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ABSTRACT 

Restoration Algorithm 

for Solving Optimal Control Problems 

by 

Chih-Jen Kao 

This thesis considers the numerical solution of the 

problem of minimizing a functional I, subject to differential 

constraints and terminal constraints, the initial state being 

given. It consists of finding the state x(t), the control 

u(t), and the parameter TT, SO that the functional is mini¬ 

mized, while the constraints are satisfied to a predetermined 

accuracy. 

First, a new version of the restoration algorithm is 

developed, in order to solve the following subproblem: find a 

feasible solution, starting from a nonfeasible solution. 

This task is accomplished in a cycle, composed of several 
ft 

restorative iterations. In each restorative iteration, vari¬ 

ations of the state, the control, and the parameter are pro¬ 

duced so as to achieve first-order constraint satisfaction, 

while minimizing the norm squared of the variations of the 

control and the parameter. 

Next, a transformation technique is employed. By proper 

augmentation of the state vector and the parameter vector, 
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and by proper redefinition of the constraining relations, a 

transformed system is obtained. In this transformed system, 

the value of the functional I becomes a component of the 

augmented parameter. 

Then, the original minimization problem is replaced by 

the problem of finding the smallest value of the parameter I 

for which the transformed system admits a feasible solution. 

In this connection, ways and means are explored for approach¬ 

ing the minimum of the parameter I by cyclical application 

of the restoration algorithm. 

As a whole, the minimization algorithm is composed of a 

sequence of restorative cycles. Two consecutive elements of 

the sequence are such that the value of the parameter I at 

the end of any cycle is smaller than the value of the parame 

ter I at the end of the previous cycle. The driving force 

which enables the restoration algorithm to continue is the 

lowering of the value of the parameter I after a feasible 

solution has been obtained. This supplies the disturbance 

necessary for the restoration algorithm to continue. 

Depending on the strategy employed for the driving para 

meter and the strategy employed for the error in the feasi¬ 

bility equations, different versions of the minimization 

algorithm are developed: Algorithms Al, A2, A3 and Algo¬ 

rithms Bl, B2 , B3. These versions are tested through four 

numerical examples, and it is found that they perform in a 
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satisfactory way. Thus, the numerical results show the 

feasibility as well as the convergence characteristics of the 

present algorithm. 

Key Words. Optimal control, gradient methods, gradient 

algorithms, restoration algorithms, differential constraints, 

terminal constraints. 
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1. Introduction 

In recent years, much work has been done on the problem 

of minimizing a functional I, subject to differential con¬ 

straints and terminal constraints. Among the algorithms 

developed, the sequential gradient-restoration algorithm 

(SGRA, Refs. 1 and 2) is one of the best. It consists of a 

sequence of two-phase cycles, the gradient phase and the res¬ 

toration phase. In the gradient phase, the value of the 

functional I is decreased. In the restoration phase, the 

constraints are restored to a predetermined accuracy. It is 

known that SGRA is a reliable and accurate algorithm. How¬ 

ever, its logic is considerably complicated. 

In this thesis, we develop an algorithm characterized by 

a much simpler logic, namely, a minimization algorithm com¬ 

posed exclusively of restoration cycles. This requires the 

preliminary application of a transformation technique. By 

proper augmentation of the state vector and the parameter 

vector, and by proper redefinition of the constraining rela¬ 

tions, a transformed system is obtained. In this transformed 

system, the value of the functional I becomes a component of 

the augmented parameter. Then, the original minimization 

problem is replaced by the problem of finding the smallest value 

of the parameter I for which the transformed system admits a 

feasible solution. 

The minimization algorithm developed here is composed of a 

sequence of restorative cycles having the following properties : (i) 
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in each cycle, a feasible solution is obtained, starting 

from a nonfeasible solution; and (ii) the feasible solutions 

obtained at the end of two consecutive cycles are such that 

the next value of the parameter I is smaller than the pre¬ 

vious value. 

As stated before, at the end of a particular cycle, a 

feasible solution is obtained. Therefore, for the restoration 

algorithm to continue, a disturbance must be applied to the 

transformed system. The simplest way to achieve this is by 

lowering the value of the parameter I at the beginning of the 

next cycle with respect to the value obtained at the end of 

the previous cycle. This causes the next cycle of the res¬ 

toration algorithm to be started. In sum, the lowering of the 

value of the parameter I is the driving force which enables 

the restoration algorithm to continue. The basic idea is to 

arrive at a new feasible solution such that property (ii) is 

satisfied. This is precisely the case, because of the least- 

square property of the restoration algorithm. 
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2. Restoration Problem 

2.1. Notation. Let t denote the independent variable, 

and let x(t), u(t), TT denote the dependent variables. The 

time t is a scalar, the state x(t) is an n-vector, the control 

u(t) is an m-vector, and the parameter TT is a p-vector. All 

vectors are column vectors. 

2.2. Restoration Problem. With the above definitions, 

the restoration problem can be stated as follows. Find a 

feasible solution of the differential system 

5c = <f> (x, U, TT, t), 0<t<l, (1) 

x(0) = given , (2) 

[ij>(x,ir) ] ^ = 0 , (3) 

where <{> is an n-vector and iji is a q-vector, q<n+p. Clearly, 

the restoration problem has an infinite number of solutions. 

2.3. Performance Index. Assume that the control vector 

u(t) and the parameter vector TT are prescribed. Further, 

assume that the differential equation (1) is integrated in 

forward time, subject to the initial condition (2). As the 

result of the integration, we can determine the final state 

x(l). With x(l) known, one can determine the vector and, 

consequently, the performance index 

P= (A)! . (4) 
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In this connection, two possibilities arise, depending on 

whether the inequality 

P<e (5) 

is satisfied or is violated. If (5) is satisfied, the restor¬ 

ation problem is solved. If (5) is violated, the restoration 

problem needs to be solved. In Ineq. (5), the quantity e de¬ 

notes a small, positive, preselected number. 
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3. Restoration Algorithm 

3.1. Notation. Let x(t), u(t), TT denote nominal func¬ 

tions satisfying Eqs. (1)—(2), but violating Eq. (3). Let 

x(t), u(t), TT denote varied functions satisfying Eqs. (l)-(3). 

Let Ax(t), Au(t), AIT denote the displacements leading from the 

nominal 'functions to the varied functions. These quantities 

satisfy the relations 

x(t)= x(t)+ Ax(t) , ü(t) = u(t) + Au(t) , TT — TT + Air . (6) 

3.2. Desired Property. The functions Ax(t), Au(t), Air 

must be determined so as to produce some desirable effect at 

every iteration, namely the decrease of the performance index 

(4). In this connection, let P denote the performance index 

associated with the nominal functions. Let P denote the per¬ 

formance index associated with the varied functions. By de¬ 

finition, the following relation holds: 

P = P + AP , (7) 

where the symbol AP denotes the total variation of the per¬ 

formance index (4). 

If a Taylor expansion is employed, the total variation 

AP can be written as 

AP » <5P + (1/2) <S2P , (8) 
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2 
where <$P denotes the first variation and ô P denotes the second 

variation. These quantities are given by 

<5P = (2t|>TôiJj) x , (9) 

52P= (2$ipTô\p + 2ÿTô2ifi) 1 . (10) 

For small displacements, the behavior of the total vari¬ 

ation is governed by the behavior of the first variation. 

Therefore, the descent property 

AP <0 (11) 

can be enforced, providing 

ÔP < 0 . (12) 

This can be achieved by choosing Ax(l) in such a way that 

(64»)1= -a(t)1 • (13) 

Here, a denotes the stepsize, a scaling factor in the range 

0 < a < 1 . (14) 

If Ax(l) is consistent with (13), then the first variation 

of the performance index is given by 

5P = -2aP , (15) 

and is negative, since 2aP > 0 Therefore, the descent 
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property (11) can be enforced providing the stepsize a is 

sufficiently small. 

3.3. Linearized Equations. To first order, the displace¬ 

ments Ax(t), Au(t), Air must satisfy the linearized constraint 

equations 

AX = <J>^Ax + 4>^Au + 4>
T
ATT , 

X U 7T 
0 < t < 1 , (16) 

Ax(0) = 0 , (17) 

(ij^Ax + ij;TAir + at|/). = 0 . 
X TT X 

(18) 

Note that Eq. (16) results from the linearization of Eq. (1); 

Eq. (17) is a consequence of Eq. (2); and Eq. (18) is the ex¬ 

plicit form of Eq. (13). Also note that the linearized equa¬ 

tions (16)-(18) admit an infinite number of solutions for 

Ax(t), Au(t), AIT. Therefore, the restoration algorithm is 

uniquely defined only if some suitable additional requirement 

is imposed on the system of variations. 

3.4. Auxiliary Minimization Problem. Among the infinite 

number of solutions of Eqs. (16)-(18), we seek the one that 

produces the least-square change of the control and the para¬ 

meter, for a given stepsize a . Therefore, we seek the minimum 

of the quadratic functional 

K= (l/2a) ^AuTAudt + ATTTATT J , (19) 

subject to (16)-(18). 
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From calculus of variations, it can be seen that the 

above problem is one of the Bolza type. It can be recast as 

that of minimizing the augmented functional 

J=K + L, (20) 

subject to (16)-(18), where K is given by (19) and where L is 

defined as 

f ]_ 
L= J XT <A* - <fr*Ax - <|>*Au - c^Air) dt + yT Ol^Ax + + a*) ± . (21) 

T 
After integrating by parts the term X Ax, the functional (21) 

can be rewritten as 

J= ^ (H-XTAx)dt-(XTAx)0+(X
TAx +G^ , (22) 

where the functions H ang G are given by 

H= (l/2a)AuTAu- XT(ij>^Ax+ <J>^Au + <|>^ATT) , (23) 

G- (l/2a) AirTAir + yT (ty^Ax + i^Air + ottJO . (24) 

In Eqs. (21)-(24), the n-vector X(t) is a variable Lagrange 

multiplier and the q-vector y is a constant Lagrange multi¬ 

plier. 

3.5. Optimality Conditions. The functions Ax(t), Au(t), 

Air and the multipliers X(t), y solving the auxiliary minimiza¬ 

tion problem must satisfy the linearized feasibility equations 

(16)-(18) and the following optimality conditions: 
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(25) 

HAU ’ 0 ' 0 < t < 1 , (26) 

fl 

)0
HAwdt+(GAA*0' (27) 

(X + G
AX>1

=0
- 

(28) 

On account of (23)-(24), the explicit form of Eqs. (25)-(28) 

is the following: 

X = - <j> X , 0 < t < 1 , (29) 

(l/a) Au - <(>UX = 0 , 0<t<l, (30) 

(1/a) Air - j (fr^Xdt + (ip^u) x - 0 , (31) 

(X + i|»xy)1 = 0 . (32) 

3.6. Variations per Unit Stepsize. The form of Eqs. 

(16)-(18) and (29)-(32) suggests the introduction of variations 

per unit stepsize A(t), B(t), C defined by 

Ax(t) = aA(t) , Au(t)=aB(t), ATT = aC . (33) 

With these variations per unit stepsize, the linearized feasi¬ 

bility equations (16)-(18) take the form 
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À * <f>^A + <j>^B + <p^C , 0<t<l, (34) 

A(0) — 0 , (35) 

06) 

and the optimality conditions (29)-(32) take the form 

X - -* X , 0 < t < 1 , (37) 

B-<j>uX=0, 0 < t < 1 , (38) 

C- (1<(.7TXdt+ Wj'V)]'* 0 , (39) 
•*0 

(x + ^xy)i=°. (40) 

3.7. Linear, Two-Point Boundary-Value Problem. The 

system (34)-(40) constitutes a linear, two-point boundary-value 

problem (LTP-BVP) in the unknowns A(t), B(t), C and X(t), y. 

The system is such that all of the equations are homogeneous, 

except Eq. (36). 

In order to solve the system (34)-(40), we employ a 

backward-forward integration scheme. More precisely, we exe¬ 

cute q independent sweeps of the differential system, each 

characterized by a different value of the multiplier y . 

The generic sweep is started by assigning particular 

values to the components of y. Then, the multiplier X(l) is 

obtained from (40). Next, Eq. (37) is integrated backward to 
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obtain the function X(t), and Eq. (38) is employed to generate 

the function B(t). With X(t) known, the vector C is computed 

with (39). Then, A(t) is obtained by forward integration of 

Eq. (34) , subject to the initial condition (35). In this way, 

the sweep is completed. For the arbitrary value assigned to 

y, it leads to satisfaction of all of the equations of the sys¬ 

tem (34)-(40), except Eq. (36). 

In order to satisfy Eq. (36), q independent sweeps must 

be executed employing q different multiplier vectors vu , 

i = l,2,...,q. In this way, one generates the functions and 

multipliers 

Ai(t),Bi(t),Ci,Xi(t),ui, i= 1,2,...,q. (41) 

Next, we introduce q undetermined scalar constants 

k^,i = l,2,...,q, and form the linear combinations 

A(t) — Ek±Ai (t) , B(t)=£kiBi (t) , C-Ik^, (42) 

< 

X(t) « ZkiX1(t), y=Ikiyi, (43) 

where the summations are taken over the index i. The q coef¬ 

ficients k^, i= i,2,...,q,are obtained by forcing the linear 

combinations (42) — (43) to satisfy Eq. (36). That is, they are 

obtained by solving the linear algebraic system 

(*>iAi + *>iCi + 4>) x = 0 . (44) 
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3.8. Alternative Form. The above results can be presen¬ 

ted in a more compact form if one defines the matrices 

M[A(t)] - [A1(t),A2(t)r...,Ag(t)], 

M[B (t) ] = [B1(t)/B2(t),.../Bq(t)]r 

M(C) = [CrC2f...,Cq] , 

M[X(t)] - U1(t)/X2(t) ,...,Xq(t)], 

M[y] = [ylfy2,...,yq], 

and the vector 

k = 

With these definitions, Eqs. (42)-(43) become 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

A(t) = M[A(t)]k , B (t) = M [B (t) ] k , C = M (C) k , (51) 

X (t) = M[X (t) ]k , y = M(y)k , (52) 

and Eq. (44) becomes 

{(^iMlAU)] + (*J)1M(C)}k+ (^)x= 0 . (53) 

Further simplifications are possible if the vectors 

^1' controlHng the q independent sweeps are chosen 
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to be the columns of the identity matrix of order q, that is, 

M(y) — I . (54) 

Under these conditions, Eqs. (51)-(52) yield 

A(t)=M[A(t)]y , B (t) = M[B (t) ] y , C = M[C]y, (55) 

X (t) = M[A (t) ]y , k« y , (56) 

and Eq. (53) becomes 

|(^)1M[A(1)] + (^J^tClj-y + (i^) x = 0 . (57) 

3.9. Restoration Stepsize. With the functions B(t), C 

known, one can form the one-parameter family of varied controls 

and varied parameters 

u(t)«u(t)+Au(t)-u(t)+aB(t) , (58) 

7f=ir + Air=Tr + aC. (59) 

Then, the varied state is obtained by forward integration of 

Eq. (1), subject to the initial condition (2). For the above one- 

parameter family, the constraint error (4) takes the form 

P = P (a) . (60) 

Then, the stepsize a must be selected so that the following 

relation is satisfied: 
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P (a) < P(0) . (61) 

Satisfaction of Ineq. (61) is possible because of the descent 

property of the restoration algorithm. 

In order to achieve satisfaction of (61), a bisection 

process is applied to the.restoration stepsize a, starting 

from the reference stepsize CIQ = 1. This reference stepsize has 

the property of yielding one-step restoration for the case 

where the constraints (l)-(3) are linear. 

3.10. Summary of the Restoration Algorithm. In the 

light of the previous discussion, the restoration algorithm can 

be summarized as follows. 

Step 1. Assume a nominal control u(t) and a nominal para¬ 

meter TT. Compute the nominal state x(t) by forward integration 

of Eq. (1), subject to the initial condition (2). 

Step 2. From Step 1, determine the vector if) at the final 

point, and compute the performance index P, given by Eq. (4). 

If P satisfies Ineq. (5), stop; convergence has been achieved. 

If P violates Ineq. (5), continue; go the Step 3. 

Step 3. For the nominal functions, compute the matrices 

t <f>^, along the interval of integration. At the final 

point, compute the matrices if) , if) . 
X TT 

Step 4. Solve the LTP-BVP (34)-(40) by employing the 

procedure of Sections 3.7 and 3.8. In this way, determine the 

functions A(t), B(t), C and the multipliers X(t), y. 
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Step 5, Using the functions B(t), C generated in Step 4, 

form the one-parameter family (58)-(59) of varied controls 

and varied parameters. Determine the restoration stepsize a 

employing the procedure of Section 3.9, so that Ineq. (61) is 

satisfied. Return to Step 1. 
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4. Minimization Problem 

4.1 Notation. Let f denote a scalar function of the 

arguments y,u,$,t. Let g denote a scalar function of the 

arguments y,3. 

4.2. Minimization Problem. With the above definitions, 

the minimization problem can be stated as follows. Find the 

functions y(t), u(t), 3 which minimize the functional’*' 

i = .( f(y,u,3,t)dt + [g(y,3]-. , (62) 
JQ 

2 
subject to the constraints 

y = w(y,u,3,t), 0 < t < 1 , (63) 

y ( 0 ) = given , (64) 

[h(y,3)]1= 0 . (65) 

Transformation of the Problem. Let z(t) denote an 

auxiliary state variable defined by 

*"The state y(t), the control u(t), and the parameter 3 are 
vectors of appropriate dimensions. 

2 
The symbols w(y,u,3,t) and h(y,3) denote vectorial functions 
of appropriate dimensions. 
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z = f(y,u,B,t), 0 < t < 1 , (66) 

z(0)= 0 , (67) 

z(l)=I- [g(y,3 )11 . (68) 

As a consequence, Eqs. (62)-(65) become 

v = w (y,u, B,t), z= f(y,u,B,t), 0<t<l, (69) 

y(0)= given, z(0)=0, (70) 

[My^Hj.-O, [I-z-g(y,6)]1 = 0 . (71) 

Let the following supplementary definitions be intro¬ 

duced : 

"y(tf "B* 

x(t) = 9 ÏÏ » 

.z I 
(72) 

w(y,u,$,t) h(y,B) 

<f> (X,U,TT,t) = , i|)(x,ir) = 

f(y,u,B,t) I-z-g(y,6) 

(73) 

As a consequence, Eqs. (69)-(71) become 

x = <p (X,U,TT, t), 0<t<l, (74) 

x(0) = given , (75) 
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The system (74)—(76) is identical with the system (l)-(3). 

In turn, this observation has two consequences: (i) the res¬ 

toration algorithm of Section 3 can be applied to finding a 

feasible solution of the system (69)-(71); and (ii) the mini¬ 

mization of the functional (62), subject to (63)-(65), is 

equivalent to finding the smallest value of the parameter I 

for which the system (69)-(71) admits a feasible solution. 
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5. Minimization Algorithm 

'In the previous section, we recognized that the minimi¬ 

zation problem (62)-(65) can be replaced by the problem of 

finding the smallest value of the parameter I for which the 

system (69)-(71) admits a feasible solution. In this sec¬ 

tion, we explore ways and means for approaching the minimum 

of the parameter I by cyclical application of the restoration 

algorithm of Section 3 to the system (69)-(71). 

5.1. Restorative Cycle. The basic unit of the minimi¬ 

zation algorithm is the cycle. The objective of each cycle 

is to produce a feasible solution, starting from a nonfeasi- 

ble solution. In this connection, assume that the functions 

y(t), z(t), u(t), 6, I are such that Egs. (69)-(70) are sat¬ 

isfied, while Eqs. (71) are violated. Define the performance 

index of the system (69)-(71) as follows: 

P- (l^h)^ [(I-z-g)^2 . (77) 

Then, a feasible solution satisfies the inequality 

P<e, ' (73) 

while a nonfeasible solution violates it. 

5.2. Restorative Iteration. Each cycle includes one or 

more iterations, to be performed in accordance with the pro¬ 

cedure of Section 3. In each iteration, the augmented state 
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y(t), z (t), the control u(t), and the augmented parameter IT, 

I are varied in such a way that the performance index (77) 

decreases. Therefore, if a is the stepsize of the restora¬ 

tive iteration, the performance index descent property 

P (a) < P(0) (79) 

is enforced via a bisection process, starting from the refer¬ 

ence stepsize a = l. 

5.3. Sequence of Cycles. The minimization algorithm as 

a whole is composed of a sequence of cycles. Two consecutive 

elements of the sequence must be such that (i) Ineq. (78) is 

satisfied at the end of the-first cycle, (ii) Ineq. (78) is 

satisfied at the end of the second cycle, and (iii) the value 

of the parameter I at the end of the second cycle is smaller 

than the value of the parameter I at the end of the first 

cycle. 

With reference to two consecutive elements of the se¬ 

quence, let the subscript 1 denote the first cycle, and let 

the subscript 2 denote the second cycle? let the subscript i 

denote the initial condition of a cycle, and let the subscript 

f denote the final condition of a cycle. With this under¬ 

standing, the desired properties are as follows; 
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(i) Plf - e ' 
(80) 

(il) P2f - e ' 
(81) 

(iii) I2f <Ilf * 
(82) 

5.4. Driving Parameter. At the end of a particular 

cycle, a feasible solution of the system (69)-(71) is ob¬ 

tained, in that Ineq. (78) is satisfied. For the restoration 

algorithm to continue, a disturbance must be applied to the 

system (69)-(71). One way to achieve this is by lowering the 

value of the parameter I, for instance, according to the rule 

I2i=Ilf-k, (83) 

where k is some finite, positive number. As a consequence, 

the value of the performance index (77) changes from the 

theoretical value 

Plf=0 (84) 

to the theoretical value 

(85) 

This causes the next cycle of the restoration algorithm to be 

started. In sum, the lowering of the value of the parameter 

I is the driving force 'which enables the restoration algorithm 
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to continue. The idea is to arrive at a new restored solu¬ 

tion such that Ineq. (82) is satisfied. Because of the 

least-square property of the restoration algorithm, this is 

precisely the case, as is shown in the Appendix of Ref. 7. 

5.5. Algorithm Versions. In this section, we describe 

several versions of the minimization algorithm. 

Algorithm Al. In this version, the driving parameter is 

kept at a constant value k=a (for instance, k=l). The min¬ 

imization algorithm is terminated whenever Ineq. (82) is 

violated. 

Algorithm A2. In this version, the driving parameter is 

kept at a constant value k = a, as long as Ineq. (82) is sat¬ 

isfied. If Ineq. (82) is violated, then the restoration 

cycle is restarted by replacing the driving parameter with a 

smaller value in the sequence 

I 

{k}= {a, a/2, a/4, a/8, a/16, a/32, >. (86) 

For instance, if a=l, the sequence (86) becomes 

{k> = {1, 1/2, 1/4, 1/8, 1/16, 1/32 }. (87) 

Let denote the number of bisections of the driving parame¬ 

ter necessary to satisfy Ineq. (82). The minimization algo¬ 

rithm is terminated whenever the following inequality is vio¬ 

lated : 
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Wb±Nb* (88) 

where denotes a prescribed upper bound for (for ins¬ 

tance, Nj^ = 5). 

Algorithm A3. In Algorithm A2, the bisections of the 

driving parameter necessary to satisfy Ineq. (82) are started 

from a constant reference value k = a. In Algorithm A3, the 

bisections of the driving parameter necessary to satisfy 

Ineq. (82) are started from a variable reference value k = b, 

where b<a . Specifically, the value of b for the present 

cycle equals the value of the driving parameter k which ena¬ 

bles one to satisfy Ineq. (82) in the previous cycle. 

Algorithm Bl. This is the same as Algorithm Al, except 

that the descent property (79) is not enforced in the first 

iteration of a cycle. Instead, the stepsize a= 1 is employed 

in the first iteration. For a justification of the proper¬ 

ties of Algorithm Bl, see the Appendix of Ref. 7. 

Algorithm B2. This is the same as Algorithm A2, except 

that the descent property (79) is not enforced in the first 

iteration of a cycle. Instead, the stepsize a= 1 is employed 

in the first iteration. 

Algorithm B3. This is the same as Algorithm A3, except 

that the descent property (79) is not enforced in the first 

iteration of a cycle. Instead, the stepsize a=l is employed 

in the first iteration. 
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6. Experimental Conditions 

In order to evaluate the theory, four examples were 

solved. Algorithms Al, A2, A3 and Algorithms Bl, B2, B3 were 

programmed in FORTRAN IV, and the numerical results were ob¬ 

tained in double-precision arithmetic. 

Computations were performed at'Rice University using an 

ITEL AS/6 computer. For each example, the interval of inte¬ 

gration was divided into 100 steps. The differential equa¬ 

tions were integrated using Hammin's modified predictor- 

corrector method with a special Runge-Kutta starting procedure 

(Ref. 3). 

The restoration cycle was terminated whenever the follow¬ 

ing inequality was satisfied: 

P<10“12 . (89) 

The minimization algorithm was programmed to stop whenever 

violation of any of the following inequalities occurred 

N < 20 , (90) 

IN <100 , (91) 

Nc < 20 , (92) 

Nb±5 ' (93) 

N < 5 . 
a - 

(94) 
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Here, N is the number of iterations in a cycle, ZN is the 

cumulative number of iterations, N is the number of cycles, 

Njj is the number of bisections of the driving parameter k 

required to satisfy Ineq. (82), and N is the number of bi- 
U 

sections of the stepsize a required to satisfy Ineq. (79). 
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7. Numerical Examples 

In this section, four numerical examples are described. 

Scalar notation is used. 

Example 7.1. Consider the problem of minimizing the 

functional 

1= ( Bdt , (95) 
Jo 

subject to the differential constraints 

^-Bu, ÿ2
=e(yl"u2)' ÿ3= Sfu-y^ + y-L), (96) 

and the boundary conditions 

* 
o
 II 

o
 H
 

>1 y2(0)= 0.6456 , y3(0)= 0.7636 , (97) 

y2d)=o , y3(D=2 . (98) 

In accordance with Section 4, the system (95)-(98) is refor¬ 

mulated as follows: 

ÿx= 6u, ÿ2 
=e " u2) » ÿ3 = 8(u -y2 + y;L), i = 6, (99) 

><
 

H
 O
 

II o
 

y2 (0)= 0.6456 , y3(0)= 0.7636 , z (0)= 0 , (100) 

o
 II 

r-l C
M
 

>1 y3(l)=2, z(l) = I . (101) 

The assumed nominal control and parameters are 

u(t)= 1 , 6=1 , 1=0. (102) 
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Then, the nominal state is obtained by forward integration of 

(99), subject to (100) and (102). 

This example is taken from Ref. 4. There, the sequen¬ 

tial gradient-restoration algorithm was employed, and the 

following minimum value was achieved for the functional (95): 

1= 0.86431 . (103) 

Example 7.2. Consider the problem of minimizing the 

functional 

1=1 [2(y1+ $)u3/(l + u2) + 8 2]dt , (104) 
Jo 

subject to the differential constraints 

ÿ1 = u, ÿ2 = (yx + B)
2 , (105) 

and the boundary conditions 

yx(0)=0, y2(0)=0, (106) 

y2(l)=l/3. (107) 

In accordance with Section 4, the system (104)-(107) is re¬ 

formulated as follows 

*l = u, ÿ2 = (yx + B) 2 , z = 2(y1+ &)u
3/(l + uW , (108) 

yx(0)=0 , y2(0)=0, z(0) = 0 , (109) 

y2(l)=l/3, z(l)=I . (110) 
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The assumed nominal control and parameters are 

u (t) = 1 — t , 6 = 1//7 , 1=1. (Ill) 

Then, the nominal state is obtained by forward integration of 

(108), subject to (109) and (111). 

This example is taken from Ref, 5. There, the sequen¬ 

tial gradient-restoration algorithm was employed, and the 

following minimum value was achieved for the functional (105): 

1=0.16810. (112) 

Example 7.3. Consider the problem of minimizing the 

functional 

ç 1 

l = j (yj + y2 + u2)dt , (113) 

subject to the differential constraints 

*1^2 ' *2 = u-*2 ' (114) 

and the boundary conditions • 

yx(0)=o , y2(0)=- l, (115) 

y1(D=o , • 

O
 

II 

r
H
 C
M
 

>
1
 (116) 

In accordance with Section 4, the system (113)-(116) is re- 

formulated as follows: 
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y^fOÎ-O, Y2(0)=-1, Z(O) = 0 , (118) 

y1CD=0 , y2(i) = 0 *■ z(D * 1 * (119) 

The assumed nominal control and parameter are 

u(t) = 0 1=1. (120) 

Then, the nominal state is obtained by forward integration of 

(117), subject to (118) and (120). 

This example is taken from Ref. 6. There, the sequential 

gradient-restoration algorithm was employed, and the follow¬ 

ing minimum value was obtained for the functional (113): 

Example 7.4. Consider the problem of minimizing the 

functional 

1= ( (y2 + u2 + 82)dt , 
•Jo 

subject to the differential constraint 

I= 3.2688 (121) 

y= u (123) 

and the boundary conditions 
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y(0)= l , (124) 

y (l) = 2 $ , (125) 

In accordance with Section 4, the system (123)-C126) 

formulated as follows: 

is re- 

3
 

1! 
•>i 

2 2 , a2 
z = y + u + 8 , (126) 

y (0) = l , N
 

O
 

1! o
 

(127) 

y (l) = 2$ , z(l) » I . (128) 

The assumed nominal control and parameters are 

u(t)= 1 , 8=0, 1=0. (129) 

Then, the nominal state is obtained by forward integration of 

(126), subject to (127) and (129). 

This example is taken from Ref. 6. There, the sequen- 

tial conjugate gradient-restoration algorithm was employed, 

and the following minimum value was achieved for the function¬ 

al (122): 

1= 0.84979 . (130) 
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Table : 1. Convergence history. Example 7.1, Algorithm Al. 

Nc 
N ZN k P I 

0 0 0.10E+01 0.00000 

1 4 4 1.0 0.17E-21 . 0.86546 

2 3 7 1.0 0.51E-22 0.86437 

3 2 9 1.0 0.94E-17 0.86435 

4 2 11 1.0 0.47E-23 0.86435 

5 1 12 1.0 0.15E-14 0.86435(*) 

6 1 13 1.0 0.22E-17 0.86435 

(*) Converged solution 
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Table 2. Convergence history, Example 7.1, Algorithm A2. 

Nc 
N EN k P I 

0 0 0.10E+01 0.00000 

1 4 4 1.0 0.17E-21 0.86546 

2 3 7 1.0 0.51E-22 0.86437 

3 2 9 1.0 0.94E-17 0.86435 

4 2 11 1.0 0.47E-23 0.86435 

5 1 12 1.0 0.15E-14 0.86435(*) 

6 1 13 1.0 0.22E-17 0.86435 

6.1 1 14 0.5 0.25E-18 0.86435 

6.2 1 15 0.25 0.37E-19 0.86435 

6.3 1 16 0.125 0.70E-20 0.86435 

6.4 1 17 0.0625 0.15E-20 0.86435 

6.5 1 18 0.03125 0.35E-21 0.86435 

(*) Converged solution. 
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Table 3 ï Convergence history, Example 7.1, Algorithm A3. 

Nc N 2N k P I 

0 0 0.10E+01 0.00000 

1 4 4 1.0 0t17E-21 0.86546 

2 3 7 1.0 0.51E-22 0.86437 

3 2 9 1.0 0.94E-17 0.86435 

4 2 11 1.0 0.47E-23 0.86435 

5 1 12 1.0 0.15E-14 0.86435(*) 

6 1 13 1.0 0.22E-17 0.86435 

6.1 1 14 0.5 0.25E-18 0.86435 

6.2 1 15 0.25 0.37E-19 0.86435 

6.3 1 16 0.125 0.70E-20 0.86435 

6.4 1 17 0.0625 0.15E-20 0.86435 

6.5 1 18 0.03125 0.35E-21 0.86435 

(*) Converged solution. 
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Table 4. Converged solution, Example 7.1. 

t 
*1 *2 *3 

z u 

o
 • 
o
 0.0000 0.6456 0.7636 0.0000 1.6286 

0.1 0.1309 0.4474 0.8746 0.0864 1.4165 

C
M
 • 
O
 0.2467 0.2955 0.9949 0.1728 1.2685 

0.3 0.3512 0.1769 1.1205 0.2593 1.1531 

0.4 0.4465 0.0856 1.2488 0.3457 1.0547 

in • 
o
 0.5337 0.0183 1.3782 0.4321 0.9641 

0.6 0.6132 -0.0263 1.5073 0.5186 0.8753 

0.7 0.6849 -0.0493 1.6351 0.6050 0.7843 

o
 

• C
D
 

0.7486 -0.0518 1.7606 0.6914 0.6881 

0.9 0.8037 -0.0348 1.8826 0.7779 0.5849 

1.0 0.8496 0.0000 2.0000 0.8643 0.4742 

6 = 0.86435 $ 1= 0.86435 
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Table 5. Convergence history, Example 7.2, Algorithm Al. 

Nc N IN k p I 

0 0 0.51E+00 1.00000 

1 3 3 1.0 0.68E-14 0.18323 

2 3 6 1.0 0.52E-23 0.16988 

3 2 8 1.0 0.60E-15 0.16865 

4 2 10 1.0 0.61E-17 0.16831 

5 2 12 1.0 0.77E-19 0.16819 

6 2 14 1.0 0.22E-20 0.16813 

7 2 16 1.0 0.77E-22 0.16811 

8 2 18 1.0 0.42E-23 0.16809 

9 2 20 1.0 0.59E-24 0.16809 

10 2 22 1.0 0.15E-24 0.16808 

11 2 24 1.0 0.46E-25 0.16808 

12 2 26 1.0 0.12E-25 0.16808 

13 2 28 1.0 0.26E-26 0.16808 

14 2 30 1.0 0.43E-.27 0.16808 

15 1 31 1.0 0.88E-12 0.16808 

16 1 32 1.0 0.27E-12 0.16808 

17 1 33 

o
 •
 

r-1 0.84E-13 0.16808 

18 1 34 1.0 0.26E-13 0.16808 

19 1 35 1.0 0.86E-14 0.16808 

20 1 36 1.0 0.28E-14 0.16808(*) 

(*) Converged solution. 



Page 36 

Table 6. Convergence history, Example 7.2, Algorithm A2. 

Nc 
N IN k P I 

0 0 0.51E+00 1.00000 

1 3 3 1.0 0.68E-14 0.18323 

2 3 6 1.0 0.52E-23 0.16988 

3 2 8 1.0 0.60E-15 0.16865 

4 2 10 1.0 0.61E-17 0.16831 

5 2 12 1.0 0.77E-19 0.16819 

6 2 14 1.0 0.22E-20 0.16813 

7 2 16 1.0 0.77E-22 0.16811 

8 2 18 1.0 0.42E-23 0.16809 

9 2 20 1.0 0.59E-24 0.16809 

10 2 22 1.0 0.15E-24 0.16808 

11 2 24 1.0 0.46E-25 0.16808 

12 2 26 1.0 0.12E-25 0.16808 

13 2 28 1.0 0.26E-26 0.16808 

14 2 30 1.0 0.43E-27 0.16808 

15 1 31 1.0 0.88E-12 0.16808 

• 16 1 32 1.0 0.27E-12 0.16808 

17 1 33 1.0 0.84E-13 0.16808 

18 1 34 1.0 0.26E-13 0.16808 

19 1 35 1.0 0.86E-14 0.16808 

20 1 36 1.0 0.28E-14 0.16808(*) 

(*) Converged solution. 
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Table 7. Convergence history, Example 7.2, Algorithm A3. 

Nc N ZN k P X 

0 0 0.51E+00 1.00000 

1 3 3 H
 

• O
 

0.68E-14 0.18323 

2 3 6 1.0 0.52E-23 0.16988 

3 2 8 1.0 0.60E-15 0.16865 

4 2 10 
O
 • 

«H 0.61E-17 0.16831 

5 2 12 1.0 0.77E-19 0.16819 

6 2 14 1.0 0.22E-20 0.16813 

7 2 16 1.0 0.77E-22 0.16811 

8 2 18 H
 

• O
 

0.42E-23 0.16809 

9 2 20 H
 

• O
 

0.59E-24 0.16809 

10 2 22 

o
 • 

H
 0.15E-24 0.16808 

11 2 24 

O
 • 

H
 0.46E-25 0.16808 

12 2 26 1.0 0.12E-25 0.16808 

13 2 28 H
 

• o
 

0.26E-26 0.16808 

14 2 30 H
 

• O
 

0.43E-27 0.16808 

15 1 31 1.0 0.88E-12 0.16808 

16 1 32 1.0 0.27E-12 0.16808 

17 1 33 1.0 0.84E-13 0.16808 

18 1 34 1.0 0.26E-13 0.16808 

19 1 35 1.0 0.86E-14 0.16808 

20 1 36 1.0 0.28E-14 0.16808(*) 

(*) Converged solution. 
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Table 8. Converged solution, Example 7.2. 

t 
*1 *2 

z u 

0.0 0.0000 0.0000 0.0000 1.0000 

0.1 0.0845 0.0113 0.0319 0.7369 

0.2 0.1515 0.0282 0.0574 0.6123 

0.3 0.2082 0.0505 0.0789 0.5261 

0.4 0.2572 0.0780 0.0974 0.4568 

0.5 0.2998 0.1106 0.1133 0.3962 

0.6 0.3366 0.1479 0.1272 0.3396 

0.7 0.3677 0.1894 0.1393 0.2838 

0.8 0.3932 0.2346 0.1499 0.2246 

0.9 0.4124 0.2829 0.1593 0.1546 

1.0 0.4225 0.3333 0.1680 0.0000 

6 = 0.29148 9 I - 0.16808 
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Table Î ). Convergence history, Example 7.3, Algorithm Al. 

Nc N 111 k P I 

0 0 0.69E+00 1.0000 

1 6 6 1.0 0.42E-22 3.2735 

2 3 9 1.0 0.60E-20 3.2766 

3 3 12 1.0 0.48E-21 3.2755 

4 3 15 1.0 0.73E-22 3.2748 

5 3 18 1.0 0.17E-22 3.2743 

. 6 3 21 1.0 0.51E-23 3.2739 

7 3 24 1.0 0.19E-23 3.2735 

3 3 27 1.0 0.85E-24 3.2733 

9 3 30 1.0 0.44E-24 3.2731 

10 3 33 1.0 0.23E-24 3.2729 

11 3 36 1.0 0.15E-24 3.3728 

12 3 39 1.0 0.93E-25 3.2727 

13 3 42 1.0 0.69E-25 3.2726 

14 3 45 1.0 0.44E-25 3.2725 

15 3 48 1.0 0.37E-25 3.2724 

16 3 51 1.0 0.26E-25 3.2724 

17 3 54 1.0 0.23E-25 3.2723 

13 3 57 1.0 0.16E-25 3.2723 

19 3 60 1.0 0.17E-25 3.2723 

20 3 63 1.0 0.11E-25 3.2722 (*) 

(*) Converged solution. 
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Table 10. Convergence history, Example 7.3, Algorithm A2. 

Nc 
N ZN k P I 

0 0 0.69E+00 1.0000 

1 6 6 1.0 0.42E-22 3.2785 

2 3 9 1.0 0.60E-20 3.2766 

3 3 12 1.0 0.48E-21 3.2755 

4 3 15 1.0 0.73E-22 3.2748 

5 3 18 1.0 0.17E-22 3.2743 

6 3 21 1.0 0.51E-23 3.2739 

7 3 24 1.0 0.19E-23 3.2735 

8 3 27 1.0 0.85E-24 3.2733 

9 3 30 1.0 0.44E-24 3.2731 

10 3 33 1.0 0.23E-24 3.2729 

11 3 36 1.0 0.15E-24 3.2728 

12 3 39 1.0 0.93E-25 3.2727 

13 3 42 1.0 0.69E-25 3.2726 

14 3 45 1.0 0.44E-25 3.2725 

15 3 48 1.0 0.37E-25 3.2724 

16 3 51 1.0 0.26E-25 3.2724 

17 3 54 

t n o ' 0.23E-25 3.2723 

18 3 57 1.0 0.16E-25 3.2723 

19 3 60 1.0 0.17E-25 3.2723 

20 3 63 1.0 0.11E-25 3.2722 (*) 

(*) Converged solution. 
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Table 11. Convergence history, Example 7.3, Algorithm A3. 

J3C -N ZN k P I 

0 0 0.69E+00 1.0000 

1 6 6 1.0 0.42E-22 3.2785 

2 3 9 1.0 0.60E-20 3.2766 

3 3 12 1.0 0.48E-21 3.2755 

4 3 15 1.0 0.73E-22 3.2748 

5 3 18 1.0 0.17E-22 3.2743 

6 3 21 1.0 0.5IE-23 3.2739 

7 3 24 1.0 0.19E-23 3.2735 

8 3 27 1.0 0.85E-24 3.2733 

9 3 30 1.0 0.44E-24 3.2731 

10 3 33 1.0 0.23E-24 3.2729 

11 3 36 1.0 0.15E-24 3.2728 

12 3 39 1.0 0.93E-25 3.2727 

13 3 42 1.0 0.69E-25 3.2726 

14 3 45 1.0 0.44E-25 3.2725 

15 3 48 1.0 0.37E-25 3.2724 

16 3 51 1.0 0.26E-25 3.2724 

17 3 54 1.0 0.23E-25 3.2723 

18 3 57 1.0 0.16E-25 3.2723 

19 3 60 1.0 0.17E-25 3.2723 

20 3 63 1.0 0.11E-25 3.2722 (*) 

(*) Converged solution. 
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Table 12. Converged solution, Example 7.3. 

t 
*1 y2 

Z u 

0.0 0.0000 -1.0000 0.0000 3.1648 

0,1 -0.0804 -0.6214 0.9556 2.7993 

0.2 -0.1266 -0.3131 1.6671 2.4432 

0.3 -0.1452 -0.0684 2.1855 2.0761 

0.4 -0.1423 0.1167 . 2.5429 1.6784 

0.5 -0.1237 0.2442 2.7632 1.2332 

0.6 -0.0953 0.3143 2.8718 0.7274 

0.7 -0.0628 0.3264 2.9057 0.1523 

0.8 -0.0321 0.2790 2.9217 -0.4968 

0.9 -0.0091 0.1707 3.0043 -1.2221 

1.0 0.0000 0.0000 3.2722 -2.0245 

1= 3.2722 
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Table 13. Convergence history, Example 7.4, Algorithm Al. 

NC N IN k P I 

0 0 0.20E+01 0.00000 

1 3 3 . 1.0 0.34E-14 0.85002(*) 

2 2 5 1.0 0.15E-15 0.85043 

(*) Converged solution. 
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Table 14 :. Convergence history/ Example 7.4, Algorithm A2. 

Nc N IN k P I 

0 0 ' 0.20E+00 0.00000 

1 3 3 1.0 0.34E-14 0.85002 

2 2 5 1.0 0.15E-15 0.85043 . 

2.1 2 7 0.5 0.98E-21 0.84982 

3 2 9 1.0 0.34E-21 0.84986 

3.1 2 11 0.5 0.22E-26 0.84980 

4 2 13 1.0 0.79E-27 0.84980 

4.1 ' 2 15 0.5 0.77E-32 0.84979 

5 2 17 1.0 0.70E-31 0.84979 

5.1 1 18 0.5 0.39È-12 0.84979 

6 1 19 1.0 0.83E-13 0.84979 

6.1 1 20 0.5 0.52E-14 0.84979 

7 1 21 1.0 0.11E-14 0.84979 

7.1 1 22 0.5 0.69E-16 0.84979 

8 1 23 1.0 0.15E-16 0.84979 

8.1 1 24 0.5 0.92E-18 0.84979 

9 1 25 1.0 0.19E-18 0.84979 

9.1 1 26 0.5 0.12E-19 0.84979 

10 1 27 1.0 0.26E-20 0.84979 

10.1 1 28 •0.5 0.16E-21 0.84979 

11 1 29 1.0 0.32E-22 0.84979(*) 

(*) Converged solution. 
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Table 15. . Convergence history, Example 7.4, Algorithm A3. 

Nc ZN 6N k P I 

0 0 0.20E+01 0.00000 

1 3 3 1.0 0.34E-14 0.85002 

.2 2 5 1.0 0.15E-15 0.85043 

2.1 2 7 0.5 0.98E-21 0.84982 

3 2 9 0.5 0.22E-26 0.84980 

4 2 11 0.5 0.77E-32 0.84979 

5 1 12 0.5 0.39E-12 0.84979 

6 1 13 0.5 0.52E-14 0.84979 

7 1 14 0.5 0.69E-16 0.84979 

8 1 15 0.5 0.91E-13 0.84979 

9 1 16 0.5 0.12E-19 0.84979 

10 1 17 0.5 0.16E-21 0.84979 

11 1 18 0.5 0.21E-23 0.84979 

12 1 19 0.5 0.29E-25 0.84979 

13 1 20 0.5 0.39E-27 0.84979 

14 1 21 0.5 0.49E-29 0.84979 

15 1 22 0.5 0.69E-30 0.84979 

15.1 1 23 0.25 0.42E-30 0.84979 

15.2 1 24 0.125 0.15E-31 0.84979 

15.3 1 25 0.125 0.60E-31 0.84979 

15.4 1 26 0.0625 0.14E-30 0.84979(*) 

(*) Converged solution. 
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Table 16. Converged solution, Example 7. 4. 

t 
*1 z u 

o
 • 

o
 1.0000 0.0000 -0.8497 

H
 • 
o
 0.9198 0.1637 -0.7538 

CM • 
o
 0.8489 0.2996 -0.6655 

0.3 0.7865 0.4128 -0.5838 

0.4 0.7320 0.5076 -0.5079 

0.5 0.6848 0.5874 -0.4371 

0.6 0.6444 0.6553 -0.3707 

0.7 0.6105 0.7135 -0.3080 

o
 

• 00
 

0.5827 0.7642 -0.2484 

0.9 0.5607 0.8091 -0.1913 

1.0 0.5444 0.8497 -0.1361 

8= 0.27220 f 1= 0. 84979 
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8. Discussion and Conclusions 

In this thesis, a new algorithm is presented for solving 

a basic problem of optimal control, that of minimizing a 

functional I, subject to differential constraints and termi¬ 

nal constraints, the initial state being given. First, a 

transformation technique is employed. By proper augmentation 

of the state vector and the parameter vector, and by proper 

redefinition of the constraining relations, a transformed 

system is obtained. In this transformed system, 

the value of the functional I becomes a component of the aug¬ 

mented parameter. Then, the original minimization problem is 

replaced by the problem of finding the smallest value of the 

parameter I for which the transformed system admits a feasible 

solution. 

The new minimization algorithm is composed of a sequence 

of restorative cycles. Each cycle is designed to produce a 

feasible solution, starting from a nonfeasible solution. 

Each cycle includes one, two, or more restorative iterations. 

In each restorative iteration, variations of the state, the 

control, and the parameter are produced, so as to achieve 

first-order constraint satisfaction, while minimizing the 

norm squared of the variations of the control and the parame¬ 

ter. 

Two consecutive cycles 1 and 2 are such that the value 

of the parameter I at the end of cycle 2 is smaller than the 
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value of the parameter I at the end of cycle 1. After a 

feasible solution is achieved, the driving force which enables 

the restoration algorithm to continue is the lowering of the 

value of the parameter I. This supplies the disturbance 

necessary for the restoration algorithm to continue. 

Six versions of the minimization algorithm are deve- 

loped: Algorithms Al, A2, A3 and Algorithms Bl, B2, B3. They 

differ from one another,, depending on the strategy employed 

for the driving parameter and the error in the feasibility 

equations. These six versions are tested on four numerical 

examples. However, results are reported only for Algorithms 

Al, A2, A3. This is due to the fact that nearly identical 

results are obtained with Algorithms Bl, B2, B3. On the 

whole, the numerical results show the feasibility as well as 

the convergence characteristics of the new minimization 

algorithm. 

In closing, the following comments are pertinent. 

(i) Conceptually speaking, it can be argued that the 

new algorithm belongs to the family of sequential gradient- 

restoration algorithms (Refs. 1-2). The main difference is 

the following: in the algorithms of Refs. 1-2, each cycle 

consists of two phases, the gradient phase and the restora¬ 

tion phase; in the new algorithm, each cycle consists of 

only a restoration phase. The gradient phase of Refs. 1-2 

has been replaced by the lowering of the value of the 
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parameter X which takes place at the end of a cycle. 

(ii) In the experiments performed, the initial value of 

the driving parameter has been set at the level k=l. No 

effort has been made to determine accurately the proper value 

of the driving parameter. However, one must presume that a 

proper choice of the driving parameter might be instrumental 

in improving the convergence characteristics of the new 

algorithm. 

(iii) Because of its simple structure, the new algorithm 

is ideally suitable for an engineer who wishes to operate 

interactively with the computer. For example, he can ask the 

computer to perform two consecutive cycles for different 

values of the driving parameter k, and in this way arrive at 

a proper choice of k for a particular problem and a particu¬ 

lar set of initial conditions. 
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