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ABSTRACT 

Two sounding rockets were launched from poker Flats 

Rocket Range, Alaska, on February 2 and 25, 1972, in order 

to study the currents associated with quiet auroral arcs. 

The payload contained among other instruments a vector 

magnetometer measuring the magnetic field along the rocket 

trajectory and a moonsensor giving the orientation in space 

of the rocket. 

This thesis analyzes in detail the first part of the 

magnetometer data reduction process using new electronic 

components; using then these data, we determine the attitude 

of the payload in space based only upon magnetometer measure¬ 

ments. This instrument, giving very accurate data, allows a 

determination of the zenith angle of the coning direction 

within 0.02° and its azimuth within 1.5° under the most favo¬ 

rable conditions. The results are then compared with those 

obtained using the magnetometer and the moonsensor. The 

agreement is good, though the smaller accuracy of the moon¬ 

sensor leads to a larger error margin, usually twice as large. 



Finally, we try to use the moonsensor alone, and this 

gives results again in reasonable agreement with the previous 

ones, with an error margin five to ten times larger than with 

the magnetometer only. 

It must be emphasized that the attitude determination 

using the magnetometer only is not applicable in times when 

the geomagnetic field is strongly perturbed; only the moon¬ 

sensor ought to be used then. 



DETERMINATION DE L'ORIENTATION SPATIALE D'UNE 

FUSEE-SONDE A L'AIDE D'UN MAGNETOMETRE 

VECTORIEL 

par 

jean Sesiano 

RESUME 

Deux fusées-sondes ont été lancées de la base de poker 

Flats en Alaska, les 2 et 25 février 1972, afin d'étudier 

les courants associés à un arc auroral stable. 

Chaque charge utile comprenait outre divers instruments, 

un magnétomètre vectoriel mesurant le champ magnétique le 

long de la trajectoire de la fusée, et un senseur lunaire 

(cellule photoélectrique répondant au flux lumineux de la 

Lune) servant a définir l'orientation spatiale de la fuse*e. 

Cette thèse traite en détail la première partie de la 

technique de réduction des données du magnétomètre à l'aide 

d'une nouvelle électronique; puis, utilisant ces données, on 

détermine l'orientation de la charge utile dans l'espace en 

se basant seulement sur les données du magnétomètre. Cet 

instrument extrêmement précis permet de définir la hauteur 

zénithale de la direction de pre'cession à 0.02° près et son 

azimuth à 1.5° près, dans des conditions optima. Ensuite, 

on compare les résultats a ceux obtenus en utilisant le 



* % . 
magnetometre et le senseur lunaire. L'accord est bon, quoi¬ 

que la plus grande imprécision du senseur lunaire apporte 

une marge d'erreur généralement deux fois plus élevée. 

Enfin, on essaye d'utiliser le senseur lunaire seul, et ceci 

donne à nouveau des résultats en accord avec les précédents, 

* / / 

mais avec une marge d'erreur cinq a dix fois plus elevee 

qu'avec le magnétomètre seul. 

Il faut souligner que la détermination de l'orientation 

à l'aide du magnétomètre seul n'est pas possible lorsque le 

/ / 
champ magnétique terrestre est fortement perturbe; dans ces 

conditions, seul le senseur lunaire doit être employe7. 
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CHAPTER 1 

INTRODUCTION 

1.1 High-latitude ionospheric currents 

It has been known for a long time that we can associate 

aurorae with an enhanced magnetic activity at high latitudes. 

These enhancements are called polar magnetic substorms, and 

they produce considerable perturbations in the horizontal 

component of the geomagnetic field. 

Birkeland, who studied them [1908], attributed them to 

large currents circulating in the ionosphere, and he further 

assumed that they were due to precipitating energetic elec¬ 

trons (1-10 kev) along field lines, followed at a certain 

distance by a vertical escape. This model proved to be basi¬ 

cally correct, and these currents provide a link between the 

Earth low ionosphere (100 km) and the magnetosphere. 

The most important features linked to an auroral arc 

are intense currents, often identified as Hall currents, flow¬ 

ing along the auroral zone, generally in an eastward direc¬ 

tion before midnight, and a westward one afterwards. They 

are called auroral electrojets, and they influence strongly 

the high latitude magnetic activity; they induce changes 

(some hundreds of gammas, 1 y = 10 ^ gauss) in the scalar 

magnitude of the geomagnetic field as well as in its direction 

(about 0.2 degree). 

Recently, it has been shown by Alfvén [1939,1963,1970] 
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that advection of plasma from the geomagnetic tail and its 

drift in crossed electric and magnetic fields, produce a 

charge separation layer at the outer boundary of the plasma 

trough, called the Alfven layer; the resulting electric field 

is mapped onto the auroral ionospheric region by the way of 

the equipotential field lines, in order to avoid a charge 

build-up in the Alfven layer, currents, called Birkeland 

currents, have to flow along the highly conducting field lines 

into the auroral region [Bostrom, 1964, 1967, 1968; Schield 

et al., 1969; Cloutier, 1971], These field-aligned currents 

have a very small effect on the scalar magnitude of the geo¬ 

magnetic field, but affect its direction as they create a 

magnetic field perpendicular to the geomagnetic field. 

1.2 Purpose of the experiment and of the thesis 

In 1969, a rocket carrying a payload very similar to the 

ones with which this thesis deals, was launched in the vici¬ 

nity of an auroral arc and provided evidence for Birkeland 

currents; another launch in 1971 showed similar results 

[Cloutier et _al_., 1970; park and Cloutier, 1971; Sandel and 

Cloutier, 1971; vondrak et al., 1971]. Satellites measure¬ 

ments by zmuda et j^. [1966, 1967] at an altitude of 1100 km 

above the auroral zone also provided information about these 

currents [Cummings and Dessler, 1967]. 

The purpose of the two launches described in this thesis 

was to improve our information on Birkeland currents and to 



build reasonable models of auroral arcs, electrojets, and 

field-aligned currents by doing magnetic field and particle 

fluxes measurements in situ. 

3 

The reason for using a vector magnetometer is that it 

allowed a precise determination of the magnitude as well as 

the direction of the magnetic field, thus permitting the 

separation of the effects due to the electrojet from those 

due to Birkeland currents only. 

This thesis will describe the analysis of the magneto¬ 

meter signal and the technique used to find the position of 

the rocket in space. The attitude determination has been 

previously based only upon simultaneous measurements from 

the moonsensor and the magnetometer. The goal of the present 

work is to show that a more accurate attitude determination 

is possible using the magnetometer alone, provided we have 

no large ground anomalies in the vicinity, that would greatly 

perturb the geomagnetic field. If ground anomalies are pre¬ 

sent, or in magnetic stormy conditions, we would have to rely 

on the moonsensor alone; this thesis shows in fact that this is 

possible, though with a lesser accuracy than with the magne¬ 

tometer. 

Future papers will give a detailed analysis of all the 

information gathered during these two flights and of the 

global model linking auroral arcs and field-aligned currents. 
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1.3 payload description 

in February 1972, two Nike-Tomahawk rockets were launched 

from Poker Flats Rocket Range (latitude: N 65.1302°, longi¬ 

tude: W 147.4836°), near Fairbanks , Alaska. 

Both rockets carried very similar payloads,3 meters long, 

and weighing approximately 100 kilograms (fig. 1, p. 5 and 

fig. 2, p. 6). They consisted of 4 units: 

(i) A vector magnetometer (optical pumping cesium vapor 

type) whose operation has been thoroughly discussed elsewhere 

[Cloutier, 1968; Ruddock, 1961; Ness, 1970]. It basically 

delivers a signal whose frequency is nearly proportional to 

the magnitude of the total magnetic field. The adjunction of 

a precisely known and very stable bias magnetic field, fixed 

in the rocket coordinate system, transforms the scalar mag¬ 

netometer into a vector one (fig. 3, p. 7). The characteris¬ 

tics of this instrument and the way the bias value was calcu¬ 

lated have been discussed in detail elsewhere [Cloutier, 1968; 

park, 1970; Sandel, 1972]. part of the present thesis is 

going to deal with the analysis of the signal returned by this 

instrument. 

(ii) Several particle detectors, which are described in 

detail by Vondrak [1970], Loewenstein [1973] and pazich [1972]. 

The only difference between the two payloads consists in the 

fact that two of the solid state detectors were replaced on 

the second payload by two neutral Hydrogen detectors. 

(iii) A lunar sensor (fig. 4 and 5, p. 8 and 9) whose 
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description and calibration have been discussed in park [1970] 

and Sandel [1972]. A brief description will be given in the 

third chapter of this thesis. 

(iv) A power source, the telemetry and the support system. 

Information regarding them can be found in the last previous 

two references given above. 

The measurements were transmitted in real time to the 

tracking station located on the launch range, where they were 

recorded on magnetic tape (fig. 6, p. 10). The magnetometer 

signal modulated the upper part of the carrier frequency band 

(155-220 kHz), while the high time resolution detector (HTR) 

occupied a center frequency of 93 kHz and the particle detec¬ 

tors, the lunar sensor and the engineering monitors took care 

of the lower part of the frequency band. 

With the exception of the magnetometer sensor and its 

electronics, the transmitter, and the radar transponder, the 

entire payload was designed and constructed at Rice university. 

1.4 Flight conditions and payload performances 

The first launch, to which we will refer as number 18.111 

took place on February 2, 1972, at 01*1 22mn 02.8S local time 

(ll11 22mn 02.8s UT) ; the second one, to which we will refer 

as number 18.112, on February 24, at 21^ 22mn 50s local time 

(February 25, at 07*1 22mn 50s UT) . 

During the first part of the 18.111 flight, a failure 

occured that prevented the release of the two doors protecting 
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the instrumentation from air blast in the lower atmospheric 

layers. Due to incorrect wiring of the payload and of the, 

door deployment checkout box, the explosive bolts were not 

ignited at 56 seconds after lift off. The particle detectors 

and the lunar sensor could obviously not perform satisfacto¬ 

rily under these circumstances. Nevertheless, during the 

whole flight that lasted about 400 seconds, the magnetometer 

sent clear and usable signals. A radar tracking trajectory 

was obtained from the launch range for the upward and down¬ 

ward leg of the flight; an apogee of approximately 170 km 

was reached, lower than what is generally expected for this 

type of rocket. 

The second payload, 18.112, worked essentially perfectly, 

with the exception of the lunar sensor. Already while on the 

launchpad on external power, the lunar sensor started counting 

behind closed doors. At this moment, the payload was on ex¬ 

ternal heater and the existing temperature (about 23° C) could 

have triggered the counting. It was turned down by 6° C and 

the counting stopped, unfortunately, when the doors were re¬ 

leased in flight, essentially nothing was received from the 

lunar sensor. 

The flight of the rocket 18.112 lasted about 10 seconds 

more than the 18.111 one, and the apogee was approximately 10 

kilometers higher, reaching 179 km. The radar tracking was 

not as successful as on the first flight, the rocket being 

tracked only during 50 seconds on the downleg portion of the 
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trajectory. 

The rocket 18.111 was launched over a very broad auroral 

arc showing two maxima in intensity, one at the zenith of 

Fort Yukon (mid-point between poker Flats and the impact 

point) and the other 30 degrees south of the same zenith, 

intensities stayed fairly stable during the first half of the 

flight, at about 20 kR? during the second half, the two arcs 

structure disappeared, producing a very broad arc of about 

15 kR, with its maximum 30 degrees south of the zenith. The 

magnetic activity was very low during the flight as well as 

during the hours before and after it. 

The rocket 18.112 was launched over a single arc, stable 

in position and in intensity (40 to 50 kR), except for a large 

fold that moved along the arc during the flight. The arc 

was about 20 degrees north of the zenith. The magnetic acti¬ 

vity was very moderate during the entire flight. But a small 

negative bay (70 gammas) started shortly before the flight 

and a large substorm followed several hours later. 



14 

CHAPTER 2 

MAGNETOMETER SIGNAL ANALYSIS 

2.1 Magnetic field determination 

We consider the case of a rocket carrying a magnetometer 

whose bias B is fixed in the rocket coordinate system, 
o 

There is an ambient magnetic field of magnitude B making an 
9 

angle 6 with the rocket spin axis, pointing in the z direction 

We can arbitrarily take the y axis as the perpendicular 

to the lunar sensor window, and the x axis is automatically 

determined in this right-handed coordinate system. The rocket 

is spinning with the angular velocity . For simplicity, let 

us put the bias vector in the y-z plane (lying out of this 

plane introduces merely a constant phase factor); it makes an 

angle r with the x-y plane (fig. 1# p. 15). 

Let us combine vectorially B and B ; their components 
g o 

along the three axis will be: 

B x 

B. 

B. 

B s in d s in <u t 
9 

B sin 6 cos cat + B cos r g o 

B cos 6 + B sin r g o 

and the total field, ambient plus bias, is: 

B 
2 2 2 

B + B x y + B 
2 
z 



Figurt I 
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or: 

2 2 1/2 
B = [ Bg + BQ + 2BgBQ ( s in 6 cos o> tcos r + cos 0 s in r ) ] ' 

Using some trigonometric identities, it is easy to show that 

we can write: 

where 

B(t) = x 1^2 [l-k2sin2( a>t/2)] 1/2 (2-1) 

and 

2 2 
x = B + B + 2B B sin(0+r) g o go 

(2-2) 

2 2 
k = (4B B Sin 0 cosr )/x = sin a (2-3) go 

The expression for B(t) has the form of an elliptic function 

of the second kind. 

The cesium-magnetometer is going to deliver a signal 

whose frequency is very nearly proportional to the field 

such as: 

f(t) = K B(t) (2-4) 

where K is the cesium constant: 

K = 3.49854*10^ Hz/Gauss = 3.49854 Hz/y 

2 
we have neglected in (2-4) a term in B whose contribution 

(about 7 y ) is irrevelant in the relative measurements that 
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are done [Ness, 1970] . 

Several methods have been developed by Cloutier [1967] 

to obtain Bg and $ . A modified version of the direct elec¬ 

tronic integration as described by park [1970], will be dis¬ 

cussed here. 

The frequency f(t) is periodic with a period equal to the 

spin period of the rocket. It is characteristic of the ellip¬ 

tic functions to be symmetric only about 0° and 180° (at the 

peaks), and to have a somewhat broader maximum than minimum 

(fig. 2, p. 18). Let us define: 

<f>' 

E(k,0') = (x) ^2f (l-k2sin20 ) d <f> 
O 

where <t> = t/2, as an incomplete elliptic function of the 

second kind; E(k,^>#) is symmetric about <f> = 0° and <j> = 90°, 

i.e., is defined only from 0° to 90°. 

A direct integration of f(t) during a certain time inter¬ 

val is simply obtained by electronically counting the number 

of cycles during a period, using a reference clock. The 

beginning and the end of the counting interval will be defi¬ 

ned by the intersection of f(t) with a reference level appro¬ 

ximately half-way between the extrema of the discriminated 

signal. Note that the position of this level, called zero 

level (ZL) further, is not critical, and only the basic pro¬ 

perty of the elliptic integrals, i.e., symmetry about the 

extrema, is important, we can define our counting interval 
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f(t) 
(kHz) 

Figure 2 
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in the following way (fig. 3, p. 20): 

dt = Cl 

dt = C2 

i.e., Cl is the number of magnetometer cycles during the time 

interval ^-tj/ Identically for C2, but during the interval 

t.j-t2. Rl and R2 will be defined as the number of cycles of 

the reference clock during the time intervals ^-t^ an<3 t3-t2 

respectively. The counting is done as follows. 

The frequency signal delivered by the magnetometer is 

transmitted to the ground during the flight and recorded on 

magnetic tape simultaneously with a reference frequency (400 

kHz for the first flight, 18.111, and 240 kHz for the second 

one, 18.112) on a parallel channel. The reference frequency 

is used as a standard during the data reduction in order to 

avoid errors due, for example, to irregularities in recording 

and playing back speeds of the tape. 

in the vicinity of the auroral arc, where our experiment 

takes place, the total magnetic field will be about 53000 y , 

which combined with a bias of about 10000 y and an average 

value of 6 of 41 degrees, will give a signal whose frequency 

varies between 155 kHz and 215 kHz during a spin period. 

The electronics system, drawn in fig. 5, p. 23, works 

basically on the following way. it consists of a bandpass 
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filter (acceptance 125 to 250 kHz) delivering the magnetome¬ 

ter signal to a discriminator that produces a voltage propor¬ 

tional to the input frequency (fig. 4, p. 22); its period is 

equal to the rocket spin period. This output signal, still 

noisy, is run through a low frequency filter (5-15 Hz) for 

cleaning and then used to trigger the zero level crossing 

detector (ZLCD): every time the voltage crosses this chosen 

reference level, it opens two gates that will close at the 

next crossing, one gate starts a counter that accumulates 

the magnetometer cycles Cl and C2 (17 bits), the other a coun¬ 

ter accumulating the cycles from the reference frequency clock 

Rl and R2 (19 bits). This clock will be referred to as RFC. 

The total of 36 bits is transferred in .5 fis and then shifted 

by groups of 12 bits to the computer SDS 92-A twice per spin 

period of the rocket, using a 200 kHz shift-clock; the coun¬ 

ters are then reset to zero in .5 fis. once per spin period, 

the frame counter and the synchronization word (SYNC) are also 

transferred, requiring a total of 36 bits (see fig. 6, p. 24). 

These six pieces of information i.e., Cl, C2, Rl, R2, 

SYNC and frame counter, are then recorded on magnetic tape 

for further treatment and visually displayed by a printer. 

in order to improve the accuracy in the count of the 

cycles, the value of the reference frequency has been doubled 

and we have worked actually with 800 kHz for the first flight 

(18.111) and 480 kHz for the second one (18.112). 

Typical values for Cl and C2 are respectively 20000 and 
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Figurt 4 
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17000 counts (C1+C2 = 185 kHz/5 rev/s = 37000 counts, where 

185 kHz is the average frequency of the magnetometer signal 

and 5 rev/s the spin value of the rocket, i.e., a) ) and for Rl 

and R2 78000 and 82000 respectively (Rl + R2 = 800 kHz/5 rev/s 

= 160000 counts), all these values for the 18.111 flight; in 

the case of 18.112, we get for Cl and C2 22000 and 20000 res¬ 

pectively, and for Rl and R2 53500 and 55500 respectively, 

the values for the spin period and the reference frequency 

being different. 

Our total shifting time being 1 fis, we can lose at most 

1 count with a 1 MHz reference clock. in both flights, our 

reference clocks had smaller values (480 and 800 kHz), as a 

consequence, we did not lose any counts. 

Before this digression on the electronics system, we 

defined : 

and we mentioned a basic property of the elliptic funtions, 

i.e., the symmetry with respect to the extrema and their de¬ 

finition zone (fig. 2, p. 18); so, we can write: 

t2 
dt and 

t3 

C2 = f f(t) dt 
Jt2 

with 

t2 

[ l-k2sin2 ( ot/2)] 1/2 dt 
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with Tl = (t2 - tl)/2 

or with the change of variable o>t/2 = 0 : 

J'/2 
Cl = (4KX1/2/O>) / (l-k2sin20 )1/2 <30= (4KX1/2/ù>) E(k,0/2) 

■'o 
(2-5) 

with 0'= (ü (t2 - tl)/2 (2-6) 

where E(k, 0/2) is an incomplete elliptic integral of the 

second kind. Similarly with T2 = (t3 - t2)/2, we get: 

T2 

C2 = 2Kx1//2/ [l-k2sin2( o>t/2)] ^dt = (4KX1//2
/<U) E(k,0'^2) 

Jt2 
(2-7) 

with 0=0) (t3 - t2)/2 

and for the entire spin period, the total number of counts 

will be: 

r T2 

Cl + C2 = 2KX1^2/ [l-k2sin2( o>t/2)] 1^2 dt 
yTi 

>"/2 
[ l-k2sin2 0 ] <3 0= (4KX1/2/O>) E(k, n/2) 

(2-8) 

where E(k, rr/2) is a complete elliptic integral of the second 

kind. 

Combining the expressions (2-5) and (2-8), we get: 
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Cl / (Cl + C2) = E(k, 0/2) / E(k, n/2) 

= E (k, 0 ) / E (k, n/2) (2-9) 

with 0=20 

For the whole spin period, we have Ci>(t3 - tl) = 2 n which 

substituted in expression (2-6) gives: 

4>' = n (t2 - tl)/(t3 - tl) 

or 

0 = ( n/2)(t2 - tl)/(t3 - tl) (2-10) 

But according to fig. 3, p. 20, these time intervals corres¬ 

pond to a number of counts of the reference clock, i.e., 

t2 - tl = Rl and t3 - tl = Rl + R2 

so, 0 = ( rr/2)Rl/(Rl + R2) (2-11) 

Once the phaseshift of the system (introduced by the electro¬ 

nics) has been compensated for (see next section), the C's 

and R's are accurately known and the elliptic integrals can 

be evaluated with the aid of a computer. 

The value of k that we found can be used in (2-5) or 
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(2-7) to solve for x, which with k, allows to solve the sys¬ 

tem of two equations (2-2) and (2-3) with two unknowns, Bg 

and 0 . Successive approximations must be used in the case 

T ^ 0 as no closed form solution exists. The time of flight 

is obtained by summing the R's during the flight from an ini¬ 

tial value of the time code recorded on the magnetic tape. 

At this point of the treatment, we gather the following 

information: the magnitude of the ambient field B and its 
9 

inclination 0 to the spin axis of the rocket, for every rock¬ 

et spin during the flight, assuming that these quantities 

do not vary during one spin period? this is good as a first 

approximation, but as we will see later, the rocket motion 

is not only a rotation around a fixed axis, but consists also 

of a precession; this will bring corrections to B and 0 . 
g 

in order to specify the vector field, we also need to speci¬ 

fy the orientation about the spin axis. 

2.2 phaseshift determination 

A phaseshift X (fig. 7, p. 29) is introduced in the 

system of data reduction electronics by the phase-lock loop 

element that discriminates the magnetometer signal (fig. 5, 

p. 23); it is of the order of 40 to 60 degrees (or about 30 

ms if the spin period is 220 ms). To compensate for this 

phaseshift, we have to apply a delay 8 in the system that 

will put back in phase the discriminated signal with the mag¬ 

netometer signal. This is done by the way of a panel of 
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TABLE 1 

switch # delay (ms) switch # delay (ms) switch # delay (ms) 

1 2°=0.001 8 27 =0.128 15 214= 16.38 

2 21=0.002 9 28 =0.256 16 
15 
2= 32.77 

3 22=0.004 10 29 =0.512 17 216= 65.54 

4 23=0.008 11 210=1.024 18 217=131.07 

5 24=0.016 12 2X1=2.048 19 218=262.14 

6 25=0.032 13 212=4.096 20 
19 
2 =524.29 

7 26=0.064 14 213=8.192 

MAGNETOMETER SIGNAL 

IfiWVfWlAi/WVVAM 

Figure 7 
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switches, each introducing a certain amount of time delay 

(table 1, p. 29); the total delay is then: 

We have two methods to determine the value of X in the 

system. 

First method 

We want to set Rl equal to R2. This can be done by 

varying the height of the zero level, i.e., by raising or 

lowering the zero level. But we recall that this level was 

defined as the approximate average between the maximum and 

minimum frequencies of the magnetometer signal; as the ex¬ 

ternal magnetic field varies during the flight, this average 

frequency f also varies, and we would have to adjust it 

continuously in order to keep Rl = R2. 

Using the properties of the elliptic integrals and assu¬ 

ming a phaseshift X (fig. 8, p. 31), we can write: 

2 (switches # - 1) (2-12) 
switches on 

or also 
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Figure 8 

Figure 9 

Figure 10 
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Note that 2E(k,90°) represents a whole spin period. 

The printer of the SDS gives the C's and R's. once we 

have set up Rl = R2 at a certain time during the flight, Cl 

and C2 are known, we can write then: 

(Cl - C2)/(Cl + C2) ={[E(k, x) + E(k,90°-y )]/E(k,90°)( - 1 
(2-13) 

So, knowing the C's and k (defined in eq. 2-3, 2-5 and 2-7), 

it is possible by iterative procedure to find X . Note that 

when X = 0°, Cl is identical to C2, hence the reason to set 

Rl = R2. 

A numerical application of this method will be made 

after exposùre of the second method. 

Second method 

This method is completely general and applies to any 

set of C's and R's. However, an assumption is made: our 

frequency function f(t) can be approximated by a cosine wave 

(for our range of values, we have agreement within 5 %) (see 

fig. 9, p. 31). 

We define CO as the number of counts when Cl is identi¬ 

cal to C2 and Rl identical to R2 (X=0). But, when Rl is 

different from R2, so are Cl and C2, and we define a time 

interval At as; 

At = (Rl - R2)/y (2-14) 
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where y is the frequency of the reference clock. We can 

furthermore define the surfaces il and 12 (fig. 10, p. 31) 

and let CO be represented by the surface of width CO below 

the curve f(t). on the same way, cl is the surface associa¬ 

ted to the number of counts Cl, and identically for C2. 

We can write: 

Cl = CO - Il + 12 and C2 = CO - 12 + Il 

Ac = Cl - C2 = 2(12 - II) = function of (Rl - R2) 

= function of At 

also: 

II 
X 
f(t) dt and -/ 

n/(o+X + A t/2 

12 = I f(t) dt 
n/oi 

and assuming that f(t) has a cosinusoidal form; 

f(t) = f + Acos t where A = (fx - fn)/2 

f = (f + f )/2 
o ' x n" 

with f standing for the maximum frequency of the magnetome- 
X ™ 

ter signal and f the minimum one. 

But we saw previously that the signal f(t) was of the 

form; 

1/2 [l-k2sin2( <ut/2)] 1/2 f(t) = Kx (2-1,2-4) 
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At a maximum, f = K (X)
1
/
2
 . 

At a minimum, fR = K (x)1^2 (1 - k2)1^2 . 

So: A = K(x)1/2 (1 - [1 - k2]1/2)/2, 

and fQ = K(X)
1/2[(1 + (1 - k2) 1/2)/2] . 

and substituting in il and 12: 

II -f (fQ + Acos o>t) dt = f X + (A/o> )sin<uk 

*/<a+X+A t/2 

12 

r 71/co + x 

-J , (£o n/oi 

+ Acos cjt) dt = f (X + At/2) + A/a> [sin( n + 

to\ +o>At/2) - sin n) = f ( X + At/2) - A/OJ sin <u ( x + At/2) 

and so: 

A C = 2(12 - II) = 2[ f At/2 - A/CJ (sin a» ( X+ At/2) + 

sin <oX ) ] (2-15) 

This expression gives the difference in the number of counts 

between cl and C2 when there is a phaseshift X in the system. 

We note that when X is zero, we have: 

AC = Cl - C2 = f At - 2A/<u sin( CJ At/2) for X = 0 
(2-16) 

that will be the basic expression used to find the phaseshift. 
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When a value of AC is reached that corresponds to X = 0, 

then it means that the phaseshift has been compensated by 

an external delay & applied to the system by the way of the 

switches, and given by the expression (2-12). 

An alternate way to find the delay required, provided 

the phaseshift is small, is the following: 

for X small, Il = X f x 

12 = ( X+ At/2) fn 

see fig. 10, p. 31 

AC = 2(12 - II) = f At - 2 X f - f = f At - 4AX x ri n 

so: AC = Cl - C2 = fn At - 4AX (2-17) 

Again, in the case of X = 0, meaning that we count from 

peak to peak, this reduces to: 

AC = fnAt = fn(Rl - R2)/y (2-18) 

which furthermore gives Cl = C2 for Rl = R2 as we saw before. 

Around a peak, the frequency of the signal is changing 

very little and it is indeed difficult to determine with pre¬ 

cision an extremum. But around the intersection with the ZL, 

the frequency varies rapidly and by a large amount so that we 

have a higher accuracy in defining the number of counts. 
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For that reason, we do not count Cl and C2 from peak to peak, 

once the phaseshift has been compensated, but from a ZL in¬ 

tersection to the next one (fig. 11, p. 37). 

To achieve this, we have to back up from a peak by 90° 

i.e., by a quarter of a spin period, and we do this by apply¬ 

ing a supplementary delay of T/4 to the already existing de¬ 

lay compensating the intrinsic phaseshift. So now, the 

phaseshift X and the applied delay 8 to the circuit differ 

by 90° or T/4, i.e., by approximately 55 milliseconds. 

Numerical application 

Using the first method: We mentioned that the application 

of this first method was quite difficult to realize and it 

was decided to rely on the second one. Nevertheless, an 

attempt was made to check it, giving the following results: 

From the flight 18.112 at 185 seconds into the flight, 

we get 

Rl = 54262 and R2 = 54256 » 

so that the condition Rl = R2 is fulfilled; 

Cl = 22044 | Cl + C2 = 41175 

C2 = 19131 > Cl - C2 = 2913 • 

Using the expression (2-11), we have <f> = R1/2R1 ( n/2) = 45° 

and with (2-9): 

Cl/(C1 + C2) = 0.5354 = E(k,45°)/E(k,90°) 

and from an élliptic integral table, this equality is satis¬ 

fied for a = 36.5° where a = sin ^k (formula 2-3). 
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Figure II 

ZL 

Figure I 2 
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Using (2-13) and assuming that our guess of the phaseshift 

was correct (we assumed 40° < X <60°, i.e., X = 50°), we 

have : 

AC/(C1 + C2) = 2913/41175 = 0.0707 

= [E(36.5°,X ) + E(36.5°, 90° - X)]/E(36.5°, 90°)-1 

This equality is satisfied within 1% with a value of X of 

50°, which corresponds to a time delay 5 of about 31.5 ms. 

Using the second method: This method is much more rigorous 

than the previous one and its application does not require 

any special adjustment such that Rl = R2. We consider the 

set of data from the flight 18.112 at 180 seconds into the 

flight: 

Rl = 53591 

a = 38.803° 

(o = 4.4 rev./s = 27.646 rad/s 

K = 349854 Hz/Gauss 

R2 = 55005 

x = 0.34138 (see 2.2) 

T = 2 n /oi = 0.227 s. 

y = 480000 Hz 

The maximum, minimum and average calculated frequencies res¬ 

pectively are: 

f = 204411.65 Hz; f = 159299.15 Hz; f = 181855.40 Hz. x n o 

The time interval is At = -2.9 ms. and the amplitude is 

A = 22556.25 Hz. in order for our phaseshift to be compen¬ 

sated, we have to find a difference in the number of counts 
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as given by (2-16) or, with the above values: 

A C . = -470 counts calc 

Experimentally, it was found: 

Cl = 19815 

C2 = 21471 
AC = -1656 counts. 

G AU 

As we want to get AC = Ac , , we want to decrease C2 
G AU (HP d J. 

and increase Cl, meaning shifting the counting at left along 

the curve f(t), i.e., by decreasing the delay 8 applied. We 

saw in (2-16) that for X = 0, the value of Cl - C2 reduced to 

ACcaic 
= fo At - ) sin( w At/2). 

With a series of tries, we are going to converge toward the 

right value of AC by modifying the value of the delay intro¬ 

duced in the circuit. This AC given by the electronics will 

be called an experimental difference, i,e., ACgXp by opposi¬ 

tion to the difference calculated, ACca^c, that we want to 

reach. 

in first approximation, we can use the expression (2-17) 

to calculate the phaseshift X, bearing in mind that it will 

become more and more accurate, the closer we come from the 

condition X small. So, with (2-18), we can write: 

X = <fn At - icexp)/2(£x -£„>=< AC , - AC )/4A 
calc exp' 

(2-19) 
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This will give us the phaseshift (in seconds) that is actually 

in the circuit. Applying this to the first try, we get: 

X = (-470 + 1656)/90225 = 0.0131 s. = 13.1 ms. 

This is reached by throwing the switches 14, 13, 10 and 9 

(see table 1, p. 29) out of the circuit, i.e., by decreasing 

X by a total of 13 ms. But, decreasing the phaseshift has 

also altered the values of the R's, and not of the C's only; 

now, we have the following new values; 

Rl = 53402 ) Cl = 20073 ) 
AR = -1717 AC = -1142 

R2 = 55119 > C2 = 21215 > P 

and we use this AR in (2-14) and (2-16) to find a new diffe¬ 

rence A C ACcalc = -570 'calc' 

and the phaseshift will be; 

X = (-570 + 1142)/90225 = 0.00634 s. = 6.34 ms. 

to be applied in the same direction as before, i.e., we have 

to decrease the phaseshift. 

A final adjustment brings ACca^c = -565 and ^
c
eXp

= “564. 

We are in good agreement. At this point, the total delay § 

from the switches is found to be 129.54 milliseconds. To check 

the adjustment, other times during the flight were taken and 

the same calculation repeated; it was found that A C = 
c Xp 

A C . within some counts, calc 

We saw that (2-15) was valid in any circumstances while 

(2-17) was used only when the phaseshift was small. Let us 
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check these expressions and also derive some estimates of 

their applicabilities. 

Taking X = 2°, 10°, 30° and using the relation: 

X /360° = S/T with T = 227 ms. 

we can build the following table; 

X (°) 5 (ms) Acoalo 
difference 

from (2-15) from (2-17) 

2 1.26 - 573.94 - 573.95 0.01 

10 6.31 - 993.69 - 995.31 1.62 

30 18.92 -1994.36 -2048.23 53.87 

So, below a phaseshift of 10 to 15°, both methods are valid. 

Above, only the first one ought to be used. 

The last thing to be done is the following (fig. 12, 

p. 37) : we now count from peak A to peak B, with a certain 

delay in the circuit, but we want to start counting at the 

ZL intersection C until the next one at D. To achieve this, 

we have to reduce the delay by (0.5)Rl/y , which is approxi¬ 

mately a quarter of a spin period. 

At 180 seconds into the flight, taking Rl = 53402 and 

y = 480000 Hz, we get: 

(0.5)Rl/y = 55.6 ms. 

So, our final delay applied to the circuit is : 
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S = 129.54 - 55.6 = 73.94 milliseconds 

which corresponds to set the switches 7, 8, 14 and 17 on. 

Now, the C's and R's obtained can be used for the determi¬ 

nation of B and 6 . 
9 

An analysis has been done to determine the largest 

phaseshift X allowed by the resolution of our system. A 

value of X = 1.5° introduces a shift of 0.02° in the cal¬ 

culated value of 6 , and a ripple of amplitude 1 gamma in 

B , corresponding to the largest errors that we can tolerate. 
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CHAPTER 3 

PAYLOAD ATTITUDE DETERMINATION 

3.1 Vehicle without precession, with attitude sensor 

The force-free motion of a body in free space is charac¬ 

terized by the fact that its total angular momentum L is sta¬ 

tionary in a fixed coordinate system and constant in time 

[Marion, 1966; Goldstein, 1962] . Another constant of the mo¬ 

tion is its kinetic energy, in particular its rotational kinet¬ 

ic energy, TrQt = a>L/2; this implies that the angular velo¬ 

city <o moves in such a way that its projection on f, is constant. 

Thus, the body spins around its longitudinal axis z with angu¬ 

lar velocity e£> , and z traces a precession cone of constant 
A A 

radius p with the angular velocity <oc around C, the center of 

. , * . , A 
the coning circle, that coincides with L; the direction of C 

is fixed in space (see fig. 7, p. 62). in the case of our 

sounding rockets, we can say that the effects of the atmosphere 

are negligible above 90 kilometers for a flight of short 

duration, so that £, and T . are really constants of the motion. rot 

Note that a> is imparted to the rocket during the thrusting phase 

by orientation of the fins and by the vorticity of the hot 

exhaust gases, on the other hand, the radius of coning p 

depends upon the values of the moment of inertia and angular 

velocities along the three axis [Ames and Murnaghan, 1929, 

p. 216 ff] . 
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At first, let us analyse the particular situation of a 

rocket spinning around its z axis that coincides with its to¬ 

tal angular momentum £,, so that p = 0; furthermore, the rocket 

carries an attitude device, lunar or solar sensor, aboard, but 

no magnetometer (or a magnetometer that failed to work proper¬ 

ly) . Then, we will look at the case of a payload with a work¬ 

ing magnetometer. 

The use of an attitude device allows by two independent 

measurements an absolute determination of the rocket attitude, 

i.e., the azimuth and zenith angle of its spin axis z (one 

measurement would lead only to a cone of possible orientations 

around the reference direction vector). The sensor consists 

roughly of a mask with two non-parallel slits behind which 

there is a photosensitive diode (fig. 4, p. 8). 

A . A 
The angle a between z and the direction of the Moon M 

(fig. 1, p. 45) is proportional to the transit time between 

the two slits and to the spin period T = 2 n/<o , both of which 

are transmitted through the telemetry. It is necessary to 

know the position of the Moon. This is done in the following 

way: the radar tracking of the rocket allows one to know the 

latitude, longitude and altitude of the rocket in space at any 

time during the flight, provided the tracking is continuous, 

which rarely occurs . in fact, from a partial tracking, we can 

reconstruct by a least-squares fit the whole trajectory, but 

this is done only for the portion of the flight above the per¬ 

turbing atmosphere, i.e., above about 90 kilometers. 
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Figure I 
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This trajectory is then compared to the original radar track¬ 

ing points until good agreement is reached (0.1 to 0.2 km in 

vertical and horizontal position generally). Then, with the 

right ascension and declination of the Moon, the sidéral time 

at 0 UT, the universal time of observation, the longitude 

and latitude (in function of time) of the rocket at the point 

of observation of the Moon, we can determine the ground based 

coordinates of the Moon,i.e., its azimuth 0M and zenith angle 

at any time during the flight (see Cloutier, 1967, p. 32 

ff) . If the lunar sensor data are available for a period of 

time of tens or hundreds of seconds, we can find the positions 

M^ and M2 of the Moon at two different times t^ and t2 in the 

flight, and by the spherical law of sines and cosines applied 

in fig. 2, p. 47, we get an accurate determination of the ro¬ 

cket attitude: 

1A = cos ^[cos aMlC0S “M2 + Sin aMlSin aM2COS 1 

X = sin”1 [sin a^sin A0/sin^] 

£1 = cos”1 [ (cos a ^ - cos a ^cos xf/ )/sin a 2
sin «A ] - X 

a =s cos 1[cos ajfl2COS °2 + sln aM2sln °2COS ^ ^ 

0Z = £M2 ” c03"1^003 a2~cos a2
cos aM2)/sin azSin aM2] 



ZENITH 

A 

Figure 2 
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Now, even if we have sensor data available for a very 

short time only (say a few seconds), it is still possible to 

give an approximate attitude of the rocket. We have to assu¬ 

me that, neglecting the differential drag of the atmosphere 

owing to the Earth's rotation, only one effect will act on the 

rocket, obliging it to move slightly from its azimuthal launch 

plane: it is the Coriolis pseudoforce, due to the fact that 

the Earth is not an inertial reference system. This effect 

can be evaluated in the following way: for a body moving with 

velocity v in the Earth's gravitational field, neglecting the 

centrifugal pseudoforce, the equation of the motion is: 

d r/dt = 2v« fî + g 

where Çl is the Earth's angular velocity (| fi|= 7.29 * 10 3 rad/s) 

and g the acceleration of the gravity (variable with altitude). 

integrating twice, we get the trajectory equation; 

r = h + v t + gt2/2 + (t3/3)g*fl + t2v * ft (3-1) o o o 

where & is the vector to the initial position of the body, o 

whose initial velocity is v , and t the flight duration. 

Taking a coordinate system such that z is directed toward the 

zenith, x toward the east and y toward the north, we are left 

only with the components gz, Vqx, vQy and vQz;. For a Nike- 

Tomahawk rocket and our launch conditions, orders of magnitude 
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for the initial velocity VQ and its components are: 

Vo = 2.1 km/s; v = 0.4 km/s; v = 0.75 km/s; v =1.9 km/s u ux oy oz 

Looking only for the deviation due to the Coriolis force, 

the equation (3-1) becomes: 

x = -(t3/3)g Q + t2(v n - v ÇI ) 
z y v oy z oz y7 

where ft = | QI cos X and Q = |ft|sinX, with X the latitude 
y z 

( X = 65° N) , and g = 9.5 m/s2 (at this latitude, |g| at sea- 
2 

level is 9.824 m/s , and at 200 km altitude, its value is 

2 
about 9.267 m/s ); the flight duration t is about 400 seconds. 

With the numerical values given above, we find a Coriolis 

displacement x = 7.7 km in an eastward direction. This devia¬ 

tion at a distance of 320 km (rocket impact point) represents 

an angle slightly larger than one degree. We can safely say 

that under these conditions, the rocket stays close to its 

launch azimuthal plane during the whole flight. 

Another way to look at the same effect is the following 

(fig. 3, p. 50): the linear velocities of the points e, 1 and 

2 at the surface of a rotating Earth, with respect to a fixed 

coordinate system, are decreasing when heading north, going 

from about 0.465 km/s at the equator to 0 km/s at the pole. 

This is due to the fact that we have to conserve the angular 

velocity (VjA^ = R2/R1) • An object launched due north from 

point 1 will have an eastern component of velocity, due to the 
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A 

Figure 3 
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Earth's rotation, larger than that of another object launched 

from point 2. it will appear to the observer at 1 that the 

object launched from his location is deflected toward the 

east, which is, as expected, in the same direction as the 

Coriolis displacement. Let us check its magnitude: 

Taking R = 6378 km, Xx = 65.12° and X2 = 67.98°, we get 

= Rcos X^ = 2666 km and R2 = Rcos X2 = 2390 km 

Av = - v2 = 2 it (R^ - R2)/86400 S = 0.02 km/s 

and for a flight duration At = 400 s., the displacement D is: 

D = Av•At = 8.0 km 

which is very similar to the value found above by the other 

method. 

With this correction in mind, we can say now that the 

azimuth angle of the z axis is approximately equal to the 

launch azimuth (within 2 degrees). 

Using fig. 1, p. 45, the zenith angle of the spin axis 

Z, a , can be deduced by the spherical law of cosines and z 

sines: 

* = s m -1 [sin a M
sin A /3/sin a] 
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cos X = -cos n cos A /3 + s in ^s in A/3 cos a 
z 

cos az = cos a Mcos a + s in a ^s in a cos X 

a
z - cos "*■[ (cos aMcos a - sin a^sina cos/i cos A/3)/ 

(1 - sin aMsin a sin p sin A/3)] 

A further correction must be made if the zenith angle of the 

Moon is not calculated exactly at the same point in flight 

where a is measured owing to the change of the vertical. 

For example, the verticals at the launch site and at the im¬ 

pact point make an angle of about 3 degrees (difference of 

latitude of these two points, as they are on the same meri¬ 

dian approximately) . 

Now that we have found the coordinates of the rocket spin 

axis when we have aboard an attitude sensor, let us see what 

happens when we have a magnetometer in the payload, sending a 

reliable signal. This case has been treated in detail else¬ 

where [Cloutier, 1967, p. 27 ff]; a precision concerning the 

estimation of the field may be necessary. For the calcula¬ 

tion of the geomagnetic field at any point along the trajecto¬ 

ry, we use the international Geomagnetic Reference Field [IGRF, 

1968] set of 80 coefficients and their first time-derivatives 

generated from an average of measurements from magnetometers 

on the Earth surface, air-borne and aboard satellites. 

With the magnetometer data (for the use of the magnetome¬ 

ter as an attitude sensor, see next paragraph) and the lunar 
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sensor data, an accurate determination of the rocket attitude 

can be made, providing also a consistency check between the 

two methods. 

3.2 vehicle without precession, without attitude sensor 

We must assume that we have on board of the payload a 

magnetometer sending a reliable signal, otherwise no attitude 

determination is possible; thus a major assumption is the 

following; we can do our attitude estimation only in a region 

free of circulating currents or ground anomalies, or far 

enough from them so that their influence is negligible, and 

above the atmosphere (about 90 km). 

We have the following pieces of information (fig. 2, 

p. 47) î the angle is replaced by the angle 0^ between 

the rocket spin axis z and the direction of the geomagnetic 

field at an initial time t^, and by 0 ^ at a later time 

t^' the azimuth and zenith angle of the field at an initial 

time and later 0 , 0B . afî , (replacing 0Ml# ÆM2' 
gl g2 gl g2 

a .CL \ 
Ml M2* 

We are looking for the zenith angle and the azimuth 0z 

of the spin axis z. using the same relations as in the pre¬ 

vious paragraph, we get: 

a = cos'^rcos a„ cos 0- + sin a_ sin 0-cosfi] 
Z 

1 B « 2 B_ 2 
g 2 g 2 

0Z = 0B - cos”^[ (cos 02~cos az
cos aB )/s*-n azsin aB ] B 9 2 9 2 

Jg2J 
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The fact that the rocket is moving in space causes the dip- 

angle (angle between the horizontal plane and the field lines) 

as well as the magnitude of the field to change continuously. 

We have to choose the two measurements B , and B ~ sufficient- 
gl g2 

ly far apart in order to have well defined angles <A and 

à 0 = 0 2 - 0^» but not too far apart in order to satisfy the 

first assumption and to minimize the influences of local ano¬ 

malies that are not included in the geomagnetic field expan¬ 

sion. 

3.3 Vehicle with precession, with attitude sensor 

The most general motion of a force-free rocket above the 

densest part of the atmosphere is a precession at angular velo¬ 

city coc of its spin axis z about its total angular momentum 
A ... * , 
L coincident with C, the coning center direction whose direc¬ 

tion stays fixed in space. For the duration of the flights 

we are dealing with, this direction stays indeed very constant 

for the portion of the trajectory above 90 kilometers. 

The first case is that of a rocket with a lunar or a solar 

sensor aboard, but no magnetometer data available. With one 

measurement from the sensor only, we have no way to tell any¬ 

thing about the rocket attitude, as we do not know at which 

point of its precession cone lays its spin axis. But with a 

succession of data from the sensor, we can estimate the para¬ 

meters of the motion around the coning center C, i.e., the 

radius p of the circle (p varies typically from 5 to 10 degrees) 
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an<^ the period Tc= 2 n / o>c of the motion (of the order of 40 

to 60 seconds) (see fig. 4, p. 56) ; we can then find the instan¬ 

taneous coordinates and z of the spin axis. The preces¬ 

sion introduces a rapid variation of the angle a between the 

spin axis and the direction of the Moon; two successive measu¬ 

rements a and a*at times t and t will allow us to find a, 

the angle between the coning center direction c and the direc¬ 

tion of the Moon M; when z(tQ), C and M are coplanar, we have: 

cos a1 = cos a cos p 
c r 

cos a"— cos a cos p 
c 

a = sin~^(cos a' 
c 

sin a sinp cos (t‘ - t ) c c o 

sin p sin p cos a (t‘ '- t ) 
c cv o' 

cos a )/sin p f cos a> (tM- t ) - 
' L c o 

cos co (t ' - t )] c o 

A ... 

where we have assumed that C keeps a constant direction in 

space (this was our starting hypothesis) and that the motion 

of the Moon in a time At smaller than a coning period, i.e., 

At = t" - t'<Tc is within our error limit ( < 10 ^ °/min.). 

To this value called we associate the coordinates aM^ 

and /3m1 of the Moon direction. Repeating the same measure¬ 

ment after a certain length of time (some coning periods), we 

get another value, ac2# associated with a m2 and /3M2* From 

fig. 5, p. 58, we see that the coordinates of the coning cen¬ 

ter a and B can be found: 
c c 
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Figure 4 
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^ = cos"1 [cos «M2
C
OS «m1 + s in a^sin a Mlcos A/3 ] 

X = s in 1[sin a^sin A/8/sin «A] 

îî = cos 1[ (cos a , - cos ^cos a ,)/sin«Asin a _] - X 
cl c2J c2J 

-1 a
c = cos [cos œM2COS ac2 + sina^sin a^cosQ] 

/3C = £M2 “ cos"1[ (cos *c2 " 
cos a

M2
cos a

c
)/sinaM2sin ac] 

The change in the vertical must be taken into account in 

a c- To find the instantaneous coordinates of the spin axis 

. A A 

, let us define a as the angle between C and M such that 
co 

a CQ - o (tQ) ” P (fig* 6, P* 60); we have the following 

relations j 

\ = sin_1[sin aMsin(/3M - /3c)/sin acQ] 

f (t) = n- a> c (t - tQ) - X 

-1 
a (t) = cos [cos p cos a + sin p sin accos e (t)] 

/3 (t) = /3 sin_1[sin p sin * (t)/sin a (t)] z c " 

or alternatively for a (t) : z 
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ZENITH 

Figure 5 
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X= sin_1[sin p sin( X + f )/sin a ] 

Q= sin 1[sin X sin ac/sin aM] -x 

az = cos 1[cos aMcos a + sin aMsin acos Q] 

and substituting the values of ÎÎ and X , we get: 

«z(t) = cos 1|cos aMcos a + sin aMsin acos|^sin”^[sin( - 

/3c)sin ac/sin acQ] - sin_1[ sin p sin cic (t - tQ)/sina]JJ (3-2) 

These are the zenith angle and azimuth of the spin axis in case 

of coning, we note that a z varies between the limits ac - p 

and ac + p , half a period apart. 

The second case is that of a payload that includes a mag¬ 

netometer sending a reliable signal; we can use these data and 

those from the lunar sensor to deduce the attitude of the ro¬ 

cket. A complete treatment of this case has been given by 

Park [1970] and Sandel [1972] . 

Until now, we have always assumed that the coning center 

of the motion lay in the plane of the trajectory. The pay- 

loads are generally well balanced at the NASA facilities at 

Goddard Space Flight Center, Greenbelt, Maryland, at the same 

time they are magnetically calibrated. However, a thrust 

asymmetry in the rocket motor, a poor separation of the 
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ZENITH 

Figure 6 
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booster or the unlikely event in our particular case of only 

one of the two doors to come off, can produce an unbalance: 

the center of mass of the payload will follow, with a total 

velocity v, a trajectory in a plane Ü whose azimuth /3ff is 

very nearly given by the launch azimuth (see paragraph 3.1 

and fig. 7, p. 62). 
A 

Let us define the direction n as the projection of the 

direction of the coning C on the plane II ; n and C make an 

angle §c that reduces to zero if the coning center lays in 

the plane of the trajectory. From fig. 8, p. 63, where the 

coordinates of the Moon a., and B.. and of the coning center 
MM 

a and j8 (found in 3.3), the angles p and a , /3 and 

o>c(t - tQ) are known, we get the following relations; 

5 c = sin-1[sin acsin( /3 n - /3 c)] 

r = sin_1[sin aMsinOM - 0c)/sinac] 

X = 7r _ a» c(t - tQ) - r 

cos 1rcos a cos p + sin a sin p cos X] L c c 

/3c - cos“
1[ (cos p - cos accos az)/sin <*csin a J 

A comparison of j3ff and /9 will tell us immediately if the 

coning center is out of the trajectory plane or not, i.e., 5C 
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The center of gravity of the rocket moves along the velocity vector in free space, while the vehicle spins 
about its longitudinal axis, and cones about a momentum vector with a coning half-angle as shown, at a 
particular precession rate. (after Miller, 1971) 

Figure 7 
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will be zero if /3 = B . 
n *0 

Alternatively, we can calculate X , a , rj , e , K , £ 
V 

and then u , and get: 

a = cos”^[cos a.,cos a + sin a ..sin a cos v 1 
z 1 M M 

Substituting the values found for v , 17 , ( and £ , and taking 

the limiting case of $0 an<3 /3C- > /3ff, we find an expres¬ 

sion identical to (3-2) on page 59, i.e., the case of the co¬ 

ning center in the trajectory plane. 

3.4 Vehicle with precession, without attitude sensor 

We have aboard the rocket a magnetometer, but no attitude 

sensor, we have to make the same major assumption as in 3.2: 

we are either in a region free of circulating currents, or 

far enough from them and from ground anomalies so that they 

do not alter the direction of the geomagnetic field, under 

these conditions, the direction of the geomagnetic field is 

going to be used in the same way the direction of the Moon 

was; the proper motion of the Moon is replaced by the slow 

increase (if launching in a northerly direction) in the dip- 

angle I of the field (at College, Alaska, 1 = 77.5° while 

at the impact point, I = 80°). The equations are identical, 

but a becomes 6 , ac is replaced by 6c, and /3 M become 

a and /3 given by the field expansion mentioned before. 

The expressions found previously are still valid, but some of 
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them must be used with care; for example, in two measurements 

of the field separated by several coning periods, we must 

expect to find perturbations in the geomagnetic field, due 

mostly to currents circulating around (afterall, the goal of 

the experiment is to detect currents, and we launch when we 

expect them) or to local ground anomalies. So, the use of 

the magnetometer as an attitude sensor is possible, but it 

must be done with care and bearing in mind the hypothesis 

and restrictions formulated. 

3.5 Applications 

Several formulae developed previously, particularly in 

the paragraph 3.3, were tested with the data from different 

flights, namely the launch Sq-4 from Fort-Churchill (Canada) 

in February 1969 [park, 1970; park and Cloutier, 1971], the 

one from poker Flats (18.110) in February 1970 [Sandel, 1972; 

Sandel and Cloutier, 1971] and those of February 1972 (18.111 

and 18.112). 

For each flight, the zenith angle and the azimuth of the 

coning center direction were calculated at two times (i.e., 

locations) along the flight, during the stabilized portion of 

the trajectory, i.e., above about 90 kilometers, as widely 

separated as possible in order to handle larger angles and to 

avoid circulating currents. To associate data referred to 

different locations at the surface of the Earth, a rotation 

of coordinates was made in the following way: 
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if a and /3 are the zenith angle and azimuth of a certain 

direction (eg. the Moon or the geomagnetic field) as seen 

from a location of coordinates <p (latitude) and X (longitude), 

then the coordinates of the same direction, but seen from a 

different location of coordinates <f> and X*, will be given, 

applying the spherical law of cosines, by: 

^ *~!L 4 44 

2. = cos [sin <f> s±n <f> + cos ^ cos ^ cos( X - X )] 

A = cos ^ (sin 0 cos a + cos <p sin a cos /3 ) 

A = cos~^[ (sin <f>' - cos H sin <j> )/(sinE cos <f> )] 

and finally, 

a — cos cosH cos a + sinSsin a cos( /3 + A )] (3-3) 

)3* = cos"^[(cos A - cos a'sin ^>*)/(sin a^cos <j>)] (3-4) 

For each of the flights mentioned above, the position of 

the Moon, when required, was calculated using data from "The 

American Ephemeris and Nautical Almanac" for the corresponding 

year, and the direction of the geomagnetic field was computed 

from the international Geomagnetic Reference Field (IGRF) 

expansion. Let us examine each flight separately. 
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Flight Sq-4 

a) using the magnetometer and the moonsensor 

Only partial data from the moonsensor were available; 

using these, the angle between C and the Moon, ais calculated 

to be 55.6° + 0.5° (uncertainty due to the calibration and to 

incomplete data), at 90 seconds into the flight; the angle be¬ 

tween C and the field, 6, is found to be 31.35° + 0.03°. 

At the same time, the position of the Moon is aM = 31.23° and 

/3M = 168.60°, and the field coordinates are = 6.66° and 

/3 = 183.31°. using these two reference directions, the coor- 

dinates of the coning center Ô are calculated to be equal to 

a = 24.70° + 0.1° and 8 = 0.6° + 2.5° at 90 seconds into 
c — c — 

the flight. 

The same calculation can be repeated at 250 seconds into 

the flight, giving different values of a and /3 » 24.06° 
w 

and 2.13° respectively ( a is smaller as we are at a higher 

latitude). These results can be checked graphically and we 

find good agreement. 

b) using the moonsensor only 

We look at the Moon at two different times, but referring 

the numbers to the same location by (3-3) and (3-4); we get at 

90 seconds aw = 31.23° and B.. = 168.60° while at 250 seconds M M 

a = 31.94° and B „ = 170.63° (in the second set of data, 

only 0.025° is due to the proper motion of the Moon, the remai¬ 

ning change being due to the translational motion of the rocket). 

We find at 90 seconds that a = 24.61° + 1° and that c — 
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j8 - -5.11° + 5°. Again, the large uncertainty is due to 

the incomplete data set from the moonsensor, the calibration 

limits and the unfavorable geometry of the method using two 

positions of the Moon (very narrow spherical triangle). 

c) using the magnetometer only 

We look at the orientation of the geomagnetic field lines 

at two different times, but referring the numbers to the same 

location; we get at 90 seconds a - 6.66° and /3 = 183.31°. 

At 250 seconds, a = 6.30° and /3 = 182.22°. We get then 
6 B 

a = 24.24° + 0.3° and B = 17.50° + 9° at 250 seconds, c — c — 

This example is not the best chosen to show the powerful tech¬ 

niques of using the magnetometer only: it is due to the lo¬ 

cation of Fort-Churchill nearly on a magnetic meridian, with 

a high dip-angle (small zenith angle) favoring large uncer¬ 

tainties in azimuth (the spherical triangle is again very 

narrow) . 

Flight 18.110 

a) using the moonsensor and the magnetometer 

At 95 seconds into the flight, a
M = 86.23°, /3M = 115.71° 

and a = 94° + 0.25° while a _ = 12.48°, /3 = 208.18° and 
C — B B 

6 = 40.50° + 0.03°; we find for the coning center coordi- c — 

nates a = 28.46° + 0.05° and B = 10.15° + 2°, and similar 
c — c — 

values graphically. 

b) using the moonsensor only 

At 95 seconds, aw = 86.23°, /3 = 115.71° while at M ci 
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243 seconds a
M = 85.99° and /3M = 117.63°; we find then 

<*c = 28.76° + 8° and /3C = 10.47° + 5°. Due to the particu¬ 

lar geometry of this system (intersection of the two reference 

circles nearly along a meridian, as best seen graphically), 

we have a very large uncertainty in a while smaller in /3 . 
c c 

c) using the magnetometer only 

At 115 seconds, a = 12.29°, = 208.35° and 0„ = 40.2° 
B B C 

while at 320 seconds, a_ = 11.10°, = 210.27° and 
B B 

0 = 37.60°. So, a = 28.94° + 0.02° and /9 = 0.91° + 1.5°. 
c c — c — 

Flight 18.111 

The moonsensor could not give any data, thus the attitude 

must be calculated using only the magnetometer. 

At 95 seconds, a = 12.38°, = 208.32° and 0 = 42.4° 
B B C 

+ 0.2° while at 300 seconds, a_ = 11.07°, /3 = 210.24° and 
B B 

0 = 40.0° + 0.2° (the large uncertainty in 0 is due to the 

fact that the data from this flight are not yet fully reduced). 

With these values, we find a
c 

= 31.57° + 0.02° and 

B = 0.18° + 3.5°. 
c — 

Flight 18.112 

The moonsensor failed to work properly. So, using only 

the magnetometer, we get at 90 seconds a = 12.40°, 

/3 = 208.21° and 0 = 43.90° + 0.03°, while at 250 seconds, 
B C 

a = 11.47°, /3 = 209.34° and 0 = 41.80° + 0.03°. The 
B B C — 

coordinates of the coning center are then a
c 

= 32.56° + 0.02° 

and B = 0.87° + 1.5°. 
c — 
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CHAPTER 4 

SUMMARY AND CONCLUSIONS 

Let us now draw some conclusions from all these results. 

First of all, we note that wherever the moonsensor is used 

to find the rocket attitude, the uncertainty in a and /3 
c c 

is large. As was said, this is due to the finite precision 

of the calibration, to the fact that the diode of the sensor 

and the Moon have finite areas, and also to the lack of data 

(we never received complete flight data from a moonsensor). 

By contrast, the accuracy in the determination of Q c is re¬ 

flected upon aQ and /3C# provided we trust the geomagnetic 

field expansion and there are no ground anomalies; the agree¬ 

ment between the different methods over Poker Flats in the 

flight 18.110 seems to support the last assumption. So, the 

determination of the attitude with the magnetometer only has 

been demonstrated, thus making one think that the moonsensor 

data are valuable, but not always absolutely necessary. 

Some conclusions can be drawn comparing the attitudes of 

these four rockets: during the passage through the densest 

atmospheric layers, the zenith launch angle decreases by 

10 to 15 degrees (the rocket spin axis, and then the coning 

center direction when the precession starts, tends to stay 

tangent to the trajectory). From our calculations and the 

initial conditions, we got the quantities gathered in Table 1, 

p. 71. We note that the decrease in awas 12.7° for Sq-4; 
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for 18.110, it was 10 degrees; for 18.111, we find 12.6° and 

for 18.112, it is 13.6°. it is difficult to compare Sq-4 

with the other flights, as the rocket was of a different type 

and the payload of a different shape. But, from the three 

last ones, we can say that 18.110 had the smallest decrease 

due to its more rapid passage through the atmosphere (higher 

vertical velocity v , thus higher apogee), so less drag 

effects. For 18.111, the doors did not blow off, resulting 

in a better aerodynamical behavior, but with a smaller vQz, 

thus a longer time was spent through the atmosphere (apogee 

40 kilometers lower than 18.110), and a larger decrease 

occurred than for 18.110. And for 18.112, its doors correctly 

went off, but it failed to reach an altitude comparable to 

18.110, and thus was more subject to atmospheric effects than 

18.110, and "less aerodynamic" than 18.111; for this reason, 

it shows the largest decrease. 

In addition, we note that all the coning center directions 

are pointing west from from the launch azimuth by the same 

amount (about 30 degrees), except for Sq-4 (about 12 degrees) 

that had a different aerodynamical behavior. This effect is 

maybe due to the differential drag of the residual atmosphere 

acting on the rocket second stage fins, producing a downward 

component of the force; the resulting torque would deflect 

the rocket to the west. A launch southward could decide if 

this hypothesis is correct or not. 
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We must also mention that the rocket motor, after its 

solid propellant is completely burned out, exhausts hot gases 

during the whole flight, and consequently, the motion is not 

force-free; but, the effects seem to be negligible: we did 

not observe an increase of the radius of coning p in any of 

our flights. 

On the other hand, the cooling and contraction of the 

rocket motor would cause a decrease of the moment of inertia, 

and thus lead to an increase of the rocket angular velocity 

<o ; assuming a linear gradient of temperature of 100° C 

along the rocket second stage (Tomahawk), a linear coefficient 

of contraction of 14*10-^ /° (aluminum alloy) for the rocket 

body and of 2*10 / for the nozzle (ceramic), and an observed 

final angular velocity <o = 5 rev./s = 1800 °/s (for the cold 

rocket body), we get a decrease of the radius of the cylinder 

(rocket body); but the calculated angular velocity of the warm 

body was about 1799 °/s, so that when the rocket body cools, 

we have an increase of <u by about 1 °/s. But, the opposite 

effect has been observed in every flight, i.e.. a decrease of 

about 2 °/s, leading one to think that a light drag on the ro¬ 

cket fins due to the residual atmosphere above 90 kilometers 

and a transfer from spin rotational kinetic energy to coning 

rotational kinetic energy are dominant, and the total effect 

produces an overall decrease of co , which we take into account 

in our calculations by introducing a quadratic time dependence 

in eo . 
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The residual atmosphere seems also to produce a very 

slow and linear increase in the coning center direction 

zenith angle a (by some tenths of a degree) for the portion 

of the trajectory above 90 kilometers. The flight 18.111, 

when reduced in detail, and further flights, will hopefully 

allow us to draw definite conclusions on the behavior of the 

coning center out of the atmosphere and its evolution in 

time. 

Finally, we must note that the precision with which a 
c 

and are determined, is more than sufficient; the uncer¬ 

tainty in our data (0.02° in 6 and 4 to 5 y in AB, where 

AB is the total magnetic field measured by the magnetometer 

minus the geomagnetic field, i.e., the perturbation due main¬ 

ly to auroral currents) does not allow us to determine the 

orientation of our model current system better than within 

10 to 20 degrees. 
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SYMBOLS AND NOMENCLATURE 

A analog 

AMP amplifier 

CF center frequency 

CG center of gravity 

COND conditioner 

CONT control 

CONV converter 

CP clock pulse 

D digital 

DECOM decommuta tor 

DET detector 

DISC discriminated 

F/F flip flop 

FRCT frame counter 

HTR high time resolution 

HVPS high voltage power supply 

LAS lunar sensor or moonsensor 

MAG magnetometer 

MAGNETOM magnetometer 

NRZ non-return to zero 

OSC oscillator 

PAR parallel 

PCM pulse code modulation 



PREAMP preamplifier 

REF reference 

REG register 

REGUL regulator 

RFC reference frequency clock 

SIG signa1 

S/S single shot 

SYNC synchronization 

TRANS translator 

VCO voltage control oscillator 

XING crossing 

XMTR transmitter 

ZL zero level 

ZLCD zero level crossing detector 
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