions 

[w(x)]0 » 0, 

[iMx)^ * 0. 

(2) 

(3) 

Here, t is the time, x(t) is the state, <J> is a continuous func¬ 

tion of the arguments x and t, w is a continuous function of x 

evaluated at t = 0, and ÿ is a continuous function of x evaluated 

at t = 1. The dot denotes derivative with respect to time. 

The subscript 0 denotes the initial point; and the subscript 1 

denotes the final point. 

In the above equations, t is a scalar, x and <j> are n-vectors 

w is a p-vector, and ^ is a q-vector, with 

The problem is to find the function x(t) which solves Eqs. (1)-(3>. 

Performance Index. We define the scalar performance 

index 

P =f[x - <J> (x,t)]T [x - <|> (x,t)]dt + [wT(x)u) (x)]Q+[j|jT(x)*j) (x)]x, (5) 

J0 
where the superscript T denotes transposition of vector or matrix. 

P + q “ n (4) 

The performance index (5) has the following properties: 
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(i) P = 0, if x(t) satisfies Eqs. (l)-(3); and (ii) P >0, if 

x(t) violates at least one of Eqs. (l)-(3). Since P measures 

the cumulative error in the differential system, it can be used 

as a guide in the algorithm as well as to establish convergence. 

In this connection, numerical convergence can be defined as 

follows: 

P < e, (6) 

where e is a small, preselected number. If (6) is satisfied, 

the problem is solved. If (6) is not satisfied, the problem 

needs to be solved. 
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3. Modified Quasilinearization 

Notation. Let x(t) denote a nominal function 

violating at least one of Eqs. (l)-(3); let x(t) denote a 

varied function; and let Ax(t) denote the displacement leading 

from the nominal function to the varied function. These quan¬ 

tities satisfy the relation 

x (t) « x (t) + Ax(t) . (7) 

Desired Property. The displacement Ax(t) must be deter¬ 

mined so as to produce some desirable effect at every iteration, 

namely the decrease of the performance index (5). In this 

connection, let P denote the performance index associated with 

the nominal function; let P denote the performance index 

associated with the varied function; and let AP denote the total 

variation of the performance index (5). By definition, the 

following relation holds: 

P = P + Ap. (8) 

If a Taylor expansion is employed, the total variation 

AP can be written as 

Ap - 6p + (1/2) <S2p, (9) 

2 
where <5P denotes the first variation andô P denotes the second 

variation. For small displacements, the behavior of the total 

variation is governed by the behavior of the first variation. 

Therefore, the descent property 
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AP < 0 (10) 

can be enforced, providing 

<5P<0, (11) 

where ^ 

<5P = 2 I (x - <|>)T6(x - <|> )dt +2(UT6O))0 + 2(I|I
T
6I|>) r (12) 

•'O 

Now, assume that the displacement Ax(t) is chosen in such 

a way that 

6 (x - <J>) « -a(x -<{>), 0 <_ t £ 1 , (13) 

(6w)0 « -a(w)0 , (14) 

C5AJ>)1 = -a(TP)x , (15) 

where a denotes the stepsize, a scaling factor in the range 

0 < a < 1 . (16) 

If Ax(t) is consistent with (13)-(15), then the first variation 

of the performance index is given by 

6P = -2ctP (17) 

and is negative, since 2aP>0. Therefore, the descent 

property (10) can be enforced, providing the stepsize a is 

sufficiently small. 

Linearized Equations. To first ..order, the displace¬ 

ment AxCt) must satisfy the linearized equations 
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Ax - Æx - a(x - <f>) , ° < t < 1 , (18) 

(w^Ax + au)Q - 0 , (19) 

OJj^Ax + = 0 . (20) 

Note that Eq. (18) is the expanded form of Eq. (13); Eq. (19) 

is the expanded form of Eq. (14); and Eq. (20) is the expanded 

form of Eq. (15). 

Introduce now the displacement per unit stepsize A(t), 

which is defined by 

Ax(t) = aA(t) . (21) 

With this understanding Eqs. (18)-(20) can be rewritten as 

Â = «J>^A - (x - 0 < t< 1, (22) 

(uTA + u) n = 0 r (23) 
X u 

(^A = o . (24) 

Equations (22)-(24) are valid regardless of the choice 

of the nominal function x(t). In particular, if the nominal 

function is such that Eq. (1) is satisfied, then the system (22)-(24) 

simplifies to 

• T 
A =» <j> A, 0 <_ t <_ 1 , (25) 

(u^A + u)Q = 0 , (26) 

Ol^A + t^)1 = 0 . (27) 
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On the other hand, if the nominal function is such that Eqs. (2)-(3) 

are satisfied, then the system (22)-(24) simplifies to 

A m A - (x - 4>) , 0 < t < 1 , (28) 

Cû£A)0 - 0 , (29) 

(^A)x « 0 . (30) 

Clearly, in the linearized system (22)-(24), nonhomogeneities 

are present in both the differential equations and the boundary 

conditions; in the linearized system (25)-(27), nonhomogeneities 

are present only in the boundary conditions; finally, in the 

linearized system (28)-(30), nonhomogeneities are present only in 

the differential equations. 

Updating Rules. There exist two ways of updating the 

function x(t), depending on whether the linearized system is em¬ 

ployed in the form (25) — (27) or the form (22)-(24). These 

different ways are called Scheme (a) and Scheme (b) for easy 

identification. 

Scheme (a). If the linearized system is employed in the 

form C25)-C27), the initial point x(0) is updated as follows: 

x(0) =» x(0) + ctA(O) , (31) 

where a is the stepsize and A(0) is obtained by solving (25)-(27). 

With x(0) known, the function x(t) is to be determined by forward 

integration of Eq. (1). 

Scheme (b). If the linearized system is employed in the 
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form (22)-(24), the function x(t) is updated as follows: 

x(t) = x(t) + aA(t) , (32) 

where a is the stepsize and A(t) is obtained by solving (22)-(24). 

Stepsize. Regardless of whether Scheme (a) or Scheme (b) 

is employed, Eqs. (31) or (32) define a one-parameter family of 

varied functions x(t). For this one-parameter family, the per¬ 

formance index (5) has the form 

P - P(a) . (33) 

In particular, at a = 0, we have 

P(0) = P , Pa(0) = -2P. (34) 

Note that (34-2) is consistent with the first-variation property 

(17). 

Assuming that a minimum of P(a) exists, a one-dimensional 

search can be performed to determine the optimum value of the 

stepsize, that is, the value for which 

Pa(ot) = 0 . (35) 

Since the determination of a is time consuming on a computer, 

the stepsize can be obtained in a simpler way. To this effect, 

we first assign the value 

a = 1 (36) 

to the stepsize. This stepsize is acceptable if the inequality 
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P (a) < P CO) (37) 

is satisfied. If violation occurs, the stepsize (36) must be 

bisected as many times as needed until Ineg. (37) is satisfied. 

This is guaranteed by the first-variation property (17). 
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4. Algorithm for Scheme (a) 

In this section, we consider the solution of the linear, 

two-point boundary-value problem represented by Eqs. (25)-(27), 

that is, 

T 
*xA' 

(wxA + w)0 = 0, 

(#£& + ^) -L - 0. 

0 < t < 1, (38) 

(39) 

(40) 

Adjoint Variables. For given state vector x(t), let the 

adjoint variables A(t) be defined by the differential equations 

A — — d> A , Yx ' 
0 < t < 1, (41) 

where A(t) is an n-vector. 

Now, consider the enlarged system represented by (38) and (41) 

A basic property of the solutions A(t) and A(t) of this enlarged 

system is that the following first integral holds: 

AaA ■ const, (42) 

with the implication that 

(ATAJ0 = (A
TA)r (43) 

Final Conditions. Now, assume that the final conditions 

for the differential system (41) are chosen as follows: 

(A + if'xUJ-L ■ 0, (44) 
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i 

where y is a q-vector. Observe that Eqs. (41) and (44) define 

a q-parameter family of adjoint variables. Each member of the 

family can be obtained through a different specification of 

the components of the vector y. Indeed, with y assigned, X(l) 

can be obtained with (44); then, X(t) can be computed by back¬ 

ward integration of (41). 

Integration Process. Let y., y2,...., y denote q inde- 

pendent specifications of the vector y. Let X^(t), X^ft),...., 

X^(t) denote the corresponding solutions of Eqs. (41) and (44). 

Let M denote the q x q matrix 

M = ^|l^# ^2,.<.*r ^q3' (45) 

and let A(t) denote the n x q matrix 

A(t) =[X1(t), X2(t),..., X (t)]. (46) 

The following relations are a consequence of (43) and (44): 

(A
T
A)Q = (ATA)x, (47) 

(A + i|»xM) x - 0; (48) 

they imply that 

(A
T
A)Q + (M

T
^A)1 = 0. ' (49) 

Determination of A(0). In the light of Eq. (49), Eqs. 

(39)- (4 0) can be rewritten as 
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(f>x
TA + to) Q = 0, (50-1) 

(ATA)0 - (MTxfi) x - 0 (50-2) 

Clearly, we are in the presence of p + q » n linear equations, 

which determine the n components of the vector A(0). 

Alternatively, let Eq. (50-1) be premultiplied by wx 

evaluated at t = 0. Let Eq. (50-2) be premultiplied by A evaluated 

at t =» 0, Upon adding, we obtain the system of n equations 

which can be used to determine the n components of the vector 

A(0). 

Particular Case. Equations (50)-(51) hold for any choice 

of the matrix M, with the understanding that M is to be non¬ 

singular. In particular, (50)-(51) hold if M is chosen to be 

the identity matrix of order q, that is, if the vectors l^'****' 

Uq are Kronecker delta vectors. If one chooses 

[ (wx
wx + AAT)AJO + (‘V’V Wo^Wi-O, (51) 

M = I (52) 

Eqs. (50) become 

(53-1) 

(A
T
A)Q - (t|»)1 - 0 (53-2) 

and Eq. (51) becomes 

[(wxwx + AA
T)A]0 + (cx«)0 - (A)0(^)x - 0 (54) 
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5. Algorithm for Scheme (to) 

In this section, we consider the solution of the linear, 

two-point boundary-value problem represented by Eqs. (22)-(24), 

that is,v 

Â - A - (x - <J>), 0 < t < 1> 

(t»)^A + (I)) g ■ 0, 

(^A + ^^1 “ 0* 

(55) 

(56) 

(57) 

Adjoint Variables. For given state vector x(t), let the 

adjoint variables X(t) be defined by the differential equations 

° < t < 1, 

where X(t) is an n-vector. 

Now, consider the enlarged system represented by (55) and 

(58). A basic property of the solutions A(t) and X(t) of this 

A , -txf 
(58) 

enlarged system is that the following first integral holds: 

ft 
XTA + i XT(x - <>)dt = const, 

Jo 

with the implication that 

(59) 

(XTA)0 = (XT A) i + j" XT(x - <j>)dt. (60) 

Final Conditions. Now, assume that the final conditions 

for the differential system (58) are chosen as follows: 

CX + ■ 0# (61) 

where u is a q-vector. Observe that Eqs. (58) and (61) define 
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a q-parameter family of adjoint variables. Each member of the 

family can be obtained through a different specification of 

the components of the vector y. Indeed, with y assigned, 1(1) 

can be obtained with (61) ; then, X (t) can be computed by 

backward integration of (58). 

Integration Process. Let y^, y2,...., y^ denote q independent 

specifications of the vector y. Let X1(t), X2(t),....,Xg(t) 

denote the corresponding solutions of Eqs. (58) and (61). Let 

M denote the q x q matrix 

M = [vx, y2,.• •., Vg]» (62) 

and let A(t) denote the n x q matrix 

A(t) - [A1(t), X2(t) ,...,* (t)]. 

The following relations are a consequence of (60) and (61) t 

.T, 

(63) 

(ATA) (A rA)x +f AT(x - <fr)dt, 

Jo 

(A + ♦ M), = 0; 
x 1 

(64) 

(65) 

they imply that 

(ATA)0 + (MT^A) i -f aT(* ~ 
Jn 

<|>)dt = 0. (66) 

Determination of A(0). In the light of Eq. (66), Eqs. (56) 

(57) can be rewritten as 

(wxA + w)0 

(A
T
A)Q-<M^> 

0, 

,-f1 A««i - 
J 0 

<j>)dt = 0, 

(67-1) 

(67-2) 
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Clearly, we are in the presence of p + q = n linear equations, 

which determine the n components of the vector A(0). With A(0) 

known through (67), the function A(t) can be obtained by subse¬ 

quent forward integration of (55). 

Alternatively, let Eq. (67-1) be premultiplied by w 
A 

evaluated at t = 0. Let Eq. (67-2) be premultiplied by A evaluated 

at t = 0. Upon adding, we obtain the system of n equations 

which can be used to determine the n components of the vector 

A(0). With A(0) known through (68), the function A(t) can be 

obtained by subsequent forward integration of (55). 

Particular Case. Equations (67)-(68) hold for any choice 

of the matrix M, with the understanding that M is to be nonsingular. 

In particular, (67)-(68) hold if M is chosen to be the identity 

matrix of order q, that is, if the vectors u^, l^'****' are 

Kronecker delta vectors. If one chooses 

C(v5 + AAT)A]0 + (ü)XW)0-(A)0(M
T

II>)1-(A)0 AT(x-<J>)dt=0, (68) 

'0 

M = I (69) 

Eq s. (67) become 

(70-1) 

(70-2) 

and Eq. (68) becomes 

0 
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6. Experimental Conditions 

In order to evaluate the theory, several examples were 

solved. The algorithms associated with Scheme (a) and Scheme (b) 

were programmed in FORTRAN IV, and the numerical results were ob¬ 

tained in double-precision arithmetic. 

Computations were performed at Rice University using an 

ITEL AS/6 computer. For each example, the interval of integration 

was divided into 100 steps. The differential equations were 

integrated using Hamming's modified predictor-corrector method 

(Ref. 5) with a special Runge-Kutta starting procedure. The 

definite integral appearing in P was computed using a modified 

Simpson's rule. 

Convergence was defined by means of satisfaction of the inequali 

P < E-16 . (72) 

Conversely, nonconvergence was defined by means of dissatisfaction of 

either the inequality 

N < 20 (73) 

or the inequality 

Nfa < 20 . (74) 

Here, N is the number of iterations and Nb is the number of 

bisections of the stepsize needed to satisfy the descent property 

of the algorithm, namely, Ineq. (10). 
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7. Numerical Examples 

In this section, four numerical examples are presented. 

For simplicity, scalar notation is used. The symbols xi'x2‘***' 

xn denote the components of the vector x. 

Example 7.1. Consider the system of differential equations 

Xi ■ 3X2' x2 = "SsinXj/ (75) 

subject to the boundary conditions 

x^O) = 0 , x^l) = 3 . (76) 

Scheme (a). Assume the nominal initial state 

x^O) - 0 , x2(0) - 0 . (77) 

Then, the nominal state is obtained by forward integration of 

(75), subject to (77). Convergence to the solution is achieved 

in N=5 iterations, and the converged terminal points are given 

by 

xx(0) = 0.0000E+00 , x2(0) - 0.2011E+01 , (78) 

x1(l) = 0.3000E+01 , x2(l) * 0.2537E+00 . (79) 

For detailed information, see Tables 1-2. 

Scheme (b). Assume the nominal functions 

x1(t) = 3t , x2(t) = 0 . (80) 

Convergence to the solution is achieved in N=4 iterations, and 
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the converged terminal points are given by 

xr(0)- - 0.0000E+00 , x2(0) = 0.2011E+01 , (81) 

x^l) = 0.3000E+01 , x2(l) = 0.2537E+00 . (82) 

For detailed information, see Tables 3-4. 

Example 7.2. Consider the system of differential equations 

• . . 
x1 = 

X2X3 ' x2 “ '~X1X3 ' x3 “ x^-sin(ut/2) , (83) 

subject to the boundary conditions 

xx(0) = 0 , x2(0) - 1 , Xl(l) = 1 . (84) 

Scheme (a). Assumé the nominal initial state 

x1(0). = 0 , x2(0) - 1 , x3(0) = 1 . (85) 

Then, the nominal state is obtained by forward integration of 

(83), subject to (85). Convergence to the solution is achieved 

in N=13 iterations, and the converged terminal points are given 

by 

xx(0) = 0.0000E+00, x2(0) ■ 0.1000E+01,X3(0) = 0.1571E+01, (86) 

x1(l;) = 0.1000E+01, x2(l) - 0.7629E-04, X-jd) - 0.1571E+01. (87) 

For detailed information, see Tables 5-6. 

Scheme '(b). Assume the nominal functions 

x1(t) = t, x2(t) » 1, x3(t) = 1 (88) 
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Convergence to the solution is achieved in N=13 iterations, 

and the converged terminal points are given by 

x1(0)= O.OOOOE+OO, x2(0)= 0.1000E+01, x3(0)=0.1571E+01,(89) 

x^l)* 0.1000E+01, x2(l)* 0.8022E-04, x3 (1)=0.1571E+01. (90) 

For detailed information, see Tables 7-8. 

Example 7.3. Consider the system of differential equa¬ 

tions 

x1 ** . 10x2, x2 * 1QX3, X3 = r5x^x3, (91) 

subject to the boundary conditions 

xx(0) = 0, x2(0) = 0, x2(l) - 1 . (92) 

Scheme (a). Assume the nominal initial state 

x1(0) «* 0, x
2 (0) = 0, x

3 (0) = 0 . (93) 

Then, the nominal state is obtained by forward integration of 

(91), subject to (93). Convergence to the solution is achieved 

In N=5 iterations,and the converged terminal points are given by 

xx(0) = O.OOOOE+OO, x2(0) - 0.0000E+00, x3(0) = 0.3321E+00,(94] 

xx(l) = 0.8279E+01, x2(l) = 0.1000E+01, x3(l) = 0.8461E-08. (951 

For detailed information, see Tables 9-10. 

Scheme (b). Assume the nominal functions 



Page 20 

xx(t) = 0, x2(t) - t, x3(t) = 0 . (96) 

Convergence to the solution is achieved in N=6 iterations, and 

the converged terminal points are given by 

x^ (0)=0.OOOOE+OO, X2(0)=O.OOOOE+OO, X3(0)=0.3321E+00, (97) 

x1(l)=0.8279E+01, X2(1)»0.1000E+01, X3(1)=0.8414E-08. (98) 

For detailed information, see Tables 11-12. 

Example 7,4. Consider the system of differential equations 

^ = x2, x2 - -exp(x^) (99) 

subject to the boundary conditions 
v 

xx(0) ■ 0, xx(l) = 0 . (100) 

Scheme (a). Assume the nominal initial state 

xx(0) - 0, x2(0) - -1. (101) 

Then, the nominal state is obtained by forward integration of 

(99), subject to (101). Convergence to the solution is achieved 

in N=3 iterations, and the converged terminal points are given 

by 

x1(0)=0.0000E+00, x2(0)=0.5494E+00, (102) 

x1(l)«-0.1337E-08, x2(1)=-0.5494E+00. (103) 

detailed information, see Tables 13-14. 

Scheme (b)« Assume the nominal functions 

o
 n ■P
 H
 

X x2(t) = -1. (104) 
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Convergence to the solution is achieved in N=3 iterations, and 

the converged terminal points are given by 

x1(0)=0.0000E+00, X2(0)=0.5494E+00. (105) 

x1(l)=0.2255E-13, X2(1)=-0.5494E+00. (106) 

For detailed information, see Tables 15-16 
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Table 1. Convergence history. Example 7.1, Schème" (a). 

N P * a Nb 

0 0.90E+01 •» 

1 0.49E+01 1/16 4 
2 0.65E-02 1/2 1 
3 0.47E-06 1 0 
4 0.21E-14 1 0 
5 0.96E-29 1 0 

Table 2. Converged solution, Example 7.1, Scheme (a). 

t X1 x2 

0.0 0.0000E+00 0.2011E+01 
0.1 0.5945E+00 0.1924E+01 
0.2 0.1140E+01 0.1697E+01 
0.3 0.1606E+01 0.1405E+01 
0.4 0.1983E+01 0.1115E+01 
0.5 0.2279E+01 0.8624E+00 
0.6 0.2506E+01 0.6596E+00 
0.7 ■ 0.2679E+01 0.5043E+00 
0.8 0.2812E+01 0.3895E+00 
0.9 0.2916E+01 0.3080E+00 
1.0 0.3000E+01 0.2537E+00 
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Table 3. Convergence history, Example 7.1, Scheme (b). 

N P a Nb 

0 0.13E+02 — _ 

1 0.78E+00 i 0 
2 0.15E-02 i 0 
3 0.10E-07 i 0 
4 0.42E-18 i 0 

Table 4. Converged solution, Example 7.1, Scheme (b). 

t X1 X2 

0.0 0.0000E+00 0.2011E+01 
0.1 0.5945E+00 0.1924E+01 
0.2 0.1140E+01 0.1697E+01 
0.3 0.1606E+01 0.1405E+01 
0.4 0.1983E+01 0.1115E+01 
0.5 0.2279E+01 0.8624E+00 
0.6 0.2506E+01 0.6596E+00 
0.7 0.2679E+01 0.5043E+00 
0.8 0.2812E+01 0.3895E+00 
0.9 0.2916E+01 0.3080E+00 
1.0 0.3000E+01 0.2537E+00 
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Table 5. Convergence history, Example 7.2, Scheme Ca). 

N P a Nb 

0 0.40E-01 
1 0.23E-02 i 0 
2 0.14E-03 i 0 
3 0.93E-05 i 0 
4 0.58E-06 i 0 
5 0.36E-07 i 0 
6 0.22E-08 i 0 
7 0.14E-09 i 0 
8 0.89E-11 i 0 
9 0.56E-12 i 0 

10 0.35E-13 i 0 
11 0.21E-14 i 0 
12 0.13E-15 i 0 
13 0.86E-17 i 0 

Table 6. Converged solution. Example 7.2, Scheme (a). 

t X1 x2 x3 

0.0 0.0000E+00 0.1000E+01 0.1571E+01 
0.1 0.1564E+00 0.9877E+00 0.1571E+01 
0.2 0.3090E+00 0.9511E+00 0.1571E+01 
0.3 0.4540E+00 0.8910E+00 0.1571E+01 
0.4 0.5878E+00 0.8090E+00 0.1571E+01 
0.5 0.7071E+00 0.7071E+00 0.1571E+01 
0.6 0.8090E+00 0.5878E+00 0.1571E+01 
0.7 0.8910E+00 0.4540E+00 0.1571E+01 
0.8 0.9510E+00 0.3091E+00 0.1571E+01 
0.9 0.9877E+00 0.1565E+00 0.1571E+01 
1.0 0.1000E+01 0.7629E-04 0.1571E+01 
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Table 7.« Convergence history, Example 7.2, Scheme (b). 

N P a Nb 

0 0.35E+00 « ■ — 

1 0.45E-02 i 0 
2 0.25E-03 i 0 
3 0.16E-04 i 0 
4 0.10E-05 i 0 
5 0.64E-07 i 0 
6 0.40E-08 i 0 
7 0.25E-09 i 0 
8 0.15E-10 i 0 
9 0.98E-12 i 0 

10 0.61E-13 i 0 
11 0.38E-14 i 0 
12 Q.23E-15 i 0 
13 0.15E-16 i 0 

Table 8. Converged solution, Example 7.2, Scheme (b). 

t X1 X2 X3 

0.0 0.0000E+00 0.1000E+01 0.1571E+01 
0.1 0.1564E+00 0.9877E+00 0.1571E+01 
0.2 0.3090E+00 0.9511E+00 0.1571E+01 
0.3 0.4540E+00 0.8910E+00 0.1571E+01 
0.4 0.5878E+00 0.8090E+00 0.1571E+01 
0.5 0.7071E+00 0.7071E+00 0.1571E+01 
0.6 0.8090E+00 0.5878E+00 0.1571E+01 
0.7 0.8910E+00 0.4540E+00 0.1571E+01 
0.8 0.9510E+00 0.3091E+00 0.1571E+01 
0.9 0.9877E+00 0.1565E+00 0.1571E+01 
1.0 0.1000E+01 0.8022E-04 0.1571E+01 



Table 9. Convergence history, Example 7.3, Scheme (a) 

N P a Bfc 

0 0.10E+01 
1 0.30E+00 
2 0.99E-02 
3 0.66E-05 
4 0.27E-11 
5 0.61E-24 

1 
1 
1 
1 
1 

0 
0 
0 
0 
0 

Table 10. Converged solution, Example 7.3, Scheme (a). 

t X1 x2 x3 

0.0 0.0000E+00 O.OOOOE+OO 0.3321E+00 
0.1 0.1656E+00 0.3298E+00 0.3230E+00 
0.2 0.6500E+00 0.6298E+00 0.2668E+00 
0.3 0.1397E+01 0.8460E+00 0.1614E+00 
0.4 0.2306E+01 0.9555E+00 0.6423E-01 
0.5 0.3283E+01 0.9915E+00 0.1591E-01 
0.6 0.4280E+01 0.9990E+00 0.2402E-02 
0.7 0.5279E+01 0.9999E+00 0.2202E-03 
0.8 0.6279E+01 0.1000E+01 0.1224E-04 
0.9 0.7279E+01 0.1000E+01 0.4130E-06 
1.0 0.8279E+01 0.1000E+01 0.8461E-08 



Table 11. Convergence history, Example 7.3, Scheme (b) 

N P a Nb 

0 0.34E+02 — 

1 0.12E+01 i 0 
2 0.28E+00 1/8 3- 
3 0.32E-01 1 0 
4 0.58E-04 1 0 
5 0.21E-09 1 0 
6 0.22E-20 1 0 

Table 12. Converged solution, Example 7.3, Scheme (b). 

t X1 X2 x3 

0.0 0.0000E+00 0.0000E+00 0.3321E+00 
0.1 0.1656E+00 0.3298E+00 0.3230E+00 
0.2 0.6500E+00 0.6298E+00 0.2668E+00 
0.3 0.1397E+01 0.8460E+00 0.1614E+00 
0.4 0.2306E+01 0.9555E+00 0.6423E-01 
0.5 0.3283E+01 0.9915E+00 0.1591E-01 
0.6 0.4280E+01 0.9990E+00 0.2402E-02 
0.7 0.5279E+01 0.9999E+00 0.2202E-03 
0.8 0.6279E+01 0.1000E+01 0.1224E-04 
0.9 0.7279E+01 0.1000E+01 0.4131E-06 
1.0 0.8279E+01 0.1000E+01 0.8414E-08 



Table 13. Convergence history, Example 7.4, Scheme (a) 

N P a Nb 

0 0.18E+01 _ — 

1 0.27E-02 i 0 
2 0.23E-07 i 0 
3 0.17E-17 i 0 

Table 14. Converged solution, Example 7.4, Scheme (a). 

t X 
1 

X2 

0.0 0.0000E+00 0.5494E+00 
0.1 0.4985E-01 0.4467E+00 
0.2 0.8919E-01 0.3394E+00 
0.3 0.1176E+00 0.2284E+00 
0.4 0.1348E+00 0.1149E+00 
0.5 0.1405E+00 -0.1405E-08 
0.6 0.1348E+00 -0.1149E-00 
0.7 0.1176E+00 -0.2284E+00 
0.8 0.8919E-01 -0.3394E+00 
0.9 0.4985E-01 -0.4467E+00 
1.0 -0.1337E-08 -0.5494E+00 
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Table 15. Convergence history, Example 7.4,Scheme (b). 

N P a 
«b 

0 0.20E+01 — — 

1 0.41E-04 i 0 
2 0.13E-12 i 0 
3 0.51E-27 i 0 

Table 16. Converged solution, Example 7.4, Scheme (b). 

t X1 x2 

0.0 0.0000E+00 0.5494E+00 
0.1 0.4985E-01 0.4467E+00 
0.2 0.8919E-01 0.3394E+00 
0.3 0.1176E+00 0.2284E+00 
0.4 0.1348E+00 0.1149E+00 
0.5 0.1405E+00 -0.4546E-11 
0.6 0.1348E+00 -0.1149E+00 
0.7 0.1176E+00 -0.2284E+00 
0.8 0.8919E-01 -0.3394E+00 
0.9 0.4985E-01 -0.4467E+00 
1.0 0.2255E-13 -0.5494E+00 
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8. Discussion and Conclusions 

In this thesis, we focus our attention on the method of 

adjoint variables (Ref. 4), used in combination with modified 

quasilinearization (Refs. 1-2). The driving idea is to develop 

an efficient computational scheme for the method of adjoint 

variables, so as to minimize the algorithmic work per iteration, 

namely, the number of integrations to be performed in order to 

solve the linear, two-point boundary-value problem. Assuming 

that the boundary conditions are of the separated type, Roberts 

and Shipman (Ref. 4) had indicated that the number of integra¬ 

tions to be performed at each iteration is n, where n is the 

number of state variables. In this thesis, we show that the 

number of integrations can be reduced to q, where q < n is the 

number of final conditions. 

The method developed in this thesis is investigated with 

two updating schemes, called Scheme (a) and Scheme (b) for easy 

identification. In Scheme (a), the initial point x(0) is updated 

with Eq. (31), and the state x(t) is updated by forward integra¬ 

tion of Eq. (1), subject to Eq. (31). In Scheme (b), the state 

x(t) is updated with Eq. {32). For the examples presented, 

Schemes (a) and (b) perform in about the same way as far as the 

number of iterations is concerned. Concerning computer time, 

it appears thait Scheme (a) is somewhat more efficient than Scheme (b). 
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