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SCHROEDINGER HAMILTONIAN ~ A REVIEW 

Eric T. Swartz 

Abstract 

We consider a non-relativistic, time independent 

quantum mechanical system consisting of a finite number of 

particles interacting via a potential, V. A sufficient 

condition on V that the system have an infinite number of 

bound states is that the particles must cluster near the 

continuum limit into two spatially separated clusters, and 

the sum of the inter-cluster two-body potentials must decay 

no faster than the inverse square of the inter-cluster 

separation. This result is proven following the work of 

B. Simon [7] and W. Hunziker [6] by showing the system 

reduces to a variant of the two-body problem. 

Many bounds for the number of bound states N(V) 

of the two-body system are reviewed. Most depend on inte¬ 

grals of V. These bounds are used to derive conditions on 

V so that N(V) =0. If we introduce a coupling parameter, 

s, so that H(s) * -A + sV is the two-body Hamiltonian, 

then we find, following the work of B. Simon [18] that 
3/ 

N(sV) grows as s' . 
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INTRODUCTION 

In pre-twentieth century physics there would be no 

place for the question, "How many distinct states does this 

system exhibit?" The answer would always have been uncount- 

ably many. Experimentation in the early 1900's started to 

contradict the classical theories. Triggered in particular 

by some results in the field of spectroscopy — the study of 

the characteristic lines in the spectrum of light emitted by 

matter — Bohr developed the first quantum theory to accu¬ 

rately predict the energy spectrum of the hydrogen atom. 

Bohr essentially looked at the known part of the hydrogen 

spectrum, the Balmer series, and postulated that an elec¬ 

tron could "orbit" the proton with only certain discrete 

energies, and then described the consequences. In partic¬ 

ular, the Balmer series turned out to be the series of 

transition energies when the electron drops from the n^*1 

"orbit" to the second "orbit". The Lyman series, produced 

when the electron drops from the n^h "orbit" to the first, 

and other transition energies, were accurately predicted, 

but beyond that, the predicting capability of Bohr's theory 

was limited. Independently, Schroedinger and Heisenberg 

developed two theories which more accurately predicted ex¬ 

perimental results. These two theories, now known to be 

equivalent, make up modern non-relativistic quantum- 

mechanics. Schroedinger's equation is simply a restatement 
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of conservation of energy, namely the sum of the kinetic 

energy and the potential energy of a system is constant; 

i.e. T + V = E. What makes this different from classical 

physics is that T and V are operators, and they operate 

on a wave function which describes the system. To solve a 

"system" means, for a particular potential, one must solve 

the eigenvalue problem (T+V)if) = Eij/, and find all the 

eigenvalues (energies) E and all the eigenfunctions (wave 

functions) ÿ. The operator T + V is called the Hamil¬ 

tonian of the system. 

Classically, a system of more than two bodies is 

difficult if not impossible to solve. This is also true 

in quantum-mechanics, so the system which was the testing 

ground for the accuracy of quantum-mechanical description 

was, again, the hydrogen atom. The Hamiltonian which des¬ 

cribes the hydrogen atom is 

where -Û, m, e, and k are all positive constants. 

Schroedinger's equation is then HI|J = Eip. The hydrogen- 

Hamiltonian spectrum, [Note the difference between this 

spectrum and the spectrum of hydrogen. The spectrum of 

hydrogen is the collection of all differences in energies 

in the spectrum of the Hamiltonian.] is, to a first approxi 

mation; 
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—13 fi 
E„ = ~—-j— electron-volts, 

where n is called the principal quantum number. Note 

there are an infinite number of bound states and they accum¬ 

ulate at zero. The set of eigenvalues is bounded from 

below, which means the hydrogen atom is stable against 

decaying down to an infinitely negative energy. Electrons 

which are not bound to the proton have a positive energy, 

and this positive energy is not restricted; i.e. the spec¬ 

trum is continuous for positive energies, as opposed to 

discrete. 

The effects of external potentials were calculated, 

and the calculations compared favorably with experiment. 

The two most basic external potentials applied were those 

due to an electric field and a magnetic field. The effect 

of these perturbations are called, respectively, the Stark 

Effect and the Zeeman Effect. 

Although the study of the wave functions of the 

hydrogen atom, and other atoms, has led us to understand 

many of the properties involved in chemical bonding, and 

countless other properties, a study of wave functions is 

limited by the complexity of potentials involved. Knowing 

only the spectrum of the system — the eigenvalues and the 

higher energy continuum — one can derive much insight into 

the nature of a system. For example, the properties of 
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conductors, semiconductors and insulators can be understood 

by considering the placement of the bands of eigenvalues of 

the system. 

It is often possible to derive some information on 

the energy spectrum of a physical system in situations where 

it is hopeless to find out anything about the eigenfunctions. 

One very useful method of deriving information about the 

energy spectrum of a system is to apply the mathematical 

techniques used to study general operators, spectral theory, 

to the Hamiltonian operator. The purpose of this thesis is 

to review the part of the spectral theory literature which 

attempts to answer the question, "How many bound states 

(eigenvalues) does a Schroedinger Hamiltonian system have?" 

Emphasis has been placed on the background material and 

historical development, rather than on the more recent and 

technical results. 

Chapter I contains a brief development of the spec¬ 

tral theory of self-adjoint operators, culminating in state¬ 

ments of the spectral theorem for self-adjoint operators 

and the minimax principle for self-adjoint operators. The 

spectral theorem says that a self-adjoint operator can be 

described by a family of projections onto subspaces of the 

Hilbert space on which the operator acts. The minimax 

principle uses this to calculate or approximate eigenvalues 

in terms of the values of the operator acting as a quadratic 
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form on certain subspaces of the Hilbert space. In order 

to apply these results to the Hamiltonian, we need to know 

it can be defined as a self-adjoint operator. In Chapter II, 

we see that for a large class of potentials, including 

potentials due to external electric and magnetic fields, 

the Hamiltonian operator is definable as a self-adjoint 

operator. The proof followed in Chapter II is the original 

proof due to T. Kato in 1951 [4], and although his proof 

does not include many of the potentials due to external 

fields, his results have been extended accordingly [5]. 

In Chapter III we start to "count” bound states by 

considering whether or not a system has an infinite number 

of bound states. In section IIIA we review the conditions 

on the potential in a two-body system which guarantees there 

are an infinite number of bound states, and we review the 

conditions which imply there are only a finite number. In 

11 IB, we follow B. Simon’s [7] generalization of these two- 

body results to find a sufficient condition on the potential 

for the N-body system to have an infinite number of bound 

states. Simon's analysis uses a remarkable theorem due to 

W. Hunziker [6]. 

Hunziker's theorem, proved in sections IIIC1 and 

lilC2, says that the description of the spectrum of the 

hydrogen atom is, in some sense, typical. The spectrum of 

a Hamiltonian with a "reasonable" potential consists of two 
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parts — an interval [y,") (the unbound part), and below 

y there are eigenvalues of finite multiplicity only, accu¬ 

mulating at most at y. The value y is determined by a 

spatial clustering of the particles when the system is in 

a "just barely bound" state. In physics, this is analogous 

to the description of a multi-electron atom in a very 

excited state. One electron will be in an "orbit with very 

large radius" and the rest of the system will be in its 

ground state. The energy levels of the excited atom closely 

resemble the energy levels of a system with a positive point 

charge centered at the origin; i.e. of a hydrogenlike atom. 

The rest of the atom has "clustered" at the origin. This 

type of atom is called a Rydberg atom. 

In Chapter IV we restrict ourselves to the two-body 

system and review the known bounds on the number of bound 

states. The first work presented is that of V. Bargmann 

[12] and J. Schwinger [13], which utilizes Green's functions 

techniques. On their bounds rests the foundation of the 

work presented in section IVA, so a careful analysis is 

given. At the end of section IVA, we list many of the more 

recent and more technical bounds. In section IVB we use 

these bounds to find conditions on V which imply the 

absence of bound states. In section IVC we introduce a 

coupling parameter, s, into the Hamiltonian in order to 

vary the size of the potential; 
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H(s) = H0 + sV. 

Then we study the growth of the number of bound states as 

s increases. 



I. SPECTRAL THEORY AND FUNCTIONAL ANALYSIS 

§A. Operators on Hilbert Spaces 

A Hilbert space, H, is a complete, inner-product 

space with inner product < , >. The set of all bounded, 

conjugate linear (semilinear) forms f:H <C such that 

f(aa + $v) = af(u) + (5f(v) will be called the adjoint, 

H’, of H. 

Let (UJJ) c H be a sequence. 

(1.1) Definition: If |un-ul ■+• 0 for some u e H, then 

the sequence (un) converges strongly to u, denoted 

<V -- u. 

(1.2) Definition: The sequence (un) converges weakly if 

the sequence (f(un>) converges in C for all f e H’. 

If (f(un)) 
f(u) for a11 t e H1 , for some u e H, 

then (u_) converges weakly to u, denoted (u_) u. n 1 ~ ■ ■ ' n w 

Let M <= H be a closed, linear subspace. Then 

there is a subspace M1 c H such that H = M©MX and 

<u,v> = 0 for all u e M and v e Mx. Mx is called the 

orthogonal complement of M. Note that Mxx = M. Also, 

since each u € H can be uniquely decomposed as u * 

u* + uM, where u* e M and u" e Mx, we have a projection 
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operator PM onto M defined by PMu = u'. 

It is useful to generalize the notion of basis to a 

Hilbert space. A set of elements {u^} c H is orthonormal 

if <u ,u > = 5 , the Kronecker delta. The set {u } is 
u’ v yv’ w 

a complete orthonormal family if, in addition, any u e H 

can be written as 

(1.3) u = T a u , ' ' ** u u ’ 
v 

where a^ = <u,uy>. By noting that 

I faj2 * II uP 

for any finite collection of the ay, one finds that at 

most a countable number of the a in (1.3) can be non v 
zero. H is said to be separable if there is a countable 

complete orthonormal family. Note that if H is separable, 

then all complete orthonormal families are countable. From 

here on, all our Hilbert spaces will be assumed to be 

separable* 

A linear operator T:H H is continuous (bounded) 

if H Un-UQ I -*■ 0 implies fl T -T 1 -»■ 0. This is equivalent 

to 

||T 1 * u |u| 

for all u € H, for some M e K. If T is defined only 

on a subspace D(T) <= H (the domain of T), then the 
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notion of boundedness is restricted to 

|Tu| £ U | u|, u € D(T) . 

The set of all bounded operators with domain H will be 

denoted B(H). B(H) is a Hilbert space with inner product 

<S,T> = sup <Su,Tu> 
BuB = BvB = 1 

Let (Tn) be a sequence in 8(H). We have: 

(1.4) Definition: The sequence (Tn) converges to 

T € 8(H) uniformly if | Tn-T | 0. This is denoted 

(Tn) —T, and is often called convergence in norm. 

If T(t) is a one parameter family of operators, then the 

above definition can be used to define uniform continuity 

and derivatives. For example, the defivative in norm 

(uniform derivative) of T(t) is the uniform limit of the 

difference quotient. If T(t) is continuous in norm, then 

an integral of T(t) can be defined. 

Most of the operators we will deal with will not be 

bounded, and will have domain smaller than H. We will 

assume from now on that all operators we deal with will 

have domain which is dense in H. Such operators are 

called densely defined. For example, consider the operator 
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d/dt on the space L2(K). The domain of d/dt is defined 

to be the set of all functions f € L2(B) such that the 

derivative df/dt (in the distributional sense) is in 

L20R). Since D(d/dt) contains Cg(B), d/dt is densely 

defined. 

(1.5) Definition: If T is a linear operator on H and 

(un) is a sequence in D(T), then (un) is T-convergent 

if (Tu^) and (ufl) 
are ^oth Cauchy sequences. If, in 

addition, (u ) —► u, where u e H, then (u ) is said 

to be T-convergent to u, denoted (un) “y* 
u* 

(1.6) Definition : The above T is said to be closed if 

(un) -y* 
u implies: 

i) u e D(T) and 

Ü) (Tun) -y* Tu 

(1.7) Definition : A linear operator T on H with domain 

D(T) is closable if there is a closed operator Tc on H 

with domain D(T^) such that D(T) c D(TC) and Tc = T on 

D(T). Tc is called a closed extension of T. The closed 

extension Tc with the smallest domain is called the clo¬ 

sure of T. All closable operators T have a closure. 

(See fact (i) below.) 
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A useful criterion for determining whether an operator is 

closable is the following: 

(1.8) Definition * : T is closable if and only if (un) <= 

D(T), (un) -j* 0, and (Tun) -j*■ v imply v = 0. 

Some other useful facts are: 

(i) The closure of the graph of a closable operator 

is still a graph. In fact, it is the graph of the closure 

of the operator. This also serves to define the closure of 

an operator. 

(ii) (The closed graph theorem) A closed operator 

T with domain D(T) - H is bounded. 

(iii) If T”1 exists, then T-1 is closed if and 

only if T is closed. (Proof: The graph of T-1 is a 

"reflection" of the graph of T.) 

(1.9) Definition : The adjoint operator T* of T is 

defined as follows: Let D(T*) be all vectors u e H s.t. 

for all v e D(T) and some w e H 

<u,Tv> = <w,v> . 

Then set T*u = w. 

By considering the graph of T and T*, one can prove that 



13 

T* is always closed. 

(1.10) Definition: The operator T on H is symmetric 

if D(T) c D(T*), and on D(T), T = T*, i.e., if T* 

is an extension of T. 

Note that symmetric operators are closable, since T* is 

closed. 

(1.11) Definition : A symmetric operator, T, is self- 

adjoint if T* = T. 

(1.12) Definition : A symmetric operator, T, is essen¬ 

tially self-adjoint if its closure, which is T**, is 

self-adjoint. 

One nice thing about linear operators from H to 

H is that they can be composed. For example, T2 is the 

operator defined by T2u = T(Tu). In this way, 8(H) is 

made into an algebra. In fact, since we have the concept 

of convergence, we can even talk about infinite sums of 

operators, and with little effort, the whole theory of holo- 

morphic functions of a complex variable can be extended to 

operator valued functions. As an example, consider, for 

an operator T with || T fl < 1, the operator (1-T)"1. 
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Since 1T f < 1, one would expect that 1-T is invertable. 

Note that I Tn I £ fl T ||n follows easily from the definition, 

and consider the expansion: 

00 

l Tn, 
n=0 

where T° = 1 = identity. This series converges absolutely, 

meaning that 

I X Tn I s X »T||n < » , (as IT1 < 1). 
n=0 n=0 . 

In fact, 

00 

(1.13) (1-T)”1 = X Tn 

n=0 

The proof is easy: Let the operator (1-T) operate on the 

right-hand side of (1.13). Then we have 

X Tn - X Tn+1 = 1. 
t n=0 n=0 

With this as a start, one can derive a Cauchy Integral 

Formula, prove a Lionville's Theorem, etc. These results 

will be used without further comment. 
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§B. Spectral Theory 

Let S be a closer operator. 

(1.14) Definition: The spectral range of S, denoted 

spr(S), is defined by: 

spr(S) » lira I Snfl1/n . 
n-*-« 

For z e E, if the operator S-z is invertible, then 

define G(z) to be (S-z)“l. (The operator z is just 

z times the identity.) Note that S-z is invertible 

implies the range of S-z is all of H, and (S-z) is 

1-1. The set of all z e C on which G(z) is defined 

is called the resolvent set of S, P(S). The operator, 

G(z), is called the resolvent of S. (The G is sup¬ 

posed to make one think of Green's functions.) 

With some manipulation, one can derive the resol¬ 

vent equation: 

(1.15) G(z) - G(zo) « (z-z0)G(z)G(z0). 

Using (1.15), one can derive a Taylor expansion for G(z) 

which is absolutely convergent for |Z-ZQ| < [spr(G(z0))]“
1 

G(z) = £ (Z-ZQ)nG(zo)n+1 . 
n=0 
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(To check that the radius of convergence is [spr(GCzo))]”1, 

consider the Cauchy-Hadamard formula in the theory of one 

complex variable.) Thus we know that G(z) is holomorphic 

in P(S) and P(S) is open in C. The complement of P(S) 

is called Z(S), the spectrum of S. For large |z| , and 

for S e 8(H), we have the expansion: 

00 

(1.16) G(z) = -z’^l-z-'S)'1 = - l z"n_1 Sn. 
n=0 

This works for |z| > spr(S). Note that if we restrict S 

to a subspace of D(S) on which S is bounded, then (1.16) 

is always valid, and 

|| G(z) U £ constant • |z|-1. 

One can immediately observe that I(S) is never empty. 

Otherwise G(z) is an entire function which decays for 

large |z|, which is impossible, by Lionville's theorem. 

(1.17) Definition: An operator K is compact if the 

image (Kun) 
any bounded sequence (un) 

c W contains 

a Cauchy subsequence. The subspace BQ(H) of 8(H) of 

all compact operators is a closed subspace of 8(H). In 

particular,.any compact operator is bounded, because the 

image of the unit ball in H must be bounded. Also, the 

products KS and SK are both compact if K is compact 

and S is bounded. The proofs are immediate. 



17 

The following few paragraphs summarize some of the 

elementary spectral theory results. For proofs, see [1]. 

The proofs are all complex analytic in nature. 

(1.18) Theorem: Let T be a closed linear operator on a 

Hilbert space, H. Suppose there is a simple closed curve 

T contained in the resolvent set, P(T), such that part 

of Z(T), say 2X(T) is contained inside T, and E2(T) = 

£(T) - Il(T) is contained in the exterior of T. Then we 

have a decomposition of T according to the decomposition 

H = Hi®H 2, where Hi and Hz satisfy: 

then P is a projection operator, and we have explicit 

formulae for and H2, namely 

Furthermore, since T commutes with G(z), T commutes 

with P, and thus TW^ <= H^, i * 1,2. We also know, then, 

i) Z(T|Hi) = 2
1(T) 

ii) Z(T|tf2) = Z
2(T) 

iii) Tlf{1 
is bounded on 

If we define 

PH - Hj and (l-P)tf = Hz. 
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that TP extends PT, and that 

“ - 2ÏT ( “OO" - - 2ÏÏ |r 
zG<z>dz- 

where the last equality follows from the fact that TG(z) = 

1 + zG(z). Note that the last integral is bounded. 

This theorem can be used to decompose H into many 

closed subspaces, corresponding to many bounded components 

of Z(T) and one unbounded component of Z(T), if there 

is one. A useful special case of this is when X e C is 

a discrete point of the spectrum. Then there is a circle 

rx about X which contains no element of I(T) other 

than X. If the projection operator corresponding to X 

is 

PA " * 2FÎ L G<z)dz- :x 

then we define the multiplicity of H to be the dimension 

of P^H. If dim P^H < ", then X is said to be an iso¬ 

lated eigenvalue of finite multiplicity. It is indeed true 

that X is an eigenvalue of T, because on the finite 

dimensional space PH, T = TP is a linear operator, and on 

finite dimensional spaces the spectrum consists of eigen¬ 

values only. 

Using this theorem, one can prove the following: 
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(1.19) Theorem: If K is a compact operator on H, then 

2(K) is a countable collection of isolated eigenvalues with 

finite multiplicity, and Z(K) has no accumulation points 

different from zero. 

(1.20) Definition : The essential spectrum of T, denoted 

Ze(T), is the set of X e Z(T) s.t. X e Z(T+K) for all 

compact operators K. 

Denote the set of all isolated eigenvalues with finite mul¬ 

tiplicity by S^(T). This is often called the discrete 

spectrum. Using theorem (1.18), we can show that Z^(T) n 

Ze(T) is empty. The proof is as follows: 

Suppose X e E^(T). Then on (1-P )H, X is not 

in Z(T(1-P^)). Therefore, X 4 Z(T-TP^). Since P^ has 

finite rank, TP^ is compact. By definition, X 4 £e(T). 

(1.21) Theorem: If there is a sequence (u ) D(T) such 

that 

i) <u »u > = <S n m nra 

ii) 1 (T-X)uJ - 0, 

then X e Ze(T). Th.e. sequence (un) 
is called a singular 

sequence for X. 
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Proof : If X $ Ee(T), then there is a compact operator, 

K, such that X e P(T+K). In particular, GT+K(X) is 

bounded, so that 

1 (T+K-X)“1uI * C lui 

which implies 

lui s Cl (T+K-X)u 1. 

If a singular sequence for X, (vn), did exist, then since 

K is compact, there is a subsequence, (wn) of (v^), 

such that (Kwn) converges. Therefore, we have 

lwrwkl s C 1 (T+K-X)(w..-wk) II 

£ C 1 (T-X)w 1 + Cl(T-X)wk|| + C||K(w.-wk) 

which, by hypothesis, approaches zero as j and k ap¬ 

proach infinity. Therefore, (wn) converges. This is 

impossible, since 

l|wrwktt
2 = <w.-wk,wrwk> 

■ <Wj,Wj> - <Wj,wk> - <wk,Wj> + <wk,wk> 

«1-0-0 + 1 

= 2. 

This contradiction completes the proof. 
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One can show that, in fact, Ed(T) u Ee(T) is the 

whole spectrum. To do this, a singular sequence is con¬ 

structed for any X e Z(T) - Z^(T). This also proves a 

converse to Theorem (1.21). 

A special class of compact operators is the Hilbert 

Schmidt class. An operator, T, is in the Hilbert-Schmidt 

class (T is H.S.) if for the complete orthonormal family 

(4>k) 
c H, 

Il T I HS IlT4»k«
2 

k = 1 K 

< 00 . 

The norm fl ||HS is well defined; that is, independent of 

<*k>- 

Proof ; Let (^k) be a complete orthonormal family in H*. 

Then 

I !T<j>kI
2 = II |<T*k = I I I^.TV^I2 

k K k j K 2 k j K 3 

- I I TV P . 
j 1 

The first expression in the equality is independent of ) 

and the last expression is independent of Thus, 

1 |HS is well defined. 
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With the inner-product 

«.T^s = I <SOk,T*k> , 
k 

the set of operators in the Hilbert-Schmidt class becomes a 

Hilbert space. 

It is easy to see that if T is H.S. then T is 

compact. 

§C. Self-Adjoint Operators 

For the rest of this paper, we will concern our¬ 

selves almost exclusively with self-adjoint operators. 

(1.22) Theorem: If A is a self-adjoint operator, then 

Z(A) is contained in thé real numbers, and 

1 (A-X)-l | s |lm A|-l , X 4 2(A). 

Proof : 

Im<u,(A-X)u> = Im(<u,Au> - X||u||2) 

Since 

and 

<u,Au> = <Au,u> 

<u,Au> * <Au,u> 
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we conclude that <u,Au> is real. Therefore, 

Im<u,(A-X)u> - Im(X)|u||2. 

This implies 

(1.23) lui |lm(X)| s: 1 (A-X)ufi . 

Thus (A-X) and A*-X are monic. Let Ran(») denote the 

range of (•). To show Ran(A-X) » H, we first show 

Ran (A-X) is dense in H. Suppose ip e [Ran (A-X) ]x. Then 

for all u e D(A-X), <4»,(A-X)u> = 0, so that <(A*-X)tJ>,u> = 0 

for all u in D(A-X), which is impossible, as (A*-X) is 

monic. Thus Ran(A-X) is dense in H. Now suppose ip e H. 

Then there is a sequence (<f>n) c Ran(A-X) such that 

(d> )  ► w. Each <p is (A-X)u for some u e D(A-X). 
n sT Tn n n 

Thus ((A-X)u ) —r* ip. Since A-X is closed, u converge 
n s n 

to some u e D(A-X), and (A-X)u * ip. Thus Ran(A-X) = H, 

and (A-X)-1 exists, and equation (1.23) now immediately 

implies the desired result. 

Q. E • D • 

(1.24) Theorem: (Criterion for self-adjointness) [2, p.256] 

Let T be a symmetric operator on H. Then the following 

three statements are equivalent. 

a) T is self-adjoint 

b) T is closed and Ker(T*±ki) = {0}, 
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for some 0 < k € ]R. 

c) The range Ran(T±ki) is all of H. 

To prove a) implies b), suppose T = T* is self-adjoint 

and that there is a <p e D(T*) so that T* = <f> = ik<|> Then 

T<f> = ik<|> , and 

ik<<J>,(j)> « <ik(J>,<J>> * <T<j> ,<j>> - <4>,T*4>> - -ik<<J>,c|>> 

so that <f> = 0. Similarly, T<f> = —ik<f> has no nontrivial 

solutions. 

To prove b) implies c), suppose T is closed and 

ker(T* ±ik) = {0}, for some 0 < k e JR. Then Ran(T-ik) 

must be dense, by an argument similar to the argument in 

the proof of Theorem (1.22). That argument also shows that 

Ran(T-ik) = H, using the fact that T and therefore 

T-ik is closed. Similarly, Ran(T+ik) » H, 

To prove c) implies a), let <{> e D(T*). Since 

Ran(T-ik) = H, there is a e D(T) such that (T-ik)i^ = 

(T*-ik)<j>. Since D(T) c D(T*) we have (^) e D(T*), 

and (T*-ik)(<J>-ÿ) - 0. Since Ran(T+ik) ■ H, ker(T*-ik) - 

{0}, so \p - <p e D(T). Thus D(T*) = D(T), so T is 

self-adjoint. 

QiE.D. 

We now state without proof two very essential 

theorems about self-adjoint operators. 



25 

(1,25) Theorem: (The Spectral Theorem) See, for example, 

[2], 

If T is a self-adjoint operator, then there is a 

unique one parameter family of projections E^ such that 

(i) lim 
X-»--» 

EX “ 0 in the strong sense. 

(ii) lim 
X->+°° 

E^ = id in the strong sense. 

(iii) lim 
h-*-o 

EX+h E^ in the strong sense. 

<EX is right-continuous in X) 

(iv) EXH = EX,H for all X' > X. 

(v) T = r-x in the Riemann-Stieltjes 
mOO 

The last statement requires some interpretation. dE^ is 

a projection valued measure. For example, 

^X 

is a projection with range U c D(T) satisfying 

<*,T<*> = V<<j>,♦> 

for some p c [a,b] if and only if 4» e U. If X is an 

eigenvalue, then dE^ is the projection onto the eigenspace 

of X. The statement (v) is equivalent to: 

(v*) For all f e D(T), 
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T(f ) J XdEx(f). 

Another useful theorem is the Weyl minimax principle. 

See, for example, [3]. 

(1.26) Theorem: If T is self-adjoint and bounded below, 

and if X. = min <*,T*> and 
iKD(T) 
1*12-1 

X 
n 
(T) max 

* * ♦ ^n- x} 
min {<* ,T*>.| <xp‘, *i> - 0, 
*eD(T) 
II* II 2=1 i “ 1, . . , n-l} 

Then either Xn is the n**1 eigenvalue from inf Z(T), 

counting multiplicity, or XR = Xn+1 = ... = the infernum 

of the essential spectrum of T, and there are at most 

n-l eigenvalues below that infernum. 

This theorem is very useful in that it produces an abstract 

way of estimating eigenvalues without solving for eigen¬ 

functions. 

There is one more type of operator that we will 

need to use, unitary operators. Unitary operators are 

particularly useful in (time dependent) scattering theory, 

because if the Hamiltonian of a system is self-adjoint, 

then the operator which determines the behavior of the 



system in time, namely exp(iHt) is a unitary operator. 

We will use unitary operators in other situations. 
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(1.27) Definition: A bounded operator T from H to H 

is isometric if it preserves norms: 

| Tu|| * fuf for all u e H. 

An isometric operator always satisfies 

<Tu,Tv> = <u,v> 

and therefore, T*T is the identity operator. Isometric 

operators are always injective, because Tu = 0 implies 

u = 0, but the range of T need not be all of H. 

(1.28) Definition : An isometric operator T is unitary 

if the range of T is all of H, or equivalently, if 

T”1 is bounded. 

One can immediately see that T-1 = T* and T”1 is uni¬ 

tary, if T is unitary. The classic example of a unitary 

operator is the Fourier transform on the space L2. 

(1.29) Definition: Two operators T and S are unitarily 

equivalent if there is a unitary operator U such that 

S - U-1TU. 
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(1.30) Theorem: If S and T are unitarily equivalent 

using the unitary operator U, then the spectrum of S is 

the same as the spectrum of T. 

Proof: It suffices to show that E(S) c 2(T), because the 

other inclusion follows by symmetry. Suppose X e Z(S). 

Then there is a sequence (un) 
c D(S) such that 1 un 1 

= 1 

and 3 (S-X)unfl -*■ 0. Let vn = U"
1^. Then (vn) <= D(T), 

|vn| - 1, and |(T-X)vJ - l(U-lSD-X)vnI - 1 D_1Sun'
XD” | 

= |U-‘((S-X)un)| = |(S-X)uJ 0. 

Q. E. D. 



II. DEFINING THE HAMILTONIAN AS A SELF-ADJOINT OPERATOR 

The operator we will be analyzing is the Schroe- 

dinger Hamiltonian for a system of N particles. We will 

look for eigenfunctions in the Hilbert space L2(B3N), 

(or in L2QR3N"3) if we fix the center of mass). The 

Hamiltonian is usually defined to be 

N 
(II.1) H = - l (2mi)-l A± + V(Xl, ... , xN), 

i-1 

where m^ is the mass of the it^1 particle, x^ is the B3 

coordinates of the i**1 particle, and is the Laplacian 

acting only on the i**1 coordinates. If we fix the center 

of mass of the N particles, via a change of coordinates, 

then the Hamiltonian becomes 

(II.2) H 
N-l rN-l 'v2 

* - I (2m. )”lA. -m0 £ V. + V(X!, .. . xN ), 
i = 1 A A 4 = 1 ~1 

where m0 is a constant depending on the masses. Schroe- 

dinger's equation is an eigenvalue problem, in that we look 

for X e B and e L2(B3s) such that Hip = Xip, where 

s = N or N-l. 

When we look at H as defined in (II.l) or (II.2), 

the first problem is that the domain of H as an operator 

is not defined yet. Our goal is to show that there is a 

29 
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unique maximal domain D(H) on which H is self adjoint. 

The first person to consider this problem for a wide range 

of potentials was T. Kato. We will follow his paper [4], 

written in 1951. The idea is to start with a very small 

(but still dense) domain in L2(R3S), show that H is 

symmetric on this domain, find a self adjoint extension for 

this domain, and then show the extension is unique. The 

uniqueness of the extension is necessary, because other¬ 

wise the spectrum will depend on the extension, which is 

not physically reasonable. 

We must start with some assumptions on H, 

i) H is a Hermitian symmetric linear operator, 

ii) H can be applied on all functions of the form 

(II.3) g(xx, ... , xs) = P(xlt ... , xs)exp{-K|xx|
2 + ... + |xs|

2)}, 

where P is a polynomial of 3s coordinates. 

iii) V is expressible as 

s 
(II.4) V(Xl, ... , xs) = V'(Xl, .., , xs) + J V0.(ri) + 

l,s 
I V. .(x.-x.), 

i<j ^ 1 y 

where V' is bounded, and ’are locally L2QR3) and 

bounded for sufficiently large argument. That is, there are 

two constants R and C such that 
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|V*(Xj, ... , xs)| £ C 

► 
(II.5) |Vi.(x)|

2d3x £ C2, for 0 £ i < j s s, and 

lx sr 

IVij(x)J 5 C for |x| > R. 

Note that for V satisfying the above conditions, all g 

of the form (II.3) are in the domain of the multiplicative 

operator V. Also note that Coulomb potentials, or more 

generally, potentials of the form r~m, m < %, satisfy 

the above conditions. In later sections of this paper, we 

will be concerned with the special case where V' = 0, and 

C can be chosen arbitrarily small. • If we let Di denote 

the set of functions satisfying (II.3), we can let Hi 

be the restriction of H to the domain Di, and we will 

have completed the first step of our program. Note that 

Di c L2 is dense since it contains the Hermite orthogonal 

system, which is known to be dense. Let Hi be the closure 

of Hi. We will show that Hi is self-adjoint. Since H 

is symmetric, and D(H) 2 D(Hi), it follows that Hi = H. 

Thus, Hi is the unique maximal self-adjoint extension of 

H, being the closure of H, so H would be essentially 

self-adjoint. Once we have completed this, we will con¬ 

sider H to be the proper Hamiltonian, and we will drop 

the ~. We will find the eigenfunctions of H will be 

"sufficiently” differentiable and will satisfy (II.1) or 
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(II.2), even though H is, strictly speaking, no longer a 

differential operator. 

In order to prove that Hi is self-adjoint, we must 

first show that the kinetic energy operator, T = H0 =(H-V)~ 

is self-adjoint. To do this, we first look at the momentum 

space representation of T. Let f(q) = f(xi, ... , xg) be 

a wave function in L2(B3S). Then F(p) = f(p), the 

Fourier transform of f, is also in L2(]R3S), The mapping 

f ■*-*■ F is linear and isometric in the L2 norm. Recall 

that the operator i“lV^ in the q coordinates is the same 

as p^x in the p coordinates. The p coordinate space 

is called momentum space. Recall that if S is an operator 

in the p coordinates, then it can also operate on the q 

coordinates, by 

(F-lS)f(q) - F-l(SF(p)), 

where F denotes the Fourier transform. 

The kinetic energy of our system is formally given 

by 

(II.6) T = — f (2m)"1A -m0ff V.]2. 
i = l 1 1 4 = 1 J 

We can now define a multiplicative operator T0 in the 

momentum space by 

(T0F)(p) = T0(p)F(p) , 
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where 

To(P) - I (2m.)~1p2 + m0( I p.|
2. 

The domain Do of To is the set of all functions F(p) 

L2(IR3s) such that To(p)F(p) e L2(B3s). As it is defined, 

T0(p) is clearly self-adjoint. We have a criterion for 

whether F(p) is in Do, namely if and only if F(p) and 

p2F(p), i = 1, ... , s, are all in L2QR3s). Notice that 

this is independent of the masses, as long as they are all 

positive. We will see that T = F_1T0, and therefore 

F_1T0 is the correct kinetic energy operator. To prove 

this last statement, we first note that the Fourier trans¬ 

form of a function of the form (II.3) is still a function 

of the form (II.3). Thus, in momentum space, Dj is the 

set of all functions of the form 

G(p) = P(Pi, ... , p ) exp {-(£)(|P!|2 + ... + IPs|
2)}. 

Clearly, Dj £ Do, and for f € Dx, TQ coincides with 

the differential operator (II.6). Let Tx be the restric¬ 

tion of T to the domain Dx. Note that if Tj is 

essentially self-adjoint then so is T, since D(Tj) is 

dense in D(T), and thus Tx = T. ’ 

(II.7) Lemma: Tx = To and hence Tx is essentially 

self-adjoint. 
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Proof : Recall that Dj is dense in L2ÇIR3s), and note 

that Di is a linear set. We first need to show that the 

set (1+To)Dj is also dense in L2QR3s). To do this it 

suffices to show that no FQ(P) | 0 of L2QR3S) can be 

orthogonal to all functions of (l+To)Di. Suppose for all 

G € Di, ((1+To)G>Fo) - 0. That is, 

J^o(p)(1+T0(p))P(p)exp{-èp2}dp - 0, 

where p2 = |Pi|2 + ... + |Ps|
2. This means, in particular, 

that 

(11.8) F0(p)(l+T0(p))exp{-(i)p2} 

is orthogonal to all functions of the form 

(11.9) P(p)exp(-(i)p2). 

The set of functions of the form (II.9) is dense in L2QR3s), 

so this forces (II.8) to be identically zero. Since neither 

(1+TQ(P)) nor exp{p(i)p2} ever vanish, this proves F0 =0. 

This proves our first assertion. 

Now if F(p) e Do, then by definition, (l+To)F(p) 

is in L2(R3s). Since (l+To)Di is dense, for each e > 0 

there is' a G(p) e Dj such that 

(1+T0)G - (1+T0)F| < e. 



35 

Since T0(p) 2: 0, this implies both 

|G - F| < e, 

and 

lT0G - T0F| < e 

This means, by definition of the closure of an operator, 

that Tj 2 To. Since To is self-adjoint, it follows that 

Ti = T0. 

Q.E.D. 

At this point, we would like to put V back into 

the Hamiltonian and somehow conclude that V does not dis¬ 

turb our nice results. To do this, we need a lemma, which 

asserts that, in some sense, the wavefunctions are well 

behaved. This, in itself is important. Let H be defined 

as in (II.2) — the center of.mass system, so that s = N-l. 

We start with a two particle result. 

(II.10) Lemma: If s * 1, then all f(r) e DQ are 

bounded and uniformly continuous. 

Proof : For f -*-+■ F we have 

11 F(p) | dp 5 ||F(p)|2(l+p4)dp J(l+p4)-1dp < 00 

by a Schwarz inequality. Hence f(g) can be written as 



f(p) « (2TT)“3J F(p)exp(ip«q)dp, 

36 

from which the assertion follows 

Q*E »B* 

Unfortunately, when s a 2, the lemma no longer 

holds. In preparation for a partial generalization, define 

for all f(q) e L2(1R3S) and i « i, ... , s 

(II.11) (A.fXx.) J[f(q)|2dxi ^i-l^i + l dx. 

a 

The range of the (non-linear) operator is L2(B3). 

Some properties of are 

lA.fi = iff 
|(A.f - Alg)(Xi)| £ [Ai(f-g)](xi) 

ttA^f — A^g 1 s | f—g | , i = 1, ... , s. 

(11.12) Lemma: If f(q) « Do, then A^f (i = 1, ... , s) 

are continuous and bounded by 

0 £ (Atf)(Xi) £ alT0f I + b’» f I , 

where a', b’ are constants independent of f, and a' 

can be chosen arbitrarily small. 

Proof : Without loss of generality, assume i * 1. First 

let g e Dj, so that 
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g(q) = (2Tr)”3|exp{i(p2«X2+.. .+ps-xs)}dp2.. .dps 

|exp{ip1«x1}G(p)dp1> 

where the order of integration has been changed, justifiably 

since G(p) decays so nicely. 

By the Parseval identity for 3(s-l) variables x2, ... , xg , 

|(Aig)(xi)|2 = | |g(q)|2dx2 ... dxg 

(11.13) = (2ir)”6 I dp2 ... dps 11 exp( ipx «xj )G(p)dpi 

^ (2ir)-6 | dp2 ... dps | G( p) | dp x . 

Just as in the lemma for s=l, we now have; 

2 

jJlGCp^dPxj- £ 11 G( p) | 2 ( l+k^pj )dpi jci+^pïj’Mp! 

where k is an arbitrary positive constant, and all the 

above integrals converge absolutely. The last factor can 

be integrated to ck”3, c some positive number. Putting 

this into (11.13), we get 

|(A1g)(x1)|
2 ^ 2 -6ck“3 j|G(p)|2(l+k4p5)dp1 ... dpg 

= (2ir)”6ck“3(H G |2 + k4|p2Gl2) 
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Since 1TQG| a (2mi)_1|| pjG !2, we have 

| (Aig'Xxi) 
2
 £ (2TT)~

6
C k(2m1)

2|| T0g + k-3igp'. 
é 

This is the desired form, and by taking k sufficiently 

small, a' can be made arbitrarily small. Since g(q) is 

smooth, (Aig)(xi) is continuous. By a closure argument, 

these results can be extended to all of Do. 

Q.E«D« 

Now we can start looking at the potential. V is a 

real multiplicative operator, and its domain, Dy, consists 

of all f € L2CR3s) for which Vf € L20R3s). With this 

definition, V is clearly self-adjoint. 

(11.14) Lemma: Do £ Dy, and there are constants a and 

b such that 

IVf I * a I T0f fl + b ||f I 

for all f £ D„, Moreover, a can be chosen arbitrarily 

small. 

Proof : It suffices to show this for the cases V = V*(q), 

V = V .(x.), and V = V. .(x.-x.) separately. When V = V’, 
01 1 ij i j 

since V* is bounded by C, a = 0 and b = C will work. 

Now consider the case V = VQ1(x1). The other are 
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handled similarly, and by a change of coordinates, (namely 

eliminating x^ instead of xQ in the center of mass co¬ 

ordinate system) is equivalent to this case. We have 

by the definition of (A1f)(x1), 

! V0 if I
2 - JlVo^Xj)!2 |f(xlf ... , xg)|

2dx1 ... dxs 

(11.16) - jlVoiCxj)!2 |(A1f)(x1)|
2dx1 

■ 11V0 1 (Xi ) l2 I (A1f)(xl)|
2dx1 

IxjUR 

+ j|Voi(x1)|
2 | (Aif )(x1)i

2 dXi 

IXJ|>R 

If f e D0, we have by our last lemma 

|(A1f)(x1)|
2 * 2(a * )2 I T0f !2 + 2 (b ' )2 1 f ||2 , 

and hence by (11.15), the properties of. (A^f), and the 

local bounds on V.., 
* J 

IVoiffl2 £ (2(a’)2 i T0 f: I2 + 2 ( b • ) 2 1 f IF) J | V0 x (xx H2dxx 
Ixx1<R 

+ C2 j | (A1f)(x1)|
2dx1 

C2(2(a')2 1 T0f !|2 + 2(b ' )2S f l2) + C2 ||f||2. 

Since a' can be chosen arbitrarily small, we are done. 

Q.E.D 
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Now we are ready to state and prove the following. 

(11.16) Theorem: The operator TQ + V defined on D0 is 

self-adjoint. 

Proof: By the criterion for self-adjointness proved in the 

general spectral theory section, it suffices to show that 

for some k > 0, T0 + V ± ki has range equal to all of 

L2QR3s). Since T0 is self-adjoint, (TQ + ik)“1 is a 

bounded linear operator on L2QR3S), and its range is Do. 

Hence for every 4> e L2QR3S)» 

IVCT0 ± ik)-l<|> 1 s a lT0(T0 ± ik)
-1<f> | + b |(T0 i ik)”

1* || 

sa 14> I + bk~ 1 B<{> II • 

We may choose a < 1, and by choosing k large enough, we 

have a + bk”1 <1. Thus, the operator V(To ± ik)*"1 is 

defined on all of L2QR3S), and has bound less than one. 

Therefore (1 + V(TQ±ik)
-1)_1 is bounded on L20R3S), so 

1 + V(To±ik)_1 has range equal to all of L2QR3s). From 

the identity 

T0 + V ± ik = {l + V(T0+ik)“
1}(T0 + ik), 

it follows that the range of To + V ± ik is all of 

L2CE3s), noting that the range of To ± ik is also 

L2CE3S). Q.E.D. 
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From this, we can state and prove the main theorem. 

(11.17) Theorem: Hi, (defined to be the restriction of 

H to the domain Dj), is essentially self-adjoint, and 

its unique self-adjoint extension is T0 + V. 

Proof: We need only show that Hi = Tj + V, which requires 

for every e > 0 and every f e D0, there is a g e Di 

such that 

i) ||g-f| < e and ii) | (T0+V)(g-f ) ! < e. 

We can estimate || (T0+V)(g-f ) 1 by 

I (To+V)(g-f) 1 = | To(g-f) I + JV(g-f) 1 

<; 1 T0(g-f ) 1 + a ||T0(g-f)l + b || g-f || . 

Since Ti is essentially self-adjoint, the first two terms 

can be chosen arbitrarily small, and since Di is dense in 

D0, the last can be chosen arbitrarily small. 

Q.E.D. 

Kato's results apply, in particular, to all atomic 

and molecular quantum systems, but only in the absence of 

external electric and magnetic fields. Specifically, if 

one applies a constant electric field to an atomic system, 

a linear term in the potential is added. The effect of 
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this field on the eigenvalues and eigenfunctions, called the 

Stark effect, has been studied and fairly well understood by 

physicists. The effect of a constant magnetic field, the 

Zeeman effect, has also been calculated. It would be useful 

to know that the Hamiltonians of such perturbed systems are 

still self-adjoint. The two difficulties are that the 

potential for the Stark effect is linear, and thus not 

bounded, and the force for the Zeeman effect is velocity 

dependent. In 1962, Kato, along with Ibeke, answered the 

self-adjointness question for a very general class of Hamil¬ 

tonians as a special case of the main theorem of their 

paper, [5], 

Before we can state their theorem, we need a few 

definitions. First, let |q| = (|x1|
2 + ... + |XJJ|

2
)^. 

Now let f(q) be a function, and define 

Mf(q) = 
I f(q')|2 

• .,3^+0 
k-q'l 

dq' 

Iq'-qUl 

The space Qa 1QC consists of all functions fCq) for 

which Mj(q) is locally bounded for some fixed a, 

0 < a si. 
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(11.18) Theorem: Let H be defined by 

N 3 i— « —12 
H= l l 1 %xi1c + b (q) +V(q), 

j=l k=l L 3K JK J 

where x.v is the k**1 component of the position of the j**1 

particle, b.. is the vector potential corresponding to the 
j K 

magnetic field, and V(q) is the sum of the interparticle 

interactions and the external electric potential. The fol¬ 

lowing assumptions are necessary: 

i) b., are real valued C2 functions, 

ii) V(q) can be written in the form V(q) =» Vi(q) 

+ V2(q) such that V^(q), (i * 1,2) are real valued 

functions in C) , „ , and a,loc 

iii) There are two positive non-decreasing functions 

v*(r) and m*(r), r à 0, such that vx(q) £ - v*(|q|), 

[M (q)]^ <; m* (|q|), and 
V2 

roo 

(l+m*(r) + v*(r))“^ dr * 00. 
o 

If i) through iii) are satisfied, then H is essentially 

self-adjoint. 

For a proof, see [5], 

Remark: The Hamiltonian for the combined Stark and Zeeman 

effect can easily be shown to satisfy the above require¬ 

ments, and thus it is self-adjoint. 



III. NUMBER OF BOUND STATES FOR THE N-PARTICLE SYSTEM — 

FINITE OR INFINITE? 

Introduction 

Now that the Hamiltonian is properly defined, we 

can start to analyze its spectrum. Recall that H =» H0+V. 

We will require that the potential V be a sum of two 

body potentials V..(x.-x.), where x. is the position 
1J x J K 

of the k^*1 particle. We will also require that for any 

( 2 ) oo 
e > 0 V.. can be written as V.. = V.. + V.. where 
13 13 13 il 

( 2 ) CO 

is square integrable, and Vj.. is bounded with essen¬ 

tial supremum e. In other words are locally square 

integrable and decay, arbitrarily slowly, at infinity. 

Such potentials will be called Kato potentials. When con¬ 

venient, the pair (i,j) will be represented by the multi¬ 

index a. 

In physics, square integrable eigenfunctions with 

energy (associated eigenvalue) below the infermum of Ie 

are called bound states. Physically, one does not speak 

of the essential spectrum, but of the continuous spectrum, 

as it is known, for Kato potentials, that Ze consists of 

the interval [u(H),00), where y(H) is called the con¬ 

tinuum threshold. Below y(H), Z contains eigenvalues 

of finite multiplicity which may accumulate only at u(H). 

44 
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A bound state, then, is a normalized eigenfunction corres¬ 

ponding to an eigenvalue below the continuum. That this 

phsyical description is accurate is a special case of a 

theorem of W. Hunziker [6], which will be proven in section 

C of this chapter. For now, we will assume the above de¬ 

scription is accurate. Note that with this description, 

the multiplicity of an eigenvalue X is the number of cor¬ 

responding distinct bound states with energy X. 

Denote by N(V) the number of bound states of the 

Hamiltonian H = H0 + V. We would like to have a criterion 

for V to determine if N(V) is infinite, and a criterion 

for when N(V) is finite. Before we can find these cri¬ 

teria for a many particle system, we must first find these 

criteria for the 2-body system. 

§A. The Two Body Problem 

The two body problem has been extensively studied 

and is well understood for most potentials. With the cen¬ 

ter of mass removed, the Hamiltonian is: 

H * -A + V(x), 

where the mass has been normalized to unity. Following 

B. Simon [7], we proceed with 
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(III.l) Theorem? If V(x) < -C|x|'Y for M > R , 

where y < 2, and C > 0, then N(V) = 00. 

Proof: Three spectral theory results are needed. 

a) (Weyl minimax principle): If H is self- 

adjoint and bounded below, and if 

Xx = min and 
*eD(H) 
l*l2-l 

X (H) = max 

then either X is the n**1 eigenvalue from inf Z(H) n 

counting multiplicity, or Xn » XR+ 1 « ... = y, and there 

are at most n-1 eigenvalues below the continuum. 

b) For the two-body problem, y * 0. 

c) If there is an M-dimensional subspace U c D(H) 

such that 

<V,Wf>&C HI2 

for all tf> € Ü, then Xn(H) s c for n * M. 

With these results, it suffices to find, for arbi¬ 

trary M, and M-dimensional space Ü c D(H) on which 

min {<I|/,HIJI>|<I|>,<|>.> * 0, 
ipeD(H) 
ll*ll2=l i = 1, ... , n-l} 
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(III.2) max = uM < 0, 
»<H=1 M 

Pick <J> e C°°0R3) such that supp(<$>) <= {x|Ro < |x| 

< 2RQ} and fl <j> I2 58 1. Let A * <4>,-A<j>> and B = 

<<j>,C|x|“Y <p>, and note that B > 0. Set <t>R(x) “ R” 
/2CR”1 x) 

for R à 1. Then ll4>Rfl2 “ !» and 

<4>R ,H4»r> S AR~
2
 - BR"

y, 

using the bound V(x) < -C|x|"Y, 

Because y < 2, we conclude <<J>R ,Hc|>R> < 0 when 

R > R, for some R. Let ij>n =* <J>2nR • The i|>n have dis¬ 

joint support, so they are independent, and therefore, for 

each M, the set {i|>x , ... , span the required UM 

satisfying (III.2). 

Q.E.Di 

Remark: This can be strengthened to include the case when 

y = 2 and C > J. 

(III.3) Theorem: If V(x) à -D|XTY for |x| > R0, for 
0% 

some D > 0, and for some y > 2, or if V(x) £ -C|x|“ 

for some C < £, then N(V) < As the condition V(x) - 

-C|x|’2 is weaker, we will prove the theorem with this 

assumption. 

Two lemmas are needed. 

f 
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(III.4) Lemma; <ifr,(-A - i|x|“2)^> ^0 for all ipeCÔOR3), 

and thus for all ÿ e D(H), by a closure argument. 

Proof : [8, page 446.] We must show that 

<ÿ,-Aÿ> > i I tKx)/|x| \\ , 

or using Stoke's theorem, that 

1 Vif»(x) ||* > ï II iKx)/|x| l2 . 

The left hand side is 

f ("i, + + *1,] d3x • 
]R3 

If we let <J> = r^Kx), then this becomes 

| d3xjr“1(<})^ + (J)2^ + <j>23) - r
-2<jxf»r + ir~3<j>2^j 

]R3 

à - i f r^2 (<J>2 )rd
3x + i fl ^(x>/1x | ||| , 

IR3 

and the first term is zero, because in polar coordinates, 

the radial part of the integral is 

00 

| (<j>2 )rdr = 0, 

r=o 
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using the fundamental theorem of calculus, and noting that 

<j>(0) = 0. 
Q.E.D. 

Now, continuing with Simon's proof, we see that 

(III.5) OJ>,H<{/> <[(C-£)A + V]t^,t|>>, 

where 

V(x) 
' 0» |x| > RQ 

V(x) otherwise. 

The inequality (III.5) follows from a comparison, using 

Lemma (III.4). If we define H = -A + V, then by comparing 

H and H, using the minimax principle, we will see that 

N(V) < 00 implies N(V) < 00. To do this, we need a lemma, 

which will be proven in Section IV.A. 

(III.6) Lemma. If 

HSffiZi d3xd3 < 

J U-y| 
then N(V) < ». 

Since V c L1 n L2, V satisfies the hypothesis of 

Lemma (III.6), so the theorem is proven. Q.E.D. 
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§B. The N-body Extension [7] 

States which are not bound must physically be char¬ 

acterized by a separation of some of the N particles from 

the other particles in the system* Heuristically, this is 

what one means when the system is not "bound". One might 

guess that for a system to be in a bound state very near to 

the bottom of the continuum, it must also be characterized 

by a separation of some of the particles from the others. 

Physically this is very reasonable, and is a common occur¬ 

rence. For example, in atomic theory, when one atom is 

just barely bound, it is characterized by (Z-l) electrons 

filling the lowest one-electron orbitals, and one electron 

in a very loosely bound, hydrogenlike orbit. The expecta¬ 

tion value of the distance between the loosely bound elec¬ 

tron and the other electrons and the nucleus, (i.e., the 

rest of the system), is large, compared to the average size 

of the rest of the system. 

Mathematically, that the system is characterized by 

"clusters", just below the continuum, is made precise and 

proved by Walter Hunziger [6]. 

Let Dk = {Cx , ... , C2 } be a partition of the N 

particles into k subsets, or clusters. Let I_ = X V- . 
K i,j *’ 

where i < j are in different clusters, and define 

Hp = H - Ip to be the Hamiltonian of the noninteracting 
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clusters. Since V (x) -*■ 0 for large |x| , we expect 

Hn to be approximately the same as H when the clusters 
k 

are spatially separated. We also expect that Z(Hn ) c 2(H). 

c k 

Define yc(H) = min [Z(Hn )]. The energy y, corres- 
Dj^, 2 k 

ponds to the stun of the minimum eigenvalues (ground state 

energies) of the clusters in a particular clustering, D^. 

We can observe that since Hn consists of k independent 
uk 

clusters, any energy greater than uc is an element of 

E(H ), simply by noting that any two of the clusters may 
k 

have arbitrary center of mass kinetic energy, as long as 

the center of mass of the whole system remains fixed. 

Therefore Z(H_ ) ** [yc,®). Define ZC(H) = [yc,°°). 
uk 

(III.7) Theorem; (Walter Hunziker, [6]) 

ZC(H) c 2(H), and (H) n (-~,yc) 

consists of eigenvalues of finite multiplicity which can 

accumulate only at yc(H). (In particular, yc = y.) 

Hunziker's theorem will be proved in section C of 

this chapter. 

It is interesting to note that the spectral theory 

result (b) quoted in the proof of theorem (III.l) is a 

special case of Hunziker's theorem. Any two-body system 

approaching the continuum threshold will cluster uniquely 

into the two particles. The continuum threshold of H is 
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therefore the sum of the ground state energy of two free 

and independent particles, which is zero. The same argu¬ 

ment will show that pc ^ 0 for any system, for consider 

the trivial cluster into N independent particles. 

Now suppose that p(H) * inf Z(Hn ) *» inf(Z(Hr )) + u2 

inf(Z(Hç )) for a unique D2 = {C1,C2}, and that the 

clusters Cx and C2 have discrete ground states. Then, 

when the N particles approach the continuum threshold, we 

expect the system to be in a state exhibiting spacial clus¬ 

tering of Cx and C2, and each cluster will be in a state 

approximating its ground state. We also expect that the 

state of the two clusters relative to each other will deter¬ 

mine the energy of the system, and the internal state of 

each cluster will merely add structure to the larger "two- 

body" system. This situation will be called a two-cluster 

continuum limit. In summary, when we have a two-cluster 

continuum limit, (which includes the requirement that each 

Hc has a discrete ground state), we expect that the 
i 

N-body system will have an infinite number of bound states 

if and only if the associated 2-body continuum limit has a 

relative 2-body potential Vj2 with N(Vi2) 38 There 

does not seem to be any strong theorem proving the finite¬ 

ness of the number of bound states (for certain potentials) 

in this way, but in the other direction, there is the follow¬ 

ing theorem by B. Simon [7] 
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(III.8) Theorem: Let H be an N-body Hamiltonian with 

center of mass removed, and suppose H has a two-cluster 

continuum limit, D2 = {Ci,C2}. For each i £ Cj and 

je C2 , suppose 

VijU) S Ci3|x|'Y 

for r > RQ and y independent of the pair (i,j). 

If either (a) y < 2 and SC 
ij 

< 0 

or (b) Y = 2 and SC 
ij 

A
 1 

N
jh

» 3 
a
 
*
 

where m-1 - 
^ilc 

m. )_1 
1 1 

+ 
<3 ?C2 V* 

then N(V) as 00. 

Proof : We need two lemmas. 

(II1.9) Lemma: Let IJK be a bound state of , i = 1, 
x 

2, and let satisfy 

lim sup |xjYV..(x) * C 

I X |-K» 

for some y < 2. Let 

Vi;j(R) - Jkx(x)|
2 |ip2(y)|

2Vi;j(ri;.)d
3(ki'l)x d3(k2-1) 

where is the number of particles in C^, x, [y] are 

the internal coordinates of C^, [C2], R is the difference 

between the positions of the centers of masses of Cx and 
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C2, which will be denoted qt and q2, and |^| is 

the distance between the i**1 and j**1 particle, in terms of 

x, y, R, qx , and q2. 

Then 

lim sup |R|YV±.(R) £ C. 

|R|~ 

CIII.10) Lemma: H = H, + H, (2mD)“
1P 12 i 

ic Ci 
jeC2 

W 

where P12 is the momentum conjugate to R. That is, 

P
12 

=
 "

A
R* 

Proof of the Theorem: Let IJK be the ground state wave 

function of HQ , and set 

<Kx,y,R) = ipi (x) ,^2 (y)n (R) • 

Then 

<4> ,H<p> = inf(2(HCi>) + inf<E(Hc )> + <n,Hn> 

= yc + <n,Hn> , 

> 

where H = -(2mn)
_1Ap + £ V. .(R). 

u K ieCi 13 

jeC2 
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Now H is just a 2-body Hamiltonian with V(R) = £ V.. (R) 
i€Cx 13 

jeC2 

satisfying the hypothesis for N(V) = °». 

Q.E.D. 

Proof of Lemma (III«10): This is just a change of coordi- 

N 
nates of H0 = - £ (2m.)"1A.. Suppose Ci * {1, ... , £} 

i = l 1 1 

and C2 = {£+1 , ... , N). Let x^ be the coordinates of 

the i**1 particle in the "lab frame", and define internal 

coordinates 

= x -x^ for i = i, ... , £-1 

zi = x -xN for i » £+11 ... , N-l 

£ 
Note that q, = M71 T m.x. 

1 -, 11 1 = 1 
N 

and 

where 

q2 = Mi
1 l 
i=£ + l 

m.x. 
1 i 

N 
M. = y m. and M. = 7 m. , 1 iil 1 2 i4+i i 

and recall that R * qx - q2. 

Now if we first apply the Hamiltonian mechanics 

result 

PA - 3T/3Qi 
1 

on the N coordinates ylt ... , y^, y^+1 »... , y^, 

qx,q2; using the result that 
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T (in the old N coordinates) 

N 
= £ £m. (x. )2 (in the old N coordinates), 
• X X 
1*1 

we get in the new coordinates 

T » <HCi)0 + (Hc )0 + iMx(qx)
2 + §M2(42)

2 

Now, if we remove the center of mass motion, setting the 

difference between qj and q2 equal to R, we get the 

familiar 2-body kinetic energy 

T = <HCi>0 + <HCj)0 + èmD(R)2, 

where mD is the "reduced mass", which satisfies m"1 = 

M"1 + M’1. (Note that (Hc )Q and (Hc )Q were indepen- 
X 2 

dent of qx and q2.) Since £mD(R)
2 = (2mD)

_1P22 = 

-(2mD)“
1AR, the lemma is proved. 

Q.E.D. 

Although Lemma (III.9) seems reasonable, the proof 

involves some messy integrations and approximations, none 

of which add any light to the situation. I have therefore 

opted to omit the proof, therefore completing the proof of 

the theorem. 
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Remark: The proof did not require that the clustering 

D = (0^02) was unique. If several decompositions 

determine 2C, there will be infinitely many bound 

states as long as the conditions of the theorem are 

satisfied. 

As a result of this theorem, we know that all atoms 

and positive ions have an infinitude of bound states. The 

addition of spin and the Pauli exclusion principle does not 

alter this result. 

Simon [7] made the following two conjectures, nei¬ 

ther of which has been proved to date, as far as I know. 

(III.11) Suppose an N-body system has a two cluster con¬ 

tinuum limit, and the N-body system has an infinitude of 

bound states of energies Xj,X2, ... , XR , ... . Suppose 

Ej , ... , En, ... are the boundstate energies of 

H2 s + VCi<v Then 

lim t (*n“ViC)/En+_] - 1 for some fixed m. 

In other words, the energies of the systems match, approxi¬ 

mately, for large enough n, although there may be a dif¬ 

ferent number of states beneath each of the states corres¬ 

ponding to the near continuum pair (X , E^). n n+m 
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(III.12) With the same notation, we expect that eventually 

the wavefunctions of the two cluster continuum limit Hamil¬ 

tonian will approach the true wavefunctions. Specifically, 

for the same m as in i, if n and n2 are the gound 

states of Hr and Hr respectively, then we expect 
U1 L2 

lim I *k - nin2*k Iz “ 0, 
k-*-» 

where are the states of H, and <j>^ of HD . 

§C-1 Hunziker's Theorem —• Ie c E(H) 

Recall the notation discussed in section B. For 

i < j, let V\j be a Kato Potential. Then E(H) is deter¬ 

mined by some clustering Dk in that EC(H) c E(H), and 

E(H) - EC(H) consists of eigenvalues of finite multiplicity 

only, accumulating at most the lower end of Ec. 

Proof that Ec c E(H): We'll use the following characteri¬ 

zation of E(H)ï 

X e E(H) if and only if there is a sequence (un) in D(H) 

with 11 un II « 1 and 

* 

lim I (X-H)u 1=0. 
n 

The u„ will be constructed as states in which the clusters n 

of a given decomposition are more and more separated as n-*». 
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Define T(s) to be the unitary operator which 

translates each cluster C by the vector s , where 

s - (Sj, , sk). Let | s| = m£n ^-sj. As |s| - », 

the clusters separate and the interaction between them 

vanishes in the sense that 

(III.13) lim I I T(s)u! = 0 for all ueD(H0). 
| S | -*-o° K 

Proof of (III.13): We consider each V in I„ sepa-   a Dk 

rately. For any e > 0 we can choose a splitting Vo = 

V „ + V _ (a.e. ) such that II V„ _ L < e and V e 

L20R3). Then f o9T(s)u|| < e || u ||2 for all s, so it 

suffices to prove (III.13) when e L20R3). Since T(s) 

commutes with HQ , and is bounded on D(H0 ), we see 

that Vj_jT(s) is bounded on D(H0). In fact,, it is 

bounded uniformly in s, so it is sufficient to prove 

(III.13) on a dense set of D(HQ). 

To see what dense set is convenient, a change of 

coordinates is necessary. For the pair a, let x = x^-x^ 

and x^, h ^ i,j (where a — (i,j)) be 3N-3 independent 

coordinates in a relative coordinate system. In the coordi¬ 

nates (x,xh), the norm has the form 

| u|!2 - C. [|u(x,x )|2d3x TT d3x. , 
J} hj*i,j 
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where . >0 is the modulus of a Jacobian depending only 

on the masses and the pair a. Note that in this coordinate 

system, for s = (Sj, ... , s^) 

(T(s)u)(x,xh) = uCx+tj^-tj ,xh+th) , 

where t. * s for Z in C . Jc m m 

Now for our dense set we restrict ourselves to 

linear combinations of functions of the form 

u(x,xh) = f(x)g(xh) 

where f(x) e SQR ) and g(x^) € 5QR3N"6), S denoting 

the Schwartz class of rapidly decreasing smooth functions. 

Then for u being one such product, 

IVaT(s)u||2 = c.. || g ||| J d3x|Va(x)f(x+ti-t.)|
2 . 

Since f € SQR3) and V\^(x) e L2QR3), as |s| -*■ 00 this 

integral vanishes. This proves (III.13). 

To show ZC(H) « Z(H) is now easy. Suppose 

X £ Ec. Then there is a sequence (uft) 
c D(H0) with 

I u II = 1 and lim || (X-H_ )u || * 0. Since T(s) commutes n n->°° Djç n " 

with H , we have: 
uk 

Il a-H)T(s)unl £ I CX-H )u I + I I T(s)un|| , 
k k 

which has limit zero as |s| and n approach infinity. 

Therefore x € Z(H). Q.E.D. 
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Now note that Z(Hn ) is purely continuous, and 
uk 

Ec = <Hn ). The reason comes from the following physical 
Dk 

argument: The minimum of Z(H_ ) is determined by the 
k 

ground states of k independent systems, but we cannot 

independently fix the center of mass of each system. Rather, 

we can only fix the center of mass of the whole system. By 

giving two systems and C^, an equal but opposite 

translational momentum, any positive kinetic energy can be 

given to the system of k clusters in their ground states. 

To prove the rest of Hunziker's theorem requires 

some very specific analysis of the resolvent of the Hamil¬ 

tonian H. 

§C-2 Hunziker’s Theorem — Analyzing the Resolvent Equation 

The resolvent operator G(z) = (z-H)”1 will be the 

key to proving the second part of Hunziker's theorem. Re¬ 

call that for Kato potentials, 

(III.14) |Vau|| 5 a || H0uI + b || ufl . 

Let G0(z)=(z-H0)
-1. From Kato's results [4], VaGQ(z) 

is defined on all of L2QR3) for z 4 E(H0). By (III.14), 

I VaG0(z)l 5 a fl H0G0 (z) I + b || G0(z)|| . 

For Re(z) < 0, ||G0(z)|| = |z|-1, and |H0G0(z)|| <s 2, 
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therefore, 

Il VoG0(z)| s 2a + b|z|
_1. 

As a can be chosen arbitrarily small, we have 

lim I V G (z)1=0. 
Re (z)-*--» 

Fix M < 0 such that |vaG0(z)| < ( ^ ) for all a if 

Re(z) < M. Then |vaG0(z)| < 1, since V - LV . Using 
cx 

this inequality, the following expansion for G will con¬ 

verge uniformly, for Re(z) < M. 

G(z) = (z-H0-V)~
1 

= (z-H0)"
1(l-V(z-H0)

-1}"1 

- G0(z)(l-V Go(z))'
1. 

Therefore, expanding this, 

G(z) G0(z) 

G0(
z> 

l 
n= o 

l 
n= o. 

(V G0(z))
n 

(<ZVa)G0(z))
n . 

Rearranging, 

G(z) - 1 Î GoVo GoVo, *** GoVa Go» 
n= 0 a ,... ,an l z n 

(III.15) 
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where £ means sum over all possible ordered com- 
«!*• ...an 

binations of n interactions. 

The whole idea is that we want to rearrange this 

sum so that good things happen. In order to find the magi¬ 

cal rearrangements, we must do as S. Weinberg [9] suggests. 

Each term in the sum (III.15) is represented by a graph 

which consists of N horizontal lines representing par¬ 

ticles, and n wavy vertical lines connecting the iJ'*1 and 

j**1 particle, representing Va = 
Vij * I’or examPle» 

GQ V12 GQ V2n G0 V1N G0 V12 G0 VXN G0 
is represented by: 

(III.16) 

We now proceed to classify the graphs. 

(a) Each graph consists of k connected parts, 

(1 £ k £ N), with only the ends of the interactions count¬ 

ing as connections. In the above example, the particles 

1, 2, and N are all in one connected part, while each 

particle 3, 4, 5, 6, ... , N-l is disconnected from the 

rest. Thus, each graph represents a clustering of the 
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system into k clusters, Dk; two particles belonging to 

the same cluster if their lines belong to the same connected 

component. 

(b) Define a relation c by D^c Dk if is 

obtained by further partitioning D^. In particular, k>£. 

A graph, G is called disconnected if £ Dk(G), 

i.e. if none of the interactions of G link different clus¬ 

ters of D^. Note that is a clustering of the N 

particles into l clusters, whereas Dj^G) is the cluster¬ 

ing of the N particles, defined as in (a). If the terms 

of the series (III.15) are identified with their graphs, 

then 

£ (all D. disconnected graphs) = (z-Hn )-1 = Gn (z). Di ÜZ 

This follows because H_ simply ignores all interactions 
■l 

between clusters, and by expanding Gn (z) as we did to 
u£ 

get (III.15), we will get the sum of all disconnected 

graphs. 

(c) If we cut a graph by a vertical line, L, then 

to the left of L, there is a subgraph D(L). 

1 

2 

(III.17) 3 
• 

N 

D(L) L 
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If L lies to the left of all interactions, then D(L)=DN, 

which is the clustering where all particles are independent. 

By moving L slowly to the right, D(L) assumes the 

sequence of values 

(111.18) S = (DN,DN_X , ... , Dk), D.c D.+1, 

i £ k £ N, 

where Dk corresponds to the whole graph. (Note that as 

L crosses an interaction, the number of clusters need not 

decrease, because the added interaction may be between par¬ 

ticles already in the same cluster.) In this way, each 

graph G uniquely defines a sequence S(G) as defined in 

(111.18) . Conversely, any sequence S of the type defined 

in (III.18) defines a class of graphs, namely, G is in 

the class if and only if S(G) = S. 

Any graph in the class defined by S has the form 

k 
(III.19) G0 TT 

i=N-i 

any interaction 
linking different 
clusters of D. 

- but not 1 

any D. disconnected 

. graph 

The second part of each factor occurs because, as noted 

above, an interaction may connect particles in the same 

cluster. The factors are ordered as the product indicates. 
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Now we can start to rearrange the series (III.15), 

since it converges uniformly. Note there are a finite num¬ 

ber of classes, S. First we sum over the graphs of a 

fixed class, S. 

Gg(z) = t (all graphs of the class S) 

“ G0(z) 

k 

TT 
i=N- 

sum of all poten- ' 
tials linking dif¬ 
ferent clusters of 
D. , but not D. 
l+l i j 

sum of all D.- 
disconnected1 

graphs 

- Vz> \,D„ 
N N* N-i 

) ^z ^ p • * * ( Z ) , 
#N- l UN-i,UN-2 Uk 

where VD D - IQ “Ip » and I_ is the sum of all 
li- i i 1-1 K ' 

V.. where i and j are in different clusters of Dt. 
1J K 

This follows from (III.19), which says that Gn is the 
uk 

sum of all D^-disconnected graphs. 

The remaining finite sum over classes is carved out 

in two steps. The first is a sum over all S = (DN, ... , 

D^) with k â 2. This is the sum of all disconnected 

graphs, and defines a disconnected part D(z) of G(z) by 

(III.20) D(z) = l G (z). 
all S 

with ka2 

The second part is a sum over all S with k=l, which cor¬ 

responds to a sum of connected graphs: 
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C(z) = t G (z). 

all S 
with k=l 

Noting that each term in C(z) ends with a factor of 

G (z) = G(z), we can write 
ul 

(III.21) G(z) = D(z) + I(z)G(z), where, explicitly, 

(III.22) I(z) - l 
all S 

with k=l 

N N N-i D 
N-l 

(z) ...GDJ(Z)VD2DI 

Note that D(z) and I(z) are defined for all z 4 Ie, 

but that (III.21) is established only for Re(z) < M. In 

particular, I(z) is defined only on the intersection of 

D(Va), but (III.22) implies that 

(III.23) [I(z)]* = l V. G. (z) 
all S u2ul u2 

with k=l 

D
N
D
N-I 

(z) 

which is bounded because in each term the factors VD VD 
c i 

GD (z) are bounded for all z 4 2 . Thus I(z) has a 

^ c 
unique bounded extension for all z not in Z . From 

now on, let I(z) denote this unique extension. 

(III.24) Lemma: I(z) and D(z) are holomorphic in z 

for z 4 2C, and 
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lim I I(z) I - 0. 
Re (z)-*--® 

Proof : To show I(z) is holomorphic, it suffices to show 

I(z)* is, and therefore it suffices to show VaGD(z) is 

holomorphic, where a is any pair and D any clustering 

into at least two clusters. Equip D(HQ) with the norm 

lu|lD = IIHJJUI + lull. For z 4 Zc, GD(z) is a bounded oper¬ 

ator from L2 onto D(HD), and holomorphic in z. Again, 

from Kato's work, fl • iD is equivalent to Il H0* II + 1 * II on 

D(H0) = D(Hd), and thus Vo is a bounded operator from 

D(Hd> to L2. Piecing these together, we find I(z) is 

holomorphic for ■ z 4 ZC. The same proof shows D(z) is 

holomorphic for z 4 Ie. To prove (III.25), it again suf¬ 

fices to prove only that lim fv G (z)1 ■ 0. This argu- 
Re(z)-»--® a u 

ment is the same as the argument proving (III.14). 

Q.E.D. 

Therefore we have the equation 

(III.21) G(z) = D(z) + I(z)G(z) 

for all z 4 Sc, by an analytic extension. 

(III.26) Lemma: I(z) is a compact operator for z $ Ie. 
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Proof : For each a there is a sequence V in L2 OR3 ) 
  a ,n 

such that 1V -V 1 < 1/n. Let I (z) be defined by 
Ot f XI (X XI 

(III.22) with the potentials V in Vn n replaced by 
a uk+i »uk 

V . Then for z e Z, a ,n 

lim |l (z) - I(z) 1 =* 0. 
n-H» 

11 

Consider the terms in equation (III.22). One is 

(III.27) G_ (z)V* n G_ (z) ... Gn (z)V* n , 
DN D

N
D
N-I 

D
N-I °2 D2°l 

where the n on the v” D symbolizes the replacement 

of all Va by Va>n. 

Claim: In(z) is a Hilbert-Schmidt operator. 

Before we prove this, we can apply it and immediate¬ 

ly finish the proof of Lemma (III.26), and then Hunziker’s 

Theorem. From the claim, I(z) is the uniform limit of a 

sequence of Hilbert-Schmidt operators, so I(z) is compact, 

for z 4 Zc. 

Q.E.D. (Lemma) 

Now we can prove Hunziker's theorem. Since I(z) 

is holomorphic when z ^ Ec, (l-I(z))”1 is meromorphic 
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for z 4 Ie, and this has a countable number of poles away 

from Zc. Away from Ie and these poles, 

G(z) = (l-I(z))-1D(z), 

so G(z) is meromorphic, also, there. Thus, away from 

Ec, E(H) can consist of eigenvalues only, accumulating 

at most at the lower end of Ie. 

The eigenvalues are of finite multiplicity because 

multiplicity is the dimension of the eigenspace, which is 

the rank of the projection 

P - lim (z-z ) G(z) 
z-*-z0 

onto the eigenspace. Since 

(z-z0)G(z) = (z-z0)D(z) + (z-z0)I(z)G(z) 

and since D(z) and I(z) are holomorphic at z0, and 

I(z) commutes trivially with z-z0, we obtain 

P = I(z0)P. 

Hence P is compact, and thus has finite rank. 

Q.E.D. (Hunziker's theorem) 



Proof that In(z) is a Hilbert Schmidt operator: 

(Due to W. Hunziker [10]) 

71 

It suffices to show that for a single S with k=l, 

(111*28) G (z)V ... G (z)V 
°N DNDN-1 D2 D2D1 

is of HS (Hilbert Schmidt) type. For notational simplicity, 

will be replaced by j in the expressions like (III.28). 

Consider the product of all factors up to and includ¬ 

ing Gj : 

G.7VM .. G N N,N-i N-i (N à j £ 2). 

Note that is Hilbert-Schmidt if and only if the Fourier 
A 

transform of A^, which will be denoted A ^ , is Hilbert 

Schmidt. Recall that the Fourier transform of an operator 

which operates on position space is an operator which oper¬ 

ates on momentum space. Recall that the H.S. norm of an 

operator is "the sum of the squares of its entries," which 

is 

(III.29) I! A j |H s - Jdpj ... dpNdp[ ... dpjJ 

\<Vl ••• PN. A.pJ ... PjJ>|2 . 

Note Aj is H.S. 

use the fact that 

clusters, so that 

if and only if |A.|L_ < °». We can now 
3 Ho 

Aj "represents" a clustering into j 

Aj involves only the potentials in H^ 
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( = H ). Thus A must contain information which guaran- 
Dj J 

tees conservation of the momentum of each of the j clus¬ 

ters. It must, therefore, be possible to write so that 
A(red) 

it contains a reduced part A^ ' so that 

(III.30) II HflS ~ f ^P i *** ^P^^Pi **’ ^ ••• 
ièC ^ 

«[sCp^-Pi)] 
iec 

l<Pj • T>' Â(red) D PN» 
Aj Pi ** PN>I } » 

where 6 is the Dirac measure. Heuristically, the matrix 

element must be zero if the momentum of any cluster, £ (P.), 
ieC* 1 

is not conserved. 

If we now consider A^ to be an operator on the 

space tfj of functions corresponding to the decomposed j 

systems without any center of mass momentum, then the 

norm || A^ flHg simplifies to: 

(III.31) II '^11 HS ~ dp 1 * * * ^Plîfd ^ ^ d ^ ^ Pi^ J J ieC* i€Cx 

5[ 2 p ] 
le0j 

x p^, Ajred) PlP2 ... pN>|2| . 

Our next goal is to show that the operator A^(z) is H.S. 
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on the space , for z 4 2(Hj), and |[Aj(z)| z (const.) 

•|z|-1 for Re(z) We will start with AN(z) and 

work toward Ax(z) by induction, using the above bound as 

Re(z) -*■ -» to complete the induction step. Once this is 
A 

done, then we will have Ai(z) = In(z) is H.S. on Hi » H, 

in the center of mass frame of the N particles, for 

z 4 2(Hi) - £(H). This was what we wanted. 
A 

To start the induction, we need to show that AN(z) 

is H.S. on HN for z 4 £0^). Since ÂN(z) is just 

GN(Z) which is the Fourier transform of the free Green's 

function (resolvent), we have that 

K'HS 
G
N
(Z)

®HS 
-1 

This, of course, works only when GN(z) is defined, which 

is when z 4 £(HN). Thus, the induction is started. 

Now assume that A^(z.) is H.S. on H^ for 

z 4 £(Hj-l). For notational simplicity, we'll assume j = 3, 

Cx = (1, ... , i), C2 - (i+1, ... , &) and C3 = (£+1 , 

... , N). (The same argument will work in general.) We 

will also assume that the only interaction between Ci and 

C2 is between (i) and (i+1). That is, we only treat a 

typical term from the interaction V. . . Since a sum of 
3 1 

H.S. operators is H.S., this is sufficient. Note that if 

Â.V. . is H.S. on H. for z 4 £(H. ) then 
j j,j-l j-i j-1 

Â.V. . G. is H.S. on H. for z 4 £(H ). 
j j,j-l j-l j-l j-l 
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Â.V. . G is bounded by a constant times |z[“1 for 
j 31J * 3 * 

Re(z) -*• because 

(III.32) I AjVj ,j-lGj-l IHS ^ ^ AjVj ,J-l ^HS ® Gj-1 ^ » 

(where G^^z) is bounded on tor z 4 2(H^_1), and 

i *| is the usual operator norm), and because 1 G^^z)! 

is bounded by a constant times |z|~l for Re(z) -*■ 

Thus we need only consider A.V. , . Recalling that the 
J J 9 J 

only potential in V. . . is the one between i and i+1, 
J » J *"* 

(which I'll call V0, a = (i,i+l) and not V.^ i+1 » to 

avoid confusion), we have ATVT"T'\ = A.V , a = (i,i+l), 
3 j » J “1 j a 

which is the same as A^ * V, where V denotes the Fourier 

transform of Va. In the form of a matrix element, noting 

that on the momentum space, B6N , V acts only on an ]R3 , 

so there must be Dirac measures in the other coordinates 

(heuristically). Specifically, 

<Pl ••• PN*
A
k
v
a Pf ••• Pj > 

- [dp{ ... dp^{s[ t (pK-p;>]«[ l (P -P£)J 

* l Px ••• PN> 
Aifed)pi ••• PN V(q

r-q") 
m€C 3 

1,... ,N 
x s(P'-p") JT 

m^i,i+l 
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where p' - p' + p£+ ^ q' = (mi+1
pi “ mipi+i)/mi + mi+i * 

ap/ “ 8p/+1> 
and Pw and are defined analogously. 

After integrating out these 6 measures, one finds that 

(III.33) |AkVa,HS ■VAs ■ {dPj.-.dp dpf...dp"{s( i p.]«( I P. 1 K
 '•m= 1 

J v
m=j + l 

J 

X 6
( ^ pm)5 l pm] |<pl* * •pN,^kred)pï» ’ * * ,pi-i * 
'•m= l J '•m=;j +1 J 1 

i- J 
p + y (p -p ),p. + y (p —pw), p *nr*^i + i m vnr * m= 1   

J l 
m=i+2 

p" »...,p„ > 
1+2 N 

i 

F 1 <: 
L m = L 

and pi 

SO 

yielding 

K dpi* 6(j1
p»)lv<[,]) 

-1 dpf 
V[a - (a+0)p£] 

where a is independent of p£ . Since a+0 = 1, we have 

simply 



Jdp|V(p)| =||Va!|2 < 00 

The remaining integral is independent of Va, and with a 

change of variables and some clever observations, it can 

be shown to be finite. For details, see [10]. 



IV. NUMBER OF BOUND STATES — TWO PARTICLE SYSTEMS 

§ A. Bounds for N(V), N„(V) and A (V) 
   -  i—x,    max — " 

In this section we will look at some of the known 

estimates on the number of bound states in the center-of- 

mass two body system. The Hamiltonian is 

H * -A + V, 

where the (reduced) mass has been normalized. The potential 

V will be assumed to be Kato. We first note that if V is 

spherically symmetric, then the eigenvalue equation, Hxp = 

Xip, separates (in spherical coordinates) into two equations. 

The first is an angular equation, with eigenvalues labeled 

by the angular momentum number, A, a nonnegative integer. 

For each A there are 2A+1 independent normalized eigen¬ 

functions of the angular equation. The other equation, the 

radial equation, is 

(IV.1) f- — + +-1- + V(r )|u0 (r) - Xu9(r) 
l dr2 r2 i 1 1 

To get estimates on the number of bound states of the sys¬ 

tem, N(V), we first estimate the number of normalized, 

linearly independent, eigenfunctions of (IV.1), which wè'll 

77 
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denote N^CV). We will then have to try to find a lower 

bound on the maximum Z for which (IV.l) has at least one 

normalized eigenfunction. This maximum will be denoted 

Once we have bounds on Nn(V) and Z (V), we max Z max 

can conclude that 

l max 
N(V) 5 I (2M-DN (V). 

(IV.2) Proposition: Suppose Vj ^ V2 are both Kato poten- 

tials. Then >, <Ti >**..« <V* > and 

N(V, ) a N(V2 ). 

Proof : Let Hj; *» -A + and recall that yCH^) = 0. 

(Recall y is the continuum threshold.) That N(VX) £ 

N(V2) is true follows from the minimax principle, noting 

that <i|), (Hj-H^ )^> = , which is less than zero. 

Since Z (Vi ) ^ Jl 0 (V2 ) is a consequence of N0 (Vi ) ^ 

NJl(V2), we prove only that N^CVj, ) * NA(V2). This, too, 

essentially follows from the minimax principle because we 

can set V| = Vi + £,(£+l)r~
2 , and use the one-dimensional 

minimax principle. 

Q.EaDl 

Before we derive bounds on N.(V) and Z (V), Z max * 

we note that for a nonspherically-symmetric potential V, 
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we can define V to be 

V(x) » min V(y). 
I yl = l x| 

Then N(V) £ N(V). From here on, we will assume this has 

been done, so that spherically symmetric really means spher 

ically symmetrized. Note that this procedure may be crude. 

Now introduce a coupling parameter, s» into the 

Hamiltonian so that 

Hs - H0 + sV, 

where s £ 0. By varying s, the number of bound states 

of H , N(sV), can be varied. The technique which follows 

was first used by V. Bargmann [12], and soon after extended 

by J. Schwinger [13]. Following their arguments, we will 

derive an upper bound for N^(V). We will need the fact 

that N^(sV) and thus N(sV) is monotone nondecreasing in 

s. This is proved later in the section, (Corollary (IV.29)). 

Also, by the previous proposition, N^(V) £ N^(V), so we 

need only bound N^(V). We can now proceed. 

We suppose that N^(V) is finite. Then since 

N^(oV) is zero, there is a minimum s, say Sj, such 

that N^(sV) £ 1 for all s > s1. The eigenenergy of the 

"bound state(s)" of the Hamiltonian H is X = 0. By 
s i 

proposition (IV.2), as s increases to 1, N^(sV) 
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increases to N^(V). We let s^ denote the minimum value of 

s such that N^CsV) £ i for all s>si. This describes an 

eigenvalue problem with eigenvalues s^, and X - 0. In 

particular, let 

% . d2 + Hi+1) * 

dr2 r2 

Then we have the eigenvalue problem 

(IV.3) fluA(r) - -sV(r)u£(r). 

Notice all the eigenvalues s of (IV.3) are positive, since 

-A cannot have a bound state, and if s<0 were an eigen¬ 

value, then the existence of a bound state of -A would follow. 

The equation (IV.3) can be solved using a Green's func¬ 

tion g^(r,r’) which satisfies 

(IV.4) HgA(r,r») = S(r’), 

where 6(r*) is the Dirac measure centered at r’. In terms of 

g^(r,r'), (IV.3) reduces to 
00 

(IV.5) ua(r) 
= ”s J dr’gA(r,r')V(r*)u£(r'), 

o 
which one can verify directly by applying H to both sides 

and using relation (IV.4). Note that (IV.3) can be solved 

explicitly and directly, and the solution is 

g2(r,r’) = [max(r,r')]Jl+1 [min(r,r' )] “£ 

This can be checked formally, noting that, away from r', 

Hg^r.r1) = 0, and the first r derivative of ga(r,r’) 
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has a positive jump of distance 1 at r = r'. 

Equation (IV.5) can also be written with a kernel, 

KA(r,r') - [-V(r)]^ gjl(r ,r ' ) [-V(r ' )]% 

as 

r 

s'H^Cr) - - | dr'K^Crjr^((j^Cr), 

o 

where (^(r) ■ u^(r)[-V(r)]^, 

One immediately sees that K is real and symmetric, 

and since all the eigenvalues are positive, K^(r,r') is 

positive. The trace of is the sum of its eigenvalues, 

counting multiplicities. Label all the eigenvalues (s.^)”1, 

i = 1, ... . Then 

tr(K^) ^ | K^(r,r)dr 

0 
00 

2ÏTÏ | r V(r>dr, 
0 

plugging in the explicit form of g^ into K^. Each si< 1 

corresponds to one bound state. Now we can produce a bound, 

because 

N^CV) ^ 
i= 1 

v) 

i= 1 
(s1)"

1 
£ 

oo 

Î (.t>-
1 

1-1 
2IÎÏ j«cr)dr. 

0 
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The inequality 

00 

(IV.6) NA(V) S j rV(r)dr 

0 

is Bargmann's bound, [12]. In [12], Bargmann finds poten¬ 

tials for which this bound is arbitrarily close to being 

equality. 

Using (IV.6), a bound for Î, and then for N(V) 
max 

can quickly be found. First solve (IV.6) to find the lar¬ 

gest Z such that N0(V) si. This is Z . Specifically, 
JO max 

00 

<IV-7) S *(-f rv<r>dr-l ] 
0 

Let [&m] denote the greatest integer less than or equal. 

to % . Then 
max 

(IV.8) N(V) * Jm(2il+1)N0(V) 
Jt* 0 

rV(r)dr. 

00 <X> 

£ ^ jrV(r)dr-lj^ |rV(r)drj 

0 o 

A similar derivation will yield a bound for the 

number of bound states with eigenenergy less than -k2. 

The eigenvalue equation is 

H(k)u£(r) = -sV(r)u£(r), 



83 

where 

H(k) - + k2 + MA+1) 
dr2 r2 

The Green's function is 

gA(r,r
f,k) = (-l)^krr'J^(ik max(r,r'))H^(ik min(r,r')) 

where and are Bessel's functions with the usual 

notation. The result is 

(IV.9) NA(V) * -k (-l)*r V(r)J^(ikr)H^(ikr)dr. 

o 

One can check that this number is monotone decreasing in k 
( 0\ 

and A. Let k^ 7 be the smallest number so that N^(V)< 1 

for k > k£A^. It follows from (IV.9) that the lowest 

eigenenergy of H(k) satisfies E^^ ^ -(kj^)2. 

Specifically, when l =» 0, we have a bound on the ground 

state energy EG = namely 

EG * -(k^
0*)2. 

fo ■) 
We can solve for k^ 7 more explicitly by plugging in 

l = 0 into (IV.9), and solving for =* 1. The result is 

2k (0) l 

If, in addition, 

estimate, namely 

? -2kl
(0)r - - I(1-e Kl r)V(r)dr. 

o 

V(r) is integrable, we have a crude 
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kj0^ s -èjV(r)dr, and thus 

o 
00 

EG 2: -iQ V(r)dr J2 . 

Energy bounds for any l and any state above the ground 

state can be derived similarly. 

If V is not sperically symmetric, and if compar- 

ing V to V is too crude (namely comparing V(x) to 

min (V(y)) ), then a Green's function technique similar 
lyl“|xI 
to the above treatment can be applied. To find the number 

of bound states with eigenenergy less than -k2, we look 

at 

(IV.10) Hk^ = (-A + k
2)ip « +s V^(x)iKx), 

where V (x) is the negative part of V, i.e. V = V - V_. 

The Green's function for (IV.10) satisfies 

HkG(x,x',k) » <$(x
f), 

and is explicitly given by 

-k Ix-x ' I 
G(x,x',k) =   

4ir Jx-x ' I 

The kernel equation is 
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-1 

vu 

<j>(x) = | K(x,x',k)<Kx')d3xf, 

where 

K(x,x' ,k) « [V (x)FG(x,x',k)[V (x')]^ 

and 4>(x) * (V_(x))^ i|>(x). 

The problem is that G is singular at r * rf, 

and so therefore is K. Thus we cannot use a bound like 

vu 

N û |K(x,x,k)d3x. (false) 

What we can do is use the iterated result 

f °o * % 2 
j [K(x,x',k)]2d3xd3xr - J J-A.J > Nk(V). 

Explicitly, this is 

| x-X ^ | 
CV.(x)](V.(x#)]   — d3xd3x', 

|x-x' i2 

and thus N(V) - TÀT! [ (x).^V-(x ' ) 3 d3xd3x'. 
^ ' * Ix-x'l2 

Again, one can solve the equation N (V) = 1, and conclude 
2 Ir, 

that Eg a ~kx, where kj is the solution, namely N l(V) 

= 1. In general, one can let k^ be the solution to 

Nkl = j, and then conclude that the jtn lowest eigenvalue th 
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Ej satislies Ej ‘ -kr 

Remark: Using the Sobolev inequality 

f ■ dnxd”x> s C r . 1 f 1 J hi, J X—X r | P»1-**»11 P 

where 0 < X < n, f e LpaRn), h e Lr0Rn), p"1 + r’1 + 

Xn"1 -2, 1 < p, and 1 £ r < «°, we get 

(IV.11) N(V) S d3xd3x 

* I x-x ' 12 
' ^ C VV2*3 " V®3/ 

whenever V (x) « L^2QR3). It is not too restrictive to 

assume V_(x) € L^2QR3) since V_(x) € L^QC ) and since 

we are asstiming that N(V) < 00. For example, if /rV(r)dr 

is finite, then V_ e L^20R3). On the other hand, if V_ 
3/ q 

is not in L (E ), then (IV.11) holds vacuously. 

Returning to the case where V(x) is spherically 

symmetric (i.e. V(r) is.), we have the following theorem, 

which is due to J. Schwinger [13]. 

(IV.12) Theorem: Let V be a spherically symmetric C2 

Kato potential such that 
00 

|r|V(r)|dr < ». 

o 
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Fix X > 0 and let u be the unique non-trivial solution 

of 

(IV. 13) -u"(r) + Jia+l)r_2u(r) + V(r)u(r) = 0, u(0) « 0. 

Then N^(V) is the number of zeros of u on (0,°»]. 

Sketch of proof: Consider the modified equation 

(IV. 13') -u" + m+l)r“2u + sVu - 0, u(0) ■ 0, 0 i s s L 

Remark 1: When s = 0 the only*solution of (IV.13’) is 

u (r) * cr2 + 1. 

Claim: Let s^ be the smallest positive real number such 

that (IV.13') has a solution Uj which vanishes at least 

once on (0,»]. Then u does not vanish on (0,»), but 

Uj(r) 0 as r •* », and uj is an eigenfunction of 

(IV.13* ). In particular, Uj e L2((0,»)), and thus Sj 

is also the smallest positive number such that N0(sV) ^ 1 

00 

Remark 2: 

0 

implies V(r) -*■ 0 as r -*■ » in an averaged sense, so 

u(r) must approach a solution of -u" + i(il+l)”2u = 0 as 
0 + 1 _ 0 

r ^ ». The two solutions are cr and dr 

for all s > sx 
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Proof of claim; It suffices to show that ux does not 

vanish on (0,°°), as the rest follows immediately, since 

then ux 0 as r •+■ », and from an ordinary differential 

% 
equations argument, r Uj(r) approaches a positive con¬ 

stant for large r. Suppose, then, Uj (r0 ) = 0 for some 

rQ < ». It follows from the continuity of u in s and 

the minimality of Sj that r0 is a local extremum of u. 

Then (r0 ) = Uj (r0 ) » u{'(r0 ) ** 0, so ut =0, a contra¬ 

diction. This proves the claim. 

Similarly, let s^ be the smallest positive num¬ 

ber such that (IV.13') has a solution u with j zeros 

on (0,»]. Then u^ is an L2 eigenfunction of (IV.13’). 

An ordinary differential equations argument shows that such 

Uj are the only eigenfunctions of (IV.13’). In this way, 

the N^(V)-th zero corresponds to the N^(V)-th eigenfunc¬ 

tion of (IV.13)* 

QlE.Da 

Remark: The above theorem still holds when l - 0. 

A. Martin [14] proved a useful generalization of 

this. 

(IV.14) Theorem: If u is any solution of 

—u" + £U+l)r“2u + Vu - 0, (IV.15) 
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and if v £ w on the interval (a,b), then the number of 

zeros of v where -v” + £(A+l)r_2v + wv = 0 on (a,b) 

is at least (n-1), where (n-1) is the number of zeros 

of u on ( a ,b ). 

Proof : The idea of the proof is that any solution of 

(IV.15) has at least (n-1) zeros on (a,b), so any solu¬ 

tion of + &(&+l)r~24/ + wÿ = 0 will have at least (n-1) 

zeros on (a,b), (using the correspondence between zeros 

and eigenfunctions and a minimax type comparison). 

Exploiting Martin's result, and many results of his 

own, F. Calogero [15] proved the following: 

Let 

Then 

oo 

îp = j - V(r)rpdr. 

0 

Nt(V) * * + f (I0l2>
% 

and 

NiCV) * 1 + f (Iol2 “ 

In [15], Calogero also proved: 

If V is negative and monotone increasing in r, then 
00 

N£(V) * I |1V(r)|^dr. 
0 
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In a very pretty paper [16], V. Glaser, A. Martin, 

H. Grosse and W. Thirring proved the bound: For 1 < p < 00» 

and for V a spherically symmetric Kato potential, 

00 

m+l)"2p+1N (V) 5 .ter.1.},,?...... ■ r<2P> fr2p_1 |V(r)|pdr. 
pp tr<p>]2 

Finally, in 1976, A. Martin proved in a preprint 

that 

N(V) ^ 
1 
2ir 

For proofs of these last five bounds on NCV), see 

the respective papers. 

§B. Conditions Which Imply an Absence of Bound States 

Physically, it is important to know if a potential 

is strong enough to "capture" a particle. In this section, 

we will look at conditions on V which imply there are no 

bound states; i.e. the potential is too "weak" to capture a 

particle. The most elementary condition is that if the 

Hamiltonian is a positive operator, then, using the fact 

that the continuum threshold energy is ,y = 0, there can 

be no bound states. (Recall that bound states must have 

energy below the continuum threshold, which in this case 

means negative.) As in section A, let V(r) be the 
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spherically symmetrized potential 

V(r) * min V(x). 
|x|=r 

Then we have the following: 

(IV. 16) Theorem: If sup(r2V(R)) £ -i, then N(V) = 0. 

Proof: From chapter 3 section A, we know that 

- £r~z)ip> z 0, 

Since V(r) > -ir2 , we see that H = -A + V is positive. 

Q.E.D. 

This is a spectacular example of the effect of the 

Heisenberg uncertainty principle, in that -|r'2 has a very 

large singularity at the origin — it's not even locally 

square integrable, but since the singularity is so •’narrow", 

a particle cannot be confined (bound) because its kinetic 

energy would be too large. 

Another way to conclude that there are no bound 

states is to know that N(V) <1. We have many bounds on 

N(V) from section A, so we can get a large number of suf¬ 

ficient conditions that V is "weak" enough. 

Using Bargmann's bound, and setting NA_Q(V) equal 
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to 1, we find that N(V) » 0 if 

(IV.17) 

00 

| |V(r)|rdr < 1. 

0 

Similarly, adopting the notation of section A, any of the 

following conditions are sufficient to conclude N(V) = 0. 

(IV.18) > d3xd3X' < 4TT 

> |X—X1| 

(IV.19) lvlîA < [CW*-*]"1 

(IV.20) I 0 I 2 < IT2 

(IV.21) loll < X? 

(IV.22) 

oo 

|V(r)|^dr < TT/2 

$ 

0 

(IV.23) M* Ivl2 < 27T. 

In [16], V. Glaser et al. elaborated on their bound 

for N(V) to find a family of optimal conditions on V 

sufficient to conclude N(V) » 0. Their result is 

(IV.24) Let IT1(V) - iP.~.1)P.~-1,Ii.2P2 (|x| 2p"3|V(x)|pd3x 
P 4irppr2(p) > 

If I (V) < 1 and either 
P 
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(i) V is spherically symmetric and p £ 1 

or 

(ii) p s: 3/2, 

Then N(V) = 0. 

§C. Coupling Constant Dependence 

The purpose of this section is to focus specifically 

on the effects of the coupling constant (parameter) s in 

H = -A + sV, 

as s increases from 0 to 00. We assume N(sV) < 00 for 

some s > 0, and we will try to answer the following ques¬ 

tions: 

(i) How do N(sV) and N^(sV) grow with increas¬ 

ing s, for a fixed V? 

(ii) Can we answer this when there are more than 

two bodies interacting? 

The second question turns out to be the easiest, 

unfortunately. The answer, presently, is no, and the rea¬ 

son is enlightening. The basis for the results on two 

body potentials rests on the fact that the continuum thresh¬ 

old energy stays at u - 0, independent of the potential. 
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If y were allowed to move as V grew, then it would no 

longer be true that the number of bound states with eigen- 

energy below y would be monotone increasing with increas¬ 

ing coupling parameter s. In fact, y could even 

’’swallow” an infinitude of these bound states by decreasing. 

When there are more than two bodies interacting, y is not 

fixed, and in [7], Simon produces an example demonstrating 

the above pathological behavior. In Simon's example, in 

fact, N(sV) fluctuates between infinitude and finiteness 

as s increases. 

N(sV) is to find the dependence on V of any of our pre¬ 

vious bounds for N(V). 

The easiest way to bound the growth of N^CsV) and 

For example, using Bargmann's bound, if we let 

then 

N&(sV) * (2Z+l)sI, 

and 

N(sV) s £(sl)(sl+l) - ès2I(I+l) 

Applying this simple technique to our previous bounds, we 

see that most of our bounds imply that N(sV) is bounded 
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by a constant times s2. One bound, due to Lieb and Cwikel 

[14], which states that 

V2 
(IV.25) N(V) s C Iv|3/* 

immediately implies that if V e L^2QR3), then N(sV) has 
3/ 

a s dependence at most. The bound (IV.25) was proven in 

1976. In 1969, B. Simon [18] proved directly that the 
3/ 

growth of N(sV) is bounded by s . His proof is based on 

improving the bound for & x used in Bargmann's bound. 

(IV.26) Theorem: If V is a Kato potential, if 

00 

I(V) = - I rV(r)dr < 00, 

0 

and if inf[r2V(r)] 5 -L > -°», then for all s > L , 

N(sV) * [2L*I]S
3/2
 . 

Proof: We will show that l [sV] 5 L^s^. From that, 

using Bargmann's bound for N^(sV), the result follows. 

h \ 
(IV.27) Lemma: With the above hypotheses, Jl [sV] SL s . " max ( 

Proof of Lemma: Since -d2/dr2 is positive, there are no 

bound states with angular momentum l if 
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JtU+Dr"2 + sV(r) > 0. 

From the hypotheses, 

m+l)r“2 + sV(r ) * r'2UU+l) - sL), 

so N.(sV) =0 if JlU+l) > sL. Therefore, l * (SL)**. 
X, ’ max 

Q.E.D. (lemma (IV.27) and theorem (IV.26) 

We get a similar result with a different constant 

by using the bound 

N
4(V) s| ||v(r)|% =|Q, 

0 

for v(r) monotone decreasing in r. The result is 

N(sV) s [•§ L Q]S3/z. 
7T 

To produce a lower bound for the dependence of 

N(sV) on s, we must prove some corollaries of the mini- 
v 

max principle. First define V(r) by 

Ÿ(r) = max V(x), 
Ix|=r 

so that Ÿ(r) is spherically symmetric. In the following, 

V(x) is assumed to be spherically symmetric, but by replac- 
V 

ing V by V, some nonspherical potentials will be 
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handleable in the final results. Following Simon [18], we 

have: 

(IV.28) Corollary: If for some a > 0 the set Ua = {rj 

V(r) < -a} has nonempty interior, then NA-1(sV) > 0 for 

large enough s. 

Proof : Pick a <(> e C“ such that supp(<J>) c Ua, for some 

a > 0. Let Y°(01,02) be the solution to the solution to 

the angular equation with & - 1, and let V(r,0i,02) 58 

r<j>(r)Yo(9i,02)* Then <Y,VY> <0, so for large enough s, 

<F,(-A + sV)'F> <0, so by the minimax principle, N.j(V) £ 1. 

Q.E.D. 

(IV.29) Corollary: N^(sV) is monotone nondecreasing in s. 

Proof : For any w(r), -A + s0w = so(-A + w) + (l-s0)(-A). 

If s0 > 1, then (l-s0)(-A) is a negative operator, so 

for any function, if», such that <i|>,-A + wp> <0, we see 

that <0|>,-A + s0w> is also less than zero. By restricting 

to the sub-space of functions with angular momentum &, we 

then see that N^(s0w) £ N^(w). Set w = sV, and let 

s0s = sj. Then we have the desired result, namely that 

N£(SXV) > N^sV) if sx > s. 

Q.E.D 
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Remark: We use here the fact that y(v) = 0 independent 

of V strongly, since we require < y to have 

a bound state. 

(IV.30) Corollary: For l * 1, N^d&U+DV) * N£s!l(V). 

The proof involves a demonstration that the radial operator 

of the left hand side is more negative than the radial 

operator of the right hand side. The radial operator for a 

d2 o 
given l is - + £U+l)r 2. 

(IV.31) Corollary: Let Vx be a spherically symmetric 

Kato potential, and let V2 be an arbitrary potential 

satisfying only V2(x) k (x) for all x. If all the 

eigenfunctions of -A + V2(x) with corresponding negative 

eigenvalues are elements of D(-A + Vl ), then N(sVx) £ 

N_(sV2), where N_(sV2) is the number of eigenfunctions 

of -A + V2(x) with negative eigenvalues. 

Remark: We stress the negative eigenvalues, since V2 is 

not assumed to be Kato, and so -A + V2 may have positive 

eigenvalues. For example, V2 may be a harmonic oscilla¬ 

tor potential, V2(r) » kr
2, k > 0, in which case 

N(V2) = », but N_(V2) = 0. 
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Proof : The proof is an immediate application of the mini¬ 

max principle, as any function 4» such that <ip, (-A+V2 )^> 

< 0 and ÿ e DC-A+Vj) [as a quadratic form], satisfies 

<4»,<-A+V1)T|> > < 0. 

Q.E.Di 

(IV.32) Theorem: Let V be a spherically symmetric Kato 

potential, and suppose Ua(V) bas nonempty interior for 

some a > 0. (see (IV.28).) Suppose (s0V) £ 1. Then 

for s > s0, l (X) s (J s0’
2)s2. [Note so is guaran- ü B13.X u 

teed to exist by corollary (IV.28).] 

Proof : By corollary (IV.30), 

N^is^U+DV) * 1. 

Thus, if s £ §s0£(Jl+l), then N^(sV) 1, by Corollary 

(IV.29). Thus, if i,s(s/so)^, and % ^ 1, then 

N^(sV) £ 1, which proves 

à [(s/sn)*] a (is “J*)s'# 
max 

Q.E.D. 

(IV.33) Corollary: Under the same hypotheses, for s £ s0, 

N(sV) s s/sQ 
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Proof: 
U J m 

N(sV) i l (2A+1) - ([i] + 1): 

£-0 m 

;> ((s/s0)^ + l)
2 > s/so• 

Q.E.D. 

This may seem to be a crude calculation, but as a result, 

for a large class of potentials, we have the growth of 

N(sV) pinned between a linear function of s and a con- 

V 
stant times the function s n. 

Under slightly more restrictive hypotheses, we can 

use a comparison of V with a square well to get a better 

lower bound. 

< L, (IV.34) Lemma: Let D = {x = (x1,X2»x3) £ E3 

|y !~y < L, and |zj-zf| < L}, 

and let V (x) » o 

Then for s large enough, 

stant A. 

-P if 

00 if 

x e D 

x 4 P 

3/ 
N(sV0) ^ As 

/2 for some con- 

Proof: The eigenvalues of -A + sV0 are 

En(s) - (u/2L)
2(n2 + n2 + n2) - sP, 
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where e ZS+. Thus N(sV0) approaches an eighth of the 

volume of a sphere with radius proportional to s*. There- 
SA 

fore N(sV0) ^ cs 
z . 

Q • E • D • 

(IV.35) Theorem: Let V be a spherically symmetric Kato 

potential such that Ua(V) has non-empty interior for some 

a > 0 (see (IV.28)). Choose a set D as above so that on 

D, V(x) s -a. If is an eigenfunction of the square 

well potential V0, then it has L2 first derivatives, so 

the inner-product is finite. Thus ÿ is in the 

domain of H (as a quadratic form), so Corollary (IV.31) 

applies, and thus H(sV) £ N(sV0). 

Q.E.D. 

Remark: From this proof, it is not clear that theorem 

(IV.35) is true only for a more restricted class of poten¬ 

tials. The restriction that all potentials be Kato poten¬ 

tials turns out to be stronger than is required to prove 

either theorem (IV.32) or theorem (IV.35). The minimal 

hypotheses are less restrictive for theorem (IV.32). 

With this last result, we now know that the growth 

V 3/ 
of N(sV) is bounded between cis 2 and C2S /2 for some 

0<c1<c2, for a large class of spherical potentials. 
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We also know that dis^ < N^(sV) < d2s^, and 

il (sV) < e2s^, for some 0 < di < d2 and 

all depending on the potential, V. 

i 
exs

2 < 

0 < ej < e2, 
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