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ABSTRACT 

There have been recent developments in data-based 

methods for estimating densities nonparametrically. In 

this work we shall compare some methods developed by Scott, 

Duin and Wahba according to their sensitivity, statistical 

accuracy and cost of implementation when applied to 

i 
one-dimensional data sets. We shall illustrate the 

limitations and tradeoffs of each method. The estimates 

obtained by each method will also be compared to the 

maximum likelihood univariate Gaussian estimate. We shall 

also illustrate the application of Duin's method to 

two-dimensional data sets and compare the results to the 

maximum likelihood bivariate Gaussian estimate. 
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CHAPTER 0 INTRODUCTION 

All methods of nonparametric density estimation have 

an underlying fine-tuning parameter which is critical in 

practical usage since this parameter controls the 

smoothness of the resulting estimator. Mathematically the 

parameter controls the tradeoff between the bias and the 

variance of the density estimate. 

The oldest nonparametric density estimator, the 
» 

histogram, usually has a mesh of equally spaced intervals 

throughout the range containing the data points. The width 

of the mesh interval is the parameter which controls the 

smoothness of the histogram. Rosenblatt [5] extended the 

histogram estimator with fixed mesh intervals to a shifted 

histogram which effectively involves shifting the mesh for 

each data point. Parzen [4] extensively analyzed the 

theoretical properties of the kernel density estimator 

which generalized Rosenblatt’s shifted histogram estimator. 

These methods all have the common unsolved problem of 

how to choose the smoothing parameter without knowledge of 

the underlying density function. This has been the basis 

for several studies of which a limited number have recently 

resulted in the development of methods for choosing the 

smoothing parameter based only on the sample data. 

In this work we shall compare three such data-based 

methods which have been developed by Scott, Tapia and 
J 

Thompson [7], Duin [1] and Wahba [10,11] according to their 

1 i 
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sensitivity, statistical accuracy and cost of 

implementation when applied to one-dimensional data sets, 

by performing four Monte Carlo simulations. We shall use 

as the accuracy criterion, for each method, a numerical 

approximation to the integrated mean square error. Since 

in many practical situations the underlying density of the 
i 

data set is assumed to be Gaussian, we shall calculate the 

parametric maximum likelihood Gaussian estimate for each 
r 

simulation and compare the resulting integrated mean 

square errors to those obtained using each of the three 

data-based nonparametric methods. We should expect that 

the nonparametric methods would do worse than the Gaussian 

fit when the true density function is Gaussian and vice 

versa when the true density function is not Gaussian. We 

shall discuss the apparent limitations and tradeoffs of 

each method. 

We shall also illustrate the application of Duin's 

method for two-dimensional data sets and compare the 

estimates to the maximum likelihood bivariate Gaussian 
i 

estimate. Finally an example of the practical application 

of Duin's method for two dimensional data sets in the 

analysis of risk factors in heart disease will be briefly 

discussed . 



CHAPTER 1 BACKGROUND 

We shall consider a random sample {x ,x , ...,xnJ of n 

independent, identically distributed random variables on 

the real line from an unknown density f(x). 

Scott, Tapia and Thompson [7] consider the histogram 

estimate defined by 

(1.1) fR(t) = qj/UUi^-ti)) for t1it<ti+1 'i=0,...m-1 
A 

ffl(t) = 0 for t«[a,b) 

where each of the {x^,...,xn) is assumed to lie in the 

interval (a,b) which is partitioned into the mesh 

ast_<t..<t sb of mesh intervals and q. is the number of 
u » m I 

A. U 

observations falling in the is interval. The width of the 

mesh interval controls the tradeoff between the variance 

and bias. A wide Interval results in a small variance and 

large bias while a narrow interval gives a large variance 

and small bias. 

It is shown that the mean square error defined as 

(1.2) MSE(fR(x)) = E[(fH(x)-f(x))2] 

f 

approaches zero at a rate proportional to n , that is, 

the MSE is of order n-2/3 or 0(n~2/3). 

Rosenblatt's shifted histogram estimator, which can 

be represented as 

3 
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(1.3) f (x) = n"12Îlh„”1wC(x-x. )/h ) n ±- *\ n in 

where w(u) = 1/2 if -1<u<1 and 0 otherwise, and h^, 

dependent on n, is the width of the mesh interval, has MSE 

of 0(n”lt/5). 

Parzen's kernel density estimator is defined as 

(1.4) f (x) = (nh„)_12IlK((x-x. )/h ) n n i n 

where hn> the smoothing parameter to be chosen, is 

dependent on n and satisfies p 

(1) h > 0 n 

(1.5) (2) h -> 0 as n -> n 

(3) nh -> 0 as n -> *° n 

(4) nh 2 -> 0 as n -><*> n 
A 

(2) guarantees unbiasedness of f(x), (3) guarantees 

asymptotic consistency and (4) guarantees uniform 

consistency. 

K(y), the kernel function satisfies 

(1 ) Î |K(y)\ dy < <*» 

(2) sup |K(y)| < 
«•O <y< oo ( 

(1.6) (3) j yK(y)J -> 0 as y -> <*» 

(4) K(y) 2 0 

(5) y K(y)dy s 1 

(6) K(y) = K(-y) 

The parameter hR is chosen (as in most of the 

methods) to minimize the mean square error (1.2) with the 
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result that h^ depends on the sample size n, the kernel and 

the unknown density f(x). 

Methods such as Rosenblatt's and Parzen's are 

theoretical and are impossible or impractical to implement 

since the optimal parameter, which has been computed by 

minimizing the mean square error to find a tradeoff between 

the variance and bias of the estimator, depends on a 

knowledge of the true density being estimated. Rosenblatt 

and Parzen were the developers of these kernel methods and 

their theory has led to the development of more practical 

methods. 

The theory of Fourier series representation of 

periodic functions has also been the basis for the 

development of practical, nonparametric density estimation 

methods. Tarter and Kronmal [9] use this theory to define 

the orthogonal series estimate for the density as 

f(x) = 'ZL fg (x) 
vCM 

where M, a proper subset of the set of integers is the 

. ! 
smoothing parameter to be chosen to minimize the mean 

squared error, {g^} is a set of orthonormal functions and 
A 

f are the sample Fourier coefficients defined by 

fv = n 2Z8V
(X

I) VGM 

j = 1 

In addition, practical methods based on techniques 



e 

involving spline functions and maximum penalized likelihood 

functions have been developed. 

The practical methods can be regarded as being either 

subjective or data-based. Subjective methods can be 

applied to data sets in one or two dimensions. They are 

based on the visual smoothness of some subjective criterion 

function with the degree of smoothness chosen, based on 

personal experience. Graphs of the criterion function are 

plotted for various values of the parameter and the 

parameter giving the desired degree of smoothness is chosen 

as the data-based parameter. The trial and error method 

starts with too large a value for the parameter and this 

value is decreased until the graph of the estimate shows 

instabilities indicating that the parameter has become too 

small. Silverman [8] uses the smoothness of the'second 

derivative of the kernel estimate as his criterion 

function. 

Data-based methods are completely data dependent and 

require no human intervention for the choice of the 

data-based parameter as do the subjective methods. 

Scott, Tapia and Thompson [7] developed an iterative 

algorithm based on the theoretical minimization of the 

integrated mean square error defined as 

oO 

(1.7) IMSE(f(x)) = J^E[f(x) - f(x)]2 dx 

“•© 

to estimate the value of the theoretically optimal 
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parameter. Duin [1] chooses his parameter analagous to 

Fisher's maximum likelihood procedure of parametric density 

estimation with a small modification. Wahba [10,11] makes 

use of a modified Fourier expansion of the density function 

to find a parameter to minimize the discrete approximation 

to the integrated mean square error. These methods are 

less heuristic and have more sound theoretical bases than 

methods such as those developed by Good and Gaskins [2], 

Tarter and Kronmal [9] and Koontz and Fukunaga [3] in which 

the density estimates are obtained by heuristic procedures. 

(1.8) 



CHAPTER 2 THE DATA-BASED METHODS 

In this chapter we shall give a brief outline of the 

theoretical bases from which Scott, Duin and Wahba 

developed their data-based methods. 

Scott*s method f71 

For a random sample |x^,x2 xnJ of independent 

identically distributed absolutely continuous random 

variables on the real line, from an unknown density f(x), 

Scott, Tapia and Thompson consider the kernel estimator 

where hR and K(y) satisfy (1.5) and (1.6) respectively. 

They develop an iterative procedure to estimate the 

theoretically optimal parameter, hn, which minimizes the 

integrated mean square error (1.7). 

We rederive the expression of the error for the 

kernel estimator in a manner more straightforward than 

Parzen's, and easily extendible to higher dimensions. 

We have 

8 
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= J" K(y)[fU0) + yhnf»(x0)+y2hn
2f"(x0)/2 

  ] using Taylor’s expansion 

= f(xQ) + hnf•(xQ) J* yK(y)dy+hn
2f"(x0)^y2 

K(y)dy/2+  

(2.2) = f(x0) + hn
2f"(x0) J'y2K(y)dy/2+0(hn

4) 

A 

Hence the bias of the estimator fn(x) is given by 

(2.3) bias(fn(xQ)) = E[fn(xQ)]-f(x0) 

= hn
2fw(x0)JWy2K(y)dy<'2+0(hn

4) 

Also, 

var(f (x )) = n"1var[h “1K((x-x )/h )] 
no n On 

= n-1E[(h ”1K((x-x )/h )2-E2(h “1 

n on n 

K( ( X-XQ)/h^))] 

= n“1[E(hn"1K((x-xQ)/hn))2]- 

n_1[f2(x0) + ] by (2.2) 

= (nh )-1 PK
2
((X-X )/h )f(x)dx/h n J On n 

+0(n”1) 

s (nh
n)”1J^f(x0+yhn)K2(y)dy+0(n~1) 

(2.4 ) • f(x0><nhn>''jV<y><«yO<n-') 

From the decomposition of the mean square error into 

the variance and squared bias we get 

MSE = E[(fn(x)-f(x))2] 



(2.5) = var(f (x)) + bias2(f (x)) 
n n 

= f(x0)(nhn)"1JV(y)dy+[hn
2f"(x0)j' y2 

K(y)dy/2]2 

-1 4 from (2.4) and (2.3), where the 0(n ) and 0(hn ) terms 

have been dropped. 

Hence the integrated mean square error, IMSE, is 

given by 

(2.6) IMSE = (nhn)‘1 J^K2(y)dy+hn
4/4( Jy2K(y)dy)2 Jf" 

Differentiating the IMSE with respect to h^ and 

setting equal to zero gives an expression for the 

theoretically optimal hn which minimizes the IMSE. 

(IMSE)' )" 

dx 

J>K2(y)dy+hn^(J' y2K(y)dy)2 

0 

Hence 

hn
5( y y2K(y)dy)2 ^f"2dx = n“1J\2(y)dy 

hn
5 = n“1J K2(y)dy(J y2K(y)dy)"2( Jf"2dx)"1 

hn s n_1/5( JlC2(y)dy/( J y2K(y)dy)2)1/5 

(§f"2dx)_1/5 

which we can write as 
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(2.7) h = n"1/5 a(K) b(f) n 

Starting with an initial guess h 0 for h we can use 
n 

(2.7) as the iterative formula 

(2.8) h 
n 
i+1 = n”1/5 a(K) b(fn

A) 

~ i 
where f is the kernel estimate for f based on the n 

n 

samples x4,x_....,x and the value of h obtained in the 

ith iteration. At each iteration Newton's method can be 

applied to obtain a better estimate of h until the 
n 

required degree of accuracy is obtained. 

We also note that since 

var(fn(xQ)) = f(xQ) (nhn)
_1 var(K(y)) + 0(n"1) 

= 0((nhn)"
1) 

and 

bias(f (x )) s 0(h 2) 
no n 

we have 

MSE = var(fn(x0)) + bias2(fn(xQ)) 

= 0((nh )-1) + 0(h„4) n n 

From (2.7) we have h ) and hence for the 
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theoretically optimal h 
n 

(2.9) MSE = 0(n'4/5) 

The iterative formula (2.8), yielding what the 

authors call a "quasi-optimal" hn, was tested by means of 

Monte Carlo simulations for various distributions. In each 

case the quasi-optimal h^ obtained was compared to the 

theoretically optimal hn given by (2.7). 

Duin ♦ s method Ml 

Fisher’s parametric method of maximum likelihood 

density estimation assumes that the random sample 

,2£2 » * * * »in) 
0n œ-dimensional independent identically 

distributed random vectors has a known underlying density 

f(i»lt) completely determined by an unknown parameter vector 

Ü, and proceeds to estimate this parameter JB. 

The likelihood function is defined by 

(2.10) L(jf,i1 ,.. . ,in) = f (i1 ,Jtt) .. .f (*n.Jtt) 

and the value of ü which maximizes 1) is the 

maximum likelihood estimate of j£. Duin’s method is based 

on the theory of maximum likelihood estimation. However, 

since the underlying density of the random sample is 

unknown, he modifies (2.10) by replacing the known 

densities f(ij»ü) at each sample point (j=1,...,n) by 
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the Parzen èstimates, generalized for m-dimensional samples 

with parameter h^®, at each sample point. 

Hence his likelihood function becomes 

A A 

(2.11) Lj,...,in) s f(ij )...f(in) 

where 

(2.12) f(i) = n'1^hn'
m K(JU-jtiU/hn) 

T 

with hn and K(y) satisfying (1.5) and (1.6) respectively 

and \l*l\ is the euclidean norm. 

We will write L1 (j^ ,.. .j£n) as L^h) to indicate its 

dependence on the parameter h which in turn is dependent on 

n, the kernel and the data. 

Substituting (2.12) into (2.11) gives 

L1 ( h) 
n n 

TT n~ h~m K(\\i-i.\\/h) 
j=1 i=1 1 

and we wish to find that value of h which maximizes L^(h). 

Since LjOOOoo as h->0 and for h*° we see that 

L^(h) has an absolute maximum at h=0. This corresponds to 

a density estimate With delta pulses at the sample points 

and zero elsewhere. Since in each term in the product, 

becomes 0 if isj, each term will be infinite at hsO 

causing the maximum at hsO. To avoid this Duin leaves out 



the contribution of the sample point itself in the 

estimated density at that point to get the modified 

likelihood function 

14 

A A 

(2.13) L(h) = f^i^. ..fn(in) 

where 

(2.13) will be maximized for a non-zero value of h to 

Outliers will result in density estimates with large 

parameter values which cause a considerable reduction in 

the value of L(h), thus increasing the value of the 

parameter which maximizes L(h). As Duin points out, 

however, using other criterion functions such as a 

summation instead of a product can lead to more serious 

disadvantages. We have found that using the Gaussian 

kernel for Duin’s method results in parameter values that 

are less sensitive to outliers than kernels with finite 

support. 

For various simulations, using the measure of error 

guarantee a non-zero density estimate for each point JL 
5 

(2.15) 
Vx 
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Duin compares the results obtained using (2.13) with those 

using the method developed by Koontz and Fukunaga in which 

h is defined heuristically as 

(2.16) h = (m"1trC)1/2n-r/m 

A 

where C is the estimated covariance matrix and r is a 

constant satisfying 0<r<0.5i and also with the error in the 

parametric maximum likelihood estimate of f(x). 

Wahba * s method MO. 111 

Wahba's method differs from the two methods given 

above in that it does not use the kernel estimator to 

estimate the density function f(x), but instead expresses 

f(x) as the Fourier series expansion 

(2.17) f(x) = SIf g <x) N = {  -1*0,1,  } 
vCN v v 

» 

where {g } is a set of orthonormal functions and f are the v v 

Fourier coefficients of f(x) defined by 

OO 

(2.18) fy = J gy(t)f(t)dt 
— o* 

For a random sample {x^,x^,...,x^} of n independent 

identically distributed random variables from the unknown 

density f(x), the orthogonal series estimate for f(x) is 

given by 



16 

(2.19) f(x) = ZZfygy(x) 
vGM 

where M is a proper subset of N and fy, the sample Fourier 

coefficients are defined by 

For this density estimate, the smoothing parameter is 

M, the set determining the number of Fourier terms to be 

included. If the number of elements contained in M is 

small, the estimate will have a small variance and large 

bias and be overly smooth, and if it is large, the variance 

will be large and the bias small and the estimate will be 

too rough. Tarter and Kronmal [9] discuss the choice of 

the parameter M to minimize the integrated mean square 

error 

Both they and. Wahba assume for convenience that the 

support of f is finite and is contained in the unit 

interval [0,1]. (If x is defined over any finite range 

[a,b], the transformation zs(x-a)/(b-a) will give z defined 

over [0,1]). Limiting the density function to those with 

finite support is not serious since, in practice, observed 

data falls within a finite range and we usually do not 

(2.20) vGM 

(2.21) IMSE 
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attempt to estimate nonparametrically a probability density 

much beyond the range of the observed data. Hence {gy} is 

restricted to be a set of L^CO,!] orthonormal functions. 

Wahba defines the sample inverse Fourier transform of 

f(t) by 

n * 
(2.22) f(t) = f K (t) 

" v=0 

with 

* _ i n 

(2.23) f = n 2üg (x.) v=1,...,n 
j = 1 J 

A 

f s f s 1 
0 0 

and shows that fR(t) is an asymptotically unbiased and 

consistent estimator of f(t). 

Regarding density estimation as a problem in 

recovering a smooth curve from noisy data, Wahba proceeds 

by considering the approximate model 

(2.24) f (t) = f(t) + e(t) 
n 

for f (t) where 
n 

E[e(i/n)] s 0 

E[e(i/n)e(j/n)] = f(i/n) i=j 

= 0 i/J 
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and obtains the density estimate 

(2.25) f (t) a (Qt (t),...,Q (t))(Q +npl)”'y 
»P li n 

-1 

where 

(2.26) (a) Q(s,t) = 
v=0 

Pvgv(s)gy(t) 

({py} and {gyî are the eigenvalues and 

eigenfunctions of the Hilbert-Schmidt operator 

with reproducing kernel Q.) 

(b) Q. (t) = Q(t.,t) 
zi 1 

(c) [Qn]u . 

tj^ai/n ia1,.. . ,n 

(2.27) (d) y a (f (l/n),f (2/n),...,f (n/n)) 
n n n 

(e) p is the smoothing parameter to be chosen by 

the method of generalized cross-validation 

discussed below. 

It is shown using (a) that (2.25) can be approximated 

by 

(2.28) 
n * 

n »P j 

(t.) = 1 + ZLf„g„<t,)/(1+p/p„) 
V = 1 V° V 

where 

n-1 

f„ = n-'zre»'1!1 *1 
iaO 

(2.29) 
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The method of generalized cross-validation T101 

The optimal value of the parameter p is defined as 

• « 
being that value, say, p = p (n,f) which minimizes the 

approximate integrated mean square error 

(2.30) E[n 
-1 

n 

J = 1 
(f (t.)-f(t.)) 

n ,p J i VJ/n 

It has been observed that an estimate psp(x ,...,x^) 

of p approximates the minimizer of 

(2.31) T(p) * n 
-1 

n 

j = 1 
(f (t.)-f(t.)) n ,p J j 

better than it estimates the minimizer of the discrete 

approximation to the IMSE 

(2.32) E[n 
-1 

n 

j = 1 

(f (t.)-f(t.))2], 
n,P j j 

Let 

(2.33) A(p) = Q (Q +npl)“1 (Q defined as in (c)) n n n 

(2.34) V(p) = n”1|| (I-A(p))y||n
2/[n"1Tr(I-A(p) )]2 

where II'II» is the Euclidean n-space norm. 
Then Wahba has shown that the p which minimizes V(p) 

A 

is the estimate p which approximates the minimizer of T(p). 

«% 
p is called the generalized cross-validation (GCV) estimate 
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of p. It is further shown that (2.34) can be approximated 

by 

(2.35) V(p) = ^.Cp2|f„\2/(p +p)2]/[n"12Ip/(p + p)J2 

v=1 vTi v 

A 

where f is defined as in (2.20). 

In a later work [11] Wahba considers the measure of 

error 

(2.36) T (p) = J\f (t)-f(t))2dt 
n n n »P 

where in this case it is assumed that gy=g y and, denoting 

n/2 
> by ^ , we have 
v=-n/2 * 
v^O 

(2.37) f (t) = 1 + 2-f g (t)/( 1+p/p ) n,p v v 

and 

-1 
n 

f = n '^_g(x ) 
j = 1 J 

©O 

(2.38) f(t) = 1+2- fygv(t) 
v= — 
v*0 

0 
dt 

Substituting (2.37) and (2.38) into (2.36) gives 
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Tn(p) » r«f(PT/(pT.p)VV.T<t,-2Lf 
o * \vl>n/2 

where p has been incorporated into p. Hence 

I„(p) = fl;,V(Vp)-rfP ‘Zlkl' 
* \vf>n/2 

since {g^} is an L^tOpI] set of orthonormal functions. 

Hence the integrated mean squared error, ET (p) can 
n 

be written as 

ETn(p) = E[Z1 | fvPy/(Pv+p) - fvPv/(Pv+P> 

♦ fvp,/(pv-p) - f,|2 ♦ 2I |fT|2] 
|v|>n/2 

(2.39) ^(Pv/(Pv+p))
2E|fv-fv|

2 + 21 (p/(pv+p) 

If 12 
lfvl 

V ' V 

2 
V 1 

lvl>n/2 

* -iJL r1 

since E[fy] = E[n 'STg^Xj)] = J gy(t)f(t)dt = fy . 

We also have 

EClfv-
f
vl
2] S Etlfvl

2] - \f„|2 

where 
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Etlf I2] = E[U"12lgv(x1)l
2] 

j = 1 J 

= E[n"221 21 g (xJg *(x )] 
j=1 k=1 V J V K 

= nn-2J"|gy(u)| 2f(u)du 

+ (n2-n)n~2 J* gy(u)f(u)du ^gy* ( u) f ( u) du 

(2.40) a n"1 + (n-1)n“1 \fy\
2 

Hence 

and substituting into (2.39) gives 

ETn(p) 

(2.41) ET (p) 
n 

r 

« 
+ n 

(Py/(py+p))2n'1(1-\fyl
2) 

22 (p/(p +p))\f l2 + Z. \ryl
2 

* Wt>n/2 

{(p/(Pv+p))2-n-1(py/(py+p))2}\f 

“12L(p /(p +p))2 

» v V W^n/2 

2 

Considering the last summation with pys(2TW) -4 Wahba 

shows that 

|fv|
2 i (TTn)"4Z(2TTv)4lf \ 

|vï>n/2 
i. Q2(TTn) 

»vl^n/2 

where 
0 

(f"(t))2dt<o« and hence 
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(2.42) ZI |f I2 = 0(n*4) 
\v(>n/2v 

An approximation to T (p) is defined by 
n 

(2.43) Tn(p) = n(n-1)"1Z {(p/(pv+p))
2-n"1(pv/(pv+p))

2} 

\fy|
2
+(n-1 )"

1 Z{(pv/(pï+p))
2.(p/(pï+p))

2) 

and taking expectations gives 

ETn(p) = n(n-1)"1Z1{(p/(py+p))
2-n’1(pv/(pv+p))

2} 

{n"1 + (n-1)n"Mfv l
2> 

+ (n-1)“1 ((P /(p +p))2-(p/(p +p))2) 
„ V V V 

(by (2.40)) 

= Ç {(p/(pv+p))
2-n_1(pv/(pv+p))

2} \fv\
2 

+ n"1Zl (PV/(PV+P))
2 

= ET ( p) - 2Zlf l2 (by (2.41)) 
n \vl>n/2v 

Hence 

ETn(p) = ETn(p) + 0( n”1* ) (by (2.42)) 

Hence Wahba has shown that the integrated mean 

square error ET (p) can be decomposed into the sum of two 
n 

A 

terms. The first term ET(p) is the average value of a 

function depending only on the data and p and the second 

term» involving the true density, goes to zero as n-1*. So 

the approximation to the integrated mean square error can 
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be easily calculated since it depends on the data which is 

known and the parameter p, and differs on the average from 

_4 
the true value of the IMSE by a term of order n . It is 

also shown that if p=0(n”4/5) then ETn(p)sO(n”
4/5). 

The method using V(p) defined in (2.35) was tested by 

Wahba on data sets obtained by generating pseudo-random 

numbers distributed according to a mixture of beta 

densities with 
) 

aft 

Q(s,t) = Pvgv(s)gy*(t) 

(2.44) gy(s) 
s exp(2TTivs) v = 0 , +.1 , ±2 ,.. . 

py = (2TVv)’4 v = + 1.+2  

The densities f were such that f and f’ were 

continuous, fGLg, f(0) = f(1), f*(0)sf*(i). 

Assuming n to be even, the estimates were used in the 

form 

(2.45) 

(2.46) 
-1 

n/2 

Vs 1 
n/2 - 

n h 

f = 1 + 2I {(22lcos2TVv(x -t))/(n+n(2TSv) p)} 
n,P Vs1 j=l J 

V(p) = {2n_,^| fv|
2/(pv+p)

2}/{2n'12I 1/(PV+P))‘ 
n/2 

Vs 1 Vs 1 

where 

n“122 exp(-2TTivx ) 2 

j = 1 J 

n n 

fn-1T cos2TTvx1)
2+(n“1ZI3in2TTYXJ) 

js1 J*1 
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1/3 
(2.M6) was minimized by computing V(p) at p=10J for 

values of j from -21 to 3 and determining the global 
A 

minimizer p by inspection. 
A 

No examples of simulated runs using T(p) were 
A 

presented, but Uahba points out that since T(p) is an 

estimate of T(p) whereas V(p) estimates an approximation to 
A 

T(p), the results using T(p) should be at least as good if 
A 

not better than thbse using V(p) i.e. the minimizer of T(p) 

will result in the same or a better density estimator than 

the minimizer of V(p). 

Attempting to estimate a density outside the range of 

the data using this method results in Gibb's phenomena - 

oscillations outside the range. 

In her later work [11], Wahba extends the theory to 

the estimation of densities with support on some arbitrary 

index set S, such as the real line. The proofs and 

formulae are similar but slightly more complicated. For 

this case the orthonormal functions {gy} (v=1,2,...) are 

required to be a complete orthonormal sequence in l^CS). 

For density functions defined on the real line Wahba 

suggests using the Hermite functions for {gyÎ but no 

experimental results were given. Since these formulae are 

more complex than those for density functions defined on 

[0,1] we chose to transform the data to lie within the 

interval [0,1] and use the simpler formulae. 



CHAPTER 3 EXPERIMENTAL RESULTS 

It may happen that for a particular data set the 

range on which this data set is defined is large due to 

some extreme outliers. In this case the transformation of 

the data to enable application of Wahba's method will lead 

to a concentration of data points within a very small 

interval about the median of the transformed data. Since 

this interval contains so many data points, it may be too 

narrow to support an accurate Fourier series representation 

of the estimated density. 
* <*5 

To test the behaviour of Wahba's estimate for 

increasing ranges of the data set we generated a 
i 

pseudo-random data set {x„,...,x } from a standard normal 

distribution, N(0,1), and transformed the data to lie in 

[0,1] by the transformation 

(3.1) zj • axj+b j*1f...,n 

for various values of the parameters a and b. 

The resulting densities were estimated and then 

graphically compared to those density estimates obtained 

using Scott's and Duin's methods on the same transformed 

data sets. 

Figures 1 and 2 show the superimposed density 

estimates with the true density for a data set of 20 N(0,1) 

points transformed by (3.1) with parameters as1/6, b=1/2 

i 

26 
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FIGURE 1 
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FIGURE 2 DENSITY ESTIMATES OF 20 N(1/2, 1/144) DATA 
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and a=1/12, b=1/2 respectively. 

Figure 3 shows the estimated densities of a 

psuedo-random sample of 100 N(0,1) data points transformed 

by (3.1) with parameters a=1/8, b=1/2, together with the 

true density N(1/2,1/82). 

Figure 4 shows Wahba's estimate for the same 100 

sample data set transformed by (3.1) with parameters 

a=1/12, b = 1/4 with the true density N(1/4,1/122). 

In all cases we notice that over the range containing 

the observed data, the estimate is graphically comparable 

to the estimates obtained by the other methods. Attempting 

to estimate the density outside the range of observed data 

(but within the interval [0,1]) led to Gibb's phenomena - 

oscillations about the line f(x)s0. Since we are not 

usually concerned with the density estimate outside the 

range of the data, this justifies the assumption of 

restricting attention to density functions with finite 

support. 

Sensitivity Analysis 

To examine the effect of outliers on the results 

given by each method, we considered a fixed data set 

{x.,x_,...,x } consisting of 25 pseudo-random N(0,1) data 
12 n 

S D points, computed the smoothing parameters, h__ , h0_ and 
do do 

p for Scott's, Duin's and Wahba's methods respectively, 
25 

for this data set and then added a 26th point, *26’ 

values ranging from -7 to 7 and computed the parameters 
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FIGURE 3 DENSITY ESTIMATES OF 100 N(1/2, 1/64) DATA 

POINTS WITH TRUE DENSITY 

N = 100 
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FIGURE 4 WAHBA’S ESTIMATE OF 100 DATA POINTS WITH 

TRUE DENSITY N(l/4, 1/144) 

N = 100 

f   
 p = . 215E-5 
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S D 
hg6 , h.pg and p^g using each of the three methods on each 

26 sample data set in turn. 

For Scott's and Duin's methods we used the Gaussian 

kernel i.e. 

K(x) = (2 )"1/2exp(-x2/2) - °*» <x<°® 

For Wahba's method we transformed the data using 

(3-1) with a=1/l4 and b=1/2. (The scaling parameter 14 

ensures that the extreme values -7 and 7 of x_c are mapped 
26 

onto the boundary points 0 and 1 of the interval [0,1], 

thus ensuring that all the transformed values of the extra 

data point will lie within [0,1].) 

Since our computations for Wahba's method require 

i 
that the sample size n be even, we chose to omit a random 

data point in the case where n was odd rather than 

increasing the sample size so that the smoothing parameter 

is biased to be too large rather than too small. Thus the 

unappended Wahba smoothing parameter, p.„, is based on 24 

of the 25 original points, but all 25 were used as a basis 

for adding the 26th "outlying" point. ' 

A plot of the smoothing parameters given by each 

method over the range of values for the added point is 

S D shown in Figure 5. Also shown are h__ ,h__ and‘p . , the 
25 25 24 

î 
parameters for the original data set. We observe the 

following : 

Scott's method is insensitive to outliers. There are 
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FIGURE 5 SENSITIVITY CURVE SHOWING CHANGES IN DATA- 

BASED PARAMETER WITH THE INCREASING DISTANCE 

OF A DATA POINT X FROM THE MEAN OF THE UNDER¬ 

LYING DISTRIBUTION N(0,1) 

-7 0.0 7 
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S s small variations in h2g about h2^ for values of about 

zero (the mean of the underlying density), but the 

s s 
parameter value h„, stabilizes to h„_ as x„, falls 

26 25 2b 

further from zero. 

fluids method is highly sensitive to outliers. The 

value of h„,^ increases rapidly as the added point falls 

further from zero. Examination of the original data set 

showed a data point at -2.5, which can be regarded as an 

outlier. The dip in the graph indicates that the unlikely 

event of a repeated outlier sharply reduces the value of 

Duin's choice of the smoothing parameter h26^* F°r va^ues 

of xoC near zero, variations in h_,
D about h.^D are small. 

2b 2b 25 

Wahba's method is fairly insensitive to outliers 
» 

outside the sample range, with oscillations in p occurring 
r 

for values of the additional data point near zero. Towards 

the boundaries of the interval, the oscillations diminish 

with p2g stabilizing to P2l|. So in this case extreme 

outliers do not influence the smoothing parameter. 

The sensitivity of Duin's method to outliers led us 

to examine the effect on the density estimates when 

outliers were removed from the data set. To do this we 

eliminated the two smallest points and the two largest 

points from the data set of 25 points. ' 

s 1 

Scott’s method gave parameters h0_ =.662 arid 
25 

S h ^ s.625 for 25 and 21 points respectively, confirming its 

t 
insensitivity to outliers. 

r\ 3 
Duin's method gave the paramaters h__ws.58 and 25 
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n A * 

h21 =.2. The estimates f*25(.58) and f21(.2) corresponding 

to the 25 and 21 point data sets respectively were 

calculated at various points and plotted together with the 
* 

original density f in Figure 6. We see that f__(.58) is a 
do 

A 

good estimate of f, but the oscillations in f2^(.2) 

indicate that h2 ®*.2 is too small, thus suggesting that 

although Duin's method is sensitive to "bad" outliers, it 
% 

needs "good" outliers to give a parameter value leading to 

a good estimator. Too many outliers will result in h D 
n 

being too large while too few will result in h D being too 
n 

small. Since there is no way of distinguishing the "good" 

outliers from the "bad1’, it seems that the most reasonable 

approach is to use the random data set in its original 

form. This is encouraging since Duin's method is the most 

easily extendible to data sets consisting of 2-dimensional 

random vectors. 
< 

Transforming the standard normal data using (3.1) 
« 

with parameters a=1/!4 and b=1/2 and applying Wahba's 

<! _E 

method, resulted in data-based parameters of p^a.562x10 

and p20=.825x10'
5. With aa1/8 and bs1/2 the parameters 

obtained were p^a.681x10 and p2Qa.825x10 . Figure 7 

shows a plot of the estimates for the latter distribution 

with the true density. We notice that there is very little 

difference in the estimates confirming that Wahba's method 

is insensitive to outliers. 

While experimenting with Wahba's T-criterion and 

V-criterion we observed that for small sample sizes there 
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FIGURE 6 DUIN'S ESTIMATES OF 25 AND 21 DATA POINTS 

WITH TRUE DENSITY N(0,1) 

.. f 

~ £(.2) N = 21 
- £(.58) N = 25 

-3 0.0 3 x 
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FIGURE 7 WAHBA'S ESTIMATES FOR 25 AND 21 DATA POINTS 

WITH TRUE DENSITY N(l/2, 1/64) 

+" 
0.0 0.5 1.0 x 
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existed pseudo-random data sets which resulted in either 
A 

T(p) or V(p) or both having a local minimum in addition to 

the global minimum. An example of this phenomenon was 

obtained using a psuedo-random sample of 25 data points 

generated from the standard normal distribution and 

transformed using (3.1) with a=1/14 and b=1/2. In this 

case T(p) had both a local and a global minimum while V(p) 

had only a global minimum. The estimate f obtained 
n ,p 

using the global minimizer of T(p) showed oscillatory 

behavior, while that obtained using the local minimizer of 
A 

T(p), which was of the same order but slightly smaller than 

the minimizer of V(p), was smooth. An examination of plots 

of these estimates with the true density, shown in Figure 

8, suggests that the best estimate is that obtained using 
A 

the local minimizer of T(p), This estimate attempts to 

minimize the variance while the estimate obtained from the 
A 

global minimizer of T(p) attempts to minimize the bias. 

For larger values of n (n2.50) this was not observed and 

both criterion functions showed no local minima and also 

showed the global minima occuring at approximately the same 

value of p. Theoretically this is due to the fact that the 

accuracy is increased with an increase in the number of 

Fourier terms which depends on the sample size. However, 

whatever the cause of both local and global minima 

occurring in the criterion functions, the minimizing 

parameter must be chosen with caution when the sample size 

is small. It seems unlikely that proofs could be developed 
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FIGURE 8 WAHBA'S ESTIMATES USING GLOBAL AND LOCAL 

MINIMIZERS OF T(p) AND MINIMIZERS OF V(p) 

BASED ON 25 DATA POINTS WITH TRUE DENSITY 

N(1/2, 1/196) 

N = 25 

f  

l.'O 

.147E-7 

.562E-5 

4 

015 X 



40 

to give conditions under which both T(p) and V(p) have no 

local minima. 

Since Wahba has experimented with the V-criterion 

with good results and we will be working with fairly large 

sample sizes, we have chosen to use the V-criterion rather 

than the T-criterion in the Monte Carlo simulations. 



CHAPTER 4 STATISTICAL ACCURACY 

To compare the statistical accuracy of the data-based 

methods, we performed four Monte Carlo simulations, each 

with 25 repetitions. We used the standard normal density 

and a mixture of normal densities each with 50 and 100 data 

points for a total of four cases. 

For each pseudo-random data set we calculated the 

density estimates using the following methods: 

(1) Scott's method with the Gaussian kernel. 

(2) Duin's method with the Gaussian kernel. 

(3) Wahba's method using the functions and formulae defined 

by (2.44) through (2.46). In the simulations using the 

normal density i.e. the unimodal data, we scaled the 

data using the transformation (3.1) with as1/6 and 

b=1/2, and in those using the mixture of normal 

densities i.e. the bimodal data, we used a=1/10 and 

b=1/2. 

(4) Parametric maximum likelihood technique for à unimodal 

Gaussian fit. 

To compare the estimates we approximated the 

integrated mean square error 

(4.1) IMSE 

which, by Fubini's theorem, can be written as 

41 
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(4.2) IMSE 

by using a numerical integration technique to compute 

for each sample, and then averaging over the samples for 

each of the four density estimates. 

Using (2.7) we calculated the theoretically optimal 

values of hn and the corresponding theoretical IMSE given 

data-based parameters for each method with the 

theoretically optimal h values. (E-m is used to denote 

Table II gives the IMSE’s of the densities obtained 

from the three data-based methods, the maximum likelihood 

Gaussian fit and (2.6). 

For some data sets, Scott’s method does not converge 

to a non-zero value of hn, i.e. the iterative algorithm 

attempts to get hn sO as the data-based parameter. We call 

this a "degenerate" case and when it occurred the 

particular data set was excluded from further analysis. 

Cases in which Duin's or Wahba's methods result in 

data-based parameters on the boundary of the chosen search 

mesh are also labelled as "degenerated" and are omitted 
» 

from further analysis. These cases could be eliminated by 

by (2.6) 

Table I shows the Monte Carlo results for the 

n 
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Table I Data-based Parameters for Monte Carlo Simulations 
(25 samples for each row) 

Bensiil Sample Method P.eften- Mean Standard Theoret' 
Size erate 

cases 
Deviation iaal-h 

Scott 2 .43 .13 
N( 0,1 ) 50 Duin 0 .47 .15 .48 

Wahba 1 . 7E-4 .54E-5 

0.5 x Scott 1 .64 .22 
[N(-1.5,1) 50 Duin 0 .64 . 17 .66 
+N(1.5,1)] Wahba 1 . 41E- 4 .42E-4 

Scott 0 • 38 .09 
N(0,1 ) 100 Duin 0 . 40 . 11 .42 

Wahba 0 . 44E- 4 .29E-4 

0.5 x Scott 1 .50 . 16 
[N(-1.5,1) 100 Duin 0 .58 .09 .58 
+ N(1.5,1 )] Wahba 0 . 28E- 4 .31E-4 

yafrlg.II IMSE* s_for Monte Carlo Simulations 
(25 samples for each row) 

Density Sample Degen- Mean Standard lË.eor.e^- 
size ical 

cases IMSE 

Scott 2 .0158 .0110 
N ( 0,1 ) 50 Duin 0 .0130 .0103 .0146 

Wahba 1 .0132 .0115 
Guassian 0 .0042 .0036 

0.5 x Scott 1 ,0113 .0042 
[N(-1 .5,1) 50 Duin 0 .0104 .0045 , .0106 
+N(1.5,1 )] Wahba 1 .0116 .0047 

Gaussian 0 .0189 .0072 ‘ 

Scott 0 .0074 .0054 
N(0,1 ) 100 Duin 0 .0070 .0056 .0084 

Wahba 0 .0071 .0067 
Gaussian 0 .0028 .0031 

0.5 x Scott 1 .0073 .0040 
[N(-1 .5,1 ) 100 Duin 0 .0056 .0030 .0061 
+N(1.5,1 )] Wahba 0 .0069 .0035 

Gaussian 0 .0169 .0023 
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increasing the range over which we searched for the unknown 

parameter, but this would result in an increase in cost 

which does not seem justified by the small number of cases 

for which it is required. 

As expected the Gaussian fit does better (in the 

integrated mean square error sense) than the other methods 

when the data is normal and worse otherwise. 

We observe that for the three data-based methods, 

Duin's method resulted in the smallest average ISE in all 

four cases. For the first three densities, however, the 
« 

difference between the IMSE's is not statistically 

significant, but for the fourth density 

0.5x[N(-1.5,1)+N(1.5,1)], Duin's IMSE is significantly 

lower than both Scott's and Wahba's IMSE's. (Respective 

T-values are 3.26 with p=.005 and 2.59 with ps.01). This 

confirms Duin's conclusion that his method gives good 

results in multimodal situations, although an outlier can 

be regarded as a bimodal case with a small second mode. 

Since in most practical situations the form of the 

density is not known, the results suggest that Duin's 

method is the most statistically accurate. However, it is 

very sensitive to outliers which occur more frequently in 

"real" as opposed to "nice" pseudo-random data sets. 

Wahba's and Scott's methods have comparable 

accuracies and comparable sensitivities to outliers than is 

Scott's method. However, for reasons still unknown, 

Scott's method does show degeneracy in some cases and in 
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those cases an alternative method would have to be used. 



CHAPTER 5 COST ANALYSIS 

Since in most experimental situations the cost of 

implementing various methods greatly influences which 

method will be used, we measured the computing time 

required on the DEC PDP-10 machine for execution of each 

stage in each method for various sample sizes. 

For sample sizes of ns 10,25,50,100,200 we generated 

sets of pseudo-random numbers from a standard normal 

' ! 
distribution and applied each method to each data set. 

In Scott's method iterations were terminated when the 

difference between two successive values of the parameter 

-5 • 
was less than 10 . In both Duin's and Wahba's methods a 

line search was used to optimize the criterion functions 

1/12 with parameters calculated to an accuracy of .01 and 10 

respectively. 

Table III shows the time, in milliseconds, ’required 

for execution of each stage. Of course, the time required 

for the calculation of the maximum likelihood estimate was 

negligible compared with, the times required for the other 

estimates. 

Figure 9 shows a plot of the sample size n against 

the total runtime and parameter estimation time on log^ 

scales for each data-based method. We notice almost linear 

relationships between log(n) and log(t) with the slopes 

increasing slightly (especially in the total runtime for 

Scott's method and the parameter estimation time for 

46 
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FIGURE 9 SAMPLE SIZE N AGAINST TOTAL RUNTIMES AND 

PARAMETER ESTIMATION TIMES (LOG^Q SCALE) 

PARAMETER 
ESTIMATION TOTAL 
   ——*   Scott's Method 
    — — ' — Duin's Method 

LOG1() (N) 
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Wahba's method) as n increases. 

Table III Runtimes (milliseconds) 

Staee \ n JJL 25 5SL znsi 

Calculation of 
Mean, Variance 28 35 39 47 56 

Calculation of 
Maximum Likeli¬ 
hood Estimate 

34 21 28 22 

i 

14 

Scott’s *h S 84 467 1759 10978 42630 
Method f n 

n 176 416 584 63? 1781 

Total 260 885 2343 11610 4441 1 

Duin’s «h D 669 4584 16731 
-> 

70844 278947 
Method fn11 180 340 528 953 2187 

Total 879 4924 17259 71797 
t •* 

281134 

Wahba’s p 84 291 797 3204 12559 
Method f n 

n ,p 457 2881 10720 49665 208584 

Total 541 3172 10799 5286SJ 221143 

Fitting a straight line to each set of points gives 

the relationship 

i 

log(t) = slog(n) + r 

. 4_r s 
or t = 10 n 

The estimates for s (slope) and r (intercept) for 

each case are shown in Table IV. 
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Table IV 

Method Parameter estimation Total time 
time 

n s r n s r 

Scott 10i.ni.200 2.12 -3.25 10i.ni.50 1.37 -1.96 
50i.ni.200 2.13 -3.24 

Duin 10i.ni.200 2.00 -2.16 10ini200 1.93 -2.01 

Wahba 10.ini.50 1.39 -2.48 10ini200 2.01 -2.31 
50i.ni.200 2.00 -3.50 

We notice that with the exception of the total time 

for Scott 's method and the parameter estimation time for 

Wahba's method for small sample sizes , the rates of 

increase of the runtimes and hence the costs, with n, are 

negligibly different for each of the methods, with time 

increasing approximately with the square of n (slope=2 in 

all cases). 

We also notice that although Wahba's method is the 
' t 

most economical in computing the parameter estimate, the 

corresponding density estimate is so complex that the total 

time required is greatly increased. From the graph it is 

obvious that Scott's method is the most economical, while 

Duin's method is the most expensive, taking approximately 6 

times longer than Scott's method. 



CHAPTER 6 EXTENSION OF DUIN'S METHOD TO TWO DIMENSIONS 

It is fortunate that Duin's method is the most 

accurate since it is the most easily extendible to two 

dimensional data sets. 

To illustrate density estimation in two dimensions we 

applied Duin's method for 2-dimensional random vectors to 

data sets of size ns100 generated from the following two 

bivariate Gaussian densities: 

(6.1) f(x,y) = exp{-(x2+y2)/2}/2TT 

(6.2) f(x,y) = exp{-(x2-2rxy+y2)/2(1-r2)ï/2TV(1-r2)1/2 

[r=0.8] 

In both cases we have mean(x)smean(y)sO and 
i 

var(x)=var(y)=1. 

For these simulations we used the Scott kernel 
* 

defined by 

(6.3) K(x) = ( 15/16 )( 1-x2)2 -Hxi.1 

s 0 elsewhere 

in each dimension, and used the so-called bivariâte product 

kernel estimator of f(x,y) 

n 

(6.4) f(x,y) (nhxhy) 
“1^K((x-xi)/hx)K((y-yi)/hy) 

is 1 

50 
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where hx and represent the smoothing parameters in the x 

and y directions respectively and K(x) is defined as in 

(6.3). 

We define the reduced kernel estimator as 

A . n 
f,(x,y) * (nh h )" ^K((x-x.)/h)K((y-y.)/h) 
J x y i s 1 xx xy 

and Duin's 2-dimensional criterion function becomes 

L(h ,h ) x y 

We want to find those values of h and h which 
x y 

maximize L(h ,h )« To do this we calculated L(h ,h ) for 
x y x y 

varying values of h and h within a preselected 
x y 

rectangular range and by inspection found the optimal 

(h ,h ) to an accuracy of .05. Using Simpson's rule we 
x y 

calulated the IMSE of the estimated density and compared it 

to the IMSE obtained using the maximum likelihood Gaussian 

estimate. The results are shown in Table V. J 

As expected the maximum likelihood Gaussian fit gives 

a better estimate than Duin’s method. The IMSE's resulting 

from the nonparametric method, however, are not 

unreasonably large. 

We also observe that on the average Duin’s estimator 

I 
is more accurate for uncorrelated data than it is for 

highly correlated data. 
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Table V Data-based Parameters and IMSE*s for 100-sample 
2-dimenslonal Data Sets 

(10 samples for each density) 

Density i iv IMSE(Puinl IMgBiMaExLik) x y 

f(x.y) Mean Sl.d,. 
P.e.vA 

Mean gJLsL. Mean 
Dev. 

Mean ?td. 
Dev» 

(6.1) 1.39 0.37 1.27 0.29 .0041 .0023 .0017 .0009 

(6.2) 1.14 
O
 •
 

o
 O

 
•
 

V
O
 

0.23 .0161 .0052 .0028 .0015 

For nsl0,20,40 we recorded the runtimes, in 

milliseconds, for Duin's method in 2 dimensions. The 

results are given in Table VI. 

lâkl&JLI jRuntiroes for Duin's Method in 2 Dimensions 

H Parameter Estimation Density Estimate Total 

10 2241 224 2465 
20 7151 236 7387 
40 24275 614 24889 

Again we see that the time and hence the cost 

Increases approximately with the square of the*sample size. 

We also observe, as expected, that estimating the 

data-based parameters independently in each dimension 

doubles the time it would have taken if we had assumed the 

î 

two parameters to be equal. However, choosing h =h is 
x y 

inadequate for practical situations. 

Scott [6] has applied this method in the analysis of 
:) 

risk factors in heart disease in which he calculated the 

i 
kernel estimator for the bivariate probability density of 

cholesterol and triglyceride levels in the presence of 
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certain risk factors such as blood-vessel occlusions, age, 

history of hypertension and smoking. 

For a certain case in which the estimated bivariate 

density of cholesterol and triglyceride levels was bimodal, 

the smoothing parameters in each direction, h_„T and h_„_ 
l/HL THU 

were estimated using both Duin's method and the subjective 

trial and error method. A comparison of the resulting 
V 

parameters showed that they matched well in both" 

directions. 



CHAPTER 7 SUMMARY AND CONCLUSIONS 

We have seen that each of the methods has certain 

limitations and advantages over the other methods. 

Scott*s method has the advantages that it is 

insensitive to outliers and is the most economical to 

implement. It is, however, on the average, less accurate 

than Duin's method and for some data sets shows degenerate 

behavior in which the algorithm does not converge to a 

non-zero value of the smoothing parameter. It is based on 
,, ,4 

the theoretical minimization of the integrated mean square 

error and has good asymptotic properties, with the sample 

.11/5 
IMSE going to zero as n . 

Duin* s method shows the highest degree of accuracy 

* 

but unfortunately at the greatest expense. It is also very 

sensitive to outliers but nevertheless works well on data 

sets with "good" outliers. We also saw that this method is 

easily extended to be applied to higher dimensional data 

sets. It is based on a good parametric density estimation 

technique, but no properties or convergence rates have been 

determined in the present application. 

Wahba* s method has the most theoretically Sound basis 

of expressing the density as a Fourier series and 

decomposing the theoretical IMSE into a term depending only 

on the data and the smoothing parameter and an error 

term which goes to zero as n-1*. jt is possibly the most 
4 

accurate for data sets known to have underlying densities 
I 
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with finite support since a kernel estimator may’ 

overestimate the support of the density. The leVel of 

accuracy is comparable to that of Scott’s method but the 

cost of implementation is higher. It is, however, cheaper 

to use than Duin’s method. Since for small sample sizes 

the criterion functions may exhibit local minima,' Hahba's 
f 

method must be used with caution for these samples. 

We cannot conclude that one of the methods is "best". 

The situation will determine which method should be used, 

with the choice depending on the required degree of 

accuracy and the available budget. 
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