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IRRATIONAL NUMBERS IN HIGH SCHOOL MATHEMATICS 

The present tendency In modern text hooks of High 

School mathematics seems to he to avoid or give little Impor¬ 

tance to the subject of Irrational numbers and Incommensurable 

magnitudes* In some of these text hooks of Algebra and Geome¬ 

try# Irrational numbers are merely mentioned» and In others 

they are discussed but not to a full extent* Teachers using 

text books where the subject is taken In consideration» omit 

from their assignments this discussion» perhaps because they 

find difficulty In the method of presentation* The purpose of 

this paper Is to give to High School teachers some suggestions 

on how to overcome this deficiency* 

The Importance of including Irrational numbers in the 

courses of High School mathematics can hardly be overestimated* 

What teacher of Geometryhas not found himself confronted by the 

problem of explaining to his pupils how to estimate the value 

of the diagonal of a unit square# and to prove to them that 

there exist such numbers as /2 • In the measurements of lengths 

and areas, we often cane across the problem of finding the ratio 

of two quantities which have no common unit of measure, and 

which are called incommensurable* What right have we to in¬ 

clude these quantities In the general theorems about areas of 

rectangles, parallelograms, volumes of parallelepipeds, etc*? 

And how are we going to teach the students to compute the areas 

or volumes of geometric figures involving such incommensurable 

quantities? 

Going over Hawke s-Lub y bouton Secondary Algebra we 

find in Chapter VIII a definition of irrational numbers as 
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follows: “An Irrational number is one which is under, a radical 

sign and cannot be exactly obtained.". Then exercises are given 

- in addition, subtraction, multiplication, and division of these 

radicals called "surds"* If the students do not understand 

what these numbers really are, 1 if they can compute them or 

not, they are likely to perform the operations mechanically 

without realizing what they are really doing. The same is true 

in the solution of irrational equations. Chapter XX in the same 

book deals with Ratio, Proportion and Variation. Here we find 

the statement that all ratios of two numbers are fractions and 

all fractions may be regarded as ratios. Obviously, here they 

disregard the incommensurable ratios. «We learn from Euclid 

that two magnitudes of the same kind have a ratio* If the mag** 

nltudes are commensurable their ratio is the same as that of a 

number to a number, but if they .are Incommensurable, they do 

not have the ratio that a number has to a number* 

The discussion on Variation in the text book mention¬ 

ed above, also deals with "quantities” which denote anything 

which is "measurable" such as distance, time and area* It seems 

that this chapter as it stands is mutilated since it considers 

only the class of numbers which are rational and leaves out the 

whole class of Irrational numbers* 

Mr. Harry C. Barber in his Second Course in Algebra, 

which is one of the best text books published recently, gives a 

more concise definition of irrational numbers* In page 41, where 

he makes his classification of numbers, under the topic of real 

* Prop. 5, and Prop. 7 Book X Heathîs "Euclid*s Elements" 
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numbers he has two classes:'1* Rational:. Integers or fractions 

in which the numerator aridenominator are integers. 1. Irrational: 

All real numbers that are not rational. Illustration: f2 , • 

And in parenthesis: "Irrational numbers cannot be exactly express¬ 

ed as common or decimal fractions." However, Mr. Barber does not 

give any discussion on the nature of these numbers nor give$ any 

method for the actual computation or approximation to their value, 

perhaps he thinks that the students at this stage of education 

have already had the fundamental notions of irrationals and do 

not need further explanation. 

In his discussion of ratio, he says that ratio is an 

abstract number. But we must remember that in his classification 

of numbers, Mr. Barber did not mention this kind of numbers and 

the student may wonder what o-m he meamby that expression. He 

also mentions in this chapter the conversion ratios by which he 

means the rounded off numbers used to convert measurements from 

the metric system into the English system or vice versa. He 

gives these conversion ratios and tells how to use them but does 

not explain how these numbers were obtained, how accurate they 

are or how can we proceed to get conversion ratios for more ac¬ 

curate results.. I think that Mr. Barber could have made his dis¬ 

cussion more general if he would have considered along with his 

conversion ratios, the ratios of any two quantities which have 

not a common unit and which we. call incommmensurable ratios. Then 

the students could have seen why we do not get an exact number 

for these ratios, and to what extent we can approximate to them. 

After the discussion of ratio Mr. Barber gives what he 

calls an investigation on the transformations and operations that 
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can be performed with radicals* This is very instructive for 

students who understand what is meant by radicals and know the 

significance of such quantities as f2, and V"3* 

In Edgerton and Carpenter First Course in Algebra, a 

text book which has come recently into use in the High Schools, 

we find a whole chapter dealing with radicals in general, the 

fundamental operations with them and the principles of simpli¬ 

fication, but as regards irrational numbers in particular, only a 

definition similar to Mr. Barber1 s is given. Hence, the discus¬ 

sion is incomplete. 

We could approach t~ the question of explaining to the 

students what 4s- an irrational nu$berAby considering first, on 

a scale of decimal numbers what is the point corresponding to 

the number 4/3* *If we take a point om a straight line and call 

it zero, and then to the right of zero, mark off points 1 cm* 

apart and call them 1, 2, 3,.... etc* and between these Integers 

mark off lOths, lOOths, lOOOths, etc, we would have a scale of 

decimal numbers* These are really decimal fractions, a subclass 

of rational numbers* Our series ofl decimal numbers is a dense 

series, since no matter how closely we have marked our subdivi¬ 

sions we can always locate between any two, another decimal 

number* In order to find out.to what point in this scale the 

number 4/3 belongs, we must consider all the decimal numbers as 

belonging to two classes; the major class containing all numbers 

greater than 4/3, and the minor class, all the numbers smaller 

than 4/3* Between the points of the major class and the points 

of the minor class there can be only one point* If we had two 

distinct points, we would have a definite distance between them, 

however small, and we could subdivide our unit far enough so as 

to make one of our marked points fall within that small distance* 
è ^  
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Then one of our distinct points will not be between the two 

classes. This amounts to Huntington's "postulate of linearity" 

in The Continuum. 

By getting smaller intervals in our decimal scale we 

get smaller numbers in the major class and larger In the minor} 

but on this scale we never get the point 4/3. We can always 

find a pair of numbers, one in the major class and one in the 

minor, which will differ by less than a given finite number, no 

matter how small that number may happen to be. By this method 

we can show that there is on this straight line one single point 

that represents a rational fraction such as 4/3, which is dif¬ 

ferent from every decimal fraction and cannot be represented by 

any point representing a decimal fraction. The point can be 

constructed geometrically, and the number it represents is the 

number approximated to by our decimals. 

When we say that the decimal value of 4/3 is 1.33333•• 

we mean thafthere is a rule for obtaining successive figures 

for the decimal of the fraction, each getting closer to the pre¬ 

cise value. Far the increasing numbers in the minor class we 

can have 1.3, 1.33, 1.333..... etc. and so on, while the decreas¬ 

ing numbers in the major class will be 1.4, 1.34, 1.334.•• .etc. 

Outside the interval on either side, stretch out all the real 

numbers, so we can consider it not only dn Interval in the 

series of decimal numbers but also in the series of real num¬ 

bers . 

By this method we can alsoyapproximate on our scale to 
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points representing irrational numbers* For example, we can geo¬ 

metrically construct tne diagonal of a unit square on our decimal 

scale letting the major class consist of all decimal numbers 

whose squares are greater than 2 and the minor class of all those 

whose squares are less than 2, or every number whose square in not 

greater than 2* As before, we will have only one point between 

the two classes; since we define every jboint on our scale to re¬ 

present a number rational or irrational, and there is no point 

cm our line that has not a number corresponding to it and to that 

point only* This amounts to Dedekind's famous postulate which 

says that if the "totality of numbers" can be divided into two 

classes, a major and a minor class, then there is always a num¬ 

ber X such that every number less than X, belongs to the minor 

class, and every number greater than X belongs to the major class* 

Since X by our postulate belongs to the "totality of numbers" it 

must belong to one of these two classes* If It belongs to the ma¬ 

jor class, it is the least number in the class, and if it belongs 

to the minor class, it is the greatest number in that class* 

High School students understand Dedelcind's or Cantor's existence 

theory of irrationals, but we can easily make pupils learn how to 

approximate \o an irrational number to any desired degree of ac¬ 

curacy, and hence to realize that if the margin of error ? which is 

the difference between two approximate measurement numbers, one of 

which is greater and the other less than the measurement number 

sought, if we go far enough, be less than any definite number sta- 

^ ted in advance, we have a convergentapproximation which approach¬ 

es one and only one number, the number we are looking for* How 

7 Obviously it will be undesirable for a teacher to make 
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«e can take up an example of how to approximate the value of an 

Irrational number say, |3 • We can let the pupils see that the 

number which Is represented by V~3 Is the number whose square is 
• • • 
equal to 3 and hence must lie between 1 and 2, since the square 

of 1. is 1, and the square of 2 is 4, and 3 lies between 1 and 4* 

We can let them make a guess, keeping in mind that the number we 

desire is nearer to 2 than to 1* Probably they will suggest 1*7# 

Squaring this number we get 2«89* Since it is just a little bit 

smaller than the number we want, we may try then 1.75 and squar¬ 

ing it by a short method of approximation we get 3.07, which is 

too large* 

We try then a number between 1.7 and 1.75 and keep on 

this way getting closer and closer approximations to the number 

we desire* We can tabulate our results as follows; 

SIDE 

1 2 
1.7 1.75 
1.72 1.74 
1.73 1*733 
1.7322 1.7325 
1.7323 

SQUARES 

1 4 
2.89 3.07 
2.95 3.03 
2.99 3.003 
2.999 3.0017 
3.0009 

If we turn back to the greeks we find that they would 

approximate geometrically to the measurement of the diagonal of 

a unit square in the following way; Taking A X as one side of 

the square and A B the diagonal to 

be measured, draw parallels to A B 

ft of the same ilength as A B, and on 

these parallels lay off A X as many 

times as it is contained; that is to 

say, what is left over on one end, mea£ 

ure on the next parallel. Every 

A f 
tn. 



other time we get a smaller remainder or a closer approximation* 

If we take five parallels we see that A X is contained a little 

over seven times, thus we get ,7/5 far an approximation of • 

Here we see that every multiple of the diagonal lies 

between an odd and an even multiple of the side* If for any 

other magnitude and its temporary unit the same multiple of the 

magnitude comes between the same odd and even multiples of its 

unit, the approximating value of the measurement of the number 

will be the same as the corresponding approximation for the dia¬ 

gonal in terms of the side* 

* In Def. 5 Book V Euclid describes his process of approx¬ 

imation to incommensurable magnitudes* It is as follows; "Magni¬ 

tudes are said to be in the same ratio the first to the second and 

the third to the fourth, when, if any equimultiples whatever be 

taken of the first and third, and any equimultiples whatever of t 

the second and fourth, the former equimultiples alike exceed, or o 

alike equal to, or alike fall short of, the latter equimultiples 

respectively taken in corresponding order* 

-f * The wond "ratio" was translated from the Greek word 

"logos" which means "account" or "reckoning" or measurement"* 

The word "to" was translated from the word"pros" meaning " in 

comparison with" or "in relation to" or " in terms of"* Having 

these meanings in mind we can restate Euclid's definition as 

follows, thus getting a clearer statement: " Four magnitudes are 

in proportion, that is the measurement number of the first in 

terms of the second is the same as the measurement number of the 

third in terms of the fourth, when odd multiples exceed and the 

even multiples fall short, or the other wayaaround, for the first 
*Heath's Euclid Elements Vol. II p. 114, 120. 

Y ^G.W.Bvans on The Greek Idea of Proportion. 
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pair as well as for the second with the same multipliers. 

Heath thinks that there is an exact correspondence, 

almost coincidence between this definition of equal ratios and 

the modern theory of irrational numbers due to Dedekind, In 

p, 125 of Euclid's Elements Vol. II Heath saysî "Premising the 

ordinal arrangement of natural numbers in the ascending order, 

then enlarging the sphere of numbers by including (1) negative 

numbers as well as positive , (2) fractions as a/b where a, b 

may be any natural numbers, provided that b is not zero, and 

arranging the fractions ordinally among the other numbers ac¬ 

cording to the definitions let a/b be < = > c/d according as 

ad is <~> b c, Dedekind arrives at the following definition 

of an irrational numbers "An irrational number a is defined when¬ 

ever a law is stated which will assign every given rational num¬ 

ber to one and only one of ttio classes A and B such that (1) 

every number in A precedes every number in B and (2) there is 

no last number in A and no first number in B; the definition of 

a being that it is the one number which lies between all num¬ 

bers in A and all numbers in B, 

Now let x/y and x/yi be equal ratios in Euclid’s sense. 

Then x/y will divide all rational numbers in two groups 

A and B, x. x/y* will divide all rational numbers in two groups 

A' and BJ 

Let a/b be any rational number in A, so that a/b <x/y. 

This means that ay,<xt>« 

But Euclidls definition assefits that in that case 

ay' < bx' also. 

Hence also a/b<x’/y' ; therefore every member of group 
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A is also a member of group A ♦ 

Similarly every member of group B is a member of group 

B1 « For if a/b belongs to B» 

a/b > x/y, which means that 

ay y bx • But in that ease, by Euclid's definition 

ay' > bx’ 5 therefore also a/b > x/y'. 

Thus in other words, A and B are coextensive with A' 

and Br respectively; therefore ,x/y x/y'according to Dedekindi/ 
H 

as well as according to Euclid. 

If x/y and x'/y' happen to be rational then one of the 

groups, say A, includes x/y and one of the groups, say A1, in¬ 

cludes x/yi In this case a/b might coincide with x/y ; that is 

a/b = x/y which means that 

ay « bx. 

Therefore, by Euclid's definition ay's br* so that 

a/b = x/y' 

Thus the groups are agâln coextensive and Euclid's 

definitions divide all rational numbers into two coextensive 

classes, and therefore defines equal ratios in a manner exactly 

corresponding to Dedelcind's theory. 

Now let us examine how'are incommensuraîïe^ magnitudes 

discussed in modern text books of High School Geometry. If we 

take Clark's and Otis* Modern Plane Geometry which is)[text book 

now ini use in the Houston High Schools, we find in § 264 the 

principle for finding the area of a rectangle and a note which 

says* "The above assumes the base and altitude of the rectangle 

to be commensurable♦* The case in which they are Incommensurable 

is not given in this text/' This omission seems rather strange. 
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We know that High School students come very often in their work 

in science and arts» before the problem of dealing with incommen¬ 

surable magnitudes and the question might be raised in their minds 

if these magnitudes really exist and if they can be computed* The 

teacher of mathematics should be prepared to answer these questions* 

Mr. Julius Hayn in his Geometry Reader sâysî "We find 

the startling fact that incommensurables are most common among 

mathematical values» and that commensurable*are really the excep¬ 

tion. Among the numeric values Geometry must take note of such as 

lines,arcs, angles» areas; magnitudes of any kind are much more 

likely to be incommensurable than otherwise." Therefore, we must 

recognize the necessity of emphasizing the treatment of the in¬ 

commensurable cases in our Geometry courses• " 

Undoubtedly, students of Plane Geometry have enough back¬ 

ground from their previous work to understand the essential prin¬ 

ciples of the theory. Therefore, why not give it to them? 

0n^?.288 of Mr. Clark's Geometry we find a reference to 

incommensurable ratios, but since it is merely a definition and no 

specific problems are given to apply it, and it is not sufficien¬ 

tly illustrated, it is hardly probable that the students might get 

its full meaning and attach any importance to it* Mr. Clark says* 

“It is possible for the lengths of two lines to be so related 

that the ratio of one to the other cannot be expressed in terms 

of the ratio of two whole numbers. For example, the ratio of the 

diagonal of a square to its side cannot be expressed accurately 

as the quotient of any two whole numbers. Such ratio is said to 

be "incommensurable". 

This is practically what «Euclid proved in his Prop. 7 

♦ Heath's Euclid's Elements Vol. Ill p. 28. 
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Book X. But Euclid did not stop mere. He not only proved the 

existence of incommensurable r^ios, but he described in*Def.5. 

Book V a method for the approximation to these ratios» and in 

iProp. 1 Book X he proved that the method vas a valid one* Using 

the Greek idea of proportion we can make the students see that we 

can not compute the exact value of such quantities as fZ but we 

can approximate to them to any desired degree of accuracy. 

Now if we examine Wentwqjbh's and Smith's Plane Geometry, 

a text book which is still uded in many High Schools in the United 

States» we find that they arrive at the theorem for finding the 

area of a rectangle by means of three different propositions. The 

first one is on ^316. p. 192: "Two rectangles having equal alti- 

tudes are to each other as their bases." and a Corollary:"Two rec¬ 
ti 

tangles having equal bases are to each other as their altitudes . 

The second theorem which depends wholly on the first» is as fol¬ 

lows: "Two rectangles are to each other as the product of their 

bases and altitudes." and finally the third proposition based on 

these two is: "The area of a rectangle is equal to the product of 

its base by its altitude." 

In the first proposition» when treating the incommensu¬ 

rable case» they make use of the notion of limit; and a variable 

ratio approaching a limit. For some pupils this notion Is hard 

to be thoroughly understood, and the general tendency is to memo¬ 

rize the proof of the proposition word for word. I think that this 

difficulty can be easily overcome by introducing a simple and per¬ 

haps more interesting and concrete method of approximation where 

the pupil can actually carry cm the work, reducing every time the 

margin of error • The three propositions which Wentworth gives 
* Heath's Euclid's Elements Vol. II p. 114. 
" " " III p/ 14. 
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can toe reduced concisely into one, as follows: *Take the rectan¬ 

gle A, B, C, D, whose area Is to 

toe found, and mark on two of the 

sides, say AB and AD starting 

from A, distances equal to the 

unit of length, as many times as 

it is contained. If the sides o«, 

incommensurable, the unit is not 

contained a whole number of tlmea 

In this case we prolong the sides and call the last marks 7 and X 

respectively* Let the length of AX toe x inches, and the length 

AY toe y- inches* The>i x and y are approximations to AD and AB 

respectively, the corresponding lesser approximation toeing x-1 

and y - 1 ; the margin o£ error for each being 1* 

Drawing parallels on each point of division we get xy 

squares in the rectangle A,Y,W,X* 

X ^ 7 s 

(fc - I ) { L “ I ) ^ ^ 

XLJ - (Y-IK'J-'J 

Cj - lij+X+y't ' ^ 

Where S is the area of the rec¬ 

tangle ABCD, 

Where £ is the margin of error 

As we decrease £ we approach to the area of the rectangle* We 

can do this toy performing our construction with decimal subdivi¬ 

sions of the inch *1, .01, .001.....eta* successively* Each 

time A X and A Y become shorter, their successive lengths toeing 
v V 1 1 t/ 

•- — anâ To * /£*'" ' jo* respectively and E becomes 

/ x * j. • c ^ in *■w Which can toe made less than 
* G.WIvans’ article on Measuring Distances and Angles. 
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any definite stated number. For example, if we want to make It 
1 ~ * +-u _L 

less than some small number ^ then we have t < ^ K 

or multiplying by /0% , ( * + ‘j ) ^ ^ 1 0 

He can count the number of figures in (x f y) K as far as the de» 

clmal point and make 2n greater than that. By definition we 

know that an approximation progressively determined by some rule, 
ç, 

so that the margin og error will, if we go far enough, be less 

than any definite number stated in advance is a converging approx¬ 

imation. Therefore, if x and y are converging approximations to 

a and b, (Where a - AD, and b » AB) then xy is a converging ap¬ 

proximation to S and also to ab. Then S - ab, because two differ¬ 

ent numbers cannot have the same set of converging approximations* 

This same idea can be carried out in the theorems of 

parallelograms, parallelepipeds, and in general to every theorem 

in Geometry where incommensurable quantities come in* 

A Geometry Reader by Julius J. H. Hayn lhaa. a fuller 

treatment of Incommensurables than the other text books we have 

considered* He gives several illustrations to make the students 

understand the nature of these quantities and proves In a very 

simple way that an irrational number such as /~5 cannot be ex¬ 

pressed as a fraction. In proving his theorems about the area 

of rectangles he follows the same plan t.a& Wentworth, but he 

uses two different methods in treating iheincommensurable case. 

The first is that of a variable ratio approaching a limit, and 

the second is an indirect method in which the substitution of 

any other quantity for the fourth in the proportion to be esta¬ 

blished leads to an absurdity. To show this he takes a unit of 
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measure less than the difference between the fourth term assumed 

and the one to be proved the true one, and using the axiom of 

division he obtains two fractions equal but one greater than unity 

and the other less than unity; hence a contradiction* 

Far example: 

4* To prove that rectangles having equal altitudes are to 

H each other as their bases* Hyp: 

A 

Let AB and AF be Incommensurable* 

Det: To prove AC : AH = AB : AF 
K ^ Let M be any polfct on AF* Suppose 

that AC - AB Divide AB Into equal parts each less than MF* 
XH ’ XH 

At least one point of division as K, will fall .between M and F* 

Draw the perpendicular KL* As AB and AK are commensurable 

AC; ~ Ax (Proved before}• Dividing the first equation by the 
XE AK 

AL; AK 
second we obtained;' X5 AM • This result is absurd since the 

first ratio Is less than unity while the second is greater than 

unity* 

4. 

How let us take M outside AF* Again take a unit less 

than FM thus bringing one point of 

^r-r* division at least between F and M* 

Complete the rectangle A K L E. 

M 

Suppose AC - AB , M ouside F. 
XH XH 

AC z. AB : ‘ ' “ 
But we know that XE XH because 

they jarejs bas es ^commensurable. Divide the first equation by the 
second and we get AL - AK This is also absurd because \n the 

XH X3 
first ratio the numerator Is greater than the denominator, while 

Just the opposite is true in the second ratio* Thus AF Itself is^ 
» J. J. H. Hayn's Geometry Header p* 244* 

; 
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true fourth term. 

This is the method that Euclid used in proving his pro¬ 

positions* If the students can master it, it will he very useful 

especially for those who are to continue the study of mathematics 

in college* 

«Wentworth and Smith base their theorems for finding the 

circumference and area of a circle on the following statements; 

l*The circle is the limit which the perimeters of the ins¬ 

cribed polygons and of similar circumscribed polygons approach, 

if the number of sides of the polygons is indefinitely increased* 

2.The area of the circle is the limit which the areas of 

the inscribed and circumscribed polygons approach* 

They derive these conclusions from the proposition that 

an arc of a circle is less than a line of any kind that envelops 

it on the convex side and has the same extremities* 

Clark and Otis, on the other hand, think that statements 

1 and 2 are obvious and hence do not need any proof* However we 

can clearly see that these statements will be wc^thless if we do 

not have clearly in mind what is meant by the length of an arc* 

The theory of limit might be understandable for some students, 

but for the majority we could give a rather simple theorem using 

the method of approximation and proving that the above statements 

are true* 

Taking as the definition of the length of the arc of a 

concave curve a quantity which isi 

1) greater than the length of an Inscribed polygon and 

2) less than the length of any circumscribed polygon, 

we can prove the following theorems 

If a series of regular polygons be inscribed in, or 

* Wentworth and Smith's Plane Geometry p. 237. 
* Clark and Otis' Modern Plane Geometry p. 282 - 283. 
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circumscribed upon a circle, each having half as many sides as 

the succeeding one, their areas and their perimeters are conver¬ 

ging approximations to the area of the circle and to its circum¬ 

ference respectively 

The margin of error at any stage of this approximation 

is for the area the difference between the areas of two regular 

polygons, one inscribed, and the other circumscribed? and for 

the circumference , the difference between the perimeters# 

In the figure, if AB is the 

side of the regular inscribed 

n - gon, then E, the margin of 

ernor for the area, is n times 

the triangle ABT; and for the 

next approximation in the series 

the new margin of error is 

twice the triangle AVP (multi¬ 

plied by n ) or n times the parallelogram AVPC# Since this pa¬ 

rallelogram is always less than AMT, lying wholly inside it, 

E1 is always less than A'KZ* Thus the margin of error for areas 

can be made smaller than any specified amount by carrying our 

approximation far enough# 

If we let p and q stand for the perimeters and P and 

Q for the areas, of each of the inscribed and circumscribed po¬ 

lygons respectively, then P r |3h and p z 2P (where h is the 

apothem) Q - and q - 2§ (where r is the radius of the circle)} 
* r 

if e is the margin of error for the perimeters, then, e -r-q - p# 

Me have to show now that e can be made less than any definite 

given number, as k# Now we can make û - P less than rk ( since 
2“ 

* G* W# Evans' Syllabus on Plane Geometry p. 87, 
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Q - P - qr - ph); then if Q - P < rk , multiplying by 2, we 
JT 2^ r 

wè have 2<| - 2P ^ k. Put h < r, so 2P > 2P ; so much the more, 
r r h” r 

then is e less than k. Then both approximations are convergent. 

In proving this theorem we could have used Euclid's 

Prop. 1 Book X which sayss "Two unequal magnitudes set out, if 

from the greater there be subtracted a magnitude greater than its 

half, and from that which is left a magnitude greater than its 

half, and if this process be repeated continually, there will be 

left some magnitude which will be less than the lesser magnitude 

s et out. In our theorem we have in every approximation the margin 

of error less than one half the proceeding one, so we can reduce 

it to any desired degree. 

«Euclid proves his proposition taking a segment AB and a 

^smaller segment C, if DE is a multiple 

of C and DP • FG - QE - and if we sub- 

J* F & * tract from AB, BH greater than half AB 

and from AH subtract KH greater than half AX then DP AX and 

hence C )> AX. The process is repeated continually until the dl- 

visions in AB are equal in number with the divisions in DE. In 

this way Euclid proves that there is left from the greater mag- 

nltude AB, a magnitude AX which is less than the lesser magnitude 

set out, namely C. 

In our measurement theorems we define the margin of errry* 

as the difference between two approximating numbers one of which 

is greater and the other less than any number sought. And conver¬ 

ging approxlmat 1 ons are those that can be progressibly determined 

by some rule so that the margin of error will, if we go far enough 

be less than any finite number stated in advance. 
« Heath's Euclid's Elements Vol. Ill p. 14. 
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In Prop. I suppose C Is the number stated In advance 

and AB the margin of error or the difference between two approx¬ 

imating numbers as described in Def. 5, then by subtracting from 

AB a segment greater than its half andl.from the remainder sub¬ 

tracting a segment greater than its half^ and keeping on this pro¬ 

cess continuously, the margin of error left is less than the finite 

number C stated in advance. Therefore we have here a system for 

converging approximations and we see that the method described in 

Def. 5 is a valid one. Hence we can say that Prop. 1 shows that 

the ratio of incommensurable magnitudes can be determined within 

a given measure of precision. 

The principles which I have used in the theorems of 

plane Geometry can be extended to theorems in Solid Geometry as 

well. If we examine Wentworth's and Smith's Solid Geometry, we. 

find three propositions concerning the volumes of rectangular 

parallelepipeds. The first iss "Two rectangular parallelepipeds 

having congruent bases are to each other as their altitudes ."The 

seconds "Two rectangular parallelepipeds having equal altitudes 

are to each other as their bases"• And the thirds "Two rectangu¬ 

lar parallelepipeds are to each other as the product of their three 

dimensions." As a corollary they gives "The volume of à rectangu¬ 

lar parallelepiped is equal to the product of its three dimensions" 

As in plane Geometry, when treating the incommensurable case Went¬ 

worth uses the notion of a variable ratio of two magnitudes ap¬ 

proaching a limit. 

I I suggest that in place of those three propositions, we 

can have only one theorem using the method o& approximations. It 

is as follows s "The volume or measurement number of a right prism 

kvans Syllabus on Solid Geometry p. 27. 
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on a rectangular base Is the product of the measurement numbers 

of the three 6dges meeting at any vertex* 

F ABC Is a prism In which PÀ Is to FB, PC to FAB 

and PA* PB, PC s a, b, C, respectively; QXYZ Is the unit cube* 

Proves V, the volume of FABC s abc* 

Placing Q at P, QY in the line with QB and X in the 

half-plane PAB, QX would coincide with PA and with PC (Per¬ 

pendiculars to any given plane are parallel). For the same rea¬ 

son another unit cube could be placed next to this along PB, and 

others In succession, until there were as many cubes along PB as 

there are whole units in Its length; similarly along PA and over 

the surface of the base. If the sides a, b, are Incommensurable 

the unit will not go a whole number of times and will have a re¬ 

mainder extending out as in the figure. On every unit square in 

the base will stand a unit cube; and on every subdivision of the 

unit square will stand a right prism one unit high, all equal if 

their bases are equal. Since two right prisms are congruent if 

they have congruent bases and equal altitudes. 

On every approximating rectangle fpr the base then, will 

stand an^| approximating layer of unit cubes and their subdivisions 

having the very same measurement number. The plane of the upper 
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bases of the unit cubes will cut off from the prism PABC a unit 

thick slice, that is, a prism with the same base, and altitude 

one unit* If W is the volume of this unit thick prism, W will 

be equal to the area number of the base, that is, V - ab, As 

we have seen before, the area of a rectangle is the product of 

its base and altitude, 

If> Z represents the number of whole units marked off 

on PC, so that Z > C and Z - 1 < C, then ZW > V and (Z- 1 )W<V 

If we divide the linear unit into tenths, each layer 

W will be divided into tenths. 

Let Z now represent a whole number of tenths so that 

Z > C, Z-l<Ci then Z ( $ ) > V ; (Z-1)-^<V. 

Continue to subdivide the unit, always letting Z be the total 

number of layers, so that always Z > C, Z « 1 < C, and then 

Z^ > V, (Z- 1)J?£ < V or ab^i > V, or ab (Z - 1) ^ V. 

The margin of error of these approximations is W , 
“Iff" 

that is ab , and can be made less than any definite number 
1Ô* 

stated in advance* 

Since Z and Z « 1 are converging approximations 
Iff* “Iff* 

to C, abz and ab(Z - l) are converging approximations to abc* 

#*, v s abc Since there cannot be two numbers h 

having the same converging approximations, 

Ve can also make use of this method of approximations 

in finding the lateral area of a cone of revolution. On this 

j* subject, Wentworth again uses the assumption of limits. Here 

we can give a full proof where the students can easily vlzua- 

lize the process of approximations, and at the same time un¬ 

derstand why we get a limit to thftse approximations,? Our theo¬ 

rem is as follows: The lateral area of a cylinder of revolution 

* ^ÏÏSBSi-hoânâo!'fJt&é3om!?J1ydp°.eg8e.try P- 357 and °.».Evan3' Ï; 
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is the product of the altitude and the perimeter of the hase* 

Hypothesis : 

L is the lateral area of 

a cylinder of revolution» 1 is the 

altitude» r the radius of the hase* 

Prove* L • 2yrrl 

Construct a regular circumscribed 

prism of n sides and let S he its 

lateral area» a» one side and B 

the area of its hase* 

Let B' he the regular po¬ 

lygon of n sides inscribed in the base of the cylinder; let a1 

he one side of it* On B* as hase» construct a right prism with 

altitude 1 cosQ, where Q « 160° • l£s lateral area S' - nett. cosQ 
n 

or since a' - a cosQ, S' - na cosQ, 1 cosQ - nal cos*Q or s cos*Q 

Leaving out from the total surface of the cone and the 

csc> prisms £he hase -rrrl we have 
2 n ^ ÿ- to +■ t> 

L +- my 

Construct a circle with radius x } so that x^ * 2 rl in its 

inscribed one regular polygon of n sides 

and on it circumscribed another; call 

their areas Q* and Q respectively* 
,x 

•/* 
Then Q JL 

to 

But B s. è n ar j^The area of a tAiangle 

is half the product of its 

base by its altitude .1 
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Q. - S 
* n 

a'-- s <0. - s 
« ' * *. Q. ^ 

* î> 

As n is successively doubled s and s’ or Q and Q' 

form a series of converging approximations to 7T or to Zyrrl, 

and B and B1 to Tfr*. Then L + 2?rr^ since it is greater than 

any 2 B' -f S' and less than any 2 B + Sy must he equal to 2jrrl 

+ 2Xrl then L - 2}rrl* 

By constructing the square with radius x, where xx~ 2rl 

we simplified the problem by using the theorem we had before, 

namelyf that if a series of regular polygons be inscribed or 

circumscribed upon a circle, each having half as many sides as 

the succeesing one, their areas and their perimeters are convergé 

ing approximations to the area of the circle and to its circum» 

ference respectively* 
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