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ABSTRACT 

Restoration Algorithm 

for Solving Optimal Control Problems with 

Nondifferential Constraints 

and General Boundary Conditions 

by 

G. T. C. Huang 

This thesis considers the numerical solution of the problem 

of minimizing a functional I, subject to differential constraints, 

nondifferential constraints, and general boundary conditions. 

It consists of finding the state x(t), the control u(t), and 

the parameter ir, so that the functional is minimized, while the 

constraints are satisfied to a predetermined accuracy. 
4 

First, a new version of the restoration algorithm is developed, 

in order to solve the following subproblem: find a feasible 

solution, starting from a nonfeasible solution. This task is 

accomplished in a cycle, composed of several restorative itera¬ 

tions. In each restorative iteration, variations of the state, 

the control, and the parameter are produced so as to achieve first- 

order constraint satisfaction, while minimizing the norm squared 

of the variations of the control and the parameter. 

Next, a transformation technique is employed. By proper 

augmentation of the state vector and the parameter vector, and 



ii 

by proper redefinition of the constraining relations, a trans¬ 

formed system is obtained. In this transformed system, the 

value of the functional I becomes a component of the augmented 

parameter. 

Then, the original minimization problem is replaced by the 

problem of finding the smallest value of the parameter I for 

which the transformed system admits a feasible solution. In 

this connection, ways and means are explored for approaching 

the minimum of the parameter I by cyclical application of the 

restoration algorithm. 

As a whole, the minimization algorithm is composed of a 

sequence of restorative cycles. Two consecutive elements of 

the sequence are such that the value of the parameter I at the 

end of any cycle is smaller than the value of the parameter I 

at the end of the previous cycle. The driving force which 

enables the restoration algorithm to continue is the lowering 
. 4 

of the value of parameter I after a feasible solution has been 

obtained. This supplies the disturbance necessary for the restor¬ 

ation algorithm to continue. 

Depending on the strategy employed for the driving para¬ 

meter and the strategy employed for the error in the feasibility 

equations, different versions of the minimization algorithm 

are developed: Algorithms Al, A2, A3 and Algorithms Bl, B2, 

B3. These versions are tested through four numerical examples, 

and it is found that they perform in a satisfactory way. Thus, 

the numerical results show the feasibility as well as the conver- 
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gence characteristics of the present algorithm. 

Key Words. Optimal control, gradient methods, gradient 

algorithms, restoration algorithms, differential constraints, 

nondifferential constraints, terminal constraints, general 

boundary conditions. 
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1. Introduction 

Over the past several years, much work has been done 

on the problem of minimizing a functional I, subject to differ¬ 

ential constraints, nondifferential constraints, and general 

boundary conditions. Among the algorithms developed, the sequen¬ 

tial gradient-restoration algorithm (SGRA, Refs. 1-3) is one 

of the best. It consists of a sequence of two-phase cycles, the 

gradient phase and the restoration phase. In the gradient 

phase, the value of the functional I is decreased. In the 

restoration phase, the constraints are restored to a predeter¬ 

mined accuracy. It is known that SGRA is a reliable and accurate 

algorithm. However, its logic is considerably complicated. 

In this thèsis, wé develop an .algorithm charâctérized by 

a much simpler logic/namely, a minimization algorithm composed 

exclusively of restoration cycles. This requires the preliminary 

application of a transformation technique. By proper augmenta- 
4 

tion of the state vector and the parameter vector, and by proper 

redefinition of the constraining relations, a transformed system 

is obtained. In this transformed system, the value of the func¬ 

tional I becomes a components of the augmented parameter. Then, 

the original minimization problem is replaced by the problem of 

finding the smallest value of the parameter I for which the 

transformed system admits a feasible solution. 

The minimization algorithm developed here is composed of 

a sequence of restorative cycles having the following properties: 
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(i) in each cycle, a feasible solution is obtained, starting 

from a nonfeasible solution; and (ii) the feasible solutions 

obtained at the end of two consecutive cycles are such that 

the next value of the parameter I is smaller than the previous 

value. 

As stated before, at the end of a particular cycle, a 

feasible solution is obtained. Therefore, for the restoration 

algorithm to continue, a disturbance must be applied to the 

transformed system. The simplest way to achieve this is by lower¬ 

ing the value of the parameter I at the beginning of the next 

cyclè with respect to the value obtained at the end of the pre¬ 

vious cycle. This causes the next cycle of the restoration al¬ 

gorithm to be started. In sum, the lowering Of the value of the 

parameter I is the driving force which enables the restoration 

algorithm to continue. The basic idea is to arrive at a new 

feasible solution such that property (ii) is satisfied. This 
4 

is precisely the case, because of the least-square property 

of the restoration algorithm. 
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2. Restoration Problem 

2.1. Notation. Let t denote the independent variable, 

and let x(t), u(t), ir denote the dependent variables. The time 

t is a scalar, the state x(t) is an n-vector, the control u(t) 

is an m-vector, and the parameter it is a p-vector. All vectors 

are column vectors. 

2.2. Restoration Problem. With the above definitions, the 

restoration problem can be stated as follows. Find a feasible 

solution of the differential system 

x = <f> (X,U,7T , t) , 0 < t < 1, (1) 

S(x,u,^,t) ® 0, 0 1 t < !, (2) 

[w(x,Tr) ]Q = 0, (3) 

[♦(x,*)^ - 0. (4) 

Here, the function 4> is an n-vector, the function S is a k-vector, 
4 

the function w is a c-vector, and the function ÿ is a q-vector. 

Clearly, the restoration problem has an infinite number of solu¬ 

tions. 

2.3. Performance Index. Assume that the control u(t), the 

parameter ir, and the initial state x(0) are prescribed. 

Further, assume that the differential equation (1) is integrated 

in forward time, subject to the assumed values for u(t) , TT, X(0). 

As a result of the integration, we can determine the state 

distribution x(t) and compute the performance index 

STS dt + <A)0 + (trW1. P (5) 
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In this connection, two possibilities arise, depending on 

whether the inequality 

P <_ e (6) 

is satisfied or is violated. If (6) is satisfied, the restora¬ 

tion problem is solved. If (6) is violated, the restoration 

problem needs to be solved. In Ineq. (6), the quantity £ denotes 

a small, positive, preselected number. 
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3. Restoration Algorithm 

3.1. Notation. Let x(t) , u(t) , IT denote nominal func¬ 

tions satisfying Eq. (1), but violating at least one of Eqs. 
** fw 

(2)-(4). Let x(t), u(t), ir denote varied functions. Let Ax(t) , 

Au(t), ATT denote the displacements leading from the nominal 

functions to the varied functions. These quantities satisfy 

the relations 

x(t) = x(t) + Ax(t), u(t) = u(t) + Au(t), TT=TT +Air. (7) 

3.2. Desired Property. The functions Ax(t) , Au(t) , Air 

must be determined so as to produce some desirable effect at 

every iteration, namely, the decrease of performance index (5). 

In this connection, let P denote the performance index associated 

with the nominal functions. Let P denote the performance index 

associated with the varied functions. By definition, the follow¬ 

ing relation holds: 

P = P + AP, (8) 

where the symbol AP denotes the total variation of performance 

index (5). 

If a Taylor expansion is employed, the total variation AP 

can be written as 

AP = ÔP + (1/2)62P, (9) 

2 
where ÔP denotes the first variation and ô P denotes the second 

variation. These quantities are given by 
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AP => 21 STAS dt + 2(WT6W)0 + 2 (ÿTA ÿ) 1# (10) 

Jo 

A2P=2 T (ASTAS+STA2S)dt+2 (ACOTAü)+WTA2ü)) q+2 (A^A^+fVÿ) (11) 

Jo 

For small displacements, the behavior of the total varia¬ 

tion is governed by the behavior of the first variation. There¬ 

fore, the descent property 

AP < 0 (12) 

can be enforced, providing 

AP < 0. (13) 

This can be achieved by choosing Ax(t), Au(t), Air in such a way 

that 

AS = -ciS, 0 < t < 1, (14) 

4 

(Aw) 0 = —ct (to) Q , (15) 

(A^)1 = (16) 

Here, a denotes the stepsize, a scaling factor in the range 

0 < a < 1. (17) 

If Ax(t), Au(t),Airare consistent with (14)-(16), then 

the first variation of the performance index is given by 

AP = -2aP (18) 
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and is negative, since 2aP > 0. Therefore, the descent property 

(12) can be enforced providing the stepsize a is sufficiently 

small. 

3.3. Linearized Equations. To first order, the dis¬ 

placements Ax(t), Au(t) , Air must satisfy the linearized constraint 

equations 

>
 

*
•
 

li <|>^Ax + <|>£AU + <t>* ATT, 0 < t 11> 
(19) 

0 = S^Ax + S^Au + S^Air + aS, 0 < t 11' (20) 

0 = 
T T 

(<>) Ax + w Air + aw)n, X il u 
(21) 

0 = (i|>^Ax + rj/^Air + aif>).. 
A II X 

(22) 

Note that Eq. (19) results from the linearization of Eq. (1) 

and Eqs. (20)-(22) are the explicit form of Eqs. (14)-(16). 

Also note that the linearized equations (19)-(22) admit an 

infinite number of solutions for Ax(t), Au (t), Air. Therefore, 
4 

the restoration algorithm is uniquely defined only if some suit¬ 

able additional requirement is imposed on the system of varia¬ 

tions. 

3.4. Auxiliary Minimization Problem. Among the infinite 

number of solutions of Eqs. (19)-(22), we seek the one that pro¬ 

duces the least-square change of the control and the parameter, 

for a given stepsize a. Therefore, we seek the minimum of the 

quadratic functional 

K=(l/2a) f T T 
Au Au dt + Air ATT + (Ax Ax) (23) 
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subject to (19)-(22). 

From calculus of variations, it can be seen that the 

above problem is one of the Bolza type. It can be recast as 

that of minimizing the augmented functional 

J = K + L, (24) 

subject to (19)-(22), where K is given by (23) and where L is 

defined as 

- fV(4i- 
Jo 

ipTl 
Jo 

**Ax-*>- <j>jAir) dt+ | p T (S^AX+S^AU+S^ATT+CXS) dt 

+aT (ü)TAX+O)TAIT +a<d)ft + uT(t|)TAx+Tf)TAir +on|>)-. 
X TT U X n JL 

(25) 

After integrating by parts the term X Ax, the functional (24) 

can be rewritten as 

r= J (H - XTAx)dt + £ XTAX + F + (G)0 + (G)x, (26) 

where the function H, F, G are given by 
4 

H= (l/2a) AuTAu-XT(<|)TAx+<|)^Au+<|>^A7r) +PT(S^Ax+S^Au+S^Air+aS) , (27) 
À U II A U (I 

F=(l/2a)Air Air, (28) 

G= (l/2a) Ax^Ax+a^(aj^Ax+w^Aïï+au)) , at t = 0, 
X 7T 

G=yT(^Ax^tf»^A7r+atj>), at t = 1. 
A II 

(29) 

(30) 

In Eqs. (25)-(30), the n-vector X(t) and the k-vectorp (t) are 

variable Lagrange multipliers, while the c-vector a and the 

q-vector y are constant Lagrange multipliers. 
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3.5. Optimality Conditions. The functions Ax(t), Au(t), 

A ir and the multipliers X(t), p(t), a,y solving the auxiliary 

minimization problem must satisfy the linearized feasibility 

equations (19)-(22) and the following optimality conditions: 

H
AX' 0 1 t i 1, (31) 

Hiu' 0 1 t i 1, (32) 

r1 

HA*dt + FA* 
+
 WAJO + <GA*>1' (33) 

JO 

+ GAx' 0 ' (34) 

tX + GAX>1- (35) 

On account of (27)-(30), the explicit form of Eqs. (31)-(35) 

is the following: 

X - -<|>xX + Sxp, 0 < t < 1, (36) 

0 - (l/a)Au - <|>uX + SUP, 0 < t < 1, (37) 

0=(l/a)Air-f (<|)7rX-S7rp)dt+(a)7ra)0+(i(>iTy)1, (38) 

JQ 

0 - [-X + aixcr + (1/a) AX]q, (39) 

0 - (X + ^y)^ (40) 

3.6. Variations per Unit Stepsize. The form of Eqs. 

(19)-(22) and (36)-(40) suggests the introduction of variations 

per unit stepsize A(t), B(t), C defined by 

Ax(t) = aA(t), Au(t) = aB(t), Au = aC. (41) 
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With these variations per unit stepsize, the linearized feasibility 

equations (19)-(22) take the form 

À = A + + <p^C, 0 < t < 1, (42) 

0 = S^A + S^B + SÏC + S, 0 < t < 1, (43) 

0 - ((/A + + u)0, (44) 

0 = (t|^A + ÿ’Jc + (45) 

and the optimality condition (36)-(40) take the form 

X - -4>x\ + Sxp, 0 < t < 1, (46) 

0 = B - <j>uX + Sup, 0 < t < lf (47) 

f1 

0 = C - I (^X - S^pjdt + (uyjjg + 1' (48) 

*0 

0 = (-X + u>xa + A)q, (49) 

4 

0 = (X + *xp)r (50) 

3.7. Linear, Two-Point Boundary-Value Problem. The tech¬ 

nique used to solve the LTP-BVP (42)-(50) is a forward integra¬ 

tion scheme in combination with the method of particular solu¬ 

tions (Ref. 3). The technique requires the execution of n + p + 1 

independent sweeps of the differential system (42)-(50), each 

characterized by a different value of the (n + p)-vector w, 

whose components are the n components of the initial multiplier 

X CO J and the p components of the parameter C. 
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The generic sweep is started by assigning particular 

values to the components of w that is, the components of the 

vectors \(0) and C. Therefore, Eqs. (44) and (49) constitute 

a system of n + c linear relations in which the unknowns are 

the n + c components of the vectors A(0) and a. For this system 

to have a unique solution, the following disequation must hold: 

det [^a)x]0 ? 0. (51) 

Then, A(t) and X(t) together with B(t) and p(t) are obtained by 

forward integration of (42)and (46), subject to (43) and (47). Note 

that, at each time station t, 0 £ t £ 1, Eqs. (43) and (47) con¬ 

stitute a system of m + k linear relations in which the unknowns 

are the m + k components of the vectors B(t) and p(t). For 

this system to have a unique solution, the following disequation 

must hold: 

det [s£ Su] i* 0, 0 < t < 1. * (52) 

As a result of the procedure, the sweep is completed: for the 

arbitrary value assigned to w, it leads to the satisfaction 

of all the equations of the system (42)-(50), except Eqs. (45), 

(48), (50). 

-In order to satisfy Eqs. (45), (48) , (50) and because the 

system (42)-(50) is nonhomogeneous, n + p + 1 independent sweeps 

must be executed employing n + p + 1 different vectors w^, i=l, 

2,...,n + p + 1. The first n + p sweeps are performed by choosing 

the vectors w^,..., wn+p to be the columns of the identity matrix 
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of order n + p. The last sweep is executed by choosing wn+p+^ 

to be the null vector. As a result, one generates the functions 

and multipliers 

- A±(t), B^t), C±, X±(t), p^t), a±, i=l,2,... ,n+p+l. (53) 

Now, we introduce the n+p+1 undetermined, scalar constants 

k^ and form the linear combinations 

A(t) — (t) / B (t) - ZkiBi (t) , C = Zk^, (54) 

Mt) B Zk^X^(t)$ P(t) “ Ikipi (t), a = Zkici, (55) 

where the summations are taken over the index i. The n+p+1 

coefficients k^ and the q components of the multiplier y are 

obtained by forcing the linear combinations (54)-(55) to satisfy 

Eqs. (45),(48),(50), together with the normalization condition 

(Ref.3) 

4 

Zhi = 1. (56) 

Once the constants k^ are known, the solution of the LTP-BVP 

(42)-(50) is given by (54)-(55). 

3.8. Restoration Stepsize. With the functions B(t), C, 

A(0J known, one can form the one-parameter family of varied controls, 

varied parameters, and varied initial states 

u(tj = u(t) + Au(t) = u(t) + aB(t), 

TrssTr + ATrsïï + aC, 

x(0) = x(0) + Ax(0) = x(0) + aA(0). 

(57) 

(58) 

(59) 
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Then, the varied state is obtained by forward integration of Eq.(1) 

subject to the initial condition (59). For the above one- 

parameter family, the constraint error (5) takes the form 

P = P (a). (60) 

Then, the stepsize a must be selected so that the following 

relation is satisfied: 

P(a) < P(0) . (61) 

Satisfaction of Ineq. (61) is possible because of the descent 

property of the restoration algorithm. 

In order to achieve satisfaction of (61), a bisection 

process is applied to the restoration stepsize a, starting from 

the reference stepsize oig = 1. This reference stepsize has 

the property of yielding one-step restoration for the case 

where the constraints (l)-(4) are linear. 

3.9. Summary of the Restoration Algorithm. In the light 

of the previous discussion, the restoration algorithm can be 

summarized as follows. 

Step 1. Assume a nominal control u(t), a nominal parameter 

ir, and a nominal initial state x(0). Compute the, nominal state 

x(t) by forward integration of Eq. (1), subject to the assumed 

values for u(t), ir, x(0). 

Step 2. From Step 1, determine the vector S along the 

interval integration, the vector w at the initial point, and 

the vector ip at the final point; then, compute the performance 
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index P, given by Eq. (5). If P satisfies Ineq. (6), stop; 

convergence has been achieved. If P violates ineq* (6), continue; 

go to Step 3. 

Step 3. For the nominal functions, compute the matrices 

<J> , 4> , <J> and S , S , S_ along the interval of integration. At 
X U I* X U H 

the initial point, compute the matrices w ,w . At the final point 
X *1 

compute the matrices 

Step 4. Solve the LTP-BVP (42)-(50) using the method 

of particular solutions. In this way, obtain the functions A(t), 

B(t), C and the multipliers X(t), p(t), a, y. 

Step 5. Using the functions B(t), C, A(0) generated in 

Step 4, form the one-parameter family (57)-(59) of varied controls 

varied parameters, and varied initial state!. Determine the 

restoration stepsize a, employing the procedure of Section 3.8, 

so that Ineq. (61) is satisfied. Return to Step 1. 
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4. Minimization Problem 

4.1. Notation. Let f denote a scalar function of the 

arguments y, u, 3,t. Let g and h denote scalar functions of 

the arguments y,3. Here, the state y(t), the control u(t), and 

the parameter 5 are vectors of appropriate dimensions. 

4.2. Minimization Problem. With the above definitions, 

the minimization problem can be stated as follows. Find the 

functions y(t), u(t), 3 which minimize the functional 

I = [ f(y,u,3,t)dt +[h(y^3)]0 + [gfyjB)]^ (62) 
Jo 

subject to the constraints 

y = E(y,u,3,t), 0 < t < 1, (63) 

0 - S(y,u,3,t), 0 < t < 1, (64) 

0 » [M(y,3)]0, (65) 

0 = [N(y,3)]r 

4 

(66) 

Here, the symbols E,M,N denote 

priate dimensions. 

4.3. Transformation of 

vectorial functions of appro- 

the Problem. Let z(t) denote 

an auxiliary state variable defined by 

z = f(y,u,3,t), 0 ± t < 1, (67) 

z (0) ■ [h(y,3) ]0, (68) 

z(l) = I - [g(y.,3)]1- (69) 
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As a consequence, Eqs. (62)-(66) become 

y=E(y,u,8,t), z=f(y,u,8,t), 0 £ t £ 1, (70) 

0=S(y,u,6,t), 0 <_ t £ 1, (71) 

0=[M(y,6)]0, 0=[h(y,e)-z]0, (72) 

0=[N(y, 6)]x, 0=[g(y,6)-I+z]1. (73) 

Let the following supplementary definitions be introduced: 

x(t) = [yT(t), z(t)]T, (74-1) 

TT = [B
T
,I]

T
, (74-2) 

and 

$(x,u,7r,t) “ [ET(y,u,8,t), f(y,u,6,t)]T, (75-1) 

W(X,TT) =[MT(y,6), h(y,6) - z]T, (75-2) 
4 

\|>(x,ir) = [NT(y,8), g(y,6) - I +z]T. (75-3) 

As a consequence, Eqs. (70)-(73) become 

x = 4> (x,u,ir,t), 0 <_ t <_ 1, (76) 

0 = S (x,u,ir,t), 0 < t < 1, (77) 

0 - [w(x,ir) ]Q, (78) 

0 = [I|>(X,TT) (79) 

nPîiû etre4*ûm ^ 7^ \ — f *7 Q \ î e î 4 /**a1 T.T4 f K etref nm f 1 \ — M \ T n 
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turn, this observation has two consequences: (i) the restoration 

algorithm of Section 3 can be applied to finding a feasible 

solution of the system (70)-(73); and (ii) the minimization of 

the functional (62), subject to (63)—(66), is equivalent to 

finding the smallest value of the parameter I for which the system 

(70)-(73) admits a feasible solution. 
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5. Minimization Algorithm 

In the previous section, we recognized that the minimiza¬ 

tion problem (62)-(66) can be replaced by the problem of finding 

the smallest value of the parameter I for which the system (70)-(73) 

admits a feasible solution. In this section, we explore ways and 

means for approaching the minimum of the parameter I by cyclical 

application of the restoration algorithm of Section 3 to the 

system (70)-(73). 

5.1. Restorative Cycle. The basic unit of the minimiza¬ 

tion algorithm is the cycle. The objective of each cycle if to 

produce a feasible solution, starting from a nonfeasible solu¬ 

tion. In this connection, assume that the functions y(t)» z(t), 

u(t),f3, I are such that Eqs. (70) are satisfied at the beginning 

of a restorative cycle, while at least one of Eqs. (71)-(73) is 

violated. Define the performance index of the system (70)-(73) 

as follows: 
4 

P - I STS dt + (MTM)0 + [(h-z)2] + (NTN) + [ (g-I+z)2 ] . (80) 

Jo Oil 
Then, a feasible solution satisfies the inequality 

P < e, (81) 

while a nonfeasible solution violates it. 

5.2. Restorative Iteration. Each cycle includes one 

or more iterations, to be performed in accordance with the pro¬ 

cedure of Section 3. In each iteration, the augmented state y(t), 

z (t) , the control u(t) , and the augmented parameter tr, I are 
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varied in such a way that the performance index (80) decreases. 

Therefore, if a is the stepsize of restorative iteration, the 

performance index descent property 

P(a) < P(0) (82) 

is enforced via a bisection process, starting from the reference 

stepsize a = 1. 

5.3. Sequence of Cycles. The minimization algorithm as 

a whole is composed of a sequence of cycles. Two consecutive 

elements of the sequence must be such that (i) Ineq. (81) is 

satisfied at end of the first cycle, (ii) Ineq. (81) is satis¬ 

fied at the end of the second cycle, and (iii) the value of 

the parameter I at the end of second cycle is smaller than the 

value of the parameter I at the end of the first cycle. 

With reference to two consecutive elements of the sequencè, 

let the subscript 1 denote the first cycle, and let the subscript 
4 

2 denote the second cycle? let the subscript i denote the ini¬ 

tial condition of a cycle, and let the subscript f denote the 

final condition of a cycle. With this understanding, the 

desired properties are as follows: 

(i) ?lf 1 e* (83) 

(ii) P2f 1 e' 
(84) 

Ciii) I2f < Tlf* 
(85) 

5.4. Driving Parameter. At the end of a particular cycle, 

a feasible solution of the system (70)-(73) is obtained, in that 
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Ineq. (81) is satisfied. For the restoration algorithm to con¬ 

tinue, a disturbance must be applied to the system (70)-(73). 

One way to achieve this is by lowering the value of the para¬ 

meter X, for instance, according to the rule 

*2i - Ilf - k' <86> 

where k is some finite, positive number. As a consequence, the 

value of the performance index (80) changes from the theoretical 

value 

Plf = 0 (87) 

to the theoretical value 

This cause the next cycle of the restoration algorithm to be 

started. In sum, the lowering of value of the parameter I is 

the driving force which enables the restoration algorithm to 

continue. The idea is to arrive at a new restored solution such 

that Ineq. (85) is satisfied. Because of the least-square prop¬ 

erty of the restoration algorithm, this is precisely the case, 

as is shown in the Appendix of Ref. 8. 

5.5. Algorithm Versions. In this section, we describe 

several versions of the minimization algorithm. 

Algorithm Al. In this version, the driving parameter is 

kept at a constant value k=a (for instance, k=l). The min¬ 

imization algorithm is terminated whenever Ineq. (85) is violated. 
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Algorithm A2» In this version» the driving parameter is 

kept at a constant value k = a, as long as Ineq. (85) is sat¬ 

isfied. If Ineq. (85) is violated, then the restoration cycle 

is restarted by replacing the driving parameter with a smaller 

value in the sequence 

{k} = {a, a/2, a/4, a/8, a/16, a/32,....}. (89) 

For instance, if a=l, the sequence (89) becomes 

{k} = {1, 1/2, 1/4, 1/8, 1/16, 1/32, }. (90) 

Let denote the number of bisections of the driving parame¬ 

ter necessary to satisfy Ineq. (85). The minimization algo¬ 

rithm is terminated whenever the following inequality is vio¬ 

lated : 

N. < N, 
b — b* 

(91) 

where denotes a prescribed upper bound for (for ins¬ 

tance, N, = 5). 
b* 

Algorithm A3. In Algorithm A2, the bisections of the 

driving parameter necessary to satisfy Ineq. (85) are started 

from a constant reference value k = a. In Algorithm A3, the 

bisections of the driving parameter necessary to satisfy 

Ineq. (85) are started from a variable reference value k=b, 

where b <_ a. Specifically, the value of b for the present cycle 

equals the value of the driving parameter k which enables one to 

satisfy Ineq. (85) in the previous cycle. 
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Algorithm Bl. This is the same as Algorithm Al, except 

that the descent property (82) is not enforced in the first 

iteration of a cycle. Instead, the stepsize a= 1 is employed 

in the first iteration. For a justification of the proper¬ 

ties of Algorithm Bl, see the Appendix of Ref. 8. 

Algorithm B2. This is the same as Algorithm A2, except 

that the descent property (82) is not enforced in the first 

iteration of a cycle. Instead, the stepsize a= 1 is employed 

in the first iteration. 

Algorithm B3. This is the same as Algorithm A3, except 

that the descent property (82) is not enforced in the first 

iteration of a cycle. Instead, the stepsize a= 1 is employed 

in the first iteration. 
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6 Experimental Condition s 

In order to evaluate the theory, four examples were 

solved. Algorithms Al, A2, A3 and Algorithms Bl, B2, B3 were 

programmed in FORTRAN IV, and the numerical results were ob¬ 

tained in double-precision arithmetic. 

Computations were performed at Rice University using an 

ITEL AS/6 computer. For each example, the interval of inte¬ 

gration was divided into 100 steps. The differential equa¬ 

tions were integrated using Hamming's modified predictor- 

corrector method with a special Runge-Kutta starting procedure 

(Ref. 4). 

The restoration cycle was terminated whenever the follow¬ 

ing inequality was satisfied: 

The minimization algorithm was programmed to stop whenever 

violation of any of the following inequalities occurred: 

P < E-12 (92) 

N < .20 (93) 

IN < 100 (94) 

N < 20 
c — 

(95) 

(96) 

N < 5 
a — 

(97) 
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Here, N is the number of iterations in a cycle, ZN is the the 

cumulative number of iterations, N is the number of cycles, 

is. the number of bisections of the driving parameter k 

required to satisfy Ineq. (85), and Na is the number of bisections 

of the stepsize a required to satisfy Ineq. (82). 
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7. Numerical Examples 

In this section, four numerical examples are presented. 

For simplicity, scalar notation is used. The symbols xn 

denote the components of the augmented state vector; the symbols 

U1 'u2'* * * ' um denote the components of the control vector; and 

the symbols ir^, Tr2IT denote the components of the augmented 

parameter vector. 

Example 7.1. Consider the problem of minimizing the 

functional 

I=| (xj + x* + u^)dt, (98) 

Jo 
subject to the differential constraints 

xx = x2 + ux, Xj = u1# (99) 

the nondifferential constraint 

u^ - u2 = 0, - (100) 

and the boundary conditions 

xx(0) = 2, (101) 

x2(l) = 1. (102) 

In accordance with Section 4, the system (98)-(102) is reformu¬ 

lated as follows: 



Page 26 

*1=X2+U1' X2=U1' 
• 2 2 2 x3.x1+x2+u1. (103) 

ul-u2=°, (104) 

^(0)^2, X^(0)=0 r (105) 

x2(l)=l, x3 (1)=^, (106) 

where I = ir^. The assumed nominal control, parameter, and ini¬ 

tial state are 

ux(t) = -1, u2(t) = -1, (107) 

TT1 = 0, (108) 

x^(0)=2, x2(0) = 0, x3(0) 
= (109) 

This example is taken from Ref. 3. There, the sequential 

gradient-restoration algorithm was employed, and the following 

minimum value was achieved for the functional (98): 

I = 5.83848. (110) 

Example 7.2. Consider the problem of minimizing the 

functional 

I » f (x^+x2+uj)dt, (111) 

Jo 
subject to the differential constraints 

Xi = x2 + ux, k2 = ux, (112) 

the nondifferential constraint 
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U1 “ u2 " °' 

and the boundary conditions 

(113) 

x^O) + x2(0) = 3, 

x2(l) « 1. 

(114) 

(115) 

In accordance with Section 4, the system (111)-(115) is reformu¬ 

lated as follows: 

xl=x2+ul' 

ul“u2=0' 

x2=ul' 
• 2 . 2, 2 
X3=X1+X2+U1' 

X1(0)+X2(0)=3, X3(0)=0, 

x2(l)=lr X3(l)= T^, 

where I = ir^. The assumed nominal control, parameter, and 

initial state are 

(116) 

(117) 

(118) 

(119) 

u^(t) = -1, u2(t) = -1, 

it1 = 0, 

xx(0) = 2, x2(0) = 1, x3(0) = 0. 

(120) 

(121) 

(122) 

This example is taken from Ref. 3. There, the sequential 

gradient-restoration algorithm was employed, and the following 

minimum value was achieved for the functional (111): 

I = 4.20768 (123) 
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Example 7,3. Consider the problem of minimizing the 

functional 

I = ir1# (124) 

subject to the differential constraints 

xl_7rlul' 
• 2 2 • 2 
X2=7rl *xl”ul* ' X3=U1 *ul_x2+xl* ' (125) 

the nondifferential constraint 

V" 
u2 “ °- (126) 

and the boundary conditions 

xx(0) = 0, x2(0) + x3 (0) = 1, (127) 

x2(l) - 0, x3(l) = 2. (128) 

In accordance with Section 4, the system (124)-(128) is refor- 

mulated as follows: 4 

xl=irlul ' 
• 2 2* 2 
X2=irl *xl“ul* ' X3=7rl *Ul"X2+Xl* ' 

x4=0,(129) 

ul“u2"0' (130) 

x1(0)=0, x2 (0)+x3 (0)=1, x4(0)=0, (131) 

x2 (1)=Q, X3(1)=2, X4 (l)=7T2-ir;L, (132) 

where I = ir2. The assumed nominal control, parameter, and initial 

state are 
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ux(t) = 1, U2(t) - 1, (133) 

irx = 1, "2 - 1, (134) 

xx(0) = 0, X w
 o
 

II o, x3(0) = 1, x4(0) = 0. (135) 

This example is taken from Ref. 3. There, the sequential 

gradient-restoration algorithm was employed, and the following 

minimum value was obtained for the functional (124); 

I = 0.86431. (136) 

Example 7.4. Consider the problem of minimizing the 

functional 

1 - [ (x*+u^+Tr*)dt, (137) 

Jo 
subject to the differential constraint 

= u1# (138) 

the nondifferential constraint 

u^ - u2 = 0, (139) 

and the boundary conditions 

x^O) = 1, (140) 

x^l) = 2^. (141) 

In accordance with Section 4, the system (137)-(141) is refor¬ 

mulated as follows: 
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X1 - ul, 

4 H
 

X
 

II C
M
 

+ Uj. + (142) 

U1 - u2 = 0, (143) 

x1(0) - 1, X
 

to
 o
 

II 0, (144) 

xx(l) = 2.tr^, II 

H
 C
M
 

K
 7r2' (145) 

where I = The assumed nominal control, parameter, and ini- 

tial state are 

ux(t) = 0, u2(t) = 0, (146) 

3
 

H
 II O
 

=î
 

to
 II o
 

(147) 

x1(0) = 1, 

II 

o
 C
M
 

X
 0. (148) 

This example is taken from Ref. 6. There, the sequential conjt 

gate gradient-restoration algorithm was employed, and the 

following minimum value was achieved for the functional (137): 

I = 0.84979 (149) 
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8. Discussion and Conclusions 

In this thesis, a new algorithm is presented for solving 

a basic problem of optimal control, that of minimizing a func¬ 

tional I, subject to differential constraints, nondifferential 

constraints, and general boundary conditions. First, a trans¬ 

formation technique is employed. By proper augmentation of the 

state vector and the parameter vector, and by proper redefinition 

of the constraining relations, a transformed system is obtained. 

In this transformed system, the value of the functional I becomes 

a component of the augmented parameter. Then, the original 

minimization problem is replaced by the problem of finding the 

smallest value of the parameter I for which the transformed system 

admits a feasible solution. 

The new minimization algorithm is composed of a sequence 

of restorative cycles. Each cycle is designed to produce a feas¬ 

ible solution, starting from a nonfeasible solution. Each cycle 
4 

includes one, two, or more restorative iterations. In each 

restorative iteration, variations of the state, the control, 

and the parameter are produced, so as to achieve first-order 

constraint satisfaction, while minimizing the norm squared of 

the variations of the control and the parameter. 

Two consecutive cycles 1 and 2 are such that the value 

of the parameter I at the end of cycle 2 is smaller than the 

value of the parameter I at the end of cycle 1. After a feasi¬ 

ble solution is achieved, the driving force which enables the 

restoration algorithm to continue is the lowering of the value 
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of the parameter Î. This supplies the disturbance necessary for 

the restoration algorithm to continue. 

Six versions of the minimization algorithm are developed: 

Algorithms Al, A2, A3 and Algorithms Bl, B2, B3. They differ 

from one another, depending on the strategy employed for the 

driving parameter and the error in the feasibility equations. 

These six versions are tested on four numerical examples. How¬ 

ever, results are reported only for Algorithms Al, A2, A3. This 

is due to the fact that nearly identical results are obtained with 

Algorithms Bl, B2, B3. On the whole, the numerical results show 

the feasibility as well.as the convergence characteristics of the 

new minimization algorithm (see Tables 1-16). 

In closing, the following comments are pertinent. 

(i) Conceptually speaking, it can be argued that the new 

algorithm belongs to the family of sequential gradient-restoration 

algorithms (Refs. 1-3). The main difference is the following: 

in the algorithms of Refs. 1-3, each cycle consists of two 

phases, the gradient phase and the restoration phase; in the 

new algorithm, each cycle consists of only a restoration phase. 

The gradient phase of Refs. 1-3 has been replaced by the lowering 

of the value of the parameter I which takes place at the end of a 

cycle. 

(ii) In the experiments performed, the initial value of 

the driving parameter has been set at the level k=l. No 

effort has been made to determine accurately the proper value 

of the driving parameter. However, one must presume that a 
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proper choice of the driving parameter might be instrumental in 

improving the convergence characteristics of the new algorithm. 

(iii) Because of its simple structure, the new algorithm 

is ideally suitable for an engineer who wishes to operate inter¬ 

actively with the computer. For example, he can ask the com¬ 

puter to perform two consecutive cycles for different values of 

the driving parameter k, and in this way arrive at a proper 

choice of k for a particular problem and a particular set of 

initial conditions. 
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Table : 1. Convergence history , Example 7.1, Algorithm Al. 

Nc N ZN k P I 

0 - 0 - 0.14E+02 0.0000 

1 7 7 1.0 0.33E-22 5.8724 

2 3 10 1.0 0.95E-26 5.8398 

3 2 12 1.0 0.16E-17 5.8386 

4 2 14 1.0 0.17E-23 5.8384 

5 2 16 

o
 • 

«H 0.71E-29 5.8384 

6 2 18 1.0 0.75E-28 5,8384 

7 1 19 1.0 0.69E-13 5.8384(*) 

(* ) Converged solution. 
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Table 2. Convergence history, Example 7.1, Algorithm A2. 

Nc 
N ZN k P I 

0 - 0 - 0.14E+02 0.0000 

1 7 7 1.0 0.33E-22 5.8724 

2 3 10 1.0 0.95E-26 5.8398 

3 2 12 1.0 0.16E-17 5.8386 

4 2 14 1.0 0.17E-23 5.8384 

5 2 16 1.0 0.71E-29 5.8384 

6 2 18 1.0 0.75E-28 5.8384 

7 1 19 1.0 0.69E-13 5.8384 (* 

8 1 20 1.0 0.76E-15 5.8384 

8.1 1 21 0.5 0,47E-16 5.8384 

8.2 1 22 0.25 0.29E-17 5.8384 

8.3 1 23 0.125 0.18E-18 5.8384 

• 
C
O
 1 24 0.0625 0.11E-19 5.8384 

(*) Converged solution. 
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Table 3. Convergence history, Example 7.1, Algorithm A3. 

Nc 
N ZN k P I 

0 - 0 - 0.14E+02 0.0000 

1 7 7 1.0 0.33E-22 5.8724 

2 3 10 1.0 0.95E-26 : 5.8398 

3 2 12 1.0 0.16E-17 5.8386 

4 2 14 1.0 0.17E-23 5.8384 

5 2 16 1.0 0.71E-29 5.8384 

6 2 18 1.0 0.75E-28 5.8384 

7 1 19 1.0 0.69E-13 5.8384 (* 

8 1 20 1.0 0.76E-15 5.8384 

8.1 1 21 0.5 0.47E-16 5.8384 
4 

8.2 1 22 0.25 0.29E-17 5.8384 

8.3 1 23 0.125 0.18E-18 5.8384 

8.4 1 24 0.0625 0 «11E-19 5,8484 

(*) Converged solution. 
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Table 4. Converged solution, Example 7.1, Algorithm Al. 

t xi X2 X3 U1 
U2 

o
 • 

o
 2.0000 1.0198 0.0000 -2.0329 -2.0329 

o
 

• H
 

1.9138 0.8410 0.7898 -1.5514 -1.5514 

0.2 1.8580 0.7081 1.3822 -1.1117 -1.1117 

0.3 1.8333 0.6175 • 1.8490 -0.7058 -0.7058 

0.4 1.8408 0.5661 2.2478 -0.3262 -0.3262 

0.5 1.8819 0.5516 2.6273 0.0340 0.0340 

0.6 1.9587 0.5725 3.0316 0.3817 ■ 0.3817 

0.7 2.0737 0.6278 3.5041 0.7231 0.7231 

o
 

• 00
 

2.2300 0.7171 4.0916 1.0645 1.0645 

0.9 2.4314 0.8409 4.8478 1.4121 1.4121 

O
 • 

H
 2.6822 1.0000 5.8384 1.7720 1.7720 

*1 = 5.8384 



Nc 
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.0 
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Convergence history, Example 7.2, Algorithm Al. 

N IN k p I 

- 0 - 0.23E+02 0.0000 

6 6 1.0 0.11E-28 4.2084 

2 8 1.0 0.85E-17 4.2079 

2 10 1.0 0.16E-19 4.2077 

2 12 1.0 0.35E-22 4.2077 

2 14 1.0 0.73E-25 
* 

4.2076 

2 16 1.0 0.68E-28 4.2076 

2 18 1.0 0.85E-29 4.2076 

2 20 1.0 0.17E-28 4.2076 

2 22 1.0 0.40E-29 4.20-76 

1 23 1.0 0.30E-12 4.2076 (*) 

(*) Converged solution 
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Table 6. Convergence history, Example 7.2, Algorithm A2. 

Nc 
N IN k P I 

0 - 0 - 0.23E+02 0.0000 

1 6 6 1.0 0.11E-28 4.2084 

2 2 8 1.0 0.85E-17 4.2079 

3 2 10 1.0 0.16E-19 4.2077 

4 2 12 1.0 0.35E-22 4.2077 

5 2 14 1.0 0.73E-25 4.2076 

6 2 16 1.0 0.68E-28 4.2076 

7 2 18 1.0 0.85E-29 4.2076 

8 2 20 1.0 0.17E-28 4.2076 

9 2 22 1.0 0.40E-29 4.2076 

10 1 23 1.0 0.30E-12 4.2076 (’ 

11 1 24 1.0 0.38E-13 4.2076 

11.1 1 25 0.5 0.24E-14 4.2076 

11.2 1 26 0.25 0.15E-15 4.2076 

11.3 1 27 0.125 0.94E-17 4.2076 

11.4 1 28 0.0625 0.59E-18 4,2076 

(*) Converged solution. 
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Table 7. Convergence history, Example 7.2, Algorithm A3. 

Nc 
N IN k P I 

0 - 0 - 0.23E+02 0.0000 

1 6 6 1.0 0.11E-28 4.2084 

2 2 8 
O
 • 

«H 0.85E-17 4.2079 

3 2 10 1.0 0.16E-19 4.2077 

4 2 12 1.0 0.35E-22 4.2077 

5 2 14 1.0 0.73E-25 4.2076 

6 2 16 

O
 • 

«—1 0.68E-28 4.2076 

7 2 18 1.0 0.85E-29 4.2076 

8 2 20 1.0 0.17E-28 4.2076 

9 2 22 1.0 0.40E-29 4.2076 

10 1 23 1.0 0.30E-12 4.2076 (* 

11 1 24 1.0 0.38E-13 4^2076 

11.1 1 25 

in • 
o
 0.24E-14 4.2076 

11.2 1 26 0.25 0.15E-15 4.2076 

11.3 1 27 0.125 0.94E-17 4.2076 

11.4 1 28 0.0625 0.59E-18 4.2076 

(*) Converged solution. 
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Table 8. Converged solution, Example 7.2, Algorithm Al. 

t X1 X2 x3 U1 U2 

o
 • 

o
 1.2095 1.7904 0.0000 -2.4222 -2.4222 

H
 • 

o
 1-1553 1.5685 0.9143 -2.0213 -2.0213 

0.2 1.1190 1.3849 1.5991 -1.6568 -1.6568 

0.3 1.1011 1.2361 2.1154 -1.3227 -1.3227 

0.4 1.1020 1.1195 2.5115 -1.0138 -1.0138 

in • 
o

 1.1225 1.0327 2.8262 -0.7250 -0.7250 

VO • 
o

 1.1639 0.9740 3.0919 -0.4516 -0.4516 

0.7 1.2275 0.9420 3.3366 -0.1891 -0.1891 

o
 

• 00
 

1.3151 0.9359 3.5865 0.0666 0.0666 

0.9 1.4288 0.9552 3.8675 0.3199 0.3199 

1.0 1.5711 1.0000 4.2076 0.5749 0.5749 

1! • 2076 
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Convergence history, Example 7.3, Algorithm Al. 

N EN k p I 

- 0 - 0.52E+00 1.0000 

4 4 1.0 0.19E-16 0.9752 

4 8 1.0 0.73E-24 0.8861 

3 11 1.0 0.53E-17 0.8686 

3 14 1.0 0.38E-23 0.8652 

2 16 1.0 0.14E-13 0.8645 

2 18 1.0 0.45E-16 0.8643 

2 20 1.0 0.18E-18 0.8643 

2 22 1.0 0.85E-21 0.8643 

2 24 1.0 0.46E-23 0.8643 

1 25 1.0 0.18E-12 0.8643 

1 26 1.0 0.15E-13 0.8643 

1 27 1.0 0.13E-14 0.8643 

1 28 1.0 0.11E-15 0.8643 

1 29 1.0 0.10E-16 0.8643 

1 30 1.0 0.10E-17 0.8643 

1 31 1.0 0.94E-19 0.8643 

1 32 1.0 0.70E-20 0.8643 

1 33 1.0 0.50E-21 0.8643 

1 34 1.0 0.63E-21 0.8643 (*) 

(*) Converged solution. 
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able 10. Convergence history, Example 7.3, Algorithm A2 

Nc N ZN k P I 

0 - 0 - 0.52E+00 1.0000 

1 4 4 1.0 0.19E-16 0.9752 

2 4 8 H
 
O
 

0.73E-24 0.8861 

3 3 11 1.0 0.53E-17 0.8686 

4 3 14 1.0 0.38E-23 0.8652 

5 2 16 1.0 0.14E-13 0.8645 

6 2 18 1.0 0.45E-16 0.8643 

7 2 20 1.0 0.18E-18 0.8643 

8 2 22 1.0 0.85E-21 0.8643 

9 2 24 1.0 0.46E-23 0.8643 

10 1 25 1.0 0.18E-12 0.8643 

11 1 26 1.0 0.15E-13 0.8643 

12 1 27 1.0 0.13E-14 0.8643 

13 1 28 1.0 0.11E-15 0.8643 

14 1 29 

o
 • 

iH 0.10E-16 ,0.8643 

15 1 30 1.0 0.10E-17 0.8643 

16 1 31 1.0 0.94E-19 0.8643 

17 1 32 1.0 0.70E-20 0.8643 

18 1 33 1.0 0.50E-21 0.8643 

19 1 34 1.0 0.63E-21 0.8643(* 

20 1 35 1.0 0.92E-21 0.8643 

(*) Converged solution. 
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11. Convergence history, Example 7.3, Algorithm A3. 

N EN k p I 

- 0 - 0.52E-00 1.0000 

4 4 1.0 0.19E-16 0.9752 

4 8 1.0 0.73E-24 0.8861 

3 11 1.0 0.53E-17 0.8686 

3 14 1.0 0.38E-23 0.8652 

2 16 1.0 0.14E-13 0.8645 

2 18 1.0 0.45E-16 0.8643 

2 20 1.0 0.18E-18 0.8643 

2 22 1.0 0.85E-21 0.8643 

2 24 1.0 0.46E-23 0.8643 

1 25 1.0 0.18E-12 0.8643 

1 26 1.0 0.15E-13 0.8643 

1 27 1.0 0.13E-14 0.8643 

1 28 1.0 O.llE-15 0.8643 

1 29 1.0 0.10E-16 0.8643 

1 30 1.0 0.10E-17 0.9643 

1 31 1.0 0.94E-19 0.8643 

1 32 1.0 0.70E-20 0.8643 

1 33 1.0 0.50E-21 0.8643 

1 34 1.0 0.63E-21 0.8643 (*) 

1 35 1.0. 0.92E-21 0.8643 

(*) Converged solution 
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Table 12. Converged solution, Example 7.3, Algorithm Al. 

t xi X2 X3 U1 U2 

o
 • 

o
 0.0000 0.6481 0.7614 1.6335 1.6335 

H
 • 
o
 0.1312 0.4489 0.8727 1.4197 1.4197 

C
M
 • 
o
 0.2472 0.2964 0.9932 1.2710 1.2710 

0.3 0.3519 0.1773 1.1190 1.1552 1.1552 

0.4 0.4474 0.0857 1.2475 1.0565 1.0565 

in • 
o
 0.5347 0.0183 1.3772 0.9656 0.9656 

0.6 0.6144 -0.0264 1.5065 0.8767 0.8767 

0.7 0.6862 -0.0495 1.6345 0.7856 0.7856 

00 • 
o
 0.7500 -0.0520 1.7602 0.6893 0.6893 

a. 9 0.8052 -0.0349 1.8824 0.5859 . 0.5859 

1.0 0.8511 0.0000 2.0000 0.4750 0.4750 

TTj^ = 0.8643, 1^2 = 0.8643 
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Table 13. Convergence history, Example 7.4, Algorithm A1 

N 
c 

N £N k P I 

0 - 0 - 0.20E+01 0.0000 

1 3 3 1.0 0.25E-13 0.8558 

2 2 5 1.0 0.11E-12 0.8508 

3 2 7 1.0 0.55E-17 0.8500 

4 2 9 1.0 0.46E-21 0.8498 

5 2 11 1.0 0.42E-25 0.8498 

6 2 13 1.0 0.30E-29 0.8497 

7 2 15 1.0 0.65E-31 0.8497 

8 1 16 1.0 0.91E-12 0.849,7 (*) 

(*) Converged solution. 
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Table 14. Convergence history, Example 7.4, Algorithm A2 

N 
c 

N ZN k P I 

0 - 0 - 0.20E+01 0.0000 

1 3 3 1.0 0.25E-13 0.8558 

2 2 5 1.0 0.11E-12 0.8508 

3 2 7 1.0 0.55E-17 0.8500 

4 2 9 1.0 0.46E-21 0.8498 

5 2 11 1.0 0.42E-25 0.8498 

6 2 13 1.0 0.30E-29 0.8497 

7 2 15 1.0 0.65E-31 0.8497 

8 1 16 1.0 0.91E-12 0.8497 ( 

9 1 17 1.0 0.41E-13 0.8497 

9.1 2 19 0.5 0.11E-30 0.8497 

9.2 2 21 0.25 0.65E-31 0.8497 

9.3 2 23 0.125 0.20E-31 0.8497 

9.4 2 25 0.0625 0.42E-31 0.8497 

, (*) Converged solution. 
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Table 15. Convergence history, Example 7.4, Algorithm A3. 

Nc N ZN k P I 

0 - 0 - 0.20E+01 0.0000 

1 3 3 1.0 0.25E-13 0.8558 

2 2 5 1.0 0.11E-12 0.8508 

3 2 7 1.0 0.55E-17 0.8500 

4 2 9 1.0 0.46E-21 0.8498 

5 2 11 1.0 0.42E-25 0.8498 

6 2 13 1.0 0.30E-29 0.8497 

7 2 15 1.0 0.65E-31 0.8497 

8 1 16 1.0 0.91E-12 0.8497 (* 

9 1 17 1.0 0.41E-13 0.8497 

9.1 2 19 0.5 0.11E-30 0.8497 
4 

9.2 2 21 0.25 0.65E-31 0.8497 

9.3 2 23 0.125 0.20E-31 0.8497 

9.4 2 25 0.0625 0.42E-31 0.8497 

(*) Converged solution. 
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Table 16. Converged solution, Example 7.4, Algorithm Al. 

t X1 X2 U1 U2 

o
 • 

o
 1.0000 0.0000 -0.8501 -0.8501 

0.1 0.9198 0.1637 -0.7542 -0.7542 

0.2 0.8489 0.2996 -0.6658 -0.6658 

0.3 0.7864 0.4129 -0.5841 -0.5841 

0.4 0.7318 0.5077 -0.5082 -0.5082 

in • 

o
 0.6846 0.5875 -0.4374 -0.4374 

0.6 0.6442 0.6554 -0.3709 -0.3709 

0.7 0.6103 0.7136 -0.3082 -0.3082 

o
 

• 00
 

0.5825 0.7643 -0.2485 -0.2485 

0.9 0.5605 0.8092 -0.1913 -0.1913 

1.0 0.5441 0.8497 -0.1361 -0.1361 

*1 = 
0.2720, ir, 2 = 0.8497 
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