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Abstract 

Representations of 

Low Dimensional Manifolds 

As Branched Coverings of Spheres 

by 

- David M. Austin 

We show that any 2- or 3- dimensional manifold is a 

branched covering of the sphere branched over a universal 

branching set. Using the associated unbranched covering, 

we show that there is a one-to-one correspondence between 

these branched coverings and pairs of permutations. In 

particular, this gives a means of studying manifolds. The 

goal of this work is to determine how much information 

about the manifold is readily accessible from the permutations. 
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I. Introduction 

Once we are presented with the definition of an abstract 

manifold, we would like to have a means of understanding 

these objects geometrically. Ideally, some classification 

scheme would be available; that is, some properties would 

be accessible to distinguish non-homeomorphic manifolds and 

enable one to conclude when two manifolds are homeomorphic. 

Using these properties, it would then be possible to list 

all the homeomorphism classes and give a representative of 

each. That this problem is solved for compact two dimen¬ 

sional manifolds (surfaces) is a well known fact: they are 

classified by orientability, genus, and number of boundary 

components (alternatively, by Euler characteristics). How¬ 

ever, the problem remains unsolved for three dimensional 

manifolds. 

The definition of an abstract manifold involves local 

properties and is not very useful in classification theorems. 

What is needed is a means of representing an arbitrary mani¬ 

fold in such a way that we can deal with its global proper¬ 

ties. Besides lending geometric insight, this representation 

should allow the calculation of the topological properties 

of the manifold (e.g. fundamental group, Euler characteris¬ 

tic). Again, the example of two dimensional manifolds is 

instructive. It is common to view surfaces as quotient 

spaces of subsets of ]R2. This representation enables one to 

determine all the topological properties of the surface and 

1 



2 

an algorithm exists to find the homeomorphism type of the 

surface (Massey[15]). In three dimensions, the problem of 

representation has not been settled as well as in two dimen¬ 

sions. Although several representations do exist, they are 

unsatisfactory for various reasons. These representations 

and their attendant problems will be discussed in Chapter III 

The goal of this work is to introduce a new represen¬ 

tation of two and three dimensional manifolds. Although the 

two dimensional case is well understood as mentioned above, 

this representation provides a new way of looking at surfaces 

In addition, many of the ideas will carry over to analogous 

ideas in three dimensions and some are even directly appli¬ 

cable. It is useful to understand these concepts in a dimen¬ 

sion that we can more easily visualize and in which a great 

deal of results are already known. We will show that all 

two and three dimensional manifolds are branched coverings 

of the sphere of the appropriate dimension. Furthermore, 

this branched covering may be chosen so that the branch set 

in the sphere is the same for all manifolds. By the univer¬ 

sal property of this branch set, the study of manifolds is 
t 

reduced to the study of ordinary coverings of the sphere 

minus this branch set. After introducing this representation 

we would like to demonstrate areas in which it is helpful 

in the study of manifolds and areas in which it is not. 

There are several reasons for interest in this new 

representation. First, Montesinos has shown that this gives 
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a particularly elegant description of three manifolds[16]. 

In fact, this representation describes the manifolds in a 

rather simple algebraic way which is equivalent to the 

Heegaard diagram--one of the representations to be discussed 

in Chapter III. However, some of the difficulty encountered 

there is reduced since the description is in algebraic terms. 

Also, this representation leads to algorithms that may be 

automated. This is important since it may serve as a source 

of examples to point in the direction of some new interesting 

theorems. Finally, the field of branched coverings is 

relatively unexplored. It is possible that new results in 

this field may offer new insights into the study of manifolds. 

In Chapter II, the representation of surfaces is dis¬ 

cussed and some old results are proven from this new point 

of view. Following this is an introduction to some ideas 

in three-manifold topology in Chapter III. The purpose of 

this chapter is certainly not to give the reader a thorough 

understanding of the subject, but rather to acquaint him with 

some of the ideas that motivate the material in the following 

chapters. Here, most results will remain unproven, but 

references will be given to where interest may be directed. 

The main goal of this chapter is to introduce the idea of 

Heegaard splittings and Heegaard diagrams and the equivalence 

relations among them. Chapter IV introduces the representa¬ 

tion of three-manifolds and explains its relation to Heegaard 

diagrams. We also show how this representation allows us to 
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determine the fundamental group of the manifold and the nature 

of its boundary. In Chapter V, we study the representation 

in regards to the concepts in Chapter III. In particular, 

the equivalence relations between Heegaard diagrams and 

sufficient conditions for the manifold to be Haken, an im¬ 

portant class of three manifolds, are discussed. Covering 

spaces are the subject of Chapter VI. Here we show how to 

derive all finite sheeted coverings of an arbitrary three 

manifold from its representation as a branched covering of 

the three-sphere. 



II. Surfaces 

As mentioned in the introduction,, we often view surfaces 

as quotient spaces of subsets of the plane. It is well 

known that any surface can be represented as a 2n-gon with 

edges identified pairwise. Also, by performing a finite 

number of cut and paste operations, it is possible to reduce 

the 2n-gon to one of the "standard models" for surfaces. 

Because of this rather nice property, this representation 

has enjoyed a good deal of success. 

1. Representing Surfaces 

The purpose of this chapter is to introduce surfaces as 

branched coverings of S2 thereby gaining a new way of 

representing surfaces. Clearly, since this dimension is so 

well understood, we can not hope to prove any interesting 

new results. However, it will surely be instructive to 

consider familiar ideas in a new way. This will help in 

understanding the concepts in three dimensions since many 

of the ideas are applicable in both dimensions. In dimension 

two, we are fortunate enough to be able to visualize the 

geometric objects under consideration. We then hope to 

show in which areas this new representation is effective. 

We will use the following definition of a branched covering. 

Definition: A branched covering is a finite-to-one, open 

map 4>: Mm -► Nm between compact, orientable m-manifolds. 

5 
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The set of points of Mra at which <J> fails to be a local 

homeomorphism is called the singular set of <p and is denoted 

. The image in Nm of the singular set is the branch set 

B, = *(ZJ. It is not difficult to see that 
<P <P 

<p |M- <#.“1CB) : M- <J)_ 1 (B) -► N-B 

is an ordinary covering map. The degree of <f> is then given 

as the number of sheets of this covering map. 

We are now ready to introduce our representation. 

Theorem II.l: Every closed, orientable surface M is a 

branched covering of S2 , <j>: M -► S2 , with B^ consisting of 

three points. 

The proof of this is very similar to the analogous 

result in three dimensions. However, consideration of the 

lower dimensional case is easier since things are more 

readily visualized. Throughout the remainder of this chapter, 

<J> will be understood to be this branched covering of S2 . 

Proof: Let M be a closed, orientable surface. We know 

that any surface can be triangulated so that there is no 

difficulty in choosing a triangulation of M. Because M is 

orientable, it is possible to choose an orientation of this 

triangulation which we will regard as an ordering of the 

vertices of the triangulation. Next we perform a barycentric 

subdivision. This refines the triangulation by adding a new 

vertex in the center of each triangle and each edge and then 

adding edges from each old vertex to each new vertex that lies 



in the same triangle. This is perhaps better explained 

pictorially (see Figure II.1). 

7 

Again, this triangulation admits an orientation by 

ordering the vertices in increasing order of the dimension of 

the simplices of which they are barycenters. At this point, 

each of the new triangles has two orientations: a natural 

orientation from the orientation on the subdivided triangu¬ 

lation and an inherited orientation that it "inherits" as a 

subset of the original triangle before the subdivision. As 

Figure II.2 shows, if the two orientations agree on one triangle, 

then they disagree on all of its neighbors and vice-versa. 

Label every triangle for which the two orientations agree 

with a "+" and each triangle for which they disagree as 

This forms an alternating pattern across the surface 

(Figure II.3). 

We now want to consider S2 as the identification space 

formed by two triangles, one labelled "+" and the other 

'", with edges identified as in Figure 11.4. Now map each 

triangle labelled by "+" in M onto the triangle "+" in S2 

by a piecewise linear map and similarly send triangles 

labelled "—" to This is done so that barycenters of 

i-simplices go to y^. This map is clearly finite-to-one 

and open and hence is a branched covering which we will 

designate as <t>: M -► S2. The points at which <P fails to be 

a local homeomorphism are precisely the vertices of M. This 

is seen by noting that each vertex in M belongs to more than 



Figure II.l 

Figure II.2 

Figure II.3 
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Figure II.4 

Figure II.5 

Figure II.6 
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two edges in M but only to two edges in S2 . Then L is the 
9 

O-skeleton of M. The branch set of <f> , the image of the 

singular set, is then the set of three points that form the 

0-skeleton of S2 in this triangulation. The idea of this 

type of construction derives from Alexander [1]. This 

completes the proof of the theorem. 

Following the same course as above, it is simple to prove 

Theorem 11.2: Every closed, orientable surface M is a branched 

covering of S1 X S1 , 9: M -► S 1 X S1 with the branch set 

consisting of exactly one point. 

Proof: We proceed as above in the triangulation of M 

except now we view S1 X Sl as the identification space in 

Figure II.5. 

Z. is still the 0-skeleton of M, but in this case 
9 

#B = 1 since all vertices in the figure are identified to a 
9 

single vertex. This completes the proof. 

For the time being, we will work, exclusively with the 

S2 branched covering and show later that there are analogous 

results for the S1 X S1 branched covering. 

As mentioned above, there is an ordinary covering map 

associated with every branched covering by avoiding the 

branch set B ( S . Let M" = ). Now <f>': M' S2-B 
9 

is an ordinary covering map. Since we will be considering 

the fundamental group of S2-B , we choose a basepoint 

x0eS
2-B . It is possible to find a deformation retract of 
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S2-B onto the twice punctured disk (basically, this results 

from widening all three punctures of the sphere and using 

one of the three holes to flatten the sphere into the plane). 

From here, it is clear that the Figure 8 is a deformation 

retract of S2-B. A simple application of Van Kampen's 

theorem shows that ir^(S2-B) = TT^C») = F2 where F2 is the 

free group on two generators. 

Suppose the branched covering <f> : M -►S2 has degree n. 

We would like to consider a representation of IT^(S2-B , x0) 

into Sn , the symmetric group on n symbols, 

pî it, (S2 -B , x0) **■ S 
l n 

We define this map as follows. Let aev^(S2-B , x0) and 

yi (I , 31) -► (S2-B , x0) be a loop based at x0 so that 

a - [y]. Label the elements of <f>-1(x0) with the symbols 

{x- , x- , ... , x }. Now y lifts to n arcs {y.KÎÎ, in 
1 Z XI X X X 

f\j 

-M" with endpoints in y-1(x0) so that y^(0) = x^ . Now 

define p(a) by [p(a)](x^) = y^(l). The fact that this 

is a well defined homomorphism is a triviality. Basically, 

this describes how a lift of y permutes the fiber <f>_1(x<>). 

By choosing a convenient presentation for if1(S
2-B , x0) , 

we can characterize this homomorphism in an efficient way. 

Using the homotopy classes of the loops g^ , g2 » gj on the 

sphere as in Figure II.6, we get a presentation for 

v1(S
2-B , x0) - < g-,^ , g2 , g3 : 

> * Since 

g1 , g2 > S3 generate 

TT1(S
2-B , x0) , p(gx) , p(g2) » P( g3 ) completely 

determine the homomorphism p . Let o = p(g^) , T = P(g2) » 
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y = p(g,)- In S , ojy * 1 so that Y = T-1O_1. Then 
ô n 

P(TT1(S
2
-B , xo)) = gp{a , x , Y} » gp{° , T} 

(here we designate the subgroup of generated by 0 t T t y 

as gp{o , x , Y}). This implies that P is determined by the 

permutations o , x but under some circumstances, it will 

often be convenient to refer to Y due to its geometric 

significance. We call the surface M(P , t). If gP{° , T} 

is a transitive subgroup of Sn, we say that o t x is a 

transitive pair of permutations. 

If M is connected, then gp{o , x} is a transitive sub¬ 

group of Sn; that is, given any i, je{l , 2 , ... , n} , 

there is an element of gp{o , x} , a , so that <*(i) = j. 

This follows easily since if M is connected, it is also 

path connected (M is a manifold). Then there is a path Y 

in M that joins to x^. y may be homotoped relative to 

its endpoints so that yeM'. Then a - P([<KY)1). 

In this construction, we associated elements of the 

symbols {l , 2 , ... , n} to points in <|>-1(xo). It is then 

obvious that if o , x are conjugated by arbitrary element 

a of Sn to give o' , , then M(a , x) is homeomorphic to 

M(a" , x'). This is true because conjugation by a simply 

renames the points in <j>-1(xo) as is easily seen. Besides 

this equivalence, the following theorem gives some condi¬ 

tions for M(o' , r') to be homeomorphic to M( o , x). 



13 

Theorem II.3: Let a , T be a transitive pair of permutations 

and aeS . n 

a be 

M(x-l,o-1) M(0 > T ~ * o~ *) 
n „ M(t“1 a-1,a) 

M(O,T) » M(oa,Ta) - M(a_1,OT) a a M(T-10-1,X) 
M(T,T”

10~1) 
M(T ,a) 

where a = TOT-1. 

Note that this defines an equivalence relation on pairs 

of permutations. 

Proof: Suppose that h: (S2 , B) -*■ (S2 , B) is a 

homeomorphism where B is the three point branch set. We 

have the composition of h with <f> to give a new branched 

covering <j>' - h°<|> : M -*■ S2 and hence a new permutational 

representation M(o^ tx' ). 

The new permutations in a) are obtained from reflections 

of S2. To see this, consider S2 as in Figure II.7 with a 

great circle running through one of the branch points. 

Reflection in this great circle induces an automorphism of 

ir^CS2 - B , x0) by taking 

gl g3~l * g2 g2~1 » g3 gl_X* Then the represen¬ 

tation p: TT.(S
2-B , x0) S is l n 

O' ~ P(g3“
1) = OT 

x" = p(g2-1) = x-1 

Note that MCa** ,x' ) will then be oriented oppositely from 
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<  

Figure II.7 

Figure II.9 
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M(a , T) since the reflection is an orientation reversing 

homeomorphism. 

The homeomorphisms needed to obtain the permutations 

in b) are rotations about an axis that interchanges the 

branch points as indicated in Figure II.8. Now 

gl g2 - g3 - gl 

This gives permutations (o' , T") » (T“1a"1 ,o ). Actually, 

this homeomorphism is a generator for others since h2 is not 

the identity. 

The third group c) is generated by disk twists about 

two of the branch points. A disk twist is a homeomorphism 

of the disk onto itself that is fixed on the boundary and 

reverses two points in the interior. This can be visualized 

as in Figure II.9. If we let D ( S2 be a disk containing 

two of the branch points, we get the following automorphism 

on the fundamental group gj^ ■* g2gl » S2 
gl * g3 g3 

and then giving (o' , T") = Cxa , a). The proof is now complete. 

It should be mentioned that the associated ordinary 

covering map completely determines the branched covering. 

This is true because the ordinary covering can be extended 

to all of M by compactifying. This extension must be unique 

and is then the associated branched covering. Because of 

this fact, we now have the representation of surfaces as 

branched coverings of S2. The following theorem makes this 
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representation even more powerful. First we say that two 

branched coverings <f>^: S2 are equivalent if there are 

homeomorphisms f: M2 and g: S2 ■+■ S2 such that the 

following diagram commutes. 
f 

S2 >S2 
g 

Theorem II.4: There is a one-to-one correspondence between 

equivalence classes of branched coverings of S2 of degree n 

branched over three points and equivalence classes of tran¬ 

sitive pairs of permutations o , T eSn. 

Proof: The preceeding discussion associates such a pair 

of permutations with every branched covering of S2 branched 

over three points. To complete the proof, we must demon¬ 

strate that every such pair of permutations is associated 

to a surface. This is possible since we can actually con¬ 

struct the manifold from a , T eS . n 

The first step is to take n copies of a square and 

ennumerate them {1 , 2 , ... , n}. As in Figure II.10, 

call the indicated point and label the edges. The surface 

is then formed by identifying the edges S^. to and 

T^. to Tj^ in an orientation reversing manner. Clearly, 

this is a closed, orientable surface M. All that remains 

to show is that when M is represented as a branched cover¬ 

ing over S2 branched over three points that the corresponding 
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Figure 11.12 
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permutations are a , T. Triangulate each square and label 

with "+" and as in Figure 11.11. This obviously gives 

an alternating pattern across the surface as before. Once 

again, map M onto S2 by sending "+" in M to "+" in S2 and 

to Let g^ , g2 be the loops in S2 shown in Figure 

11.12. These can be seen to be the same loops as define 

the permutations a , T. When we lift these loops into M, 

g. takes x. to x (. and g., takes x. to x ,. %. This shows 
l l ol. l J 2 1 Till 

that the permutations corresponding to M are a , T and com¬ 

pletes the proof of the theorem. 

This is certainly a very important theorem for our work, 

but the proof is perhaps even more important for it gives 

a means of constructing a surface from a transitive pair 

of permutations. We will denote this surface by M(o , x). 

2. Euler characteristics 

Given an arbitrary pair of transitive permutations 

o , T , it is desirable to know some of the topological 

invariants of M(o , x). The next theorem demonstrates that 

this representation of surfaces is effective in the com¬ 

putation of one of these invariants. 

Definition: Given a triangulation of a surface M, the 

Euler characteristic is defined to be X(M) = t - e + v 

where t is the number of triangles, e the number of edges, 
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and v the number of vertices. One can alternately define 

X(M) in terms of the ranks of the integral homology groups 

of M but this will not concern us here. The definitions 

are, in fact, equivalent and since our representation actually 

provides a triangulation of M, we will work with the above 

definition. It is a fact that = M2 implies x(M^) = x(M2) 

(Massey [15]). 

First, we define c(a. , a9 , ... , a ) to be the number x M in 

of orbits of {l , 2 , ... , n} under the action of 

gp{a^ , ... , <*m}* For example, if aeS^, then we can write 

a as a product of disjoint cycles. Then c(a) will be the 

number of these disjoint cycles. 

Theorem 11.5: X(M(a , T)) = c(a) + C(T) + c(at) - n 

where a , T eSn is a transitive pair of permutations. 

Proof: Forming the identification space of M(o , T) 

as in the proof of Theorem II.4 gives a triangulation of 

M(o , T) and the Euler characteristic can be calculated by 

computing t, e, and v. t is trivially seen to be 2n. Since 

each edge belongs to two triangles and there are three edges 

for each triangle e = 3/2 t = 3n. Now Theorem II.1 showed 

us that every vertex of M is in the singular set. Then if 

we calculate the number of inverse images of the branch 

set, we obtain v. To see this, we consider S2 as in Figure 

*\j 

11.13. Consider the lift of the loop g^ to an arc g^. 
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This arc joins endpoints x^ to x^^^. Then <f>_1(g^) consists 

of n such arcs and these arcs close to give c(o) loops. 

This is easily seen by tracing the endpoints 

x^ •+■ x0(jj ••• • All the triangles in 

that cycle of a contain a common vertex. This shows that 

one cycle of a corresponds to one point in the inverse image 

of a point in B. Since all vertices are the inverse image 

of such a point, we conclude that there are c(o) + c(x) + c(y) 

vertices in M. Then X(M) = c(o) + C(T) + c(y) - n . 

Recalling that y = x-1o-1 and that c(T“la-1) = c(ax) , we 

have x(M) » c(a) + c(x) + c(ax) - n . This completes the proof. 

Besides allowing us to calculate an important invariant, 

this theorem gives us some geometric insight into the per¬ 

mutations. Each cycle of the permutations o , x , y corre¬ 

sponds to a point in the singular set and the length of the 

cycle measures the local degree of the map at that point; 

that is, how much the branched covering <{>: M -*■ S2 deviates 

from being an ordinary covering map. The Euler characteristic 

is a powerful invariant for surfaces, and the ease with 

which this representation enables its calculation is much 

to its credit. Using this information, it is instructive to 

consider some examples. 



21 

Figure 11.16 Figure 11.17 
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Example?: 

A) a = (12) 

T = (1)(2) 

Now CT = (12). Then we have c(o) + C(T) + C(OT) =l+2+l=4 

so x(M(o , T)) = 2. from this, we know that M(o , T) = S
2
. 

This can be verified by the identification in Figure 11.14. 

By identifying T^ to T^ , the result is Figure 11.15. 

When the identification S to S is made, the two disks are 

glued together along their boundary so that we get S2. This 

example shows that a 1-cycle in a or x always gives a disk 

in the surface. It is interesting to note that all transitive 

pairs in S£ give S2. This is true since all transitive 

pairs in S2 can be generated by the homeomorphisms in Theorem 

II.3. So we need to go to Sj to get more complicated surfaces. 

B) 0 = (123) 

T = (123) 

Then or = (132). X(M(o , T)) « 1 + 1 + 1 - 3 « 0. We expect 

M(o , T) to be a torus S1 X Sl (Figure 11.16). This is 

equivalent to the identification space in Figure 11.17. 

The orientation on the edges is deduced by noting that the 

points of intersection of T^TQ^ and are mapped to 

the same branch point of S2. After identifying the edges 

marked "a", the surface is a cylinder with an identification 

on the boundary. The appropriate gluing then gives a torus. 

This example is illuminating for it shows that this 



23 

representation of a surface M actually gives that repre¬ 

sentation of a surface as a quotient space of some subset 

of ]R2. In general, however, it may be difficult to go 

from the quotient space representation to the permutation 

representation. 

C) Let M be a surface of genus g. Let n * 1 + 2g 
o 

and a = T ■ (12 ... n) be elements of S . Now n is odd so 
n 

that or » o2 is also an n-cycle. Then x(M(a , x)) = 

1+1+1- (1+ 2g) = 2 - 2g so that M(o , x) “ M 
© 

This gives a transitive pair of permutations for any closed, 

orientable surface. Example B is a special case of this. 

3. Connected Sums 

Another advantage of this representation is that it 

gives a nice way of forming connected sums. Given two 

oriented m-manifolds NLm , i = 1 , 2 , one forms their 

connected sum # M2 by deleting the interiors of an 

m-ball B.m from each. The orientation on M.-B. induces 
1 11 

an orientation on 3B^. Using an orientation reversing 

homeomorphism h: 3B^ -+ 3B2 , M^ # M2 is formed by taking 

the disjoint union of (M^-B^) u (M2-B2) and identifying 

xe3B^ with h(x)e3B2. For connected surfaces, the connected 

sum is a well defined operation. Now provided some tech¬ 

nical conditions hold, our representation gives a way of 

forming connected sums. Since we have a triangulation of 
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the surface as given by the permutations, we can remove the 

interior of a triangle as the 2-ball and then glue the 

boundaries together. This is made precise in the following 

theorem. 

Theorem II.6: Let o, , x, eS ; o~ , x- eS_ be transitive 
1 1 n^ l 2 ii2 

pairs of permutations and suppose that 

c(OlXi) > 1 and 0(02X2^ > 1 • Then there is a natural 

construction of a , x so that 

M(o , x) = MCoj^ , Xj) # M(o2 , T2) • 

Proof: In this theorem again, the proof is perhaps 

more interesting than the result since it provides a means 

of constructing the connected sum. 

First, we must understand the hypotheses. To get a 

pair of permutations for the connected sum, we would like 

to remove one of the squares in the identification space 

as the 2-ball. However, we must be sure that this square 

actually is a 2-ball; that is, none of its points must be 

identified to any of its other points. This is certainly 

true of the interior and edges so consideration is reduced 

to the vertices. Exactly one vertex of each triangle maps 

to y0, and exactly one vertex maps to y2 so that these 

cannot be identified elsewhere in the same triangle. The 

only points to worry about are the two that map to y^. 
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Recalling that vertices mapping to y^ correspond to cycles 

of y , we know that at least one of the squares is in fact 

a 2-ball if C(O^T^) > 1. This is the reason for the hypo¬ 

theses . 

Let oi be permutations of the symbols {1 , 2 , ... n^} 

and O2 , x2 permutations of the symbols {1' , ... , n£}• 

Call the square that is actually a disk i^ , in M(o^ , x^). 

We can get a representation of M(o^ , x^) # M(o2 , T2) by 

piecing the manifold together as follows. Let n = n^ + n2 

and write n symbols as 

- 2 

C{1 . 2 , ... , n^ } - {ijP U C{1% 2', > • • • y n il 

It is now possible to define as 

0l(i) if ieA , a^(i)eA 

o(i) = o2Cip if ieA , o1Ci) = ll 
o2Ci) if ieB , o2Ci)eB 

°l(-1l-) if ieB , o2(i) 12 

B 

T is defined similarly. It is not difficult to verify that 

this is the appropriate patching that needs to be done. 

Basically, when one comes to the deleted cell in one of the 

surfaces, one moves to the other surface in the connected 

sum. By analyzing the possibilities for c(c) , c(x) , C(OT) 

and using the hypotheses, it is apparent that 

x(M(o , x)) = X(M(o^ , Xj)) + X(M(02 , *2)) ” ^ 

as expected. This theorem is now complete. 
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The hypotheses cCo^^) > 1 , c(o2x2) > 1 are indeed 

necessary. Consider = x^ = (123) > °2 = T2 = d'2'5')' 

We have verified in the example above that M(o^ , x^) and 

M(O2 , T2) are tori. However, constructing the connected 

sum as in the proof of the theorem gives a = T = (1234) 

and X(M(o , T)) * 0 so that M(o , x) is again a torus if it 

is a surface. This is clearly incorrect. Deleting the 

2-cells gives a cylinder with one point in each boundary 

component identified. When glued together, the result is 

not a surface (see Figure 11.18). 

In the introduction, it was mentioned that the repre¬ 

sentation of manifolds in terms of branch coverings might 

be useful because relatively little is known about branched 

coverings. To lend support to this claim, we will outline 

a proof of the classification theorem for closed, orientable 

surfaces using this representation and facts about branched 

coverings. Of course, one must be careful in doing this 

so as to avoid inadvertantly using the classification theorem 

and hence confusing the logic . 

Our goal is to show that x(M^) = x(M2) implies that 

Mi = M2 . We need a classical result due to Luroth [14]. 

First, we restrict our attention now to simple branched 

coverings. A simple branched covering of degree n is a 

branched covering for which the minimum cardinality of 



Figure 11.18 

Figure 11.19 

Figure 11.20 
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any fiber is n - 1. Edmonds and Berstein have shown that 

simple branched coverings are dense in the space of branched 

coverings; that is, any branched covering is homotopic to 

a simple branched covering by an arbitrarily small homo- 

topy [5]. Now Luroth's result (which has been generalized 

by Edmonds and Berstein [6]) says that any two simple 

branched coverings of S2 of the same degree and with the 

same number of branch points are equivalent. Applying this 

theorem to a simple branched covering homotopic to 

<j>: M -*• S2 eventually allows us to conclude that X(M^) * XC^^) 

implies . Then by analyzing the possibilities for 

transitive pairs o , x , we see that X(M(a , x)) S 2 and 

x(M(o , x)) ■ 0 (2) . Using what we have learned about 

connected sums, we can then show that M(o , x) is a connected 

sum of g tori where x(M(a , x)) = 2 - 2g . This classifies 

closed, orientable surfaces. 

That a proof of this theorem is possible by these means 

may indicate the power of this approach. As mentioned 

earlier, relatively little is known about branched coverings 

of 3-manifolds. Although it would be presumptuous to 

suppose that a generalization of Luroth's theorem to dimension 

three holds, some new results about branch coverings may be 

applicable in a similar manner. 

Until now, we have dealt entirely with the representation 

of surfaces as branched coverings of S2 . Theorem II.2 gives 
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us a representation of surfaces as branched coverings of 

S1 X S1 . Actually, this representation will show up when 

we discuss the representation of 3-manifolds. It is con¬ 

venient to introduce it here since it parallels the repre¬ 

sentation over S2. Recall that the branched cover 

<f>: M -► S1 X S1 has one branch point. Then S1 X Sx-B 

has the homotopy type of a punctured torus so X S1) = F2, 

the free group on two generators. Preceeding as before, we 

get a representation p: ir^CS1 X S1) -* determined by its 

value on the generators of the free group. Letting u , X 

in figure 11.19 be generators for ir^CS1 X S1-!}) , we get 

two permutations o = p(y) , T = pCx) that determine the 

representation and hence the covering. 

Again, there is a theorem analogous to Theorem II.4. 

Theorem II.7: There is a one-to-one correspondence between 

equivalence classes of branched coverings of S1 X S1 of 

degree n branched over one point and equivalence classes 

of transitive pairs of permutations o , t eSn . 

Here the equivalence relation among the permutations 

is different since the coverings are of S1 X S1 . 

In this case, the branched covering is constructed 

from the permutations by taking n copies of the square, 

labelling as in Figure 11.20, and identifying to 

and T. . to T.. . One can easily verify that this manifold 
ij 
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gives rise to the permutations o , x . The difference in 

identification arises from the difference in forming S2 and 

S1 X s1 as identification spaces of the square. 

A convenient cellular decomposition of the torus is 

one with one 1-cell, the point B, two 2-cells, the loops 

s and t , and one 2-cell (see Figure 11.21). The Euler 

characteristic of the manifold M(o , T) can be calculated 

by considering lifts of this cell complex as before. 

Clearly, there are n 2-cells and 2n 1-cells. With an ana¬ 

logous calculation, the point B lifts to c[o , T] vertices. 

Then X(M) = c[o , x]-n . 

Proposition II.8: The sphere is not representable in this 

way. Also, M(o , T) = S1 ^ S1 if and only if a , T commute. 

Proof: [o , x]eSn so c[o , x] S n . Then X(M(o , x)) £ 0 

c[o , x] » n if and only if o , x commute. 

Example: a = x = (1234) 

Then a , x commute so that M(o , x) is a torus. This can 

be seen by the identification space formed in Figure 11.22. 

In two dimensions, the power of this representation is 

the ease with which it allows calculation of the Euler 

characteristic. For closed, orientable surfaces, this 

invariant completely determines the homeomorphism type of 

the surface. Then by simply knowing the permutations 
! 
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corresponding to the surface, we can determine everything 

we might want to know about it. Actually, it is not a 

disadvantage that we are only able to represent closed 

manifolds in this way. Consider a compact, orientable 

surface M with a non-empty boundary. By attaching disks 

to the boundary curves, it is possible to associate a closed 

surface M* to the original one. In fact, this closed surface 

is uniquely determined by M. It is then possible to study 

M* to determine its homeomorphism type. From this, we 

conclude that M is of type M* with the appropriate number 

of boundary components. 

One might speculate that since every surface is repre¬ 

sentable as a branched cover over S2 and almost every 

surface (except S2) is representable as a branched cover 

over S1 X S1 that it might be possible to view surfaces of 

a certain genus as branched covers of surfaces of lower 

genera. Although this is no doubt true, the representation 

would probably be very cumbersome. The reason that the 

representation over S2 and S1 X S1 works so well is the 

simplicity with which they are represented as identification 

spaces in the plane (i.e. as identifications of a square). 

This representation for other surfaces would be more complicated. 

One disadvantage to this representation is that a simple 

calculation of the fundamental group is not accessible direct¬ 

ly from the permutations. This is one of the more powerful 

aspects of the three dimensional case. 



III. Introduction to Three Dimensional Topology 

This chapter begins the study of 3-manifolds. Here 

we will introduce several existing representations and discuss 

their relative advantages. The idea in each of these is to 

break the manifold into separate pieces with which we can 

deal more easily. The first of these -- the Heegaard split¬ 

ting -- is important because it is intimately related to the 

representation described in the next chapter. The purpose 

of this chapter is to introduce ideas and definitions that 

motivate later considerations. For this reason, we do.not 

attempt to prove anything rigorously. The primary refer¬ 

ences for this material are Hempel [9] and Jaco [13]. We 

will be working exclusively in the orientable case. 

1. Heegaard Splittings and Diagrams 

In this representation, the manifold will, be split into 

two pieces, each of which is well understood. Let F be a 

2- sided surface embedded in a 3-manifold M and N be a 

neighborhood of F homeomorphic to F X [-1 , 1]. Then with 

R = M-N , we say that R results from cutting M along F. 

Definition: A handlebody or a cube with n-handles is a 

3- manifold M which contains a collection of pairwise disjoint, 

embedded 2-cells {D.. , D~ , ... , D } so that M cut along 
n 1 1 n 

.UiD. is a 3-cell. Such a set of 2-cells is called a set i=l l 

of meridional disks. 

33 
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The standard way to think of an orientable handlebody 

is illustrated in Figure III.l. The 2-cells {D^ , , D^} 

cut M to a 3-cell. Note that the set of meridional disks 

for a handlebody is not unique since Figure III.2 shows a 

different set of meridional disks for the same handlebody. 

One can easily verify by Van Kampen's theorem that the 

fundamental group of a cube with n handles is a free group 

on n generators. Also, the boundary is a closed, orientable 

surface of genus n. 

Alternatively, there is a handle description of handle- 

bodies that is useful in some circumstances. First, an n 

dimensional m-handle is a n-ball of the form Dm X Dn m . 

The idea is that an m-handle is essentially an m-dimensional 

object, Dm , that is thickened by Dn m to make it n-dimen- 

sional. This deserves some consideration since handle 

decompositions will be important. In the three dimensional 

case, a 1-handle is of the form [-1 ,1] X D2 while a 

2-handle is D2 X [-1 , 1] . The distinction is not a 

topological one but rather a conceptual one. When attaching 

to another n-dimensional object, we attach along the boundary 

3Dm X Dn M . To illustrate this, we attach a 1-handle 

to a 3-ball as in Figure III.3 to obtain an object which 

is homeomorphic to a solid torus. However, if we attach a 

2-handle to the standard longitudinal curve on the boundary 

of a solid torus, we get a 3-ball since we can consider the 
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2- handle as filling in the hole. Now we can define a cube 

with n handles as a 3-ball to which n 1-handles have been 

attached. This is completely equivalent to the previous 

definition. 

For us, the importance of this type of manifold is that 

every closed, connected 3-manifold can be decomposed in 

terms of handlebodies. This is the content of the following 

theorem. First, we need a definition. 

Definition: A Heegaard splitting of a closed, connected 

3- manifold M is a pair of handlebodies and such that 

M = Hj U H2 and H H2 = 3^ = 3H2 . 

Theorem III.i: Every closed, connected 3-manifold M has a 

Heegaard splitting. 

The proof of this follows rather easily from the follow¬ 

ing lemma. 

Lemma II1.2: Let T be a connected, finite 1-complex in a 

3-manifold M. Then any regular neighborhood of T in M is 

a handlebody. 

Proof: Let K be a triangulation of M and suppose T is 

a subcomplex of K. Consider the regular neighborhood N of 

T in the second barycentric subdivision K" of K. Let T be 

a maximal tree in T and let {o^ , o2 , ... , on} be the 

simplices of r that are not contained in T. Let be 
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contained in the regular neighborhood of a^ as in Figure III.4. 

is said to be dual to <K . It is intuitively clear and 

follows from regular neighborhood theory that the regular 

neighborhood of T, denoted by C, is a 3-cell. If we cut N 

along the 2-cells {D^ , , ... , Dn} that are dual to the 

simplices, {a^}, we obtain C. That N is a handlebody follows 

directly from the definition with {D^ , , ... , DnJ being 

the meridional disks. Alternatively, we could view the 

regular neighborhood of , ... , an} as a collection of 

1-handles added to C to give N. This proves the lemma 

(see [9] for a more rigorous treatment). 

Proof of Theorem: Let K be a triangulation of M with 

1-skeleton . Then consider r^ to be the maximal 1-skeleton 

that is disjoint from in the first barycentric subdivision. 

Now let be the regular neighborhood of and be the 

regular neighborhood of both in the second barycentric 

subdivision. This is illustrated in Figure III.5. By the 

lemma, and are both handlebodies and M = U , 

Hj fl H2 = 3H^ ® 31^ . This completes the proof. 

We can carry this one step further to reduce the problem 

to one about 2-manifolds. We have shown how the manifold 

can be viewed as the union of the two handlebodies. Abstractly, 

we can think of this as a disjoint union of two handlebodies 

with points in the boundary identified by a homeomorphism. 
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Let the handlebodies be , H2 and the homeomorphism 

h: 3H2 3H1 . Then M = H1 U where X^h(x) , Xe3H2 . 

Now let {D?} be a set of meridional disks in H2 so that 

w^ * hC 3D ? D is a curve in 3H^ . Let {Dj} be a set of 

meridional disks for and then v^ * 3Dj is a curve in 3H^ . 

Then there are two sets of curves on 3H^ : 

V * {Vj} and W * {w^} . We claim that the set 

C3H^ ; V , W) is enough to represent the splitting. 

To see this, we must first learn how to reconstruct a 

handlebody from its boundary and the boundaries of a set of 

meridional disks. For example, consider the two dimensional 

surface shown in Figure III.6. We add 2-handles D2 X [-1 , 1] 

so that D2 X {0} is attached to the boundary of the meridional 

curves c^ to get a new object as in Figure 111.7. Then the 

boundary is a 2-sphere to which we attach a 3-ball to fill 

in the rest of the handlebody. Cutting along the meridional 

disks is the same thing as removing the 2-handles that we 

have just added. This shows that the result is indeed a 

handlebody. 

Now we have a method to reconstruct the Heegaard split¬ 

ting. First, we thicken the surface 3H^ to 3H^ X [0 , 1] . 

On the 3H^ X {0} side, attach 2-handles to all of the V 

curves and cap off the boundary with a 3-ball. On 3H^ X {1} , 

add 2-handles to each of the W curves and again cap off with 

a 3-ball. This reconstructs the original manifold M. 
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Then we can represent any 3-manifold by a closed, 

orientable surface with two sets of curves that give the 

instructions for attaching 2-handles. This* is called a 

Heegaard diagram corresponding to the Heegaard splitting. 

This is especially nice because we have reduced a three 

dimensional problem to one in two dimensions. However, as 

we have seen, the sets of meridional curves for and ^ , 

which determine V and W, are not unique so that we can not 

expect there to be a unique Heegaard diagram for a Heegaard 

splitting. 

We define the genus of a Heegaard splitting to be the 

genus of 3H^ * 3^ and the genus of the 3-manifold M is the 

minimal genus of all Heegaard splittings which represent M. 

Now we can consider some examples. 

Examples : 

A) Consider a genus 0 Heegaard splitting. Then H^ 

and H£ are cubes with no handles (3-balls) that are glued 

to each other along their boundary. Thus the only possibility 

is that the manifold is S3 . Thus genus of M = 0 <=> M - S3 . 

B) Genus one splittings are given by the identification 

of two solid tori along their boundaries. Then the corres¬ 

ponding Heegaard diagram will be a torus with two curves to 

describe how 2-handles are attached in the reconstruction. 

For H. , there is only one meridional disk -- the standard f 
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one -- so that v^ is the standard meridian on the torus. 

For this reason, there splittings are completely determined 

by the homotopy class of the single curve w^ on the torus. 

Rolfson [20] shows that the homotopy class of a curve on the 

torus is determined by the number of times in which it wraps 

around longitudinally, p , and the times it wraps meridionally, 

q . Then these manifolds are completely determined by p and q 

and are called Lens spaces, L(p , q) . In most work 

L(1 , 0) = S3 and L(0 , 1) = S2 X S1 are not considered 

as Lens spaces. Also, L(2 , 1) = ]RP3 . 

This example is interesting because it reveals one of 

the weaknesses of Heegaard diagram splittings; namely, 

that a given manifold has many distinct descriptions as a 

Heegaard splitting. For example, S3 has a genus 0 splitting 

and a genus 1 splitting thus indicating that Heegaard split¬ 

tings are not unique. Since the choice of a set of meridional 

curves of the handlebodies is not unique either, the same 

problem holds for Heegaard diagrams. The next logical 

question is to determine conditions for two Heegaard diagrams 

to represent the same manifold. To this end, we consider 

the following modification of Heegaard diagrams. 

Let (S : V , W) be our Heegaard diagram where S is the 
ë ë 

closed, orientable surface of genus g and V and W are the 

two sets of curves that give the instructions for attaching 

the 2-handles. If we cut S along the curves in V, we will 
o 
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get a two sphere with 2g disks cut out (this follows since 

cutting the handlebody along the meridianal disks gives a 

3-ball) where the boundaries of these 2g disks, which we 

will call C = {c-} il {c-} , can be reidentified c. to c. 

to reconstruct . The curves in W are now sequences of 

arcs with endpoints in the 2g curves C so that the identifi¬ 

cation of the disks will reproduce the curves in W. Now 

we can describe a procedure for generating new Heegaard diagrams. 

Let c^ and c^ be a pair of curves that are to be identi¬ 

fied. We will show how to replace this pair with a new 

pair and hence generate a new set of meridional curves. 

Let y be a curve on the two sphere that is disjoint from all 

of the C curves and such that it separates c^ and c^ on the 

sphere. When we identify c^ to c^ we will obtain a torus. 

Now since the curve y separated c^ and c^ on the sphere, it 

will be a meridional curve so that cutting along y on the 

torus will give a two sphere. This gives two new curves 

on the two sphere that we call y and y . Then 

(C-{c^ , c.}) U {Y > y} form a new set of meridional 

disks and hence the set of curves on the surface S will form 

a new Heegaard diagram for the same splitting. We illustrate 

this with an example. 

Example: 

We consider the Heegaard diagram in Figure III.8. 

when we cut along the curves v^ and » we a 2-sphere 
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Figure III.8 

Figure III.9 
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with four disks removed. On this surface, the Heegaard 

diagram is as in Figure III.9 where the indicated numbers 

describe which endpoints are identified. Note that the 

curve y drawn on the two sphere separates c^ and c^ and 

is disjoint from all the disks. Then by identifying c^ 

and Cj and cutting along y to get a new pair of disks, we 

have another equivalent Heegaard diagram. This diagram is 

shown in Figure III.10. Back on S , this corresponds to 
© 

the new set of meridional curves shown in Figure III.11. 

This modification of the Heegaard diagram is known as 

handle sliding. By handle sliding, we are able to generate 

any set of meridional disks for H^ . Using this fact, it 

is not difficult to show that two Heegaard diagrams that 

represent the same underlying Heegaard splitting may be 

transformed one into the other by handle sliding. This is 

an especially nice fact for it allows us to identify a Heegaard 

splitting with an equivalence class of Heegaard diagrams. 

Here, the equivalence relation is equivalence under handle 

sliding. 

A modification that may be performed on a Heegaard 

splitting is known as trivial handle addition. In this 

operation, the genus of the splitting increases by one but 

the manifold that is represented by the new splitting is 

the same. We do this by "drilling a hole" out of one of 
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the handlebodies and adding what was removed to the other 

handlebody. 

Example• 

A) ' We discussed earlier how a genus 0 manifold was 

always a three-sphere. Then we demonstrated a genus 1 

splitting for S3 given by L(1 , 0) . These splittings are 

equivalent by trivial handle addition. This is seen by 

considering the genus 0 splitting for S3 which is simply two 

3-balls glued together. Now by removing a hole in one of 

the handles and adding this hole to the other handle, the 

result is Figure III. 12. The hole removed is the 2-handle 

that will be sewn back onto w^ . 

B) In a previous example, we considered the Heegaard 

diagram in Figure III.9 and showed that by handle sliding 

it was equivalent to Figure III.10. Now S3 can be represented 

as in Figure III.13 and by adding another trivial handle, 

we get Figure III. 14. After performing the handle slide 

indicated by Y , we are left with the Heegaard diagram shown 

in Figure 111.15 which is the same diagram as in the previous 

example. We can then conclude that the diagram in the 

example represents a 3-sphere. 

By the addition of trivial handles, we have an equivalence 

relation among Heegaard splittings, namely that two splittings 

are equivalent if one can be obtained from another by trivial 
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handle addition. This is known as stable equivalence. A 

theorem due to Reidmeister [19] and Singer [22] says that 

any two Heegaard splittings of a 3-manifold M are stably 

equivalent. In theory, this gives a classification of 

3-manifolds. We start by considering all possible Heegaard 

diagrams and their equivalence classes under handle sliding. 

This gives all possible Heegaard splittings. Then we use 

stable equivalence to get all possible manifolds. However, 

this procedure is problematic because there does not seem 

to be a good way to generate the equivalence classes of 

Heegaard diagrams (under handle sliding) or of Heegaard 

splittings (under trivial handle addition). That is, if given 

two diagrams or splittings, there seems to be no way of 

determining whether they are equivalent or not. Currently, 

this problem is still under consideration. This seems to be 

an indication of the difficulty of three dimensional topology 

since similar methods of handle decomposition seem to work 

rather well in higher dimensions (Smale [23]). For Lens 

spaces, this problem has been solved (see [4], [21]). For 

information on the current state of the problem, see 

Waldhausen [25] and Haken [8]. 

2. Other Representations 

Another representation of arbitrary 3-manifolds is given 

by surgery on a link in S3 . In this description, one deletes 
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a regular neighborhood of the link (a collection of solid 

tori) and then sews them back in a new way. It can be shown 

that any 3-manifold can be described in this fashion (Rolfson 

[20]). Again, as in the case of Heegaard splittings, there 

is an equivalence relation. However, it seems to be so 

difficult that little progress has been made towards its 

understanding (Kirby [12]). 

In addition, it is known that arbitrary 3-manifolds 

can be represented as 3-fold branched coverings of S3 with 

the branch set being a knot. Here the equivalence relation 

is not known. (Hilden [11] and Montesinos [17]) This differs 

from the representation to be described in the next chapter 

in that the branch set is different for every manifold. 

Indeed, it will be seen that, as in the two dimensional case 

discussed in Chapter II, the universal branch set is what 

makes the representation powerful. 

As a means of representing arbitrary 3-manifolds, Heegaard 

splittings then seem to be the best though they are beset 

with this nonuniqueness problem. There are other represen¬ 

tations of 3-manifolds but they do not apply to arbitrary 

manifolds -- only special classes of them. These are discussed 

in the next section. 

3. Haken manifolds 

The problem with Heegaard splittings is that the manner 

in which the manifold is split does not reflect the intrinsic 
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topology of the manifold. This is why there are so many 

splittings for each manifold. In the representation dis¬ 

cussed here, the splittings reflect many of the intrinsic 

properties of the manifold in addition to resulting in simpler 

pieces. However, it has the disadvantage that it only 

describes a certain class of manifolds. In this section, 

we are only trying to give a feeling for the subject since 

a complete treatment is beyond the scope of this work. 

However, this material is important since it motivates some 

of the later work. 

We begin by defining incompressible surfaces (see [13]). 

Definition: Let F be a surface embedded in a 3-manifold M. 

We say that F is compressible if any of the following is true. 

1) F is a two sphere bounding a 3-cell in M 

2) There is a disk D ( M so that D 0 F = 3D is a non- 

contractible curve in F. 

F is called incompressible if it is not compressible. If 

every two-sphere in M is compressible then we say that M 

is irreducible. 

The importance of these definitions is the following. 

Definition: A compact, orientable, irreducible 3-manifold 

is called a Haken manifold if it contains a two sided, in¬ 

compressible surface. The elementary theory of Haken mani¬ 

folds is discussed in Hempel [9] and Jaco [13]. Hempel 
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actually discusses a slightly larger class that he terms 

"sufficiently large". 

For us, the importance of Haken manifolds is that 

they are well understood. For instance, the classification 

problem is solved for Haken manifolds as well as the map¬ 

ping class problem. Indeed, many problems of a topological 

nature reduce to purely algebraic questions. This follows 

since incompressible surfaces reflect a great deal of the 

topology of the manifold and cutting along this surface 

results in pieces that are simpler. However, there are many 

examples of non-Haken manifolds. S3 is one example as well 

as the Lens spaces L(p , q). 

By a theorem in Hempel [9], if H^(M) is infinite and M 

is irreducible then M is a Haken manifold. In particular, 

this is true if the boundary of M contains a surface of 

positive genus. 

Another important class of manifolds that is related 

to the class of Haken manifolds is that of virtually Haken. 

A virtually Haken manifold M is one for which some finite 

sheeted cover of M is a Haken manifold." Indeed, it is un¬ 

known exactly how large the class of virtually Haken manifolds 

actually is. This property, however, gives a good deal 

of information about the manifold [10]. 
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The trouble with representing manifolds by the incom¬ 

pressible surfaces contianed within is that they may not 

contain any such surfaces. Also, there seems to be no way 

of using Heegaard diagrams to detect the presence of in¬ 

compressible surfaces. 



IV. Representing 3-Manifolds 

In this chapter, we want to explore the representation 

of 3-manifolds as branched coverings of the 3-sphere analo¬ 

gous to that presented in two dimensions in Chapter II. 

Here we discuss the representation and how much we can deduce 

about the manifold from the permutations. Much of the material 

in this chapter is due to Montesinos and may be found in [16], 

We will use the term "manifold" with the adjectives compact, 

connected, and orientable as understood. 

Recall that in the two dimensional case, we could deal 

with surfaces that have nonempty boundary by simply capping 

off the boundary components with disks. This gave us a 

representation of the surface by considering the associated 

closed surface. In three dimensions, it is desirable to do 

the same thing. However, instead of boundary components 

that are as simple as spheres, we may have some components 

that are closed surfaces of positive genus. This presents 

no problem; simply cap off each boundary component with a 

cone. That is, if a boundary component is a surface of genus 

g, S , form the product S X [0 » 1] and identify S X {0} 
S S S 

to the boundary component and S X {1} to a single point. 
o 

In the case of 2-spheres in the boundary, this corresponds 

to simply adding a disk as in the two dimensional case. 

What is nice about the representation is that it will give 

54 
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a means of detecting these cones that have been added to the 

boundary components except when there are 2-spheres in the 

boundary. For this reason, we are going to restrict our 

attention to 3-manifolds with no 2-spheres in the boundary. 

As in the two dimensional case, this is not really a dis¬ 

advantage since any 2-spheres in the boundary may be capped 

off with 3-balls. The original manifold will then be 

determined by the resulting manifold and the number of 

2-spheres that were initially in the boundary. 

Given a manifold M with no 2-spheres in the boundary, 
A 

we form a unique object M associated to it by adding cones 
/v 

over all the boundary components. We will call M a singular 

manifold and the vertices of the cones whose base is a surface 
A 

of positive genus will be the singular points of M. Actually, 

a singular manifold is not truly a manifold. In a manifold, 

the link of any vertex will be a 2-sphere. However, in a 

singular manifold, this is not always true since the link 

of some vertices may be closed surfaces of positive genus. 

The point is that we can associate a singular manifold to 

every manifold. In fact, this correspondence is one to one 

if we rule out the possibility of 2-spheres in the boundary 

of the manifold. 

1. The universal branching set 

At the heart of this new representation is the fact that 
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every singular 3-manifold may be represented as a branched 

covering of S3 branched over a universal branch set in S3 . 

Because of invariance of domain, we can not expect a mani¬ 

fold with boundary to cover S3 . This is the reason why we 

want to introduce singular manifolds; the following theorems 

show that these are indeed the right objects to consider. 

The first generalizes an idea originally attributed to 

Alexander [1]. 

Theorem IV.1: Every singular 3-manifold M is a covering of 

S3 branched over the 1-skeleton of a 3-simplex in S3 . 

Proof: This proof is essentially like the analogous 

theorem in Chapter II, Theorem II.1. The fact that we can 

easily visualize the two dimensional proof should make this 

a bit more clear. 

First, we triangulate M and provide an orientation on 

the triangulation. Now we perform a barycentric subdivision 

and orient the new triangulation which leaves each resulting 

simplex with two orientations: one derived from the original 

triangulation and one from the subdivided triangulation. 

If the two agree, we label that simplex with a "+" and if not, 

we label with a . Now if two of the new simplices meet 

in a common face, they have the same orientations relative 

to the original triangulation and opposite orientations with 

respect to the subdivided triangulation. This carries over 
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directly from Theorem II.l to give an alternating pattern 

of "+" and across the manifold. 

Now take two 3-simplices, one labelled "+" and the 

other , and glue them together along their boundary to 

form S3 . Map those simplices labelled "+" in S3 to the 

simplex in S3 labelled "+" and correspondingly to 

This should be done so that the map agrees on the faces of 

the simplices in M. Again, this is a finite to one, open 

map and is thus a branched covering. It is clear that the 

branching set lies in the 1-skeleton of this triangulation 

of S3 , and that the singular set lies in the 1-skeleton 

of the subdivided triangulation of M. This finishes the proof. 

This theorem does, in fact, give every singular 3-mani¬ 

fold as a branched covering of S3 branched over a universal 

branch set. However, this branch set is a bit unwieldy in 

that the fundamental group of the complement is too compli¬ 

cated (relative to what we eventually hope to have). Recall 

that this is the point at which we were able to stop in two 

dimensions as this gave a good representation. The following 

theorem, due to Montesinos, makes the branch set a bit more 

manageable which in turn gives the covering some nice pro¬ 

perties. Let G be the set in S3 depicted in Figure IV.1. 

Theorem IV.2: Every singular 3-manifold M is a covering 

of S3 branched over G. 
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Figure IV. 1 

Figure IV.3 
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Proof: The previous theerem gives every singular 

3-manifold as a branched covering <f>': M S3 branched over 

the set in Figure IV.2. We will describe a branched covering 

ÿ: S3 S3 so that 4> = Ÿ°4>'; M -*■ S3 gives the desired branch 

set G. 

Consider S3 as ]R3 y {°°} and let act on S3 by rota¬ 

tion about the z-axis by 120° . Then the orbit map of this 

action, obtained by identifying points that are equivalent 

under the rotation, gives a branched covering. Consider 

the branch set in S3 as in Figure IV.3. Clearly the 

z-axis is in the branch set of Ÿ . Also, Ÿ maps 

b^ , , bj to one arc in S3 , b , and a^^ , a.^ , a^ to 

one circle, a . Then the branch set of <J> = 'P°<|>^ is given 

as in Figure IV.4. Since the z-axis is identified at 00 , 

this gives the branch set G and completes the proof. 

One can show by a calculation similar to Wirtinger's 

method for knots and links that the fundamental group of the 

complement of G , TT^(S
3-G) , is the free group on two gener¬ 

ators. We can take the generators to be x and y as in 

Figure IV.5. As before, the associated unbranched covering 

of M-<J>_I(G) covering S3-G determines a homomorphism 

p: TT^(S
3-G) -► Sn where the degree of 4» is n. 

After labelling the points in the fiber of 4>-1(x0) with 

the symbols, p(a) is defined to be the permutation of the 
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fiber by a lift of a loop representing aeir^(S3-G , x0) • 

Since ir^(S3-G , x0) is free on x and y , p is completely 

determined by its value on x and y . We let a = pCx) , 

T = p(y) . Then as in the two dimensional case, there is a 

natural equivalence between pairs of permutations and singular 

3-manifolds. As in Theorem II.3, there are homeomorphisms 

of (S3 , G) onto (S3 , G) that define an equivalence rela¬ 

tion on pairs of permutations (see [16]). 

Theorem IV.3: There is a one to one correspondence between 

equivalence classes of transitive pairs of permutations in 

Sn and equivalence classes of n-fold branched coverings of 

S3 branched over G. 

Proof: We have seen how to construct a transitive 

pair of permutations from a singular 3-manifold. Now suppose 

that o , T is a transitive pair of permutations. We wish 

to construct a singular 3-manifold so that a , x is the 

associated pair of permutations. Let S and T be the disks 

indicated in Figure IV.6. We now want to cut S3 along 

S U T and call S , S and T , T the respective sides of the 

disks after the cut. To visualize this, we first cut along 

S. This gives a 2-sphere by pulling S away from S (see 

Figure IV.7). Now cutting along T then gives Figure IV.8 

which can be drawn as a tetrahedron as in Figure IV.9 where 

the darkened edges correspond to the original 1-cells 3S 
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3T 

Figure IV.9 
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and 3T in G. 

Now we are in a position to reconstruct the singular 

3-manifold. Take n copies of the tetrahedron and label the 

faces as in Figure IV.10. Then form the singular manifold 

by identifying S.. to S.. and T.. to T.. with an orientation 0 ij Ji ij Ji 

reversing homeomorphism that takes marked edges onto marked 

edges. Using the triangulation given by these blocks and 

mapping onto S3 by identifying S to S and T to T in S3 shows 

that the corresponding permutations are indeed a , T . 

This completes the theorem. 

O 

2. The Boundary of N(o , T) 

The philosophy of this work is to determine how much 

information is actually accessible from these permutations. 

Since we are dealing with manifolds with no 2-spheres in the 

boundary, the singular manifold has a unique manifold asso¬ 

ciated with it. Then we can say that the permutations 

actually describe a manifold whose boundary is possibly 

nonempty. The following theorem allows us to describe the 

boundary of this associated manifold. We will adopt the 
A 

following notation. If M is a 3-manifold, then M is the 

associated singular 3-manifold. Similarly, if N is a singular 
O 

3-manifold, then N is the corresponding manifold. 

Theorem IV.4: The sum of the genera of the boundary com- 
O 

ponents of N(o , T) is given as 
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Figure IV.11 
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X CT 
g = n + c(o , o ) + CCT , T ) - c(o) - C(T) - c[a , T] 

Seifert and Threlfall [21] show that X(N(o , T)) is 

the sum of the genera of the boundary components. Then the 
O 

above sum is actually X(N) . However, we do not need this 

for the proof. 

Proof: We have a cellular decomposition of S3 given 

by one 3-cell, two 2-cells S and T, three 1-cells, and two 

0-cells P and Q (see Figure IV.5). Then a vertex of N(o , T) 

must map to P or Q. By considering a small neighborhood 

around each vertex in N(o , T) , a branched covering of the 

boundary of this neighborhood over a 2-sphere around P or Q 

(Ep or EQ) is induced. It is obvious that this branched 

covering has a branch set of three points since Ep (or EQ) 

intersects G in three points (see Figure IV.11). Then the 

theory developed in Chapter II will give us the Euler charac¬ 

teristic of the boundary. 

First consider the branched covering over Ep . We 

can see from this figure (IV.11) that the permutations that 

corresponded to a , x , y (in Chapter II) are now 

T , T° , [a , x] . The problem that arises is that 

our theory was derived for permutations that generated a 

transitive subgroup of Sn , and there is no reason to believe 

that gp{x , x° , [o , x]} is a transitive subgroup. Geo¬ 

metrically, this is because there is more than one vertex 
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that induces a branched covering over Ep . The number of 

vertices in N(o , T) that map to P is then given by 

C(T , T° , [o , xl) * CCT , T°) . Let gp be the sum 

of the genera of the boundary components that branch over 

Ep . It is true in general that for a surface S with m 

components that x(S) = ZX(S^) = 2m - 2Zg(S^) . Then 

we have 

xCSp) = c(x) + C(T°) + c[o , x] - n = 2C(T , T°) - 2gp (1) 

where Sp is the (possibly disconnected) surface <J>-1(Ep) . 

Also, let GQ be the sum of the genera of the boundary com¬ 

ponents that branch over EQ . Then 

X(Sp) = c(o) + c(oT) + c[a , x] - n « 2c(o , oT) - 2gç (2) 

Recall that T° simply renames the cycles of T SO that c(x°) = 

C(T) . Then adding X(Sp) and X(SQ) gives 

2c(o) + 2C(T) + 2c[a , T] 2n = 2c(a , oT) + 2C(T , x°) - 2g 

So that 

g = n + c(o , oT) + C(T , x°) - c(o) - C(T) - c[a , T] 

This completes the proof of the theorem. 

O 

Corollary IV.5: N(o , T) is closed <=> 

%(n-c[o , x]) = c(o) - c(a , oT) = C(T) - c(x , T°) 

P O 

Proof: N(o , T) is closed if and only if N(o , x) 

has no boundary components. Since we are assuming that 
O 

N(o , x) has no 2-spheres in the boundary, this implies that 

the sum of the genera of the boundary components must be zero. 
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Then gp = gq * 0 . From (1) and (2) above this implies 

the conclusion. 

The permutations thus allow us to determine if the mani¬ 

fold is closed or the possibilities for the boundary components 

O 

3. The Heegaard splitting of N(o , x) 

We now turn our attention to Heegaard splittings of 
o o 

N(o , T) . Since it is possible that N(o , x) is no longer 

closed, we will need a broader definition of Heegaard diagrams 

First we generalize the idea of handlebodies. Let be 

a closed, connected, orientable surface of genus g and 

consider S X [0 , 1] . A hollow handlebody is obtained 

by adding an appropriate number of 2-handles and 3-handles 

(in this order) along S X {1} . S X {0} is the free 
g ë 

boundary of the hollow handlebody. 

Example: 

A) Let g - 2 and add 2-handles along the curves 

y1 , Yo • Then S X [0 , 1] has the form in Figure IV.12. 

After adding the 2-handles, we have Figure IV.13 where 

the S X {l} level is indicated by the dotted lines. Then 

the boundary on the 1 level is a 2-sphere so that we can 

add a 3-handle to "fill up" the inside. This actually gives 

a handlebody. 

B) Let g = 2 and add a 2-handle along y . The result is 
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Figure IV.14 
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shown in Figure IV.14. The boundary on the 1 level now 

consists of two tori. This example indicates how it is 

possible to represent 3-manifolds with nonempty boundary 

in this way. Also, we have shown that hollow handlebodies. 

are indeed a generalization of handlebodies. 

A generalized Heegaard splitting of M is a pair (M , S ) 
ë 

so that S is a closed, orientable surface of genus g and 
o 

X , Y and are two hollow handlebodies with M = X U Y and 

S = X n Y , the free boundary of both X and Y . If one 
8 

of the two hollow handlebodies has empty boundary (on S X {1}) 

-- that is, one is a handlebody -- then we say that (M , S ) 
ë 

is a Heegaard splitting. Every 3-manifold has a Heegaard 

splitting since the boundary can be made to lie on one 

side of the splitting. Now we can apply this to our manifold. 

Let F be a torus embedded as in Figure IV.15 so that the 

closure of the two components of S3-F , X and Y , are regular 

neighborhoods of 3S and 3T , respectively. Let 

% = <J>”1 (F) , 'k » <J>_1(X) , Y = <f>-1 (Y) . 

*Vr 

Theorem IV.6: F is a closed, connected, orientable surface 
/\j 

with Euler characteristic X(F) = c[o , T] - n . In addition, 
° ^ 

(N(o , T) , F) is a generalized Heegaard splitting for 

N(o , T) . 

Proof: Once again, there is an application of the two 

dimensional theory. F is a torus that intersects G in one 
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Figure IV.16 

S to-lî) 

T 

io-'U) 

Figure IV.17 
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point. Then <f> |ft: ft F is a branched covering branched 

over the one point in F that intersects G. The permutations 

are then o , T SO that ft must be connected since gp{o , T} 

forms a transitive subgroup. Theorem II.8 applies to show 

that X(ft) = c[o , T] - n and ft is closed and orientable. 

If we can show that I f) N and ï fl N are hollow handle- 

bodies, this will prove that (N , ?) is a generalized 
0.0 n. 0 

Heegaard splitting. This follows since N = (X D N) U (Y H N) 

and ? * (î n N) n (ft n N) . First, however, we must form 

ft . Recall that N(a , x) was formed by identifying the 

tetrahedra that result from cutting S3 along S and T. F 

sits in this tetrahedron as in Figure IV.16 so that the 

identification of the tetrahedra gives an identification 

for ft . This is formed by taking n copies of the 2-cell 

in Figure IV.17, labelling, and identifying to and 

T^. to Tj^ . Now let H be the slab indicated in Figure IV. 18. 

By adding copies of H to the 2-cells that form ft , we are 

adding 2-handles to one side of £ . The final step in re¬ 

constructing ft H N is to add the slabs and L^ back onto 

each 2-cell that forms ft . However, they should only be 

added to give vertices that are not singular points. These 

slabs are then simply 3-handles about the vertices of X n N . 

This decomposition gives ft H N as a hollow handlebody. 

Since the same arguments apply for ft H N , we have that 

(N(o , x) , ft) is a generalized Heegaard splitting and the 
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Figure IV.19 

Figure IV.20 

Figure IV.21 
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proof is finished. 

As an immediate corollary, we have 

Corrollarv IV.7: (N(o , T) , ?0 is a Heegaard splitting <=> 

g(F) = kin + c[o , T]) + 1 = c(o) - c(o , oT) + 1 or 

g(F) = kin + c[o , T]) + 1 = C(T) - C(T , ta) + 1 

Proof: Recall that CN(o , T) , Ï) is a Heegaard split¬ 

ting only if one of the hollow handlebodies has an empty 

boundary on the 1 level. Theorem IV.4 implies that this is 

the case when these conditions are met. 

Having generalized the Heegaard splitting, we can 

consider a generalized Heegaard diagram. The previous theorem 

has shown that if (M , S ) is a generalized Heegaard split- 
© 

ting, it is possible to form M by adding the appropriate 

2-handles to S X [-1 , 1] and then adding 3-handles to cap 
§ 

off any 2-spheres that may be in the boundary. Thus if we 

can describe how the 2-handles are attached to S X {-1} and 

Sg X {1} , we have specified the generalized Heegaard split¬ 

ting. Let V = {v^ , v2 »... , v^}and W = {w^ , W£ , ... w^} 

be curves on S X {-1} and S X {1} respectively so that M 
g g 

is formed by attaching 2-handles, D? X [-1 , 1] , to 

S X {-1} with D? X {0} = v. . Similarly, 2-handles are 
o IX 

attached to S X {1} along w. . Then (M , S ) is determined 
g 1 1 J g 

by V and W, and we call (S ; V , W) a generalized Heegaard 
P 

diagram. If CM , S ) is a Heegaard splitting, we say that 
g 
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(S ; V , W) is a Heegaard diagram. 
o 

Now we see that on ^ , the preimages of x and y are 

curves V - {Vj , ... , vc(a)} , W = {s1 , ... , Wc(t)} , 

respectively. The proof of the following theorem is actually 

contained in the previous theorem's proof. 

Theorem IV.8: (£ ; V , W) is a generalized Heegaard 
O 

diagram for N(a , T) . 

o 

Proof: We showed how N(a , T) can be constructed 

as an identification space of 2-cells. Then the preimages 

of x and y form the curves V and W . When we added the slabs 

H in the proof above, we were adding 2-handles to the 

curves V and W . This completes the proof of this theorem. 

It is important to note that the orientation of the 

intersections of w. and v. is always the same. Then we 

say that the generalized Heegaard diagram (£ ; V , W) is 

positive since £ may be oriented so that the intersection 

number of w^ with v. is +1 at every point of V fl W . We 

have seen that every pair of permutations leads to a posi¬ 

tive Heegaard diagram. Conversely, Montesinos describes 

a procedure for determining o , T from a Heegaard diagram. 

Rather than describe this procedure abstractly, we will 

demonstrate it by an example. The importance of this 

algorithm for us is that it sets up a correspondence between 

transitive pairs of permutations and Heegaard diagrams. 
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Later, we will want to investigate an equivalence relation 

that is induced on permutations by the equivalence rela¬ 

tion of handle sliding among Heegaard diagrams. 

Example: 

We have mentioned that L(1 , 0) * S2 X S1 . This is 

easily seen by considering how the solid tori are sewn 

together to form L(1 , 0) . A meridian for H^ is glued 

to a meridian for . These two disks form S2 and then 

the S1 factor in the solid tori gives S2 X S1 . We want to 

derive a pair of permutations that represent S2 X S1 . 

First, note that the Heegaard diagrams that arise from 

permutations have the following properties: 1) every 

w^ intersects some curve in V, 2) the components of 

Îr-(V U W) are simply connected (they are 2-balls), and 

3) the diagram is positive. 

A Heegaard diagram for S2 X S1 is shown in Figure IV.19. 

Since w^ does not intersect v^ , condition 1 is not satis¬ 

fied. We can correct this by pushing w^ across v^ and 

obtaining Figure IV.20. Now considering £-(V U W) and 

labelling the components , we see that 

is not simply connected so that condition 2 does not hold. 

We change this by pulling w^ around as in Figure IV.21. 

However, this diagram is not positive so we add a trivial 

handle to correct. Then we number the points of inter¬ 

section of V fl W . (see Figure IV. 22) We can read the 
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permutations now by choosing a curve in V and recording the 

numbers of the intersection points as the curve moves around 

the surface. This gives a and T is similarly obtained. 

The resulting permutations are 

o = (123)(456) , T = (14)(2563) 

4. The fundamental group 

Reflecting on what we've done, it seems quite remark¬ 

able that we are able to draw the Heegaard diagram so 

easily from the permutations; that is, by constructing 

(^ ; V , W) from the 2-cells with the arcs. However, in 

addition to allowing us to reconstruct the diagram, we can 

also calculate the fundamental group from the permutations. 

To do this, we assume that (N(o , T) , ?0 is a Heegaard 

splitting and that % fl N is the handlebody. This is not a 

drastic assumption since every 3-manifold has a Heegaard 

splitting. From Corollary IV.7 , this assumption amounts to 

^(n-clo , T] = c(o) - c(o , oT) . We will choose generators 

for ir^($!) which we know is a free group on g generators 
O 

and then calculate Iî^(N(O , T)) by adding relations to this 

free group that correspond to adding the 2-handles to get 

Ÿ n N . 

Now that we know ^ is handlebody, we need to choose 

g generators for ir^(5!) . The best way to do this is to 

pick loops that correspond to the cores of the meridional 

disks of . This is illustrated in the Figure IV.23. 
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Figure IV.22 

Figure IV. 23 

Figure IV.24 
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Then we want to find meridional disks for the handlebody X . 

Recall that X is a regular neighborhood of 3S so that 

k is a regular neighborhood of <j>“l(3S) . If we can draw 

the graph 4»-1(3S) , then we can find meridional disks for 

k by considering the regular neighborhood of the graph. 
We have seen that Q has c(o , oT) vertices in its preimage 

so d>— 1C3S) has c(o , aT) 0-cells. Also, the 1-cells in 

<J>-1(3S) are formed by identifying the tetrahedra as in the 

proof of Theorem IV.3. x lifts as indicated in Figure IV.24 

so that there are c(o) 1-cells. This gives a correspon¬ 

dence between orbits of o and edges in <#>~1C3SD so that 

we can label the edges in <J>_1(3S) by the orbits of a . 

Then we can construct <j>-1(3S) as follows: Let 

A, , A0 , ... , A ( be vertices and set up 

a correspondence between the vertices {A^} and the orbits 

of gp{o , oT} . Then for each orbit of o , s^ , connect 

the vertex corresponding to the orbit of gp{o , oT} con¬ 

taining s^ to the vertex corresponding to the orbit con¬ 

taining sT . Clearly, this gives the graph of <J>“l(3S) . 

Î is a regular neighborhood of 4>_1(3S) . 

Now we wish to find a set of meridional disks for k . 

Choose a maximal tree T in <f>-1(3S) . If we cut along disks 

dual to the 1-cells in <j>“l(3S)-T , we obtain a regular 

neighborhood of T which is a 3-ball (recall Lemma III.2). 

We call the cycles of a that form T superfluous cycles 



(note that they are not unique since T is not unique). 

The number of superfluous cycles is the number of 1-cells 

in a maximal tree of <j>-1(3S) . Since there are c(a , aT) 

0-cells, there are c(o , oT)-l edges in a maximal tree. 

Then there are c(o) - (c(o , aT)-l) meridional disks which 

correspond with the assumption that we made: 
•v _ 

g(F) = %(n-c[a , x])+l = c(a) - (c(a , a )-l) . An exampl 

will illustrate these ideas. 

Example: 

Let o = (123) (456) (789) = s^Sj 

T = (159)(267)(348) 

oT = (564)(897)(231) 

This implies that c(o , oT) = 3 so that the graph of 

<f>_1OS) is as depicted in Figure IV. 25. The vertices 

correspond to the orbits of gp{o , oT} as 

Ax <-> {1,2,3} 

A2 <-> {4,5,6} 

A3 < —> {7,8,9} 

Actually, [a , T] = 1 so g(F) = %(n-c[o , t])+l = 1 and 

^ is a torus. Then it can be verified by considering the 

identification space of ft that ft is as in Figure IV.26 

ft is formed by attaching 2-handles to the V curves and 

adding 3-balls to cap off the 2-sphere boundary components 

This shows that ft is a solid torus. From the figure, it 

is apparent that v7 and v, are redundant since ft can be 
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formed without them. This can be seen by constructing & 

from Figure IV.27. This shows that and s^ form a set 

of superfluous cycles and v^ bounds a meridional disk since 

cutting along gives a 3-ball. Since V2 and are 

redundant, we may as well delete them from the diagram. 

Then we are left with a » (123) , T = (1)(2)(3) e S^ and 

the Heegaard diagram in Figure IV.28. It is straightfor- 
O 

ward to see that this is S3 . (One can show that N is 

closed so consideration of Î shows that two of the curves 

in W are superfluous. This gives the Heegaard diagram in 

Figure IV.29 which is clearly S3 .) 

This puts us in a good position to calculate the funda 

mental group of the 3-manifold. The idea is to choose 

generators for ir^(&) that are the cores of a set of meri¬ 

dional disks. We have shown how to do this. First we 

write o and T as the product of disjoint cycles: 

o = S- ... s r , T * t. ... t f \ . Once we have 
1 c(.aJ 1 clxj 

V*) , we can get TT^(N(O , T)) by adding relations for the 

2-handles added to form Ÿ . To do this, we must write 

the W curves in words in TT^(X) . If one of the W curves 

loops through one of the handles, it must intersect the 

curve in V which produces the handle. Then we can write 

the relations by tracing along the W curves and recording 

their intersections with the V curves. Each time there is 

an intersection, add the symbol for the generator of TT^(X) 
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Figure IV.29 
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that comes from the associated V curve. This gives a 
O 

presentation for TT^(N) . The following theorem makes this 

more precise. 

O 

Theorem IV.9: There is a presentation for ir^(N) of the 

form <s^ , ... , Sp ; t^ » • • • » t , r^ , ... , r^> 

where p = c(o) , q = c(x) , m = c(o ,oT)-l 

The t^ are obtained from the i-th cycle of t by replacing 

each symbol in this cycle by the orbit of o in which this 

symbol lies. The r^ are obtained by trivializing the 

generators that arise from superfluous cycles. 

Example : The previous example showed that the permutations 

a = (123) (456) (789) = s^Sj 

T = (159) (267) (348) = tjtjtj 
O 

represented S3 . Then ir^(N(o , T)) should be the trivial 

, group. We found that S2 and s^ form a set of superfluous 

cycles. Then 
O 

1T
1 (N) « <s1 , s2 , s3 ; tx , t2 , t3 , rx , r2> . 

As a cycle of T , t^ is (159) . The symbol 1 is in the 

orbit of a labelled by s^ , 5 is in s2 > and 9 is in s^ . 

Then the relation t^ is s^s2s3 . Furthermore, t2 = s^s2s3 

and t3 = 
S
I
S2s3 * T^e suPerfluous cycles give r^ = s2 , 

O 

r2 = s3 . Then TT^N) « <Sj^ , s2 , s3 : s-j^Sj , s2 , s3> 

which is easily seen to present the trivial group by the 

obvious Tietze transformations. 
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Proof of the Theorem: We know that the symbols 

{l , 2 , ... , n} correspond to intersection points of the 

V and W curves. We let the cores of the meridional disks 

bounded by the V curves generate TT^(&) by choosing genera¬ 

tors s^ , ... , Sp and adding relations to trivialize 

those generators corresponding to superfluous cycles. 

Loops representing these generators y^ correspond to the 

core of the 2-handle added to the V curves. When homotoped 

to the boundary, y^ intersects v^ exactly once and none of 

the other V curves. Then to write the curves in W as words 

in these generators, we simply record the intersection with 

each V curve by writing s^ for every intersection of w^ 

with v^ . In terms of the permutations, cycles of r corres¬ 

pond to W curves while cycles of a correspond to V curves. 

By tracing through a cycle in T and recording the orbits of 

a which contain its symbols, we are recording the inter¬ 

sections of Wj and the V curves. We add these as relations 

since they bound disks in Î . This completes the proof of 

the theorem. 

Examples: 

A) Montesinos shows that a = (12 ... p) ,r = 

represents the Lens space L(p , q) . Then we get 

c(o , oT) =1 so there are no superfluous cycles. 

Hence ir^(L(p , q)) * <s^: s^> « as is well known. 
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B) We derived a permutational representation for 

S2 X S1 as 

a = (123)(456) 

T - (14)(2563) 

c(o , oT) = 1 so again there are no superfluous cycles. 

We expect this since we know that this is a genus two 

splitting and c(o) = 2 . Then 

ir^(S2 X S1) a <s1 , S£ • s1s2 , s
1
s2si> 

a ^ S ^ , S2 * S ^ S 2 * S2S1"> 

= <s1 :> 

C) Let o = (1234)(56)(78) 

T = (12357)(468) 

oT =(2356)(78)(14) 

Then c(o , oT) = 2 so we must select a set of superfluous 

cycles. To do this, we construct the graph of <J>-1(3S) 

as in Figure IV.30 where the correspondence of vertices 

and orbits of a is 

A1 <-> {1 , 2 , 3 , 4 , 5 , 6} , A2 <-> {7 , 8} 

Choose Sj as the superfluous cycle since it will form a 
O 

maximal tree. Then v^(N) a <s^ , s2 , : s^s^^ , s^^s^ 

a <S1 » s2 : S1S2 » SlV 

~ <S1 1 Sl> 

- u 

S3> 
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Figure IV.31 
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We also see that N(o , T) is closed because 

[o , T] = (1)(247)(3)(5)(6)(8) 

x° = (23468)(157) 

so that 

%(n-c[o , T]) = c(a) - c(a , aT) = C(T) - C(T , T°) • 

In fact, it can be verified that this is real projective 

3-space (see [18], [24]). 

Thus far, this representation has tremendous power. 

We have seen that every 3-manifold may be represented in 

this way and that there is a correspondence between the 

permutations and the Heegaard diagram of the manifold. 

Since we have an equivalence relation on Heegaard diagrams 

and Heegaard splittings, we might expect this to carry over 

to an equivalence relation on permutations and thus re¬ 

duce the more difficult geometric problem to an algebraic 

problem about permutations. This will be addressed in the 

next chapter. Also, there is an algorithm for reading a 

presentation for the fundamental group of the manifold 

from the permutations. Although this is extremely nice, 

it is still difficult, in general, to solve the word pro¬ 

blem of the presentation to obtain a more precise des¬ 

cription of the group. 

The introduction of this representation was through 
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a branched covering of the 3-manifold over the three sphere. 

However, we saw that we could reconstruct the manifold by 

considering the induced branched covering over the torus 

F and using the permutations to describe how 2-handles were 

attached to ^ = <j>-1(F) . We might invert our perspective 

and consider the branched covering of M over S3 to be in¬ 

duced by that of £ over F. A natural question that follows 

is to ask if we can do the same thing with the represen¬ 

tation of surfaces over S2 . That is, can a 3-manifold 

be effectively described by the branched covering of its 

Heegaard surface over S2 . At first, there is some hope 

since Edmonds and Bernstein [5] have shown that a branched 

covering of the boundary of a handlebody over S2 can be 

extended to a branched covering of the entire handlebody 

over the 3-ball D3 . Then gluing the handlebodies together 

to get the manifold glues two 3-balls together to get S3 . 

Then we have 

Theorem IV.10: Every 3-manifold is a branched covering of 

S3 with branch set G' (see Figure IV.31). 

Indeed the fundamental group of S3-G"is even free on 

two generators. However, there seems to be no connection 

between the permutations and the curves used for attaching 

2-handles on the Heegaard surface (recall that the loops 

that are preimages of the loops representing the generators 
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of TT^(S2-B) will be null-homotopic on the Heegaard surface). 

This implies that the elegance of the representation 

described in this chapter is unique to this particular 

choice of universal branching sets. 
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V. Equivalence Among Permutations and Homology 

When we introduced Heegaard diagrams and Heegaard 

splittings in Chapter III, we discussed equivalence rela-' 

tions among them that would lead to a classification theorem 

for 3-manifolds if these relations could be dealt with 

more easily. Then in Chapter IV, we represented 3-manifolds 

as branched coverings of the 3-sphere and showed how this 

leads to a pair of permutations describing the manifold 

and its Heegaard splitting. One might hope to express the 

equivalence relations in terms of the branched covering 

and simplify the problem. However, this representation 

is equivalent to a special type of Heegaard diagram -- one 

in which the intersections are all oriented in the same way. 

If we are to develop some kind of equivalence between these 

permutations, it must apply to this type of Heegaard diagrams. 

1. An equivalence relation on permutations 

In Chapter III, we saw that any two Heegaard diagrams 

that represent the same Heegaard splitting are equivalent 

by performing a finite number of handle slides on one of 

the diagrams to produce the other. Then the theorem of 

Reidemeister [19] and Singer [22] showed that any two 

Heegaard splittings are stably equivalent -- that is, 

equivalent by the addition of trivial handles. Now that 

we are considering Heegaard diagrams that are positive, 
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these relations must change since it is not likely that 

the result of performing a handle slide on a positive dia¬ 

gram will give a positive diagram as is shown by the 

following example. 

Example: 

o = (123)(456) 

T = (124)(356) . 

The Heegaard diagrams are shown in Figure V.l. In this 

example, the curve labelled by the arrows intersects the 

curves 1 and 2 in opposite orientations since it goes from 

1 to 2 and then 2 to 1. This implies that a new equivalence 

relation is needed -- one that keeps the diagram positive 

at every step. 

Definition: We say that two positive Heegaard diagrams, 

and ^ , are positively equivalent if there is a sequence 

of handle slides and handle additions (so that the diagram 

is positive at every step) that transforms into a diagram 

H and a sequence of handle slides and handle additions that 

takes H2 into H. This is an equivalence relation among 

positive Heegaard diagrams (the ideas needed to prove tran¬ 

sitivity are contained in the proof of the next theorem). 

The following theorem shows that this is the right 

definition of equivalence for positive diagrams. 

Theorem V.l: Let and M2 be represented by positive 
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Figure V.l 
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Heegaard diagrams and ^ respectively. Then =* 

if and only if and ^ are positively equivalent. 

Proof: The sufficiency of the condition is straight¬ 

forward. The operations of handle sliding and handle 

addition do not change the homeomorphism type of the manifold 

represented by the diagram. Then H represents the same 

manifold as (since handles have been added, it represents 

a different Heegaard splitting) by the operations that 

take Hj to H . Similarly, ^ represents the same manifold 

as H since it results from a number of handle slides and 

additions. Then . 

Now suppose = M2 and ^ are as in the statement 

of the theorem. First, H^, and ^ may represent different 

Heegaard splittings, but they are stably equivalent. Then 

we can add trivial handles to H^ and ^ so that they re¬ 

present the same Heegaard splitting and the diagrams (H£ , H£) 

are positive. Then there is a sequence of handle slides 

that transforms H£ into H£ but it is unlikely that the 

diagram remains positive at every step. However, we can 

force it to be positive at every step by adding trivial 

handles as we will now describe. 

The process of handle sliding is simply the replace¬ 

ment of a meridional curve by a new one. Thus although 

we will be adding trivial handles to the diagram H£ , the 



94 

original meridional curves remain so that the original 

handle slides may still be performed. Consider the positive 

diagram and perform the first handle slide in the se¬ 

quence that takes into • If the resulting diagram 

is positive, we continue with the second slide. If not, 

we add trivial handles to force it to be so. Suppose we 

are choosing a new meridional curve y and y intersects w 

in an orientation opposite to the other intersections. 

Then add a handle as shown in Figure V.2 so that all inter¬ 

section numbers are +1. Then performing the handle slide 

y and cutting along y' gives the positive diagram shown in 

Figure V.3 whereas if we had not added the handle, we 

would have had the diagram in Figure V.4. 

Now we will perform the next handle slide in the 

sequence that takes to . However, since we have added 

a trivial handle, we must be careful in doing this. Suppose 

the new meridional curve is a . We draw a on the new sphere 

exactly as it would have been drawn if we had not added the 

handle. However, now we pair y' to y so that a does not 

separate these two handles. Also pair y' to y . Then 

sliding a gives Figure V.5. Without the handle addition y' , 

we have Figure V.6. This shows that the result is the same 

if we perform the handle slides and then add the trivial 

handle y' or if we first add the handle and then do the slides. 

Without the handle additions, the intersection point 
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Figure V.2 

Figure V.4 
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Figure V.5 

Figure V.6 
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of y with w is always oriented incorrectly. Then since 

is a positive diagram, the handle y must be slid again. 

(If the diagram H£ is positive and all the intersection 

numbers are opposite from those in H£ , then changing the 

orientation of the meridional curves in all the handle 

slides eliminates the problem of the improperly oriented 

intersection.) Performing this slide gives Figure V.7 but 

without the added handle we have Figure V.8. Then the result 

after all the handle slides are performed is H£ with trivial 

handles added. Then and ^ are positively equivalent, 

and this completes the proof of the theorem. 

By giving an equivalence relation on positive diagrams, 

the theorem above gives an equivalence relation on transitive 

pairs of permutations since they give positive Heegaard 

diagrams. The problem is now this: the representation is 

in terms of algebraic objects -- permutations -- and the 

equivalence relation is expressed geometrically. This pre¬ 

sents no obstacle since it is possible to develop an algorithm 

for performing the handle slides algebraically. Although 

this is straightforward, it is somewhat tedious to describe 

and so will not be considered here. This algorithm could 

in fact be automated so that a computer could generate 

equivalent positive Heegaard diagrams. However, this re¬ 

presentation suffers in the same way that Heegaard diagrams 

do. Namely, there are too many transitive pairs of permuta- 
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Figure V.8 
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tions and no practical way to determine when they are 

equivalent. Then the conclusion is that this representation 

simply translates the classification problem of Heegaard 

diagrams and Heegaard splittings into one about transitive 

pairs of permutations without a clear way to attack this 

new problem. 

2. Intersection numbers 

The goal of this work is to determine as much as 

possible about the manifold from the permutations a , x . 

The next results are in this spirit. First, we say that 

a Heegaard splitting is minimal if it can not be obtained 

from a Heegaard splitting of lower genus by trivial handle 

addition. In Waldhausen's survey, he makes several con¬ 

jectures that involve minimal Heegaard diagrams (see 

Waldhausen [25] for a discussion of their significance). 

Indeed, minimal Heegaard splittings have been the subject 

of much attention ([2], [3], [18]). The next result gives 

necessary conditions for the Heegaard diagram to represent 

a minimal Heegaard splitting. First, we note that o and 

T can be written as a unique product of disjoint cycles 

o s s.s~ ... S r \ , T = t. ... t r ^ . We can 1 2 cio) 1 2 cUJ 

also regard d and s^ as subsets of 

{1 , 2 , ... , n} -- that is, as orbits of 

{1 , 2 , ... , n] under the action of o and T . 

Definition: Let the matrix (d.jj) be the matrix of intersec- 



100 

tion numbers of a and T where d^. = #(t^ H s^.) when view¬ 

ing t^ and Sj as subsets of {1 , 2 , ... , n} . 

Theorem V.2: If d^. = 1 for some i , j , then the Heegaard 

splitting of M(o , T) given by the representation o , T 

is not minimal. 

Proof: We consider a sequence of handle slides which 

will show the conclusion of the theorem. In this proof, 

we will not require that the diagram be positive at every 

step. Let i , j be such that d.^ = 1 . Then consider the 

curves v^ and w^ on the Heegaard diagram. If w^ intersects 

no other V curves, then the conclusion holds. Part of the 

Heegaard diagram is shown in Figure V.9. This diagram is 

simply the result of drilling a hole in the Heegaard sur¬ 

face of a lower genus splitting which is the same as a 

trivial handle addition. If #Cw^ 0 V) > 1 we now show how 

to perform a sequence of handle slides to reduce the number 

of intersections so that #(w^ n V) = 1 . 

Consider the handle which the curve w^ intersects 

before v^ (we can consider the curves to be oriented) and 

handle slide over this handle as in Figure V.10. In this 

diagram, we neglect the other curves. There is no reason 

that the rest of the diagram is positive but we don't need 

that it be to draw the conclusion of this theorem. The 

resulting diagram appears in Figure V.ll so that we have 
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Figure V.ll 
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eliminated one of the intersections of (w^ fl V) . The 

case A = B does not require additional consideration. Pro¬ 

ceeding in this manner, we eventually arrive at #(w^ D V) = 1 . 

This reduces the problem to the case above and then proves 

the theorem. 

This is only one example of when the intersection 

numbers are important. They also enable the explicit cal¬ 

culation of H^M) -- the first homology group of M which 

is an abelian group or a ^-module. As mentioned in Chapter III, 

if M is irreducible and H^(M) is infinite, then M is 

Haken. Then this gives a means of showing that M(o , T) 

is Haken. 

It is a standard fact that the first homology group 

is the abelianization of the fundamental group. That is, 

H1(M) * 1CM) / ^ 7r1(M)] 

As a presentation, if = <X : R> we have 

H^(M) = <X : R , [x^ , Xj]> . Now Theorem IV.9 gives 

us a presentation for 

= * * * * * ^p * * * * * » • • • » 

so that 

Hj^M) = , ... , sp • t^ , ... , t , r^ , ... , r^ , [s^,Sj]>. 

Viewing H^(M) as a ^-module, we can write a presentation 

matrix for H^(M) . Recall that the relations t^ are written 

in terms of the s^ . By making the s^ commute, we can 



This gives relations collect the occurrences of s. in t. 
J i 

*i = ^iisi so t^iat t^ie presentation matrix for H,(M) is 

in fact (d.^) , the matrix of intersection numbers (this 

ignores superfluous cycles). Thus we have proved 

Theorem V.3: (£ij) gives a presentation matrix for H^M) 
lc 

as an abelian group where r^ is the relation s^ = 1 where 

s^ is a superfluous cycle. 

At this point, we would like to use the theory of 

elementary ideals to further determine the structure of 

Hj^CM) . It is a well known fact that finitely generated 

abelian groups can be written as the direct sum of cyclic 

groups. This implies that there is a generating set of 

H^(M) such that the presentation matrix is diagonal. From 

this, we simply read the diagonal elements as the order of 

the cyclic summands (a zero is interpreted as an infinite 

order summand and a one is the trivial summand). However, 

chances are that our presentation matrix will not be in 

diagonal form. In fact, since o , r form a transitive 

subgroup of SR , it can never happen that (d.j) is diagonal 

We need some invariant of the group that will allow us to 

determine the diagonal elements if the appropriate basis 

were chosen to make the matrix diagonal. Elementary ideals 

provides this invariant (Fox and Crowell [7]). 

Let our presentation matrix P = (^ij) have m rows and 
rk ! 
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n columns. For k â 0 , we define the k-th elementary ideal 

Ô^CP) as follows: 

1) 0 < n-k £ m . Thenfi ^CP) t^le ideal generated 

by the determinants of all (n-k) X (n-k) submatrices of P. 

2) n-k > m . Then ^(P) “ (0) • 

3) n-k < 0 . Then e;fc(PD - (1) = Z . 

It is not difficult to show that the elementary ideals are 

invariants of the groups presented; that is, any two 

presentations of the same group have the same elementary 

ideals. Also, the elementary ideals do not change under 

certain operations on the matrix: 

a) permuting rows or columns 

b) adjoining a row of zeroes 

A <->(£) 

c) adding a linear combination of rows (columns) to 

another row (column) 

d) adjoining a new row and column as 

A < >(Q ^ 

These operations correspond to manipulations of the basis 

or relations of the presentation. 

Now we consider the elementary ideals of a finitely 

generated abelian group 

G = © Z 9 ... 9 Z where Zr is the direct sum of ml mk 
r copies of Z and m. | m. + j . Then G has the following 

(k+r) X (k+r) presentation matrix P 
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fM °1 '•0 0J 

where M is the k X k matrix 

m, n 

M = m, 

o' m. 

Since t is a principal ideal domain, the elementary ideals 

of P are 

e0(p) = ... = er.1 = (0) 

£ ^(P) 8 (m^n^ ... ~ (e^) 

er+l^P^ = ^mim2 *** mk-l^ = ^ek-l ) 

£r+k
(P) = (l) 

This gives us a means of computing the invariants r and 

{nu} for H^(M) . First we compute the elementary ideals 

of the presentation P which gives ep , e^ , ... , e^ . 

Then nu = ei / e^_^ and r = min{k: £^(P) 4 (0)} . Then 

H,(M) = %x © 1 © ... © r 

In this computation, we can delete all those columns 

which correspond to superfluous cycles. This is seen by 

adding a multiple of the row 0...010...0 to the 

rows above to obtain all zeroes in this column. Then the 

row and column may be deleted by operation d above. For 

this reason, we will assume that there are no superfluous 

cycles without lossing generality. 

Proposition V.4: If C(T) < g = c(o) , then H^M) is infinite. 
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Proof: in this case, Cj) has g rows and c(x) columns. 

To get any g X g submatrices, we must add g-c(x) rows of 

zeroes.' Then the determinant of any g X g submatrix must 

be zero so £Q(P) “ (0) and r > 0 . This corresponds to 

M(o , T) having nonempty boundary. 

We have used s^ to denote a cycle of a but now we will 

use it to also denote the number of elements in this cycle. 

The meaning will be clear from context. It is clear that 
n ^ 
E d.. = s. . We let g = g(F) = c(o) (since there 

i=l 1J J 

are no superfluous cycles) . 

Proposition V.5: If g - 1 , then H^MCo , x)) = 

where h = gcd{t^} . 

Proof: Since g = 1 ■ c(o) , o must be an n cycle. 

Then d^ = t^ so that presentation matrix is 

P = 

c (a) 

and e0(P) * h 

Corollary V.6: S2 X S1 has no representation o , T as a 

genus one splitting. This is what we suspected after 

deriving permutations for S2 X Sl in Chapter IV. 
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Proposition V.7: Suppose g > 1 and there are two non- 

superfluous cycles s^. and s^ so that s^d^.^ = Sj„d^ 

for all i . Then H^(M) is infinite. If g = 2 , the converse 

is true. 

Proof: Assume the presentation matrix is (d^j) . 

First we add the first C(T)-1 rows to the last row. Since 
n 
2 d.. = s. we have replaced the last row by s. so 

i.i u : y i 

that the presentation matrix is now (dij) 1 £ i £ C(T)-1 . 
Sj 

Add rows of zeroes if necessary so that the matrix is 

g X g • Now any g X g submatrix contains the j-th and 

j'-th columns so that if we multiply column j by s^ and 

column j" by s^ , we obtain two equal columns but only 

change the determinant of the g X g submatrix by a multi¬ 

plicative constant. Then this determinant is zero for all 

g X g submatrices so £Q(P) = (0) implying that H^(M) is 

infinite. 

The converse for g = 2 easily follows since any 2X2 

submatrix has determinant zero because £Q(P) = (0) . Then 

d..s.^ = d..„s. for all i. This completes the proof. 
ij J iJ J y v 

Example: 

A) S2 X S1 o = (123)(456) 

T = (14)(2563) 

dij ^2 2) 

Then H^S2 X S1) is infinite. 
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B) S3 o = (123)(456)(789) 

T = (159)(267)(348) 

111 
d. . = 111 
1J 111 

However, H^(S3) is not infinite since two of the cycles 

are superfluous. 

Now we explore the case when g » c(o) » C(T) = 2 

and there are no superfluous cycles. Since the classifi¬ 

cation problem is only solved through genus one manifolds 

(Lens spaces), this is still an important area. 

Corollary V.8: nd^. “ t^s. for some i , j if and only if 

H^(M) is infinite. 

Proof: (M) is infinite <=> d^^ ■ d^Sj 

Then d^(n-s^) * (t^-dj^)s^ so n<*ll = tlsl 

Corollary V.9: If n is prime, H^M) is finite. 

Proof: n prime and n à t^ , s^ implies that n does not 

divide t. s . 
i J 

Since d.. is an integer, nd.J 4 t.s. . 
1 j 1J 1 J 

This implies that if we want to find Haken manifolds 

by considering genus two splittings in which H^(M) is infi¬ 

nite, we can not have n prime. More generally for g = 2 , 

let d = |detd^j| and h = gcd{d^} 

Theorem V.1Q: H^(M) = @ Zd/h 
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Proof: SQCP) = (d) 

eQ(P) = (h) 

Corollary V.ll: HjCM) is cyclic <=> gcd{d.j} * 1 . 

Corollary V.12: H^M) = 0 <=> |det d±. | = 1 . 

Then for genus two splittings, the intersection num¬ 

bers enable us to quickly deduce the first homology group 

by simply looking at the permutaions. While this same 

approach holds for higher genus splittings, the results 

are not quite so easily written. 



VI. Covering Spaces 

In this chapter, we want to describe an algorithm 

to obtain all finite sheeted covering spaces of M(o » T) • 

As mentioned in Chapter III, the class of virtually Haken 

manifolds, those manifolds for which a finite sheeted cover 

is Haken, are interesting but not well understood. This 

algorithm could be helpful there. 

1. Determination of Covering Spaces 

First, we know that if -► S3 is a branched cover¬ 

ing, then there is an associated unbranched covering 

<J>£ * ^1 where M' = M-4>-1(G) . Suppose there is 

a second manifold M2 that is a branched covering of S3 

with the same branch set G (call the associated unbranched 

covering <j>p- If we assume that C ^1*1^M1^ 

then we can lift bo a map p: -*■ M^ and have the follow¬ 

ing commuting diagram. 

Since <p' , are covering maps, then the theory of covering 

spaces says that p is a covering map (see Lemma 6.7 of 

Massey [15]). Now this map can be extended to all of M2 

since M2 is the closure of M£ . If we can insure that this 

> S3 -G M 2 

110 
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extended map p: M2 -► M^ is unbranched on M2_M£ then p 

will be a covering map of M2 over M^ . This is our basic 

approach. 

First we derive conditions to construct a lift of • 

Let a, , t, eS represent M, and a_ , T~ eS represent 
11 n^ 1 2 2 n£ 

M2 • If we can construct a lift of t)»' > we must have that 

n^ divides ^ • This can be seen as follows. <j>£ IT^(M£) 

is a subgroup of ir^(S3-G) of index n^ and ^2^1^2^ *s a 

subgroup of index n2 • If £ lifts to p , then 

p^ir^CMp is a subgroup of ir^CMp of index, say, m . 

So then <j>, °p ir.(M^) = 6' TT-CM') has index n- = n.m in 

ir^(S3-G) . This gives a necessary condition. 

The Heegaard surface in both manifolds is given as 

$7l(F) . Then if p is to exist so that $2=^1°P » P must 

take the Heegaard surface of M2 onto the Heegaard surface 

of M1 . For this reason, we temporarily restrict our atten¬ 

tion to the problem of finding the covering spaces of the 

Heegaard surface of M^ . 

Let T^ and T2 be closed, orientable surfaces repre¬ 

sented as branched coverings over S1 X S1 , 

Ti S1 X S1 , as studied in Chapter II. 4^ in¬ 

duces associated unbranched coverings and homomorphisms 

p : TT CS1' X S^B) -*■ S that define the permutations. 
1 1 n 

Then V' will lift if and only if Y; TT. (Tr) C K IT, (Tr) . 
2 2* 1 /i* 1 1 

We need to find when this condition is satisfied. 
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*1 

I 
T;  > s1 x s1 -B 

*2 

Choose the basepoint of in and label it as 

in the symbols {1,2,... , n^} . If 

ge^^ir^CT^ * X2^ C Vs1 X Sx-B) , then p^(g) stabilizes 

X2 . For 

'1>2*ir1^2 * x2^ ^ ^l*17!^! * xl^ * pi/s) must stabilize 
Xj^ . In terms of these stabilizers, we can express the 

conditions for to lift to p . 

Consider an element of <p' IT CT^ , x. ) , say a . Then 
1* 11 1 

p^(a) stabilizes x^ but p2(a) permutes the points in 

. If a covering map p exists, then this permutation 

must preserve partition -- namely, the points lying in a 

fiber of p . For this reason, we wish to consider the ^ 

symbols as expressed as 

{Ci , j): lSiSn^ , 1 £ j £ m} . We have the 

following 

Definition: oeS^ covers oeSn if a(i , j ) = (a(i) , j') 

for all i , j 1 S i £ n^ and c(o) = mc(o) . (Here, j' 

is a function of i , j , 0 . ) Using this language, we have 

Theorem VI.1 : Let T^ and T2 be surfaces with permutations 

eS_ and 02 , T2 eSn respectively. If 02 , T2 
^ 2 

and c[©2 , T2] = mcto.^ , x^l , then T2 covers T^, 

a1 , T 

cover 0 
1 » K1 ~ n± 
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Proof: Let otEV^CS1 X Sl-B,*) and p2^a^ stabilize X2 . 

Then since O2 , T2 generate * X2^ anc* cover 

°1 * T1 * then p^(a) must stabilize x^ . This implies that 

V' Tf,(T^ , x,) C , x-) so that there is a lift 
Z* 1 Z Z 1* Il I 

p: T' -*• T£ so that 

T;  >S
X
X Sl-B 

*2 

Now p is a covering map and may be extended to p: T2 T^ . 

The number of points in T'KB) is c[o^ , x-^1 and the 

number of points in Ÿ'KB) is c[o2 » T2] • The condition 

that c[o2 > T2] = mc[o^ , x^] insures that p.is unbranched. 

This proves the theorem. 

From this two dimensional result, we can obtain the 

desired result in three dimensions. 

Theorem VI. 2: Let 0-, , ES cover a, , ES and 
2 Z n£ 1 1 n^ 

suppose c[o2 , T2J = mcloj^ , T^3 , c(o2 , [o2 » T21) » 

mcCoj^ , [o1 , T 2 ] 3 » and CCT2 , [o2 * T2]) = mcCx.^ , [a1 , x.^]). 

Then M(02 , X2) covers MCo^ , x^ . 

Proof: We have already seen in Theorem VI.1 that these 

conditions cause the Heegaard surface of M(02 , x^) to cover 

the Heegaard surface of M(o^ , x^) . We want to extend 

this to a covering of M(02 , X2) over M(o^ , x^) . Now 

consider the curves on the respective Heegaard diagrams. 
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A curve on $j*(F) corresponds to a cycle of o^ or • 

Since 02 covers and T2 covers x^ , then the curve lifts 

to m disjoint curves on the Heegaard surface (ji^CF) . Then 

on each curve on the Heegaard surface <j>“l(F) , the map 

restricts to a homeomorphism onto a curve on the Heegaard 

surface ^^(F) . Now p can be extended onto the 2-handles 

added to (f^KF) by simply extending the induced homeomorphism 

of the curves to the entire 2-handle (Alexander’s extension 

lemma). 

Also the number of 3-balls added to obtain MCc^ , X£) 

is m times the number needed to construct M(o^ » x^) • 

This is guaranteed by the assumption 

c(o2 » * 
T2^ = mc^ai > ^ai * Tl^ » c^x2 * [°2 * 

T
2^ 

= 

mc(x^ , » Tjl) • Again, there is a homeomorphism from 

each boundary of the balls of M(<j2 » T2) to the boundary of 

the balls of M(a^ , x^) . Using Alexander's extension lemma, 

we are able to extend this to the entire 3-ball. Then 

this is an unbranched covering. 

Example: 

A) L(3 , 1) 

o = (123) = x 

oT = (123) xa = (123) 

to , x] - (1)(2)(3) 

Let 0 = ((1 , 1)(2 , 1)(3 , 1))((1 , 2)(2 , 2)(3 , 2)) 

((1 , 3)(2 , 3)(3 , 3)) 
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T = (U , 1) ( 2 , 2) (3 , 3) ) ( (1 , 2) (2 , 3) (3 , 1)) 

((1 , 3)(2 , 1)(3 , 2)) 

One can verify that [o , T] = 1 implying that 

a « o , T = T . Then the hypotheses of the theorem 

are satisfied so M(o , T) is a 3-fold cover of L(3 , 1) . 

% % 
We could have written o , T as 

o = (123)(456)(789) 

T - (159)(267)(348) 

This is the same pair as studied in the examples in Chapter IV. 

This shows that M(o , T) = S3 . Using this example, it is 

possible to show that all the hypotheses in the theorem 

are indeed necessary. Other pairs o , T do not give covering 

spaces. Also one can find no 2-fold cover of L(3 , 1) by 

constructing these permutations. This is as expected since 

TT^(L(3 , 1)) = 2^ has no subgroup of . index two. 

B) S2 X S1 

o = (123)(456) 

T = (14)(2563) 

% 
a = (a , 1) ( 2 , 1)(3 , 1) ) ( (4 , 1)(5 , 1) (6 , D) 

(a , 2) ( 2 , 2)(3 , 2) ) ( ( 4 , 2)(5 , 2) (6 , 2)) 

II (d , l) (4 , 2))((2 9 1) (5 , 2)(6 , 1) (3 , 2)) 

(a , 2) (4 , D)((2 9 2) (5 , 1)(6 , 2) (3 , D) 

One can verify that M(o 9 Ÿ) - S
2 X S1 

Remark: Since, conjugating the pair of permutations does 
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not change the manifold that they represent, one may always 

choose o so that o(i , j) = (o(i) , j) . Then only x need 

be determined to satisfy the hypotheses. This could easily 

be automated. 

The conditions in Theorem VI.2 show when permutations 

describe a covering space of another manifold. It is true 

that every covering space can be obtained in this manner. 

Suppose p: M2 -*• is a covering space. Let <j>; -*■ S3 

be a branched covering over G . Then 

Ÿ = <f>op: M2 -► S3 gives M2 as a branched covering of 

S3 branched over G . 

M2—>M1 
» \ / * s3 

This will give a description of M2 in terms of permutations 

a , T that satisfy the conditions in Theorem VI.2 as is 

easily verified. 

2. Regular coverings 

Not only do we have a means of determining the cover¬ 

ing spaces but also of finding the action of the fundamental 

group ir^CM^ , x^) on p-1(x^) . As before, this action is 

simply the permutation of points in the fiber induced by 

lifting a loop in M^ based at x^ . 

Suppose p: M2 -*■ M^ is a covering space with associated 

permutations Co , t) , (o , x) 
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P 

To determine this action, let aeir^CM^ , x^) . A loop y 

representing a may be homotoped so that it does not inter¬ 

sect . Since y is a loop based at x^ , p^C^ 

stabilizes • o f T cover a , T and generate 

IT , x0) so that p-Ca) induces a permutation Z* l Z Z 21* 

of points (x£ , j) . This corresponds to permuting the points 

in the fiber p-1(x^) . Then we have a map 

X• , x^) Sm which represents the action on the 

fiber. Alternatively, we have that 

♦ J , xx) = p^1 (stabCx^)) so that 

X: p^1 (stab(x^)) Sm also represents this action. 

A regular covering p: M2 ■+• is a covering map so 

that P*TT^CM2) is a normal subgroup of . Equivalently, - 

a covering is regular if and only if the stabilizer of every 

point in the fiber p”l(x^) is the same. That these two 

definitions are the same is not hard to see. The stabilizer 

of y^Ep_1(x^) is p*ir^(M2 , y^) . Now a loop based at y^ 

can be considered as a loop based at y2ep“1(x^) by con¬ 

jugating the loop by an arc y from X2 to x^ . Then 

p*wi(M2 » y2) 
= tpy]•P*^1CM2 , y1)*[pYl”

1* if P*^1(M2 , yx) 

is normal in ir^Mj , x^ , then P*TT1(M2 , y^) » p*ir1(M2 , y2) 

so that the stabilizers of y^ and y 2 are equal. The argument 

runs the other way so that p is regular if and only if the 
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the stabilizers of y^ and y^ are equal for all yep_1(x) . 

Theorem VI.3 : p is regular if and only if for every 

otegp{o , T} < S such that a(i , j) = (i , j) for 
n2 

some j , then a(i , j) = (i , j) for all j . 

Proof: We have seen that p is regular if and only if 

the stabilizers of each point in the fiber are equal. Let 

, x^) . Then stabilizes some element in 

the symbols {1,2, ... ,n^}, say i . Since a , T cover 

a , T respectively, then p~(<j>^ 8) must permute the elements 

(i , j) while fixing i . If a * p2^l*^ fixes some element 

in the second coordinate -- that is, if a(i , j) » Ci , j) 

for some j -- then a stabilizes the point j in the fiber 

p-1(x^) . Then p is regular if and only if it stabilizes 

all the rest of the points in the fiber. This is expressed 

as ot(i , j) = (i , j) for all j . 

It is easy to see from the symmetry of the permutations 

% % 
a , T in the examples discussed in this chapter that they 

represent regular coverings. 

If the covering is regular, then the group of covering 

transformations operates transitively and is isomorphic to 

the group of automorphisms of p-1(x^) as a , x^) space. 

Then it is trivial to find the covering automorphisms. We 

take an element of , x^) and map it into TT^(S3-G) by 

. Then this element, 3 , is such that P^CB) fixes 
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x^ so that P2(3) permutes the elements (x^ , j) thus giving 

a permutation in Sm . This permutation describes a covering 

transformation. Then to obtain the group of covering 

transformations, we take v (M, , xj and map this into S 

where this map is induced by P2 as just described. Alter¬ 

natively, one can map p”1(stab(x^)) into Sm . The group of 

covering transformations is the image of this map in Sm . 

Example.: 

a = T = (123) 

stab 1 « {id , OTO , OT~ x} 

= (Cl , , 1)(2 , 1 ) C 3 , , i)H(i , 2D C 2 , 2 D C 3 , 2)) 

(a , , 3)C2 , 3)(3 , , 3)) 

= (ci , , 1)C 2 , 2)(3 , , 3))((2 , l D C 3 , 2) (l , 3)) 

((3 , / 1)C1 , 2) C 2 . , 3)) 

Then p2(pj
l(id)) = id 

P2(PÏ
I
(OTO)) = ((1 , 1)Cl , 2)Cl , 3)) 

((2 , 1)C2 , 2)(2 , 3))((3 , 1)(3 , 2)(3 , 3)) 

P2(p"
l(aT-1)) - ((1 , DU , 3) (1 , 2)) 

((2 , 1)C2 , 3)C2 , 2))((3 , 1)(3 , 3)(3 , 2)) 

Then Aut(ft , p) = as expected. 
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