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ABSTRACT 

Numerical Experiments on Transformation Techniques 

for Minimax Problems of Optimal Control 

’ by 

Yan Min Kuo 

A transformation technique is employed in order to convert mini max 

problems of optimal control into the Mayer-Bolza problem of the calculus 

of variations. The transformation requires the proper augmentation of 

the state vector x(t), the control vector u(t), and the parameter vector 

TT. As a result of the transformation, the unknown minimax value of the 

performance index becomes a component of the vector parameter ir being, 

optimized. The transformation technique is then employed in conjunction 

with the sequential gradient-restoration algorithm for solving optimal 

control problems on a digital computer. 

The algorithm considered in this thesis belongs to the class of 

sequential gradient-restoration algorithms. The sequential gradient- 

restoration algorithm is made up of a sequence of two-phase cycles, each 

cycle consisting of a gradient phase and a restoration phase. The principal 

property of this algorithm is that it produces a sequence of feasible 

suboptimal solutions. Each feasible solution is characterized by a lower 

value of the minimax performance index than any previous feasible solution. 
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To facilitate numerical implementation, the interval of integration 

is normalized to unit length. 

Four test problems characterized by known analytical solutions are 

solved numerically. It is found that the combination of transformation 

technique and sequential gradient-restoration algorithm yields numerical 

solutions which are quite close to the known analytical solutions. In 

particular, the converged values of the minimax performance index agree 

well with the known analytical values. 

Key Words. Mi nimax problems, mi nimax optimal control, numerical 

methods, continuous approach, transformation techniques, gradient-restoration 

algorithms* sequential gradient-restoration algorithms. 
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1. Introduction 

In recent years, considerable research has been done on the 

problem of optimizing a trajectory from the standpoint of an integral 

performance index. This problem can be formulated in one of the following 

forms, called Problem, (PI) and Problem (P2) for easy identification. 

Problem (PI). Minimize the functional 

with respect to the state x(t), the control u(t), and the parameter TT 

which satisfy the differential constraints 

0 
(1) 

x 0 <t < i , (2) 

the initial conditions 

[co(X,7T)j 0 — 0, (3) 

and the final conditions 

= 0. (4) 

Problem (P2). Minimize the functional (1) with respect to the state 
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x(t), the control u(t), and the parameter ir which satisfy the constraints 

(2)-(4) and the nondifferential constraints 

S(*. U.V.t) = 0, 0<-t<l, (5) 

everywhere along the interval of integration. 

In Eqs. (l)-(5), the functions f,h,g are scalar, the function <f> 

is an n-vector, the function w is an a-vector, the function ÿ is a b-vector, 

and the function S is a c-vector. 

The symbol x, an n-vector, denotes the state variable; the symbol u, 

an m-vector, denotes the control variable; and the symbol IT, a p-vector, 

denotes the parameter. The time t, a scalar, is the independent variable 

and is such that 0 £ t < 1. The subscript 0 denotes the initial point, and 

the subscript 1 denotes the final point. 

In the terminology of the calculus of variations, the above problem 

is called the Bolza problem and includes as particular cases the Lagrange 

problem and the Mayer problem. The former occurs when h=0, gsO, and the 

latter occurs when f=0. For the above Bolza problem, the necessary 

conditions for an extremum can be found, for example, in Refs. 1-3. Computer 

algorithms of the first-order type can be found, for instance, in Refs. 4-6. 

For recent surveys, see Refs. 7-8. 
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2. Mi nimax Problems 

Within the formulation represented by Eqs. (l)-(5), an important 

class of problems has been omitted. These problems occur when the 

minimization of the integral performance index (1) is replaced with the 

minimization of a local performance index having the following form: 

I=max F (*,*■,+), O £ 1 . (6) 
± 

Thus, the following optimal control problems arise. 

Problem (Ql). Minimize the functional (6) with respect to the 

state x(t), the control u(t), and the parameter TT which satisfy the constraints 

(2)-(4). 

Problem (Q2). Minimize the functional (6) with respect to the state 

x(t), the control u(t), and the parameter ir which satisfy the constraints 

(2)-(5). 

Problems (Ql) and (Q2) are minimax problems: the objective is to 

minimize the maximum value achieved along the interval of integration 

by some function of the state and the parameter. Problems (Ql) and (Q2) 

are nonclassical variational problems, in that they are not particular 

cases of the Bolza problem. They are called Chebyshev problems. 

It must be noted that Chebyshev-type problems occur frequently in 

various branches of engineering. In aerospace engineering, the following 

Chebyshev problems are of interest for the reentry of a variable-geometry 
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ballistic missile and the reentry of a space glider: (Rl) minimization 

of the peak dynamic pressure; and (R2) minimization of the peak heating 

rate at the stagnation point. In civil engineering, the following 

Chebyshev problem is of interest for an arch having variable cross section: 

(R3) minimization of the peak deflection for a given load distribution. 

In environmental engineering, the following Chebyshev problem is of 

interest for an ecological system (lake) subject to pollutant injection: 

(R4) minimization of the peak algae concentration during the year. Starting 

from the analytical formulation of Problems (Rl) through (R4), we recognize 

that they are particular cases of either Problem (Ql) or Problem (Q2). 

Previous research on the analytical and/or numerical solution of 

Problem (Ql) can be found in Refs. 9-12. In Ref. 9, Johnson observed that 

the problem of minimizing the local performance index (6), subject to 

(2)-(4), can be replaced with the problem of minimizing the integral 

performance index 

for q-**>. When (6) is replaced with (7), Problem (Ql) reduces to Problem 

(PI), an idea exploited by Michael in Ref. 10. The drawback of this 

approach is that one must solve a large number of Bolza problems for 

increasing values of the exponent q. Hence, algorithms based on the 

equivalence between the performance indexes (6) and (7) might be expensive 

from the CPU time viewpoint. 

(7) 
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Warga (Ref. 11) noted the analogy of Problem (Ql) with bounded- 

state problems. Then, Powers (Ref. 12) exploited this analogy in 

connection with a multiple subarc approach; he applied gradient algorithms 

to the numerical solution of these problems. 
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3. Transformation Techniques 

In recent years, Miele and his associates have had considerable 

success in the development of transformation techniques which convert 

an optimal control problem into another (see Refs. 7-8). More specifically, 

the idea is to bring a problem for which algorithms are not available 

into an equivalent problem which can be treated with some of the existing 

algorithms. 

By suitable transformations, the following problems of optimal control 

can be brought into the schemes of Problem (PI) or Problem (P2), so 

that the algorithms developed in Refs. 4-6 can be applied: (i) problems 

with variable final time; (ii) problems where some of the components of 

the initial state are given, while the remaining components are free or 

must satisfy some constraining relations; (iii) problems with control 

equality constraints; (iv) problems with state equality constraints; 

(v) problems with state-derivative equality constraints; (vi) problems 

with control inequality constraints; (vii) problems with state inequality 

constraints; and (viii) problems with state-derivative inequality 

constraints. For details, see Refs. 5-8. 

In this thesis, we show that, by suitable transformations, minimax 

problems of Type (Ql) or Type (Q2) can be brought into the scheme of 

Problem (P2). Hence, the sequential gradient-restoration algorithm 

developed in Ref. 6 can be applied. 

More specifically, a minimax problem of Type (Ql) or Type (Q2) 

can be converted into Problem (P2) by exploiting the analogy with a 
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bounded-state problem in combination with a transformation of the 

Jacobson type (Ref. 13). Generally speaking, this transformation results 

in an increase in the dimension of the state vector. However, in some 

cases, the increase in the dimension of the state vector can be limited 

or prevented by using a transformation of the Miele-Wu-Liu type (Ref. 14). 
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4. Transformation of Problem (Ql) 

By means of transformation techniques akin to those employed 

in Refs. 13-14, the Chebyshev problem of Type (Ql) can be converted 

into the Bolza problem. To illustrate this concept, we refer to 

the following problem. 

Problem (Ql). Minimize the functional 

I » max F(x,7T,t), 0 £ *t < 1, 
t 

with respect to the state x(t), the control u(t), and the parameter 

ir which satisfy the following constraints: 

x = <pL*,u,Tr,t)f 0 < t < 1, (9) 

Cw(x,7T)J0 as 0, (10) 

(Vr^x^T>31 - °* (ID 

Bounded-State Problem. For any admissible choice of the 

state x(t), the control u(t), and the parameter ir, let F* denote 

the maximum value (or peak value) achieved by the function 

F(x,ir,t) along the interval of integration. With this understanding, • 

the functional (8) can be rewritten as 

(12) 
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F*- F(x,n,t) > 0, 0 <t < 1. (13) 

As a consequence, problem (8)-(ll) is now replaced with problem 

(9)-(13). This is a Bolza problem, complicated by the fact that 

the state inequality constraint (13) must be satisfied everywhere 
•• 

along the trajectory. 

Problem (P2). The conversion of problem (9)-(13) to Problem 

(P2) requires the proper augmentation of the state vector, the control 

vector, and the parameter vector, as well as the proper modification of 

the constraining relations. In this connection, an important element is 

the order of the state inequality constraint (13), that is, the order of 

the minimax function F(x,ir,t). 

A minimax function F(x,ir,t) is defined to be of order k if the kth 

total time derivative of F(x,ir,t) is the first to contain the control 

explicitly. As an example, if the minimax function is of order one, we 

have 

F * F(x/>r,t), F= Gt(*>Wt). <14) 

As another example, if the mi nimax function is of order two, we have 

F * F(*>*>t), F = G(x,w,t;, F “ H6*,u,7r,t). (15) 

In the following sections, we illustrate the transformation technique 

for two particular cases: a minimax function of order k=l and a minimax 
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function of order k=2. 

Case k=l. Introduce the auxiliary state variable y(t) and the 

auxiliary control variable w(t) defined by 

F* - £(x,Tr,t) « y2, y W. (16) 

» 

Observe that the first time derivative of (16-1) has the form 

G(x,u,*>t) + 2y»v = 0. (17) 

With this understanding, we replace the inequality constrained problem 

(9)-(13) with the following equality constrained problem: 

I - F*, (18) 

x = <KX> ÿ = Vf* O < ± < 1, (19) 

G(x,U,7T,t) + 2yw = 0, 0 < t < 1, (20) 

(W(X|TT)]Q 0, fFipt " F(x,7r,t^ ~ y JQ “ 0, (21) 

s 0» (22) 

Upon augmenting the state, the control, and the parameter as follows: 



Page 11 

x = [xT,yJT, 5 = t«W, î = [JT r,F*f, <23> 

we see that problem (18)-(22) is identical with Problem (P2). 

Case k=2. Introduce the auxiliary state variables y(t), z(t) 

and the auxiliary control variable w(t) defined by 

t 

F* - FCx,7r,t> = y2, y = z, z « w. (24) 

Observe that the first and second time derivatives of (24-1) have 

the form 

<r(x,7rft) + 2yz = 0, H(x,u,w,t) + 2z2 + 2yw = 0. (25) 

With this understanding, we replace the inequality constrained problem 

(9)-(13) with the following equality constrained problem: 

I - F*, (26) 

x = y 5= Z, z = w, 0 < t < 1, (27) 

H(x,u,7r,t) + 2z2 + 2yw =r o, 0 < -t < 1, (28) 

(<o(x,7r)J0 = 0, CF*-F(x,7r,t)-.y2Jo=0, rG(x,7T,t) + 2yz)0^o, (29) 

W*jir) Jx =0. (30) 
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Upon augmenting the state, the control, and the parameter as follows: 

X = iXTjyjZ}T, Û " (uT,wjT, 7T = I7TT,F*]T, 

we see that problem (26)-(30) is identical with Problem (P2). 

(31) 
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5. Transformation of Problem (Q2) 

By means of transformation techniques akin to those employed 

in Refs. 13-14, the Chebyshev problem of Type (Q2) can be converted 

into the Bolza problem. To illustrate this concept, we refer to the 

following problem. 

Problem (Q2). Minimize the functional 

I = max F"(x,Tfjt), 0 < t < 1, (32) 
t “ 

with respect to the state x(t), the control u(t), and the parameter ir 

which satisfy the following constraints: 

X = <t>(X,U,7T,t), 0 < + < 1, (33) 

S(X,U,7T,t) « 0, 0 < t < 1, (34) 

ttt(*,7r)}0 = o, (35) 

[V'CX,7T)]1 « 0. (36) 

Problem (P2). The conversion of problem (32)-(36) to Problem (P2) 

requires the proper augmentation of the state vector, the control vector, 

and the parameter vector, as well as the proper modification of the 
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constraining relations. Once more,an important element is the order 

of the minimax function F(x,ir,t). 

In the following sections, we illustrate the transformation 

technique for two particular cases: a mi nimax function of order k=l 

and a minimax function of order k=2. 

Case k=l. Introduce the auxiliary state variable y(t), the auxiliary 

control variable w(t), and the auxiliary parameter F*. In analogy with 

Section 4, we replace Problem (Q2) with the following equality constrained 

problem: 

(37) 

X = <KX,U,7T,t;, y = w, 0 < i, (38) 

S(x,U,JT,t; = Oj 0 < t < 1, (39) 

G(x,U,7T,t) + 2yw =» 0, 0 < t < 1, (40) 

= 0, tJ> - F<x,n,t) - y\ = O, 
(41) 

= 0. (42) 

Upon augmenting the state, the control, and the parameter as follows: 
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X = [*T,y}T, u = ruT
>w]T, 5T = pfT,F*JTy *43) 

we see that problem (37)-(42) is identical with Problem (P2). 

Case k=2. Introduce the auxiliary state variables y(t), z(t), 

the auxiliary control variable w(t), and the auxiliary parameter F*. 

In analogy with Section 4, we replace Problem (Q2) with the following 

equality constrained problem: 

II (44) 

x » <Kx,u,7r,t), y ~ z, z *» w, 0 < t < 1, (45) 

S(X,U,TT,t) = 0 , 0 < t < lj (46) 

H(x,u,ir,t; + 2z2 +• 2yw« 0, 0 < tr f 1, (47) 

[w(x,ir)J0« 0, lFt-F(X,Tr,t) -y*)0 -0, [GT(X,TT, t) + 2yz) 0=0, (48) 

-0. (49) 

Upon augmenting the state, the control, and the parameter as follows: 

x- l*T,y,zjT, u= [UT,wJT, 7T = (7TT,F*]T, (50) 

we wee that problem (44)-(49) is identical with Problem (P2). 
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6. First-Order Conditions 

From calculus of variations, it is known that problem (l)-(5) 

can be recast as that of minimizing the augmented functional 

J=I + L, (51) 

subject to (2)-(5). The Lagrangian functional L is defined as 

L=* + pTSjdt + (<rr«)0 + , (52) 

where the n-vector X(t) is a variable Lagrange multiplier, the c-vector 

p(t) is a variable Lagrange multiplier, the a-vector a is a constant Lagrange 

multiplier, and the b-vector y is a constant Lagrange multiplier. 

The functions x(t), u(t), ir and the multipliers X(t), p(t),cr, y 

solving the previous problem must satisfy the feasibility equations 

(2)-(5) and the following first-order optimality conditions: 

* ** f x + 4>xX - pa0, 

fu-V + VB«» 
ft 
J0(W + V>dt+ <hir + "jrcr>0 + +

’('TH)I”
0
. 

<*A.+ hx+«x<r)0 = 0, (56) 

(55) 

(54) 

(53) 
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a+§x+V'x7i)1
sso. (57) 

In (53)-(57), the subscripts represent partial derivatives. It should 

be noted that the partial derivatives of f,h,g with respect to X,U,TT 

yield vectors; and the partial derivatives of <j>,S,w,4> with respect to 

X,U,TT yield matrices’. 

Approximate Methods. In general, the differential system (2)-(5) 

and (53)-(57) is nonlinear, and approximate methods must be employed to 

find a solution iteratively. In this connection, let the norm squared 

of a vector v to be defined by 

N(V) = V
T

V. (58) 

Then, the constraint error P can be written as 

(59) 

and the error In the optimality condition Q Is given by 

*■ N(-X+hx + w
x

<r)o+N(*+?x+#W',l ' (60) 



For the exact optimal solution, one must have 

P=0, Q= 0, 

For an approximation to the optimal solution, the following relations 
♦ 

are to be satisfied: 

p<e19 

where e-j and are preselected, small, positive numbers. 
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7. Sequential Gradient-Restoration Algorithm 

The sequential gradient-restoration algorithm (SGRA) is an iterative 

technique which includes a sequence of two-phase cycles, each composed 

of a gradient phase and a restoration phase (Refs. 4-8). This technique 

is designed to achieve the decrease in the functional I and/or the augmented 

functional J between the endpoints of each cycle, while the constraints 

are satisfied to a predetermined accuracy. The two phases of a cycle 

are called the gradient phase and the restoration phase. 

The gradient phase is started only when Ineq. (62-1) is satisfied; 

it involves one iteration and is designed to decrease the value of the 

functional I or the augmented functional J, while the constraints are 

satisfied to first order. 

The restoration phase is started only when Ineq. (62-1) is violated; 

it involves one or more iterations, each designed to decrease the constraint 

error P, while the constraints are satisfied to first order and the norm 

squared of the variations of the control vectors the parameter vector, 

and the initial state vector is minimized. The restoration phase is 

terminated whenever Ineq. (62-1) is satisfied. 

The algorithm as a whole is terminated whenever Ineqs. (62) are 

both satisfied. 

Notation. Let x(t), u(t), 7r denote the nominal functions; let 

x(t), Q(t), 7r denote the varied functions; and let Ax(t), Au(t), ATT denote 

the perturbations of x(t), u(t), TT about the nominal values. Assume 
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that the perturbations Ax(t), Au(t), ATT are linear in the stepsize a, 

where a>0; and let A(t), B(t), C denote the perturbations per unit 

stepsize. Then, the following relations hold: 

x(-t) = x(t) -rAx(-k) = x(t) t 
t 

ocA(t), (63) 

u(-t) = u(t)+ Au(t) = u(t)+ ocBCt), (64) 

7f = 7T +- ATT = 7T + C. (65) 

With, regard to the functionals, let I, J, P denote the values 
** 

associated with the nominal functions; let T, J, P denote the values 

associated with the varied functions; and let AI, AJ, AP denote the 

total variations of these functionals caused by the perturbations 

Ax(t), Au(t), Air. 

The perturbations Ax(t), Au(t), Air must be determined so as to achieve 

at least one of the following descent properties: 

A1<0, and/or AJ< 0, ahd/or AP<0. (66) 

Ineqs. (66) can be enforced by proper selection of the stepsize, if we 

can choose functions A(t), B(t), C such that the following first-variation 

properties are satisfied: 

S1<0, and/or $J<0, and/or $B<0. (67) 
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First Variations. After simple manipulations, the first variation’ 

of the functionals I, J, P take the following form: 

51 = J, + 

+ (hîâX+l£i»)B+ (aÏAX+jÎMi , (68) 

f1 • f1 

SJ- J0 (-A+f„-<)>^+S,pirAxdt + Jo(fu-<f)u^ + 5„f)T/ludt 

+ (5,1(fJr
,ftiA+s»P)dt + (,V‘Vr)o + <3n+V>i) Aïï 

+ ((-A+Hx+^<r)Tix]o+ [(A+3yt»i^TM, (69) 

SP = 2f1(x-$)fax-£Ax-$Hj[a’0<lt+ 2jsT(sjAx+sIiH+S^x)dt 
>'o 0 

+ 2[c/(^Ax+<^À7r)Jo + 2[^
T
(Y'

T
A**V£Aïï)]1 . (70) 

These equations must be completed by the relation 

K as j AKTA«<tt+ AirTA7r + AxJ(0)Ax(0) 9 (71) 

which measures the overall change of the control vector, the parameter 

vector, and the initial state vector. 
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Gradient Phase. Let x(t), u(t), ir denote nominal functions 

satisfying (2)-(5). Let X(t), Q(t), t denote varied functions also 

satisfying (2)-(5). To first-order, the perturbations Ax(t), Au(t), Air 

must satisfy the linearized constraints 

Ax = <#>,TAX + <|£AU + 4VA7T , 0 i t < 1 , (72) 

SjAx + SjAU + Si ATT = 0 , 0 < t < 1 , (73) 

(cojAx + co lAn)o = 0, (74) 

0^7 Ax + K = 0. (75) 

In order to satisfy the first-variation property (67-2), we 

choose the following special variations of the control vector, the 

parameter vector, and the initial state vector: 

AU = — oc( fu-<ÊqA 
+ Sap), 0 < -t ±lf (76) 

A7T = +(hT+cO, .<rV(8*+^'uU , <77> 

AX(0)= -<* ( -A+ hx^cOx(r)0 ^ (78) 

where a denotes the gradient stepsize. The multipliers A(t), p(t), 

a,y appearing in (76)-(78) must be consistent with the relations 
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Â = f* - 4>*X + Sx|° , 0 < t- < l , (79) 

( A+ 3x + = o # (80) 

It must be noted that the special variation defined by (76)-(80) 

have the property of’minimizing the first-variation functional (68), 

subject to the linearized constraints (72)-(75) and the quadratic isoperimetric 

constraint (71). 

When the above special variations are introduced into Eq. (69), 

the first variation of the augmented functional reduces to 

where Q is the error in the optimality conditions (60), which reduces 

to 

Since Q>0 and a>0, we have 6J<0. Hence, for a sufficiently small, 

the decrease of the augmented functional is guaranteed. 

Introducing the perturbations per unit stepsize defined in (63)-(65), 

8J = - ocQ, (81) 
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the linearized constraints (72)-(75) and the special variations 

(76)-(80) then become 

Â ~ 4>JA + + 4>*C , 0 < "t < 1 , (83) 

SjA + S»B'+ SnC ~ 0 , 0 < *t < 1 # (84) 

(«ÎA + ^TT ^ )Q ~ ® t (85) 

l#'7A+ 'flQi = 0 > (86) 

and 

B “ ~Cfu ”*^>**^"*’ ***?)) 0 < * 1 i , (87) 

c= -(j‘(fn“^+S>rf>)£lt + (h”<'£0,
r
0(88> 

A(o) = -(-x+h*+»><«»■)# , (89) 

Â = f, - «5.* + S«f > 0 < * < 1, (90) 

(A+ + = 0 • (91) 

The error in the optimality conditions Q can be written as 
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Q= f1Br6dt + CTC + Ar(o)A(o) . (92) 

The differential system (83)-(91) is linear and nonhomogeneous 

in the functions A(t), B(t), C and the multipliers A(t), p(t), a,y. 

It can be solved without assigning a value to the gradient stepsize a. 

The technique employed to solve this system is the method of particular 

solutions (Refs. 4-8). After the linear, two-point boundary-value problem 

is solved, the value of a is selected so as to enforce the descent 

requirement (66-2). 

Restoration Phase. Let x(t), u(t), ir denote nominal functions 

violating at least one of Eqs. (2)-(5). Let X(t), 0(t), TT denote 

varied functions satisfying Eqs. (2)-(5). To first-order, the perturbations 

Ax(t), Au(t), Air must satisfy the linearized constraints 

AX ss AX + 4>IÛU + <JVA7T - «(*-<p), 0<t<l, (93) 

SjA +SÎB + S;c + «S =0, o<t 5 1, (94) 

(coJAx + CO^ATT + *co)0-= 0, (95) 

(I/^
T
AX+ «/£A)T + Of (96) 

where a denotes the restoration stepsize, a scaling factor in the range 

0 <. a <, 1. 

When the variations defined by (93)-(96) are employed, the first 
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variation of the constraint error (70) becomes 

S? = -2*p # (97) 

Since P >0 and a>0, we have 6P< 0. Hence, for a sufficiently small, 

the decrease of the èonstraint error is guaranteed. 

Since Eqs. (93)-(96) admit an infinite number of solutions, an 

additional requirement must be introduced to define uniquely the 

restoration algorithm. This additional requirement is that the 

restoration be accomplished with the least-square change of the control 

vector, the parameter vector, and the initial state vector. Hence, we 

minimize the quadratic functional (71), with respect to the perturbations 

Ax(t), Au(t), Air which satisfy the linearized constraints (93)-(96). 

The special variations of the control vector, the parameter vector, 

and the initial state vector solving the above auxiliary minimization problem 

are given by 

A« = «(«M-S.f), 0< t<i, (98) 

ATT = , <"> 

AX(0) = r)0 f 0°° 

where a denotes the restoration stepsize. The multipliers A(t), p(t), 

a ,y appearing in (98)-(100) must be consistent with the relations 
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Â = -4>„Tv + Sxp , 0< t- < lr (101) 

( Tv + — 0 . (102) 

Introducing the perturbations per unit stepsize defined in 

(63)-(65),the linearized constraints (93)-(96) and the special variations 

(98)-(102) then become 

À = <feTA + 4>,JB + <J>JC -(*-<*>), -0 i -t < 1, (103) 

SJA •+ S;B + sic + s = o, 0 £ t 1 1, (104) 

(ce* A+ CO7^“ 0 p (105) 

(V-ÎA +¥-;c+¥')1 = 0, 

and 

(106) 

B = (♦«A - S.f ) , 0 < t < 1, 007) 

C = J1 (^Tv-S^Jdt - (u.^0 - -i'htMh , <108> 

A(°) = (A-^x^o , (109) 

* = -#>xX + s«/° , 0 < t < 1, (110) 
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(A + = 0. O”) 

The differential system (103)-(111) is linear and nonhomogeneous in 

the functions A(t), B(t), C and the multipliers A(t), p(t) a, y. It 

can be solved without assigning a value to the restoration stepslze a. 

The technique employéd to solve this system is the method of particular 

solutions (Refs. 4-8). After the linear, two-point boundary-value problem 

is solved, the value of a is selected so as to enforce the descent require¬ 

ment (66-3). 
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8. Experimental Conditions and Computational Details 

Four test problems were solved to substantiate the approach 

of this thesis. The sequential gradient-restoration algorithm (SGRA) 

was programmed in FORTRAN IV, and the numerical results were obtained in 

double-precision arithmetic. Computations were performed at Rice University 
* 

using an ITEL AS/6 computer. 

The interval of integration was divided into 100 steps. The differential 

systems were integrated using Hamming's modified predictor-corrector method, 

with a special Runge-Kutta starting procedure. The definite integrals 

I» J» P» Q were computed using a modified Simpson's rule. Linear 

algebraic systems were solved using a standard Gaussian elimination routine. 

For both the gradient phase and the restoration phase, the linear two- 

point boundary-value problem was solved using the method of particular 

solutions (Refs. 4-8). 

Convergence Conditions. If P denotes the error in the constraints 

and Q denotes the error in the optimality conditions, the following 

stopping conditions were employed: 

P t E-08, Q < E-o4 . (112) 

Gradient Stepslze. The gradient stepsize was determined with a two- 

step procedure involving (i) the determination of a reference stepsize 

and (ii) a bisection process. 
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First, the reference stepsize aQ was determined by means 

of a cubic interpolation process, which was stopped whenever the following 

inequality was satisfied: 

I | < E-o3> (ii3) 

« 

The number of Hermitian search steps required to satisfy Ineq. (113) 

was subject to the upper bound 

Ns i 5 . 014) 

Then, the gradient stepsize was determined by means of a bisection 

process, starting from a=a0, which was stopped whenever the following 

inequalities were satisfied: 

J(oc) < J(0) , p(<*) < 10 . (115) 

Restoration Stepsize. The restoration stepsize was determined by 

means of a bisection process, starting from a=l, which was stopped whenever 

the following inequality was satisfied: 

p(«) < P(O) . (116) 
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Cycle Condition. For a complete gradient-restoration cycle, 

denote by Ij the value of the functional (1) at the beginning of the cycle 

and by ^ the value of the functional (1) at the end of the cycle. 

These values were required to be consistent with the inequality 

Iz < Ii ; 017) 

If satisfaction occurs, the next cycle starts. If violation occurs, the 

gradient stepsize of the present cycle is bisected as many times as 

needed until, after restoration, Ineq. (117) is satisfied. 

Nonconvergence Conditions. The sequential gradient-restoration 

algorithm was programmed to stop whenever violation of any of the following 

inequalities occurred: 

N < 50 , Nc < 30, Nr < 10 , (118) 

Nbg <10, Nbf < 10 , N,c — 10 . (119) 

Here, N is the total number of iterations; N is the number of cycles; 

Nr is the number of restorative iterations for cycle; N^ is the number 

of bisections of the gradient stepsize required to satisfy Ineqs. (115); 

Nfar is the number of bisections of the restoration stepsize required to 

satisfy Ineq. (116); and Nbc is the number of bisections of the gradient 

stepsize required to satisfy Ineq. (117). 
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9. Numerical Examples 

In this section, four examples are described employing scalar 

notation. In particular, the symbols x..(t), 1=1,2,..,n, denote the 

components of the augmented state vector; the symbols u^(t), 1=1,2,.., 

m, denote the components of the augmented control vector; and the symbols 

7T.j, i=l,2,..,p, denote the components of the augmented parameter vector. 

For each example, the following information is given: (1) 

statement of the example; (ii) analytical solution; (iii) transformation 

technique; (iv) nominal functions; and (v) numerical results, in 

the form of two tables for each example. The first table contains the 

convergence history, and the second table contains the converged values 

for the components of the state, the control, and the parameter. With 

reference to the convergence history, Nc is the cycle number; Nr is the 

number of restorative iterations per cycle; Ng is the number of gradient 

iterations per cycle; P is the constraint error; Q is the error in the 

optimality conditions; and I is the value of the functional being minimized. 

Example 9.1. This example involves a mi nimax function of order k=l. 

It consists of minimizing the functional 

I = max (Xj) 
t y 

0 < t 5 1, (120) 

subject to the constraints 

=• 1- 21 + u* 0 < t < 1, 
9 

(121 ) 



« 
(122) Xx(0) = 0 

Analytical Solution. This problem Is characterized by the solution 

U 0 , 0 < -t i 1 , 023) 

and by the following minimum value of the functional (120): 

I = 0.25 # (124) 

Transformation Technique. We introduce the auxiliary state variable 

Xgft), the auxiliary control variable Ugft), and the auxiliary parameter 

TT-J • Then, we proceed in accordance with Section 4, and we reformulate 

problem (120)-(122) as follows: 

I = ■'Tl , (125) 

*1 = 1 ~ 2"t + Ut } *z= U* , 0< t < 1, (126) 

l-2t + u t + ZXiUz^O, 0<t<l, (127) 

*i(0) = 0 , Xl(o) = J 1Tl . (128) 



Nominal Functions. The following nominal function were assumed 

for Example 9.1: 

*1 =0, 0 1 -C 5 1 , (129) 

«1 = (!-»)/ «2=1 , 0 < "t 5 1, (130) 

(131) 

Numerical Results. The numerical results are given in Tables 

1-2. Convergence to the desired stopping conditions (112) was achieved 

in N=28 iterations, which include ZNr=l9 restorative iterations and 

£Ng=9.gradient iterations. The value achieved for the functional (125) 

is 

which is within 1/1000 of the analytically predicted minimum value (124). 

Example 9.2. This example involves a minimax function of order k-1. 

It consists of minimizing the functional 

I = 0.2501* , (132) 

I -max (X2t) 
t 

0 < t < 1 (133) 

subject to the constraints 
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x2 = 5sînuj , Oft 1 1 , (134) 

x2(0)=0, (135) 

XjtD^O, x2U)«o. 036) 
t 

Analytical Solution. This problem is characterized by the solution 

sin ut = 1 , 0.0000 ±t < 0.3169,037) 

Sin Uj = -(0.10046)/1* , 0.3169 < t < 0.8866^(138) 

Sin = -1 , 0.8866 i+ < 1.0000,(139) 

and by the following minimum value of the functional (133): 

1 = 0.50231 . <u°) 

Transformation Technique. We introduce the auxiliary state 

variable x^t), the auxiliary control variable u2(t), and the auxiliary 

parameter TT-J. Then, we proceed in accordance with Section 4, and we 

reformulate problem (133)-(136) as follows: 

— 5 X2 y 

XL(0) = -4 , 
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I=7Tt , (141) 

^ **5 Sin lij^ f ss5 5 Uj j 0£t<l, (142) 

X2+ 5tsin Uit 10X3U2= o, 
* 

0 £ t 11, (143) 

^ (o) “ *4; s0^ (o; ~Jir± t (144) 

X1(1)=0, x1(l) = 0. (145) 

Nominal Functions. The following nominal functions were 

assumed for Example 9.2: 

x1=-4t4t, Xi=2t(l-t), x3=1-4^-^ 0<t £1, (146) 

Ui= (ir/2)(J-2t^ U1= 0, Oit <1, (147) 

7rt= 1 . (148) 
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Numerical Results. The numerical results are given in Tables 

3-4. Convergence to the desired stopping conditions (112) was achieved 

in N=39 iterations, which include 2Nr=24 restorative iterations and 

£Ng=15 gradient iterations. The value achieved for the functional (141) 

is 

which is within 2/1000 of the analytically predicted minimum value 

(HO). 

Example 9.3. This example involves a mi nimax function of order 

k=l. It consists of minimizing the functional 

I = 0.50345 , 049) 

1= max (xa), 
t 

(150) 

subject to the constraints 

= 5X2 , x2- 5 sin uA , Ol t < 1, (151) 

x1(°)=-4, x2(0) — 0 , (152) 

0 f *2 ~ 0 • 
(153) 

Analytical Solution. This problem is characterized by the solution 
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Sin 1^ = 1, 0.0<-t<0.2, (154) 

S i n — Of 0,2 < 0.8, (155) 

Sin UjS-1, 0.8<t£l.0. (156) 
t 

and by the following minimum value of the functional (150): 

1=1 . (157) 

Transformation Technique. We introduce the auxiliary state 

variable Xg(t), the auxiliary control variable Ug(t), and the auxiliary 

parameter TT-J. Then, we proceed in accordance with Section 4, and we 

reformulate problem (150)-(153) as follows: 

1 = 7^ , (158) 

X1=5X1, Xz^ssinUjL f O^t £1,(159) 

Sin Uj + 2X3ü2 = 0, O£t<l,(160) 

Xx(0) =-4, x2(0) = 0, *s(0)= JTT± y (161) 

xi (1) = 0, X2(1)=0. (162) 
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Nominal Functions. The following nominal functions were assumed 

for Example 9.3: 

*i=-4+4t, x2=4ta-t;, (t-tjj 

4 

U±= (JT/Z)(1-2V, u2= 0f 

TT!= 1 . 

Numerical Results. The numerical results are given in Tables 

5-6. The algorithm was unable to achieve the desired stopping conditions 

(112) in a number of iterations consistent with Ineq. (118-1). However, 

it was able to achieve the relaxed stopping conditions 

P £ E -OÔ y Q < E-03 (166) 

in N=16 iterations, which includes £Nr=ll restorative iterations and 

gradient iterations.The value achieved for the functional (158) 

is 

0<t £1,063) 

0< t£l, (164) 

(165) 

1= 1.0044 8, (167) 
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which is within 4/1000 of the analytically predicted minimum value 

(157). 

Example 9.4. This example involves a minimax function of order 

k=2. It consists of minimizing the functional 

I = mx(X1) D<t <1,(168) 

subject to the constraints 

Xj -• 5Xj f Xjj " 5 s ï n j 

Xj (0) — O y Xj (0) — If 

( 1 ) — Of *2 (*) s • 

Analytical Solution. This problem i 

SinUj=-l, 0,0<t< 0.2, 

sinu^=0, 0.2<”fc£0.8j 

Sinu^ss-l, 

0 < t < 1,(169) 

(170) 

(171) 

characterized by the solution 

(172) 

(173) 

(174) 

and by the following minimum value of the functional (168): 



(175) 1 = 0.5. 

Transformation Technique. We introduce the auxiliary state 

variables x3(t), x^(t), the auxiliary control variable u2(t), and the 

auxiliary parameter TTJ. Then, we proceed in accordance with Section 

4, and we reformulatè problem (168)-(171) as follows: 

1= TTl , (176) 

Xl=5Xi, xI=5s.nU1 , x3=Sx+, X4=5UJ, 0<til, 077) 

SinUxt 2X4 + 2XjUi= 0 ? 
0<t<l, (178) 

XJLIO) = 0, *i(0) = 1, X}lO)=M, X4(OJ=-1/2 , (179) 

*l(i) = 0, x2U)=-l. (180) 

Nominal Functions. The following functions were assumed for 

Example 9.4: 

*1 = 0, = *3 = 0.5, *4=-05, (181) 

ul=i, «1=1, 0<t<l, (182) 

(183) 
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Numerical Results. The numerical results for problem (176)-(180) 

are given in Tables 7-8. Convergence to the desired stopping conditions 

(112) was achieved in N=31 iterations, which include EN =22 restorative 
r 

iterations and iNg=9 gradient iterations. The value achieved for 

the functional (176) is 

i- 0.50068, 084) 

which is within 1/1000 of the analytically predicted minimum value 

(175). 
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10. Discussion and Conclusions 

A transformation technique is employed in order to convert 

minimax problems of optimal control into the Mayer-Bolza problem of 

the calculus of variations. The transformation requires the proper 

augmentation of the state vector x(t), the control vector u(t), and 

the parameter vector TT. As a result of the transformation, the unknown 

mi nimax value of the performance index becomes a component of the vector 

parameter TT being optimized. The transformation technique is then employed 

in conjunction with the sequential gradient-restoration algorithm for 

solving optimal control problems on a digital computer (Refs. 4-8). 

Four test problems characterized by known analytical solutions are 

solved numerically, using the ITEL AS/6 computer of Rice University. It 

is found that the combination of transformation technique and sequential . 

gradient-restoration algorithm yields numerical solutions which are quite 

close to the analytical solutions (Tables 9-10). 

For Example 9.1, the numerical value of the performance index is 

within 1/1000 of the analytical value. For Example 9.2, the numerical 

value of the performance index is within 2/1000 of the analytical value. 

For Example 9.3, the numerical value of the performance index is within 

4/1000 of the analytical value. For Example 9.4, the numerical value of 

the performance index is within 1/1000 of the analytical value. Thus, 

it appears that, by the combined use of the transformation techniques 

of Sections 4-5 and the sequential gradient-restoration algorithm of 

Ref. 6, some rather complex problems have been solved in a strikingly 

simple way. 



Table 1. Convergence history, Example 9.1 

N c Nr "g 
P Q I 

0 •t - 0.72E+01 - - 

1 4 - 0.79E-15 0.71E+00 0.77723 

2 3 1 0.70E-15 0.13E+00 0.30920 

3 3 1 0.27E-13 0.13E-01 0.26150 

4 2 1 0.19E-08 0.16E-02 0.25225 

5 2 1 0.13E-10 0.10E-02 0.25092 

6 1 1 0.12E-11 0.32E-03 0.25057 

7 1 1 0.66E-11 0.31E-03 0.25039 

8 1 1 0.11E-11 0.14E-03 0.25029 

9 1 1 0.51E-10 0.12E-03 0.25022 

10 1 1 0.11E-10 0.78E-04 0.25018 
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Table 2. Converged solution, Example 9.1. 

t X1 x2 U1 u2 F=XT 

0.0 o.ooop 0.5001 0.0008 -0.9996 0.00000 

0.1 0.0900 0.4002 0.0004 -0.9994 0.09000 

0.2 0.1600 0.3003 -0.0003 -0.9989 0.16000 

0.3 0.2100 0.2004 -0.0011 -0.9977 0.21000 

0.4 0.2400 0.1009 -0.0002 -0.9908 0.24000 

0.5 0.2500 0.0134 -0.0000 0.0000 0.25000 

0.6 0.2455 0.0679 0.2958 0.8277 0.24557 

0.7 0.2223 0.1667 0.1883 1.0927 0.22236 

0.8 0.1737 0.2764 0.0552 1.0796 0.17376 

0.9 0.1038 0.3825 0.0108 1.0455 0.10386 

1.0 0.0138 0.4861 0.0000 1.0285 0.01386 

7^=0.25018, 1=0.25018 



Table 3. Convergence history, Example 9.2 

Nc Nr "g 
» 

P Q I 

0 - - 0.17E+02 - - 

1 3 - 0.25E-09 0.77E+00 0.99933 

2 3 1 0.79E-13 0.27E+00 0.58820 

3 2 1 0.37E-09 0.35E-01 0.54593 

4 2 1 0.25E-09 0.14E-01 0.52003 

5 2 1 0.46E-10 0.17E-01 0.51299 

6 1 1 0.38E-08 0.22E-02 0.50991 

7 2 1 0.60E-10 0.80E-03 0.50538 

8 1 1 0.10E-08 0.89E-03 0.50466 

9 1 1 0.47E-10 0.49E-03 0.50440 

10 1 1 . 0.14E-11 0.34E-03 0.50423 

11 1 1 0.61E-11 0.48E-03 0.50408 

12 1 1 0.48E-12 0.21E-03 0.50395 

13 1 1 0.49E-11 0.51E-03 0.50382 

14 1 1 0.36E-12 0.13E-03 0.50371 

15 1 1 0.10E-10 0.59E-03 0.50356 

16 1 1 0.48E-12 0.90E-04 0.50345 
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Table 4. Converged solution, Example 9.2. 

t X1 x2 x3 sinuj U1 u2 F=x2t 

0.0 -4.0000 0.0000 0.7095 1.0000 1.5707 0.0000 0.00000 

0.1 . -3.8750 0.5000 0.6733 1.0000 1.5707 -0.1485 0.05000 

0.2 T3.5000 1.0000 0.5508 1.0000 1.5707 -0.3630 0.20000 

0.3 -2.8750 1.4968 0.2331 0.8730 1.0613 -1.2035 0.44906 

0.4 -2.1623 1.2582 -0.0142 -0.6210 -0.6701 0.1129 0.50329 

0.5 -1.6006 1.0070 0.0003 -0.4028 -0.4145 0.0119 0.50350 

0.6 -1.1416 0.8391 -0.0007 -0.2797 -0.2835 -0.0026 0.50350 

0.7 -0.7535 0.7192 0.0006 -0.2055 -0.2069 -0.0072 0.50350 

0.8 -0.4174 0.6289 -0.0190 -0.1586 -0.1592 -0.0292 0.50314 

0.9 -0.1249 0.4973 0.2365 -0.8713 -1.0580 1.4476 0.44761 

1.0 0.0000 0.0000 0.7095 -1.0000 -1.5707 0.7046 0.00000 

ir-j — 0.50345, I = 0.50345 



Table 5. Convergence history, Example 9.3 

Nc Nr "g 
P Q I 

0 - - 0.61E+01 - ' - 

1 4 - 0.80E-13 0.27E+00 1.07395 

2 2 1 0.12E-11 0.30E-01 1.03711 

3 2 1 0.64E-10 0.10E-01 1.00890 

4 1 1 0.21E-09 0.27E-02 1.00685 

5 1 1 0.35E-08 0.61E-02 1.00544 

6 1 1 0.17E-10 0.93E-03 1.00448 
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Table 6. Converged-solution, Example 9.3. 

t X1 x2 
* 

x3 sinu<| U1 u2 F=X£ 

0.0 -4.0000 0.0000 1.0022 1.0000 1.5708 -0.4988 0.00000 

0.1 -3.8750 0.4999 0.7102 0.9999 1.5746 -0.7039 0.49998 

0.2 -3.5024 0.9580 0.2155 0.4775 0.4978 -1.1077 0.95804 

0.3 -3.0039 1.0029 -0.0399 -0.0053 -0.0053 -0.0670 1.00290 

0.4 -2.5022 1.0044 -0.0092 0.0017 0.0017 0.0945 1.00440 

0.5 -2.0000 1.0042 0.0159 0.0000 0.0000 0.0000 1.00423 

0.6 -1.4978 1.0044 -0.0092 -0.0017 -0.0017 -0.0945 1.00440 

0.7 -0.9961 1.0029 -0.0399 0.0053 0.0053 0.0670 1.00290 

0.8 -0.4975 0.9580 0.2154 -0.4770 -0.4972 1.1072 0.95809 

0.9 -0.1249 0.4999 0.7102 -0.9999 -1.5746 0.7039 0.49998 

1.0 0.0000 0.0000 1.0022 -T *43000 -1.5708 0.4988 0.00000 

ii1 =1.00448, I = 1.00448 
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Table 7. Convergence history, Example 9.4. 

♦ 

Nc • Nr Ng 
P Q I 

0 - - 0.49E+02 - - 

1 6 - 0.24E-12 0.60E+00 0.74203 

2 4 1 0.14E-15 0.98E-01 0.54163 

3 3 1 0.11E-14 0.10E-01 0.51081 

4 2 1 0.58E-09 0.17E-02 0.50367 

5 2 1 0.13E-11 0.84E-03 0.50185 

6 1 1 0.13E-08 0.51E-03 0.50130 

7 1 1 0.17E-09 0.44E-03 0.50104 

8 1 1 0.56E-09 0.21E-03 0.50088 

9 1 1 0.36E-08 0.21E-03 0.50076 

10 1 1 0.14E-08 0.85E-04 0.50068 



Table 8. Converged solution, Example 9.4 

t X1 x2 . x3 x4 si nuj U1 u2 F-x, 

0.0 0.0000 1.0000 0.7075 -0.7066 -0.9999 -1.5830 0.0009 0.00000 

0.1 0.3750 0.5000 0.3545 -0.7051 -1.0000 -1.5707 0.0077 0.37500 

0.2 0.5005 0.0158 0.0138 -0.5727 -0.6822 -0;7508 0.9481 0.50059 

0.3 0.4706 -0.0771 -0.1733 -0.2225 0.0520 0.0520 0.4357 0.47062 

0.4 0.4396 -0.0490 -0.2470 -0.0992 0.0350 0.0350 0.1109 0.43965 

0.5 0.4186 -0.0336 -0.2863 -0.0586 0.0506 0.0507 0.1005 0.41868 

0.6 0.4135 0.0258 -0.2951 0.0437 0.1977 0.1990 0.3415 0.41355 

0.7 0.4535 0.1273 -0.2172 0.2931 0.1030 0.1032 0.6328 0.45350 

0.8 0.5005 -0.0135 0.0110 0.6150 -0.7693 -0.8777 0.5749 0.50055 

0.9 0.3750 -0.5000 0.3545 0.7051 -1.0000 -1.5707 0.0076 0.37500 

1.0 0.0000 -1.0000 0.7075 0.7066 -0.9999 -1.5744 0.0009 0.00000 

TTJ =0.50068, I = 0.50068 



Table 9. Summary of results 

Example Nc LNr £N9 
N P q 

9.1 10 ’ 19 9 28 0.11E-10 0.78E-04 

9.2 16 24 15 39 0.48E-12 0.90E-04 

9.3 6 11 5 16 0.17E-10 0.93E-03 

9.4 10 22 9 31 0.14E-08 0.85E-04 

Table 10. Summary of results. 

Example I I/I. Ci-U/i. 

9.1 0.250.18 0.25000 1.00072 0.72E-G3 

9.2 0.50345 0.50231 1.00227 0.22E-02 

9.3 1.00448 1.00000 1.00448 0.44E-02 

9.4 0.50068 0.50000 1.00136 0.13E-02 
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