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Over-Coirvergt>nce 

. The classical problem concerning the expansion of functions 

into power series yjas solved completely by the efforts of Abel, 

Cauchy, and Hadamard* This solution is contained in the following* 

* 
Lemma 1* 

Let f(z) * n(z-zQ)
n , ^lim |an|

m = OC. 

Then 

a) for CC = 0 the series converges for all finite values of z 

b) for ct« +oo the series diverges for all z , except for z = z0 

c) for 0 < < + «a the series 

converges absolutely for |z-z0| < °C
_I 

diverges for | z—zQ| > <£"' 

d) the singularity of f (z) nearest to the point ZQ lies on the 

circle |z-zQ| 

We do not lose in generality if we assume that the origin z « 0 

lies in the domain of regularity of f (z) and that the function has 

a series expansion valid in the unit circle about the origin; that 

is that 0 and OC * 1. So unless specific statement to the 

contrary is made these will be assumed through-out this paper. 

In general a particular power series will not represent the 

function in its whole domain of regularity. Within the circle of 

convergence the function is given as the limit of a sequence of 

polynomials ^sn(z)J 

m 

sn(z) * lim s (z) a f(z) for |z|<l. 

Me raise the question as to the representation of f (z) by means of 



partial sequences of \sn(z)j • Inside the circle of convergence 

any partial sequence KW1 will converge to f(z). We inquire 

as to the possibility that some partial sequence should converge to 

f(z) in some larger region. 

Such convergence is termed "over-convergence". 

1» That over-convergence is possible was first shown by Porter 

who gave an example. Other examples have been found by Jentzscht*, 

Ostrowski^, and Bourion jj. Ostrowski was apparently the first to 

study systematically this question of over-convergence. His 

earliest result was a generalization of Hadamard's gap theorem. 

The following proof of Ostrowski’s gap theorem is due to Estermannll 

and is an adaption of Mordell's proof for Hadamard’s theorem^. It 

is interesting to notice that the method seems to have been suggested 

by the examples of over-convergence given by Porter and Ostrowski. 

The method is much the simplest that has been given, altho the 
^ y 

theorem proved is not the most general that can be proved • 

Theorem 1. Let 

be regular within the unit circle; and let there be an Infinite 

non-decreasing sequence of positive integers such that 

(1) 

where £ is a fixed positive number, and 

(3) an = 0 for n^ < n < nlk , k «1,2,3, ... 

Then $s
n(z)} converges uniformly to f (z) in a full neighborhood 

of any regular point of f (z) on the unit circle. 

*111. +IV,2. % V, 3,4. Hvi. §VII. 

|| VIII p.26G. The method is a very special one, and 
the methods of Bourion are at once more general and more elegant. 



Let t# Hi = i, be a regular point of f(z). Let p be 

any integer greater than and put 

(4) ï -gt yp(l +y) 

and 

(5) g(y) * f(z). 

Then from (2) we have 

? an(ityP(H.y))n £ b ym , k *0,1,2, ... (6) 
4n*p*Z|| 

for the smallest exponent of y is pn^ and "the greatest (P+I)i\e, 

for a given value of k, and as p€rl we have that 

p n*k.,T P “*«♦, + pe n*v«, ^ <ptlK*, 

k+l 

so that the exponents of the y’s for the different values of k 

do not overlap and b , b,, b0, b^, .... can be found to i.iake (G) 

true. From the equation (6) we have 

ï"Wl 

2 |\ym| é 2 l%|2’n|ylpn(i + |y|)n 

and as 2lvnl converges for \z|<l we have that 

P*W» 

2k 2 lvmI 
converges for lyl < i* By (5), (1), (3), (4), and (6) we have 

(7) g(y) = 2i.2bym 

and therefore 

(8) g(y) = £bmym for |y\<l. 

But from (5) g(y) is regular within and on the unit circle, since 

\z\c ss. ^ r^p(l+r4'+ 2r coa0), y =r e^ 

so that |z|£ 1 for lyl 41. the equality sign holding only for 



y -z- 1 when z ^t. By Lemma 1 the series in (8) must converge 

uniformly in some circle [y|<r > 1, and thus so does the series 

in (7)» Then from (C) we have that 

*4|r»| 

z“ k n 
liM 8 (z) 
W-rcto 7kt| 

converges uniformly in the domain into which the transformation (4) 

transforms the circle \v\<*. and this domaiu is a full neighborhood 

of the point t. 

This theorem is also true -when the sequence is no 

longer a sequence of integers. This we will show later. 

Hadamard's gap theorem is merely a corollary of Theorem 1. 

Theorem 2. Let 

« 2 v*" • HL l *,.f - !• (i) 
where V>(i+é) V *r 0, £ being a positive constant, be 

regular inside the unit circle. Then the unit circle is a line 

of essential singularities of the function. 

This theorem is true whether the are integers or not. 

The proof for a geuaral can be done directly , or can be 

made to depend upon the corresponding generalization of Theorem 1. 

If the V* are integers then we can ap].ly Theorem 1 as stated. 

The gaps in (1) are between every term, and thus the sequence of 

polynomials of which (1) is the limit is precisely the same as the 

partial sequence cunsidered in Theorem 1. Thus the preceding 

theorem says that the series (i) converges in the neighborhood 

of every regular point on the unit circle, and therefore at some 

point outside the unit circle. But by Lemma 1 this is impossible. 

Hence there are no regular points on the unit circle,which must 

then be a line of essential singularities of f(z). 

IX See also II chapter 7 



Stated in other words this theorem, says that f(z) is represented 

through-out its whole domain of regularity by its pov/er series 

expansion at the origin; for if the unit circle is a line of 

essential singularities then the function cannot be extended 

analytically outside. Je are thus brought to the question as to 

the possibility that a function f (z) might be represented in 

its whole domain of regularity by a senuence of partial sums of 

its series expansion about some point of the region. Tliis 

question is answered by the following two theorems. In the 

proof of the first theorem we need the following lemma concerning 

three regions^ 

Lemma 2. Let G-^, Gg, and G be three domains, G^ and G 

being closed and lying entirely within G^. Let f (z) be regular, 

uniform, and bounded inside G^, and 

M a maximum of over G, 

s; maximum of |r(‘)| over G^, 

Mg = maximum of |*(*)| over Gg. 

Then 
M ^ M1 Mg 5i#, o rx, o s i. 

Theorem 3. Let f(z) * 2a_zI1 • lim \ a^| * 1. Let 
n *»-*■«> n' 

be a non-decreasing set of positive integers such that 

n
0 * °» is n*Ak- = 00 ' 

and &n sO for nJk( <n < nlR , k -s. 1,2,3, ... 

Then WM- where 

^Iktl 

converges uniformly in the neighborhood of any regular point of f (z). 
a 

II p.128. Gee also V,3 p.255 for further references. 



é 

Let the region G he any closed domain entirely inside the 

domain F of regularity of f(z), Gg he the circle |z|$.|r , and 

G^ he a closed connected domain entirely in F and containing G 

and Gj completely in its interior. In the region Gg we have that 

f(z) - s (z) = £a t, • n 
Al.M ** 

Xk-tt 
'n+'A^t 

zn 

so that 
lr(.) - s^Ooj £ m

2 
rn*k**» o < y « I- 

In G]_ the function f (z) is bounded, ^ and we can write 

s (z) rr znik+l a z -n 
n 

K^l $ Rn«‘««Ml" , a >1. 

So in G^ 
jf(z) - sn (z)| $ M1

l + M1
w tL***1 £ M1 sH3**. 

Hence from. Lemma 2 we have that in the region G 

|f (z) - sn (z)| * . M^Mg* £***2**™ 

which approaches zero with l/k, since lim n2kvJ/. tiOO . 

Theorem 4. Let G he an arbitrary simply connected open 

domain having at least two boundary points, ii/ith the origin but 

not the point at infinity in its interior* Then there is an 

analytic function f(z), possessing G as its complete domain of 

regularity, and such that a suitable sequence of partial sums of 

its series development in the neighborhood of the origin is convergent 

all over G and uniformly convergent in the neighborhood of any 

point of G. 

Let R be the boundary of G. In G construct a sequence of 

La « K(z)l * 1. 
curves 



where fn(z) is a polynomial of integral degree mn 1, such 

that l>n_^ lies entirely inside and 

lim L = R ; 

That 1sp we approximate to G* by a sequence of closed regions bounded 

by analytic curves . Let fi be the least distance of any point 

of R from the origin; and let ^ be the greatest distance of 

any point of from the origin. Put 

u^ s minimum of KM for z on R, 

M s maximum of |fn(z)| tor z on L^ , 

so that < 1 < • Let ]^a
n be a convergent series of 

positive numbers. Choose a sequence of integers £en| such that 

and in general 

Pk 
"‘W M 

/IkJLm 
/o *\l 

eH.I 

k+1 

eM1 
k+1 

<. a. , , 
k*l * 

y i, 

Vi =■2 k ek "k • 

Consider the function 

f(«) 5 £k 

On each L^ for k sufficiently large the terms of this series are 

in absolute value smaller than the terms of ^ a^ . Hence the 

series converges uniformly in G. On the boundary R, and thus 

also outside of R, the absolute value of the terms is ^ 1. 

Hence G is the complete domain of existence of the series. 

The greatest exponent of the k-th term of the series is 

* See Yt4 for references. Also XII and XI 



2 ®k-*l “k+l 
2H*n + ek*i ”k.i 

while the smallest exponent of the (k+-l)-th term is ^ 2(k+l) e^^ * 

Thus the terms of the polynomials do not overlap, and the series 

can "be written as a power series. In the neighborhood of the origin 

this series must be the power series expansion of f(z), Since the 

gaps in the exponents of the series satisfy the conditions of 

Theorem 3, the region G must be the entire domain of regularity 

of the function f(z). 

n — p -jjj 
Definition. The series 2. a^z , lim Jan| = 1 , is 

called a lacunary series if 

a^ » 0 for < n ^ n^ , k =1,2,3, ... 

where I 

VSc >"9 7 

£n ». 
a z , lim 1a I » 1 , is —« » xx • n« 

said to have a gap structure if an 

X 

s an’ 4- anM , where 

lim la = 1 
M-+CO 

1 n 1 

- i 

lim 
A^roo KT S K < 1 

and r= 0 for m^cn^n^, k=l,2,3, ... 

Theorem 5. If a sequence of partial sums of 

n _ I ^ 
^(z) = ^ an

2 » l anP = 1, is uniformly convergent in the 

neighborhood of a point on the unit circle, then the series for 

*(*) has a gap structure. 

The proof to this theorem will be given later. 



Theorems 1 and 5 show that the gaps in a power series are 

essentially connected with the property of over-convergence, 

and in particular that over-convergence is not a property of 

individual points but is a fundamental property of the power 

series. Thus Theorem 2 gives a sufficient, but by no means 

necessary, condition for the non-continuability of a power 

series. To quote Ostrowski — ’Ve could say that it is just 

because of the particularly rapid convergence of Hadaniard' s 

series inside the circle of convergence that it would converge 

also outside it, were this circle not the natural boundary for 

the function.n 

The functions described by Theorems 3 and 4 are seen to be 

uniform. For the functions to which these two theorems apply 

are represented in their domains of existence by series of 

polynomials, so these domains must necessarily be simply 

connected and the functions uniform. 

2« In the preceding section the fundamental theorems on 

over-convergence have been given. The discussion of these has 

been taken from many sources. In this section much the same 

ground will be covered, but entirely by the methods of-Bouriont, 

which are very elegant and permit a generalization of the 

problem of over-convergence. 

Let f (z) be an analytic function defined in a domain F of 

regularity which contains the unit circle \rith center at the origin 

Further let 
f(z)~£a^zn , lam |a p«l, 

it 
V,3 p.254 t VIII 



to 

so that a similarity of f (z) and thus a boundary point of F lies 

on the unit circle. 

Put < n 
s (z) «* 2a a z 

m«o n 

r
n(

z) =■ f (z) - sn(z) 

rn,k<2) = ~ 8n(
z) 

Thus rn(z) is defined in F, and 

rn through-out the 

plane. Let €M(z) be any positive function which approaches zero 
in any region interior to the region considered, 

uniformly with respect to z as l/n approaches zero,^ The sum. 

of two such functions, or the product of such a function by any 

bounded quantity is another such function. Hence 6^(2) does . 

not necessarily represent the same function each time it is used. 

Lemma 3. 

H los|sn<2)| * loSlzl + €^(z) for |z| * 1, 

•i log|rn(z5| * loglzl + £M(Z) for z in F. 

The proof to this lemma will be given later, and for a generalized 

form of it. 

Lemma 4. If the series has a gap structure, then 

there is a region outside of the unit circle where 

£k
los|SnJz)| * 01oglz|+ é^(z) » 0<U 

■•00 « £ ak»z
k 

n k*o 

sn"(.) = iak
nzk 

* k 

sn(z) = sn’ (z) + sn"(z) 

For writing 



so that 

Now 

we have that s’ - s ’ 
' nw mk 

and from Lemma 3 -, . , 

mk
los|sm^z)| < loghl+Ê^») 

^loKls>v(z)l ‘ ^[loeU|te~v(z)] 

< $ log^z| 4-é^z) 

|sn(z)| « |sn’(ï)| + |sn"(0| 

and since ^SU
W(Z)J bounded in the region |z| é oC, < 

we have that 

log|sn(z)| 9lo&\z\ + 
k ^ 

in the region 1 £|z| 4 , 

Lemma 5. If the series xl a_zn is such that in some » 11 1     M ^ IX 

region D exterior to the unit circle an infinite sequence of 

partial stuns Kw} exists such that 

i iog |sn(z)| * U(«) + ^(z) , 

where U(z) is a continuous function less than log\z\ in D, 

then the series has a gap structure. 

Let L s 1zl - R î" 1 be a 

circle having an arc im in 

the interior of D. On £h 

log(z| -Tj(z) has a minimum 

value h y 0. Hence on inn 

^lo6|sn(z)| * loSlzl “h +^k(z) 

while on the remainder of L and on the unit circle 

^k
loslSnifzH * 

logM +S(z) * 



Cuub-uler the harmonic i'uuction h(z), regular in the ring 

1 < 1 z| < R, uhich has the value h on the arc id mid the value 

a 

zero on the remainder or the boundary. Thus in the ring- 

0 < h(z) < h 

and 

loS|siJ|5z)| ~ loSUI ~ ii(z) + ^(z) 

since the left hand member is harmonic in 1 < |z\ < E, except 

possibly for negative infinities. On a circle L’ interior 

to the ring, L' s |z|=c, 1 < c <. E, the function h(z) has 

a positive minimum which can be expressed as G log r where 

r ^1. Thus on L' 

-h < -h(z) < - 3 log r 

and for sufficiently large values of k 

•i log|su(z)J < log c - 2 log r for z on L'. 

How for all n é K 

and 

Kl « °'n ssK(z)l 

ï^hl $ - l»SO + 5- log! . 

It is not possible for the factor log c - 2 log r to be negative, 

for in that case 

1 los|anl ^ ” l06 0 < 0 

   X 
for all values of n, which contradicts that lim. la P = 1. Hence 

the right hand side is negative if 

» log c - 2 log r 
log c 

> 1* 

Choose 

n < 1 
* [ 

log o 

log c - 2 log H 
log c 

log c - 2 log r 
< < 
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30 that n. < n * n. . 
log o - log r * 

Then -we have that 1 _ i ■ , . 
Ü lo5|an| ^ - log r < 0 

and th© series of terns satisfying the above inequality has a 

radius of convergence greater than one* The remaining tenus form 

a laouuary series* 

If the region D is bounded and wholly interior to F w© can 

get further inequalities* For we have that 

«VM = CM - sn(«) 

|\W| * 
and since i*wi is bounded in the domain D this gives tliat 

Ti los|rn^z)| < U(z)+6*(z) for z in D. 

Let L be a simple closed analytic 

curve completely interior to F 

■which passes thru D and around 

the origin. Interior to L let 

h(z) be harmonic, like logjzj 

at the origin, and \dth the 

boundary values U(z) on the part 

of L in D and log|z| on the rest of 

the curve. Then interior to the curve L we have that 

^k
los|rn(2)| < h(z) + €%(z) . 

Inside L the function log|z| - h(z) is positive and on the circle 

Lf i |z| a c <1 has a minimum value xjhich can be irritten as 

S log r, r ■> 1. Therefore on L’ for sufficiently large values of k 

2 log|rn(z)| 4 log c - log rc . 
k k 
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For all n :» 

vhich is 

l“4-°'“i«?cb.k
(2)l 

èl0*h|4 - l0s 0 + Ê''102 7* 

lfow c/r^ ^ 1 so the right hand member of this inequality is 

negative if 

^ .124JSL * i . 
n ^ c 

Choose 

and we have that 

1°G^ 

“k ^ i r 105 ° 4. ii 
n ' T I log e - 2 log r I 

„ _ ' log c - 2 log r 
nK ^ 31 ^ nk -1 _ * 

log c - log r 

jy&. 
log C - i 

For these values of n we have 

i log|an| ^ - log r 4. 0 

and 
lira la \* < r~* < 1. 1 nl " 

Vfe re-state Lerarua 5 in the following more explicit form. 

Theorem 6. If an infinite partial sequence K<‘>} of 

the series 2. s^z31, lira ja^ 3 1» exists such that in a domain 

D exterior to the unit circle 

S^osKOOl < u(z) + G^z) , 

where U (z) is continuous and less than log|z| in D; then we 

can find X < 1 and r 1 depending only D and II (z) such that 

the terms of the series for which Xn^ < n <: n^ form a series 

with radius of convergence at least equal to r. 

If farther D is interior to F» then we can find X» X» and r» 
X < 1 < X, r^l, depending only on D and U(z) such that 

the terras of the series for which X*i^ < n <. Xn^ form a series 

log r 



with a radius of ounvargence at least equal to r. 

Je see that in either case the remaining terms form a lacunary 

series. 

Corollary. Theorem C is still true if the conditions of 

the theorem are satisfied on any closed point set E exterior to 

the unit circle and of non-zero capacity. 

We require that U(z) logjzj - h, h 0. Let C Le a 

simple closed analytic curve exterior to the unit circle and 

containing E in its interior D. Then in D we have that 

ïït
los|%(z)| ^ loS|z| - h ^(z) + e^z) , 

where (z) is the solution of the generalized Dirichlet 

problem for D-E with the boundary values 1 on E and 0 on C. 

That is, <|) (z) is a conductor potential in. D-E. 

With this inequality in the domain D the proof is as before. 

Corollary. Theorem 6 remains true if the conditions of 

the theorem are satisfied on any set of non-zero linear measure 

lying on a simple analytic arc exterior to the unit circle. 

Let À be the set, and C be the arc. Let D be a domain, 

exterior to the unit circle,bounded by C and any other simple 

analytic arc such that D has a simple boundary. Then in D 

• ^k
1°slSnlf

z^l * V*)+éî\(*)* 

where U-^(z) is the function harmonic and regular in D which has 

the values U(z) on À and the values log\z(on the rest of the boundary 

of D. The proof is then as before. 

ifa notice that Lemma 5, Theorem G and the Corollaries together 

are a generalization of Theorem 5. 

To prove Theorem 1 we proceed as follows. Make the changes in 



and notation* use m, for n., . 
k tk-i 

(1+C) < B/ Lemiaa 3 

■\ f°r v* 
and let 6 * 

4l05lr4z)l 4 los^ + Wz) inF* 

For a lacunary series r^ (z) s rn(z) 

^ i°g |rnj(z)| * ^ log |zl + C^z) 

< 6 log |z| + éM(z) inF. 
H 

Let C be a circle in F about a point zQ on the unit circle. Let 
the value 

h(z) be harmonic and regular inside C and have^ log |z| on the part 

of C inside the unit circle, and the value 01oglz| on the part of 

C outside of the unit circle. Then inside C 

i log|rn(z)| 4 h(z) + ^(z) , 

for the left hand side is harmonic except possibly for negative 

infinities. Since h(z) is less than log\z\ inside C it is 

negative at zQ. Let C be a circle about zQ in which h(z) < -2h. 

Thus in C’ for sufficiently large values of k 

^logl^Cz)! 4 -h 

and 

Therefore s (z) converges uniformly in C. 
nk 1 

We can give another method of proof to Theorem which furnishes 

information about the extent of the region in •which over-convergence 

takes place. Let lFnî be a sequence of domains completely 

interior to Ff bounded by simple closed analytic arcs, and such 

that F , contains F and lim F = F. Let g_(z) be the 
n+1 n n °nv ' 

Green’s function for Fn, -with pole at the origin. Let 

h(z) * ^klog|z| - (1 ga(z) 
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Then ■i iogj^Uil - M.) < eMW 

on the boundary of Fn , and since the left hand side is harmonic 

in Fn except possibly for negative infinities the inequality is 

true through-out F • That is, 

T^loS 1^8)1 * 2£loslzl - C1-&) Sa(*)+e^*) 

in the domain Fn# Now the sequence {Sn<z)} is a sequence of positive 

non-decreasing functions and 

Ü2 gn(z) » 6(0 

the Green’s function for F, with pole at the origin. It is not 

possible that this limit should be + co for in this case we should 

have that rt,(z) H 0 in F which is not true for all functions f (z). 

Therefore 

^ los|rn(0| -t ^loglzl - (1 -22*) g(z) + C^) 

through-out the domain F* Since üüï, < 0 < 1 the domain of 

over-convergence is that part of F exterior to the unit circle 

where 
01oglzl - (1-0) g(z) <. 0. 

ffe have also an immediate demonstration of Theorem. 3, For if 

lim îi s 0 
n^ 

then 

^log|rnt(2)| * - g(z) +6^K(Z) 

and s(z) converges in the uliole of F. 
nk 

irie see that the method of Bourion is adapted to the treatment 

of most of the nuestions T.hich arise in over-convergence# In 

particular the method yields in a quite simple fashion information 

concerning the extent of the region of over-convergence. 



IS 

3# The method of Bourion permits of a generalization of the 

problem of over-convergence. Let be a se^ ^lialytic 

functions, regular *md uniform in a domain Df and ^uch that 

£5. H
1OS

K
(ï)I * u(z)- 

i her© the function u (z) is harmonic and the convergence is uniform 

in every region interior to D where u(z) is regular. The singularities 

of u(z) are the points of accumulation of the zeros of un(z). The 

isolated singularities are negative infinities, life exclude from 

D the singularities of u(z) that are not isolated. 

Consider 

f(*) * 2. anun(z) , îîm KP =* . 

Let F he the domain where the function f(z) is regular. The points 

of D where the series converges uniformly are defined by 

u(z) *t* logo£ < 0, 

call this region S. The region 

S contains the isolated singular 

points of u(z). The boundary of 

S consists of the points of D 

•where 

u(z) + log et = 0. 

As before for Taylor's series let 

m 
3
n<*> * £.ak“lc<2) 

rn(z) 9 f(z) - Sa(z) 

rn,p(2) = SWpCO " sn(z), 



so that s^z) and r (z) are defined in D, and r (z) is defined 
iA j p ix 

in the region common to D and F, that is in D.F* 

We now prove a lemma vrhich is a generalization of Lemma 3. 

The same method of proof vri.ll hold for this earlier lemma. 

Lemma 6. In the part of 1) outside of S, that is in D-S 

ilog\sn(z)\ < u(z) 4 log«4£w(z) ; 

and in D.F 

3 Aosl1^2)! 4 u(z) + loget+C^z) 

K 7? 1 exists independently of n such that 

KI
4
< *« 

(un(zf $ K eU in D-S« 

For any S > 1 hut arbitrarily close to 1 

l^aP < Sot. n » n» (8) 

Jun(z)|4> < Seu n nM(g) for z in D-S« 

Hence m(fcH 
k - 

|sn(z)| * 2(K*eteu )n + 2(S*0teu ) 
1 1 MsO t A 

(K*oC eu J**- 1 (8*ol eu )n+1 - 1 
4 —  + 

E*<XeU - 1 6o(eu - 1 

UiH 
< (6ote ) 

» 

t 

** »u r,s)- i,f, (sv.")-(sv 

For z in the region here 

- logtt + logfi* < u(z) 4M, S* 4 1, *8* >1 

we have . SI u 
de 7 1 

so that the factor in brackets is bounded independently of n and 6, 



KO 

and 

which is 

1 log|sn(z)| 4 u(z) + logot + 2 logg + 2 log K 

"H los|sn(z)[ 4 u(z) loe“ +£*(z) 

for ail z in D-S. logS approaches zero with l/n. 
i 

(a) In the region S r^(z) ~ ^ak ujc(
z) • *1^ 41 

k«*ti 

and consider the part of S ihere 

u(z) < loglÿ- loge»,. 

For n •^•n(6) 
CO 00 % u wtl 

M 4 .|k %M| < - 7^/- 

< (€»*«toU)nM. M independent of n and 6 . 

ThUS H 
los|rn(z)| < u(z) + log«+£m(z) • 

Naturally, the same inequality holds for r^ p(z) ^ie 8 am® domain. 

(b) In any region R interior to D»F such that 
* If 

u(z) log 8 - log« , 8 3^1 

the function f(z) is bounded and 

|rn(z)l ^ * K(zH 
so that 

ÏÏ log|rn(z)| 4 u(z) + lo6* + 4it(z)* 

The inequality holds also for rn>p(z) if u(z) is bounded. 

(c) Of the region D.F there remains only an annular 

part containing the boundary of S. In this ring the function 

los|rn(zl is harmonic except perhaps for negative inf inities, 

and therefore satisfies in the interior the same inequalities 

that it satisfies on the boundaries of the rinj> Thus 

~loe|rn(z)| 4 U(z) + log* +CM 

in the whole of D.F. 



ai 

Theorem 7, The uniform convergence of a partial sequence 

ix(z)l iu the neighborhood of a frontier point of b implies 
the uniform oonvergonos of ^sn|(

z)] in bhe neighborhood of ever/ 

frontier point of o interior to b#F. 

Let za be a irontier ooiiib of S in D#F* Let L be a simple 

closed analytic arc enclosing 

having, an arc lupui1 interior 

to the region of over- 

oonvergence of the squence 

[sn(z)J • On the arc uSpm1 

i log 1^2)1 

and on the remainder of L 

z and lying entirely in L).F and 

^ 
loz\r44 4 u(z) + iog<* + 

c4z)' 

Let h(z) he the function harmonic inside L and having the value 

zero on ulpm* and the values u(z) + logot on the rest of L. 

Then interior to L 

4los|rnC*)| < h(z) + Uz) . 
* k 

Since'h(z) is less than u(z) -t- logo* inside L it is negative 

at the point zQ • This proves the theorem. 

Theorem 8. If 

ïïk
loS |snC*)| < *(*) + €*,(*) , 

U(z) < u(z) + logoi. 

where U(z) is continuous, in some domain R interior to D-S, then 

at every frontier point of S interior to F 

lim s (z) = f(z) 
k-»co 



Let zQ be a frontier point oi‘ u interior to F» Let C be 

a circle id it lx center at z0 and lying in F. Let L be a siiiple 

closed analytic curve interior to 

J-S and which passes thru C 

and R. Let h(z) be the 

harmonic function inside L 

having the value t) (z) on that 

part of L Inside R and the 

value u(z) t logOC on the rest of 

ïîk
loslsnk(z)| * h<z) 

+cm{z) • 

On an arc m1 of C completely interior to L we have that 

FK
los|rn,Jz)| < h<z) + * 

the calculation being the same as that for Lemma 6. On the rest 

of the curve C 

H.los|rn(z)l * u(z) + logct + C/Mk(z) • 

Let t(z) be the function harmonic in C and with the value h(z) on 

iOr1 and the value u(z) * logoC on the rest of C. Then inside C 

ilosIsH < t(z) + €fB(
z) ■ 

Since t(zQ) < u(z
0) + loS°< - 0 

the sequence K(z)î is over-convergent at the [.oint zQ. 

Corollary» The theorem is true if the conditions are 

satisfied on a closed set E of non-zero capacity interior to 

Corollary» The theorem is true if the conditions are 

satisfied on a set of non-zero linear measure on an analytic arc 

lying in D-S. 

The proofs to these corollaries are the same as for the 

corresponding corollaries to Theorem 6. 



Theorem 9 If in a region R interior to D-o 

i i°sKa(Cz)l < U(z) + £*y(z) , 

where lim a 1, andl)(z) is defined, continuous, and less 
k-*-» nk ' 

than u(z) + logOt in Rj then $sn(
z)| is over-convergent at 

each frontier point of S interior to D. 

Let 

r, (z) = s_ (z) - s fz) n, •Ml 

l™, sn(z) = 2 rk(
z) • 

so that 

****** “k 

In the region of convergence S 

rk(z) = 
T4Z)

 ' rnJz) 

and we can use Lemma 6. In the region D-S 

K(z)l « Kiz)l+ K(z)l 

Since lim •= 1 we have that 
k—n. 

■i^log|rk(z)) < u(z) + logCK +^(2) 

in the whole of the domain D. Then in the neighborhood of any 

frontier point z0 of S interior to D 

•|kl°s|rk(z)| 4 t(z) + £*k(z) * 

the function t(z) being the same as in the proof to the previous 

theorem. Therefore in same neighborhood of zQ for sufficiently 

large values of k 

lik
los|rk(z)| < loS q # q < 1 » 

and 

2tic(z)| 4 £q k* 

Thus the theorem is proved. 

Corollary. The theorem is true if the conditions are 

satisfied on a closed point set E of non-zero capacity interior to D-S • 



Corollary» The theorem is true if the conditions are 

satisfied on a set of non-zero linear measure on an analytic 

arc interior to D-S# 

life remark that Theorem 1 can be generalized immediately to 

apply to these mure general types of series here considered# 

Since the function *(*) must have a singular point on the boundary 

of 0, the Theorem 9 shows that over-convergence is impossible if 

S is completely interior to the domain D. 

4» The results of Sections 2 and 3 are immediately applicable 

to Dirichlet series. Consider the Dirichlet series 

£an 0< -*ao t \„,+| -r\^ , z =• x +iy 

convergent for x "yO, If we use the transformation t » e“z the 

methods of the preceding sections will a ply. tfe state explicitly. 

Lemma 7. For x^O 

\ loS |sn(z)| < “X + Cj^t) j 
Aw 

and for z in the domain of regularity of f (z) 

llog|rn(z)| < -x+em{z). 

Theorem 10. The over-convergence of a partial sequence 

pn(
z)] at point on the line x = 0 implies the over- 

convergence at every point of this boundary line where f (z) 

is regular. 

Theorem 11. If the first inequality of Lemma 7 can be 

improved upon for some partial sequence then this 

sequence is over-convergent at every point on x * 0 where 

f(z) is regular. 



Theorem 12, If the hypotheses of Theorems 10 and. 11 are 

satisfied for , vjhere »lf then is 

overoonvergent at every point of xsO# 

These theorems are sufficient to show that the previous 

results apply to Dirichlet series* In particular we notice that 

in Theorems 1 and 2 the exponents need not be restricted to be 

integers* 

5* Walsh considers the question of overconvergence from an 

entirely different view-point . He was led into the problem 

thru studies on the approximation to analytic and harmonic 

functions by means of polynomials or rational functions'^. 

Iiifalsh uses the term overconvergence to mean that if a sequence 

of polynomials or rational functions converges sufficiently 

rapidly on a point set S of a particular type, then the sequence 

necessarily converges also on a larger set containing S in 

its interior. 

We consider the extended z-plane; that is, the finite plane 

closed by Adjoining the point at irjfinity. Let S and T be 

arbitrary closed point sets with no common point, such that the 

Dirichlet problem for arbitrary boundary values has a solution 

for every region T (z‘ ) defined as the totality of points which 

can be joined to a given point z* of T by broken lines not 

meeting S. Such a region T(z’) is open and its boundary consists 

entirely of points of S& Let C_(z’) denote the curve or curves in 

the z-plane which are the map of the circle lwl - E 1 when 

the region T(z') is mapped on |w| 7I in such a way that z a z’ 

*X t X,1,2,5,7. See these papers for further references. 

$ J* L. Walsh - Crelle's Journal, vol. 159 (1928), pp. 197-209. 



corresponds to w * e» . This mapping is not necessarily 

smooth and the mapping function w » w(z) is not uniquely 

defined, but the mapping function exists, and the point set 

CR (z ' ) is uniquely defined * Let SR(z*) denote the complement 

in the z-plane of the set |w(z)| y R y 1, so that SR(z') is 

closed and contains S, and is bounded by CR(z*)» Let SR denote 

the point set co..Tion to all the point sets S^(z') as z’ takes 

on all possible positions in T. Let CR be the boundary curve of 

SR • Then S^ surely contains S, and we will prove that S is 

actually interior to SR. Since Sfc is the point set common to a 

finite or infinite number of closed regions, each bounded by a 

curve C^z1) and containing S, it is a closed set. 

Lemma 8. S is interior to CR. 

To prove this we show that S has no points in common with 

the complement of SR. llow T lies in some Jordan region T' 

bounded by a Jordan curve Cy(z0*), and if T’ is used instead of 

T the complement of SR is either unchanged or has points added to 

it. Similarly, S is contained in éome Jordan region S’ which may 

or may not contain points not in S. Hence if the lemma is proved 

for T' and S' it is also true for T and S. life accordingly prove* 

Lemma. If S is a Jordan region and if the point set T, 

having no point in commun with S, is a Jordan region bounded by 

a curve which can be denoted by C(,(z0’)» in T, then SR is 

the Jordan region containing S and bounded by C^>(z0’), where 

Hrf 1 

R + r 

Let w & w(z) map the exterior of S onto the exterior of 

\T| s 1 so that z»zQ’ corresponds to w=>oo. Then 

XI p.15. See also if. F. Osgood, Lehrbuch der Funktionentheorie, 
5th. ed. (1928), vol.l, pp.716-7oG. 

0. D. Kellogg, Foundations of Potential Theory, 

pp. 559-370. * 



w1 ^ 

*7 

1 - Vf, w 
w - w. 

w, , « w(zO , 

maps the exterior of G on the exterior of |wf| » 1 so that z » z% 

corresponds to w1 * oo ♦ For zf in T we have |wt | ^ r# so all 

points z not in SR are characterized by the inequalities 

|w'(z)| 7/ R, \w(zO| r. 

find that 

w ■=• 
w' w, +■ 1 

w' + viT 

In this expression w' and wj are arbitrary, subject to the 

conditions given (z, in T, z not in SR), and we seek the locus 

of w. The unit circle Jw'| s. 1 and its exterior are mapped on 

\ w \ -1 and its exterior, so |w| V 1« Set \w’\ » ^ E, and 

lw,| = rj Tj. r. Then 

w w 
__ Rj* TJ -J- vrt w' -f.117, w' + 1 
w « — p IITT: 7 • 

R + w, w' + w,w' + IJ 

Ifs are considering this expression for values JY^W' •+■ w, wj^R, rf . 

The minimum occurs for the value R, ij so the minimum of |w| is 

K,r. H 
E,+r, 

and we have, since R, 7y R 7 1, v\ 7/T V 1 that 

R.r 1-1 R. r +1    7/   7 1 . 
R,-t rt R + r 

Since vr is exterior to the circle |v? I ts (Rr + l)/(Rfr) = > 1, 

z is exterior to ^(ZQ
1) and the complement of is exterior to 

Cy»(zo') 'wki^h contains S in its interior. 

Conversely, lei z be outside of (^(ZQ*); we prove that z 

is in the complement of S^. This problem in the w-plane is: 

Given |w| not less than (Rr -t 1)/(R + r), to find w* and vf, 

such that 

w, w’ + 1 
w 

W W T X 

*”= ~ |wt| -7/R rl, |w \7T 7 1. vf. + w* % 1 



If If ^wj zpR it suffices to set w' =s w, and w( =, oo , 

(Rr + l)/(R-y-r) ^ lw| <: R 

we define r( by the equation lw| ■=. (Rr, + l)/(R + r,) so r, T/T* 

Then choosing 

lf( s Ijï (R4r,)/(Rr, +1) 

w* a R w”1 (Rr, +1)/(R +rj) 

we have the desired result. Thus the lemma is completely proved. 

Definition. A rational function of degree n has the form 

a0i-a12+ ... 

bQ + b]* 4* ... + bnz
n 

where the denominator is not identically zero. 

Definition. A polynomial of degree n is of the form 

&0 a^Z + . . . + aaz
a • 

A polynomial may be regarded as a rational function which has 

just a single pole at infinityt of order less than or equal to n. 

Definition.. A lemniscate is a curve given by 

|(z-a^)(z-ag) ... (z-a^)! = constant. 

Lemma 9. If fn(z) is a rational function of z of degree 

n whose poles lie in T and if 

(1) |fn(z)| 4 M, for z onS , 

then 

(2) |fn(z)| $ MR
U, for z on SR. 

Let Zj, Zg, ... , zQ be the poles of fn(z), not necessarily 

all distincts if there are fewer than n poles obvious changes are 

to be made in the proof. Let zz2* *** * zm P°l®s v/hich 

lie in T(z^). Let w^(z), Wg(z), ... , w^Cz) b® the functions 

which map T(z^) on the exterior of \Y/( “1 so that the respective 

points z^, Zg, ... . map on vr - oo. 



The function fn(z)/wp(z) Wo(z) .. wj^z) is analytic in 

T(ZJ_) except possibly for br;tnch points, and its modulus is singl 

valued in T(z^). AS Z approaches the boundary of T(z^) f^(z) is 

continuous and approaches unity. The boundary points 

of T(zj) are in S, and (1) ib *valid in S and Ihus ou these 

boundary points* Therefore 

(3) I^CZJAJ^CZ) •• wm(z)| 4 M 

through-out T(zj). In tj?e region common to T(z]_) and we 

have that (wic(z)/ ^ R and hence we have (2). 

In a si tilor manner we show that (2) is valid in Ihe region 

common to and any containing poles of fQ(z). Further, 

if S’ is the set complementary to the totality of TCz^) which 

contain poles of f (z), we have that (2) is satisfied on the 

boundary of S • and therefore over the whole of S', since the 

funclions are analytic in S’. 

Thus (2) is satisfied on all of the points of and the 

lemma is proved. 

Theorem 15. Let |fn(z)j be a sequence of rational 

functions of respective degrees n and svich that for z on S 

(4) |f (z) - fn(z)| £ M r"
n , r > 1. 

If the poles of the functions f (z) lie in T then f (z) * n' n ' 
! 

converges uniformly for z in , where R < ra. 

If (4) is valid for z in S and the function f^z) - ^n(z) 

is of degree n+1, -vrith its poles in T, then fn(z) converges 

uniformly for z in S^, where R < r. 

If (4) holds for z in S and a sequence ^fn' (*)| exists 

such that fn’ (z) - fn(z) is a rational function of degree n 

with its poles in T, and for z in'S 



9 (5) |f(z) - fn«(*)| 4 M r_n 

and (z) converges uniformly Tor z in *v/here R < r and 

R may or may not depend on the sequexj.ce # then the 

sequence also converges uniformly for z in SR • 

lake the various parts of this theorem in order. 

From 

(f(z) - fn(z)| ^ M r"n 

|f(z) - Wz)| ^ M r**n-l 

we have for z in S 

(■ÇM+I(
z) “ ^ ^ r (1 + r )• 

Mow the rational function £w+l(z) ~ ^(Z) is of degree 2n + l 

so that Lemma 9 gives that for z in S 

|w*) -*nw| < “H n+r-1) (RV1)”. 
Hence the sequence converges as stated* 

The same method gives the second part of the theorem, halsh 

has given functions of this type • 

If both (4) and (5) hold we obtain for z on S 

ta(*) - V M ^ 2 M r"a 

and Lemma 9 gives that for'z in 

|fn(z) - fa* (z)| $ 2K (Rr-1)n , 

so the sequence fQ(z) ” f * (*) converges uniformly in 5^, R<r. 

By hypothesis f^1 (z) converges uniformly for z in SR, and thus 

fn(z) does. 

In each of the parts of the theorem the sequence ^n(z)^ 

converges to f (z) or its analytic extension for z in if 

is connected, and likewise for z in that connected part of SR 

containing S; for from (4) fn(z) approaches f(z) in S and 



2/ 

the sequence is analytic for z in S^. 

the sets T and T(z’) may be taken as identical# Let b be any 

arbitrary closed limited point set whose complement T is connected 

and possesses a Green’s function with pole at infinity. This 

condition on T is equivalent to the previous condition on T(.z'). 

Let CR denote the transform in the z-plane of the circle lw| = R 7 1 

when T is mapped by w * w(z) on |wi >1 in such a way that the 

points at infinity correspond. 

It is clear that Lemmas 8 and 9 remain true, vfoere the region 

is the interior of CR. He state mthout proof two further 

lemmast. These are proved with the help of the Green's function 

for the region T. 

Lemma 10. A finite number k of arbitrary mutually 

exterior closed analytic curves can be approximated by the 

same lemniscate. That is: Given a set C consisting of k 

mutually exterior closed analytic curves C., j - 1, 2, ..., k, 
d 

and a number ^ > 0 such that the >| -neighborhoods of Cj are 

which lies exterior to C and interior to these -neighborhoods, 

and which contains C in its interior. 

exists 

Definition. The *yj -neighborhood of a curve is the 

region swept out by a circle of radius yj whose center 

describes the curve. 

X,3,4. XI t XI 



Lejuma 11 For an arbitrary r, 1 < r < R, there exists 

a lemniseate Lj |(z-a^) ... (z-a^l = c such that L contains 

S in its interior and Lg. : | (z-a^) ... (z-a^J * c Rm r”*11 lies 

interior to CR. Thus for z on or within L and for t on or exterior 

to L* f we have 
r 

(z-a^) • • • 

• • • 

Theorem 14» If the function f (z) is analytic and single¬ 

valued on sind within there exist polynomials Pn(z) of respective 

degrees nf n - lf 2, , such that the inequalities 

(a) |f(z) “ Pn(z)| ^ NK n , z on S, R :r 1, 

where N is dependent on R but not on n or z, are valid for every 

z on S. 

If there exist polynomials Pn(z) of degree n, n = 1, 2, ... f 

such that (a) is valid for every z in S, then the sequence ?»} 

converges interior to Cpt uniformly on any closed set interior to 
K 

CR, and thus f(z) is analytic through-out the interior of CR« 

Take the parts of this theorem in order. Since f (z) is 

assumed analytic in and on CR it must be analytic in some CR» , 

R’ > R. Choose this R' as the R of Lemma 11 and the present 

R'/R as the value r of Lemma 11 • Then there exists a lemniscate 

L, |U-a.) .. (z-8II)| = 0 containing S in its interior, v.rhile 

Lr* |(z-a^) •• (z-ajjj)! » c Rm is interior to CR* ; and for z on 

and within L (in particular on S) and for t on or exterior to LR 

( in particular on Ctf), we have I(z-ai) .. (z-ajJ ^ 

(t-.i).. éE • 

From the theory of polynomial approximations it is known 

that a unique polynomial ,(z) of degree mp-1, p » 1, 2, .. , 



existb viith the properties 

Q ~ lf Z9 3t • • 

In fact 
(z^) .. 

c*-*m)J 

p 

is that polynomial. For it is clear that this function does 

satisfy the conditions of interpolation, and if ve write f(z) 

as a Cauchy integral around we see that the integrand above 

is without singularities in z and is a polynomial of degree 

mp-1 in z. 

For z on S 

where |f(t)| é N" 

\t—z | ^ S 

C» * \ Idtl . 

Thus N’ is independent of p and z. 

lie define Pn(z) for an arbitrary n by 

pa(0 = ^C*) » mP“1 < n * a(p+l) - 1 • 

life have then that for all z on S 

|f (*) - Pa(*)| 4 N R’n 

where N » H' R ,m-2 is independent of n and z. Thus the first part 

of the theorem is proved. 

The second part of the theorem is proved by Lemma 9 in 

exactly the same manner that the first part of Theorem 13 is proved 



l't 

7. Tlie preceding remarks are the fundamental parts of the 

theory of over-convergence. Other results are numerous Lut 

depend essentially on these primary theorems. For example, an 

immediate deduction from Theorem 14 is : If the R of the theorem 

is the greatest value such that f(z) can he extended analytically 

through-out the interior of CR, then the inequality (a) is 

satisfied for no sequence of polynomials when R is replaced by 

R-^ R, This serves as a limit to the region of overconvergence 

in Walsh's sense. However, the divergence of the sequence of 

polynomials outside of this region is not necessarily true. 

The only fundamental result on overconvergence which has 

not been discussed is Jentzsch's theorem that each boundary 

point of the region of over-convergence is a limit point for 
*• 

the zeros of the polynomials. 

X.4 V, 5 T9 
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I 

Fourier Transforms 

!• In the study of Fourier series and of the Fourier integrals 

the properties of the integrals 

sin ux 

aro of fundamental importance. It is found that under certain sets 

of rather general conditions f (x) can be written as 

This relation can be expressed by the pair of equations 

which connect the two functions f(x) and F(x). When 1.2 and 1.3 are 

valid they express certain symmetrical relations between the functions. 

Each function is said to be the Fourier cosine (or sine) transform 

of the other. 

The Fourier and other (such as the Hankei^) transforms are 

special forms of a wider class of transforms. The general theory 

has been developed by Plancherel^*, special forms by Titchmarsh$, and 

and an obvious extension made to complex variables by a number of 

students!!. The studies of Plancherel and of Titchmarsh will be 

presented in detail. 

1.2 

1.3 

£t> 

I page 742. flV. % II. $IV,Y. | VI, VII. 



O 
CJ » In the presentation of this theory we shall repeatedly have 

2 

occasion to integrate infinite series term by term, or to interchange 

the order of integration in iterated integrals, or in general to 

perform operations -which can be justified by a consideration of 

finite sums and a passage to the limit» Rather than make such 

justification in all cases, which would mean tedious and (I believe 

in a paper of this sort) unnecessary computations, we will frequently 

omit this routine procedure» 

In this section an attempt will be made to collect all of the 

necessary definitions, the fundamental assumptions, and the other 

bits of mathematical background which must so often be referred to 

as the justification for the various processes used to prove some 

particular point» 

Definition 1» The function f(x) is said to have a property 

Ma2most everywhere11 or Mfor nearly all x" in the interval (a,b), 

a < x $ b, finite or infinite, if it possesses the property for all 

values of x in (a,b) except on a set of measure zero» 

Definition 2» The real function f(x) defined in (a,b) is 

of class L(q) if |fW| ^ is integrable over (a,b) in the sense of 

Lebesgue. 

kilhen a function is said to be integrable or sunmable this is 

meant in the Lebesgue^unless specific statement otherwise is made. 

Lemma 1. If f(x) is of class L(q) in (a,b) then f(x) is of 

Definition 2. A function f(x) defined in (a,b) is said to 

be normal if ^ 

tf2(x) dx = 1 
4x, 

We notice that a normal function must belong to the class L(2). - 

Conversely, if £(x) is of class L(2) then we can ’'normalize” it by 

class L(p) for all |p\ ^ |q| in any finite interval (a( ,b, ) in (a,b).[*l9,lP*si9,, 

. division by the constant 



Definition 4. Two functions f(x) and g(x) defined in (a,b) 

are said to be orthogonal if 

Sf kf(x) g(x) dx = 0. 

% 

Definition 5. À set of functions, f-^(x), fg(x), .. 

defined in (a,b) and of class L(q) is said to be complete or closed 

in (a,b) with respect to the class I*(q) if the statement that 

,b 
^f(x) f^(x) dx - 0 for all values of k I1 

implies that f(x) ■=. 0 almost everywhere in (a,b). 

Definition 6, If the set is such that 

^ * ° 

then is said to converge in the mean of order q. 

For such sets we see that the functions are of class L(q). 

Lemma 2. If converges in the mean of order q, l^q 

then a function f(x) of class L(q) exists, uniquely defined except 

possibly on a set of zero measure, such that 
A 

lira. ^f(x) ” fn(x)|q ^ - °i 

while a subsequence fowl of the set exists such that 

lim f (x) = f (x) 
Tt 

almost everywhere. 

Definition 7. The Fourier coefficients of f(x) vri.th respect 

to the set fWx)l of normal orthogonal functions in (a,b) are 

0 

*k =. 00 <5k(x) dx 

provided these integrals exist 



If the function f(x) is of class L(2) we have Bessel's identity 
\b ^ nb 

\ b - P* H* ^ « S 
f2(x) dx - £f. 

which yields that 

Sft *>« îk(x) dx) 4 \f2(x) dx t 
for any finite n. Hence for any such sum, finite or infinite 

(B) 

The choice 

2/k
2 = dfw 4 ^ f (x) dx 

f(x) s 1 in (a^,x), a finite interval in (a,b) 

0 elsewhere 

gives the inequality r 

(B>) fjfav dtj < l* ' all 

a 

V. b 

Lemma 5. If the functions f(x) and g(x) are of class L(2) 

in the interval (a,b) then 

‘(x) g(x) dx ) $ \f&(x) dx \g-(x) dx 

“X “X 

This is the Schwarz inequality. For sums we have a similar 

statement 

2 
k 

$ \f2(x) dx \ 

*TX *X 

y. For sums we 

h) ^ 2k
a
k

2 • & h 

A more general inequality is the generalized Schwarz-Hôlder inequality. 

Lemma 4. If f(x) is of class L(q) and g(x) is of class L(q/(q-l)) 

in (a,b) then for an^ value of q in the interval 1 < q $ 2 . j_ 

yw s(=0| to « “taj* | jaW|*j *■ 

From these inequalities are proved many of the theorems concerning 

Fourier expansions of functions, and, more generally the theorems 

concerning convergence in the mean of order q, 1 4 q i 2, 



s 

Lemma 5. If in the interval (a,b) few] converges in the 

mean of order q, 1 < q ^ 2, to the function f(x), and g(x) is any 

function of class L(q/U-1)) in the interval, then 

b b 

lim Jfn(x) g(x) dx = ^f(x) S(*) 
m 

Lemma 6* If in the interval (afb) the set converges 

in the mean of order q, 1 < q ^ 2, to a function f (x),-and 4rj. 1 IM , ^2. 

then 

and 

*_(*) * gk(x) , oUtriM. 0 .C Lirir*» 
n k-i ^ K Jk 

n
 % 

f(x) - ^kak Sk(x) » almost everywhere, 

(*) d* ^f(x) dx * ^ak ^ gk(3 

for any finite interval (a^,x) in (a,b). 

We now state a lemma which is the generalized Parseval and Fischer- 

Riesz theorems for the class L(2). 

Lemma 7. If [<&*)] is a complete set of normal orthogonal 

functions in the interval (a,b), and f(x) and g(x) are functions of 

class L{2), then 

fw=4fk^w 1 V-/’, 
I < w•r 

eW * ‘S.W . • . (i*. 

a 

àlmost everywhere in (afb), these relations being unique, and 

b 

• ^f(x) g(x) dx = £kfk 
Z( li r- 

Me remark that this result is more general than the inequality (B). 

Lemma 8. If the numbers are such that a b 
k k 

is convergent for every set of numbers W1 for which the sum 

2 2 z„k ak is convergent, then £,y bk is convergent. 

0, * 
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We prove this by establishing a contradiction. Suppose that 

^bfc2 diverges. Let 

b * 

If we choose 

, 

it 

\ = \Ac -—v 

£v2 converges, while ^ 

Since this contradicts the hypothesis of the lemma^ ^ must converge. 

where % < 0^ $ 1, then / .^a^ converges, while V a^b^ diverges. 

Definition 8. A. transformation T which for each f (x) of class 

L(q) defined in (.a,b) gives a function 

F(y) S T [f (x)] 

in the interval (A#B) is said to be linear if 

(a) ïfa^Cx) + a2f2(x)] =. a! T[fl(x)| + a
2 

T[f2<x)] 

where a^ and a2 are arbitrary constants; and is said to be 

bounded if 

(b) 
ft B b 

^|F(y)|q<ty = jj T f(xj| |qdy £ II J|f(x)| dx 

A 
where M>0 is a constant independent of the particular function f(x)« 

The condition D8(a) implies that T(0) a 0; but if T[f(x)] ^ 0 

it is not necessarily true that f (x) g 0# However, this is the 

-1 case if T possesses an inverse I , 

T"1[TCf(x33 ~ f(x) 

having the properties D8(a) and D8(b). 

The conditions D8(a) and D8(b) imply that 

(b') If C|f(x) “ fn(x)| q<^x ~0 with n 
q 

then \|F(y) ” Fn(y)| dy^-r-0 with n . 
 Z&   

A theorem of Abel and Dini, see K* Knopp - Theorie und Anwendung 
der Unendlichen Reihen, Sd. ed.(1931), p.299. 

The proof given by Plancherel, II p,302, is incorrect. 
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For g 

^T[f(x)J "T^n(x)]jqdy = ^T^(x) - fu(xj]|qdy $ M ^|f(x) - fQ(x)| 

A h 08(b) * 
JLnd conversely, the conditions D8(a) and D8(b') imply^. For suppose 

dx 

not# Then we can choose fror.i the set 

where 

That is 

an infinite subset 

such that 

& 

^|F(y) - F^CyJpdy = 

lim M = a>. 
m^o# nfc 

M v 0 
“k 

’ \F(y) - Fn(y)|<1 

dy s 1 

for all values n^ • But we also have that 

f(x) - f(x)I* 
dx 11 -, 4 “v ' 

while the condition D8(a) gives that the transformed functions are 

M 

cv 

\|f (x) - fn(x)| dx -*• 0 with k 

precisely fF(y) - Fn(y) 

L ^ 

, and the condition D8(b») requires that 

J> 
F(y) - Fn (y) 1  » , 

M_ 
dy 0 with k - ■oo# 

This contradiction shows that the condition D8(b) must hold. 

Ife notice that the condition D8(b) makes the transforms F(y) 

belong to the class L{q)# This condition D8(b) is not, of course, 

the only condition which might be used to insure the ’’boundedness" 

of the transformation T# In fact the Fourier transforms studied by 

Titchmarsh furnish an example of another such condition — a condition 
«)( ■ 

that is not symmetric in its restrictions on f(x) and T Jf (x)J. 

Ill 



3. Let [i«] be a set of normal orthogonal functions in (a,b). 

Then each function f (x) of the class L(2) is represented by 

fM « $„<*) 

for almost every x in (a,b). Also if 

f
nw * 2.A «,<*> 

A then 

J |f(x) - fn(x)| cfcc -v 0 with n 

Suppose that T is a linear bounded transformation of class L(2), 

and let 

Then from D8(a) 

ik(y) s T [■?„(*)] • 

FH(y) = T [fnW] - ifi) 

while from D8(b») Fn(y) converges in the mean of order 2 to a 

function F(y) belonging to L(2), 

F(y) = l^m Fn(y) - 4fk £(y) 

r6 2 
\ |F(y) - Fn(y)| *dy -*■ 0 with n -*■ co 

Thus F(y) is a transform of f(x). 

if g(y) is any function of class L(2), then from Lemmas 5 and 6 

îe(y) F (y) dy S £,fk \g(y) $(y) dy . 

\ JA, 
•And sine© from Lemma 3 the integral on the left exists, 

|jg(y) F(y) dyj ^ j j 

it follows that the infinite sum 

g2(y) dy \ F2(y) dy , 

£kfk S/(y) é(y) dy 
converges for all y in (A,B), and for any such that 

converges. We have, furthermore, from Lemma 8 that 

k 

I pages 759-762 



s (y) -$(y) dy )' 
converges for ail y in the interval (ft.,B)* If the interval Ui»y) 

is a finite interval in (A.B) then the choice 

g(y) s 1 in (A-^y) 

“ 0 otherwise 

gives that the infinite sum 

d*j 
converges for all y in (A,B). 

4. Let and ^(y)^ Be sets of normal orthogonal functions 

in the intervals (a,b) and (A,B), respectively. Define 

§(*»y) « dt Ç^C») ds 
A, 

where (a^,x) and (A^,y) are finite intervals in j(a,b) and (A,B). 

From the Schwarz inequality. Lemma 3, and from D7(B') we have that 

Thus the series defining C^(x,y) converges uniformly and absolutely 

to a continuous function for all finite values of x and y in the 

intervals (a,b) and (A,B). Therifore we have that 

Sj$(x,y) - ^(s) ds 
A. 

for all finite y in (A,B) and for almost all x in (a,b), and 

|L<Kx,y) = £v^(y) ^ <Sk(t) dt 
4* * 

for all finite x in (a,b) and for almost all y in (A,B ). Also 

the Schwarz inequality and D7(B') show that these first partial 

derivatives are of class L(2) in (a^,x) and (A^,ÿ), respectively. 
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Making use of Lemmas 5 and 6 we can write that 

.6 * rt® 

»y) dy = dt. ^ ^(y) ^(y) dy • If > dt 

^(x)^J(x,y) dx •= ^(s) ds. \ ^j(x) $k(x) dx * Wj(s) ds 

a A, *i *)», 

whence it follows that for almost all values of the variables 

4.1 <&(x) = W 3. $ (x.y) jJ-\ <fi(x) 2- $(x,y) dx 

4.2 

4.3 

4\f1 «f 0 
$(*) -|!j$(x»y) dy 

*H[(y) $(x»y) dx 
• 'a 

These equations are analogous to the equations 1.1, 1.2, and 1.3 

which define the Fourier transforms. If we write the above equations 

as 

4.11 $(x) * rt [$(*)] 

4.21 $(x) = ^[^(y)] 

4.31 t(y> * T [$(*)] 

We see that the transformations T and T-^ as thus defined are linear 

and bounded, and and [^(y)] are generalized transforms, 

.the one set of the other. The correspondence is one-to-one. This 

suggests the definition. 

Definition 9. Let T be a linear bounded transformation 

having a linear bounded inverse T \ and 

f (x) ® T'^Ffr)] 

F(y) = T[f(x)] 

for any function f (x) of some class L(q), then f(x) and F(y) are 

transforms, the one function of the other. 

Definition 10. The function <j>(x,y) is called a generating 

function for the transformation T. 

We notice specifically that as here defined the relations 



Il 

between f (x) and F (y) are symmetric in that they give the same 

properties to both functions. The question as to the existence 

of such transforms for a general class L(q) is not answered. We 

shall show that for the class L(2) such transforms do exist, 

tfe notice also that we assume that T have an inverse T ^ of 

the same type. This is not necessary, T need not have an inverse. 

Transforms which are not symmetiic in their properties have been 

studied by Titchmarsh , Here the property of "boundedness” is 

given a slightly different definition. 

5, In this section we will study the transformations T for the 

cla ss 1.(2). 

Theorem 1. Transformations T and T ^ as defined by 

D8 and D9 exist for the class L(2). 

Let be a complete set of normal orthogonal functions in 

the interval (a,b), and be any normal orthogonal set in (A,B). 

As in Paragraph 4 define 

e* ^ 
i(*»y) = £mt) at W(s) ds . 

•V, A- 
,. „ „ , -i 

Then f(x ,y) is the generating function for T and T- . For 

from Paragraph 3 the transform of f (x) must have the form 

F(y) - l[tW] -fr iftW] 

which from Paragraph 4 

Consider the integral 

\f(x)^5(x,y) dx = £ f. [*^(s) ds î«Jj(x) <pk(x) dx * 

where we have used exactly the same arguments as in Paragraph 4 when 

the equations 4.1, 4,2, and 4.3 were derived. 

) ds , 

* nr 
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We have accordingly that almost everywhere 

"iSf(x)w^(x,y)^ ^«fk ^(y)* 

and we have whown that the transform of f (x) is given by 

\> 

F(y) = ijf(x)^$(x,y) dx. 
A 

Conversely, we have that the transform of F(y) has the form ^f^ ^(x). 

This will be the function f (x) almost everywhere since the set few] 

is complete, so that the Fourier expansion is unique and represents 

a unique function, except possibly on a set of zero measure, nife 

have 6 x B , 

^F(y) ^j$(x,y) dy » dt ^(y) dy - dt* 

^ A, A ^1 

so that for almost all y in (A, B) 

fc 
f(x) * ^-jF(y) -^-J(x,y) dy = £ffc <^(x) - T_ [F(y)J. 

A 

Thus the proof to the theorem is complete. 

Theorem 2. For the class L(2) transforms T as defined by 

D8 have the form I 

ifrw] - .y) dx 

Let few] be a set of normal orthogonal functions in (afb)# Put 

3>(y) = T [fk(x)] 

and define y 

Üf^.y) = dt W(s) ds . 

Then almost everywhere 

«I 

* ^fk(
x) Î &<0 ds 

*71. 

-j^-'hx.y) s 2kfk(y) jfk(t) dl 



Ihese results follow from luragraph o using Ine methods in iaragraph 

4; for the infinite sum for ■Ji* fy) converges to a continuous 

function uniformly and au^olutely for all finite at and y in (afo) 

and (A.B), and the first partial derivatives are of class I»(2). 

Consider the integral 

^f (nfuŸ^.y) dx * ^ us * îi‘(x) fk(x) ux « Zk£k [ fy 
+ 1. « \ 

(s) ds 

A 
Thus for almost all "values of y 

F (y) - C ^kfk 

which proves the theorem, since from Paragraph Z the transform of 

f(x) has precisely this form. 

Another way of stating Ihe preceding theorem is* Every bounded 

linear transformation T of class L(2) has a generating function ŸKy)* 

Theorem 3. The necessary and sufficient condition that for any 

function f (x) of class L(2) in (a,b) we should have 

f(x) » T^pPCy)] 

F(y) = l[f(x)] 

is that T have the generating function 

X 

$(x»y) - dt \i#s^ ds 

X \ 

v/here ISH is a complete set of normal orthogonal functions in 

(a,b), and [fk(y)] is a normal orthogonal set in (A,B). 

The sufficiency is given by Theorem 1* For the necessity vre 

assume that f (x) and F(y) are connected by the conditions of the 

theorem# Then Theorem 2 SIIOY/S that T has the generating 

function 
r5 K 
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■where 

l» 

&(y> = i[l«] - x,y) dx . 

-1 
As we axe assuming that the inverse I exists ue have that 

#k(x) = $w(i)] = dy 

The integral on the right is 

B B f* 

\$k(y)^^
x»y) dy • £W*> dt \ Jj(y) dy » 

so we have that 

r
B 

#k(*) - £j 3j(x) \ Jfc(y) ^.(y) 
dy 

JA ^ 

which is possible for every !(*) only if 

U(y) $(y) dy =• 0 for j :£ k 

A s-l for j = k . 

Hence the [&,«] is a set of normal orthogonal functions in (A,B), 

and the generating function *$*(x.y) has the form ^(x,y) given 

in Paragraph 4. 

Theorem 4. If f(x) and g(x) are of class L(2) in (a,b), then 

^f(x) g(x) dx « ^T^(x)] î[g(xj] dy 

if and only if the inverse T-^ exists. 

We have that f (x) and g(x) possess Fourier expansions 

so that by Lemma 7 

fw * 2vfk &(*) 

* £y\ <&(*) 

^f(x) g(x) dx ® fk Sjj. 



Suppose that T ^ exists, then by Theorem 3 

T[f(x)] = F(y) = ^(y) 

l[sW] * G(y) s gk ^(y) » 

so that Lemma 7 gives 

^F(y) G(y) dy •= fgk 

which proves the necessity of the condition. 

Suppose now that we have 

|F(y) G(y) dy 

By Theorem 2 we have that 

» 

Is 
■ 

*(x) g(*) àx = 

F(y) - £(y) 

G(y) = ^Sj. $k(y) 

which give 

^F(y) G(y) dy » ^ ^ 5,60 5j(y) dy • 

A A 
But this is possible for every such F(y) and G(y) only if 

5k(y) i*(y) dy * 0 for G *k 

= 1 for j = k . 

Thus by Theorem 3 the inverse T ^ exists. 

Theorem 5. If the generating function (x,y) is symmetric 

?(x»y) s £(y,x) 

then is a complete set. 

If the function f(x*y) is symmetric in x and y the intervals 

(a#b) and (A,B) must coincide. Thus the sets t*W] and [fk(y)] 

Î 



being are defined for the same range of variables, and the 

of class L(2) have the unique Fourier expansion 

'VLw = ak3 'fj(x) • 

From equation 4,2 

= dt * 
a 

This integral can be written as 

dt * dt jHk(t) *j(t) dt 

<x. H 
x 

" a“J \ 

dt 

so that we have 

-S.W “ ^v,%0 Vi fv(l) • 

For this to be possible we must have that 

Since the function 

a, . a =.0 for 
kO . nj 

= 1 for 

£(x,y) is symmetric 

k 4- n 

k =• n . 

and equation 4.3 can be written as 

't(y) - dt • 

For the integral on the right we have 



from which we get that 

‘f*(y) * fw(y) • 
which is possible only if 

a, — a 
kn nk 

life have therefore that 

a.. a. a 0 for k n 
Ok jn r 

a 1 for k a n. . 

We will use these facts to show that the set HN is caaplete« 

Suppose that f (x) is a function of class L(2) such that 

V> 

V(i) 1x) dx - O for all k • 

Then 

0 * £fc
aica \ f(X) ^(X) ** 

JA 

rb 

- £..aknakô \ *(*)<?,(*) <** 
I 

for all n 

a 

= 

kn akj 

(x) dx for all n • 

As the set is closed f(x) = 0, and therefore the set 

Ii«l is a closed set. 

ijhen the generating function ç^(x,y) is symmetric we have 

that the transformation T is its own inverse, 

TjT[f(x)]J = f(x) 

That is the transformation is an involution. We have in this case 



\î 

that 

These have precisely the forms for Fourier and Hankel transforms. 

The equations 5.2 and 5.3 become exactly like 1.2 and 1,3 whenever 

differentiation under the integral sign is possible. 

This completes the presentation of the general theory of 

Plancherai. Before this general theory can be applied to the • 

Fourier transforms defined by 1.2 and 1.3 it is necessary to find 

the functions ^<Çfc(x)"l and |^(x)l . This was accomplished by 

it J 

Plancherel . He found that 

= Fcwf1 0 

-pt(y) = 2 (IT)
4

 (i*y2)kU £ (%x) (-D^ y*> • 

Then 

(Z/V)*a cos xy s ^(y) 

and the generating function (x,y) is symmetric with 

^|(x,y) = (2/tt) cos xy . 

6. However, rather than to deal with Fourier and Hankel transforms 

from this general theory it is more convenient to treat directly the 

case where 

exists. This was 

Theorems 3 and S, 

^|(*.y) = f(*.y) 

also done by Planchereli1 by theorems analogous to 

* II p.329 t V 
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Definition 11. A set [^.(x)^ of linearly independent functions 

of class L(2) in (a,b) is said to form a base for the functions of 

class L(2) in (a,b) if for any f (x) and any €. > 0 a linear 

combination 

£ a
k 

ukW 
k*l 

can be found such that 

\ (f(l) - i-Vkw) 
J» 

dx < 6 

From this definition it is obvious that if x =*X(y) gives 

a one-to-one continuous and differentiable correspondence between 

a £ x ^ b and A ^ y < B, then the set 

^ \(x^) 

forms a base for the interval (A,B). 

Lemma 9# À necessary and sufficient condition that Kw] 

form a base for the class L(2) in (a»b) is that the set be complete. 

For suppose that f (x) =£ 0 exists such that 

C
b 

Vf(x) u^x) dx = 0 for all k 

a 

then 

^ (fw - |vk(l>) 41 = \* di = U‘(x) d* + £. »k
2 f u^(s) 

■'(L i i 
and it is impossible that this should be < £ for 6 sufficiently 

small* 

Suppose that the set hm is complete* Then we can form 

<¥» • 2\Sx) 

k*« 

I p.754 

dx 



<L0 

where the set WH is complete and the functions are normal 

and orthogonal in the interval (a,b). Then the Fourier expansion 

is valid, 

'W*£ *k <fkw 

and we can find a value of n such that 

\ (fW - I dx < €. 

Since 

f, 6> (x) = 5 f / a « (x) éi k v ' k jr, k3 3 
4L * 

~ ^ ^(x) ^ ** 
k=i 

we have only to choose 

Uk Ô & 

a = 7 f. a.. 
k p; J Jk 

to have that 

\ (fW ' |,VkW) dx £ 

r k-1 "i As an example we have the set | x | forms a base for the 

interval (0,1). The substitution x = e”^ gives that £e""^“l)xJ 

is a base for (0,co). This illustrates how bases may be built up 

for various intervals. 

Ue will now prove a theorem analogous to Theorem 3. 

Theorem 6. If £uk(x)J form a base for the class L(2) in 

(a,b),’ and <Ç(x,y) defined in O^x^co, 0 £ y < co is 

such that 

(a) jj dsj dt 

is a finite function of y, and 

0») uk(x)| dx 



%\ 

is surnmable in y over any finite interval, and the functions 

fk(x) = ufc(t) dt 

are of class L(2) in (0,CD) and satisfy the relations 

•00 •<» 
\fk(x) f..(x) dx = W(x) uj (x) dx , (c) 

then we have that 

6.1 s) ds , ^ ^(t,s) dt ds a £k^<fk(t) dt 

where WH is a complete set of normal orthogonal functions, 

and Kw] is a set of normal orthogonal functions in the same 

interval (0,oo). 

Let 
m 

iP = Uk(x) • 

Then w© have 

\î& Ü 

41 W 

(x) dx « 

Define 

so that 

.00 

Z. , a . 
i" nk mj 

for n — m 

for n ^ m 

) dt - £ 
k*‘ 

4P 

AI AH 

à* =■ Jê è 
tri 

Al 

- f 

«CD 

J -lc' 3 
a.a . V f,_(x) f Jx) dx 

o 
4i /tu . pfr 

a 
k«l J** 

nk a . \ u, (x) u.(x) dx mj J kw 3 

s 1 for n » m 

- 0 for n ^ m 
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Thus the sets and [i«] have the properties required. 
Since by hypothesis the integral 

AÏ f00 

V ds l |<p(t,s) ^k(t) | dt 

o ^0 

exists, we can interchange in the following the order of integration 

and find that 

dt 

o "o . v° "0 

dt (t»s) ds = ^ds tffc) 
- ^(s) ds . 

Thus the Fourier coefficients of W* ,s) ds are ^^(s) ds and. 

as the set [U4 is complete, we have the unique Fourier expansion 

C<J(t,s) ds * 5*|l(s) ds o Jo 

which can be integrated term by term to give 

^ dt ^(t,s) ds » dt ^^00 dt » 

the resulting series being uniformly convergent in any bounded 

domain. This completes the proof of the theorem. 

Theorem 7. If Ç(x,y) is symmetric in x and y, then the 

set KH] is complete. 

The proof to this is almost identical with that to Theorem 5. 

The application of these two theorems to Fourier transforms is 

simple.' We have 

JL 

^(x.y) = (2/lf)S cos xy i 
and the base is conveniently chosen to be 

uk(x) » e“ , 
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Then by the use of the formulas 

c00 

Ve'^cos xt dt 2 2 
x +-a 

a > 0 

-bt 
e dt a,b >■ 0 

we can readily show that Theorems 6 and 7 apply to Fourier Transforms, 

and thus all of the theorems concerning the general transforms. 

We remark that for Hahkel transforms 

Ÿ (x#y) * {*y Jn(*y) 

7. The general theory of Flancherel has been worked out for the 
LU) 

functions of class^, but with quite general transformations. As we 

have seen this theory is intimately connected with the generalized 

Fourier expansions for functions of class L(2). 

On the other hand the theory of Titchmarsh, which is entirely 

independent of that of Plancherel, has been carried thru for 

functions of class L(q) where 1 •< q ^ 2 , but only for the Fourier 

transforms. If f(x) and F(y) are Fourier transforms of this type 

then they do not in general have exactly the same propertiesi 

However, in the case q * 2 the symmetry is complete. In the 

development of his theory Titchmarsh makes no use of series 

expansions, but carries out the work with integral formula only. 

The theories of Plancherel and Titchmarsh thus overlap only for 

the class L(2). 

It appears possible to carry out a part of Titchmarsh* s work 

for a somewhat more general class of transformations than those 

giving the Fourier transforms. This more general class will 



include, in particular, Hankel transforms for functions of class 

L(q), Uqi 2, Titchmarsh has worked out the theory for these 

only for the class L(2). However, this more general class of 

transformations is not so general as that of Plancherel; it is 

in fact included in the Plancherel transformations for functions 

of the class L(2). 

We first state a generalized form of the Parseval theorem, and 

of the Fischer-Riesz theorem. 

Lemma 10. If [V x)J is a complete set of orthogonal functions 

for a finite interval (a,b), such that M, for all values of 

k and x, and f(x) belong to L(q) in (a,b), for some value of q 

such that 1 < q £ 2; and if be the series corresponding 

to the function f(x), then 

Lemma 11. If the series 2..K1q is convergent for some 

value of q such that 1 q £ 2, then the numbers a^ are the 

coefficients in the series corresponding to a function f(x) of 

class L(q/(q-*)) and 

M 
q-2 |f j < ^k\ak\q 

* Lemma 12. Let f(x) be of class L(l) in (a,b), and ^)(x) 

be a bounded function, integrable in the Riemann sense in the 

same interval. The interval is divided into n parts by 

a s xQ, x1# Xg, ... , x
n.i» x

n - b • 

lifhen n -voo in such a manner that the greatest partial interval 

tends to zero, then . 

I p.762 1*IV p.466. The complete details of the proof are not 

^iven above. For our purposes ^>(x) may be 
further restricted. 



lim 
V> çlH rb 

\ f(x) dx a f(x) dx 

^ *a 

uniformly for 0 < <*,$ cl .$ d( . 

Without loss in generality we can assume that f (x) > 0. 

Let Mj and m^ be the upper and lower bounds of <J(«x) in (x^fx^^). 

Then 

pXl-M p*4>l ç*S+l 

Z, mi \ f(x) <** £ zfK) \ f(x) d* ^ £ M \ f(x) dx . i-« 01. j- 0 J„ j- J t. 
But also we have that the integral 

^<j(ocx) f(x) dx • 

lies between the same limits. Hence it is sufficient to prove that 

lim 
Af| -►CD j%o £(W\J 

1
J+I 

f (x) dx ^ 0 

Define the function 

^(dx) - M.- m inx^3t<x, for j =0,1,.. 
'* J D 3 3+1 

and we have to show that 

lim f(x) dx a 0 . 

Let vo be the set, and also the measure of the set, of intervals 

where Since the function <f(x) is integrable in the 

Riemann sense so is the function (Ç (dx), and we can make the 

maximum interval of (x,lx. ,) so small that 
d 3+i 

s? 
(ocx) dx < 7\ 

Since our choice of cu gives that JlS*x) dx ^ gtu we have 

w‘i- • 

Hence 

f(x) dx * $Jf(x) dx + f(x) dx 

$ fcjf(x) dx + 2M \*{x) 
Ju> 

dx 



Ha 

for if (J>(x) is bounded so is the function while if 

l <?(«*)( 4 M then 2M. By a choice first of £ and then 

of we can make the right hand side as small as we please. 

This proves tlie theorem. 

Let (x) be bounded in (G,oo), \<Ç(x)[ ^ 11, and integrable 

in the Riemann sense in any finite interval, and such that 

1 for m = n 

0 for m + n , 

so that 

c-X 
^ (j)(mVA) (WS) dx = X for 
0 = 0 for 

Let the function f (x) be of class L(q), 1 < 2, 

Consider the integral function 

m =* n 

m ^ n • 

in (0,ot>). 

dt. 

Divide the finite interval (a,b) into the parts 

where m, n, and X are positive integers such that 

n nt-1 

J <a 4 — 
m+1 „ , m+2 UT 

Define k-H 

f(x) dx 

From the Schwarz-Holder inequality, Lesrraaa 4, w© have 

K! , * (f 
*and so ' 

^ q a dx . i\r ^ 



Let 

so that 

§* = £ \ fo&A) 

k«Hff 

* ^Mk M 
'SL±fesi /«-«» A ^ 

= i£ç(*(n*k)/i) \ f(t) dt . 

‘'/W+jj 

Applying Lemma 12 we see that 

b 

“£(&,-&) = ^f(xt) f(t) dt 

uniformly in O < i( ^ i î it < co, Also we have that 

« *CV — |T?f 
^(kVx)r &c 

which by Lemma 11 

\jS.-Al**- \ \h* 

- vS IIN 

’ 'IM* 
^ | Jir«r a* 

dx 

M' 

*3 
£ M'

H 

 I  

Thus for 0 < x( < Xj < c\ 

^fWlq dxV 

“(jWr 4- ’ 
and upon passing twice to the limit we have that 

dx ^ 
S°° lrb -3- 

|Vc(t) <f(xt) dt <t"1 



If now a and b diverge in any manner to 

A 

^lfwl dx —0 . 

Define the function 
(A 

>aW - f(t) dt ; 

then we have from 7.1 that 

p<» 3- 

b™ \lFb^ " Fa^f ' ** * 0 
®»b 

Hence by Lemma 2 a function F (x) exists of class L(q/(q-l)) such 

that 

7.2 
f® _i_ 

lim \ |F(X) - Fa(x)|'~' dx s 0. 

If the function g(x) is of class L(q) in the interval (0,oo) 

it follows from Lemma 5 that 

7.3 jS^(F^ “ Fa^x^) ** * 0 

for any value of x. As 

«X 
îs(t) F (t) dt e (g(t) dt $>(ty) f(y) dy 
Jo 4» Jo 

s ^f(y) dy Jg(t)^>(ty) dt 

it follows from equation 7.3 that 

.00 
■ JÇ 

F(*) - g!x)"Sc Jf^ f(ty) dt 

almost everywhere. 

This result enables us to state a theorem which is an 

analogue of Parseval* s theorem 



Theorem 8 

f19 

If [<f(mx)] is a complete set of normal orthogonal 

functions in (0,0), uniformly hounded in (0,oo), and integrable 

in the Riemann sense in any finite interval, and f (x) is of class 

L(q) in (0,00), 1 < q ^ 2 ; then the function 

This follows immediately from 7.1 and 7.2. 

At this point we find it necessary to specialize the function 

$(*)• For the Fourier transforms we have that 

This formula for the Fourier transform reduces to 1.3 whenever it 

is permissible to differentiate under the integral sign. For these 

Fourier transforms we have an analogue of the Fischer-Riesz theorem. 

Theorem 10. If f (x) is of class L(q) in (0,co), 1 < q ^ 2, 

then a function F(x) exists of class L(q/(q-l)) in (0,oo) such 

that 

interval, and thus may be represented by the Fourier integral 

is of class L(q/(q-l)} in the interval (0,CD). g(x) belongs to 

the class L(q) in (0,co). 

Theorem 9. 

i 

$(*y) « (2A)2 °°s xy 

and 

o 

The function \f(t)dt is of bounded variation in any finite 

* .... 

'o 

f(s)ds 

for all x < a. An integration by parts yields that 

I p.746 and 728 



K A00 a 

y(t)dt = 2/n \ -s^x du (t) cos ut dt , x < a 

vhich 

o 

00 

Jf(t)dt = &Ç Fa(u) du , x < a. 

From 7 • 3 we have that 

>.«9 

So we have 

lim f±i£JH(p(u) _ Fa (u)J du * 0 
Jo 

Jf(t)dt = ^2/Ç \ F(u) du. 
o 4, 1 

Thus almost everywhere 
CO 

f(x) = ^ p(u) du 

which is the generalized form of 1.2 for Fourier transforms. 

Theorem 11. If F(x) and G(x) are the Fourier transforms 

of the functions f (x) and g(x) of class L(q) in (0,oo), then 

.00 

^f(x) G(x) dx — ^s(=0 FW dx 

For we have that 

^s(*) Fa(x) dx = ^g(x) dx ^f(u) <Ç(ux) du 

* (u) du ^ g(x) 4>(ux) dx 

- Gb(u) du 

and by 7.3 this is true in the limit. 

Altho this theorem specifies Fourier transforms, we see from 

the proof that it applies to the slightly more general transforms 

studied here} and in particular to the ïïankel transforms. 



31 

In order that the Theorems 8 and 9 should apply to Kankel 

transforms it is necessary to modify the proof to Theorem 8. The 

manner of doing this this is evident from Titchmarsh* s work on 

Hanks1 transforms . 

8. Certain slight extensions of the work of Titchmarsh have 

been carried thru in Paragraph 7. The directions in k«hich further 

extensions might be possible are limited, but appear promising» 

Titchmarsh has given examples to show that Theorems 8 and 10 axe 

not in general true for the Fourier transforms of functions of 

class L(q) for q >• 2. He has also shown that altho f(x) may belong 

to L(q) for 1 <. q 2 the Fourier transform F(x) may not belong to 

either of the classes L(q/(q-l)-e) or i»(q/■+*•) no matter 

how small et However, these results might have been anticipated 

from the fact that the interval in question is infinite (0,co) and 

for this interval the fact that a function g(x) is of class L(q) 

does not necessarily involve that g(x) is of class L(p) for any 

p i= q. This difficulty can probably be avoided for transforms 

defined over a finite interval. 

There seams to remain the possibility that a combination of 

the methods of Plancherel and Titchmarsh might give new results. 

For functions of class L(q), 1< q 2, which possess almost 

everywhere expansions in terns of a general set of normal 

orthogonal functions the Lemmas 10 and 11 should enable Plancherel*s 

methods to be carried out» Lemma 10 requires the interval to be 

finite, and this restriction, together with Lemma 1, seems to be 

such that Titchmarsh* s methods might go thru for functions which 

do not possess representations in a series of orthogonal functions. 

*"IV f IIIp.28G 
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