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THS APPLICATION OF MATHEMATICAL METHODS IN DETERMINING 

THE AMOUNT OF COTTON WHICH SHOULD BE PRODUCED FOR MAXIMUM PROFIT 

For many years Southern cotton planters and others who have 

"become interested in the situation have advocated reducing the 

acreage planted in cotton by one third, thus decreasing the amount 

of cotton produced, in order to increase the price of cotton and 

thereby increase their profits. This movement in 1919 led Professor 

H* L. Moore1 to consider the problem from the statisticians view¬ 

point, with the desire to present a general method for use with 

2 
such’problems. K. Boldrini , who has criticized Moore's article, 

says that the agreement between Moore's results and the uncalculated 

proposal of the cotton farmers is due to pure chance, since by 

fittingdifferent curves than Moore^s to the statistical data one 

obtains different results. Indeed, Boldrini goes beyond this and 

says not only that the problem cannot be solved, but that it cannot 

be proposed to begin with. The purpose of this paper is to re“ 

consider the problem as Moore states it, hoping to disprove Boldrini's 

latter contention by presenting a strictly mathematical statement of 

the problem and a general theoretical solution. This being determined, 

Henry L. Moore, "Empirical Laws of Demand and Supply and the 

Flexibility of Prices," in the POLITICAL SCIENCE QUARTERLY, Vol. 34, 

(1919). 

2 
Marcello Boldrini, "A Proposito di Demanda ed Offerta del 

Cotone," in GIOP.NALE DEGLI ECONOMIST!, Vol. LXII (March, 1922). 
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the possibility of a unique, numerical solution depends on the 

adequacy of the statistical data. 

I/oore has figures for the amount of cotton produced yearly 

during, the period 1889—1913, and the mean prices per pound 

during the same period. Re calculates the ratio of the produc- 

tion of each year by the production of the preceding year, and the 

similar set of ratios of prices. These ratios (each multiplied by 

lOO) are plotted, the production-ratios along the abscissa, and 

the price-ratios along the ordinate, of a Cartesian diagram. 

They form a set of scattered points. According to Uoore, the 

curve v/hose equation is 

Y * 173.6 ♦ .337 X - .01603 X3 ♦ .0000572 7? (l) 

is a general statement of the relation between the price-ratios 

and the production-ratios, determining the former as a function 

of the latter, and thus giving a law of demand for cotton for . 

these years. According to Boldrini, the curve 

Y = 448.02 “ 5.23 X ♦ 0.013 X3 (2) 

gives a better correspondence. Fig. 1 shows the graphs of these 

two equations as well as the set of points to which they are fitted. 

■Whichever curve we choose, the relationship is of the form 

T = lro'^T = F(100'ftt^rT) = 

where y(t-T), y(t) are the mean prices of two consecutive years* 

and x(t-T), x(t) are the corresponding amounts of cotton produced 

in those years. 

The first derivative, 4ï> of this demand function Y = F(x) 

is defined by Roore to be the coefficient of flexibility of prices 
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- f. lîoore points out that if jf|<^l, in which case prices 

are said to he inflexible, a one percent, increase in production 

would be followed by a fall of less than one percent, in price, 

whereas if prices are flexible, |f^^>l, a one percent, decrease 

in production is followed by a more than one percent, rise in price. 

Since dY/dX is the slope of the curve this statement nay be veri" 

fied by a glance at the diagram. However, lloore states further 

that "assuming there is no secular trend in prices," then if 

prices are inflexible, "... as far as concerned the demand for 

the commodity"” for the moment-ignoring the question of the cost of 

production-” it would be to the advantage of the producer to increase 

his output," and, "... if, on the other hand, prices are flexible, 

... the farmer would find his profit in curtailing the amount of 

his production." It is reasonable to suppose that by this phraseology 

1'oore means that the ratio of the selling value of one year by that 

of the preceding year, or XY,' increases, since this is the quantity 

which he subsequently makes a maximum. 

But if XY is to increase with increased production, its first 

derivative must be positive, that is, 

x-f ♦ i >o; 
or, since X and Y are positive quantities, it is necessary that 

dT \ . Y 
dX / X 

Eh en, since dY/dX<[0, we have the necessary condition 

£Y| / I 
dX J < X 

Thus Koore's statement concerning inflexible prices amounts to saying 

1, then < X, or that if )dY|<r\dX|, that if |~“X 
dX 
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then Y <X, which is untrue in general. 

If XY is to increase with decreasing X we must have 

Then Moore's statement relative to flexible prices is that if 

iïXj ^>1, then J-^l —» which amounts to saying that if]dY| >(dX|, 

then Y y X» again untrue in general. 

However, for the portion of the curve for which Y<[X, if 

prices are flexible, then a decrease in X does bring about an 

increase in XY, since -from 

it follows that 

But if prices are inflexible for this portion of the curve the situa” 

tion is indeterminate. 

On the other hand, for the portion of the curve for which Y X 

if prices are flexible, 

the situation is indeterminate; while if prices are inflexible, 

we can deduce that 

whence it follows that increasing X brings about an increase in XY* 
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Professor roore states that the numerical value of f is very 

nearly the same whether it is obtained from the curve (l) defined 

for simple year”to"year ratios (T^l), or from a curve defined for 

ratios with a four year base. But he restricts his computation of 

f to the case where there is no increase in production of one year 

over the preceding, i.e*, to the point X = 100. Thus the statement 

"the practical significance of this constancy in the value of f, 

which is numerically greater than unity, is to fortify the conclu” 

sion that the cotton farmers will find their interest in decreasing 

the amount of their production", is based on the conclusion that 

prices as defined by his demand curve are always flexible, i.e., that 

for all X, jdy/dX [ ^>1* as well as on the erroneous assumption 

that the product XY always increases with restricted production when 

|dY/dX | ^>1* H7ith reference to the former belief, Boldrini points 

out that for X = 136, Jdy/dX| = .75, so that prices according to 

(l) are not always "flexible". 

The next consideration in Professor ïïoore*s article is to 

determine the value of X for which the ratio of selling values, XY, 

has a maximum, thus finding for any year t the change in product¬ 

ion over that of the preceding year which will bring about the 

maximum increase of selling value of the given year over that of 

is at a maximum, the selling value at the time t iteelf, or x(t).y(t), 

maximum valued although if x(t“T)*y(t”T) is given a particular 

value, say the selling value of last year*s crop, the one case 

reduces to the other). 

the preceding year, (le may note that when 

supposing y(t) is a function of x(t), does not in general have its 
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The solution of ^jXT). * o gives 
dX 

31 ( ' 100*fB^TT> = 98 (3) 

i.e., the production x(t) would he 98% of x(t“T)» or production 

should he reduced by 2%» Using Boldrini s equation we find that 

X = 64 (4) 

according to which the production should he curtailed hy 36j£. In 

order to he certain that (3) and (4) represent maxima of the respec- 
2/2 

tive functions we need to know also that for these values d Y/dX •< 0» 

as Boldrini notes. This is the case for both curves. 

(5) 

For the law of supply Moore gives the curve 

<|?(X) “ 1.0 ♦ 3.542 X “ 0.06295 X2 ♦ 0.0003457 X3 

Again Boldrini substitutes other curves to express the relationship 

indicated hy the statistically determined points? 

<|>(X) ■ 1.0 ♦ 3.727 X “ 0.06105 X* ♦ 0.0003352 X® (6) 

(7) or <|>(x) » 50.15 ♦ 0.482 X 

The four points to which these curves are fitted were obtained 

hy a consideration of four groups of farms*. The first of these 

groups produced xA(t) pounds of cotton = 18.6 % of the total amount 

of cotton produced hy all four groups, the second group produced x2(t) 

= 29.4^ of the total, the third group produced x3(t) = 25.8 %, and 

the fourth, x4(t) = 26.2 %. Ye can therefore say that all four groups 

Pr0dU°ed of the total 
. ..   . , 100 fx!>(t) ♦ X<*(t) + X4.(t^] 

production, all hut the first group produced -- ^y ÿ3(tT + x4(t) 

= 81.4 % of the total, all hut the first two groups produced 

100 f*3(t) * x4(t)1   = $2% of the total, and the fourth 
x1(t 7 + x2UJ ♦ x3(t) * x4ltj 

group alone produced ^0 x4(t)   = 2fi.2< of 
■x^tj ♦ Xgltj + xaltT^xJîtT 
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the total production. The latter classification, which is called 

the cumulative percentage of the total production for the four 

groups, is plotted by Uoore as the coordinate X» the same inde¬ 

pendent variable as that of the demand law. This would be legi¬ 

timate only if these ratios of productions were ratios of the pro¬ 

ductions of one year by that of the preceding, which they are not, 

since all refer to the same time; or if the independent variable of 

the demand law were to represent the ratio of the production of 

any year to that of any other, which it does not. (if the latter 

were the case it would be impossible to deduce, given the value of 

X which makes XY maximum, that the reduction in production refers 

to the next year, or to any particular time). 

The ordinates of the four points which determine the law of 

supply are 

Z* * 1.082* (100 
y(t) 

Za * 1.082 *(l00*||^i), 

• • • 

etc., where qj_(t), qa(t), etc., are the average costs of production 

in the marêinal groups when the amount produced is, respectively, 

100^ of the total production, 81.4^ of the total production, etc.; 

and y(t) is the selling price at the time considered. Thus the 

ordinate of the curve cannot represent a ratio of costs of production. 

It should be noted that the average cost of production in the marginal 

group, which is used to determine the ordinate of a point whose 

abscissa is given by the cumulative percentage of production, is 

not the same as the average cost of production of the total amount 

produced by all groups considered in determining each respective 
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cumulative percentage. (See Table i). 

The factor 1.082 is introduced by Moore in order to bring his 

law of supply "into relation with" the law of demand which has, 

according to his interpretation, a secular trend whereby prices 

increase by 8.2^ annually. This lie deduces from the fact that 

when X = 100, Y * F(100) = 108.2. Boldrini assumes that the 

similar situation for his curves is to be interpreted as a secular 

trend of both demand and supply. But a secular trend when noted 

in the statistical data indicates to us a certain characteristic 

of the law of demand or supply which is to be embodied in the 

mathematical expression. When Moore notes that the price curve is 

such that if there is no increase in production there is an annual 

increase in price of 8.2jf, he is merely noting a property of the 

curve, in fact the value of the curve at a particular point. A 

different "secular trend", or a lack -of one, in the cost curve, 

again indicates that the cost of production either does or does not 

vary with the time independently of the production in some definite 

fashion. To "correct" one of the curves in order to "bring it into 

relation" with the other would be to nullify the effect of this 

property on our calculations, which is not at all what we desire. 

If the law of supply did relate cost ratios, cj^, to production 

ratios, X, as Moore supposes, then the function V|) = XY " X<|> 

would represent the ratio of selling values for two consecutive 

years minus the ratio of total costs of production for those years. 

This has a maximum when dlf/dX * 0, dfy/dX2 <0. The solution 

of these eqaations gives, for Moorers curves, 

X = 64.99 
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and for Boldrini/s curves, 

X = 45, 

X = 44. 

Uhen we consider the quantity 

(where q(t“T), q(t) represent the costs of production per pound for 

nor the ratio of profits. And as before with the ratio of selling 

does not in general have a maximum. Unlike the previous situation, 

however, if the denominators are given particular values, say the 

selling value and total cost of production of last year’s crop, 

becomes, not this year’s profit, but a hybrid expression without 

obvious economic interpretation. It is necessary to consider the 

economic significance of these quantities which are maximized, and 

what their relations are to the profit •' 

To begin with, when we determine X so that XY, the ratio of 

selling values for two consecutive years, has a maximum, obtaining 

X *= 98, we interpret this to mean that for a maximum ratio of 

selling values, 98^ of the production of the year (t^-T) should be 

produced during the year t^« Suppose this amount is actually pro* 

duced during the year t^. Then since the selling value has not 

necessarily been made a maximum it is natural to ask the question 

agàinî what value of X gives a maximum XY? If the demand law is 

x (if -f T ) 
the same we get the same answer, X = 98 * x(t^ *' 

two consecutive years), we note that represent the profit, 

values, when profit, which is x(t)*y(t) “ x(t)*q(t) 

and we 
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therefor produce 98# of x(tx) during the next year tA ♦ T. 

But this means a year*by”year reduction of production without 

end. For the nrth year the production is 

(dg>?x<v*> 
The limit actually approached is zero, and not the production which 

makes maximum the selling value as we might have hoped. Of course, 

long before this limit is reached the changed market conditions will 

bring about a change in the law of demand. But even for a period 

during which the law holds the above analysis shows that only the 

first determination is admissable, i.e., successive applications of 

(3) cannot be used to approximate to the production which will bring 

about the greatest possible selling value according to the stated 

demand law. If the demand law is slightly altered each year in line 

with corrections brought about by changed conditions, we still would 

not have an approach to the desired value of the production, since 

the production which maximizes XY coincides with the production 

which maximizes xy only when the selling value of the previous year, 

x(t”T) *y(t”T), is at a minimum* and this would not be true in general 

with a year”by-year approach towards the maximum. 

The situation is even more unwieldy for kp , a function which 

does not as a whole seem to admit of any interpretation in terms of 

economic concepts. These difficulties arise from the fact that our 

equations express a relationship between ratios, whereas we wish to 

state our results in terms of the quantities whose ratios only are 

related. The consequent confusion is especially noticeable in the 

rhetorical-- as opposed to mathematical— statement of the situation. 

Both Moore and Boldrini consider the situation rhetorically in terms 
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of direct relationships between the variables themselves* 

Thus Boldrini says, as a resume' of the situation, that assuming 

a fixed price for.cotton, if none of the four categories of land 

considered by Moore in determining his law of supply, produces cotton 

at a cost of as much as 11.2 / per pound (the selling price of cotton), 

a profit of 100 is realized by planting it all in cotton; while 

subtracting from cultivation the land of the first category, or the 

first two, or first three, reduces the possible profit to 95, 69, 41. 

On the other hand, cultivating more land, for which the cost of 

production per pound approaches the price of cotton per pound, in- 

creases the possible profit, which only decreases as the cost of 

production begins to get even higher than 11.2 / per pound. This 

amounts to saying that as long as the cost of production per pound 

remains less than the price per pound the possible profit increases. 

If the cost per pound is related to the number of pounds pro¬ 

duced according to the law q = q(x), then x*qlx) i3 the total 

cost of production. The change in the total cost of production due 

to a small change in the amount produced, is the marginal unit cost1; 

and this is ~(x»q(x)) “ x*Hx + <l(x). (if the cost curve is given 

in the ratio form, no such interpretation of the analogous changes 

in price-ratio due to change in production-ratio can be made). If 

the price is fixed, = k, the profit is kx - x*q(x). The profit 

increases only as long as its first derivative is positive! 

k - q(x) - x**| > 0; or 

X * q(x) < k* 

This says that the marginal unit cost (and not merely the cost per 

1(J. C• Evans, "Mathematical Introduction to Economics", Chap. I. 
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pound) is to be less than the price per pound if profit is to increase. 

This analysis also answers Boldrini’s contention that it is not exact 

to consider the cultivation of cotton in a fashion analogous to fac" 

tory production There the conditions are those of increasing costs 

and where it is necessary to consider the relation between marginal 

costs and prices, 3ince this is precisely what we do consider. 

Let us discard the ratio form for the curves and consider what 

form the question then takes. T7e assume that the planters orgafnize 

into one group and agree to function as a whole with the object of 

making the total profit of the group a maximujl. This organization 

is to market the cotton for the farmers, selling a certain amount of 

the cotton on hand, during the year t, and storing the rest for sale 

during the next year. 

TÜTe suppose that price varies with the amount of cotton which is 

placed on the market, and that the cost of production per pound varies 

with the amount produced. These laws are to be determined by fitting 

smooth curves to sets of statistically determined points, but we must 

have more consistent data than that determining Professor Uoore’s 

sets of points, which are in the one case too scattered, and in the 

other too few, to determine his curves adequately. His data with 

reference to "cotton produced" each year does not take into account 

the amount in storehouses held over from previous years. Our figures 

should be for the "amount of cotton available on the market" including 

held”over amounts, since it is this quantity which determines the 

selling price, and not the actual crop harvested each year. 

If r(t) is the amount of cotton which is bought per unit time 

by the various manufacturers, who constitute the ultimate consumers 

of raw cotton, then the total amount of cotton which is bought 
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1 
during a period of time from to to tA is î 

r*i 

r(t)dt. 

+0 

Due to the desirability of a yearly revision of the law of demand, 

and to the fact that the production of cotton is characterized hy a 

yearly discontinuity of harvesting, the consideration of a single 

yearly cycle is not an artificial refinement but is indicated by 

the situation. Te therefore take the interval tA - to as one year. 

Both r(t) and the price per pound, y(t), can be obtained 

statistically from market reports for any previous year, and their 

relationship established. Then the probable relationship for the 

next year between y(t) and r(t) will be given by a function which, 

for small intervals of time, may be assumed to be linear, y(t) 3 

a r('Ô) + b, and whose coefficients differ from those of the func¬ 

tion for the previous year by an amount which would have to be 

determined on a basis of the changes which have occurred from year 

to year in the past. 

The selling value of the total amount of cotton which is 

bought during the interval from t© to tA is 

r*i 

jr(t)|a.r(t) ♦ bj dt, 
'àù 

a^O, b >0* 

The amount of cotton which is on hand for disposal during the 

year t is . ■ f.« , the total crop harvested that year by the n 
l-I 

The following analysis is an adaptation of the general theory 
presented by Dr. Evans in Chap. XV, § 84, "Mathematical Introduc¬ 
tion to Economics." 
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N 

farmers, plus the amount XQ which has been held over from the previous 

year; and this is equal to the amount which is sold during the year 

t plus the amount, X, which is stored until the next year: 

r 
x ♦ X0 = I r(t)dt ♦ x. 

°4> 

For any year t, XQ is a known quantity, while r(t) and X are to be 

determined. 

’Te estimate the values of the amounts of cotton which are held 

over each year for sale during the next in terras of the average price 

of the current year, ""e take the v$lue of X to be 

il-Xt0"' l[a*r(t) ♦ b]dt 

(where the factor ot > 0 gives the depreciation in value of the 

cotton, due to storag^). The value of XQ is known, * XQYQ» where 

YQ is the average price for the year preceding t. 

The cost of producing the cotton for the year t is the cost 

of planting and harvesting x pounds of cotton plus the cost of 

storing thé cotton’during the year. The cost, Q, of planting and 

harvesting the cotton will be of the fora 4^ xi • <Ii (xi ) » since 

i~i 
the fertility of the land and the ravages of insect pests are 

important factors in varying the cost of planting and harvesting 

a given quantity of cotton. However, we will assume that we can 

approximate to this function with a quadratic function of the 

total amount produced 

r f 
Q - A 

2 
♦ B:- ♦ X - X0 ♦ C r(t)dt ♦ X - X0 

If the cost of storage is a linear function of the quantity 

3 

6 4 ** 1 

•« ' 
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which is stored we will have seme such function as 
•él 

a = ® i r(t)dt ♦ X ♦ F 

lii r(t)dt ♦ 2EX+ F. 

The total profit of the n farmers for the year t is the selling 

value of the cotton which is sold during that year plus the value of 

the cotton which is stored until the next year, minus the value of 

the cotton held over from the previous year (which has already been 

counted among the assets of the previous year), minus the cost of 

planting and harvesting the total crop of the year t, minus the 

cost of storing the amount of cotton which is stored during the year t 

CO 

Our problem is to determine the functions r(t) and X which make II 

the amount of cotton which should be produced by the farmers and the 

That is, 

II 

a maximum. Then and X will give, respectively, 

amount which should be stored in order that their profit be a maximum. 

The functions satisfying the conditions 3ll = 0, 311 
3X 3z 
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(where the parameter z has been introduced by substituting r(t) ♦ zTJ^ft) 

for r(t) in II), are 

-k«- - 2A(tt - to)]C(b ♦ 
4aA “ racX A + a2. * fe'”* * 2“0 - B -*E) 

r(t) - (b + 2AXn -3 -T) 
2a - 2A(t1-t0) 

♦ raqt..r. 2A(t,-to)3a  — 
[2a “ 2A(t1-t0)JC4-aA - rartA ♦ aS^/ft.-to) 

fao<- 2A(t1-tn)3fbc< ♦ 2ATn - q - gg] 
2A(t1-to)[2a " 2A(t1-t0)j 

The second partial derivatives of II with respect to X and z are all 

negativei so the function II has a maximum for these values of r(t) 

and X provided 
2 2 / 2 \ a 

9II ^TT àn\ ^ « 
^•^72 ' \mr) > ° 

This will be true provided the coefficients of the cost and demand 

functions and satisfy the condition 

c*3a3 = 1. 
(tA -t0)3 4A(t1-t0)d 

Other hypotheses with respect to the form of the function II 

which represents the farmers’ profit are nossible. If we assume that 

the cooperative organization of planters pays each planter at harvest 

time at a specific price p per pound (possibly in credit), then 

two hypotheses present themselvest 

(1). The farmers may v.ish to make maximum the quantity 

= Zl?‘Xi ’ xi,qifxi}] (d) 

where the quantity which would under other circumstances represent 
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the "middlemen’s profit" is made zero? 

(2). Cr the organization of farmers nay rash to pay the indivi¬ 

dual farmers at harvest time the price p which is estimated to just 

cover the cost of planting and harvesting the cotton, i.e., 

H) 

rv 

p*x - * 0 
i-' 

and then divide among the farmers according to some profit-sharing 

plan the remaining quantity which they attempt to make maximum* 

- 2SK ” F (3X) 

In the first case the necessary condition that TP as defined 

"by (3) have a maximum is that ^IL - „ 
3xi “0. i.e., 

p ♦ x.g_P - xi*qi(xi) - q^x^ 0, i = l,...,m. 

If the various functions are linear, q^(x^) - a^x^ + b^, 

v/e have n simultaneous linear equations in the n variables x4* ... , xn 

which can be solved to give the amounts of cotton which should be 
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produced by the n farmers, operating under their various cost functions 

in order to obtain a maximum total profit as defined by (3): 

3X1 

Xi" 

(i"th column) 
|i) ... -p <3 T) 

5x1 ' 2a^~ b^) 

«2LE 
9*2 “2a2_b2^ •** "P _2E 

ax2 

2JL 

3*n 
(5ir '2a*‘b- 

22 
9xa 

9 P 
xi 

(SLE -2a2~b2) a-2 

3 v 

xi 

^x^ "2an"bn^ 

Here p is given by (9): 

P" 

'r(t)-y(t)dt ♦ °L * / y(t)dt - X0Y0 
10 b 

t, 

r(t)dt ♦ X “ XQ 

t 

r(t)tt -J.CX-F 

"-c, 

lr(t)dt + X - XG. 
Jét 

That is, p is a weighted mean value of y(t) minus the unit storage cost-. 

In case (2) the quantity which is made a maximum is ïl^.as 

defined by (9^). 11^ is linear in X and therefore does not have a 

maximum with respect to this variable* The function r(t) which 

makes 11^ a maximum is 
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v’here p is given by (8^): p 
.•qj (y-j) 

X 





TABLE I 

Group Average 
yield 

of 
cotton 
per 
acre 

Total yield 
of itfoup 

(lbs.) 

f. of 
prod" 
uct 
in 

group 

Average* 
cost of: 
produc-: 
tion : 
(cents): 

: Total cost 
: of produc" 
: tion: col" 
: (3) x (5) 

Cumu¬ 
lat¬ 
ive % 

Average 
cost of 
produc¬ 
ing respec¬ 
tive cumu¬ 
lative %- 

1 170 (t) “ 
632.400 

13.6 10.5 : Î6.640,200. 
• 
« 

100 0.35 

2 227 x2(t) = 
996,303 

29.4 
• • 
• • 

8.6 : : 8,568,205.8 81.4 7.86 

3 275 Xo(t) = 
873,125 

25.8 8.2 : : 7,159,801.0 52. 7.44 

4 : 345 x4(t) “ 
888,030 

26.2 6.7 : : 5,949,801.0 :26.2 6.7 

3,389,858 100 : 28,317,831.8 


